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In this work, we examine one two-parameter family of sets consisting of functions
holomorphic in the unit disk, previously investigated by several mathematicians.
We focus on the set-theoretic properties of this family, identify the general form of
filtrations within it, and discover that it is not a lattice. This insight motivates
us to introduce a refined concept of quasi-infima and quasi-suprema, and to
establish their complete description. Unexpectedly, some new properties of the
Gaufl hypergeometric function play a crucial role in our investigation.
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1. INTRODUCTION

The paper explores sets 2% of functions that are holomorphic in the open
unit disk D, normalized by f(0) = f/(0) — 1 = 0 and satisfy the inequality

Re[(s - 1)ff:) +f(2)| > st, 2 €D\ {0},
where s > 0 and 0 < ¢t < 1. In addition to intrinsic interest, these sets appeared
in the investigation of extreme points of classes of univalent functions in [§],
in a relation to certain integral transforms, see [I1], as well as in the study
of infinitesimal generators of semigroups in [4]. For more results on different
families of holomorphic functions, the reader can consult the book [7]. Here,
we are interested in the set-theoretic structure of the family 2 := {A.}.

It appears that to investigate certain set-theoretic properties, a prerequi-
site understanding of Gaufl hypergeometric functions is necessary. In this con-
nection, it should be noted that in recent decades many authors have studied
geometric properties of hypergeometric functions (see, for example, [I}, 13}, [15]).
New results regarding sums of products and ratio of hypergeometric functions
were established in [3| 10]. In paper [12], the zero-balanced hypergeometric
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function 9F3(1,s;s + 1;2) was applied to establishing new conditions for uni-
valence and starlikeness of certain transforms.

In Section |2, a zero-balanced hypergeometric function 9Fi(1,s;s + 1;2)
is considered. We discover its subtle characteristics as a function of s. In
the subsequent sections, we elaborate on an approach that capitalizes on the
dependence of the hypergeometric function o (1, s; s+ 1; 2) on its parameter.

In Section |3, we concentrate on the two-parameter family 2 which is the
main object of the study in this paper. Conditions that entail/exclude the
inclusion of two elements of this family into one another are derived.

The results on the inclusion relation are applied in Section [4] to answer
our main questions. The first one is:

e How to characterize all filtrations included in this family? Recall that
a one-parameter family of sets {§;} is a filtration (see, for example, [2, [4] [6])
if it is ordered, more precisely, §s C §: whenever s < t.

This problem is partially addressed in [4]. In Theorem [4.2] we give the
complete answer.

Another question is:

o [s the whole family a lattice? Recall that a partially ordered family
® = {&,} endowed with the relation C is lattice if each pair of elements has
the unique supremum and the unique infimum.

By definition, the supremum of the pair &1,y € & (if it exists) is the
element of & denoted by sup(®;, B2) such that &1 U By C sup(®q,Bs) and
if ;U &y C &, for some &, € &, then sup(&q,B,) C G,. Analogously, the
infimum is the element inf(®;,®y) such that inf(&;, B2) C &1 N Gy and the
inclusion 8, C &1 N G, implies B, C inf(Bq, By).

Definition introduces refined concepts: sets of quasi-infima and quasi-
suprema. We give the complete description of quasi-extrema for each pair of
elements of 2 in Theorem [£.4]

Furthermore, the observation below shows that if a pair &, ®, € & has
a supremum, then the quasi-supremum coincides with the supremum and so it
is unique. Since, according to our results, it is not the case that for every pair
of elements of 2 there is a unique quasi-supremum, we conclude:

The family A = {ng} s not a lattice.

In the last Section [5] we pose several questions for a forthcoming investi-
gation.
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2. SOME NEW PROPERTIES OF THE HYPERGEOMETRIC
FUNCTION

To prove the main result of this section, we need two auxiliary lemmata.

LEMMA 2.1. Let ¥1 and vy be continuous functions defined for x > 0 by

the formulas
2(1+ ) z? 2+ + (1+x)log(l + )
L) B I
(@) x2 gt 41+ x) Yolw) = (24 x)?

and ¢1(0) = ¢2(0) = 3. Then the equation Y1 (z) = 1b2(x) has a unique solution
n (0,00).

The proof of this lemma is very technical and long. For this reason, we

present it in Appendix at the end of the paper.
The next assertion is a simple consequence of the theorem on integral

average.
LEMMA 2.2. Let —oo < a < b < oo and functions ¢, € C(a,b) satisfy

(i) ¢ is bounded, positive and decreasing;

(ii) there is ty € (a,b) such that ¥(t) < 0 ast € (a,tg) and YP(t) > 0 as
te (to, b),‘

(iii) the improper integral f t)dt equals zero.
Then fa o(t)Y(t)dt < 0.

