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We present a technique that can be used in the study of a conjecture by Danilov
and Koshevoy, concerning triples (A, B, C') of n x n complex selfadjoint matrices
such that C' = A + B. The conjecture proposes an explicit formula, in terms
of traces of compressions of A and B, for one associated hive. We also use this
technique to show why an earlier attempt to prove the conjecture fails for n = 4.
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1. INTRODUCTION

Suppose that n is a natural number, and that A, B, C are selfadjoint nxn
matrices such that A+B = C. Knutson and Tao [§] showed that the eigenvalues
of A, B, and C appear as the increments of a hive between adjacent boundary
points. To make this statement precise, we recall the definition of a hive. Let
A,, be an equilateral triangle with sides of length n, divided into n? equilateral
triangles with sides of length 1. These smaller triangles are referred to as unit
triangles, and their vertices as lattice points. The lattices points can be labeled
by pairs (p, q) of nonnegative integers such that p + ¢ < n; see Figure [l More
precisely, we use the top of the triangle as the origin of a system of coordinates,
the left side as the p-coordinate axis, and the right side as the g-coordinate
axis.

A hive is a real-valued function h, defined on the set of lattice points
in A,, that satisfies the following requirement: given distinct lattice points
X,Y, Z, W such that XY Z and WY Z are unit triangles, we have

h(X)+h(W) < h(Y)+ h(2).
We say that a hive h is associated with the triple (A, B, C) of selfadjoint ma-
trices if the eigenvalues of A, B, and C, listed in nonincreasing order, are

h(p,0) —h(p—1,0), p=1,...,n,
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h(n—q,q) —h(n—q+1,¢g—1), g=1,...,n, and
h(0,q) —h(0,g—1), q=1,...,n,

respectively. We only consider hives that satisfy h(0,0) = 0. A result of [§]
states that there always exists a hive associated with (4, B,C) if C = A+ B.
There are usually many such hives, but there is no simple procedure for pro-
ducing one. Trying to remedy this situation, Danilov and Koshevoy [5] defined
an explicit function hy g c on the lattice points in A,, that, they conjectured,
is a hive associated with (A, B, C). To define this function, we introduce some
notation. Given a pair (P, Q) of mutually orthogonal projections on C™, set

Figure 1 — The point (2,3) in Ag

(1) t(P,Q) =Tr(AP + (A+ B)Q) (= Tr(A(P + Q) + BQ)).
Then, given a lattice point X = (p, q), we set
(2) hA,B,C(X) = Supt(P7 Q)7

where the supremum is taken over all pairs (P, Q) as above such that P and
Q@ have ranks p and ¢, respectively.

Danilov and Koshevoy [5] present some evidence in favor of the con-
jecture showing, for instance, that it is true for n = 3. The methods used
in [5] were applied in [2] in order to propose a proof for arbitrary values
of n. However, Lombard [9] provides numerical evidence that this method
may not work. The proof proposed in [2] goes as follows. Suppose that
X, Y, Z, W are, as before, the vertices of two adjacent unit triangles, and that
(Px,Qx), (Pw,Qw) are given pairs of mutually orthogonal projections such
that X = (rank(Px),rank(Qx)) and W = (rank(Py ), rank(Qw)). Then [2]
proposes to construct pairs (Py,Qy) and (Pz,Qz) of mutually orthogonal
projections such that

(3) Y = (rank(Py),rank(Qy)) and Z = (rank(Pz),rank(Qz))
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as follows. Construct orthonormal bases Bx, By for Px, Py and B, By, for
Qx,Qw such that new orthonormal systems By, Bz, B, B}, of appropriate
cardinalities can be formed satisfying

(4) BxUBW:ByUBZandBIXUB{/V:B%UB/Z,

and the elements of By (respectively, Bz) are orthogonal to the elements of B},
respectively, B%,. (The unions in should be viewed as multisets. In other
words, if a vector belongs to both Bx and By, it should also belong to By and
to Bz.) Then from projections Py, Qy, Pz, Qz whose ranges are generated by
these orthonormal systems. If such bases can be found, we have

(5) Px + Py = Py + Pz and Qx + Qw = Qy + Qz,
and this implies that
(6) t(Px,Qx) +t(Pw,Qw) = t(Py,Qy) +t(Pz,Qz).

When t(Px,Qx) = ha,p,c(X) and t(Pw, Qw) = ha p,c(W), we conclude that
hapc(X)+hapcW) < hapc(Y)+hapco(Z).

We show that, for n > 4, such bases cannot generally be found. In
fact, pairs (Py,Qy) and (Pz,Qz) (mutually orthogonal and of appropriate
ranks) satisfying may not exist. At the same time, we present the simplest
instances of a construction which produces pairs (P, Q) that achieve the supre-
mum in in some cases in which there is a unique hive (with A(0,0) = 0)
associated with (A4, B, C). The construction shows that h4 g ¢ is indeed equal
to this unique hive h. We illustrate this method for certain matrices of size 4,
and it is this illustration that shows why the method of [2] does not work.

