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1. INTRODUCTION

We consider in this note the following question: consider triples (X, L, N),
where X is a complex projective nonsingular algebraic variety, L is a nef and
big R-divisor on X, supp([L]| — L) is a normal crossings divisor on X, and N
is a positive integer such that

|[Kx +iL]|=0foralll <i<N.

Given N (sufficiently large), can we classify the pairs (X, L) with this property?
What can be said about L as N approaches +00? For example, a necessary
condition on curves is N deg(L) < 1. Note that the question does not change if
we replace X by a higher model and L by its pullback. Also, we may suppose
X admits no fibration such that the restriction of L to the general fiber satisfies
the same properties.

Here, [ L] denotes the round up of an R-divisor, defined componentwise.
If [L] = L =0, then N < dim X by Kawamata—Viehweg vanishing and the
classical argument that a polynomial has no more roots than its degree. So the
difficulty seems to be hidden in the fractional part [L] — L. If the coefficients
of [L] — L are rational with bounded denominators, then NN is again bounded
above.

Our motivation is to understand when |[iKx| = () for all 1 <i < N, where
X is a complex projective nonsingular variety of general type. It is known that
N is bounded above only in terms of dim X [2 3, [7]. A positive answer to the
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question might give explicit bounds. In relation with the question above, we
have the inclusions

F(Xl, [KXZ + (i — 1)%}) C I(X,iKx)

where X; — X is a sufficiently high resolution and M; is the mobile part on X;
of the linear system |l[Kx|. The inclusions are equalities if [ is divisible by 4.

In this note, we solve the question in dimension one (Theorem , and
give an application when L is a positive multiple of a log divisor (Theorem [3.5)).
We also solve the similar problem when successive adjoint linear systems con-
tain a given point in the base locus (Theorem. Other variants are possible,
such as failure of successive adjoint linear systems to be mobile, to generate a
fixed order of jets at a given point, etc.

Two observations come out from the curve case. First, for V > 1, only the
highest two coefficients of [L| — L matter. Second, the Farey set of given order
appears naturally. In fact, effective non-vanishing properties for R-divisors can
be restated in terms of divisors with coefficients in the Farey set of a given order.
A similar successive failure argument was used by Shokurov [6, Example 5.2.1]
to construct lc n-complements on curves, with n € {1,2,3,4,6}. In his setup,
with L = —K — B and i starting at 2, only the highest four coeflicients of
B matter, and it suffices to consider coefficients of B only in the Farey set of
order 5.

It is very likely that our question can be solved for surfaces (cf. [1]).

2. ESTIMATES

For a positive integer N, consider the Farey set of order N defined by

M
Fv =01 ~Z.
1=1

The following properties hold:
e x € Fy if and only if 1 — 2 € Fy.

e The finite set F decomposes the interval [0, 1) into finitely many disjoint

intervals [z,2’). For § € [0,1), the unique interval which contains ¢ is
determined by the formulas z = maxj<;<n @ %.

+
Denote &’ by dy,.

, .
y ' = MINI<i<N

LEMMA 2.1. Let 0 < z < 2’ < 1. Then (z,2') N Fn = 0 if and only if
liz| + [i(1—2")] =i—1 for every 1 <i < N.
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Proof. We have |iz| + |i(1 —2')| <iz+i(1 — 2’) < i. Therefore,
liz| + [i(1 —2')] <i-—1.
We notice that (iz,i2z’) N Z = ( if and only if |iz] + 1 > [iz'], that is
liz|+|i(1—2")| > i—1. So, (iz,iz")NZ = () if and only if [ix]|+[i(1—2)] = i—1.
Finally, (z,2") N Fy = 0 if and only if (iz,ia’) NZ = 0 for every 1 < i <
N. O
LEMMA 2.2. Let x < x' be two consecutive elements of Fn. Then:

1) 2/ —2 < %.

2) If 2/ —:):>N+1, then x =0 or 2’ = 1.