Proof. Conditions (ii) and (iii) imply that ft t)dt = fjo P(t)dt > 0.
Therefore, for any ¢; € (a,ty) there is a unlque to € (to, b) such that

o< " wttyt=— [ (i = Aw)

to t1
and 3 — b~ as t; — a*. By the integral average theorem, there are points
t* € (t1,t0) and t** € (to, t2) such that
to to

p)p(t)dt = o(t%) [ P(t)dt = —(t")A(t),

t1 t1

to 12
p)Y(t)dt = (™) | P(t)dt = ¢(t™)A(tr).

to to
Thus,
b to
/(b(t)w(t)dt = lim [t ()Y (t)dt +

1)

Bt () dt]

ti—at to
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t1—at

= lim [-6(t%) + o(t™)] A(h) <0,

t1—at

because t* < tg < t** and thanks to condition (i). O

st

Choosing in this lemma ¢(t) = e™**, we conclude the following.

COROLLARY 2.3. Let function ¢ € C(0,00), ¢(t) < 0 ast € (0,tg) for
some tg € (0,00), ¥(t) > 0 as t € (to,o0), and [, p(t)dt = 0. Then the
Laplace transform L[)](s) is negative in s > 0.

We now turn to the Gaufl hypergeometric function 2 F}(a,b;c;-). Here,
a, b, c € C are parameters that satisfy 0 < Reb < Rec. Recall that this function
is defined for z € D by

(1) )
oFy(a,b;c;2) =1+ Z (
n=1

Z,

n(b)nzn . I'(c) /1 xb—l(l _ w)c—b—l
0

2
(c)yn! = T(B)T(c—0) (1—zx)e

where (a), = F(Ile_)n) =a-(a+1)-...- (a+n—1) is the Pochhammer

symbol. For geometric properties of o F (a, b; ¢; z), we refer to the useful papers
[T, 13| [15] and the references therein. If ¢ = a + b, the hypergeometric function
oFi(a,b;a + b; z) is called zero-balanced.

We now consider the following functions:

@) fo(s) = 2R (Lsis+ 1) -1 = | 11:;3338—1@
and
(3) @@yzligwx £2(s) = 2580 (s), @@p:é&iSﬁ s> 0.

THEOREM 2.4. The functions &, &1, &2 and &3 are continuous on (0, 00).
Moreover,

(1) function & is decreasing and maps (0,00) onto (0,1) and such that the
function s — s2£)(s) is decreasing;

(ii) function & is decreasing and maps (0,00) onto (0,In2);
(iii) function & is increasing and maps (0,00) onto (0,1);

(iv) function & is increasing and maps (0,00) onto (In2,1).
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Thus, since these functions are monotone, they can be extended to [0,00) and
even be defined by continuity at oo.

Proof. Since
, l—z 0 /1 2z°Inx
§o(s) /0 l+z Ox (2" Inz) du o (14 )2 z<b

function &; is decreasing. In addition,
1

-z
(5256(8))/ = —2/(3x In? z dx < 0,
0

1+2x)

so, statement (i) follows.

Further, note that & (s) = 01 fi dx, which implies statement (ii).

As for function &, fix arbitrary se > s; > 0. According to Cauchy’s
mean value theorem applied to the functions &y(s),1/s € C|[s1, s2], there is
§ € (s1, $2) such that

§0(8) _ Lol(s2) = &o(s1)

—1/82 1/se9—1/s1
Since the function s2£)(s) is decreasing, s3¢)(s1) > 32¢)(3) = —%.
Letting sp — oo, we conclude that s;&((s1) > —&o(s1). Because the point s is

arbitrary, one has 588 + % > 0, or, which is the same, (log&(s))’ > 0. Thus,
statement (iii) is proved.
To prove statement (iv), one has to show that £;(s) > 0. This inequality

is equivalent to

(4) g(s) <0, where g(s) := (1 —&(s))&(s) + s (s).
Return to the integral in defining the function &y and substitute there
r=e
°°1—et o—ts 1—e” 2=t
o) = [ o= o[ =ICE £[remo.

where L is the Laplace transform. Similarly,
o 2e7t 2!
- = — _se dt = 47}
fo(s) /0 T+et Ll o)
and
&o(s) =
Thus, g takes the form

