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Rezumat

Prezenta Teza de Abilitare prezinta o parte din cele mai recente si semnificative rezultate ale
autorului in domeniul Proceselor Stochastice, in principal legate de constructia, proprietatile, si
aplicatiile migcarii Browniene, si Analiza Complexa, in special in domeniul Teoriei Geometrice a
Functiilor.

Materialul prezentat in aceasta teza este impartit in gase capitole, si reflecta interesul autorului
pentru cele doua arii de cercetare distincte mentionate mai sus, si, atunci cand este posibil, a
legaturilor dintre cele doua.

Prima parte a tezei reflecta interesul autorului in domeniul Procelor Stochastice, si este formata
din trei capitole. Ideea din spatele acestei Impartiri este ca migcarea Browniana este invarianta la
trei transformari geometrice: scalare, reflectie/simetrie, si translatie. Corespunzator fiecérei din
aceste proprietati de invarianta autorul a introdus (sau a contribuit la dezvoltarea teoriei cunoscute
a) cuplajelor corespunzitoare de migcari Browniene, si le-a folosit ca unelte in demonstrarea unor
rezultate importante in Analiza. Astfel, Capitolul 1 prezinta constructia cuplajului prin scalare
de migcari Browniene reflectate, Capitolul 2 prezinta contributia autorului la constructia generala
a cuplajului in oglinda de miscari Browniene reflectate, iar Capitolul 3 prezinta un rezultat foarte
recent al autorului in colaborare cu I. Popescu, cu privire la cuplajele de miscari Browniene
reflectate cu distanta fixa, cuplaje ce pot fi privite ca o extensie a cuplajului prin translatie la
domenii generale.

Partea a doua a tezei prezinta cateva din rezultatele autorului in Teoria geometrica a functiilor,
si contine trei capitole. Capitolul 4 prezinta o extensie a Principiului maximului modulului din
Analiza Complexa la cazul functiilor ne-analitice, gi cateva aplicatii ale acestuia. Capitolul 5
prezintd o metoda de constructie a celei mai bune aproximari univalente a unei functii analitice in
anumite subclase de functii (stelate, respectiv convexe), iar Capitolul 6 prezintd rezultate referi-
toare la univalenta perturbarilor functiilor analitice si alte rezultate conexe.

Toate rezultatele demonstrate in teza apartin autorului, fiind publicate in lucrarile precizate
mai jos. Structura si continutul tezei sunt urmatoarele.

Capitolul 1. Cuplaje prin scalare de migcari Browniene reflectate.

In acest capitol prezentim constructia cuplajului prin scalare de migcari Browniene reflectate,
cuplaj introdus de catre autor. Constrictia este data mai intai in cazul discului unitate, iar apoi este
extinsd la domenii C1'* netede (0 < a < 1) cu ajutorul transformérilor conforme. Ca o aplicatie,
obtinem o rezolvare partiala a faimoasei conjecturi a Punctelor Fierbinti a lui Jeffrey Rauch (1974),
care afirma ca o functie proprie Neumann corespunzatoare celei de a doua valori proprii Neumann
a operatorului Laplacian intr-un domeniu convex verifica o varianta tare a principiului de maxim.
Mai general, aratam aici ca o a doua functie proprie Neumann antisimetricd a unui domeniu cu
o axa de simetrie este de fapt monotona de-a lungul geodezicelor hiperbolice, si prezentam o alta
extensie a acestui rezultat la cazul cand linia nodala este un arc de cerc.

Materialul din acest capitol se bazeaza pe rezultatele obtinute de autor in [10] (cu R. Bafiuelos
si M. Pang) si [64].
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Capitolul 2. Cuplajul in oglinda de migcari Browniene reflectate.

Cuplagul in oglindd de miscari Browniene a fost introdus de W. S. Kendall in [50] in cazul
migcarilor Browniene pe un manifold Riemannian complet avand curburd Ricci ne-negativa, si a
fost considerat de citre F. Y. Wang in [85] in cazul proceselor reflectate. In [25], si mai recent
in [4] si [5], K. Burdzy et al. au dat o constructie detaliatd a cuplajului in oglinda de misgcari
Browniene reflectate intr-un domeniu neted din R™ (n > 2). In acest capitol prezentim o extensie
a acestei constructii, datorata autorului, la cazul general cand cele doua migcari Browniene traiesc
in domenii diferite. Ca aplicatii, prezentam o rezolvare a conjecturii Laugesen-Morpurgo asupra
monotoniei diagonalei nucleului Neumann al caldurii in bila unitate din R™ (n > 1), o demonstratie
unitard a doua din cele mai importante rezultate referitoare la validitatea conjecturii lui Chavel
privind monotonia in raport cu domeniul a nucleului Neumann al céldurii (rezultate datorate
lui I. Chavel [29], respectiv lui W. S. Kendall [51]), si o noud demonstratie a acesteia in cazul
domeniilor ce verifica conditia intermediara a bilei, astfel incat domeniul interior este stelat in
raport cu centrul bilei.

Materialul din acest capitol se bazeazd pe rezultatele obtinute de autor in [65], [66] (cu M. E.
Gageonea), si [67] (cu M. A. Nicolaie).

Capitolul 3. Cuplaje de miscari Browniene cu distanta fixa.

Recent, impreuns cu I. Popescu (IMAR si Georgia Tech University), am investigat problema
existentei cuplajelor de misciri Browniene cu distanti fixii pe manifolduri complete. In acest
capitol prezentam cateva rezultate foarte recente, care arata spre exemplu cd in cazul sferei 2-
dimensionale este posibil sd construim un cuplaj avand distanta fixa, precum si cuplaje pentru
care distanta dintre cele doua migcari Browniene creste, respectiv scade, la o rata exponentiala.
Aceste rezultate sunt apoi extinse, mai intai la cazul manifoldurilor Riemanniene avand curbura
constanta, iar apoi la cazul general al manifoldurilor Riemanniene avand curbura Ricci marginita
inferior si curbura sectionald marginita superior.

Ca aplicatii, prezentam o solutie a unei versiuni stochastice a problemei Leul si Omul a lui
Rado, si o demonstratie a principiului de maxim pentru gradientul functiilor armonice.

Materialul din acest capitol se bazeazd pe rezultatele obtinute de autor in [73] (cu I. Popescu).

Capitolul 4. Un principiu de maxim al modulului pentru functii ne-analitice defi-
nite in discul unitate

Principiul maximului modulului din Analiza Complexa afirma cd maximul modulului unei
functii analitice ne-constante definite intr-un domeniu simplu conex nu poate fi atins intr-un
punct interior al domeniului, si este usor de vazut ca acest principiu este fals daca se renunta la
ipoteza de analiticitate a functiei. In acest capitol aratam ca putem extinde principiul maximului
modulului la anumite clase de functii ne-analitice definite in discul unitate. Ca si consecinte
obtinem o nouad demonstratie a principiului clasic al modulului pentru functii analitice, conditii
simple asupra coeficientilor dezvoltarii in serie pentru care principiul de maxim al modulului are
loc, precum si aplicatii la cazul functiilor reale de doua variabile reale.

Materialul din acest capitol se bazeazd pe rezultatele obtinute de autor in [36] (cu M. E.
Gageonea, S. Owa, si N. R. Pascu) si [37] (cu M. E. Gageonea si N. R. Pascu).

Capitolul 5. Aproximari univalente ale functiilor analitice

Univalenta unei functii analitice este o problema importanta a Teoriei geometrice a functiilor,
si exista multe conditii suficiente de univalenta in literatura (a se vedea spre exemplu monografiile
[34], [74], sau [75]). Atunci cdnd o functie analiticd nu este univalentd, in probleme practice este
deseori de interes sa se gaseasca o “cea mai buna” aproximare a functiei printr-o functie univalenta.



In acest capitol introducem o méasura a ne-univalentei unei functii analitice, pe care o folosim
pentru a gasi cea mai bunid aproximare a unei functii analitice normate in anumite subclase de
functii univalente (functii stelate, respectiv convexe). Aratam cd problemele corespunzitoare pot
fi reduse la anumite probleme semi-infinite de programare patratica, pe care le rezolvam explicit,
conducand astfel la o metoda de gasire a celei mai bune aproximari stelate, respectiv a celei mai
bune aproximari convexe. Rezultatele obtinute contin algoritmi constructivi pentru determinarea
explicitd a masurilor de (ne)stelaritate, respectiv de (ne)convexitate a unei functii analitice, precum
sl pentru gasirea celei mai bune aproximari stelate corespunzatoare, respectiv a celei mai bune
aproximari convexe, fiind adecvate pentru implementare numerica i pentru aplicatii practice.

Materialul din acest capitol se bazeaza pe rezultatele obtinute de autor in [71] and [72] (ambele
cu N. R. Pascu).

Capitolul 6. Vecinatati ale functiilor univalente

Continuand studiul functiilor univalente, in acest capitol consideram problema perturbarilor
functiilor univalente. Ca o masurd a (ne)univalentei unei functii introducem constanta K (f, D)
asociata unei functii f : D C C — C analitice intr-un domeniu D, si o folosim pentru a arata ca o
mica perturbare a unei functii univalente este de asemenea o functie univalenta. Ca si consecinta,
aratam ca o functie univalenta are o vecinatate constand in intregime din functii univalente.

Ca gi aplicatii ale rezultatului principal obtinem o consecinta ce este echivalenta cu criteriul
clasic de univalentd Noshiro-Warschawski-Wolff, si prezenam o aplicatie in termeni de serii Taylor.

Materialul din acest capitol se bazeazé pe rezultatele obtinute de autor in [70] (cu N. R. Pascu).

Capitolul 7. Realizari si planuri de dezvoltare a carierei

Ultimul capitol al tezei este impartit in doua sectiuni. Prima sectiune contine o prezentare a
realizarilor stiintifice gi profesionale ale autorului, si planuri de evolutie si de dezvoltare a carierei
profesionale. In a doua sectiune prezentam cateva probleme deschise legate de cercetarile prezen-
tate in capitolele anterioare, precum si cateva idei ce pot conduce la o posibila rezolvare a acestora.

Teza se incheie cu o lista de referinte bibliografice.

Bragov, Mai 2014

Multumiri

Imi exprim recunostinta pentru toti cei care de-a lungul anilor gi-au pus amprenta si au con-
tribuit la formarea i dezvoltarea mea personala si profesionala: profesori, colegi, colaboratori,
cercetatori, studenti, si in sfarsit, dar nu in cele din urma, tuturor membrilor dragii mele familii.

Cum lista celor carora sunt indatorat pentru a le multumi este mult prea lunga si exista riscul
ca aceasta lista sa nu fie completa sau sa nu fie la zi, voi spune doar

“Va multumesc TUTURORY!”,

minimizand astfel probabilitatea de a uita sa multumesc cuiva.



Summary

The present Habilitation Thesis presents a part of the most recent and significant results of
the author in the area of Stochastic Processes, mostly related to the construction, properties, and
applications of couplings of Brownian motions, and Complex Analysis, especially in the area of
Geometric Function Theory.

The material presented in this thesis is divided into six chapters, in accordance with the interest
of the author for the two distinct areas of research mentioned above, and, whenever possible, of
the interplay between the two.

The first part of the thesis, reflecting the interest of the author in Stochastic Processes, contains
three chapters. The underlining idea for this division is that the Brownian motion is invariant un-
der three geometric transformations: scaling, reflection/symmetry, and translation. Corresponding
to each of these invariance properties, the author introduced (or contributed to the development
of the known theory of) corresponding couplings of reflecting Brownian motions, and used them as
tools in proving important results in Analysis. As such, the Chapter 1 presents the construction
of the scaling coupling of reflecting Brownian motions, Chapter 2 presents the contribution of
the author to the general construction of the mirror coupling of reflecting Brownian motion, and
Chapter 3 presents a very recent result of the author with I. Popescu regarding fixed distance
couplings of reflecting Brownian motion, which may be viewed as an extension of the translation
coupling to general domains.