The approach we propose depends on a couple of basic propositions that
allow one to construct projections Px,Qx associated with a given lattice
point X starting with projections associated with a nearby lattice point. (See
Propositions and ) This method can be used to prove [, Conjecture 1]
in many other cases, and this will be the subject of a later publication. The
applications of Propositions and are made possible by using the inter-
section ring of the Grassmannian in order to construct projections to which the
technical Lemma [2.1] applies. This lemma is our way of constructing new pro-
jections from old ones and we illustrate its application in several simple cases
in Section [3| In Section 4, we consider a special class of tripples (A, B, C') of
4 x 4 matrices to which the results of Section [8lapply. We conclude this section,
as well as the paper, with one particular triple in this class, points X,Y, Z, W,
and projections Px, Qx, Py, Qw such that no projections Py, Qy, Pz, Qz (of
appropriate dimensions) satisfying and exist,.
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2. A LEMMA ABOUT ORTHOGONAL PROJECTIONS
In the following statement, P+ stands for Iy — P, that is, the projection
onto the kernel of the orthogonal projection P.

LEMMA 2.1. Suppose that H is a Hilbert space and P, L, M are orthogonal
projections on H that satisfy the following conditions:

(1) PLH C MH, and
(2) PArMH C LH.
Then:
(i) P'=P+ L — M is also an orthogonal projection.
(ii) We have PPMH C LH and P*LH C MH.

Proof. Denote by W the orthogonal projection onto the closure of PLH,
and note that W < P and (P — W)L = 0. We can rewrite

P+L-—M=(P-W)+L)—(M—-W).

The equality (P — W)L = 0 shows that P—W + L is an orthogonal projection.
Condition imples that M — W is a projection as well. To conclude the proof
of it suffices (and it is also necessary) to prove the inclusion

(M- W)YH C(P-W + L)}

Indeed, suppose that = € (M — W)H, so that x € MH and 2z L. WH. Observe
that Ptz € LH by[(2)] and

(Px,PLy) = (z,PLy) = (x, WPLy) =0, ye€H.
We also have Ptz € LH by (2), so
= Pxr+Pte=(P—-W)Pz+ L(Ptz) e (P-W + L)H,

thus proving
To prove the first inclusion in suppose that x € MH. Then

Plﬂf:P$+L$—M$:P$+LJJ—$:LI—PJ‘$,
and this vector belongs to LH because P-MH C L. For the second inclusion
in we note that
PYy=Pre+ Mz — L =Pte+ Mz — 2 =Mz — Pz € MH,

provided that x € LH. [



5 Hives for selfadjoint matrices 379

Conditions and are not necessary for P— L+ M to be a projection.
The simplest example is obtained by taking . = M. More interestingly, note
that the identity 2 x 2 matrix 1o can be written in infinitely many ways as
l9 = P+ L = P' + M with rank one projections P, L, P’, M. In most cases,

neither nor is satisfied.

3. PRINCIPAL CONSTRUCTION DEVICE

We first establish some notation relating to Grassmannians, flags, and
Schubert varieties. Suppose that n,r € N and » < n. We denote by G(r,n) the
collection of all r-dimensional vector subspaces of C". Let now & = {E;}_,
be a complete flag in C", that is, each Ej is a vector subspace of dimension j
in C", and Ej_; C Ej for j =1,...,n. Consider also a set I C {1,...,n} with
r elements i1 < --- < i,. One can then define the Schubert variety &(&, ) to
consist of those spaces M € G(r,n) for which the inequalities dim(M NE;,) > £
are satisfied for £ =1,...,r. (In the notation of [6, I.5],

6(57 I) = Wah..-,ar’
where ay = (n — 1) — (iy — ¢) and Vy = Ey.) For example, &(&,1) = {E,} if
I={1,...;r},and 6(E,I) = G(r,n) if I ={n—i+1,i=1,...,r}. Every
space M € &(&,1) has an orthonormal basis {vi,...,v,} such that v, € E;,
ford=1,...,r.

We are interested in flags that arise from the eigenvectors of selfadjoint
matrices. Thus, suppose that A is such a matrix with eigenvalues ay > --- >
ap, and {e1,...,e,} is an orthonormal basis in C" such that Ae; = aje; for
j=1,...,n. Then, we can define a flag £ = { £} }?:0 by letting E; be the linear
span of {ey,...,e;} for j =1,...,n. Such a flag £ is called an eigenflag for A.
A matrix A may have several eigenflags, but E;, j = 1,...,n — 1, is uniquely
determined precisely when o; > aj11. We also consider the flag £ = (E’j)’]?zo
defined by Ej = E,,f_jﬂ. It is convenient to use the notation a; = oy—jt1.
Clearly, g‘J is an eigenflag for —A. Given a subspace M C C", we also use the
letter M to denote the corresponding orthogonal projection. In order to avoid
confusion, we write M V N for the vector space generated by M and N, or for
the corresponding projection. Similarly, M A N denotes the (projection onto)
the intersection of M and N. The notation M + N is reserved for the sum of
the projections M and N; this is not a projection unless M 1 N. Similarly,
M — N is a projection only when N C M. Given an arbitrary I C {1,...,n}
and an element M € &(&, 1), we have (see, for instance [7]) the inequality