2e~t
g(s) = ﬁ{m

£l e
e

[(s)-s£ [(s) -
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2et et te™!
* —
(I+e )2 14et (14e7t)2

= 2sL ](s)

In order to calculate the convolution, we first find the primitive function:

/ 2e~7 et t 2¢tlog(e® + 1) 2
. €T =
(1+e )2 14ext (et —1)2 (et —1)(e* 4+ 1)
2¢t log (et + €%)
-+ C.
CE
Thus,
2¢t § et deflog(e' +1) de'log2 2t 1
(I+e 82 14et (et —1)2 (et —1)2 (et —1)2 et+1
and
g9(s) _ £[4et log(e" +1)  de'log2 2t 1 te” }(S)
2s (et —1)2 (et —=1)2 (et—=1)2 et+1 (1+et)?
2¢! 1+ ¢t 1+ el + tet
I M RV
(el —1)2\"%® g @12 |

To understand the behavior of this expression, consider functions ¢ and
)9 defined in Lemma This leads us to the relation
g(s)

5y = L [wl(et —1) — (e — 1)] (s).

2s
Then % < 0 by Corollary So, inequality holds, which completes the
proof. [J

Lemma states that the pre-image E*I[ﬁ] has a unique root for ¢t > 0.
S

It is worth mentioning that Theorem in fact, presents certain prop-
erties of the values of the Gaufl hypergeometric function at z = —1 because
functions ; can be expressed by it.

COROLLARY 2.5. Denote F(s) = 2F1(1,s;s+1;—1). The functions F(s)

1-F(s)

and are decreasing while S(F(s) - %) and sé;(iigi)l) are increasing on

(0,00). Moreover, the following sharp estimates hold:

1 1-F
§<F(S)<1, O<S(S)<1H2,

1 1 1—F(s)
0 F(s)— = - In2< ——+——-—<1.
<s(F(s) 2) Sy M SSeRe -
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3. A TWO-PARAMETER FAMILY AND INCLUSION
PROPERTY

Denote by A the set of all holomorphic functions in the open unit disk D
normalized by f(0) = f/(0) — 1 =0. Let Q = {(s,t) : s € [0,00), ¢ € [0,1)}.
From now on, we are dealing with the two-parameter family 2l consisting of
the sets

(1) oA = {feA: Re[(s—n

and

f(zz)%—f’(z)} >st, z € ]D)\{O}}, (s,t) € Q,

{feA Re[f( )]>t ze]D\{O}}

These classes were introduced in [I1], where an integral transform between
different sets A’ was established. The sets 2} were studied even earlier in [8].
Subsequently, in [4] we considered these classes with a different parametrization
t(s

and found certain functions ¢ = ¢(s) for which the sets 2
The following facts are evident.

) form filtrations.

LEMMA 3.1. For each (s,t) € Q, the set A is a convex body. Moreover,

(a) A = A3 = {Id};

(b) feA, — = cc;
(c) if 0<ty <ty <1, then AL D ALz,
(d) if f(2) = 2p(2), then f € AL < Re[sp(z) + zp/(2)] > st, z € D.

An additional useful property of the classes 2, was established in [4]:

f()

1-1¢ s) +t.
nf inf Re 2 = (1 1)go(s)

Since our primary focus of investigation is the family 2l equipped with
inclusion as the inherent partial order, this section is devoted to the subsequent
relevant problem:

o (iven two sets Qléll and Qli?z of the family , find conditions that entail
or exclude the inclusion of one of them into the other.

Since the case s; = sz is covered by assertion (c¢) of Lemma we
advance, without loss of generality, assuming that s; < ss.

THEOREM 3.2. Let 0 < s1 < s9, t1,ta € [0,1). Then Qlt2 4 Ql
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Proof. By Lemma (c), ALt c A . Hence, to prove our result, it
suffices to find f € Ql?z such that f & ngl as 51 < S2.
Let us define the function p as follows

(2) p(z) =1+2(1 —t) [oF1(1, 80380+ 1;2) —1] =14 2(1 — t) Z

82+n

Formula yields

z

(3) p(z)—i—;zp’(z)zl—i-Q(l—t)l_Z.

Since the function w = 17
Rew > —1, we conclude that inf,ep Re[p(2 )—l—ézp’(z)] = t. Thus, the function

f defined by f(z) = zp(z ) belongs to A2 by Lemma (d).
To show that f & A0 | let us consider the expression

maps the open unit disk D onto the half-plane

S17

P+ 5 () = (0 + @) + (5 - 1 )ap (o)

S1 52

We already know that the boundary values of Re(p(z) + %zp’ (z)) equals t.
Since s1 less than ss is arbitrary, it is enough to verify that the following claim
holds.