The second part of the thesis presents some of the results of the author in the area of Geomet-
ric function theory, and contains three chapters. Chapter 4 presents an extension of the classic
Maximum modulus principle from Complex Analysis to the case of non-analytic functions, and
some of its applications. Chapter 5 presents a method for constructing the best univalent approxi-
mations of analytic functions in certain subclasses of functions (starlike, respectively convex), and
Chapter 6 presents results related to the univalency of perturbations of analytic functions and
other connected results.

All the results proved in the thesis belong to the author, being published in the papers indi-
cated below. The structure and the contents of the thesis is the following.

Chapter 1. Scaling coupling of reflecting Brownian motions.

In this chapter we present the construction of the scaling coupling of reflecting Brownian mo-
tions, introduced by the author. The construction is first given in the case of the unit disk,
and then extended to smooth C*%) (0 < a < 1) domains by means of conformal maps. As an
application, we derive a partial resolution of the famous Hot Spots conjecture of Jeffrey Rauch
(1974), which asserts that the second Neumann eigenfunctions of the Laplacian in convex domains
satisfy a strong maximum principle. More generally, we prove here that antisymmetric second
Neumann eigenfunctions of domains with an axis of symmetry are in fact monotone along hyper-
bolic geodesics, and we present another extension of this result to the case when the nodal line is
an arc of a circle.

The material in this chapter is based on the results obtained by the author in [10] (with R.
Baitiuelos and M. Pang) and [64].



Chapter 2. Mirror coupling of reflecting Brownian motions.

The mirror coupling of Brownian motions was introduced W. S. Kendall in [50] in the case
of Brownian motions on a complete Riemannian manifold with nonnegative Ricci curvature, and
was considered by F. Y. Wang in [85] in the case of reflected processes. In [25], and more recently
in [4] and [5], K. Burdzy et al. gave a detailed construction of the mirror coupling of reflecting
Brownian motions in a smooth domain in R™ (n > 2). In this chapter we present an extension this
construction, due to the author, to the general case when the two reflecting Brownian motions live
in different domains. As applications, we present a resolution of the Laugesen-Morpurgo conjecture
on the monotonicity of the diagonal of the Neumann heat kernel in the unit ball in R (n > 1), a
unifying proof of the two main results concerning the validity of Chavel’s conjecture on the domain
monotonicity of the Neumann heat kernel (due to I. Chavel [29], respectively W. S. Kendall [51]),
and a new proof of it for domains satisfying the intermediate ball condition, such that the inner
domain is star-shaped with respect to the center of the ball.

The material in this chapter is based on the results obtained by the author in [65], [66] (with
M. E. Gageonea), and [67] (with M. A. Nicolaie).

Chapter 3. Fixed-distance coupling of reflecting Brownian motions.

Recently, with I. Popescu (IMAR and Georgia Tech University), we investigated the problem
of the existence of fixed-distance couplings of reflecting Brownian motions on complete manifolds.
In this chapter we present some very recent results, which show for example that in the case of
the 2-dimensional sphere it is possible to construct a fixed-distance coupling, and also couplings
for which the distance between the two Brownian motions increases, respectively decreases, at an
exponential rate. These results are then extended, first to the case of Riemannian manifolds of
constant curvature, and then to the general case of Riemannian manifolds with Ricci curvature
bounded below and sectional curvature bounded above.

As applications, we present a solution to a stochastic version of the Lion and Man problem of
Rado, and a proof of the maximum principle for the gradient of harmonic functions.

The material in this chapter is based on the results obtained by the author in [73] (with I
Popescu).

Chapter 4. A maximum modulus principle for non-analytic functions defined in
the unit disk

The maximum modulus principle from Complex Analysis asserts that the maximum modulus
of a non-constant analytic function defined in a simply connected domain cannot be attained at
an interior point of the domain, and it is readily seen to be false if we dispense of the analyticity
of the function. In this chapter we show that we can extend the maximum modulus principle to
certain classes of non-analytic functions defined in the unit disk. As corollaries we obtain a new
proof of the classical maximum modulus principle for analytic functions, simple conditions on the
coeflicients of the series development under which the maximum modulus principle holds, as well
as as applications to the case of real-valued functions of two variables.

The material in this chapter is based on the results obtained by the author in [36] (with M. E.
Gageonea, S. Owa, and N. R. Pascu) and [37] (with M. E. Gageonea and N. R. Pascu).

Chapter 5. Univalent approximations of analytic functions

The univalency of an analytic function is an important problem of the Geometric function
theory, and there are many sufficient conditions for univalency in the literature (see for example



the monographs [34], [74] or [75]). When an analytic function is not univalent, in practical problems
it is often of interest to find a “best approximation” of it by a univalent function.

In the present chapter we introduce a measure of the non-univalency of an analytic function,
and we use it in order to find the best approximation of a normed analytic function in certain
subclasses of univalent functions (starlike, respectively convex functions). We show that the
corresponding problems can be reduced to certain semi-infinite quadratic programming problems,
which we solve explicitly, thus leading to a method for finding the best starlike, respectively convex
approximation. Our results provide constructive algorithms for finding explicitly the measures
of the (non)starlikeness, respectively of the (non)convexity of an analytic function, as well as for
finding the corresponding best starlike approximation, respectively the best convex approximation,
being suitable for numeric implementation and practical applications.

The material in this chapter is based on the results obtained by the author in [71] and [72]
(both with N. R. Pascu).

Chapter 6. Neighborhoods of univalent functions

Continuing the study of univalent functions, in this chapter we consider the problem of pertur-
bations of univalent functions. As a measure of the (non)univalency of a function we introduce the
constant K (f, D) associated with a function f: D C C — C analytic in a domain D, and we use
it in order to show that a small perturbation of a univalent function is again a univalent function.
As a consequence, we show that a univalent function has a neighborhood consisting entirely of
univalent functions.

As applications of the main result, we derive a corollary which is shown to be equivalent to the
classical Noshiro-Warschawski-Wolff univalence criterion, and we present an application in terms
of Taylor series.

The material in this chapter is based on the results obtained by the author in [70] (with N. R.
Pascu).

Chapter 7. Achievements and plans for further career development

The last chapter of the thesis is divided into two sections. The first section contains a presen-
tation of the scientific and professional achievements of the author, and future plans of evolution
and development of the professional career. In the second section we present some open problems
related to the research presented in the previous chapters, together with some ideas which may
lead to a possible resolution of them.

The thesis concludes with a list of bibliographical references.

Bragov, May 2014
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Chapter 1

Scaling coupling of Reflecting
Brownian motions

In this chapter we present the construction of the scaling coupling of reflecting Brownian mo-
tions in smooth planar domains, coupling introduced by the author in [64]. We first give the
construction in the case of the unit disk in R2, and then we extend the construction to general
C1® (0 < a < 1) smooth planar domains by using the conformal invariance of Brownian motion.
As applications of this construction, we obtain monotonicity properties of antisymmetric second
Neumann eigenfunctions of smooth symmetric convex domains in R?, which in turn give a res-
olution of the celebrated “Hot Spots” conjecture of Jeffrey Rauch (presented at a conference at
Tulane University in 1974) for a certain class of convex planar domains.

1.1 Introduction

There are mainly known types of coupling of reflecting planar Brownian motions in the literature:
synchronous coupling and mirror coupling (see [25] for a discussion of these couplings). At the core
of the construction of these couplings are the translation invariance of the (free) Brownian motion,
respectively the invariance of Brownian motion under orthogonal transformations (in particular
under reflection in a hyperplane). In the present chapter we use the scaling invariance of free
Brownian motion in order to construct the corresponding coupling of reflecting Brownian motions
in smooth domains, called the scaling coupling.

The structure of this chapter is the following: in Section 1.2 we review some basic facts from
complex analysis needed in the paper and we set the notation needed in the sequel.

Next, in Section 1.3 we give the construction of the scaling coupling in the case of unit disk;
we show that given a reflecting Brownian motion Z; in the unit disk U, starting at zo € U — {0},
the formula:

1
sup | Z| ™
s<t
defines a time change of a reflecting Brownian motion Z,in U , starting at zy = ﬁzo € oU.
We define (Z, Z) as a coupling of reflecting Brownian motions starting at zo and zy = ﬁzo,

respectively. By means of automorphisms of the unit disk, the construction is then extended to
any pair of starting points zg, Zo € U, not both on the boundary of U. The coupling is uniquely
defined by the choice of an additional point lying on the hyperbolic line in U determined by z
and Zzp, not separating them, which can be viewed as the parameter of the coupling.

In Section 1.4 the construction is extended to smooth C*® domains (0 < o < 1) by means of
conformal maps. The restriction to the class of C''** domains is necessary in order to insure the
conformality at the boundary of U of a mapping from the unit disk onto a C** domain, hence to



2 CH. 1. SCALING COUPLING OF REFLECTING BROWNIAN MOTIONS.

insure that the image of a reflecting Brownian motion in U under a conformal map is a reflecting
Brownian motion in the image domain.

Scaling coupling of reflecting Brownian motions in C1'® domains is a coupling in the following
generalized sense: there exist a.s. finite stopping times 7 and 7 (with respect to the filtration

(FZ), respectively (FZ)) such that

Zt+‘r = Zt—i—?v
for all ¢ > 0. The usual coupling of diffusions can be viewed as a particular case of the above,
namely the case when 7 =7 a.s. and FZ = FZ for all t > 0.

We show that in the case of convex domains, we can choose the coupling so that we have 7 < 7
a.s., which shows that for ¢t > 7, Z; “follows” the path of Z;,, . Moreover, we show that the
inequality 7 < 7 is characteristic to the class of convex domains.

The above property of scaling coupling is used to prove strict monotonicity properties of
antisymmetric second Neumann eigenfunctions of the Laplacian of a convex C* domain D (0 <
a < 1) having a line of symmetry, along the family of hyperbolic lines in D which intersect this
line of symmetry.

The proof uses the expansion of the function

u(t,x) = P(t% > t)

in terms of the mixed Dirichlet-Neumann eigenfunctions for the Laplacian on DT = D N {(x,y) :
y > 0}, with Dirichlet conditions on the part of @D lying on the horizontal axis and Neumann
conditions on the remaining part of the boundary of Dt (7% denotes the lifetime of reflecting
Brownian motion in Dt starting at € DT, killed on hitting the horizontal axis).

Using the properties of the scaling coupling, we show a monotonicity property of 7 (Proposi-
tion 1.5.3) along a certain family of curves (hyperbolic lines in D, defined as conformal images of
diameters in the unit disk), which gives the monotonicity of u(t,z) = P(7® > t) as a function of
2 on the indicated family of curves in DT.

Using the fact that an antisymmetric second Neumann eigenfunction ¢ for D is a first mixed
Dirichlet-Neumann eigenfunction for DT (the nodal domain of ¢, since the eigenfunction is as-
sumed to be antisymmetric with respect to the horizontal axis), and using the eigenfunction
expansion of wu(t,z), the monotonicity of u(t,z) translates into the monotonicity of the second
Neumann eigenfunction ¢ for D, along the same family of curves. In particular this shows that
an antisymmetric second Neumann eigenfunction of a convex C1® domain attains its maximum
only at the boundary of the domain.

Under our particular setting, this is exactly the object of the hot spots conjecture (due to Jeffrey
Rauch, 1974), which states that a second Neumann eigenfunction of a bounded simply connected
domain (later modified to convex domains) satisfies a strong maximum/minimum principle, that
is, it attains its maximum and minimum over the domain only at the boundary of the domain.