Tr(AM) > Z Q.
el
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(a) Proof (b) Proof
of @ for of for

Figure 2 — Here, r =7, X = (1,2), Y = (1,3)

This is easily verified by using a basis {e1,...,e,} in M such that ey € E;, for
¢=1,...,r. Similarly, if M € &(&, 1), we have
TI‘(AM) < Z &n_iH.
i€l

Suppose now that B is another selfadjoint n x n matrix, and C = A+ B.
Denote by 81 > --- > B, (respectively, v1 > -+ > =) the eigenvalues of B
(respectively, C'), and let F and G be eigenflags for B and C, respectively. Let h
be an arbitrary hive associated with (A, B, C). If X and Y are adjacent lattice
points in A, there are several ways to estimate the difference h(Y') — h(X)
in terms of the eigenvalues «;, 3;,v;. We list below some of the simplest such
inequalities. Suppose that X = (p,q) and Y = (p,q+ 1), where p+¢+1 < n.
Then

(7) h(Y) — MX) < aptmt1 + Bg—m+1, m=0,....q.

This inequality is obtained by applying the hive inequalities to the gray paral-
lelograms in Figure A). Similarly, the inequalities

(8)  Y)—NhX)>pimigi1 + Bnp-m, m=0,....,n—p—q—1,

are obtained from Figure 2(B). We write similar inequalities for the other two

possible positions of the segment XY. If X = (p,q) and Y = (p + 1,q), we
have

(9) h(Y) - h(X) < Yg+m+1 — Bn—p-ﬁ-m? m = 07 2

and

(10) hY) = M(X) = Yptgtm+1 — Bgtmt1, m=0,....n—p—qg—1
Finally, if X = (p,q) and Y = (p — 1,¢ + 1), we have

(11) h(Y) - h(X) < Yg—m+1 — Qptg—m, T = Oa -4,
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and
(12) BY) — B(X) > Yprgom — Qpom: M =0,....p.

We show that the inequalities f are also satisfied when h is replaced by
the function hy g c of . (Of course, there are many more inequalities that
ha,p,c would have to satisfy in order to be proven a hive!) The argument is
based on the following result, for whose formulation it is to convenient to use,
in addition to a pair (P, Q) of mutually orthogonal projections, the complement
R = (P + Q). We use ran(S) to denote the range of an operator S. We also

use the notation _
I={n+1-i:iel}
when I C {1,...,n}.

PROPOSITION 3.1. Let A, B,C' be selfadjoint n x n matrices with eigen-
values (ozj);?:l, (63‘)?:17 (’yj)?zl and eigenflags £, F, G, respectively. Let P,Q,
and R be mutually orthogonal projections such that P+ Q + R = 1,,, and let
I,J, K be subsets of {1,...,n}. Suppose that there exist projections L, M, N
with the following properties:

(1) LeS(E,I), M € &(F,J), N € 6(G, K).
(2) ran(PL) C ran(M) and ran(P+M) C ran(L).
(3) ran(QM) C ran(N) and ran(Q+N) C ran(M).
(4) ran(RN) C ran(L) and ran(R*+L) C ran(N).
Then the operators
P=P+L-M, Q=Q+M~-N, R=R+N-1L
are mutually orthogonal projections, P + Q'+ R' = 1,,, and

HP Q)= tP.Q) + > i+ Y Bi— > e

iel jeJ keK

Proof. Conditions (4)] and the Lemma [2.1] show that P’,Q’, and R’
are indeed projections. The identity P’ 4+ Q'+ R’ = 1,, is trivially verified, and
it also implies that these three projections are mutually orthogonal. Finally,
we estimate

t(P',Q)=Tr(A(P+L - M)+ (A+B)(Q+M—N))
=Tr(AP + (A+ B)Q) + Tr(AL) + Tr(BM) — Tr((A + B)N).
The last three traces are evaluated using the observations preceding the propo-

sition:
Tr(AL) > Zai, Tr(BM) > Zﬂj, Tr(CN) < Z Vi
el Jj€J keK
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and these inequalities, together with the calculation above, yield the result. [J

The following result is obtained by applying Proposition to matrices
(—A,—B,—C) in place of (A, B,C). We record it here for later use.

PROPOSITION 3.2. Let A, B,C be selfadjoint n X n matrices with eigen-
values (aJ)J 1> (ﬁj)?:p (’yj)?zl and eigenflags £, F, G, respectively. Let P,Q,
and R be mutually orthogonal projections such that P+ Q + R = 1,,, and let
I,J,K be subsets of {1,...,n}. Suppose that there exist projections L, M, N
with the following properties:

(1) LeS(E, 1), M e&(F,J), Nec&(G,K).