Claim: inf,cp Re[2p'(2)] = —oo[|

Indeed, function p deﬁned by (2)) can be represented by

p(z):2t—1+2(1—t)/1
0

see . Combining this with , one concludes

- 1
[1+2(1—t)—} - [2t—1+2(1—t)/

1—2z 0
z /1 52x52_1d$}

1—-2 o 1l—zx

1

1 1
= 21—t ( - ) 2-1g
( )/0 1—-2 1-—z2x 52t “

Uoz(l-2
= 2(1—t)/0 (1—(21)(1—)233)82x521d$'

Because the hypergeometric function oF (1, s2;s2 + 1;2), and hence p,
can be analytically extended at any boundary point z € 9D excepting z = 1,

sox2 1dx
1—2x

soxS2 1dx
2 Stanly

1—zx

- 2(1—t)[1+

Tt seems that formula (B18) in the book [J] implies lim,_1 Re [2p’(2)] = oo, which con-
tradicts our claim. In this connection, we notice that the last formula is correct in the
non-tangential sense only.
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we can put in the last formula z = e®, ¢ # 0. In this case, we get

1 ib(1 _
_ S92 ’ o € (1 .%') sg—1
1 ¢ Re zp (z)}zzem5 = 2Re/0 (1= c)(1 = e%2) sox®? Hdx

’¢ -1)(1 - e_id’a:)(l —x) s
_ 2—1
= 2/ Re 1= 921 = cioa]? S9X dx

1
1_$ so—1
= /0 WSQI’ 2 de'

T x € [%, 1] } Using this notation, we have

Denote oy := min{saz‘*‘1

/ ! 1 _x2 1
S2—
—t Re zp (z)’z:ew = ﬁ 11— cidg|2 5237 "d
2

> /1 1 -2 d
a x
- 1 14+ 22 —2xcos¢

Using the elementary calculus tools, we get

! 1— a2
/é 1+ 22 —chosgbdx: —cos¢ - In(1 —cos @) + A(9),

where A(¢) is a bounded function. Therefore, this integral tends to infinity as
¢ — 0. So, our claim holds, which completes the proof. [

Thus, due to Theorem the inclusion A2 C AL is impossible when
s1 < s3. We present conditions ensuring the opposite inclusion that involve
function &y defined by .

THEOREM 3.3. Let (s1,t1) € Q and s1 < 3.

(i) Ifto=t1+ (1 —t1)(1— 2 )fo(sl) then inclusion AL C A2 holds and is
sharp in the sense that 91 A 91 whenever t > to.

(ii) IfALL C A2, thenty <t1+(1—t1)(1— %)50(81)- Consequently, we have
that (1 — t2)82 (1 — tl)Sl

(iii) In addition, if so € [0,s1), to,t2 € [0,1) and inclusions A0 C AL C A2
hold, then the inclusion ng% C A2 is not sharp.

Proof. By the set , the identity mapping belongs to all classes 2%. Let
feAr f#1Id (So, s1 # 0 by Lemma (a).) This function can be
represented in the form f(z) = zp(z). It follows from Lemma (d) that
function p satisfies the inequality

(4) Re (s1p(z) + 2p'(2)) > sit1.
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10
Therefore, the function ¢ defined by ¢(z) :=

= slp(zlj(zflz))fsltl satisfies the in-
equality Reg(z) > 0 for all z € D and ¢(0) = 1. Then

s1p(2) + 2p'(2) = s1 (1 + (1 = t1)q(2)) =: q1(2)

z
Function p being the solution of this differential equation is
1

1

(5)  p(z) :/q1 (z2) 2 Ve =t1 + (1 — 1) /q x2) 5125 V.

0 0
By Harnack’s inequality,

1

Rep(z) 2t1+(1—t1)/1_m’Z|

s1251 Vdz.
1+ x|z

This inequality and imply

Re (s2p(2) + 2p'(2)) = Re[(s2 — 51)p(2) + (s1p(2) + 20'(2))]
1
s 1—z|z| _
> solt1 + (1 — tl) 1-— 21 5121 Ldx
i 2) [
>

S9 [tl + (1 - tl) (1 - %)50(51)}
see ([2). Thus f € A2.

To show that this estimate is sharp, let us choose
function ¢ in (5)) to be ¢(z) = hz

s2p(z) + 21/ (2) = sata + (1 - m[ .

