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1. INTRODUCTION

The importance of the study of Hopf algebras in braided monoidal cate-
gories was recognized through the investigation of quantum groups and their
applications. For example, Nichols algebras have been actively investigated for
the classification of pointed Hopf algebras [3]-[7, 10, [13], a class of Hopf alge-
bras including quantized enveloping algebras. The category SV of superspaces
over a field k of characteristic # 2 (see Section is a simple but significant
example of braided monoidal categories. Hopf algebras in SV are called Hopf
superalgebras. The enveloping algebra of a Lie superalgebra and its quantiza-
tion are important examples of Hopf superalgebras in representation theory,
low-dimensional topology, mathematical physics, etc.

The classification problem of finite-dimensional Hopf algebras of a given
dimension has been actively studied by many researchers after it was pro-
posed by Kaplansky in 1975; see [9] for a survey. The classification problem
of finite-dimensional Hopf superalgebras over an algebraically closed field of
characteristic zero could also be fundamental and crucial. Some families of
finite-dimensional Hopf superalgebras have been studied. For instance, An-
druskiewitsch, Etingof and Gelaki [3] classified a class of triangular Hopf alge-
bras by means of finite supergroups. Andruskiewitsch, Angiono and Yamane [2]
developed basic results on finite-dimensional pointed Hopf superalgebras. Re-
garding the classification problem of finite-dimensional Hopf superalgebras of
a given dimension, Aissaoui and Makhlouf [I] classified those of dimension 2,
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3 and 4. However, unlike the case of ordinary Hopf algebras, the systematic
study of the classification problem seems to be just began.

The goal of this paper is to give a complete list of finite-dimensional
pointed Hopf superalgebras of dimension up to 10 over an algebraically closed
field of characteristic zero as an intermediate step to classify all Hopf superal-
gebras of those dimensions.

Our central method has been introduced in [I8]. A Hopf superalgebra #H
can be regarded as a Hopf algebra in the braided monoidal category kZQyD of

Yetter—Drinfeld modules over kZs, and hence, we obtain a Hopf algebra H =
H#kZy from the Hopf superalgebra H by the Radford-Majid bosonization
[14, 17]. We note that H and H share many properties: For example, H is
semisimple if and only if His. His pointed if and only if His. In 18], for
a given Hopf algebra A, we have discussed how Hopf superalgebras H such
that Hi # 0 and H = A are obtained, where Hs is the odd part of H. As
a consequence, such Hopf superalgebras are parametrized by super-data for A
(see Definition [3.4). This is a pair (g, @) of group-like elements of g € G(A)
and o € G(A*) such that ¢ =1, a® = ¢, a(g) = —1, a — a ~— a = gag for all
a € A and g is not central in A. Furthermore, two Hopf superalgebras arising
from two super-data (g,«) and (¢',a’) are isomorphic if and only if there is
a Hopf algebra automorphism ¢ of A such that ¢(g9) = ¢’ and &/ o p = «.
Thus, the classification of Hopf superalgebras H such that H; # 0 and H
A are completed by the following strategy: First, determine all super-data
for A. Second, determine Hopf algebra automorphisms of A. Finally, give a
presentation of the resulting Hopf superalgebras.

If a classification of, say, pointed Hopf algebras of dimension n has been
known, then the classification of pointed Hopf superalgebras of dimension n /2
are obtained by the above program. From now on, we work over an alge-
braically closed field k of characteristic zero. Let p be an odd prime number.
By exploiting results on Hopf algebras of dimensions 2p and 2p? [4, 15, [16], we
obtain the following theorem.

THEOREM (= Theorems and . Let ‘H be a Hopf superalgebra
over k.

1. If dim(H) = p, then H is purely even, that is, Hi = 0.
2. If dim(H) = p? and H is non-semisimple pointed, H is purely even.

It is easy to see that the exterior superalgebra Ak is the only (up to
isomorphism) Hopf superalgebra of dimension 2 whose odd part is non-trivial.
Thanks to the classification of 8-dimensional Hopf algebras by Stefan [19] and
that of 16-dimensional pointed Hopf algebras by Caenepeel, Dascalescu and
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Raianu [10], we classify pointed Hopf superalgebras of dimensions 4 and 8.
Hence, we complete the classification of pointed Hopf superalgebras of dimen-
sion up to 10.

Classification lists

To present our classification result uniformly, we introduce the pointed
Hopf superalgebra A(T", Z) constructed from a finite abelian group I'" and a
compatible datum 2 € (I x T x {0,1} x {0,1})? as a kind of super-version of
pointed Hopf algebras introduced by Andruskiewitsch and Schneider [5], see
Section for the precise definition. Here, T is the character group of I' and
0 is a natural number. Using this notation, we display our classification result
below, where 1 denote the trivial character of I'.

Dimension 2p. Let p denote an odd prime, and let ¢, € k denote a
fixed primitive p-th root of unity. Let I" be the group C), = (g | g = 1) of order
p, and let x be the character defined by x(g) = (p. A complete list of pairwise
non-isomorphic non-semisimple pointed Hopf superalgebras H of dimension 2p
satisfying Hj # 0 are given by Table [1] (Theorem . For explicit relations

between Hgg (i €{1,2,3,4}) and A(T', 2), see Section

Hopf superalgebras H
P stperas T | 2= (g Xi, i3 €)1 The dual H* of H
with Hy; #0

Hy) =kC, @ Ak (1,1,0;1) self-dual
Hiy Cp | (¢*"V21,001) iy
iy (1, x,051) 1y

non-pointed for p = 3,5
iy (#1721, 1;1) ’ £
(Theorem EI)

Table 1 — Non-semisimple pointed Hopf superalgebras of dimension 2p

Dimension 4. Let I' be the group Cy = (g | g> = 1) of order two,
and let x be the non-trivial character, that is, x(¢) = —1. A complete list
of pairwise non-isomorphic non-semisimple pointed Hopf superalgebras H of
dimension 4 satisfying Hj # 0 are given by Table [2| (Theorem [4.10)).
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Hopf superalgebras H r D = (gi,xi, i €)=y | The dual H* of H
with H1 #0
HD = \K2 {1} | ((1,1,0;1), (1,1,0;1)) self-dual
Hf) =kC, ® ANk (1,1,0;1) self-dual
H Ch (9,1,031) HyY
H{Y (1,x,0;1) HE

Table 2 — Non-semisimple pointed Hopf superalgebras of dimension 4

Dimension 8. Let {4 € k denote a fixed primitive fourth root of unity.
If T is Cy = (g | g> = 1) (respectively, Co x Co = (91,92 | 9% = g5 = 1,192 =
g291), C4 = (g | g* = 1)), then we take x (respectively, x1, X2, X) so that
x(g) = —1 (respectively, xi(g;) = —(=1)", x(9) = (4). A complete list
of pairwise non-isomorphic non-semisimple pointed Hopf superalgebras H of
dimension 8 satisfying Hj # 0 are given by Table [3| (Theorem [4.14]).

Organization of the paper

This paper is organized as follows. In Section [2| we review definitions and
properties of Hopf superalgebras. Fundamental results on the bosonization,
which are useful for the classification of Hopf superalgebras, are recalled from
[18] in Sections and We say that a Hopf superalgebra H is a super-
form of a Hopf algebra A if A = H. In Section [3| we discuss super-forms of
finite-dimensional pointed Hopf algebras with abelian coradical and, relying
the classification of such Hopf algebras [0, [7], we show that it is generated by
group-like elements and skew-primitive elements. As an example, we determine
all super-forms of a Taft algebra.

In Sections {] and |5} we work over an algebraically closed field of char-
acteristic zero. In Section {4} after introducing the pointed Hopf superalgebra
AT, 2), we classify super-forms of pointed Hopf algebras of dimension up to
20. Non-semisimple pointed Hopf superalgebras of dimensions p?, 2p, 4 and 8
(where p is an odd prime number) are classified in Theorems and
As a result, we obtain the classification of non-semisimple pointed Hopf
superalgebra of dimension up to 10, as explained in the above.

In the final Section [5| we determine duals of the Hopf superalgebras ap-
peared in Section
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Hopf superalgebras H r D = (ges xi, 1 €)'y The dual H* of H
with Hy # 0
H = \KP {1} | ((1,1,0;1), (1,1,0;1), (1,1,0:1)) self-dual
HP =KkCy ® K2 ((1,1,0;1), (1,1,0;1)) self-dual
HE ((1,1,0;1), (9,1,051)) HEY
HEY Ch ((1,1,0;1), (1,x,0;1)) HE
HE ((9,1,051), (9,1,051)) HE
1 ((1,x,0;1), (1,x,051)) 1Y
H =Ty(-1) @ Ak ((g,x,0;0), (1,1,0;1)) self-dual
HE = Kk(Cy x C2) @ Ak (1,1,0;1) self-dual
HE” 3 (91,1,0;1) H{
#H{O (1,x1,0;1) 1Y
Y (g1,x1,0;1) self-dual
HP =kCy © Ak (1,1,0;1) self-dual
H{) (9.1,0;1) '
H (9%,1,0;1) H
H(D Ci (1,x,0;1) M
HO (1,x%0;1) HE
7—[5(;17) (g%, x%,0;1) self-dual
Hélg) (0.1,1:1) non-pointed
(Theorem|al)

Table 3 — Non-semisimple pointed Hopf superalgebras of dimension 8

2. PRELIMINARIES

In this section, we work over a filed k of characteristic not equal to 2.
The unadorned symbol ® means the tensor product over k. We denote by Zso
the additive group of integers of modulo 2. The class of n € Z in Zs is written
as 7 or, by abuse of notation, by the same symbol n.