(2) ran(P+L) C ran(M) and ran(PM) C ran(L).
(3) ran(Q*+M) C ran(N) and ran(QN) C ran(M).
(4) ran(R*+N) C ran(L) and ran(RL) C ran(N).

Then the operators
P=P-L+M Q=Q-M+N, R=R-N+1L
are mutually orthogonal projections, P' + Q'+ R' = 1,,, and

HP, Q)= HPQ) =Y ai—=Y Bit+ Y Y

el jeJ keK

Remark 3.3. Some of the hypotheses of Proposition are redundant.
For instance, the second inclusion in condition follows from the first inclu-

sions in and

ran(PM) = ran(RTQ* M) C ran(R*N) C ran(L).

Similarly, the first halves of conditions[(2)H{(4)|in Proposition 3.1]are redundant.
However, we find that the search for the projections L, M, N is often facilitated
by writing out a redundant set of conditions.

As a first illustration of the way these two propositions above are applied,
we prove the analog of with hy g c in place of h.

Ezample 3.4. Suppose that X = (p,q) and Y = (p,q + 1) are in A,,, let
P, Q be arbitrary mutually orthogonal projections of ranks p, ¢+1, respectively,
and set R = (P + Q). We may assume that t(P,Q) = hapc(Y). Now, fix
m € {0,...,q}. Proposition shows that the inequality

hapc(X)>hapc(Y)— aprmi1 — By—ms1
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can be proved if we can find projections L, M, N (of ranks 1, 1,0, respectively)
satisfying the hypotheses for I = {p+m+ 1}, J ={¢—m+ 1}, and K = @.
Indeed, the projections P, Q' have then ranks p, ¢, respectively, and

t(P/, Q,) > hA,B,C(Y) — Opym+1 — /Bq—m—i-l-

We organize the requirements on L, M, N in Table The second column
indicates vectors that should belong to each space according to condition
and the third column indicates subspaces that must be included to satisfy
conditions (4)| of the proposition and their consequences.

L|¢ _pm]|RNDPM
M fn—q-‘rm PJ_L 2 QN
N 0 QTM > RL

Table 1 — Requirements for Example

For instance, L must have dimension 1 and be generated by a nonzero
vector in E,_ —p—m, and it must contain the range of RN (Whlch is {0}),

and Q-+ fn ¢+m must belong to N, so Q* fn g+m = 0, that is, fn g+m is in
the range of ). Also, pPle,_ p—m must belong to M C Fn q—m- We show that

appropriate vectors fn q+m and €,_p,_,, can be chosen. Note first that fn g+m
must be chosen from the space

S = Fn_q+m AQ
that has dimension at least m + 1. For the choice of €,_,_,,, we distinguish
two cases. If En,p,m A P # 0, then we choose €,_,_,, to be an arbitrary
nonzero vector in this intersection, and we choose fn_qum to be an arbitrary
nonzero vector from S;. If E‘n,p,m A P = 0 (which is the generic case), the
space So = En_p_m V P has dimension (n —p—m)+p = n—m, and therefore,
S1 A Sz # 0. In this case, we choose a nonzero vector f,_q4+m € S1 A S2, and
we write f;_(ﬁ_m = €p—p—m +x, With €,_p_, € En_p_m. and x € P. In both
cases, one verifies with no difficulty that the spaces L generated by €,—p—m, M
generated by f,,—g4m, and N = 0 satisfy the requirements of Proposition

Example 3.5. We prove next the inequality
hapc(Y) > hapo(X)+ aprgtmt1 + Bop-m;

analogous to , when X = (p,q), Y = (p,q+1),and m € {0,... ,n—p—q—1}.
This time, we choose P, of ranks p,q such that ¢(P,Q) = h(X), and we
look for spaces L, M, N satisfying the hypotheses of Proposition for sets
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I={p+m+q+1}, J={n—p—m}, and K = &. These hypotheses are
summarized in Table 2l

€p+q+m+1 PtM D RN
fop-m | QEN > PL
0 RTL> QM

=z ==

Table 2 — Requirements for Example

Since R has codimension p + ¢, the space S1 = Epiq4m+1 N R has di-
mension at least m + 1. As in the preceding example, we distinguish two
cases. If PN F,_p—,, # 0, we choose a nonzero vector f,_,—p in that space
and choose an arbitrary e,igym+1 € S1\{0}. In the contrary case, the space
Sy = PV F,,_,_m has dimension n — m and hence, S; A Sz contains a nonzero
vector €pg+m+1 = T+ fn—p—m, Where x € P. One then verifies that the spaces
L = Ceptgtmt1, M = Cfy_p_m, N = 0 satisfy all the requirements.

Remark 3.6. It is possible that ot g+m+1+ Bn—p—m = ptrm+1 + Bg—m+1-
This happens when Uptm+1=Aptm+2 = Optg+m+1 and /Bq—m—i-l = 5q—m+2 =
-+ = fBp—p—m. In this case, the exact value of h(Y) — h(X) is known for
every hive h associated with (A, B, C'), and the two examples above show that
hapc(Y)—hapc(X) is also equal to this value. In particular, if the equality
ha p,c(X) = h(X) holds, it follows that ha pc(Y) = h(Y) as well.