1
11—z s1—1
- dzx|.
ST (s2 81)/0 T+ 22 5L° x

Setting in this equality z — 17

, we obtain statement (i).
Statement (ii) follows from (i) by direct calculations

To prove (iii), we note that by statement (ii) the given inclusions imply
©) t1 <to+ (1 —to)(1— 52)&o(s0),
tQ § tl + (1 - tl)(l - %)50(31).
Assume by contradlction that the inclusion 22(t0 C A2 is sharp. Then t,
is equal to to + (1 —to)(1 —

20)¢0(s0) by statement (i). Comparing this fact
with the second inequality in (6)), gives us

to+ (1~ to) (1 - 5)50(80) <t+(1-0)(1-2)a(s)

Note that the coefficient of ¢1 in the right-hand side is positive. Therefore, one
can replace t; by a larger expression. Taking in mind the first inequality in @
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and reducing (1 — tp), we get
£0(s0) < ols0) + |1 -
52 51

This inequality is equivalent to

52 — S0 51— S0 S1 — S50

Eols0) |- " &olsn).

51

M&J(so) < [1 St 50(80)]' 828_231 So(s1),

51852 S1
() < |1 Gls) + 2 Eoso)| - Eolsn),
(R T S
s1&0(s1) —  soo(so) so  s1’

which coincides with =861 < 1=%(0) " Thig contradicts statement (iv) of
s180(s1) 50€0(s0)

Theorem The proof is complete. L]

4. FILTRATIONS AND QUASI-EXTREMA

In this section, we explore the set-theoretic structures within the family
of sets 2% defined by equation ((1]). To do so, we introduce certain geometric
objects tied to the outcomes of the preceding section.

Initially, let us recognize that the first statement (i) in Theorem can
be interpreted as follows. Given Py = (so,%) € €2, consider the function ¢4 p,
defined by

(1) trpy () == to + (1 — o) (1 - %0) £o(s0), 5> so.

We designate its graph I'y p, as the forward extremal curve for the point Fy.
Every point P = (s,t) € Q lying on or below this graph corresponds to the set
2 including ng%, while all other points correspond to sets that do not include
Ql';% In addition, if Py € I'y p), then I'y p, lies below I'y p, by Theorem (iii).

Similarly, one can define I'| p,, the backward extremal curve for the point
Py. This is the curve such that every point P = (s,t) € € lying on or above
it corresponds to the set 2% included in ng%, while all other points correspond
to sets not included in Ql';% Iy p, is the graph of the implicit function ¢ p,

defined by
@) to= 13,7, (5) + (1= 13,1, (9)) (1= = ) ols).

which is obviously well-defined and non-negative for all s € [s,, sg|, where s,
is the unique solution to the equation (1 — %)fg(s) = tp.

In this connection, the following construction is natural and quite inter-
esting. Start from a point Py = (so,t9) € Q2 and let s1 = sp + As. If As > 0,
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calculate t; = t4 p)(s1) (otherwise, we are dealing with ¢| p,). Continue by
setting so = $1 —l— As and ta =ty p (s2). At the next step, let s3 = s + As,

calculate t3 by , and so on. Letting As — 0, we obtain the differential

dt 50 £o(s)ds

equation {7 = with initial point (sg,?o). Its solution is

(3) try(5) = 1= (1~ to) exp| - / fo(ffa)dﬂ

By construction, the graph I'p, of the last function has the peculiarity: if
P, €I'p,, thenI'p, = I'p,. We say that this graph is the curve of infinitesimally
sharp inclusions. The following result describes the relationship between the
extremal curves and the curve of infinitesimally sharp inclusions.

THEOREM 4.1. Let Py € Q. Then, the curve of infinitesimally sharp in-
clusions I'p, lies below the forward extremal curve I'y p, and above the backward
extremal curve I'| p,.

Proof. To prove the first statement, compare the formulas . and .
We need to show that the inequality

1 —exp[— /: &](Ug)da} < (1 - %0)50(80)

holds for all s > sg. This is equivalent to F'(s) < 0, where

5 1
5) 1= /50 &)(Oa)dg + log<1 —&o(s0) + gsofo(so))-
Assertion (iv) of Theorem implies
Fl'(s) = (53(50) — 53(8)) . (sofo(so)sfo(s)) < 0.
Since F'(sg) = 0, this proves the desired.
Regarding the second assertion, we have t| p, (s) = o

So, the inequality ¢ p,(s) < tp,(s) for s < sp means that

/ (o) da 1
=P o 1T D)a)

which is equivalent to G(s) < 0, where

(s)
G(s) :== —/: &(?da —i—log(l - <1 — %)50(3)).