Proof. We have two cases. Either the Fy-interval is [0, &) or [N, 1),
of length +, or z = 2,2/ = P where p,q,p,q are positive integers such

that p'¢ — p¢ = 1, min(q,¢’) > 2 and max(q,q¢') < N < g+ ¢'. We have
(g—1)(¢'—1) > 1, since it is not possible that both ¢ and ¢’ equal 2. Therefore

! ! ! _ 1 1
' 2q+q¢+1>2N+2 Thenz' —r = 5 < 5. U

LEMMA 2.3. Let N >2,0<b < 1, % (5 < 1+b. Then there exist
1§p<q§Nsuchthat5<pT+b and575< NI

Proof Suppose § > Nil. Then, we can take p = N — 1, = N. Suppose
§ < N2 Let § € [x,2) be the unique half-open Zy-interval which contains
it. We have 0 <z <2’ =2 < 1. By Lemma (2), -z < ﬁ Then

P « ptb P _ r_ 1
5<q§ 4 andq <z < §r7- O

LEMMA 2.4. Let N > 1 and b € [0,1).
1) M§x<l if and only if |ix —b] =i—1 forall1 <i < N.
2) If N >2 and Y7240 < p < N then [Nz —b] = N — 2.
Proof. 1) The implication <= is clear. Now consider the converse. Let

1<¢<N. Wehavei—wgm—b<i—b. Since b < 1, i+ (N —i)b < 1.

Therefore i — 1 < iz — b < i. Therefore [ix —b] =i — 1.
2) We have the following: N — 1 — =% < Nz —b < N — 1. Therefore
INz —b|=N-2. O
PROPOSITION 2.5. Let 0 < b <5 < 1,0< ¥V <¥§ < 1,8 <64 and
0+ <1. Let N > 2. Then
130 —b] + [0 =V | >i—1forall1 <i< N
if and only if one of the following holds:
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N-1 —p+b’ b
< N+band(5’2max{qz+;1§p<q§N,5<%}.

particular, § +28 > 1). And &' =6 if and only if &' = = %, b=0

Proof. Let N = 2. The system of inequalities becomes |25 — b| 4+ |20 —
b'| > 1. That is 20 —b>1or 20’ —b' > 1. If 26 — b > 1, we are in case a). If
25’—6’21,then5’2%. Thenéz%. Then5:5’:%andb:b’:(). We
are in case a).

Let N > 3. Suppose ¢ > N*Hb By Lemma.l |10 — bJ =i—1 for all
1 < i < N. The system of 1nequaht1es is satisfied. Suppose § < & 1+b From
the case N = 2, we obtain

145 N—-1+b
T SN
Suppose the system of inequalities is satisfied. Let 1 < p < ¢ < N with
6 < pTer. Then p > ¢§ — b, that is p — 1 > |gé — b|. The inequality for
i=gqgivesp—14 gl — V] > q—1. Therefore g0’ —b'| > q — p. That is
qd' — b > g — p. Therefore §' > %H’/. So b) holds.
Conversely, suppose b) holds. Let 1 < ¢ < N. Let p = 1+ [id — b].
If p=1i—1, then [ —b] + [id' = V] > [id —b] =i—1. If p < 4, then
1§p<z’§Nand6<1%b. By b) forqzi,wededuce&’Z@. Then
|i0" — V| > i —p. Therefore [i6 —b] + i =V | >p—1+i—p=i—1. We
conclude that the system of inequalities holds if it is equivalent to a) or b).
In case a), 6 > W >1— % Consider case b). We have N > 3. By

Lemma there/ exists 1 < p < ¢ < N such that § < %—b and % -0 < ﬁ
By b), &' > %. Therefore

q—p _ D 1 q—p 1
§+8 >0 > — 4+ —— =1 - ——.
+ T q q N+1+ q N +1

From § < & H‘b , we deduce &' > 1%1’/. In particular, we have that §’ > % and

5+25'>1+N(N+1)

Suppose ¢’ = §. Since § > Hb and § + 6’ <1, we deduce § = ¢’ = and
b=0. O

Remark 2.6. Let b € [0,1), let N > 1. Consider the totally ordered finite

set [0,1)N {p+b 1 < ¢ < N,p e N}. The maximal element is ]\}'H’ If N =1,

this is the only element. If N > 2, the next largest element is NNE+b.
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COROLLARY 2.7. Let 0 < § < § < 1,60 +6 <1, and N > 2. Then
[i6] + |id'] >i—1 for all 1 <i < N if and only if 65, + 6" > 1.