1.2 Preliminaries

We denote the unit disk in R? by U = {2z : |z] < 1}.
A curve ' C R? is said to be of class C** (0 < o < 1) if it has a parametrization w(t) that is
continuously differentiable, w’ # 0 and w’ is Lipschitz of order «, that is, for some M > 0 and for

all ¢,t' we have:
w'(t) —w'(¢)] < M [t —¢']"

A domain D C R? is said to be a C1® domain (0 < a < 1) if its boundary is a Jordan curve
T of class C1@,

It is known([76], pp. 48-49) that if f : U — D is a conformal map of the unit disk onto the
C1® domain D (0 < a < 1), then f and f’ have continuous extensions to U, f’ is Lipschitz of
order c on U and f’ # 0 on U.

We recall that an analytic function f is called convex in U if it maps U conformally onto a

convex domain.
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For a C1'® domain D (0 < o < 1) we denote by vp the inward unit normal vector field on 9D,
the boundary of D.

By reflecting Brownian motion in D we mean reflecting Brownian motion with respect to the
normal vector field vp.

Consider an arbitrarily fixed probability space (Q, F, P). Whenever a (reflecting) Brownian
motion B; on (Q,F,P) is considered, we denote by (FP) the filtration (satisfying the usual
conditions) with respect to which B; is adapted.

We define reflecting Brownian motion in D as a solution of the stochastic differential equation:

t
1
X, = Xo+ B, + §/VD(XS)dLS, t>0. (1.2.1)
0

Formally we have:

Definition 1.2.1. X, is a reflecting Brownian motion in D starting at xo € D if it satisfies
(2.2.1), where:

(a) B: is a 2-dimensional Brownian motion started at 0,

(b) Ly is a continuous nondecreasing process which increases only when X, € 9D,

(c) Xy is (FP)-adapted, and almost surely Xo = xo and Xy € D for all t > 0.

Remark 1.2.2. Bass and Hsu ([15]) showed that in CY* domains there exists ezactly one solution
to (2.2.1) for a given Brownian motion By. Also, by ([14]) the process X; corresponds to the
Dirichlet form E(f, f) = & [ |Vf]*.

D

1.3 The case of the unit disk

In this section we give the construction of the scaling coupling in the case of the unit disk. The
key of our construction is the following:

Theorem 1.3.1. Let Z; be a reflecting Brownian motion in U starting at zo € U — {0} and let
|z0| < a <1 be arbitrarily fized. The process Z; defined by:

~ 1
Ly = ——2,, t>0, (1.3.1)
M’Yt K
where:
Mt = a\/sup|Z8|a
s<t
¢
1
Ct == st? (132)
0 S
v = inf{s>0:C, >t} t>0, (1.3.3)

is a (]-'%)—adapted reflecting Brownian motion in U starting at zZp = 2.

Proof. We apply It6’s formula to the semimartingale Z; and the nondecreasing process M; with
fay) =208
) t
Zy=2Zy+ By + */VU(ZS)dLS

2
0
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is the semimartingale representation of Z; given by Definition 2.2.1, we have:

Z
— = dZs — 1.34
My /M /M2 (1.34)
Zy 1 1 1
- ﬁﬁ/ﬁfw”i/m /M2
0 0
If 7 = inf{s : |Z5| = 1}, note that L is constant on [0,7] and M; = 1 on [r, 00); further,

when M; is increasing, ]ZV[ is on OU, and therefore — ]\Z/[ =vy(5f Zs ~). The difference of the last two
integrals in the last equahty above can thus be written:

1 t 1 tAT 1
5/Ms (ZS)dLS—/MSQZSdM
tAT 0
*Vdlog M?

1 t 7 1 tAT 7
= o [y [ty

tAT 0
t t

1 Z, 1 Z, ,
= 2/I/U( )dLs —1—2/ (E)leng
0 0
1 / VA
= i/l/U(Ms)d.Ls7
0

where L, = L, +log M? is readily seen to be a nondecreasing process which increases only if either
L or M doj; this happens only when M" is on the boundary of U.

Note that since 0 < |zo| < M; < 1 for all ¢ > 0, C; defined by (1.3.2) is strictly increasing and
Cy — oo a.s. It follows that v defined by (1.3.3) is continuous and increasing, and substituting in
(1.3.4) we obtain:

7, = /—dB + = /VU(AZZ YdLs.

_ Yt ~ o~ Yt
If we set B; := [ 1-dBs, then (B, B7), = [ +,d(B' Bi), = 5z]f . zds = 0;;C, = dijt,
0 s 0 s

i,7 € {1,2}, and thus B, is a 2-dimensional Brownian motion starting at 0.
We have thus shown:

VTt
~ ~ ~ 1 Zs ~
Zt = ZO + Bt + 5 /I/D( )dLS

|
ZO+Bt+§/
0

Yu
t
1 S
0
where L, := E% is a nondecreasing process which increases only when Z, := AZj“ is at the
Yu

boundary of U. This proves the theorem. O
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Remark 1.3.2. In R, essentially the same proof shows that if Z; is a 1-dimensional Brownian

motion starting at zo > 0, and My = aVsupZ, (a > 2p), then ﬁtZt s a time change of a reflecting
s<t ’

Brownian motion on (—oo, 1], the time change being given by (1.3.2)-(1.8.3) above.

The above construction also applies to higher dimensions, to give a scaling coupling of reflecting
Brownian motions in the unit sphere in R™, n > 3. However, since the conformal images of the
unit sphere in R™ (n > 3) are again spheres, we cannot use the conformal mapping arguments
presented in the following section in order to extend the construction to more general domains.

Definition 1.3.3. We call the pair (Zt,Zt) constructed above a scalmg coupling of reflecting
Brownian motions in U, starting at zo € U — {0}, respectively at Zy : 72'0 eU .

1.4 The case of smooth domains

In the present section we will extend the construction of the scaling coupling from the case of the
unit disk to the case of smooth C1'® domains (0 < a < 1). We will need the following proposition,
showing that the conformal image of a reflecting Brownian motion in the unit disk is a time change
of a reflecting Brownian motion in the image domain. More precisely, we have:

Proposition 1.4.1. Let Z, be a reflecting Brownian motion in U starting at zo € U. If f is a
conformal map of U onto the C* domain D (0 < o < 1), then Wy = f(Za,) is a (FZ)-adapted
reflecting Brownian motion in D starting at f(z0), where:

ap = inf{s: As >t}

A = /|f |ds

Proof. Recall that since D is a C*® domain, f € C'(D). If

and

t
1
Zy = Zp+ By + §/VU(Zs)dLs
0

is the semimartingale representation of Z; given by Definition 2.2.1, by applying It6’s formula with
f = (u,v), we have:

t

/(Vu vy, Vv vy )(Zs)dLs.
0

t
F(Z) = +/Vu Vo)(Z,)dB, + 3
0

By Levy’s theorem ([11]), the stochastic integral above is a time change of a 2-dimensional
Brownian motion, the increasing process being A; = f lf'(Z | ds. Replacing t by «; = inf{s :

A > t}, the stochastic integral above becomes a (fft) adapted Brownian motion (note that by
Definition 2.2.1 we have ]:tZ = ]:tB for all ¢ > 0).

So it suffices to show that when L increases, (Vu-vy, Vv-vy)(Zs) has no tangential component
to the boundary of D.

However this follows since by preliminary remarks, f has a conformal extension to U; one can
use Cauchy-Riemann equations and the geometric interpretation of the argument of f’ to show
that whenever L, increases we have:

(Vu- vy, Vo-vu)(Zs) = |f'(Zs)|vp(£(Z5)),

which concludes the proof. O
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Before carrying out the general construction of scaling coupling, we introduce the notion of
hyperbolic line in C1® domains (0 < o < 1), as follows:

Definition 1.4.2. i) We define a hyperbolic line in U as being a line segment or an arc of a
circle contained in U which meets orthogonally the boundary of U. We denote by Hy the family
of all hyperbolic lines in U. If z1,zo are two distinct points on a hyperbolic line |l € Hy, we define
the hyperbolic segment with endpoints z; and z (denoted by [z1,22]) as the part of I between (and
including) z1 and z.

ii) For a CY* (0 < a < 1) domain D, we define a hyperbolic line/segment in D as the
conformal image of a hyperbolic line/segment in U. We denote by Hp the family of all hyperbolic
lines in D.

Simple geometric considerations show the following:

Proposition 1.4.3. Let D be o OV (0 < a < 1) domain.
i) Given two distinct points D, there exists a unique hyperbolic line in D passing through them.
it) For an arbitrarily chosen diameter d of U, we have

Hu = {p(d) : p € A},

where A is the family of all automorphisms of U. If f is an arbitrarily chosen conformal map of
U onto D, then
Hp ={fop(d):pec A}

Remark 1.4.4. Part i) of the previous proposition shows that given any two distinct points z; and
2y in a CH® domain D (0 < a < 1), the hyperbolic segment [z1, z2] in D is uniquely determined,
hence the notion of hyperbolic segment is well defined in the above definition. We will denote by
2122 the unique hyperbolic line passing through z1 and zs.

We give now the construction of scaling coupling for general C'® domains. Let D be a
C1® domain (0 < o < 1) and let wg,wy € D distinct, not both on dD, be arbitrarily fixed.
By Proposition 1.4.3, there is a unique hyperbolic line wowy in D, passing through wg and wy.
Consider a point wy on wowy — [wg, Wo|, wy ¢ OD. Let f : U — D be the unique conformal map
of U onto D (given by the Riemann mapping theorem) with f(0) = w; and arg f/(0) = 0. Let
20 = f~H(wp) and Zg = f~(wp). Note that by definition, f~!(wowp) is a hyperbolic line in U,
and since 0 = f~1(w;) € f~H(wowy), it follows that f~*(wewp) is in fact a diameter of U. Note
that by the choice of wy, we have 0 ¢ [z0, Z], and therefore |zg| # |Zp|. Without loss of generality
we can assume that |29 < |Zp|-

Let Z; be a reflecting Brownian motion in U starting at zg. Define processes W, Wt by:

Wi = [f(Za), 120, (1.4.1)
—~ 1
= —7 t> 1.4.2
Wt f(MBt ﬁt)a _Oa ( )
where M; = 2| Vsup|Z|, t > 0 and:
s<t
¢
A, = /\f/(Zs)|2ds, o =inf{s: A, >t}, t>0, (1.4.3)
0
¢ 2
1 ;L )
B, = el f (M )| ds, By = inf{s : By > t}, t>0. (1.4.4)
o °

Theorem 1.4.5. W, W, defined by (1.4.1)-(1.4.4) are (.FaZt), respectively (.Flgzt)-adapted reflecting
Brownian motions in D, starting at wq, respectively wp.
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Proof. That Wy is a (FZ)-adapted reflecting Brownian motion in D follows from Proposition
1.4.1.

To prove that W, is a (F, BZt )-adapted reflecting Brownian motion, note that by Lemma 1.3.1,
Zy

i is a time change v; (given by (1.3.3)) of a reflecting Brownian motion in U, starting at Zp.

By Proposition 1.4.1, f(AZ[‘
- _ Tt
at f(zo) = W, Where

) is a time change &, of a reflecting Brownian motion in D, starting

2
ds, t>0. (1.4.5)

F(ae)

Vs

t
&; = inf{s: A, >t} and flt:/
0

In order to prove the claim it suffices to show that the combined effect of the two time changes
v and & is the time change 3; given by (1.4.4), that is 5, = §; for all ¢ > 0.

C,, given by (1.3.3) is a bijection on [0,00), with inverse C~1 = «. With the substitution
s = C,, in the definition of A;, we obtain:

Cy
Ao, = /

0
t
/
t
1
:/W
Ou

= Bt7

2

Z
M'Ys) ds =

Vs

f(

2z

£

for all ¢ > 0. This shows that flct = B; for all ¢t > 0, or equivalently, by taking inverses, we have
Ya, = Pt for all t > 0, as needed. O

Definition 1.4.6. For a C1® domain D (0 < a < 1) and arbitrarily fived distinct points wg, Wy €
D (not both on D), wy € wowy — [wo,Wo] (not on dD), the pair (Wt,Wt) defined by (1.4.1)
-(1.4.4) is called a scaling coupling of reflecting Brownian motions in D starting at wy € D and
wo € D, respectively.

