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Chapter 1

Pre-Lie groups

This chapter contains general notions that are referred to throughout this work.

1.1 Preliminaries on the adjoint action of a topological

group

Let G be any topological group with the set of neighborhoods of 1 ∈ G denoted by

VG(1). Define

Λ(G) = {γ : R→ G cont. | (∀s, t ∈ R) γ(s+ t) = γ(s)γ(t)}

and

(∀n ≥ 1) Λn(G) := Λ(G)× · · · × Λ(G)︸ ︷︷ ︸
n ori

.

The elements of Λ(G) are called one-parameter subgroups of G. We endow Λ(G) with the

topology of uniform convergence on compact subsets of R. This topology is described

by a neigborhood base at any point in Λ(G) like this: for every γ ∈ Λ(G) and V ∈ U
(an open neighborhhod base at 1 ∈ G) define

UV (γ) := {β ∈ Λ(G) | γ(−t)β(t) ∈ V, (∀)t ∈ [−1, 1]}.

The sets UV (γ) for γ ∈ Λ(G) and V ∈ U form a neighborhood base of the topology of

Λ(G). For every x ∈ G and γ ∈ Λ(G) one defines γx : R → G, γx(t) := x−1γ(t)x. We

say that γx is the conjugate of γ with respect to x ∈ G and we have γx ∈ Λ(G).
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Chapter 1. Pre-Lie groups 2

1.2 Diferentiability on topological groups

Definition 1.2.1. Let G be any topological group, Y be any locally convex space, and

X be any open subset of G. A continuous function ϕ : X → Y is differentiable of class

Ck (or k times continuously differentiable) if:

a) There exist Djϕ : X×Λj(G)→ Y; j = 0, 1, . . . , k with D0ϕ = ϕ and for every x ∈ X,

j = 0, 1, . . . , k − 1 and (γ1, . . . , γj+1) ∈ Λj+1(G) we have

Dj+1ϕ(x; γ1, . . . , γj , γj+1) :=
d

dt

∣∣∣
t=0

Djϕ(xγj+1(t); γ1, . . . , γj).

b) The derivative Djϕ : X × Λj(G) → Y is continuous for every j ≤ k. We denote by

Ck(X,Y) the set of all functions ϕ : X → Y which are k times continuously differentiable

and

C∞(X,Y) :=
⋂
n≥1

Cn(X,Y).

If Y = C then Cn(X) := Cn(X,C) for every n = 1, 2, . . . ,∞.

Replacing xγj+1(t) by γj+1(t)x in the above definition, we obtain the notion of a function

which is k times continuously differentiable to the right and the corresponding sets

Ckdr(X,Y) and C∞dr (X,Y). The derivative to the right will be denoted by Dj
rϕ.

Proposition 1.2.2. C∞(X,Y) = C∞dr (X,Y) for every open subset X of the topological

group G.

Definition 1.2.3 ([BCR81],[HM07]). We say that G is a topological group topological

group with Lie algebra if the topological space Λ(G) has the structure of a topological

Lie algebra over R whose algebraic operations satisfy the following conditions for all

t, s ∈ R and λ, γ ∈ Λ(G),

(tλ)(s) = λ(ts);

(λ+ γ)(t) = lim
n→∞

(λ(
t

n
)γ(

t

n
))n;

[λ, γ](t2) = lim
n→∞

(λ(
t

n
)γ(

t

n
)λ(− t

n
)γ(− t

n
))n

2
,

with uniform convergence on the compact subsets of R.

We say that the topological group G is a pre-Lie group if it is a topological group with

Lie algebra and for every nonconstant γ ∈ Λ(G) there exists a real-valued function f of

class C∞ on some neighborhood of 1 ∈ G such that Df(1; γ) 6= 0.



Chapter 2

Enveloping algebras for

topological groups

In this chapter we point out the advantages of one of the main technical novelties in-

troduced in this thesis, namely the construction of a convenient topology on the space

of differentiable functions on some topological group with values in a locally convex

space Y.

2.1 Preliminaries

Unless otherwise mentioned, we denote by G an arbitrary topological group.

2.2 Algebras of local operators

Definition 2.2.1. A local operator on G is any continuous linear operator D : E(G)→
E(G) with the property

(∀f ∈ E(G)) supp (Df) ⊆ supp f.

We will denote by Loc (G) the set of all local operators on G.

Definition 2.2.2. Denote

(∀x ∈ G) Lx : G→ G, Lx(y) = xy.

3



Chapter 2. Enveloping algebras for topological groups 4

The left-invariant local operators on G are the elements of the set

U(G) := {D ∈ Loc (G) | (∀x ∈ G)(∀f ∈ C∞(G)) D(f ◦ Lx) = (Df) ◦ Lx}.