PROPOSITION 2.8. Let 0 < B < A be R-divisors on a nonsingular curve
such that |A] = 0 and degA < 1. Let P be a point where A attains its
mazimal multiplicity, let P’ be a point where A' = A—{§pP attains its mazximal
multiplicity. Denote A" = A — 6pP — dp/P'. Let N > 2.

Then deg|iA — B] > i—1 for alll1 <i < N if and only if [NA"] =0
and U&p—pr + Li5p/ —bp/J Zi—lfO’r’ all 1 SZS N.

Proof. Suffices to show | NA”| = 0. We use induction on N.

Let N = 2. Suppose by contradiction [2A”| # 0. Then A” has a coeffi-
cient 8" > % and dp > dpr > 8" > % Then deg A > 2 5 > 1, a contradiction.
Therefore [2A"| = 0.

Let N > 2. Suppose op > %. In particular, deg A’ < &. If
[NA'| # 0, then §pr > +. Therefore A = ¥~ P + L P and B < +P'. Here,
A" =0. If [NA'] =0, then [NA”| = 0.

Suppose dp < NiJ“bp

Case N 2He < 5P. Then [Nop — bp| = N — 2. Denote B' = B — bpP.
Our system of inequalities becomes deg| NA'— B’| > 1. That is | NA'— B'| #
0. That is Ndg — bg > 1 at some point @ € supp A’. We have

N-2 1 _, 1
I (N-1)N’
From (N —1)N > N, we deduce §p + 6pr > 1 — &. Therefore, deg A" < +.
Following, we have [ NA”| = 0.

Case 0p < ﬂ By induction, [i0p — bp]| + [i0pr — bpr| > i — 1 for
all1 <i< N —1. By case b)y_1 of Proposmon op+op >1— m.

Therefore, deg A” < % and [NA"| =0. O

d0p+0pr > 0p+dg >

COROLLARY 2.9. Suppose A > 0, |[A] =0 and deg A < 1. Let P be
a point where A attains its mazimal multiplicity 5. Let P’ be a point where
A’ = A — 0P attains its mazimal multiplicity §'. Denote A" = A —§P —§'P’.
Let N > 2.

Then deg|iA| > i —1 for all1 < i < N if and only if [NA"| =0 and
S +6 >1.

2.1. Case N = 400

Let A be an effective R-divisor on a nonsingular curve. Let § be the
higher multiplicity of A, attained at P say. Let §’ be the highest multiplicity
of A" = A —§P. Note § > ¢'.
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LEMMA 2.10. Suppose deg A < 1. Then deg|iA] > i —1 for alli > 1 if
and only if A =P or A =8P+ (1 —0)P' for some § € [5,1).

Proof. Let |A] # 0. That is A > P for some P. That is A = P.
The inequalities are satisfied. Let |A] = 0. From above, the highest two
coefficients of A satisfy § +¢ > 1 — %, with N — oo. Therefore § + ¢ > 1.
From deg A < 1, we deduce & = 1 — 6 and A = §P + (1 — §)P’. Here,
|i6] + |i —i0| =i — ([i0] — |id]) >i—1. O

COROLLARY 2.11. We consider deg|iA] =i —1 for alli > 1 if and only
if A =06P+ (1—0)P for some é € [5,1]\ Q.
LEMMA 2.12. deg A < 1, degliA] >i—1 (1 < i < N) if and only if
S+ >1.
COROLLARY 2.13. deg A <1, degiA] =i—1 (1 <i < N) if and only if
e 5[ 1), [NA'| =0, or

o & > 1— 67 and either deg A < 1, or degA = 1 and iA ¢ Z for all
1<i<N.