Remark 1.4.7. The above construction of scaling coupling for a C1* domain with starting points
(wo, wo ) relied on the choice of a conformal map from the unit disk U onto D. As it is known,
the choice is uniquely determined by the values of f(0) and arg f'(0). However, the choice of
Just wy = f(0) determines uniquely the conformal map, up to a rotation of the unit disk. By the
angular symmetry of the construction of scaling coupling in the case of the unit disk, it follows
that the construction is invariant under rotations of the unit disk, and therefore the construction
does not depend of the choice of arg f'(0) (we chose arg f'(0) = 0 for simplicity).

It follows that given two distinct point in D (not both on the boundary of D), the scaling
coupling with these starting points is uniquely determined once a choice for f(0) (lying on the
hyperbolic line passing through them, and not separating them) has been made. We will therefore
refer to wy = f(0) as the parameter of the scaling coupling.

In order to derive the main property of the scaling coupling in the case of convex domains, we
need the following characterization of convexity:

Proposition 1.4.8. Let f: U — D be a conformal map of U onto the simply connected domain
D. The following are equivalent:
D is convez; (1.4.6)

|rf/(rei0)| is an increasing function of r € [0,1), for all 0 <6 < 27. (1.4.7)
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Proof. Since f'(0) # 0, without loss of generality we can assume that f(0) = f/(0) — 1 =0.

Note that the domain D is convex iff the function f is convex, which (under the condition
f(0) = f'(0) — 1 =0) is equivalent (see [34], pp.42) to:
f"(z)
f'(z)

, we obtain equivalent that

Re<1+z >>0, zeU.

In polar coordinates, z = re®

Re< l“;/(( ))>>0, 0<f#<2m, 0<r<l.

Note that since

Re (T + “”;,/(( ;) = %—&—Re (aarlogf'(rew)>

1o 1,
= ;-s—aln‘f’(re 9)’

0 i
o In ’rf’(re 9)| ,

the previous statement is equivalent to (1.4.7), as needed. O
The main feature of the scaling coupling is given by the following:

Proposition 1.4.9. With the notation of Theorem 1.4.5, there exist almost surely finite stopping

times 71 and 5 with respect to the filtration (FZ,), respectively (FZ ), such that for all t > 0 we
have:

Qtr, = Bitr,
Moreover, if the domain D is convex, with probability one we have By < oy, for all t > 0.
Proof. Set 7 =inf{s:|Zs| =1}, 1 = A, and 72 = B;. Obviously 7 is an a.s. finite stopping time
with respect to the filtration (F7), and we have M, = 1 for all s > 7.

It follows that 7 and 75 are also a.s. finite stopping times with respect to the filtration (]-'ft ),
respectively (]:/3Zt ), and that for all ¢ > 7 we have:

At—Tl /|f |d8—Bt—T2

Since oy = A;', B, = B; ', this implies the first part of the proposition.
For the second part, note that since D is convex, Proposition 1.4.8 shows that:

25201 < |1 £,
hence we obtain: , 2
At:/\ |ds</—2 Zs ds = By,
0 0
and therefore we have ay > G, for all ¢ > 0. O

Remark 1.4.10. The pair (tht) in Definition 1.4.6 is a coupling in the following extended

sense: there exist a.s. finite stopping times 71 and 7o with respect to the filtration (fft), respectively
(FZ), such that:

Wisr, = Wigr,, for all t > 0. (1.4.8)
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The usual coupling of diffusions can be thought as a particular case of the above, namely the case
when 71 = T2 a.s. (and the two filtrations coincide).
The scaling coupling is readily seen to satisfy (1.4.8) by using

T1 = /|f,(Zs)|2 dS
0
T 7, |2
T2 = /@ f/(Ms) ds,
0

where T = inf{s > 0: |Zs| = 1}.
Moreover, in the particular case of convexr domains, we have 71 < Ty a.s., which shows that for
t > 1o, Wi “follows” the path of Wityr)—r,.

Remark 1.4.11. Note that by the equivalence in Proposition 1.4.8 and using the support theorem
for Brownian motion, it follows that the class of domains for which the inequality By < ay holds
almost surely for allt > 0 (and all starting points wy, W), coincides with the class of convex C1
domains.

1.5 Hot Spots Conjecture

Results on eigenvalues and eigenfunctions

We will review first some basic facts about eigenfunctions and eigenvalues. We make the remark
that for the convenience of arguments involving Brownian motion, we will be using %A instead of
the Laplace operator A. The results hold for the Laplacian A by scaling.

Fix an arbitrarily C1'* domain D (0 < a < 1).

We say that A\ is an eigenfunction for %A in D, if there exists a nontrivial solution ¢ €
C?*(D)NCYD) to

1
§Ac,0—|—)\<p =0. (1.5.1)

@ is then called an eigenfunction corresponding to the eigenvalue A.

If 867‘2 = 0 on 0D, the we will refer to A and ¢ as being a Neumann eigenvalue and Neumann
eigenfunction, respectively.

If 887‘2 = 0 only on a nonempty proper open subset of 9D, and ¢ = 0 on the remaining part
of 0D, we refer to A and ¢ as being a mized Dirichlet-Neumann eigenvalue and eigenfunction,
respectively.

It is known (see [28], pp. 46) that the set of Neumann/mixed Dirichlet-Neumann eigenvalues
forms an unbounded sequence

OS)\1<)\2<)\3<.../‘OO.

We will refer to \; as the ¥ Neumann/mixed Dirichlet-Neumann eigenvalue for D and to
the eigenfunctions belonging to the eigenspace corresponding to ); as the ¥ Neumann/mixed
Dirichlet-Neumann eigenfunctions for D.

Recall that the nodal set of an eigenfunction ¢ is the set ¢~ }({0}) = {z € D : p(x) = 0}, and
a nodal domain of ¢ is a component of D — ¢~({0}).

The Courant Nodal Domain theorem ([28], pp. 19) asserts that for each k£ > 1, the number of
nodal domains of a k** eigenfunction of a simply connected domain is less than or equal to k.

As an immediate consequence we have that a first eigenfunction has constant sign, and a
second eigenfunction has precisely 2 nodal domains. Moreover, A; is characterized as being the
only eigenvalue with eigenfunction of constant sign ([28], pp. 20).

It is also known, that in the case of a second Neumann eigenfunction the nodal set is a smooth
(C°) curve, called the nodal line, and that there are no closed nodal lines ([6], pp.128).
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The hot spots conjecture (due to Jeffrey Rauch, 1974) is a strong maximum principle for second
Neumann eigenfunctions of a simply connected domain D, and it can be formulated as follows:

Conjecture 1.5.1. For every second Neumann eigenfunction po of D, and for all y € D, we
have:

nin p5(z) < @2(y) < max pa(@). (1.5.2)

By an abuse of language, if (1.5.2) holds for a second Neumann eigenfunction ¢y of D, we say
that the hot spots conjecture holds for ¢s.

According to Kawohl ([49]), Conjecture 1.5.1 holds for balls, annuli and rectangles in R<.
Burdzy and Werner constructed a counterexample to Conjecture 1.5.1, in which the maximum of
o is attained only in the interior of D and the minimum at the boundary of D. More recently,
Bass and Burdzy constructed a stronger counterexample, in which both the maximum and the
minimum of 5 are attained only in the interior of D. In both counterexamples the domain D
was not convex.

Recent advances in the hot spots problem identified classes of domains for which Conjecture
1.5.1 holds. It is know that Conjecture 1.5.1 holds for bounded convex domains with two orthogonal
axes of symmetry([7], [48]), or just one axis of symmetry and additional hypothesis on the domain
([7]). The question whether Conjecture 1.5.1 holds for bounded convex domains in R is still open.

1.5.1 Main results

The main result in this section is Theorem 1.5.6, which shows that the hot spots conjecture holds
for antisymmetric second Neumann eigenfunctions of smooth convex domains having a line of
symimetry.

Let D C R? be a convex C1® domain (0 < o < 1) having a line of symmetry. Without loss of
generality we will assume that D is symmetric with respect to the horizontal axis.

Set D = DN {(x,y) :y >0}, 't =9D*NID, Ty = DN {(x,y): y = 0}. For wy € DT,
denote by 7%° = inf{s : Im W, = 0}, where W is a reflecting Brownian motion in D starting at
wo.

Remark 1.5.2. Let f; be a conformal map of UT onto DY, such that the parts of the boundaries
of UT and DY lying on the horizontal azis correspond to each other. By the symmetry principle, fi
extends to a conformal map of U onto D. Since Ty = f1([—1,1]), it follows that Ty is a hyperbolic
line in D.

The key to the Theorem 1.5.4 is the following lemma, showing a monotonicity property of 7%°
(as a function of wp) on the family of hyperbolic lines in D intersecting the horizontal axis:

Lemma 1.5.3. Given wy € D, w; € DN Ty and wy € [wy,wWo), there exist filtrations (F;),
(ft) and (F:), respectively (ft)—adapted reflecting Brownian motions Wy, W, in D, starting at wy,
respectively wo, such that if T, 7% are the hitting times to the horizontal axis of Wy, respectively
Wy, then with probability one we have:

TV < 7o,
Proof. The proof is trivial if wy = wg or wy = wy, so we can assume that wgy,wy and w; are
distinct. .

Let (W, W) be a scaling coupling of reflecting Brownian motions in D starting at (wg, Wo),
with parameter wi, that is a scaling coupling obtained as the image under a conformal map
f: U — D with f(0) = w; of the scaling coupling (Z;,Z;) in U. The filtrations (F;), (Fy)
are the corresponding “time changes” of the filtrations (F#), respectively (FZ), as indicated in
Proposition 1.4.1.

Remark 1.5.2 above shows that T is a hyperbolic line in U, hence f~1(I'g) is a hyperbolic line
in U. Since 0 = f~(wy) € f~1(Tp), it follows that f~1(I'y) is in fact a diameter of U. By Remark
1.4.7, without loss of generality we can assume that f~(T'g) = [-1, 1].
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Zs,
M/;;) =0

Because under f the parts of the boundaries of U™ and D lying on the horizontal axis correspond

to each other, Im f{; = 0. Since Mg, is real, it follows that Im Z5, = 0.

Since D is convex, by Proposition 1.4.9 it follows that 85 < ay. Since «ay is increasing (and a
bijection) on [0, 00), there exists s’ < s such that as = Js.
It follows that Im Z, , = Im Zg, = 0, hence Wy = f(Z,_,) is on the horizontal axis.

We have shown that if Im Ws = 0, then there exists s’ < s such that Im W, = 0, which implies
that 70 < 7%0 a.s., as needed. O

If s > 0 is such that Im WS = 0, by construction of the coupling we have Im f(

We can now prove a first version of our main result:

Theorem 1.5.4. Let D be a convex C1* domain (0 < o < 1) which is symmetric with respect to
the horizontal axis. If ¢ is a second Neumann eigenfunction for D which is antisymmetric with
respect to the horizontal axis, then ¢ is monotone on the family of hyperbolic lines in D which
intersect the horizontal axis.

In particular, @ must attain its mazimum and minimum over D on the boundary of D.

Proof. By the assumption, ¢ must be identical zero on the horizontal axis, and therefore the nodal
line for ¢ is Ty (the part of the horizontal axis contained in D). It follows that D+ and D~ are
the nodal domains of ¢.

Since ¢ has constant sign on each nodal domain, without loss of generality we will assume that
¢ is positive on DF. Since ¢ is antisymmetric with respect to the horizontal axis, it suffices to
prove the monotonicity of ¢ in DT along the indicated family of curves.