2.3 Distributions with compact support

Definition 2.3.1. Denote

(∀k ≥ 1) Λk(G) := Λ(G)× · · · × Λ(G)︸ ︷︷ ︸
k times

.

Pick any open set V ⊆ G. If Y is any locally convex space, then for every k ≥ 1, any

compact subsets K1 ⊆ Λk(G) and K2 ⊆ V , and any continuous seminorm | · | on Y we

define

p
|·|
K1,K2

: C∞(V,Y)→ [0,∞), p
|·|
K1,K2

(f) = sup{|(Dλ
γf)(x)| | γ ∈ K1, x ∈ K2}.

For the sake of simplicity we will always omit the seminorm | · | on Y from the above

notation, by writing simply pK1,K2 instead of p|·|K1,K2
.

We endow the function space C∞(V,Y) with the locally convex topology defined by the

family of these seminorms pK1,K2 and the locally convex space obtained in this way will

be denoted by E(V,Y). If Y = C then we write simply E(V ) := E(V,Y).

We also denote by E ′(G) the topological dual of E(G) endowed with the weak dual

topology. This means that we have

E ′(G) = {u : E(G)→ C | u is linear and continuous}

as a linear space, and this space of linear functionals is endowed with the locally convex

topology defined by the family of seminorms {qB | B finite ⊆ E(G)}, where for every

finite subset B ⊆ E(G) we define the seminorm

qB : E ′(G)→ C, qB(u) := max
f∈B
|u(f)|.

The elements of E ′(G) will be called distributions with compact support on G.

Definition 2.3.2. For every f ∈ E(G) we define f̌ ∈ E(G) by

(∀x ∈ G) f̌(x) := f(x−1).



Chapter 2. Enveloping algebras for topological groups 5

For every u ∈ E ′(G) we define ǔ ∈ E ′(G) by

(∀f ∈ E(G)) ǔ(f) := u(f̌).

For every f ∈ E(G) and u ∈ E ′(G) we define their convolution as the function

f ∗ u : G→ C, (f ∗ u)(x) := ǔ(f ◦ Lx).

2.4 Exponential law for smooth functions on topological

groups

Theorem 2.4.1. Let G and H be any topological groups and Y be any locally convex

space. Then for arbitrary ϕ ∈ C∞(H ×G,Y), the corresponding function

ϕ̃ : H → C∞(G,Y), ϕ̃(x)(g) := ϕ(x, g).

belongs to C∞(H, E(G,Y)). Moreover, the map

E(H ×G,Y)→ E(H, E(G,Y)), ϕ 7→ ϕ̃

is an algebraic topological embedding of locally convex spaces.

2.5 Structure of invariant local operators

Proposition 2.5.1. For every f ∈ E(G) and u ∈ E ′(G) we have f ∗ u ∈ E(G).

Theorem 2.5.2. Let G be any topological group and for every u ∈ E ′(G) define the

linear operator Du : C∞(G)→ C∞(G), Duf = f ∗ u

Then the operator Ψ: E ′1(G) → U(G), Ψ(u) = Du is well defined, invertible, and its

inverse is

Ψ−1 : U(G)→ E ′1(G), (Ψ−1(D))(f) = (Df̌)(1) for all f ∈ C∞(G) and D ∈ U(G).

Notes. The contents of this chapter are new and are based on the article [BNi14a]

submitted for publication.



Chapter 3

Tangent groups of a 2-step

nilpotent topological groups

This chapter is a first step in the study of moment maps of representations of topological

groups, which will be completed in Chapter 5 by Theorem 5.3.2.

3.1 A formula in differential calculus on topological groups

Proposition 3.1.1. Let G be any topological group and Y be any locally convex space.

Define π : G×G→ G, π(x, y) = xy. For every f ∈ Ck(G,Y), and k ≥ 1 one has

Dk(f ◦ π)((x, y); (λ11, λ12), . . . , (λk1, λk2))

=
k∑
`=0

∑
i1<···<i`
i`+1<···<ik

Dkf(xy;λi12, . . . , λi`2, λ
y
i`+11, . . . , λ

y
ik1)

where the above sum is performed according to the condition

{i1, . . . , il} ∪ {il+1, . . . , ik} = {1, . . . , k}.

Moreover it follows that if f ∈ C∞(G,Y), then f ◦ π ∈ C∞(G×G,Y).

3.2 2-step nilpotent topological groups vs. pre-Lie groups

Definition 3.2.1. Let G be any group. We denote

[G,G] = {xyx−1y−1;x, y ∈ G}

6



Chapter 3. Tangent groups of a 2-step nilpotent topological groups 7

and

Z(G) = {g ∈ G;xg = gx, (∀)x ∈ G}

which is called the center of G and is a commutative subgroup of G.