Since after the permutation sy <+ s, this function coincides with the function F’
applied above, the proof is complete. [
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We are at the point where we can address the main problems outlined in
this paper.

Let T : [s«,00) — [0,1) be a differentiable function. The first inquiry is:

e What conditions on function T provide that the one-parameter family
AT = {Ql:;r(s), s> 3*} forms a filtration?

We answer it as follows.

THEOREM 4.2. Let function T be differentiable on (s, 00). Then AT is
a filtration if and only if

(4) T'(s) < (1— T(s))&’is), 5> 5s.

Proof. Let sg > s, and analyze the function F(s) := log(1 — T'(s)) —
log(1 — tp,(s)) with Py = (s0,T(so)). It follows from that inequality
means that F’(s) > 0. Consequently, no part of the graph of T can lie above
the curve of infinitesimally sharp inclusions I'p,.

Take any s1, so such that s, < s1 < s9. First, assume that inequality
holds. Then T'(s2) < tp,(s2), P1 = (s1,T(s1)). Therefore, leTl(sl) C ng;(sz) by
Theorems [3.3| and Thus, since s1, so are arbitrary, we conclude that 2 is
a filtration.

Otherwise, assume that 7"(s;) > (1 — T(sl))%fl) for some s1 > s,.

Hence, there is so > s; such that for all s € [sq,s9] the inequality 7"(s) >
(1-— T(sl))%zl) holds. This implies
o(s1)

Lo 2160 (1 - ey 21

S9 — 81 52
or, which is the same, T(sz) > T(s1) + (1 — T(s1))(1 — z—;)fo(sl) =ty p,(s2).
Hence, ngl(sl) A QKZ;(SQ) by Theorem that is, 2 is not a filtration. [

Now, we shift our attention to the whole family 2. As this family equipped
with the relation C constitutes a partially ordered family, our second inquiry
is:

e Does (2, C) indeed form a lattice?

As we strive to comprehend this question, we uncover that the answer
is negative, showing that the sets of so-called quasi-suprema and quasi-infima
are not singletons.

Definition 4.3. Given a pair 2, %o € A, we say that

e 2y € A is a quasi-supremum of this pair and write 2y € qsup (2, As) if
2A; U C Ao and there is no A, € A such that A UAy C A T Ap.
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e 2y € A is a quasi-infimum of this pair and write 2y € qinf(A;,As) if
g C Ay N2y and there is no A, € A such that Ag C A, C A NAs.

We are now going to describe all quasi-suprema and quasi-infima of pairs
of sets AL defined by ().

Let s; < s9 and the point (sg,t2) lies on or below the forward extremal
curve I'y p. Then A1 € A2, and so AL is the infimum as well as A2 is the
supremum of this pair. Therefore, we need to focus on the case s; < s and

tg > b1+ (1 —t1) (1 — 2)&o(s1).-
THEOREM 4.4. Let Py = (s1,t1) € Q and Py = (s2,t2) lie above I'y p,.
Then the following assertions hold:
(a) the set qsup(AL,AZ) consists of A such that s > sy and T1(s) =

S17

min{ty p, (), tr,p,(5)};

(b) the set qinf(ALL,A2) consists of A such that s < s, and To(s) =

517

max{t%pl (8), t.p (5)}

Proof. We prove each one of the assertions by examining all points of 2.

We commence with (a). If s < sy then 22 ¢ A} according to Theo-
rem If s > s9 and t > 71(s), then by Theorem either AL ¢ AL or
91222 4 Ql'; So, ng & qsup(Ql?l,ng).

If s > sy and t = 71(s), then AL UA2 C () by Lemma and
Theorem On the other hand, it follows from the above explanation that
there is no 2, € A such that AL UA2 c A, C AL Thus, AL is a quasi-
supremum.

If s > sp and t < 7y(s), then AL UAZ C AT ¢ At by Lemma and
Theorem Hence, AL ¢ qsup(ALL,A2). Assertion (a) is proven.

Similarly to the above, if s > s1 then A, ¢ 2(?1 according to Theorem
If s < s; and t < 2(s), then either AL ¢ AL or AL ¢ A2 by Theorem So,
AL & qinf (AL, A2).

If s < 51 and t = 79(s), then Ql?(s) C A N A2 by Lemma and
Theorem In addition, there is no 2, € 2 such that 2% C A, C AL NALZ.
Thus, 2% is a quasi-infimum.