Consider an arbitrarily fixed hyperbolic line in D, which intersects the horizontal axis, and
denote by w; the point of intersection. If wg,wy € DT are arbitarily chosen points lying on this
hyperbolic line, such that wg € [w1, Wo|, we will show that p(we) < @(wy).

Since the restriction of a second Neumann eigenfunction for D to one of its nodal domains
has constant sign, by preliminary remarks it follows that it is a first mixed Neuman-Dirichlet
eigenfunction for the corresponding nodal domain. Therefore, the restriction of ¢ to DT is a first
mixed Dirichlet-Neumann eigenfunction for D™, with Neumann conditions on 't and Dirichlet
conditions on I'y.

It can be shown ([63], pp. 20) that the transition density pp+(¢,x,y) of reflecting Brownian
motion in DT, killed on hitting the horizontal axis, has an eigenfunction expansion in terms of the
mixed Dirichlet-Neumann eigenfunctions for DT, with Dirichlet boundary conditions on I'g and
Neumann conditions on I't. More precisely, it can be shown that:

po+(ta,y) =D e o) ei(y),

i>1

where 0 < p1 < pg < ... are the mixed Dirichlet-Neumann eigenvalues for DT repeated according
to the multiplicity, and {;};>1 is an orthonormal sequence of eigenfunctions corresponding to the
eigenvalues {f; };>1. Moreover, the convergence is uniform and absolute on D+.

Note that since pp is simple, the corresponding eigenspace is 1-dimensional, and therefore
1 = cp, for some nonzero constant c¢. Also note that since py < p;, for all i > 2, we can write:

pp+(ta,y) = e Moi(x)ei(y) + R(t,z,y) (1.5.3)
e o(z)e(y) + R(t, z,y),

where tlim eMtR(t,x,y) = 0, uniformly in z,y € DT.
—oo

Consider the function w : (0,00) x D — R given by u(t,z) = E[1;7 > t], where 7% is the
lifetime of reflecting Brownian motion in DV starting at x, killed on hitting I'g. Integrating the
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eigenfunction expansion (1.5.3), we obtain:

u(t,z) = /pm(t,x,y)dy (1.5.4)
D+

= 626‘“1tso(fv)/<ﬁ(y)dy+/R(t,w,y)dyz
D+

D+
= aeMp(w) + Rt ),
where, by assumption, a = c? f ©(y)dy > 0 and Ri(t,z) approaches zero faster than e~#1? as

D+
t — o0.

Since u(t,z) = P(7% > t), and using the monotonicity property in Lemma 1.5.3, it follows that
for any t > 0 we have:

u(t,wg) = P(T"° >1)
P(1% > t)

= U(t,ﬂl/o)

IN

Using the analytic representation (1.5.4) of u(¢, ) we obtain therefore:
ap(wo) + "' Ry (t,wo) < ap(wg) + e Ry (t,wp),

for all ¢ > 0. Letting ¢ — oo, it follows ap(wy) < ap(wp), and since a > 0, we obtain p(wy) <
p(wo), as needed. O

The above theorem leaves open the question whether ¢ can also attain its maximum /minimum
over D inside the domain. We will show that under the hypotheses of the previous theorem this
cannot happen; more generally, we will show that ¢ is strictly monotone on the family of hyperbolic
lines which intersect nontrivially the axis of symmetry of D. We have:

Theorem 1.5.5. Under the hypotheses of the previous theorem, for any a # 0, the intersection
between a level set o~ ({a}) = {x € D : p(x) = a} of ¢ and a hyperbolic line of D which intersects
the horizontal axis, consists of at most one point.

Proof. Assume there exists distinct points wy, we such that ¢(wq) = p(wz) # 0 and the hyperbolic
line wiws intersects the horizontal axis, say at wg. Without loss of generality we can assume
@(w1) = p(wy) > 0, and therefore wy,ws € DF. Also, we may assume that wy € [wg, ws].

Consider the points z1, z9 € I'g such that z; < wp < 2.

We will show that [w1, 23] N[22, ws] # B, where z3 is the endpoint of the hyperbolic line 23w
lying on D% — Ty

Note that by Proposition 1.4.3, the intersection of any two hyperbolic lines consists of at most
one point.

Since [wy, z3] N wiwe = {wy}, it follows that the hyperbolic segment [wq, 23] is contained in
the right (hyperbolic) half plane determined by the hyperbolic line wjws (see Figure 1.1). If
[wi, 23] N[22, wa] = 0, then [wy, 23] is also contained in the left (hyperbolic) half plane determined
by the hyperbolic line zqws. It follows that z3 € [wy, 23] must be contained in their intersection;
however, since z3 € D+ — Ty, this is possible only if 23 = wsy, contradicting [wy, 23] N [22, ws] = (.

Therefore we must have [w1, 23] N [22, wa] # @, and we denote by w3 the point of intersection.

By applying the previous theorem to the hyperbolic lines w;ws, wiws and respectively wsws,
we obtain:

pw1) < (z) < p(ws)
p(wr) < 9(2') < p(ws)
e(ws) < (") < p(wa),
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D

(%

wy w3

21 wo )

Figure 1.1: Hyperbolic lines in D.

for all z € [wy,ws], 2" € [wy,ws], 2" € [ws,ws]. Since by hypothesis p(w1) = ¢(ws2), we obtain
that p(2) = p(w1) = e(ws) = @(ws), for all z €.[wy, ws] U [wy, w3] U [ws, ws].

Choosing now an arbitrarily fixed 2o € [wy,ws] and applying again the previous theorem to
the hyperbolic line zwy (which intersects the horizontal axis between wy and z3), we obtain

p(wa) = ¢(2) < 9(2') < p(wa),

for all 2’ € [z,w2]. Therefore we have that ¢(z') = p(ws), for all 2’ € [z, ws] where z € [wy, w3].
It follows that ¢ is constant on the interior of the (hyperbolic) triangle with vertices wi, ws
and ws. Since the points wy, ws, w3 do not lie on the same hyperbolic line, the interior of this
triangle is not empty.
However, ¢, being a nonconstant real analytic function, cannot be constant on a nonempty
open set. The contradiction shows that ¢ is injective on every hyperbolic line (of course, except
Ty) intersecting the horizontal axis, thus proving the claim. O

Using the above theorem, we can strengthen the result in Theorem 1.5.4, and we state:

Theorem 1.5.6. Let D be a convex C1* domain (0 < o < 1) which is symmetric with respect to
the horizontal axis. If ¢ is a second Neumann eigenfunction for D which is antisymmetric with
respect to the horizontal axis, then ¢ is strictly monotone on the family of hyperbolic lines in D
which intersect nontrivially the horizontal azis.

In particular, ¢ must attain its mazimum and minimum over D solely at the boundary of D.

As an immediate consequence, we have:

Corollary 1.5.7. Let D be a convex CH domain (0 < o < 1) which is symmetric with respect
to the horizontal axis. If ¢ is a second Neumann eigenfunction for D which is antisymmetric with
respect to the horizontal azis, then the hot spots conjecture holds for .

As another consequence of Theorem 1.5.6, we obtain the following properties of the level sets of
antisymmetric second Neumann eigenfunctions of convex C1*® domains with a line of symmetry:

Corollary 1.5.8. Let D be a convex CH domain (0 < a < 1) which is symmetric with respect
to the horizontal axis. If ¢ is a second Neumann eigenfunction for D which is antisymmetric with
respect to the horizontal axis, then the level curves of @ are unions of disjoint simple curves in D
(possibly reduced to a single point). Moreover, no level curve of ¢ can terminate in D.
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1.5.2 Comparisons with known results

The hot spots conjecture is known to be true for relatively small classes of domains (parallelepipeds,
balls and annuli in R?, obtuse triangles). According to the knowledge of the author, the only papers
in the literature which contain the proof of the hot spots conjecture for general classes of domains
are [7] and [48]. We will refer to these papers for a comparison of our results.

For a bounded planar domain D, we will denote the diameter of D by dp, the length of the
projection of D on the vertical axis by wp, the length of the projection of D on the horizontal
axis by {p, and will refer them as the diameter, the width and respectively the length of D.

In [7], Bafiuelos and Burdzy used probabilistic techniques (based on synchronous and mirror
couplings of reflecting Brownian motions in polygonal domains) to prove the following:

Theorem 1.5.9. Suppose that a conver polygonal domain D is symmetric with respect to the
horizontal azis S and the ratio dp/wp is greater than 1.54. Let x and y be the intersection points
of S with 0D. Make at least one of the following two assumptions:

a) D has another line of symmetry S1 which is perpendicular on S;

b) For every r > 0, the intersection of the circle OB(xz,r) with D is either empty or is a
connected arc, and the same holds for 0B(y,r).

Then hot spots conjecture, holds for D.

More recently, Jerison and Nadirashvili used deformation of the domain techniques (see [48])
in order to refine the above result in the case of domains having two orthogonal axes of symmetry.
They showed the following:

Theorem 1.5.10. Let Q be a bounded convexr domain in the plane that is symmetric with respect
to both coordinate azxes. Let u be any Neumann eigenfunction with lowest nonzero eigenvalue.
Then, except in the case of a rectangle, u achieves its maximum over Q on the boundary at exactly
one point, and likewise for its minimum. Furthermore, if 2% € 00 and —x° € O denote the
places where u achieves its maximum and minimum, then u is monotone along the two arcs of the
boundary from —a° to 2°. Let v be any outer normal to OQ at x°, that is v - (x — 2°) < 0 for all
x € Q. Then v-Vu(zx) >0 for all x € ).

As indicated in [48], the uniqueness of the location of the extrema of u may fail for domains
not having two orthogonal axis of symmetry (for example an equilateral triangle has a second
Neumann eigenfunction which attains its maximum at two of its vertices and the minimum at
the third vertex). We make the remark that in the present paper we are concerned with the hot
spots conjecture in the form presented in Conjecture 1.5.1, and we will not attempt to prove that
the extrema are attained at a single point (this may fail for general domains, as showed in the
example above).

Theorem 1.5.9 provides additional hypotheses under which the hot spots conjecture holds, for
the case of convex domains having just one axis of symmetry (additional hypothesis b)).

We will show that our main result in Theorem 1.5.6 gives the hot spots conjecture for smooth
convex domains with two orthogonal axes of symmetry (without any restriction on their diameter
to width ratio), thus obtaining the cited results (Theorem 1.5.9 with the additional hypothesis a)
and Theorem 1.5.10).

Also, we will show that we can apply Theorem 1.5.6 to the case of domains having just one axis
of symmetry and satisfying an additional restriction on their diameter to width ratio, obtaining a
result similar to Theorem 1.5.9 (with additional hypothesis b)), but which is complimentary to it.

We will consider first the case of convex domains having two orthogonal axes of symmetry. We
have:

Theorem 1.5.11. If D is a conver C1* domain (0 < o < 1), symmetric with respect to both
coordinate axes, then hot spots conjecture holds for D.

Proof. Tt is known (see [60]) that the eigenspace corresponding to the second Neumann eigenvalue
of a simply connected planar domain is at most 2-dimensional.
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We will consider first the case when the eigenspace corresponding to the second Neumann
eigenvalue for D is 1-dimensional. We will show that in this case we can find a second Neumann
eigenfunction ¢ for D which is antisymmetric with respect to one of the coordinate axes. From
this and using Theorem 1.5.6 the result follows.

Let ¢ be a second Neumann eigenfunction for D. If ¢ is antisymmetric with respect to one of the
coordinate axes, we are done. Otherwise we consider the functions ¢1(z,y) = ¢(x,y) — o(x, —y)
and @q(z,y) = o(z,y) — p(—z,y), and note that they are antisymmetric with respect to the
horizontal, respectively vertical axis and that both of them are eigenfunctions (possibly identically
zero) corresponding to the second eigenvalue of D.

Note that ¢; and @9 cannot be both identically zero. This is so for otherwise ¢ would be
symmetric with respect to both coordinate axes. However, this cannot happen since the nodal
line of ¢ cannot form a closed loop and since ¢ has exactly two nodal domains.