The group algebra of Zs is denoted by kZs. When we consider kZs, we
identify Zy with the multiplicative group {e,o} of order two, where e is the
identity element and o2 = e, for notational convenience.

Given a vector space X, we denote by X* the dual space of X. Let C be
a coalgebra with comultiplication A. We use the Heyneman—Sweedler notation
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A(e) = c(1y ® ¢(z) to express the comultiplication of ¢ € C'. The dual space C*
is an algebra with respect to the multiplication given by fg(c) = f(c(1))g(c(2))
for f,g € C* and ¢ € C'. We note that C' is a C*-bimodule by the actions given
by

[—=c=cuyflee), c—=f:=flca)ee (felcel).

2.1. Hopf superalgebras

We denote by SV the category of superspaces. Namely, an object of
this category is a vector space V = V5 @ Vi graded by the group Z, and
a morphism is a linear map respecting the Zs-grading. For a homogeneous
element 0 # v € V5 U Vi, we denote its degree by |v|. We say that v € V
is an even (respectively, odd) element if |v| = 0 respectively, |[v| = 1). For
simplicity, when we write |v|, v is always supposed to be homogeneous. We
say that V € SV is purely even if V7 = 0.

The dual space V* of V € SV is a superspace by letting (V*)e := (Ve)*
(e € {0,1}). There is a natural tensor product in the category SV. The
category SV is, in fact, a symmetric tensor category with respect to the natural
isomorphism

VoW —WeV; voaw— (-)"IPyweu (VW esy),

called the supersymmetry.

A superalgebra (respectively, supercoalgebra, Hopf superalgebra) is an al-
gebra (respectively, coalgebra, Hopf algebra) in the symmetric tensor category
SV. A left supermodule over a superalgebra A is a superspace V equipped with
a morphism AV — V in SV satisfying the associativity and the unit axioms.
The definition of a right A-supermodule should be clear. Supercomodules over
a supercoalgebra are defined analogously.

Definition 2.1. Let ‘H be a Hopf superalgebra.

1. H is said to be (co)semisimple if the category of left H-super(co)modules
is semisimple.

2. H is said to be pointed if any simple right H-supercomodule is one-
dimensional.

3. H is said to have the Chevalley property if the tensor product of any two
simple right H-supercomodule is semisimple.

The above definition of the Chevalley property is a super-analogue of
the Chevalley property of ordinary Hopf algebras considered in [9] and [12].
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We warn that this term has been used in a different meaning in literature
including [3].

We are especially interested in finite-dimensional non-semisimple pointed
Hopf superalgebras. In later, we show that a finite-dimensional semisimple
pointed Hopf superalgebra is purely even and is isomorphic to a group algebra
of a finite group (see Proposition .

Let ‘H be a Hopf superalgebra with comultiplication Ay and counit ey.
As in the non-super situation, the set

G(H):={geMo|enlg) =1, Anlg) =g© g}
becomes a group under the multiplication of H. An element of G(#H) is called
a group-like element of H. For a fixed g € G(H), an element z € H is said to
be g-skew primitive if it satisfies Ay(z) = g® z+ 2 ® 1. A 1-skew primitive
element is simply called a primitive element of H.

If H is a finite-dimensional Hopf superalgebra, then one can make H*
into a Hopf superalgebra, called the dual Hopf superalgebra of H, in a similar
way as the ungraded context. Let H and A be Hopf superalgebras, and let
(,):HxA— k be a bilinear map satisfying (He, Ay) = 0 for €,v € {0,1}
with € # v. The map (, ) is called a Hopf pairing if it satisfies

<£L‘y, a’> = <:L'? a(1)><y’ a(2)>7 <l‘a CLb> = <3’J(1), a’> <$(2), b>a
(7,14) = en(x), (ly,a) =ca(a)
for x,y € H and a,b € A. If (, ) is a Hopf pairing and A is finite-dimensional,
then one sees that the map H — A*; z — (a — (x,a)) is a Hopf superalgebra
map. Note that there exists another definition of a Hopf pairing taking into

account the supersymmetry. However, one can show that if the base field k is
algebraically closed then these definitions coincide, see [18, Remark 3.10].

Ezample 2.2. Let V be a vector space. The exterior superalgebra A\ V
over V has a natural structure of a pointed Hopf superalgebra so that each
z € V is odd primitive. The canonical pairing ( , ) : V x V* — k uniquely
extends to a non-degenerate Hopf pairing (, ) : AV x AV* — k given by

(VI A AVpy fL Ao A fon) = S det ((vi,fj>)i7j (n,m € N),

where 0y, ., is the Kronecker symbol. In particular, AV is self-dual if V is
finite-dimensional.

2.2. Bosonization of Hopf superalgebras

Let H be a Hopf algebra, in general. By Radford [17] and Majid [14], up
to isomorphism, there is a one-to-one correspondence between Hopf algebras
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equipped with a split epimorphism onto H and Hopf algebras in the category
gyD of Yetter—Drinfeld modules over H. For a Hopf algebra B in gyD, we
denote the corresponding Hopf algebra by B# H, called the bosonization of B
by H

By definition, an object of “‘Z2y2> is an object V € SV equipped with a
left action of kZs such that a.Vz C V for e € {0,1}. A superspace V' becomes
an object of kZ?yD by defining the left action of kZy by o'.v := (-1 )“”'fu for

i € {0,1} and v € V. In this way, we can regard SV C kZQyD as braided
monoidal categories.

Let H be a Hopf superalgebra with comultiplication Ay, counit £y and
antipode Sy. Since SV C ﬁ%i YD, we can consider the bosonization

H = H#KZ,

of H by kZs. More precisely, as a vector space H is just H ® kZy and H
becomes an ordinary Hopf algebra whose structure is described as follows:

e (multiplication) (h ® ")(k @ 67) = (=1)"Ihh @ 617,

unit) 17/{\ =1y Re.

(
(comultiplication) Az (h ® o') =hm ® ool g hg) ®o"
(counit) e (h ® ') = ex/(h).

(

antipode) Sg(h ® o!) = (=1)"t1M Sy (h) @ oI,

Here, h,h' € H and i,j € {0,1}. One easily sees G(H) = G(H) x Z3 as
groups. If Hi # 0, then #H is neither commutative nor cocommutative. As an
application of this observation, we obtain.

THEOREM 2.3 ([18]). All Hopf superalgebras of odd prime dimensions are
purely even.

Proof. Suppose that there is a Hopf superalgebra 1 of dimension p for
some odd prime number p such that Hj # 0. By the above observation, H is a
Hopf algebra of dimension 2p that is neither commutative nor cocommutative.
However, according to the classification of Hopf algebras of dimension 2p due
to Masuoka [15] and Ng [16], there is no such Hopf algebra. Thus, we have a
contradiction. [

_ Since the category of left H-super(co)modules and the category of left
H-(co)modules are equivalent, we get the following.

PROPOSITION 2.4. The following holds:
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1. H is (co)semisimple if and only Zf?'A[ is (co)semisimple.
2. H is pointed if and only zf”;’/—[\ 1s pointed.
3. H has the Chevalley property if and only zfﬁ has the Chevalley property.

As another application of the bosonization technique, we prove the fol-
lowing.

PROPOSITION 2.5. A finite-dimensional semisimple pointed Hopf super-
algebra is purely even and isomorphic to the group algebra of a finite group.

Proof. Let H be such a Hopf superalgebra. Then the bosonization H
is a semisimple Hopf algebra. The Larson—Radford theorem implies that H
is cosemisimple as a coalgebra. This implies that H is also cosemisimple as
a supercoalgebra. By the assumption that H is pointed, H is spanned by
group-like elements. Hence, H is a group algebra. [J

Suppose that # is finite-dimensional. For the bosonization H* of H*, one
easily sees that the bilinear map

W xH—k (foo,hoa)— (—1)7f(h)
is a non-degenerate Hopf pairing. As a consequence, we get the following.

PROPOSITION 2.6. As a Hopf algebra, the bosonization of H* is isomor-
phic to the dual of H.

2.3. Coinvariant subalgebras

We give a summary of the classification method of finite-dimensional Hopf
superalgebras proposed in [I8]. Roughly speaking, this is done by enumerating
all Hopf superalgebras ‘H such that H = A for each finite-dimensional Hopf
algebra A. As an intermediate step for accomplishing this, we first mention
Hopf algebras H in %@%gyp such that 7 = A.

Definition 2.7. Let A be a finite-dimensional Hopf algebra with counit € 4.
A pair (g,a) € G(A) x G(A*) is called an admissible datum for A if it satisfies

=1, o?>=¢e4 and a(g)=-1.