Proof. deg|iA]| < degiA < i. The equality follows if and only if deg A =
1,iAeZz O

2.2. Fractions with bounded numerators

For | € Z>1, define A; to be the set of rational numbers z € (0,1) which
admit a representation z = g with p, ¢ positive integers and p < [.

Note that 2 € (0,1) belongs to A4; if and only if {2} belongs to the Farey
set of order I. If x € A;, then {I'x} € Ay;. We have inclusions A; C A;11, and
max A; = l%

The set 1 — A; is related to the hyperstandard set [5] associated to Fjiq.

LEMMA 2.14. Let x > y belong to A;, with x +y = 1. Then x = % and
Yy = % for some 1 <p<lIl,p<q<2pgced(p,q)=1. In particular, ¢ < 2l.

LEMMA 2.15. Let x € A;. Let N be the unique positive integer such that

m}_H <1< x} Then N <1+ 1, and equality is attained only if x = Hil

Proof. Note that N = Lﬁj Let x = g be the reduced form, where p < [.
Since z < 1, j = ¢—p is a positive integer. Then N = || =1+ ng <1+p.
Equality holds if and only if j =1. O
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LEMMA 2.16. Let1 > ax >y > 0 with x +y < 1. Let N be the unique
positive integer such that x]J(,_H +y<1< x]'t[ + y. Suppose x,y are rational,
with reduced forms v = %,y = %. Then N < (p+1)(p' + 1), and equality is
attained if and only if

/

() = (pf—l’ 1+p’]zp—|— 1))'

Proof. We have z < 1. Then z = ﬁj for some positive integer j. The
inequality y < 1 — z is equivalent to ¢’ > 1+ p' + z, where z = LPTP/J. Denote

y’z#. Theny <y <1-—u.

Note that N + 1 is the smallest index of a rational number contained in
the interval (y,1 — z). We have two cases. If y < ¢', then N +1 <1+ p' + 2.
Ify=19,then N+1<1+p +2z+p+j. We conclude that N < p+p'+j+z.

We claim that j+2z > 1+ pp’ implies 7 = 1 or pp’ < j. Indeed, we deduce
j+ P >14pp If j > 1, we have pp' < j.

We claim that x < % implies N = 1. Indeed, suppose N > 2. Then,
assume xﬁ < % and y > % such that we obtain y > x, a contradiction!

Forx:%,wehavep:jzl. Wehavex>%ifandonlyifp>j.

We conclude that N < p+p’ + 1+ pp/, and the equality is attained only
ifj=landy=1y. O

PROPOSITION 2.17. Let z >y in A; with x +y < 1. Let N be the unique
positive integer such that x}H +y <1<z} +y. Then N < (I+1)% and
equality is attained only for

(@) = (zi1’z2+ll+1)‘

3. SUCCESIVE VANISHING

Let C be a complex smooth projective curve, and B, L R-divisors on C'
with B > 0 and deg L > 0.

LEMMA 3.1. |[[K 4+ B+ L]| =0 if and only if one of the following holds:
1) C =P L~0, B<P for some point P € C.
2) C=PL,L~Q—A, |A] =0, B<A for some point Q € C.
3) C is an elliptic curve, L ~ Q — P, B =0, for some point Q) # P.

In particular, deg L < 1.
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Proof. By Riemann—-Roch and Serre duality, we have
~h?(=[B+L]) =g—1+deg[B+L].

In particular, g < 1. Note deg|B + L] > 0, with equality if and only if B =0
and L is Cartier of degree 0. If g = 1, then B = 0, L is Cartier of degree zero,
and h°(—L) = 0 (case 3)).

Suppose g = 0. Then deg[B + L] + h%(—[B + L]) = 1.

If deg[B + L] = 0, then B = 0,L ~ 0 (case 1)). Else deg[B + L] = 1.
Denote A = [B+ L] — L. In particular, B < A.

Case [A] # 0. That is A > P for some P € C. Since degL > 0 and
deg[B+ L] =1, we obtain 0 # B < A = P,L ~ 0 (case 1)).

Case [A] = 0. Choose any point @ € C. Then L ~ Q — A (case 2)). [0

THEOREM 3.2. Let N > 2. Then |[K + B+ iL]| =0 foralll1 <i<N
if and only if one of the following holds:

1) C =P L~0, B<P for some point P € C.