It follows that we can always find a (not identically zero) second eigenfunction @ for D which
is antisymmetric with respect to one of the coordinate axes. It follows that Theorem 1.5.6 applies
to @, and therefore the hot spots conjecture holds for ¢. Since the eigenspace corresponding to
the second Neumann eigenvalue for D is 1-dimensional, it follows that the hot spots conjecture
holds for D, ending the proof in this case.

We will consider now the case when the eigenspace corresponding to the second Neumann
eigenvalue is 2-dimensional. We will show that we can find two independent second Neumann
eigenfunctions @1 and ps which are antisymmetric with respect to horizontal, respectively vertical
axis.

Consider ¢ and @9 two linearly independent second Neumann eigenfunctions for D.

Note that if one of the eigenfunctions is symmetric with respect to one of the axes, then it
has to be antisymmetric with respect to the other axis; conversely, if one of the eigenfunctions is
antisymmetric with respect to one of the axes, then it has to be symmetric with respect to the
other axis. To see this, if for example ¢ is antisymmetric with respect to horizontal axis, note
that @, (z,y) = ¢1(x,y) —P1(—x,y) is a second Neumann eigenfunction for D, antisymmetric with
respect to both coordinate axes; unless P, is identically zero, ; would have at least four nodal
domains, which is impossible by Courant Nodal domain theorem. Hence ¥, is identically zero, or
equivalent ; is symmetric with respect to the horizontal axis. Similar reasoning applies to the
other cases.

It follows that ¢1 and @9 cannot be symmetric with respect to the same symmetry axis, for they
are independent. Also, neither ¢1, nor ¢ cannot be symmetric with respect to both symmetry
axes.

Without loss of generality we can thus assume that (7 is not symmetric with respect to hor-
izontal, and that 9 is not symmetric with respect to vertical axis. We can therefore choose
B1(2,y) = ¢1(2,y) — 1 (2, —y) and Fa(w,9) = pa(2,) — p2(—=,y) and note that they are inde-
pendent, not identically zero second Neumann eigenfunctions for D, antisymmetric with respect
to horizontal, respectively vertical axis. Moreover, from the previous part of the proof it follows
that ¢ is symmetric with respect to the vertical axis, and @, is symmetric with respect to the
horizontal axis.

It follows that Theorem 1.5.6 applies to @1 and @3, and therefore the hot spots conjecture
holds for them. Moreover, @; is strictly monotone on the family of hyperbolic lines intersecting
the horizontal axis and @ is strictly monotone on the family of hyperbolic lines intersecting the
vertical axis. In particular, both ¢ and @, are strictly monotone on all hyperbolic lines passing
through the origin.

Consider now an arbitrarily chosen second Neumann eigenfunction ¢ for D. Since ¢; and
@2 are independent and the eigenspace corresponding to the second Neumann eigenvalue is 2-
dimensional, we can find constants a, b such that ¢ = ap; + bps.

Consider a point zy = (z9, %) € D where ¢ attains its maximum over D. We will show that
we must have zp € 9D. If api(z9) < 0, since @7 is antisymmetric with respect to the horizontal
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axis and @y is symmetric with respect to the horizontal axis, we obtain:

o(z0) = api(zo,y0) + bP2(z0, Yo)
< api(zo, —yo) + bP2(x0, —Yo)
= SD(:EOa _y0)7

a contradiction. It follows that we must have api(zg) > 0, and similarly b@s(29) > 0. Since both
p1 and @9 are strictly monotone on the hyperbolic line through 0 and z, it follows that ¢ is
strictly increasing on the hyperbolic half line with the endpoint 0 and passing through zg. Since
@ attains its maximum at zg, it follows that zg € 0D. Similar reasoning shows that if ¢ attains
its minimum at a point, then the point must belong to the boundary 9D, and therefore the hot
spots conjecture holds for ¢.

Since ( was arbitrarily chosen, it follows that the hot spots conjecture holds for D. O

In [7] it is shown that if D is a convex domain symmetric with respect to the horizontal axis, and
the ratio dp /wp is larger than 1.54, then the eigenspace corresponding to the second eigenvalue is
1-dimensional, and there is no second Neumann eigenfunction for D which is antisymmetric with
respect to the horizontal axis, hence and our result in Theorem 1.5.6 does not apply. Rephrasing
this, we can say that if a domain D having the horizontal axis as line of symmetry is “long
enough”, then the second Neumann eigenfunctions for D have to be symmetric with respect to
the horizontal axis. One might expect that if the domain is “wide enough”, then the second
Neumann eigenfunctions have to be antisymmetric with respect to the horizontal axis. This is
true, and we state:

Proposition 1.5.12. Suppose that D is a convex C* domain (0 < o < 1) which is symmetric
with respect to the horizontal axis, and the diameter to length ratio dp/lp is larger than 4]% =~ 3.06.
Then the eigenspace corresponding to the second Neumann eigenvalue for D is 1-dimensional and
it is given by a function which is antisymmetric with respect to the horizontal axis.

Proof. The first part follows from Proposition 2.4i) in [7]. To prove the second part of the state-
ment, we will use a modification of an argument found in [7].

Assume there exists a second Neumann eigenfunction ¢ for D which is symmetric with respect
to the horizontal axis. Let D; be one of the nodal domains of ¢, with the property that the
horizontal component of the inner pointing normal at the common boundary of D; and D always
points in the same direction (i.e. either left or right). The existence of Dy with the above property
follows from the convexity of the domain and the fact that the nodal domains of ¢ are symmetric
with respect to the horizontal axis.

We will estimate the first mixed Dirichlet-Neumann eigenvalue for D; (denoted A1), which is
the same as the second eigenvalue for D (denoted p2).

For this, consider a reflecting Brownian motion (X3, Y;) in Dy, killed upon hitting the nodal line
of . Note that the horizontal component X is a Brownian motion plus (or minus) a nondecreasing
process (we are using here the fact that the horizontal component of the inner pointing normal to
the common boundary of Dy and D is always pointing in the same direction).

By a comparison argument, it can be shown that the distribution of the lifetime of X; is
majorized by the distribution of the lifetime of a one dimensional Brownian motion on a interval
of length Ip, killed at one end, and reflected at the other. This latter is majorized by ce™*t,

where A is the first Dirichlet-Neumann eigenvalue for the given interval, i.e. A = 8’;—; (for it is the
D

second Neumann eigenvalue of an interval of double length, i.e. ﬁ) It follows that we have

Ho =AM > A= -

83
. . 02
It is also known (see [7]) that for convex domains, we have pg < %, thus we must have
D
2 242 . .
7T < 200 dp <« 4jo
8%, < & or equivalent 72 < =2,

It follows that if this inequality doesn’t hold (i.e. for sufficiently “wide” domains, symmetric
with respect to the horizontal axis), there are no second Neumann eigenfunctions for D which are
symmetric with respect to the horizontal axis.
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To conclude the proof, consider an arbitrarily fixed second Neumann eigenfunction ¢ for D,
and define @(x,y) = ¢1(z,y) — p1(x, —y). From the previous part of the proof it follows that ¢ is
not identically zero, and hence it is a second Neumann eigenfunction for D, antisymmetric with
respect to the horizontal axis. O

Using the above proposition and Corollary 1.5.7 we obtain the proof of the hot spots conjecture
for a new class of domains, as follows:

Corollary 1.5.13. Suppose that D is a C1% convex domain (0 < a < 1), symmetric with respect
to the horizontal axis and the diameter to width ratio dp/lp is larger than 47]70 ~ 3.06. Then the
hot spots congjecture holds for D.

1.5.3 Further developments

We conclude with three remarks.

First, note that because of the ratio diameter to width restriction in Theorem 1.5.9, essentially
the results of Burdzy and Banuelos apply to convex domains with one axis of symmetry, for
which the eigenspace corresponding to the second Neumann eigenvalue is 1-dimensional, being
given by an eigenfunction which is symmetric with respect to the axis of symmetry. Our result in
Corollary 1.5.13 is complimentary to this, giving the proof of the hot spots conjecture for (smooth)
convex domains with one axis of symmetry, for which the eigenspace corresponding to the second
Neumann eigenvalue is 1-dimensional, being given by an eigenfunction which is antisymmetric
with respect to the axis of symmetry.

In our view, these two results together should give a resolution to the hot spots conjecture
in the case of convex domains with a line of symmetry (and no restrictions on their diameter to
width), but we were not able to implement it.

Secondly, we will discuss how the hypotheses of our main result in Theorem 1.5.6 can be
weakened. There are two main ingredients in the proof: the symmetry and the convexity.

Even though the symmetry of the domain and the antisymmetry of the Neumann eigenfunction
hypotheses are needed in the proof, we can carry the proof with weaker assumptions. A carefull
examination of the proof shows that we can replace these hypotheses as follows:

Theorem 1.5.14. Let D be a conver C (0 < o < 1) domain and let ¢ be a second Neumann
eigenfunction for D. If the nodal line of v is a hyperbolic line in D, then ¢ is strictly monotone
on the family of hyperbolic lines in D which intersect nontrivially the nodal line of .

In particular the hot spots conjecture holds for ¢.

The hypothesis on the nodal line ¢ in the above theorem can still be weakened, by requiring
instead that the nodal domains of ¢ are hyperbolically starlike in D (i.e. starlike with respect
to the hyperbolic lines in D). Geometrically this means that the nodal line of ¢ is “completely
visible” from w along the hyperbolic lines in D. We state:

Theorem 1.5.15. Let D be a conver C (0 < a < 1) domain and let  be a second Neumann
eigenfunction for D, with nodal domains D™ = {z € D : p(x) > 0} and D~ = {x € D : ¢(z) < 0}.
Assume there exists a point w € D™ such that D~ is hyperbolically starlike with respect to w. Then
v is monotone in DV along the family of hyperbolic lines in D which pass through w. In particular
© must attain its mazimum over D at the boundary of D. Similar statement holds for D~ .

The convexity of the domain is a key element in our construction of scaling coupling of reflecting
Brownian motions (see Proposition 1.4.9), needed in order to prove the hot spots conjecture, and
therefore we cannot dispense of it. However, the scaling coupling can be defined in certain annuli-
like domains, and it has the same properties outlined in our construction for convex C*® domains
(0 < a < 1). This in turn leads to a proof of the hot spots conjecture for certain type of second
Neumann eigenfunctions of doubly connected domains, where almost nothing is known in the
literature. We have:
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Theorem 1.5.16. Let D = {f(z) : a < |z| < 1}, where f : U — C is a conformal map of U onto
a convex CH domain (0 < a < 1) and a € (0,1) is arbitrarily fived. If ¢ is a second Neumann
eigenfunction for D, for which the nodal line is a part of a hyperbolic line | in f(U), then ¢ is
monotone in D on the family of hyperbolic lines in f(U) passing through f(0). In particular ¢
attains its mazimum and minimum over D at the boundary of D.

1.6 A Hot-Spots property for the Brownian motion with
killing and reflection

In this section we investigate a “hot—spots” property for the survival time probability of Brownian
motion with killing and reflection in planar convex domains whose boundary consists of two
curves, one of which is an arc of a circle, intersecting at acute angles. In turn, this leads to the
“hot—spots” property for the mixed Dirichlet—-Neumann eigenvalue problem in the domain with
Neumann conditions on one of the curves and Dirichlet conditions on the other.

The Hot Spots conjecture introduced in Section 1.5 can be formulated in terms of a mixed
Dirichlet—-Neumann eigenvalue problem as discussed in [9] and [64]. In this section we explore this
mixed boundary value problem further and in particular we extend the results in [64] and [9].