Example 3.7. We continue with the analog of @D:

hA,B,C(X) > hA,B,C'<Y) + 5n—p+m — Yg+m+1,

where X = (p,q), Y = (p+1,q), and m € {0, ...,p}. We start with projections
P,Q of ranks p+ 1, ¢ and apply Proposition with I = &, J ={n—p+m},
and K = {q¢+ m + 1}. The relevant requirements on the spaces L, M, N are
summarized in Table Bl

0 PLM > RN
fnprrm QLN D PL
gnqum RJ_L B QM

SISk

Table 3 — Requirements for Example

The space S1 = F,_ptm A P has dimension at least m + 1. Further,
if @A Gp—g—m # 0, we choose an arbitrary nonzero vector g,—_s+m, in that
intersection and an arbitrary f,_pim € S1\{0}. Otherwise, the space Sy =
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QLén_q_m has dimension n — ¢ — m. Since both S7 and Sy are subspaces
of @+ (which has dimension n — ¢), we have S; A S # 0. Then, we choose
fr—p+m = T + Gn—g—m # 0 in this intersection. In both cases, the spaces
L, M, N determined by these vectors satisfy the conditions summarized in the
table.

Example 3.8. The analog of is:

hapc(Y) > hapc(X)+ Yptgrm+1 — Bgtm+1,

where X = (p,q), Y = (p+1,q), and m € {0,...,n —p — ¢ — 1}. Thus, we
start with projections P, QQ of ranks p, ¢, and look for spaces L, M, N satisfying
the conditions summarized in Table 4

L 0 RIN > PM
M| faoq-m | PPLDOQN
N | Gp+g+m+1 QM D RL

Table 4 — Requirements for Example

To find the relevant vectors, we note that the condition R*N C L = 0
implies that g,4q+m+1 belongs to the space S = Gpigim+1 A R of dimension
at least m + 1. Then, we note that (Q V S) A Fj,_q—, has dimension at least

(g+m+1)+(n—qg-—m)—n=1,
so we can choose a nonzero vector
T+ Gprgt1 = fn—g-m

in this space, with = € ). One can then construct the spaces L, M, N. In case
QN Fy_q_m # 0, the vector g,444+1 € S can be chosen arbitrarily.

Example 3.9. The analog of is:

hapc(X)>hapc(Y) = Yg—m+1 + Qprgm,

where X = (p,q), Y = (p+1,¢g—1), and m € {0, ..., q}. Thus, we start with
projections P, (Q of ranks p — 1,¢ + 1, and look for spaces L, M, N subject to
the conditions summarized in Table [l

L | eprqm | PPM D RN
M 0 QTN > PL
N gn—q-i-m RLL 0 QM

Table 5 — Requirements for Example
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We have QN = 0, so N is contained in the space S = QN én_qum of
dimension at least m + 1. Then (RV S) A Ep;q—m has rank at least
(m—p—q@)+(m+1)+{+tqg-—m)=1

Choose ep1g—m = & + gn—g+m, € R, in this space and construct the spaces
L, M, N from these vectors. In the nongeneric case, Ej,{4—m AR # 0, and then
Gn—g+m can be chosen arbitrarily in S.

Ezample 3.10. Finally, the analog of is:
hA,B,C(Y) > hA,B,C(X) — Op—m + Vpt+g—m>

where X = (p,q),Y = (p+1,¢—1), and m € 0,...,p. We start with projec-
tions P, @) of ranks p, ¢, and look for spaces L, M, N subject to the conditions
summarized in Table [6l

en—ptmi1 | REN D PM
0 PTL > QN
9p+q—m QLM D RL

SISk

Table 6 — Requirements for Example

The vector €y,—ptm+1 must be chosen from the space S = En_p+m+1 AP of
dimension > m+1. We note, as in the preceding example, that (RVS)AGptg—m
has rank at least 1, so we can choose gpt+q—m = T + €n—ptm+1, T € R, in this
space. There is again a nongeneric case in which En,ermH intersects R in a
nonzero space. The remaining details are easily verified.

The attentive reader noticed that the six examples above are rather sim-
ilar, though the reasoning behind solving for the spaces L, M, N may be some-
what different in each case. The arguments show that, generically, these spaces
are uniquely determined.

4. SOME RIGID HIVES OF SIZE 4

We undertake now a detailed study of certain triples (A, B,C = A + B)
of selfadjoint 4 x 4 matrices. Namely, we assume that the eigenvalues of A and
B satisfy the equalities a; = an, a3 = a4, and 87 = B2. By adding appropriate
multiples of the identity matrix to A, B, and C, we can and do assume that
A and B are nonnegative and noninvertible, that is, ay = 4 = 0. For each
triple (A, B, C') of this type, there is a unique associated hive h, normalized by
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Figure 3 — The 2,2|2,1,1|1,1,1, 1 locking pattern and its dual honeycomb

Figure 4 — Flat regions for the extreme hives

h(0,0) = 0, which is one reason for choosing these particular restrictions on
the eigenvalues of A and B. This set of conditions is called a locking pattern
in [4]. We illustrate in Figure |3| the “flat” pieces associated with this locking
pattern, that is, areas in which any hive respecting this pattern must be an
affine function. We also draw (with dotted lines) the dual honeycomb which is
extreme (derived from a tree).