2) C=PLL~Q—-A, |A] =0, B<A and deg|iA — B| >i—1 for all
1<i<N.

3) C is an elliptic curve, L ~ Q—P, P ¢ Bs|iQ—(i—1)P| foralll <i <N,
and B = 0.

Proof. From N = 1, we have three cases.

In case 1), K + B+iL ~ —P for all i > 1. Therefore |[K + B+iLl]| =10
for all ¢ > 1.

In case 2), C is a rational curve, L ~ @) — A for some point @, |[A] =0
and B < A. Note that A = [L] — L, so A is an intrinsic invariant of the linear
equivalence class of L. We have

K+ B+il~K+iQ— (iA—B)~ (i —2)Q — (i — B).
So |[[K 4+ B +iL]| =0 if and only if deg|iA — B] > — 1.
Note [K + A +2L] ~ 0.
In case 3), C is an elliptic curve, L ~ Q — P and |iL| = ) for every

1 <4 < N. The linear system [iQ — (¢ — 1)P| is fixed, so the last property is
equivalent to P ¢ Bs|iQ — (i — 1)P| forall 1 <i < N. [

The divisor L may have non-integer coefficients only in case 2). And in
this case, A = [L]| — L.
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COROLLARY 3.3. Let C = P! and L an R-divisor with deg L > 0. Then
[K +iL] =0 for all 1 <i < N if and only if there exists a € k(C)* such that

(a)+ L <a'P' —xP,

where P # P’ and x < 2’ are consecutive elements of Fy. For each N, the
mazximal elements are rational, and finitely many. For N = 1, the mazximal
element is unique, equal to P'. For N > 2, there exists an integer 1 < i <
(N — 1)N such that the linear system [iL™**| is free of degree 1.

THEOREM 3.4. |[K + B+ iL]|| =0 for alli > 1 if and only if one of the
following holds:

e C=P!, L~0, B<P for some P.

e O =P, L~ePL—P), Pp # Py,e € (0,1), and either B =0, or ¢ is
rational of index | and 0 # B < %Pl.

e C is an elliptic curve, L ~ Py — Pa, |iP) — (i — 1)Pa| # P for alli > 1,
B =0.

Proof. We may suppose C' = P*.

Case |A] # 0. That is § > 1. Then § = 1. Then A = P,L ~ 0 (first
case).

Case [A| = 0. Let P be the point of maximal multiplicity for A (assumed
non-zero). Then § < 1. Let N(1 —§) > 1. Then case a)y does not occur. So
we are in case b)y. Therefore

1
§+6>1-—.
+0 > N
Letting N — oo, we obtain § + ¢’ > 1. Then the equality holds. Then
A=6P+(1—-6P ,L~(1-6)(P—-P).

We have K + B+ iL ~ K +iQ — (iA — B). Therefore, vanishing holds up to
N if and only if

lid —b| + [i(1—=06)=b]>i—1(>1).
This is equivalent to
b+b <1—{i6 —b} (i >1).

From i = 1, we deduce that o = 0. The system of inequalities becomes
1—b>{id —b} foralli>1. If b= 0, it is satisfied. If b > 0, it is satisfied if
and only if § is rational and b < % where ¢ is the index of §. [
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3.1. An application

Let C be a proper smooth curve, let B be an effective R-divisor on C'
such that deg(K + B) > 0.
— Suppose deg|B| > 1. By Lemma exactly one of the following holds:

a) deg|B| =1 and r(K + B) ~ 0 for some positive integer r, or
b) |[[K + [B|+n(K + B)]| # 0 for all n > 1.

In case a), we may choose 7 minimal with this property, and then |[[K + | B] +
n(K + B)]| # 0 if and only if r does not divide n.

— For the rest of this section, suppose | B] = 0. That is, B has coefficients
in [0,1). Let m € Z>,. Suppose N > 2 is an integer such that |[K + im(K +
B)]| =0 for every 1 <i < N.