Briefly, the connection is the following. Assume that D is a planar convex domain for which
the Laplacian with Neumann boundary conditions has discrete spectrum (see Section 1.5 for the
details about eigenfunctions and eigenvalues). Under various conditions on D (see for example
[13]) it can be shown that the second Neumann eigenvalue Ay for the Laplacian on D is simple
(note that by Courant’s Nodal Line Theorem, the multiplicity of g is at most 2). If s is any
Neumann eigenfunction corresponding to Az, and « is its corresponding nodal line, and D; o are
the corresponding nodal domains, then the restriction of ps to Dy (or Ds) is an eigenfunction
corresponding to the smallest eigenvalue pp for the Laplacian in D; with Dirichlet boundary
conditions on v and Neumann boundary conditions on dD1\y. In this formulation, the Hot Spots
Conjecture 1.5.1 is equivalent to the assertion that the restrictions of 9 to Dy and D attain their
extrema on, and only on, D1, respectively 0Ds.

The results in [64] and [9] can be stated in terms of the above mixed Dirichlet-Neumann
boundary value problem as follows. Suppose that D is planar convex domain whose boundary
consists of the curve v; and the line segment 5. Let 1 be the lowest eigenvalue for the Laplacian
in D with Neumann boundary conditions on 7; and Dirichlet boundary conditions on . Let
Y1 : D — [0,00) be the ground state eigenfunction (unique up to a multiplicative constant)
corresponding to 1. Then 1y attains its maximum on, and only on, ;. In fact, the results in
[64], [9] prove more. If B, is a reflecting Brownian motion in D starting at 2 € D and killed
on 72, and 7 denote its lifetime (the first time B; hits 72), then, for an arbitrarily fixed ¢t > 0,
the function u(z) = P*{r > t} attains its maximum, as a function of z € D, on, and only on,
~v1. Furthermore, both functions u(z) and 1, (z) are strictly increasing as z moves toward the
boundary 7, of D along hyperbolic line segments (see [64] and [9] for the precise definitions of
hyperbolic line segments and for the details of how the result for v implies the result for ¥;.) The
following question, first raised in [9], naturally arises:

Question 1.6.1. Given a bounded simply connected planar domain whose boundary consists of
two smooth curves, what conditions must one impose on these two curves in order for the ground
state eigenfunction of the mized boundary value problem (Dirichlet conditions on one curve and
Neumann on the other) to attain its mazimum on the boundary and only on the boundary?

In this section we prove the following theorem which extends the results in [64] and [9] by
replacing the hypothesis that -5 is a line segment by the hypothesis that s is an arc of a circle.

Theorem 1.6.2. Suppose D is a bounded convex planar domain whose boundary consists of two

curves v1 = (71(t))eepo,1] and v2 = (72(t))tcjo,1), one of which is an arc of a circle. Further,
suppose that the angle between the curves 1 and vyo is less than or equal to 3, that is, the angle
s

formed by the two half-tangents at v1(0) = v2(0) and y1(1) = v2(1) is less than or equal to 7.
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If By is a reflecting Brownian motion in D starting at z and killed on ~y2, and if Tp denote its
lifetime, then for each t > 0 arbitrarily fived, the function u(z) = P*{rp > t}, z € D, attains it
mazimum on, and only on 1.

As a corollary, we derive the following.

Corollary 1.6.3 (“Hot—spots” for the mixed boundary value problem). Let D be as in Theorem
1.6.2, and let ¢ be a first mized Dirichlet-Neumann eigenfunction for the Laplacian in D, with
Neumann boundary conditions on v, and Dirichlet boundary conditions on ~vo. Then the function
Y1(2), z € D, attains its mazimum on, and only on 7.

Proof. Follows from Theorem 1.6.2 exactly as in [9] (see [10] for the details). O

Remark 1.6.4. Moreover, in the proofs of the above results we show that the functions u(z) and
¥1(z) are in fact strictly increasing along certain families of curves in D: Euclidean radii contained
in D in the case when v1 is an arc of a circle, and hyperbolic line segments in D (see Definition
1.4.2), in the case when 72 is an arc of a circle.

The proof of Theorem 1.6.2 is different depending on which one of the curves 1 or 3 is an arc
of a circle. In the case when - is an arc of a circle, the proof rests on several preliminary results,
which we present below.

Proposition 1.6.5. Let D be as in Theorem 1.6.2 and suppose that 2 is an arc of a circle
C = 0B(z0,R). Let D4 be the domain which is symmetric to the domain D with respect to the

circle C, that is
2
:z€ D}
Z—7% }

D, = {ZO +
Then D* = D U~v, U Dy s a convexr domain.

Proof. For a complex number z we will use Rez and Imz to denote the real, respectively the
imaginary part of the complex number z € C.

Without loss of generality we can assume that C = 0B(0,1) is the circle centered at the
origin of radius 1 and that ~;(0) and 7 (1) are symmetric with respect to the vertical axis, that is
Im7;(0) = Imvz2(1). Further, we may assume that 4o contains the point —i.

We will first show that Imv;(0) < 0. To see this, note that since the domain D is convex, it
lies below its half-tangent at the point +1(0), and by the angle restriction this half-line lies below
the line passing through ~;(0) and the origin. If Im<;(0) > 0 then also Imvy; (1) = Im~,(0) > 0,
and therefore the point ;1 (1) € 0D does not lie below (or on) the line determined by -1 (0) and 0,
a contradiction. We must therefore have Im~; (0) = Im~; (1) < 0.

If Im7; (0) = Imy; (1) = 0, by the angle restriction at these points, together with the fact that D
is a convex domain (and hence 7, is a concave down curve), it follows that the curve 7, is in this case
the line segment [—1,1], and therefore D = {z € C: Imz < 0,|2| < 1}. The proof is trivial in this
case since Dy = {z € C:Imz < 0,|z| > 1}, and therefore D* = DU~y U D, = {z € C: Imz < 0}
which is a convex domain.

A similar argument shows that if 0 € v; C 9D, then the curve ~; consists of the union of the
two line segments from 7, (0) to 0, respectively from 0 to v1(1), hence Dis a sector of the unit disk.
It follows that D* = DU~y UD, = {z € C— {0} : arg1(0) < arg z < arg~1(1)}, which is again
a convex set. We can therefore assume that Imvy;(0) = Imvy;(1) < 0 and 0 ¢ D U OD. It follows
that the domain D is contained in the circular sector {z € C — {0} : |z] < 1,argy1(0) < argz <
argv1(1)}, and therefore D* = D U~y U Dy is contained in {z € C — {0} : arg1(0) < argz <
argy1(1)}. Tt follows that for any points wy,wy € D* = D U~y U Dy, the line segment [wq,ws]
may intersect the circle C' only on the arc 75 (and not on C' — +2). Since D is convex domain, it
follows that D* = D U~ U Dy is a convex domain if and only if

w1 € Dg,wy € y2 U Dy s.t. [wy,ws] Nya € {0, {ws}} = [w1,ws] C D, (1.6.1)

where [wy, ws] denotes the line segment with endpoints wy and wa.
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Figure 1.2: The set D* = DU~y U Dq.

Since the set is symmetric to a line with respect to C' is a circle passing through the origin,
by letting 21, z2 be the symmetric points of wy, respectively we with respect to C, (1.6.1) can be
rewritten equivalently as

21 €D,z € UDst. z122Ny2 €4{0,{22}} = z122 T UD, (1.6.2)

where 725 denotes the arc of the circle C(0, 21, 22) passing through z1, 22 and 0, between (and
including) z; and z3, and not containing 0. If the points 27, 2o and 0 are collinear, the arc zjz3
becomes the line segment [z7, 25].

To show the claim, we will prove (1.6.2). Let 21 € D, 20 € 42UD such that z122Ny, € {0, {22}}.
If the points 0,21 and 29 are collinear, 2123 = [21, 23] C 72 U D, so we may assume that 0, z; and
z9 are not collinear.

Assume first that the circle C(0, 21, 22) does not intersect C. Since y; bounds the convex
domain D, the intersection 1 N C(0, 21, 22) consists of exactly two points u; and us(see Figure
1.2). Tt follows that the intersection between D and C(0, 21, 22) is the arc Tius, and therefore we
have 7125 C ujuz C D in this case.

If the circle C(0, 21, 22) intersects C, the intersection C(0,z1,22) N D is either one or two
(connected) arcs ¢; and c¢p. Note that z; and z; must lie on the same connected arc ¢; (i = 1
or i = 2), for otherwise the intersection z3z3 N 2 would consist of two distinct points (the two
endpoints of ¢; and ¢ lying on 7y,). If 21, 20 € ¢, since ¢; is a connected arc lying in D, we have
Z173 C ¢ Uye C DU~ and the claim follows. This completes the proof of the Proposition. [

As a corollary, we obtain the following.

Corollary 1.6.6. Let D be as in Theorem 1.6.2 and suppose that s is an arc of a circle. Let
U={z€C:|z| <1} be the unit disk and UT = {z € U : Imz > 0} be the upper half-disk. Let
f: U+ = D be a conformal map such that f[—1,1] = vo. Then f extends to a conformal map
from U onto the convexr domain D*.

Proof. Follows by using the Schwarz reflection principle and the previous lemma. See [10] for the
details. =

In order to prove Theorem 1.6.2 in the case when =5 is an arc of a circle we also need the
following theorem, which may be of independent interest.
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Theorem 1.6.7. Let Uy = {¢ € R% : |[¢|| < 1} be the unit ball in RY, d > 2, and let U = {¢ =
(C1y-Ca) €Ug = (g >70} be the upper hemisphere in R?.

Suppose that V : U — (0,00) is a continuous potential for which r*V (r() is a nondecreasing
function of r € (0, ﬁ) for any ¢ € U;r arbitrarily fixed. That is, suppose that

Tl (T1C) <T2 (’I“QC), (163)

forall(er,0<r1<r2<ﬁ.
Let By be a reflecting Brownian motion in U] killed on the hyperplane H = {¢ = (1, ..., Ca) €
d. ¢y = 0}, and let Tt denote its lifetime. Then for any arbitrarily fized t > 0 and { € U;,

T+
pPr¢ (fo Y4 V(By)ds > t) is a non-decreasing function of r € (0, ”—é”), that is

r1¢ TU;— r2C TU;
P V(Bs)ds >t | <P V(Bs)ds >t ], (1.6.4)
0 0

forallt >0, ¢ e US and0<7“1<7‘2<”%”-
Moreover, if the inequality in (1.6.3) is a strict inequality, so is the one in (1.6.4).
Proof. Fix t>0,¢ €U/ and 0<ry <7y < k.

Consider a scaling coupling of reflecting Brownian motions (B, Ef) in the unit ball Uy starting
at (r1¢,m2() (see Section 1.3). More precisely, let B; be reflecting Brownian motion in Uy starting
at r1¢ € Uy, with its natural filtration (F;), and consider

~ 1
Bt = EBQH t Z 07 (165)
where
M, = —\/supHB Il (1.6.6)
A = / M2 (1.6.7)
and
=inf{s >0: A; > t}. (1.6.8)

Theorem 1.3.1 and Remark 1.3.2 show that B, is an (Fa, )-adapted reflecting Brownian in Uy.
Letting Tyt ?U; denote the killing times of By, respectively By, on the hyperplane H, we have
almost surely Tyb =07 o and therefore we obtain
d

TU;' Ot;—UJr
/ V(By)ds — / L v(By)ds (1.6.9)
0 0

The inequality above follows from the assumption that 72V (r() is a non-decreasing function
of r for ¢ € U, arbitrarily fixed:

1 1
V(Ba) = V(1) < 1V (5B )

Qo
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since by (1.6.6) we have M,,, <1 for all u > 0.
By the construction above, (By, B;) is a pair of reflecting Brownian motions in Uy starting at
(r1¢,r2¢), and the inequality (1.6.9) shows that in particular we have

C TU;, TU; ~
P / V(By)ds >ty < Pm2¢ / V(Bs)ds >t ¢,
0 0

which proves the first part of the Theorem 1.6.7.
To prove the strict increasing part of the theorem, we will use the following support lemma for
the d-dimensional Brownian motion (see [80], page 374).