We say that G is a 2-step nilpotent gruoup if [G,G] ⊆ Z(G).

We also define the commutator map

c : G×G→ Z(G), c(x, y) := xyx−1y−1.

Theorem 3.2.2 ([Ne06]). Every 2-step nilpotent topological group is a topological group

with Lie algebra.

3.3 Tangent group of topological group with Lie algebra

Definition 3.3.1. Let G be any topological group with Lie algebra. The tangent group

of G is T (G) := Gn Λ(G), which is the set G×Λ(G) endowed with the group operation

(x, α)(y, β) = (xy, αy + β).

Proposition 3.3.2. If G is any topological group with Lie algebra, then T (G) is a

topological group.

Proposition 3.3.3. If G is any 2-step nilpotent topological group, then T (G) = GnΛ(G)

is also a 2-step nilpotent topological group

Theorem 3.3.4. Let G be any 2-step nilpotent topological group. Then T (G) = GnΛ(G)

is a pre-Lie group if and only if for every α ∈ Λ(G), α 6= 0, there exists a continuous

linear functional ψ : Λ(G)→ R with ψ(α) 6= 0.

Notes. Proposition 3.1.1 was stated without any proof in [BCR81]. The proof we

presented in this thesis is included in our article [Nic14]. All the results on 2-step

nilpotent topolog[ical groups are new except for Teoremei 3.2.2, which was stated in

[Ne06] with a mere sketch of the proof.



Chapter 4

Moments for finite-dimensional

representations

In this chapter we establish some elementay properties of the momnt map for unitary rep-

resentations of topological groups, in the case of the representations on finite-dimensional

Hilbert spaces.

4.1 Basic properties of the moment map

Let G be any topological group, V be any complex Hilbert space with its unitary group

U(V ) := {T ∈ B(V );TT ∗ = T ∗T = 1}. Consider any unitary representation ρ : G →
U(V ), that is, a group morphism for which the map G × V → V, (g, y) 7→ ρ(g)y is

continuous. The space of vectors of class C∞ for the representation ρ is

V∞ := {y ∈ V | ρ(·)y ∈ C∞(G,V )}.

The derivative of the representation ρ : G→ U(V ) is

dρ : Λ(G)→ End (V∞), dρ(γ)y = lim
t→0

ρ(γ(t))y − y
t

for all γ ∈ Λ(G) and y ∈ V∞, and the moment map of ρ is

Ψρ : V∞ \ {0} → RΛ(G), Ψρ(y) =
1
i

(dρ(·)y, y)
(y, y)

.

8



Chapter 4. Moments for finite-dimensional representations 9

We endow the set RΛ(G) of all functions Λ(G) → R with the topology of uniform con-

vergence on compact subsets of Λ(G). Define

I0
ρ := Ψρ(V∞ \ {0})

and the moment set Iρ is the closure of the set I0
ρ .

Denote by Ω := {v ∈ V | (v, v) = 1} the unit sphere of V . Note that I0
ρ = Ψρ(Ω). If

the Hilbert space V is finite dimensional, the unit sphere Ω is compact and since Ψρ is

continuous, it follows that I0
ρ is compact, hence also closed in RΛ(G), and in this case

Iρ = I0
ρ . If the Hilbert space V is finite dimensional, then V∞ = V (see Corollary 5.2.2).

All the Hilbert spaces in this chapter are assumed finite dimensional.

Theorem 4.1.1. Let ρj : Gj → U(Vj) be finite-dimensional representations of topologi-

cal groups for j = 1, 2. Define ι : RΛ(G1) × RΛ(G2) → RΛ(G1)×Λ(G2), (ι(f1, f2))(γ1, γ2) :=

f1(γ1) + f2(γ2) and pj : RΛ(G1)×Λ(G2) → RΛ(Gj) for j = 1, 2 by p2(f)(γ2) := f(1, γ2) and

p1(f)(γ1) := f(γ1, 1). Let V = V1 ⊗ V2 and ρ = ρ1 ⊗ ρ2, ρ : G1 × G2 → U(V ) be the

representation of G1×G2 given by ρ(g1, g2)v1⊗ v2 = ρ1(g1)v1⊗ ρ2(g2)v2. Then one has

ι(I0
ρ1 × I

0
ρ2) ⊆ I0

ρ si pj(I0
ρ) ⊆ conv (I0

ρj
) for j = 1, 2.