By Theorem C = P! and there are two possibilities:

1) m(K + B) ~ 0, or
2) m(K + B) ~Q — A where |[A| =0 and deg|iA] >i—1for 1 <i<N.

Consider case 2). Then A = [mB] — mB. Write A = 0P + §' P’ + A", where
P, P’ are distinct points not contained in the support of A”, 1 > § > ¢ > 0
and ¢’ is greater or equal to the coefficients of A”. Since K + B is nef, we have
deg A < 1. In particular, § + ¢ < 1. We have two cases:

2a) Suppose § + 6’ = 1. Then A = 6P+ (1 —6)P’ and 3 < 6 < 1. Since
Q ~ P, we obtain m(K + B) ~ (1 —0)(P — P').

2b) Suppose § + ¢’ < 1. By Corollary degliA] >i—1forall1<i< N
if and only if 1 < 63, + 6" and [NA”] = 0.

By Lemma and Proposition 2.17, we obtain.

THEOREM 3.5. Suppose the smallest two (possibly equal) non-zero coeffi-
cients of {mB} are of the form 1 — %, for some positive integers p,q with p <.
Then exactly one of the following holds:

a) nm(K + B) ~ 0 for some 1 <n <2, or
b) |[[K +nm(K + B)]| #0 for some 1 <n < (I+1)2+1.

The inequality in b) is attained for C = P!, m =1, B = (1 — IL—H)P +

(1-— ﬁ)P’ . This resembles examples considered in [4].
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COROLLARY 3.6. Suppose the smallest two (possibly equal) non-zero co-
efficients of B are of the form 1 — %, for some positive integers q (i.e., standard
coefficients). Then exactly one of the following holds:

a) nm(K + B) ~ 0 for some 1 <n <2, or

b) |[[K +nm(K + B)]| # 0 for some 1 <n <5.

4. SUCCESSIVE BASE POINT

Let C/k be a nonsingular projective algebraic curve, let B, L be R-divisors
such that B > 0 and deg L > 0. Let Q € C be a closed point.

PROPOSITION 4.1. Let D be a divisor on C. Then Q € Bs|K + D| if and
only if Q ¢ Bs|Q — D|.

Proof. From the short exact sequence 0 — Zg(K + D) — O¢(K + D) —
Og — 0, we deduce that @ € Bs|K + D] if and only if the homomorphism
HY(K +D — Q) — H' (K + D) is not injective. By Serre duality, this means
that I'(—D) — I'(—=D + @) is not surjective. That is Q ¢ Bs| — D+ Q|. O

THEOREM 4.2. Q) € Bs|[K + B+ L]| if and only if one of the following
holds:

1) L~Q—P (Q+P),B=0.
2) L~Q—-P,0£B<P.
3) L~ Q—A,|A] =0,B<A.

Proof. Our assumption is equivalent to Q ¢ Bs|Q — [B + L]|. In partic-
ular, deg[B + L] < 1.

Case deg|B 4+ L] = 0. Then B = 0, L has integer coefficients and has
degree zero. Following, D = P for some point P # ). We are in case 1).

Case deg[B+ L] = 1. Then D = 0, so [B+ L| ~ @ and we denote
A=[B+L]|—L. Then B< A, L ~Q@Q—A. The property [B+ L] ~ Q
translates into |A — B] = 0. If [A] = 0, this property holds (case 3)). If
|A] # 0, we deduce from deg A < 1 that A = P for some point P € C and
0# B <P (case 2)). O

Remarks:
—If L1 ~ LQ, then [Ll-‘ — L1 = [LQ—‘ — LQ and L1 - LLIJ = LQ — LLQJ;
— deg[L] is 0 in cases 1),2), and 1 in case 3). In case 3), A = [L]| — L;
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—~We have [K+B+L]| ~ K+Q—P (Q # P)incasel), and [K+B+L]| ~
K + Q in cases 2), 3);

~|K + Q| is empty if C =P, |[K| +Q if g > 1;

~IK+Q—-P|(Q#P)isemptyifg<1,|[K—P—P|+Q+ P if Cis
hyperelliptic of genus g > 2 (where P+ P’ is the fiber of C — P!) , |K — P|+Q
if C' is non-hyperelliptic of genus g > 2.