The set of all admissible data for A is denoted by AD(A). For (g, ), (¢, ') €
AD(A), we write (g,c) ~ (¢',&') if there exists ¢ € Autpops(A) such that
¢(g) = ¢ and o = &' o p, where Autpope(A) is the group of all Hopf algebra
automorphisms on A. It is obvious that the relation ~ becomes an equivalence
relation on AD(A).
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For (g,a) € AD(A), one easily sees that the map

eala ala
Al )(e+a)+7( )(e—o)

2 2
is a split epimorphism with section kZy, — A; o® — ¢*. Moreover, any split
epimorphism A — kZs arises from an element of AD(A) in this way [I8]. For
the split epimorphism 7 := the algebra

(2.1) T(ga) i A — kZg; ar—

g,00)9
A = (g € A|apy @ T(ap) =a® e}

of m-coinvariants of A is given by the following formula:

(2.2) A®MNVG) — fhe A|b=a —b}.

By the inverse procedure of the bosonization [14] I7], we see that Acoinv(g,)
becomes a Hopf algebra in ﬁ%g YD and get the following result.

PROPOSITION 2.8 ([18]). Let 2 be the class of all Hopf algebras in t%g YD
whose bosonization is isomorphic to A as a Hopf algebra. The assignment
(g, ) — A9 gives o bijection from AD(A)/~ to X /2.

3. SUPER-DATA AND SUPER-FORMS OF HOPF ALGEBRAS

In this section, we also work over a field k of characteristic not equal to 2.

3.1. Super-data and super-forms

We summarize results obtained in [I8]. Let A be a finite-dimensional
Hopf algebra.

_ Definition 3.1. We say that a Hopf superalgebra H is a super-form of A if
‘H is isomorphic to A. If H is purely even, then H is called a trivial super-form
of A.

By the properties of the bosonization, we obtain the following.

PROPOSITION 3.2. Let H be a super-form of A.

1. The groups G(A) and G(A*) are decomposed into direct products with
Zs.

2. If the super-form H is mon-trivial, then A is neither commutative nor
cocommutative.
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3. If A is pointed (respectively, is (co)semisimple, has the Chevalley prop-
erty), then H is pointed (respectively, is (co)semisimple, has the Cheval-

ley property).

By Proposition the isomorphism classes of super-forms of A are in
bijection with the equivalence classes of (g, a) € AD(A) such that A<nv(9:2) ¢
]ﬁi% YD belongs to SV. We have found the following easy criteria for Anv(9:%)
to be a Hopf superalgebra.

THEOREM 3.3 ([I8]). H := A©™9:2) s o super-form of A if and only if
a—a+—a=gag forall ac€ A.

If the above equivalent condition is satisfied, then the Zs-grading of H is
given by
He={be A|gbg = (-1)}
for each € € {0,1}. In particular, the super-form H of A is non-trivial if and
only if g ¢ Z(A), where Z(A) is the center of the algebra A.
Taking the above into account, we introduce.

Definition 3.4. An admissible datum (g, ) for A is called a super-datum
for Aif g ¢ Z(A) and @« — a — a = gag for all a € A. The set of all
super-datum for A is denoted by SD(A).

By the above definition and Proposition the map (g, a) — ANV(9:%)
gives a one-to-one correspondence between SD(A)/~ and the isomorphism
classes of Hopf superalgebras H such that Hi # 0 and ‘H = A.

3.2. Super-forms of pointed Hopf algebras with abelian coradical

Let A be a finite-dimensional pointed Hopf algebra such that the group
G(A) is abelian. We note that such Hopf algebras were studied extensively
and the classification of them was finally completed by Angiono and Garcia
in [6] based on numerous pioneering works on Nichols algebras and arithmetic
root systems; see [7] for a survey. According to the classification results, we
see that there exists a finite number of group-like elements cy,...,cy € G(A)
and the same number of ¢;-skew primitive elements z; € A (i € {1,...,0})
such that A is generated by G(A) U {z;}Y_, as an algebra. Moreover, for each
i€{1,...,0}, there exists a non-trivial group homomorphism y; : G(4) — k*
such that

yeey = xi(y)zi
for all v € G(A). We give the following technical remark.

LEMMA 3.5. For all a € G(A*) and i € {1,...,0}, we have a(z;) = 0.
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Proof. Let i € {1,...,0}. Since x; is non-trivial, there exists v € G(A)
such that y;(y) # 1. We have a(z;) = a(yz;y~!) = xi(y)a(z;), and hence
a(z;) must be zero. Thus, the proof is done. [

By Lemma the set of all super-data SD(A) for A is explicitly given
by

(3.1) SD(A) = {(g, o) € AD(A) ‘ g does not belong to Z(A) and }

grig = a(c;)x; for all i =1,...,6
For oo € G(A*), we put

G(A)*:={yeG(4) |a(y) =1}
for simplicity. Note that if a? = ¢4, then a(y) = £1 for all v € G(A).

THEOREM 3.6. Let (g,«) € SD(A). As an algebra, the coinvariant subal-
gebra H = A®™GYN) of A is generated by G(A)*U{z;}Y_,. The supercoalgebra
structure of H is described as follows.

1. G(H) = G(A)“.
2. For each i € {1,...,0}, z; is even c;-skew primitive in H if a(c;) = 1.
3. For each i€ {1,...,0}, z; is odd c;g-skew primitive in H if a(c;) = —1.

Proof. Let H' be the subalgebra of A generated by G(A)* U {z;}¢_,. We
have a = v = a(y)y for all vy € G(A) and a — z; = x; for alli € {1,...,0} by
Lemma[3.5] Thus %' C H. Since a(g) = —1, we have G(A4) = G(A)*UgG(A)*
and, from this, we deduce A = H' + gH’. By considering the dimension, we
conclude H =H'. O

4. CLASSIFICATION OF POINTED HOPF SUPERALGEBRAS

In this section, the base field k is supposed to be an algebraically closed
field of characteristic zero. The aim of this section is to classify non-semisimple
pointed Hopf superalgebras of dimension up to 10.

4.1. The Hopf superalgebra A(T, 2)

To present our classification result uniformly, we introduce a family of
pointed Hopf superalgebras A(I', Z) as in the same fashion as Andruskiewitsch
and Schneider [5].
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Let I" be a finite abelian group with unit 1, and let T be the group of
group homomorphisms from I' to k*. The trivial character is denoted by 1 € T.
Let 6 be a natural number. We consider a datum

= 0
2 = (gis Xi» ptis €)1—1 € (D x T x {0,1} x {0,1})
satisfying the following three conditions.
1. Foreach i € {1,...,0}, N; € 2Z if ¢; = 1.
2. For each i € {1,...,0}, ;s = 0 if X' # 1.

3. For each 4,5 € {1,...,0} with i # j, xi(9j)x;(9:) = 1.

Here, we put N; :=ord((—1)%x;(g;)) for each i € {1,...,0}.
We let A(T", Z) denote the superalgebra generated by u, with |ug| = 0
(9 €T) and z; with |z;| = ¢ (i € {1,...,0}) subject to

ur =1, ugup = ugh, UGz = X’i(g)ziuga
2= (L= ud), 2z = (—1)99x;(g:) 252,
where g,h € I"and 4,5 € {1,...,0} with i # j.
THEOREM 4.1. The superalgebra A(L'; 2) has a unique structure of a
Hopf superalgebra whose comultiplication A is given by

Alug) =ug®@uy (gel), Az)=us4®z+2z1 (i=1,...,0).
The Hopf superalgebra A(T', 2) is pointed with G(A(T, 2)) =T.

In the following, we identify g € T" with uy € A(I', 2) and regard I' C
AT, 2).

Remark 4.2. For each i € {1,...,0}, we let ki [¢;] be a one-dimensional
left Yetter—Drinfeld supermodule over kI with basis z; such that
(parity) |z;| = €;, (action) g.z; = xi(g9)zi (g €T'), (coaction) z; — g; ® z;.
Then V :=ky} [e1] @ - - - D kyy [ep] becomes a left Yetter—Drinfeld supermodule
over kI'. The associated braiding is

VeV VeV, z®z = (=1)99(g)z ® 2.

By [2 Section 1.7], we obtain the Nichols superalgebra (V') of V and we may
consider the bosonization B(V)#kI of (V) by kI'. One easily sees that the
graded Hopf superalgebra of A(I', Z) associated to the coradical filtration is
isomorphic to the Hopf superalgebra Z(V)#kI.

Example 4.3. The exterior superalgebra (Example of the vector space
of dimension 6 is isomorphic to A(T, Z) with T' = {1} and 2 = (1,1,0;1)%_,.
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Ezample 4.4 (Super-forms of the Taft algebra). We fix a natural number
n > 2 and a primitive n-th root of unity w € k. We write down all non-trivial
super-forms of the Taft algebra

T2 (w) =k{c,z | " =1,2" =0, cx = wxc),

where ¢ is group-like and z is ¢-skew primitive. T)2(w) is a non-semisimple
pointed Hopf algebra of dimension n? such that G(7T},2(w)) = Z,. It is easy to
see that

{(¢"/?,a)} ifnis even and n/2 is odd,

o) otherwise.

AD(T,2(w)) = SD(T},2(w)) = {

Here, o : T),2(w) — k is defined as a(c) = —1 and «a(z) = 0. In the following,
we suppose that n is even and n/2 is odd. Let H be the super-form of T},2(w)
associated to the super-datum (¢™2, ). Then there is an isomorphism

Ta(w?) = A(Cpya, ("1 X, 0,1) 2 H; gr B 2w

of Hopf superalgebras, where x is the character of Cy, /o = (g | g"? = 1) defined
by x(g9) = w*.