If s < s; and t > 7(s), then AL C AP ¢ ALl N A2 by Lemma and
Theorem Hence, AL ¢ qinf(AL,A2) O

S17

Observe that if a pair 21,2 has the supremum, then by definition we
have sup(2(,2A2) C gsup(2;,A2). On the other hand, Definition implies
that the relation sup(2y,%A2) € qsup(2y,2d2) is impossible. So, the quasi-
supremum coincides with the supremum, in particular, it is unique. Since not
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for all pairs 2L, A2 the sets gsup(ALL,A2) and qinf (AL, A2) are singletons,

S17 S17 817
we have.

COROLLARY 4.5. The family 2 := {AL : (s,t) € Q} is not a lattice.

5. UPCOMING QUESTIONS

In the preceding sections, we introduced an approach for establishing set-
theoretic properties of a family of sets consisting of holomorphic functions.
We demonstrated the effectiveness of this method with a significant example
involving sets defined by . Furthermore, it turns out that this approach
relies on previously established characteristics of the hypergeometric function.
For this reason, it appears imperative that prior to effectively disseminating
this approach, one should address the following question.

Question 5.1. Expand Theorem [2.4] to the case of 2 F1(1,s;5 + 1;2), x €
[—1, 1], or a more general hypergeometric function oF;(m, s; s + n;z) instead
of 2F1(1, §;8 4+ 1; —1).

An additional family that can be explored using the presented approach

consists of the sets
B = {fed: -2 47 s glL_t, cep\{0}}, (1€

These sets were studied in [I4] within the context of geometric function theory.
A recent investigation delved into the specific case where ﬁ = 1+s, addressing
problems in filtration theory in [4] and [5]. We now pose the following questions.

f(2)

z

Question 5.2. What conditions on a function T provide that the one-
parameter family {%Z(S)} forms a filtration?

Question 5.3. Is the family 9B := {BL, (s,t) € Q} a lattice?

In the case of an affirmative answer, the method of finding of the unique
supremum and infimum for each pair of sets should be established. Otherwise,
one asks about the sets of quasi-suprema and quasi-infima.

As for a general situation, we have already shown at the end of the previ-
ous section that if each pairs of elements of a family has the unique supremum
(infimum), then the set of all quasi-suprema (quasi-infima) is a singleton. We
do not know whether the converse statement is valid in general. At the same
time, known examples lead us to the following.

CONJECTURE 5.4. A partially ordered family is a lattice if and only if
each pair of its elements has a unique quasi-supremum and a uNIquUe quasi-
MINIMUM.
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APPENDIX

Here, we prove Lemma that states that the equation ¢ (x) = a(z),
where

P1(x) = M a? 242+ (14 z)log(l + x)

1og(1+74(1+x)>, Ya(w) = i ,

has a unique solution in (0, 00).

Proof. Our plan is the following: first we show that this equation has
no solution for “small” x. Then, we show that there is a unique solution for
“large” z. In the last step, we complete the proof.

Step 1. The inequality

¢ ¢ ¢ ¢ ¢
_3 4> S oe(1 > 5
(-5 tg g <lsl+O<¢—5+%5, ¢>0,
implies
1 2 20
i) < 5= 16(1+2)  6-16(1+2)2
_ 1+x2( L, )
2 16\ 14z 6(14x)2)
1 1+=z 22 2 2t
vala) > 2+x+(2+x)2(x_3+§_1)
1 22 1 8r  4x?
2" 16 (2—1—33)2< 3 " ‘”)
Thus,
22
Ya(x) — 1 (x) > 96(1+2)2 P(x),

where ¢(z) := 6 + 222 — 2* — 102 — 2423, It can be easily seen that ¢ is
a decreasing function that is positive at x = 0.4. Hence, ¥2(x) > ¢1(x) in
(0,0.4].

Step 2. Approximate computation gives us 11(10) < 0.261 < 0.266 <

12(10). On the other hand, lim,_, il Ex; = 2. Therefore, the equation has at

least one solution in [10, c0).

Co'nsider the equation Jﬁwl( x) = 10g : +x) (), whicb is fqu‘livalent
to the given one. We state that the function in the left-hand side is increas-
ing, while one in the right-hand side is decreasing. Indeed, it can be easily
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checked that (logQY_fm oz ))/ < 0. The differentiation shows that the inequal-

ity (1();(%33)1#1( )) > 0 is equivalent to

[22° + 22+ (3z+4) log(1+2)] T ;; > [2z+ (3z+4)log(1+a)] 10g(1+g>.
2

Hx > (0.606. So, in this case it is enough to show that

6+ 3z

1
The last inequality follows from elementary calculus. Consequently, equation
1(x) = 9(x) has exactly one root in z > 10.