In particular, if the linear system |[K + B + L]| is not empty, its fixed
part has degree 0, 1 or 2.

— It follows that B is a boundary and |B] # 0 if and only if B = P, L ~
@ — P (so P is uniquely determined by B).

LEMMA 4.3. Q € Bs|[K + B+ iL]| for 1 <i < 2 if and only if one of
the following holds:

1) L~Q~P (Q#P),Q¢Bs|2P—Q|,B=0.
2) L~0,04B<P~Q
3) L~Q—A,|A] =0,B<A,Q¢Bs|[2A - B| —Q|.

Proof. From N = 1, we have three cases:

1)L~Q—-P,Q # P, B=0. The new condition is Q ¢ Bs|Q—2(Q—P)|.
That is Q ¢ Bs|2P — Q).

2) L~ Q—P,0# B < P. The new condition is Q ¢ Bs|Q — [B+2(Q —
P)]|. That is Q ¢ Bs||2P — B| — Q|. In particular, deg|2P — B| > 1. That
is 0 # B < $P. Then [2P — B| = P. The condition becomes Q ¢ Bs|P — Q)|.
Therefore P ~ (). Therefore L ~ 0.

3) L~Q—A, |A] =0, B<A. The new condition is @ ¢ Bs|Q — [B +
2Q —2A]|. Thatis Q ¢ Bs|[2A - B| —-Q|. O

THEOREM 4.4. Let N > 2. Then Q € Bs|[K + B+ iL]| for1 <i< N
if and only if one of the following holds:

1) L~Q~P (Q#P),Q¢UY,Bs|iP - (i~ 1)Q|, B =0.
2) L~0,04B<P~Q
3) L~ Q—A,[A] =0,B<A,Q¢UY,Bs|[id - B] — (i — Q.

It remains to classify case 3): suppose L ~ Q — A, |A] =0,B < A.

Note [iA—B| <iA—B < iA and deg A < 1. Therefore deg|iA—B| < i,
and equality holds if and only if B = 0,deg A = 1,iB € Z. Therefore QQ ¢
Bs|[iA — B] — (1 — 1)Q)| if and only if
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e B=0,degA =1,iA € Z,Q ¢ Bs|iA — (i —1)Q|, or
e iIA—B|~(i—1)Q.
LEMMA 4.5. Let Py # Py, P, ~ P5. Then C ~ PL.
Below, if we write A = §1 P + 92 P, we mean Py # P, too.

LEMMA 4.6. Q € Bs|[K + B + 2L|| if and only if one of the following
holds:

e A=1P +1iP,Q¢Bs|P+P—Q|,B=0.
e A=1P+3P,Q~P,0#B<P.
e [2A] ~ @, B <min(A, {2A}).
Proof. Go through cases 1, 2, 3 of Theorem 4.3. [

LEMMA 4.7. Q € N?_, Bs|[K+B+iL]| if and only if one of the following
holds:

e CxPLA=iP+1P,B<iP. N=+c0.

e C~P A=2P +1P,,0#£B< {P. N=+o.
e A=2P +iP,Q~P,B< 1P,
o [iA] ~(i—1)Q (1 <i<3),B<min}_{iA}.

Proof. For each solution in Lemma go through cases 1, 2, 3 of The-
orem 44 [

THEOREM 4.8. Let L ~ Q — A, |A] = 0,B < A, and N > 3. Then
Q € N, Bs|[K + B +iL]| if and only if one of the following holds:

1) C ~ P!, A:5P1+(175)P2,5€ZNO[%,%), and B < }Pj for j =1
or 2, where | = index(0).

2) CPLA="2p 4 1P 0£B< LD
3) A=22p + 1P Q~P,B< 4P

4) [iA] ~ (i—1)Q (1 <i < N),B <mind  {iA}.
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Proof. We use induction on N. We do case N = 3 by hand. Let N > 3.
We consider separately the solutions for N — 1, and impose the new condition
Q € Bs|[K + B + NL]|, using Theorem

Case (1)n—1,(2)y—1: here, one must show N — oo (must write down).