By the above discussion, we conclude that T, (w?) is a unique super-
form of T),2(w) up to isomorphisms. By Proposition and the self-duality
of T,,2(w), the Hopf superalgebra T, (w?) is self-dual. As a side note, T2(1) is
isomorphic to the exterior superalgebra A k.

4.2. Dimensions 2p and p?

In this section, we discuss super-forms of the Hopf algebras o (w, 1, u)
introduced by Andruskiewitsch and Natale [4, Appendix]. As an application,
we classify Hopf superalgebras of dimensions 2p and p?, where p is an odd
prime number.

Let ¢ and ¢ be two distinct prime numbers, let j € {1,¢r |r=1,...,q—1},
and let w be a root of unity such that ord(w’) = ¢. Let u € {0,1} also be a
parameter, which is allowed to be non-zero only if j = 1. Then the algebra

A (w,j,p) =kle,z | =127 = p(l — %), cx = wxc)
is a pointed Hopf algebra of dimension ¢¢? such that
Ale)=c®e, Alx)=d@z+z01.

Below, we determine the set of admissible data and the set of super-data for
this Hopf algebra. As a preparation, we prove.
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LEMMA 4.5. There exists an algebra map A := o/ (w,j,n) — k of order
two if and only if =0 or q = 2. If this equivalent condition is satisfied, then
such an algebra map o : A — k is determined by a(c) = —1 and o(z) = 0.

Proof. Suppose that o : A — k is an algebra map of order two. Then
by Lemma we have a(z) = 0. We also have a(c) = +1 or ac) = —1. If
the former holds, then we have a = ¢, a contradiction. Hence a(c) = —1. The
relation 27 = p(1 — ¢?) implies

0= a(2)? = u(1 — a(e)?) = p(1 — (~1)9),
and therefore u = 0 or ¢ = 2. Conversely, the algebra map a : A — k
determined by a(c) = —1 and a(x) = 0 is of order two. The proof is done. [

In the following, we let o denote the algebra map given in Lemma
Since ¢ and ¢ are distinct prime numbers and G (% (w, j, 1)) = Zpg = Zy X Zqg,
we have the following:

1. If £ =2, then p = 0 and AD(&/ (w, j, 1)) = {(c?, ) }.
2. If ¢ = 2, then j € {1,¢} and AD(o (w, j, 1)) = {(c’,a)}.
3. If both ¢ and ¢ are odd, AD(« (w,j, 1)) = @.

In particular, we get AD(< (w, j, 1)) # @ if and only if £ =2 or g = 2.

PROPOSITION 4.6. The Hopf algebra A := of (w,j, 1) admits a super-
form if and only if ¢ = 2. If this equivalent condition is satisfied, then we have

SD(A) = {(c!, a)}.

Proof. First, suppose that ¢ = 2. Then A<M(c¢".) ig generated by {2, z}
as an algebra. If j = 1, then by definition ord(w) = ¢, and hence, we get

ol = (—1Yz = —z # = wlz = .

In this case, SD(A) = @. If j = 2r for some r € {1,...,g—1}, then by definition
2 divides ord(w) and ¢ is odd. Thus, in this case, w? # 1 = (—=1)/ = a(c’), and
hence, we get SD(A) = @.

Next, suppose that ¢ = 2. In this case, we note that j € {1,¢} and ¢ is
odd. Then Acinv(c.a) ig generated by {c?, z} as an algebra. Since w’

get

= —1, we

duct =wle = —x = (—1)z = a(d)z
for each j € {1,£}. Thus, in this case we have SD(A) = {(c/,a)}. O

THEOREM 4.7. Let p be an odd prime number. Any non-semisimple
pointed Hopf superalgebra of dimension p? is purely even.
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Proof. Let H be a non-semisimple pointed Hopf superalgebra of dimen-
sion p?. Since His a non-semisimple pointed Hopf algebra of dimension 2p?,
it is isomorphic to one of the following Hopf algebras (see [4, Lemma A.1]).

o (1,1,0), </ (1,1,1), o/ (w,2r,0) or <(7,2,0),

where r € {1,...,p — 1}, 7 € k is a primitive p-th root of unity and w € k is
a fixed primitive 2p-th root of unity. Since none of them admits a super-form
by Proposition the claim follows. [J

THEOREM 4.8. Let p be an odd prime number, and let H be a Hopf super-
algebra of dimension 2p satisfying Hi # 0. If H is non-semisimple and pointed,
then H is isomorphic to one of the Hopf superalgebras given in Table [1. More-
over, the Hopf superalgebras in Table (1| are pairwise non-isomorphic.

Proof. Since His a non-semisimple pointed Hopf algebra of dimension
4p, it is isomorphic to one of the following Hopf algebras ([4, Lemma A.1]).

o (—-1,1,0), «/(-1,1,1), & (w,p,0) or & (—1,p,0),

where w € k is a fixed primitive 2p-th root of unity. In the following, we
describe the structure of the corresponding Hopf superalgebra explicitly. To
do this, we let T be the group C), = (g | g = 1) of order p, and let x be the
character defined by x(g) := w?.

First, by Theorem@7 the Hopf superalgebra ’H%) =/ (—1,p,0)cinv(c’a)

is generated by ¢? and z. Also, we see that z is odd primitive in 7—[(1). Thus,
g+ %,z — x gives a Hopf superalgebra isomorphism A(T, (1,1,0;1)) = 7—[;1)

One sees that the Hopf superalgebra structure of Héi) = (w, p, O)°°'”"(Cp @) ig
(1)

2p
superalgebra isomorphism A(T, (1, x,0;1)) = Hgi).

Next, by Theorem the Hopf superalgebra ng;) =g/ (—1,1,0)0mv(eq)
is generated by ¢? and z. Also, we see that z is odd c?Tl-skew primitive

in HSU). Therefore, g — c?,

given by the same formula as H,, above. Thus, g — ¢?,z — x gives a Hopf

z — x gives a Hopf superalgebra isomorphism
AT, (gP+t1)/21,0;1)) = 7{(3) One sees that the Hopf superalgebra structure

of Hg;) =/ (—1,1, l)co'”"(cp ) is given by the same formula as HS}) above.

Thus, the assignment g — ¢2,z — x gives a Hopf superalgebra isomorphism
AT, (¢rD72 1, 131) 2 1), O

Remark 4.9. By definition, we have A(T, (1,x,0;1)) = (g,z | g = 1,2% =
0,9z = w?zg), where g is group-like and z is odd primitive. Suppose that ¢ ek
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is a primitive p-th root of unity. Then one easily sees that
AT, (1,x,051)) 2 k(g, 2 | ¢” = 1,22 = 0,92 = G29),
where ¢ is group-like and z is odd primitive.

It is easy to see that the exterior superalgebra Ak is the only (up to
isomorphism) Hopf superalgebra of dimension 2 whose odd part is non-zero. By
this observation and Theorems and to complete the classification
of non-semisimple pointed Hopf superalgebras H (with Hj # 0) of dimension
up to 10, it remains to address the cases of dim(H) = 4 and dim(H) = 8.

4.3. Dimension 4

In this section, we show the following.

THEOREM 4.10. Let ‘H be a Hopf superalgebra of dimension 4 satisfying
Hi # 0. If H is non-semisimple and pointed, then H is isomorphic to one of
the Hopf superalgebras given in Table [2. Moreover, the Hopf superalgebras in
Table [2| are pairwise non-isomorphic.

While this has indeed been proven in [I§], below we give an alternative
proof of Theorem by demonstrating a more conceptual approach using
our Theorem [3.6l

Classification of non-semisimple pointed Hopf algebras of dimension 8
(= 2 x 4) has been done by Stefan [19]. According to the result, such a Hopf
algebra is isomorphic to one of the following one.

o Ac, == k{c,m1,20 | & = 1,ca; = —wic,xiw; = —xjx; (i,5 € {1,2})),
where c is group-like and x1, x2 are c-skew primitive.

o Acyxo, =kic,dx |2 =d? =1,cd = dec,cx = —xc,dv = —xd, 2? = 0),
where ¢, d are group-like and x is c-skew primitive.

o Ay, =k{c,z | ¢t =1,cx = —xc,2? = 0), where ¢ is group-like and z is

c-skew primitive.

. A’C’,4 =k{c,x | c* =1,cx = {yxc,2? = 0), where c is group-like and z is
c-skew primitive.

o k{zy, 7 | 2] = 1,291 = (47122,73 = 0), where A(z1) = 71 ® 71 —
22119 @ T3wa, e(m1) = 1, S(21) = 23, A(22) = 22 @27 — 1 @29, £(22) =0
and S(z2) = —w222.

By Proposition we see that the Hopf algebras Ac, and Ac,«c, are

the only ones which might have super-forms. Note that G(A¢,) = Zgo and
G(Ac,xcy) = Zo X Zg are both abelian.
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4.3.1 The Ac, case

First, we treat A := Ac,. By definition, the group-like element ¢ € AW
is of order two. One sees that a € G((AM)*) defined by a(c) = —1,a(z;) =
a(xy) = 0 is the only algebra map of order two. Thus, we have AD(A(N) =
{(c,@)}. Moreover, we see that SD(A®M) = {(c,a)}. By Theorem the
coinvariant subalgebra ’Hfll) = (AW)coinv(c.a) ig generated by z; and xo. Also,
x1 and xo are odd primitive. Thus, we get the following result.