The extremal structure of the set I' of hives (such that h(0,0) = 0)
associated with these triples (A, B, C) can be explained using the results of [3].
Namely, I" has six extreme rays, and every element of I' can be represented
uniquely as a sum of extreme hives, one from each extreme ray. The extreme
hives arise from the six restrictive flatness patterns represented in Figure

Rather than list the values of these six kinds of extreme hives, we list in
Table[7| the eigenvalues of the triples (A, B, C') that produce such hives. In this
table, a,b, ¢, d, e, f represent nonnegative real numbers.
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o [ B8 | =~
a,a,0,0 | 0,0,0,0 | a,a,0,0
0,0,0,0 | b,,0,0 | b,b,0,0
cc0,0 | ¢c0,0 c,c,c,C
0,0,0,0 | d,d,d,0 | d,d,d,0
e.e,0,0 | e,e,e,0 | 2e,e,e,e

f’f7070 f7f7070 2f7f7f70

Table 7 — Eigenvalues for the extreme hives

Thus, the eigenvalues of a general triple (A, B, C') that satisfies the above
requirements are described below.
o= =a+ct+e+f
a3 =aoa4 =0
fr=Po=b+c+d+e+f
Bz =d+e
(13) B1=0
yi=a+b+c+d+2e+2f
T=a+b+tct+d+e+ f
B=ct+d+e+f
Ya=c+e

Conversely, the constants a, b, c,d, e, f can be calculated from the eigenvalues
of A, B, and C as follows:

a=rvy — 1
b= P51 -3
(14) c=a1+ 01—

d=o1+p1+B3—71—M1
e=a1+Pi+B—72—73
f=m+y—ar—p—Ps
It can be seen from Figure [3] that A and B have no common reducing spaces
(equivalently, (A, B, C) is irreducible) precisely when all constants a, b, ¢, d, e, f
are different from zero. (This can also be deduced from the main result of [I]

because the corresponding hive has six attachment points.) We summarize
some useful properties of these irreducible triples.
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LEMMA 4.1. Suppose that (A, B,C) is an irreducible triple of 4 x 4 self-
adjoint matrices such that C = A+ B, a1 = as, ag = a4 = 0, f1 = P2, and
B3 = 0. Then:

1) as > as,

2 B2>B3>ﬁ4;

3) m>72 >3 > >0,

(1)
(2)
(3)
(4) Ex NFy =E3 AF, =0,
(5) G A Ea, G A Ey, G{ A Fy, and G A F3- have rank one, and
(6)

6 (EQ vV Gl)(G% A Fg) # 0.

Proof. The inequalities and are seen immediately by inspect-
ing .

If E5 and F5 have a common nonzero vector z, then z is a common
eigenvector for A and B and hence, it generates a reducing space. The second
equality in follows for the same reason.

Since Gi has rank three and E; has rank two, Gi A Fy has rank one
or two. The second possibility amounts to G; < FEj, in which case G is
an eigenspace for both A and C', hence a reducing subspace. The projection
G1 A E3 has rank one for the same reason. Suppose now that G; < F3- and
let g1 be a unit vector in G1. Then

11 = (Cg1,91) = (Ag1, 1) + (Bg1, 1) < a1 + B3,
or, equivalently according to ,
at+bt+ct+d+2e+2f<(atcte+f)+(d+e),

which is not true because, for instance, b > 0. To conclude the proof of
suppose that G; C F5. Then (G is an eigenspace for B and C', hence a reducing
space.

To prove [(6), suppose now (EzV G1)(G1 A Fy) = 0 and z is a unit vector
in the range of GlL A Fy. Then Eox = 0, so x is in both EQL and F5, contrary
to the already proved assertion O

We show that [5, Conjecture 1] is correct for the triples under considera-
tion. We also determine, for every point X = (p, q) € A4, pairwise orthogonal
projections Px,Qx of ranks p,q such that ¢(Px,Qx) = hapc(X). Most
of these pairs of projections are uniquely determined in the irreducible case.
We list the values of h and the corresponding projections in Table The
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L X | h(X) Px \ Qx
(0,0) 0 0 0
(1,0) o *x B 0
(2, 0) a1+ as = 20 Es 0
(3,0) 201 + ag * Fg 0
(4, 0) 2041 + 20&3 = TI‘(A) E4 0
(3,1) Tr(A) + p1 * FL x F
(2,2) Tr(A) + 261 Fs Fy
(1,3) Tr(A) + 281+ Bs Fy F3
(0,4) | Tr(A) + Tr(B) = Tr(C) 0 G4
(0,3) M +y2+ s 0 Gs
(0,2) 7+ e 0 G
(0,1) gs! 0 Gy
(171) a1 +71 Eg/\G{‘ G,
2,1) 207 + a3 + P « (BaVE)—F « F