Case (3)ny—1: Let A = N 2P1 + 5= ng Q ~ P,B < ﬁPg. Since
NA ¢ 7Z, only case 3) of Theorem - may apply for NL. The new condition
is NL ~ Q — Ay, |Ax] = 0,B < Ay. We obtain Ay ~ NA — (N — 1)Q.
That is Ay = {NA} and |[NA] ~ (N —1)Q. We have

NA:(N—2+%)P1+(1+N%)P2

Therefore |[NA| = (N —2)P; + P5. Then (N —2)P; + P> ~ (N —1)Q. Then
P, ~ P;. Since P, # P», we obtain C ~ P!, The condition B < Ay is already
satisfied. We obtain C' ~ P!, A = N 2P1 + 5= 1P2, B< 5 Pg, which belongs
to case (1)n.

Case (4)n—1: suppose case 3) of Theorem applies to NL. That is
NL ~ Q — Ay, |[Anx]| = 0,B < An. As above, we obtain Ay = {NA},
INA] ~ (N —1)Q. We obtain case (4)n.

Suppose now that cases 1) or 2) of Theorem apply to NL. That is
NA ~ (N — 1)@ + Pn, and either Q # Py,B =0, or 0 # B < Py. We have

NA ~ (N —-1)Q + Py.

Now A has degree one. It has at least two coefficients.

Case § > % Then § > % Then A = %H + %Pz. The conditions
become P; ~ Q PN ~ Py,

Case d < ¥ ! > 1—ﬁ. Since NA € Z, we deduce A” = 0.
Therefore A = 5P1 + (1 —0)P, and id ¢ Z for every 1 < i < N — 1. Since
2A ¢ 7, we have § # &. Therefore § € (3, 2%). Consequently, [2A] = 0. The
condition |2 J Q becomes Py ~ Q. Set j = [15 } so that |j(1 —9)] =
We have 0 < &=L Since 6 € Zy, we obtain § < N . Since (N —1)6 ¢ Z, we
obtain § < X¥=2. Therefore j < N — 1. Then UAJ ~(j—-1)Q and P, ~ Q
imply P ~ Q. Then P, ~ P,. Therefore C' ~ P'. We obtained two cases:

. A:%Pl“l‘%PQ,PlNQ,PNNPQ.
e C=PL, A=6P + (18P, and 6 < X, 5 € Zy \ Zn-_1.

It remains to understand the condition on B too. First case: (3)y or (2)n.
Second (1)y. O

COROLLARY 4.9. Q € Bs|[K + B +iL]| for every i > 1 if and only if
one of the following holds:
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1) Lo Q=P (Q#P),Q¢ UisaBs|iP — (i — 1)Q|, B =0,
2) L~0,04B<P~Q

3) C =P, L ~eP—P) (P # P),e € (0,5, and either ¢ ¢ Q and
B=0,0recQand B < %Pj for j =1 or 2, wherel > 1 is minimal
such that le € 7.

Proof. We use Theorem [4.§] for every N. The first two cases are valid for
all N. Two cases remain:

3) C =P, L ~Q— (6P +(1-0)P), 6 €[5,1)NQ and B < }P; for
some j = 1,2, where [ is the index of §.

3b) L~Q— A, |A] =0, [iA] ~ (i —1)Q for all i > 1, B <inf;>;{iA}.
By diophantine approximation, the last condition becomes B = 0. By Corol-
lary 2.12] A = 6Py + (1 — 6)P, with § € [3,1) \ Q. Finally,

U(SJPI + LZ — Z(SJPQ ~ (Z — l)Q (’L > 1).

Since & # %, we have § < % Therefore, the condition for ¢ = 2 becomes

P~ Q. Let j = [l—ié] Then |j — jd] = 1. The condition for j becomes
P ~ Q. Therefore P, ~ P», so we have C ~ P!,
Note that L ~ Q — (5P1 + (1 — 5)P2) ~ (1 — 5)(P1 — PQ) O
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