PROPOSITION 4.11. The exterior superalgebra \k? is the only Hopf su-
peralgebra whose bosonization is isomorphic to A(l)(: Ac,).

4.3.2 The Ac,xc, case

Next, we treat A®) := Ag,xc,. Both G(A®)) and G((AP®))*) are iso-
morphic to Zs X Zo and are given by

G(A?) ={1,¢,d,ed} and G((AP)*) = {e, a1, 9,03 := aja},
where a; and ap are algebra maps A — k determined by a;(c) = —1,

a1(d) =1, ag(c) =1, aa(d) = —1 and a;(z) = az(z) = 0. Thus, the set of all
admissible data for A®) is

AD(A®) = {(c, ), (cd, o), (d, az), (cd, a2), (¢, a3), (d, a3)}.

By (3.1)), we get SD(A®) = {(c,a1), (¢, a3), (d, a3)}. The following is easy to
see.

LEMMA 4.12. We have Autpopt(A®) = {pu}uckx, where @, is deter-
mined by pulgae)y =id and pu(z) = ux.

By Lemma a complete set of representatives of SD(A®?))/~ is given
by {(c, 1), (¢, a3),(d,as)}. In the following, we determine structure of each
coinvariant subalgebras of A(?) using Theorem To do this, we let I" be the

group Cy = (g | g?> = 1) of order two, and let x be the non-trivial character of
Cy.

e Set ’Hf) = (A@)coinvc:a1) - Ag an algebra, H512) is generated by {d,z}
and z is odd primitive. Thus, the assignment g — d, z — x gives a Hopf
superalgebra isomorphism A(T, (1,1,0;1)) = ’Hf).

e Set 7—[1(13) = (A@)coinv(c.as) - Ag an algebra, 7—[1(13) is generated by {cd,x}
and z is odd primitive. Thus, the assignment g — cd, z — x gives a Hopf

superalgebra isomorphism A(T, (1, x,0;1)) & 7—[9.
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e Set 7—[514) = (A@)coinv(daz) - Ag an algebra, 7—[514) is generated by {cd,z}
and z is odd cd-skew primitive. Thus, the assignment g — cd,z — x
gives a Hopf superalgebra isomorphism A(T', (g,1,0;1)) = ”HE;L).

One sees 7—[9 = kCy ® Ak.
Therefore, we get the following result.

PROPOSITION 4.13. The Hopf superalgebras A(T', 2) with 2 €{(1,1,0;1),
(1,x,0;1), (9,1,0;1)} are the only ones whose bosonization is isomorphic to
A(Q)(: Acyxcy). Moreover, these are pairwise non-isomorphic.

By Propositions and the proof of Theorem is done.

4.4. Dimension 8

In this section, we show the following.

THEOREM 4.14. Let ‘H be a Hopf superalgebra of dimension 8 satisfying
Hi # 0. If H is non-semisimple and pointed, then H is isomorphic to one of
the Hopf superalgebras given in Table 3] Moreover, the Hopf superalgebras in
Table |3| are pairwise non-isomorphic.

Classification of non-semisimple pointed Hopf algebras of dimension 16
(= 2 x 8) has been done by Caenepeel, Dascalescu and Raianu [10]. According
to their result, there are 29 such Hopf algebras. By Proposition [3.2] we see
that among those 29 Hopf algebras, the ones listed in Table [ are candidates
for those having super-forms. In the following, we classify Hopf superalgebras
‘H such that Hi # 0 and H = AW for each j=1,...,14.

4.4.1 The AM case
The Hopf algebra A0 is given by
AN = (c,x1,m9,x3 | & = l,zx; = —xja;, cxy = —xic (1,7 € {1,2,3})),
where c is group-like, z1, 3 and x3 are c-skew primitive.
One easily sees that AD(A(N) = SD(AM) = {(c, @)}, where a(c) = —1
and «o(z;) = 0 (¢ € {1,2,3}). By Theorem the coinvariant subalgebra

’Hél) = (AW)eoinv(e:a) is generated by {x1, x2, 23}. Also, x1, zo and 3 are odd
primitive. The above argument shows the following result.

PROPOSITION 4.15. The exterior superalgebra \k3 is the only Hopf su-
peralgebra whose bosonization is isomorphic to AW,
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Hopf algebras | Notation in [10]
A H(C,(2,2,2), (¢, c*, "), (c,c,c),(0,0,0))
A®) H(Cy x C2,(2,2),(c*, ¢*), (c,c),(0,0))
AB) H(Cy x Cy,(2,2), (c*, c*d¥), (¢, c), (0,0))
AW H(Cy x Cy,(2,2), (¢, d*), (¢, d), (0,0))
A®) H(Cy x Cy,(2,2), (c*d*, c*d*), (c,d), (0,0))
A® H(C2 X 027(2 2) ( dr, *d*)v<cvd)a<070)7((l)(1)))
A(7) H(CQXCQXCQ,Q c* CO)
A®) H(Cy x Ca,(c*)?,¢,0)
AO) H(Cy x Cy, d* cd 0)
A10) H(Cy x Cy,c*,c2,0)
AL H(Cy x Cy,d*,d,0)
A(12) H(Cy x Cy, c*,c3d,0)
A(lg) H( 4><CQ,( ),C,l)
A(14) H(C4 X 02, Cd, 1)

Table 4 — Hopf algebras that may have super-forms

4.4.2 The A® case

The Hopf algebra A®) is given by

A =d>=1,cd = dc, Tixj = —xjT;, >

2 _
A k <C’ d, 1, T2 cx; = —wic,dr; = x;d (i, € {1,2})

where ¢ and d are group-like, 1 and xo are c-skew primitive.
First, note that both G(A®)) and G((A®)*) are isomorphic to Zg x Zg
and are given by

GAP) ={1,¢,d,ed} and G((AP)*) = {e, a1, a2, 3 := @103},

where a; and ay are algebra maps A®®) — k determined by ai(c) = —1,
ar(d) = 1, as(c) = 1, ag(d) = —1 and ay(x;) = ao(x;) = 0 for ¢ € {1,2}.
Thus, we get

AD(A®) = {(c, ), (cd, o), (d, az), (cd, a2), (¢, a3), (d, a3)}.

By (3.1)), we have SD(A®)) = {(¢, 1), (ed, 1), (¢, a3)}. Let GLy(k) denote the
general linear group of degree two over k. The following is easy to see.

LEMMA 4.16. We have Autgopr(A?)) = {®P}pecLyk), where pp is de-
termined by QOP\G(A@)) =id and pp(x;) = pi1x1+pi2xe fori € {1,2} with p; ;
the (i, j)-entry of the matriz P.
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Hence, we get #(SD(A®))) = #(SD(A®)/~). Let T be the group Cy =
(g | g* = 1) of order two, and let y be the non-trivial character.

PROPOSITION 4.17. The Hopf superalgebras A(T', 2) with
2 €{((1,1,0;1),(1,1,0; 1)), ((g,1,051), (g, 1,051)), ((L,x,051),(L,x,0;1))}

are the only ones whose bosonization is isomorphic to A®. Moreover, these
are pairwise non-isomorphic.

Proof. In the following, determine structure of each coinvariant subalge-
bras of A using Theorem one by one.

e The Hopf superalgebra 7-[5(32) = (A(z))wi”"(c’al) is generated by d, x1, To.
As an element in Héz), x; is odd primitive (¢ € {1,2}). Thus, g — d, z; —
x; gives a Hopf superalgebra isomorphism A(T', ((1,1,0;1),(1,1,0;1))) =
1.

e The Hopf superalgebra HS) = (A(2))C°i“"(Cd’a1) is generated by d, x1, xo.
As an element in HS’), x; is odd d-skew primitive (i € {1,2}). Thus,
the assignment g — d, z; — x; gives a Hopf superalgebra isomorphism

~ 05
AT, ((9,1,0:1), (9,1,0:1))) = H{.

e The case Héﬁ) = (A@)coinv(e:a3) - As an element in HéG), x; is odd prim-
itive (¢ € {1,2}). Thus, the assignment g — cd, z; — x; gives a Hopf
superalgebra isomorphism A(T, ((1,x,0;1),(1,x,0;1))) = Héﬁ).

This completes the proof. [

One easily sees ’HéZ) >~ kCy @ AK2

4.4.3 The A® case

The Hopf algebra A®) is given by

2 =d>=1,cd = de, TiT; = —xjx;, >
)

®3) = :
4 k <c, CRERE cx; = —xic,dr; = —(—1)'z;d (4,5 € {1,2})

where ¢ and d are group-like, x7 and z3 are c-skew primitive.
First, note that both G(A®)) and G((A®)*) are isomorphic to Zg x Zg
and are given by

G(A(3)) ={1,c,d,cd} and G((A(g))*) = {e,a1,a0, a3 == ajaa},
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where a; and ay are algebra maps A®) — k determined by ai(c) = —1,
ar(d) = 1, aa(c) = 1, ag(d) = —1 and ay(x;) = ao(x;) = 0 for ¢ € {1,2}.
Thus, we get
AD(A®)) = {(c, a1), (cd, on), (d, a2), (cd, a2), (¢, u3), (d, )}

By (3.1), we have SD(A®) = {(c, a1), (¢, @3)}. The following is easy to see.