(B2 A GY)
(1,2) artaz+B1+m +[(Es- VG (Fa AGL)] | Gy + (Fy AGY)
—(F> AGY)

Table 8 — Values of the unique hive

nonunique entries are marked with an asterisk. In this table, E (respectively,
F) denotes an arbitrary projection of rank one such that E < Fy (respec-
tively, I’ < Fy), E3 denotes any projection of rank three such that Fy < Fs,
and [(E5 V G1)(Fy A G{)] denotes the rank one projection onto the range of
(Eé‘ V Gl)(FQ A Gf‘)

PROPOSITION 4.2. Suppose that (A, B, C) is an irreducible triple of 4 x 4
selfadjoint matrices such that A+ B = C, a1 = s, ag = a4 = 0, 51 = Pa,
and B4 = 0, and let h be the unique associated hive. Then hapc(X) = h(X)
for every lattice point X in Ay. Moreover, all the pairs (P,Q) of mutually
orthogonal projections satisfying X = (rank(P),rank(Q)) and hapc(X) =
t(P,Q) are described in Table[g]

Proof. The values of the hive are deduced immediately from the various
inequalities required for every two adjacent small triangles. The fact that
ha,B,c equals this hive h at each boundary lattice point is immediate; in fact,
this is true for every triple (A, B,C = A + B) in every dimension. Similarly,
the spaces P, associated to each boundary point are derived immediately
from arbitrary eigenflags for A, B, and C. All of these spaces are uniquely
determined except for E, E3, and F. We proceed with the three remaining
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lattice points, starting with (1, 1).

Suppose that P and ) are arbitrary mutually orthogonal projections of
rank one. Then Tr(AP) < a; and Tr((A+B)Q) = Tr(CQ) < 1. Adding these
two inequalities, we obtain t(P, Q) < aq 4+ and so, ha g c((1,1)) < h((1,1)).
On the other hand, Eg/\GlL has rank at least one. Choose a rank one projection
P < B3 AGi and set Q = G4. Then P and @ are mutually orthogonal and
t(P,Q) = a1 + . This proves that ha pc((1,1)) = h((1,1)) and provides
explicit spaces that realize the supremum in the definition of hy g c(1,1). To
show that these are the only spaces with this property, consider arbitrary P
and @ such that t(P,Q) = a; + 1. Since Tr(AP) < a3 and Tr(CQ) < i,
we must have equality in both cases. The uniqueness of Fy and G implies
P < E, and Q = G;. Moreover, since P L Q, we have P < Ey A G;-. Thus, P
is uniquely determined because E3 A G has rank one by Lemma (5)

Next, consider (2,1). Suppose that P and @) are arbitrary mutually or-
thogonal projections of ranks 2 and 1. We have

t(P,Q) = Tr(A(P +Q)) + Tr(BQ) < 2a1 + az + /1

because aq, a1, ag are the top three eigenvalues of A and 3 is the top eigenvalue
of B. Thus, hapc((2,1)) < h((2,1)). On the other hand, suppose that F' is
an arbitrary rank one projection such that F' < F5. Lemma (4) shows that
E5V F has rank three, and thus, P = (EoVF)—F has rank two. If weset Q = F,
we see immediately that (P, Q) = h(P, Q). Conversely, suppose that P and @
satisfy the equality t(P, Q) = h(P, Q). Then, we have Tr(A(P+Q)) = 2a1+as
and Tr(BQ) = 1. It follows that Fo < P+ @ and @ is generated by a unit
vector f € Fy. Thus, P+Q = FE2V @, so P = (E3VQ)—Q, and this completes
the description of all maximizing pairs (P, Q).

Finally, consider (1,2). Inequalities and , with m = 1 in both
cases, show that

as+ P2 <h((1,2)) = h((1,1)) < az + br.

Under the current assumptions, both inequalities are equalities, and Remark 3.6]
shows that we also have

hac((1,2) —hape((1,1) = as+ Bi.

Since hapc((1,1)) = h((1,1)), it follows that ha pc((1,2)) = h((1,2)) as
well.

Suppose now that P and @ are mutually orthogonal projections of ranks
one and two such that ¢(P, Q) = ha p,c((1,2)); that such projections exist was
seen in Examples and 3.5 From there exist spaces L, M, N satisfying
the conditions in that example, such that the projections P = P — L + M,
Q' = Q — M satisty t(P', Q') > hapc((1,1)). As shown earlier in this proof,
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such projections P, Q' are uniquely determined, namely, P’ = Ey A G and
Q' = G4. Therefore, we have

P=P +L-M, Q=G+ M,

= (B AGY)+L— M,

Q:Q/+M:G1+M7
and Lemma (ii) shows that P'L ¢ M and P'*M C L. The space M must
contain a vector from F3 and be orthogonal to G1, so M < Fj /\Gf. Therefore,
M = F; A G by Lemma (5) Since P'*+ = E3- v G4, part @ of the same
lemma shows that If P’=M # 0, and thus, L is the projection onto the range
of P'-M. This concludes the proof of the proposition. [J

Remark 4.3. In the algebraic operation defining P(; 2y, no two terms can-
cel each other. In particular, the space P(; 1) is not contained in P oy, but
P(1,9) is not orthogonal to Py ;). This indicates that the space F(; ) is not
usually generated by a vector from Py 1) or Fg o).