1.21222% > [21‘2 + 2z + (3z + 4) log(1 + z)] log

Step 3. To complete the proof, we have to show that there is no solution
in [0.4,10]. Note that both 1; and 12 can be analytically extended to the right
half-plane. Hence, one can find the number of solutions using the logarithmic
residue of the function ;(z) — 1¥2(z) on the boundary of, for instance, the
rectangle Q@ = {z =z +iy: 0.4 <z <10, |yl <2}

The approximate computation using Maple gives

1 / oy
(2 Z0a(E) gy 10710 4 4

2mi Jop ¥1(2) — ¥2(z)
Since the logarithmic residue should be an integer, we conclude that it is zero,
that is, there is no solution in [0.4,10]. The proof is complete. [

Acknowledgments. The authors are grateful to Guy Katriel for very helpful discus-

sions.

REFERENCES

[1] R. Balasubramanian, S. Ponnusamy, and M. Vuorinen, On hypergeometric functions and
function spaces. J. Comput. Appl. Math. 139 (2002), 2, 299-322.

[2] F. Bracci, M.D. Contreras, S. Diaz-Madrigal, M. Elin, and D. Shoikhet, Filtrations of
infinitesimal generators. Funct. Approx. Comment. Math. 59 (2018), 1, 99-115.

[3] A. Dyachenko and D. Karp, Ratios of the Gauss hypergeometric functions with param-
eters shifted by integers: more on integral representations. Lobachevskii J. Math. 42
(2021), 12, 2764-2776.

[4] M. Elin and F. Jacobzon, Survey on filtrations (parametric embeddings) of infinitesimal
generators. J. Anal. 32 (2024), 5, 2953-3017.

[6] M. Elin, F. Jacobzon, and D. Shoikhet, Filtration families of semigroup generators. The
Fekete-Szego problem. Appl. Set-Valued Anal. Optim. 6 (2024), 13-29.


https://doi.org/10.1007/s41478-024-00754-z
https://doi.org/10.1007/s41478-024-00754-z

504

M. Elin and F. Jacobzon 18

[6]

[7]

[13]
[14]

[15]

M. Elin, D. Shoikhet, and T. Sugawa, Filtration of semi-complete vector fields re-
visited. In: Complex Analysis and Dynamical Systems, Trends Math., pp. 93-102.
Birkh&user /Springer, Cham, 2018.

A.W. Goodman, Univalent Functions, Vol 1. Mariner Publishing Co., Inc., Tampa, FL,
1983.

D.J. Hallenbeck, Convex hulls and extreme points of some families of univalent functions.
Trans. Amer. Math. Soc. 192 (1974), 285-292.

P. Hariri, R. Klén, and M. Vuorinen, Conformally Invariant Metrics and Quasiconformal
Mappings. Springer Monogr. Math., Springer, Cham, 2020.

D. Karp and A. Kuznetsov, A new identity for the sum of products of the generalized
hypergeometric functions. Proc. Amer. Math. Soc. 149 (2021), 7, 2861-2870.

Y.C. Kim and F. Rgnning, Integral transforms of certain subclasses of analytic functions.
J. Math. Anal. Appl. 258 (2001), 2, 466-486.

M. Obradovi¢ and S. Ponnusamy, Univalence and starlikeness of certain transforms
defined by convolution of analytic functions. J. Math. Anal. Appl. 336 (2007), 2, 758
767.

T. Sugawa and L.-M. Wang, |Geometric properties of the shifted hypergeometric func-
tions. Complex Anal. Oper. Theory 11 (2017), 8, 1879-1893.

N. Tuneski, Some simple sufficient conditions for starlikeness and convexity. Appl. Math.
Lett. 22 (2009), 5, 693-697.

L.-M. Wang, |Mapping properties of the zero-balanced hypergeometric functions. J. Math.
Anal. Appl. 505 (2022), 1, article no. 125448.

Braude College of Engineering
Karmiel 2161002, Israel
mark_elin@braude.ac. il
fiana@braude.ac. vl


https://doi.org/10.1007/s11785-017-0674-4
https://doi.org/10.1007/s11785-017-0674-4
https://doi.org/10.1016/j.jmaa.2021.125448

	Introduction
	Some new properties of the hypergeometric function
	A two-parameter family and inclusion property
	Filtrations and quasi-extrema
	Upcoming questions 