LEMMA 4.18. We have Autpops(A®)) = (7, 0ay 0y | a1, a2 € K*), where

T(c)=d, 7(d)=-cd, 7(x1)=22, 7(T2)=21,
Paraz(€) = ¢ Para(d) =d,  Qayay(®i) = aizi (i € {1,2}).
So, we get SD(A®))/~= {[(c,1)]}. Let I" be the group Cy = (g | g*> = 1)

of order two, and let x be the non-trivial character.

PROPOSITION 4.19. The Hopf superalgebra A(T',((1,1,0;1),(1,x,0;1)))
s the only one whose bosonization is isomorphic to A(?’)

Proof. The coinvariant subalgebra ’Hgl) .= (AB))coinv(c.a1) ig generated by

d,x1,x2. By Theorem E as elements in Hgl), one sees that x1,zo are odd
primitive. Thus, the assignment g — d,z; — x; gives a Hopf superalgebra
isomorphism A(T", ((1,1,0;1),(1,x,0;1))) = H(4). O

4.4.4 The AM® case

The Hopf algebra A®) is given by
A =d>=1,cd = dc, Tixj = l’jl’i,l‘% =0,
cx; = (—1)'wie, dr; = —(—1)'d (i,5 € {1,2}) /°
where ¢ and d are group-like, x; (respectively, x2) is c-skew (respectively, d-
skew) primitive.
First, note that both G(A®) and G((A®)*) are isomorphic to Zy X Zy
and are given by

GAW) ={1,¢,d,ed} and G((AM)") = {e, a1, a9, a3 1= arag},

AW =k <c, d,x1,x2

where o1 and «q are algebra maps AW 5 Kk determined by ai(c) = —1,
a1(d) = 1, ag(c) = 1, ag(d) = —1 and ay(x;) = az(x;) = 0 for i € {1,2}.
Thus, we get

AD(A(4)) = {(Ca al)v (Cda 041), (da 012), (Cda 012), (Ca Oég), (d’ Oég)}.
By (3.1)), we have SD(A®) = {(c, 1), (¢, a3)}. The following is easy to see.
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LEMMA 4.20. We have Autgopt(AY) = (T, 041 4, | a1, a2 € kKX), where
T(c)=d, 7(d)=v¢, 7(x1)=1m2, 7(22)= 121,
Caras(€) =€, Yaras(d) =d,  @ay.a.(xi) = aix; (i € {1,2}).
Thus, we get (¢, 1) ~ (d, ) and SD(AW)/~= {[(¢, a1)]}. Let T be the
group Cy = (g | g?> = 1) of order two, and let x be the non-trivial character.

PROPOSITION 4.21. The Hopf superalgebra A(T, ((g,x,0;0),(1,1,0;1)))
is the only one whose bosonization is isomorphic to AW,

Proof. The coinvariant subalgebra HE(;) = (AW)coinv(c:a1) ig generated by

d,xr1,x2. By Theoremm, as elements in ’Hg), one sees that x1 is odd primitive
and x9 is even d-skew primitive. Thus, the assignment g — d, 21 — 3, 29 — 21
gives a Hopf superalgebra isomorphism A(T, ((g, x,0;0),(1,1,0;1))) = Hg).

One sees ’Hg) =Ty(-1)eo Ak O

4.4.5 The A®) case

The Hopf algebra A®) is given by

A =d>=1,cd = dc, Tixj = —xjT;, >
)

() —
4 k <C’ d, w1,y cx; = —xic,dx; = —xid (i, 5 € {1,2})

where ¢ and d are group-like, x; (respectively, x9) is c-skew (respectively, d-
skew) primitive.

First, note that both G(A®)) and G((A®))*) are isomorphic to Zg x Zg
and are given by

G(A(5)) ={1,¢,d,cd} and G((A(S))*) = {e, 1,00, a3 1= ajaa},

where a; and ap are algebra maps A®) — k determined by a;(c) = —1,
ar(d) = 1, as(c) = 1, ag(d) = =1 and ay(x;) = ao(x;) = 0 for ¢ € {1,2}.
Thus, we get

AD(A®)) = {(¢, 1), (ed, o), (d, a2), (ed, a2), (¢, a3), (d, a3) }.
By (3.1)), we have SD(A®)) = {(c, a1), (¢, a3)}. The following is easy to see.
LEMMA 4.22. We have Autpopt(A®) = (T, 0ay 0y | a1, a2 € kKX), where
T(c)=d, 7(d)=c, 7(x1)=122, 7(T2)=121,
Car.a2(€) =€, Qaras(d) =d, oy a.(xi) = aiz; (i € {1,2}).

Thus, we get (c,a3) ~ (d,a3). Hence, we get SD(A®))/ ~= {[(c,a3)]}.
Let T be the group Cy = (g | g> = 1) of order two.
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ProposITION 4.23. The Hopf superalgebra A(T',((1,1,0;1),(g,1,0;1)))
is the only one whose bosonization is isomorphic to A®).

Proof. The coinvariant subalgebra Hég) = (AB))coinv(ca3) j5 generated
by cd,z1,z2. By Theorem as elements in ”HE(;S), one sees that z; is odd
primitive and x9 is odd cd-skew primitive. Thus, the assignment g — cd, z; —

x; gives a Hopf superalgebra isomorphism A(T', ((1,1,0;1), (g,1,0;1))) = 7-[(3)
O

4.4.6 The A®) case

The Hopf algebra A®) is given by

A =d?>=1,cd=dec,x9m1 = —1179 + ¢ — 1,27 :07>

6) —
4 k <C’ d, 21, T2 cx; = —xic,dr; = —xid (i € {1,2})

where ¢ and d are group-like, z1 (respectively, x2) is c-skew (respectively, d-
skew) primitive.
First, note that G(A®)) = Zy x Zy and G((A®))*) = Z, and are given
by
G(A®) ={1,¢,d,ed} and G((A9))*) = {e,a},
where « is an algebra map A( ) — k determined by the set a(c) = 1, a(d) =
—1,a(z;) =0 (i € {1,2}). Thus, we get

AD(A®) = {(d, o), (cd, @)}
By (3.1)), one easily sees that SD(A) = @. Thus, we have the following result.
PROPOSITION 4.24. There is no Hopf superalgebra whose bosonization is

isomorphic to A©).

4.4.7 The A case

The Hopf algebra A() is given by

A=d?>=e’>=1,cd =dec,ce = ec,de = ed,z*> =0, >

(M —
A k <C; da €, T cr = —xcC, dr = i]j'd, €T = e

where ¢, d and e are group-like, x is c-skew primitive.
First, note that both G(A() and G((A(M)*) are isomorphic to Zy x Zg x
Zo and are given by

G(A") = (¢,de) and  G((AT)") = (a1, a2, a3),

where a1, as and ag are algebra maps A — k determined by ay(c) = —1,
a1(d) =1, aq(e) =1, as(c) = 1, as(d) = =1, as(e) = 1, az(c) =1, ag(d) =1,
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ag(e) = —1 and a1(z) = az(z) = az(x) = 0, respectively. Set ay := ajag,
as = ajas, ag = asag and ay = ajasas. By (3.1]), one sees that the set
SD(A(™) is given as follows.

{(c, 1), (¢, q), (c,5), (c,a7), (cd, 1), (cd, as),
(ce,an), (ce,ay), (cde, aq), (ede, ar) }.

The following is easy to see.
LEMMA 4.25. We have Autpopt(A7)) = (0,7, ¢y | u € k*), where
olc)=c¢, o(d)=de, o(e)=e, o(x)=uz,
T(c)=¢, 7(d)=e, 7(e)=d, 7(x)=uz,
Pulgam) =1d,  pu(z) = uz.

We get the following.

LEMMA 4.26. The set {(c, 1), (¢, a4), (cd, 1), (cd, as)} is a complete set
of representatives of SD(AM)/~.

Let T be the group C2 x C2 = (91,92 | g3 = g3 = 1, 9192 = g21), and let
xi be the character defined by xi(g;) = —(=1)"* (4,5 € {1,2}).

PROPOSITION 4.27. The Hopf superalgebras A(T', Z) with 2 € {(1,1,0; 1),
(91,1,0;1), (1,x1,0;1), (g91,x1,0;1)} are the only ones whose bosonization is
isomorphic to AT). Moreover, these are pairwise non-isomorphic.

Proof. In the following, determine structure of each coinvariant subalge-
bras of A(") using Theorem one by one.

e The Hopf superalgebra ’Hés) = (A(7))C°i”"(c’a1) is generated by d, e, x. As

an element in Hé8), x is odd primitive. Thus, the assignment g1 — d, go —

e,z — x gives a Hopf superalgebra isomorphism A(T", (1,1,0;1)) = 7-[5(38).

e The Hopf superalgebra ’Hém) = (AM)coinv(cea) j5 generated by cd, e, .