COROLLARY 4.4. Under the hypotheses of Proposition[d.2], set X = (1,1),
Y = (2,1), Z = (1,2), W = (2,2), Px = G{ A Ea, Qx = G1, Py = Fy-,
Qw = Fy, and I, = F5 — Gf N Fy. Let (Py,Qy) and (Pz,Qz) be pairs
of mutually orthogonal projections such that sets Y = (rank(Py ), rank(Qy)),
Z = (rank(Pyz),rank(Qz)), and

(15) t(Py,Qy) +t(Pz,Qz) > t(Px,Qx) + t(Pw, Qw).

Then t(Py,Qy) = h(Y), t(Pz,Qz) = h(Z), and therefore there exists a pro-
jection F' < Fy of rank one such that

Py =F;ANF—F, Qy=F,
Py = (Gf ANE2) + [(G1V E3)(GT A )] — (G A F), and
Qz=G1+ (G A\ F).

1. The equality

(16) Qy +Qz =Qx +Qw.
holds precisely when F' = Fy is the projection onto the range of FoG1.

2. If holds, then

(17) Py + P, = Px + Py.
if and only if
(18) [(G1V Ef) (G AF)] = By AF-.

When this last equality holds, we have (Gi A E2)V (G{ ANFy) > E3- ANFi-.
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Proof. Suppose that is satisfied. Since we have t(Py,Qy) <
t(Pz,Qz) < h(Z),t(Px,Qx) = h(X), t(Pw,Qw) = h(W),and h(Y)+h(Z) =
h(X) + h(W), we conclude that t(Py,Qy) = h(Y) and t(Pz,Qz) = .
The formulas for Px,Qx, Py, and Qy follow from Proposition To verify
assertion 1, we rewrite :

(Gl—i—G%/\Fg)—}—F:Gl—I—FQ

and thereby deduce that F' = F}. Suppose now that condition is satisfied,
so ' = Fy. Then is equivalent to

(Py +Qy) + (Pz + Qz) = (Px + Qx) + (Pw + Qw).
Thus,
(B2 V F1) + ((GT A B2) + [(G1V Ey) (G A F2)] +Gh)
= (Gi NEa+G1) + 1y,
and, after cancellations, we obtain
EyV Fi + [(G1V Ey)(GY A )] = Lu.
This is equivalent to assertion because
ly— EyVE = (FyVF)*t =Ey AFE

To verify the last assertion, let £ be a nonzero vector in Gi A Fp. We have
€ — (G N EQ)€ # 0 for otherwise ¢ would be a common nonzero vector of Fy
and Fy. If holds, this vector generates Ey A Fi-. [

It is easy to see that condition does not hold for generic flags &, F,
and G. The eigenflags of A, B, and C are perhaps not generic, but it is fairly
easy to find examples for which does not hold. We present one such
example next.

FEzxzample 4.5. The matrices

1 1 1 1 2 0 00 3 1 1 1
I PR PR
1 1 1 1 0 00O 1 1 1 1
satisfy C = A 4+ B, A has eigenvalues 4,4,0,0, and C has eigenvalues
v = 5.818114. ..
o = 5.081282. ..
v = 1.799919 . ..

v4 = 0.300684 . ..
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The formulas show that the constants a,b,c,d, e, f are nonzero, so the
triple (A, B, C) is irreducible. To see whether is verified in this case, we
observe that the ranges of Ey, F», and (G; are generated by

1 0 1 0 € = 1.523818...

1 1 0 1 €5 = 4.23607 . ..

1| =1 | ( o]0l ™ |¢&=_oourr.. |
1 0 0 0 fr=1

respectively. The numerical calculations were done with the help of Mathemat-
ica, and exact values can be obtained as well, for instance

"= %(13+x/5+ \/6(13—\/5)>,

- n
&1 =2

with similar formulas for & and &. It is easy to verify that Fy, Gi A Iy,
Gi A By, and Ef A Fi are generated by the vectors

&1 —&2 §o— &3 —&2

) &1 —§1 — 283 —& &1

017 0 '] &+2+& |’ and &1 ’
0 0 &2 — &3 §o — 26

respectively. By Corollary 2), the equation would require that the last
three of these vectors be linearly dependent, and this is not true. For instance,
the determinant

—&2 & — &3 —&2
&1 & -285-6 & | =&[8(028+ &) + 68
0 & +2+8& &

is easily seen to be strictly negative.
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