Theorem 4.1.2. Let ρ1 : G→ U(V1) and ρ2 : G→ U(V2) be finite-dimensional unitary

representations of the topological group G. Let V = V1 ⊗ V2 and ρ : G → U(V ) be the

representation of G defined by ρ(g)v1 ⊗ v2 := ρ1(g)v1 ⊗ ρ2(g)v2. Then

I0
ρ1 + I0

ρ2 ⊆ I
0
ρ ⊆ conv (I0

ρ1) + conv (I0
ρ2).

4.2 Liniarity properties

We say that the topological group G has the Trotter property if Λ(G) has a structure of

real vector space with

(∀α, β ∈ Λ(G)) (α+ β)(t) = lim
n→∞

(α(
t

n
)β(

t

n
))n

uniformly for t in any compact subset of R.

Proposition 4.2.1. If he topological group G has the Trotter property and ρ : G→ U(V )

is a continuous unitary representation of G, then for every v ∈ V∞ \ {0} the functional

Ψρ(v) : Λ(G)→ R is linear.

Notes. The results of this chapter are new, and are generalizations of some properties

of the moment sets of finite dimensional representations of compact Lie groups studied

in [Wi92].



Chapter 5

Convex geometry o moments for

representations of solvable groups

In this final chapter of this thesis we obtain our main result (Theorem 5.3.2), which

establishes the convexity property of moment sets of all representations of solvable sep-

arable locally compact groups.

5.1 Preliminariies

Proposition 5.1.1. If G is any topological group and Y is any locally convex space,

then the following assertions hold.

1. Fix any open set V ⊆ G. If for all k ≥ 1, compact sets K1 ⊆ Λk(G) and K2 ⊆ V ,

and continuous seminorm | · | on Y one defines q|·|K1,K2
: C∞(V,Y)→ [0,∞) by

q
|·|
K1,K2

(f) :=

sup{|(DR
γ f)(x)| | γ ∈ K1, x ∈ K2} if K1 6= ∅,

sup{|f(x)| | x ∈ K2} if K1 6= ∅,

then one thus obtains a family of seminorms that determines the topology of

C∞(V,Y) introduced in Definition 2.3.1.

2. For all g ∈ G and γ ∈ Λ(G), the operators

Dγ , D
R
γ , λ(g), ρ(g) : C∞(G,Y)→ C∞(G,Y)

are well-defined and continuous, where

(λ(g)f)(x) := f(gx) and (ρ(g)f)(x) := f(xg) for all x ∈ G and f ∈ C∞(G,Y).

10



Chapter 5. Convex geometry o moments 11

One endows H∞ with the locally convex topology for which the injective linear map

A : H∞ → C∞(G,H), v 7→ π(·)v is a homeomorphism onto its image, where the

image of the above map is regarded as a subspace of the locally convex space C∞(G,H)

endowed with the topology introduced in Definition 2.3.1.

Proposition 5.1.2. Let G be any locally compact group G and π : G → U(H) be any

representation extended to

π : L1(G)→ B(G), π(f) =
∫
G
f(x)π(x)dx.

If f ∈ C∞0 (G) and v ∈ H, then π(f)v ∈ H∞ and

(∀γ ∈ Λ(G)) dπ(γ)(π(f)v) = π(DR
γ f)v. (5.1.1)

Moreover, for every smooth δ-family {fW }W∈W one has {π(fW )v |W ∈ W, v ∈ H} =

H∞.

5.2 Moment sets of representations of topological groups

Proposition 5.2.1. Let φ : G1 → G2 be any morphism of topological groups and define

P : RΛ(G2) → RΛ(G1), P (f) := f ◦ Λ(φ). For any representation π : G2 → U(H) denote

by H∞(π) and H∞(π◦φ) the spaces of smooth vectors of the representations π and π◦φ,

respectively. Then H∞(π) ⊆ H∞(π ◦ φ) and P (I0
π) ⊆ I0

π◦φ. If moreover H∞(π) is dense

in H∞(π ◦ φ), then P (Iπ) = Iπ◦φ. If in addition Iπ is convex , then also Iπ◦φ is.

Corollary 5.2.2. Let G be any topological group. If π : G→ U(H) is any representation

with dimH <∞, then H∞ = H.

5.3 Main result

Definition 5.3.1. A topological group G is called solvable if for every neighborhood V

of 1 ∈ G there exists an integer k ≥ 0 with G(k) ⊆ V . Here G = G(0) ⊇ G(1) ⊇ · · ·
is the descending derived series of G defined by the condition that G(k+1) is the closed

subgroup of G generated by the set {xyx−1y−1 | x, y ∈ G(k)}.

Theorem 5.3.2. Let G be any solvable separable locally compact group. Then the closed

moment set of every representation of G is convex.

Note bibliografice. The results of this chapter are new and are included in our article

[BNi14b], which was submitted for publication.
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