As an element in Hém), x is odd primitive. Thus, g1 — cd,go — €,z —

gives a Hopf superalgebra isomorphism A(T, (1, x1,0;1)) = ng).

e The Hopf superalgebra ’Hég) = (A(M)coinvied.a1) j5 generated by d, e, z.
As an element in ’Hég), x is odd d-skew primitive. Thus, the assign-
ment g1 — d,go — e,z — x gives a Hopf superalgebra isomorphism

A(F7 (97 1¢O; 1)) = ,Hég)
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e The Hopf superalgebra Héu) ;= (A(M)coinv(cdias) j5 generated by d, ce, .
As an element in Hén), x is odd d-skew primitive. Thus, the assign-
ment g1 — d,go — ce,z — x gives a Hopf superalgebra isomorphism

A(T, (g1, x1,01)) = A,
This completes the proof. [

4.4.8 The A® case

Let ¢4 € k be a primitive fourth root of unity. The Hopf algebra A®) is

given by
A®) = kc,d,z | ¢t =d*> =1,cd = de,2? = 0, cx = —xc, dz = xd),

where ¢ and d are group-like, x is c-skew primitive.

First, note that both G(A®)) and G((A®)*) are isomorphic to Zy x Zs
and are given by

G(AY) = (¢,d) and G((AD)") = (a,B),
where a and f are algebra maps A®) — k determined by a(c) = ¢4, a(d) =
1,a(x) = 0 and B(c) = 1,8(d) = —1,8(x) = 0, respectively. Set a1 :=
a?, a9 = B, a3 := o®f. We get
AD(A(g)) = {(d7 OQ)a (CQda Oég), (dv Oég), (C2d7 013)}-

By (3.1)), one easily sees that SD(A(S)) = @. Thus, we have the following result.

PROPOSITION 4.28. There is no Hopf superalgebra whose bosonization is
isomorphic to A®).

4.4.9 The A® case

Let ¢4 € k be a primitive fourth root of unity. The Hopf algebra A©®) is

given by
AO) = kic,d,z | ¢t =d*> =1,cd = de,2? = 0, cx = zc, de = —xd),

where ¢ and d are group-like, x is cd-skew primitive.

First, note that both G(A®)) and G((A®)*) are isomorphic to Zy x Zs
and are given by

G(AY) = (¢,d) and G((A”)*) = (a, ),

where a and f are algebra maps A®) — k determined by a(c) = ¢, a(d) =
L,a(z) = 0 and S(c) = 1,8(d) = —1,B8(x) = 0, respectively. Set a; :=
a?, a9 =, a3 := o?f. We get

AD(A(g)) = {(d, a2), (%d, ), (d, a3), (c*d, as)}.
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By (3.1), we have SD(A®) = {(d, a), (c*d, a2)}. The following is easy to see.

LEMMA 4.29. We have Autgopt(A®)) = (0, ¢, | u € kX), where a(c) =
c,0(d) = *d,o(x) =z, Culg(a®) = id and py(2) = uz.

Hence, we get SD(A®)/ ~= {[(d,az)]}. Let I be the group C; = (g |
g* = 1) of order four.

PROPOSITION 4.30. The Hopf superalgebra A(T,(g,1,0,1)) is the only
one whose bosonization is isomorphic to A®)

(13)

Proof. The Hopf superalgebra Hg = (A®)coinv(da2) ig generated by
(13)

¢, z. As an element in Hg ™, = is odd c-skew primitive. Thus, the assignment

g — ¢,z — x gives a Hopf superalgebra isomorphism A(T, (g,1,0;1)) & ’Hém).

O]

4.4.10 The A0 case
Let ¢4 € k be a primitive fourth root of unity. The Hopf algebra A1) is
given by
A00) = kic,d,z | c* =d*>=1,cd =dec,2? =0, cx = (e, dz = —zd),

where ¢ and d are group-like, z is ¢?>-skew primitive.
First, note that both G(A19) and G((A(19)*) are isomorphic to Zy x Z
and are given by

G(A") = (¢,d) and G((A"")") = («, ),

where o and 8 are algebra maps A9 — k determined by a(c) = (4, a(d) =
L,a(z) = 0 and S(c) = 1,8(d) = —1,B8(x) = 0, respectively. Set a; :=
a? oy := B, a3 := a?B. We get

AD(AM)Y = {(d, a2), (Pd, a2), (d, ov3), (Pd, a3) }.

Since 2d € Z(A19), we have SD(A?) = & by (3.1). Thus, we get the
following result.

PROPOSITION 4.31. There is no Hopf superalgebra whose bosonization is
isomorphic to A0,

4.4.11 The A(D case

Let ¢4 € k be a primitive fourth root of unity. The Hopf algebra A1V is
given by

A0D = kc,d,z | ¢t =d*> =1,cd = de, x> = 0, cx = xc, de = —xd),
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where ¢ and d are group-like, x is d-skew primitive.
First, note that both G(A()) and G((AM)*) are isomorphic to Zy x Zs
and are given by

G(AMW) = (¢,d) and G((A"))") = (o, ),
where a and § are algebra maps A1) — k determined by a(c) = (4, a(d) =

L,a(x) = 0 and B(c) = 1,8(d) = —1,8(x) = 0, respectively. Set a; :=
a?, a9 =, a3 := o?f. We get

AD(AM)Y = {(d, o), (Pd, a2), (d, o3), (*d, a3) }.

By (3.1)), we see that AD(A(MY) coincides with SD(AM). The following is easy
to see.

LEMMA 4.32. We have Autpops(AM)) = (1,0, | u € k*), where 7(c) =
A, 7(d) =d,7(x) =z, Pulgaany = id and pu(z) = uz.

Hence, we get #(SD(A1D)) = #(SD(A0Y)/ ~). Let T be the group
Cy = {g | g* = 1) of order four, and let x be the character defined by x(g) = (4,
where (4 € k is a primitive fourth rot of unity.

PROPOSITION 4.33. The Hopf superalgebras A(T', 2) with 2 €{(1,1,0;1),
(g%,1,0;1), (1,%x2,0;1), (g%,x2,0;1)} are the only ones whose bosonization is
isomorphic to AV . Moreover, these are pairwise non-isomorphic.

Proof. In the following, determine structure of each coinvariant subalge-
bras of A using Theorem one by one.

e The Hopf superalgebra ”Hém) = (A(D))eoinv(daz) j5 generated by ¢, z. As

an element in ”Hém) , « is odd primitive. Thus, the assignment g + ¢, z

x gives a Hopf superalgebra isomorphism A(T, (1,1,0;1)) = Hém). Note
that H{'? ~ kCy @ Ak.

e The Hopf superalgebra HéM) = (A(ll))COi”V(02d7a2) is generated by c,x.

As an element in HéM), x is odd c?-skew primitive. Thus, the assignment

g+ ¢,z — x gives a Hopf superalgebra isomorphism A(T, (¢%,1,0;1)) =

H{.
e The Hopf superalgebra Hélﬁ) = (A(D))eoinv(das) ig generated by cd, x. As
an element in Hém), x is odd primitive. Thus, the assignment g — cd, z —

x gives a Hopf superalgebra isomorphism A(T, (1, x?,0;1)) = 7—[86).
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e The Hopf superalgebra Hé”) = (A(H))C°in"(02d’°‘2) is generated by cd, x.

As an element in ”HéN), x is odd c¢?-skew primitive. Thus, the assign-

ment g — cd,z — x gives a Hopf superalgebra isomorphism of type
AT, (g%, x%,0:1)) 2 ('™,

This completes the proof. [

4.4.12 The A(12) case

Let ¢4 € k be a primitive fourth root of unity. The Hopf algebra A2 is
given by

A02) = kc,d,z | ¢t =d? =1,cd = de,2* = 0, cx = (e, dx = zd),

where ¢ and d are group-like, z is c?d-skew primitive.
First, note that both G(A(1?) and G((A1?))*) are isomorphic to Z4 x Zg
and are given by

G(A") = (¢,d) and G((A")") = (o, ),
where a and § are algebra maps A1?) — k determined by a(c) = (4, a(d) =

1,a(x) = 0 and B(c) = 1,8(d) = —1,8(x) = 0, respectively. Set a; :=
a?, a9 = B, a3 := . We get

AD(AM2) = {(d, o2), (*d, av2), (d, o3), (Pd, a3) }.

By (3.1), we have SD(A1?)) = {(¢%d, az), (c*d,a3)}. The following is easy to
see.

LEMMA 4.34. We have AUtHopf(A(IQ)) = (T, ¢y | u € k™), where T(c) =
cd,7(d) = d,7(z) =z, pulgany = id and py(z) = uz.

Hence, we get SD(A1?)/~= {[(c*d, az)]}. Let T be the group Cy = (g |
g* = 1) of order four, and let x be the character defined by x(g) = (4.

PROPOSITION 4.35. The Hopf superalgebra A(T', (1,x,0;1)) is the only
ones whose bosonization is isomorphic to A1?).

Proof. The Hopf superalgebra 7—[595) = (A(lz))°°i”"(c2d’°‘2) is generated by
c,x. As an element in Hém), x is odd primitive. Thus, the assignment g
¢, z — x gives a Hopf superalgebra isomorphism A(T, (1, x,0;1)) = 7—[595). O
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4.4.13 The A(3) case
The Hopf algebra A13) is given by
AW — k(e dz |t =d> =1,ed =de, 2> = — 1,cx = —xc, dv = zd),

where ¢ and d are group-like, x is c-skew primitive.
First, note that G(A(1%)) = Z, x Zy and G((A1)*) = Zy x Zy and are
given by

G(A(13)) = (¢,d) and G((A(13))*) ={e,a1,a9, a3 ;== ajaa},

where aq and as are algebra maps A13) — k determined by the equalities
ar(c) = —1l,a1(d) = 1,aq(z) = 0 and as(c) = 1,a2(d) = —1,2(x) = 0,
respectively. Thus, we get

AD(A ) = {(d a2) ( de a2)> (da a3)a (C2d7 043)}-
By (3.1), we have SD(A(®)) = . Thus, we have the following result.

PROPOSITION 4.36. There is no Hopf superalgebra whose bosonization is
isomorphic to A1),

4.4.14 The A9 case

The Hopf algebra A is given by
AM — k(e d, x|t =d> =1,cd = de, 2> = P — 1, ca = xe, dv = —xd),
where ¢ and d are group-like, x is cd-skew primitive.

First, note that G(A1%)) = Z x Zy and G((A9)*) = Zy x Zy and are
given by

G(AMW) = (c,d) and G((AM)*) = {¢,a1, a2, a3 := a1a2},
where a; and a9 are algebra maps A1Y 5 k determined by the equalities
ar(c) = —1,a1(d) = 1,aq(z) = 0 and aa(c) = 1,a2(d) = —1,(x) = 0,
respectively. Thus, we get

AD(AM) = {(d, as), (d, a2), (d, a3), (*d, a3)}.
By (3.1)), we have SD(AMY)) = {(d, an), (c*d, az)}. The following is easy to see.
LEMMA 4.37. We have Autpops(AM) = (1,0, | u € kX), where 7(c) =

A, 7(d) = c2d, 7(x) = z, Pulganny = id and ¢y(z) = uz.

Hence, we get SD(A(4)/ ~= {[(d,as)]}. Let T be the group G4 = (g |
g* = 1) of order four.
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PROPOSITION 4.38. The Hopf superalgebra A(T,(g,1,1;1)) is the only
ones whose bosonization is isomorphic to A,

Proof. The Hopf superalgebra H(1®) = (AU4))coinv(da2) g generated by
c,x. As an element in Hélg), x is odd c-skew primitive. Thus, the assignment
g — ¢,z — x gives a Hopf superalgebra isomorphism A(T, (¢,1,1;1)) = Hélg).

The proof of Theorem is done. [

5. DUALS OF POINTED HOPF SUPERALGEBRAS

In this section, we also work over an algebraically closed field k of charac-
teristic zero. We have classified pointed Hopf superalgebras of dimension up to
10. The aim of this section is to determine duals of these Hopf superalgebras.

5.1. Duals of %(z)

Let p be an odd prime number, and let {, € k be a fixed primitive p-th root
of unity. We identify duals of pointed Hopf superalgebras ’Hé (1 €{1,2,3,4})
introduced in Section [£.2

THEOREM 5.1. There are isomorphisms

(HS) = HY  and (M) = HS)

of Hopf superalgebras. Moreover, the dual of H2p s non-pointed.
Proof. By our construction, there are Hopf algebra isomorphisms

MY = o/ (1p,0), HE = o/(-1.1.0), H) = /(~Gp.0).

By Proposition o/ (—1,p,0)* is isomorphic to the bosonization of (7—[%))*.
Since o/ (—1,p,0) is isomorphic to Ty(—1) ® kZ,, we see that </ (—1,p,0)* is
isomorphic to </(—1,p,0). Since ’H%D) is a unique non-trivial super-form of
o/ (—1,p,0) up to isomorphisms, we conclude that (7—[( )) is isomorphic to
1.
D

The second isomorphism in the statement of this theorem is obtained in
a similar manner: By Remark (b) mentioned after [4, Lemma A.1], we see that
o/ (—1,1,0) and o/ (—(p, p,0) are dual to each other. Since Hé? and HS,) are
a unique non-trivial super-form of 2/(—1,1,0) and &/ (—(p,p,0), respectively,

we conclude that Hép) and 7-[(3)
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Finally, we mention the dual of ’Hg;). By Remark (c) mentioned after [4]
Lemma A.1], the dual of &/(—1,1,0) is not pointed. Hence, by Proposition[2.4]

(7—[( )) is not pointed. [

5.2. Duals of ’H(l)

We identify duals of pointed Hopf superalgebras HS) (1 € {1,2,3,4})
introduced in Section [£.3l

THEOREM 5.2. There are isomorphisms of Hopf superalgebras

HO)y =H, H Y 21D and 1Y) = u.

Proof. The first isomorphism follows from Example [2.2] . For (i,5) =
(2,2),(3,4), one can check that there is a non-degenerate Hopf pairing Hi X
H()—Hkglvenby<gg> —1, (z,2) =1, and (g,2) = (2,9) =0. O

5.3. Duals of ’H(z)

We identify duals of pointed Hopf superalgebras Hg) (1 €{1,2,...,18})
introduced in Section 4.4l

THEOREM 5.3. There is an isomorphism (’Hé))* = 7-[ Of Hopf super-

algebras for each pair (i,7) = (1,1), (2,2), (3,4), (5,6), (7, 7) (8,8), (9,10),
(11,11), (12,12), (13,15), (14,16), (17,17). Moreover, the dual of HS™ is
non-pointed.

Proof. For (i,7) = (3,4), (7,7), (13,15), the proof goes along the same
line as that of Theorem More precisely, for these pairs (i, j), the bosoniza-

tion of ’H(i) and that of ng ) are dual to each other by Proposition [2.6/and []].

According to our classification result, ’H( ) (¢ € {i,75}) is a unique non-trivial
super-form of its bosonization. Thus, by Proposition we conclude that
”Hé) and that of H(]) are dual to each other.

The above argument cannot be applied to other cases. By direct computa-
tion, there is the following non-degenerate Hopf pairing ( , ) : ”Héi) X Héj) —k

e For (i,7) = (2,2), (5,6), define

(9,9) = =1, (zs,20) =050 and (g,25) = (z5,9) =0 (s,t € {1,2}).
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e For (i,j) = (8,8), (9,10), (11,11), define
(9sr96) = (1), (z,2) =1 and (gs,2) = (2,9:) =0 (s,t € {1,2}).
e For (i,) = (12,12), (14,16), (17,17), define
(9:9) =G, (z,2)=1 and (g,2) = (z,9) =0,

where (4 is a primitive fourth root of unity.

The Hopf superalgebra Hélg) is the only one whose bosonization is isomorphic

to AU4. By [8], we know that the dual of A% is not pointed. Thus, the claim
follows. [

5.4. Concluding remarks

In this paper, we have classified non-semisimple pointed Hopf superalge-
bras of dimensions 4, 8, 2p and obtained Tables and [3] The dual of some
of them are not pointed. By the classification result of low-dimensional Hopf
algebras, we prove the following.

THEOREM 5.4. Suppose that H is non-semisimple non-pointed Hopf su-
peralgebra such that Hi # 0.

1. If dim(H) = 6, then H is isomorphic to (Hé4))*.

2. If dim(#H) = 8 and H does not have the Chevalley property, then H is

isomorphic to (’Hélg) )*.

3. Ifdim(H) = 10, then H is isomorphic to (H%))*.

Proof. We consider the case where dim(#) is either 6 or 10. According to
Cheng and Ng [11, Theorem II], a non-semisimple Hopf algebra of dimension
4p with p € {3,5,7,11} is pointed or dual-pointed (meaning that the dual is
pointed). By Proposition and the assumption that 7 is non-semisimple

non-pointed, H* must be pointed. Thus, H* is isomorphic to the Hopf super-
algebra M5, where p = dim(#)/2. Thus H 2 (H3))*.
To complete the proof, we assume that dim(#H) = 8 and H does not have

the Chevalley property. According to Garcia and Vay [13, Theorem 1.3], a
non-semisimple non-pointed Hopf algebra without the Chevalley property is

isomorphic to the dual of A1) of Table 4l Thus, # is isomorphic to (A(4))*.
Since (Hélg))* is a unique super-form of (A(4)* we conclude that # is iso-
morphic to (Hélg))*. The proof is done. [J
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According to the classification result of Hopf algebras of low-dimensions
(see the survey [9]), non-semisimple Hopf algebras of dimension < 20, except
dimension 16, are pointed or dual-pointed. This implies that non-semisimple
Hopf superalgebras of dimension < 10, except dimension 8, are pointed or
dual-pointed.

Given a primitive fourth root {4 of unity, we denote by Hig((4) the Hopf
algebra of dimension 16 with the Chevalley property introduced in [12]. By [13],
every Hopf algebra of dimension 16 that is neither pointed nor dual-pointed
has the Chevalley property and isomorphic to either of Hi6({s) or Hig(—C4). In
[18], we have determined all super-forms of Hi6(£(4) and obtained 8 new Hopf
superalgebras of dimension 8. Thus, combining [I§] with Theorems and
we have completed the classification of non-semisimple Hopf superalgebras
of dimension < 10. The remaining case, semisimple Hopf superalgebras of
dimension < 10, are discussed in our forthcoming paper.
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