Lemma 1.6.8. Given an d-dimensional Brownian motion By starting at x and a continuous
function f:[0,1] — R? with f(0) =z and ¢ > 0, we have

P* (sup IB: — f()]| < E) > 0.
t<1

Assume now that we have strict inequality in (1.6.3). By the continuity of the potential
V :Uf — (0,00) and the strict monotonicity of 72V (r¢) for 0 < r < ﬁ, we have

/01 V(1 = w)riQ)du < /01 (:T)z v (:’;’(1 - u)ﬁC) du,

and therefore we can choose T > 0 such that

T/O1 V(1 —w)rQ)du <t < T/O1 (:j)z v (:3(1 - u)ﬁC) du,

and we may further choose € > 0 and § > 0 small enough so that

T 1+% T 17% T2 2 T2

Consider the function f: R — R? defined by

1= (1- 55

With the change of variable u = %s, the double inequality in (1.6.10) can be rewritten as

e 1

TTT?T ?T;T o 2 9
/0 V(f(s)ds <t< /0 (7“1) 14 <7“1f(5)> ds.

By eventually choosing a smaller ¢ > 0, and by the uniform continuity of V on U™, we also
have

€

1+L

5T T 2
/” V(b(s))ds<t</ ! (”) v(”b(s)>ds, (1.6.11)
0 0 81 1

for any continuous functions b : [0, t=<] — R™ such that

» T+
wp bs) — £(s)]] < =.

sup
T
SS_H;

1

Let B, and B, be the reflecting Brownian motions in Ugstarting at r1(, respectively r2(, as
constructed above. By Lemma 1.6.8, B, lies in the e-tube about f(t) for 0 < ¢ < T" with positive
probability, that is,

P (sup |Bs — f(s)] < 5) > 0.
s<T
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We may assume that € > 0 is chosen small enough so that this tube does not intersect OU,
and therefore on a set @) of positive probability, the coupled Brownian motion By does not reach

0Uy, hence the process M; is constant on this set.

Thus, on the set () we have

Ms = E,
T2
s 1 ) 2
A, = | —du= (2
’ o M2 " <r1> >

o\ 2

- 1

oy = Asl—(> s,
T2

2
= = — (=
and Tyt = ATU;r = (n) Ty Therefore on @ we have

€
1 o

(1.6.12)
(1.6.13)

(1.6.14)

(1.6.15)

. 1-% + ..
Also, by the construction of the set @ we have 37" < Tyt < 73 1 on Q, and combining

with (1.6.11) and (1.6.15), we obtain the strict inequality

1455

Tt T35
/ a V(Bs)ds / V(Bs)ds <t
0 0

1— =&

[ ) vz
0 1 o
TUI 2 ? T2
— ) V| —=Bs)ds
0 ™ T1

IA

A

IA

almost surely on Q.

(1.6.16)
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Therefore we have:

TU+
pPri¢ {/ * V(By)ds > t}
0

pri¢ {/T”d+ V(B,)ds > t,Q}
0

r1¢ TU;r c
+ P V(B,)ds > t,Q

0
TUI
/ V(By)ds > t,Q°
0

7~'U+ —
prz¢ {/ * V(Bs)ds > t,QC}
0

< PU{QE+ P { [ viBgas > QC}
0

_ T2¢ ;U;r 2}
= P V(Bs)ds > t,Q
0
roC ;Uj n c
+ P V(Bs)ds > t,Q
0

_ 72¢ ?Uj D
= P V(Bs)ds >t
0

which proves the strict inequality in (1.6.4) in the case when the 2V (r() is a strictly increasing
function of r, ending the proof of Theorem 1.6.7. O

= 0+P"¢

—

IN

With this preparation we can now proceed with the proof of Theorem 1.6.2.

Proof of Theorem 1.6.2. We distinguish the following cases.
Case 1. v, is an arc of a circle.

Let f a the conformal mapping given by Corollary 1.6.6, and let B; be a reflecting Brownian
motion in U™ killed on hitting [—1, 1], and denote its lifetime by 77+

By Proposition 1.4.8, the potential V : UT — R defined by V(z) = |f’(z)|2 satisfies the hy-
pothesis of Theorem 1.6.7, and therefore we have

p= {/Onﬁ [f'(Bs)|?ds > t} < p* {/(;TU+ |f'(B,)|2ds > t}, (1.6.17)

for all t > 0 and z; = e, 2y = rye® with 0 <7 <7y < 1 and 0 < < 7. By Lévy’s conformal
invariance of the Brownian motion, this is exactly the same as

Pf(zl) {TD > t} < Pf(Z2) {TD > t}’ (1618)

where 7p is as in Theorem 1.6.2. From this it follows that the function u(z) = P*{rp > t} is
nondecreasing as z moves toward 7; along the curve v = f{re? : 0 < r < 1}, for any 6 € (0,7)
arbitrarily fixed. This together with the real analyticity of the function u(z) implies that u(z) is
in is in fact strictly increasing along the family of curves {7y : 0 < 6 < 7}, which completes the
proof of Theorem 1.6.2 when 7, is an arc of a circle.

Case 2. v, is an arc of a circle.

Without loss of generality we may assume that v, is an arc of the unit circle centered at the
origin. An argument similar to the one in Proposition 1.6.5 shows that 0 ¢ D, and if 0 € 9D then
the domain D is a sector of the unit disk. It either case, the origin belongs to U\D.
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We claim that U\ D is starlike with respect to the origin. If 0 € 9D, the set D is a sector of the
unit disk U and the claim follows. We can assume therefore that 0 ¢ D.By the angle restriction
in the hypothesis of our theorem, together with the convexity of the domain, it follows that D
is contained in a sector of the unit disk U, which without loss of generality may be assumed to
be symmetric with respect to the imaginary axis. That is, D C {z € U : a < argz < m — a},
where a = min{arg~1(0),argy:1(1)} € (0,%). Let z € U\D and t € [0, 1] be arbitrarily fixed. If
argz ¢ (a,m —a) thentz e U\{z € U : a < argz < m — a} C U\D. Thus tz € U\D in this case.
If argz € (a,m — «) and ¢tz ¢ U\D, then, sinceﬁz € 71 C D, we obtain by the convexity of D

that the line segment with endpoints 2z and ﬁz is contained in D, and in particular it follows

that z € D, a contradiction. In both cases we obtained that tz € U\ D, which proves that U\D is
starlike with respect to the origin.

We now follow the proof of Theorem 1.6.7 in the case d = 2. For arbitrarily fixed ¢ > 0 and
r1e'? rye’® € D withry < 7o, let (By, B;) be a scaling coupling of reflecting Brownian motions in
the unit disk U starting at(r1e?,r2e??), as in the case of Theorem 1.6.2. We note that that if for
s > 0 we have 1\%35 € 72 C U\D, then by the starlikeness of the set U\D also By € U\D. That
is,

1
M,

Bs ¢ D = By ¢ D for some 0 < s’ < s. (1.6.19)

Recalling that B, = ﬁBas and that a, < s for all s > 0, we can rewrite (1.6.19) as follows

B, ¢ D= By ¢ D for some 0 < s’ < a, <s, (1.6.20)

which in turn is equivalent to
Ty S0z, < Trpas (1.6.21)

where 7, and 7,, denote the killing times of By, respectively Et, on the curve v,. From this, it
follows that we have y »
P, >t} < P {F, >t} (1.6.22)

and thus the function u(z) = P? {rp > t} is nondecreasing on the part of the radii rp = {re?’,0 <
r < 1} which is contained in the domain D. As before, this together with the real analyticity of
the function u shows that it is in fact strictly increasing, completing the proof of the theorem. [

We end with some other remarks related to Theorem 1.6.7. Consider the Schrodinger operator
%Au —Vu in Ud+ with Dirichlet boundary conditions on the part of U ; lying in the hyperplane
H={({,.,C) € R? : ¢, = 0}, and Neumann boundary conditions on the “top” portion of the
sphere. If we let PY (&,¢), &, ¢ € UJ be the heat kernel for this problem, then

) = B {em BV s} o [ RV E O

1.7 Open Problems

Even though there is a rich literature containing many positive results on the validity of Hot Spots
Conjecture (see [49], [7], [26], [13], [25], [48], [63], [3], [64], [10], [20], [42], [43], [58], [86], [77], [59],
[78], etc), at the present moment the conjecture is still open in its full generality.

It is known that the Hot Spots conjecture holds for balls, parallelepipeds and annuli in R™ ([49]),
smooth convex domains with two orthogonal axes of symmetry (by the results in [64], [7], or [48]),
with just one axis of symmetry and an additional hypothesis (if the second Neumann eigenfunction
is antisymmetric one can use the results in [64], and the results in [7] in the eigenfunction is
symmetric), for nearly circular domains ([58]), for a certain class of doubly connected domains
([20]), etc.

Strikingly, one of the simplest cases for which the Hot Spots conjecture is still open is the case
of acute triangles (except for particular acute triangles, such as equilateral or isosceles triangles).
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It is also interesting to note that the conjecture holds for obtuse triangles by the results in [7]),
but this method fails for acute triangles. This indicates that one needs new tools in approaching
this famous conjecture, which drew the attention of many famous mathematicians over the last
30 years since it was formulated, such as J. Rauch, D. Jerisson, N. Nadirashvili, W. Werner, K,
Burdzy, R. Bass, R. Banuelos, and others.



Chapter 2

Mirror coupling of Reflecting
Brownian motions

The notion of mirror coupling was introduced by W. S. Kendall in [50] in the case of Brownian
motions on a complete Riemannian manifold with nonnegative Ricci curvature, and was considered
in [85] in the case of reflected processes. In [25], and more recently in [4] and [5], K. Burdzy et
al. gave a detailed construction of the mirror coupling of reflecting Brownian motions in a smooth
domain in R™ (n > 2), and used it in order to derive various properties related to Neumann
eigenvalues and eigenfunctions of the Laplacian on D.

Using a detailed analysis of the mirror coupling of reflecting Brownian motions in the case of
the unit ball in R™, in the present chapter we settle a conjecture of R. Laugesen and C. Morpurgo
which asserts that the diagonal of the Neumann heat kernel of the unit ball U C R™ is a strictly
increasing radial function, and we prove some other inequalities for the Neumann heat kernel in
the ball which are of independent interest.

Next, we present an extension of the mirror coupling, recently obtained by the author in [65], in
the case when the two reflecting Brownian motions live in different smooth domains D;, Dy C R"
satisfying an additional assumption (this condition is satisfied in particular if D, Do have non-
tangential boundaries and D; N Dy is a convex domain). As applications of this construction, we
derive a unifying proof of the two main results concerning the validity of Chavel’s conjecture on
the domain monotonicity of the Neumann heat kernel, due to I. Chavel ([29]), respectively W. S.
Kendall ([51]), and a new proof of Chavel’s conjecture for domains satisfying the ball condition,
such that the inner domain is star-shaped with respect to the center of the ball.

The results in this chapter are based on [65], [66] and [67].

2.1 Introduction

The technique of coupling of reflecting Brownian motions is a useful tool, used by several authors
in connection to the study of the Neumann heat kernel of the corresponding domain (see [5], [7],
21], [27], [51], [50], [85], [64], etc).

In a series of paper, Krzysztof Burdzy et al. ( [4], [5], [7], [21], [25]) introduced the mirror
coupling of reflecting Brownian motions in a smooth domain D C R? and used it in order to derive
properties of eigenvalues and eigenfunctions of the Neumann Laplaceian on D.

In this chapter we present a detailed analysis of the mirror coupling of reflecting Brownian
motions in the unit ball in R™ (n > 2), and we show that in this case the hyperplane of symmetry
between the two reflecting Brownian motions (the mirror of the coupling) moves towards the
origin. This allows us to obtain a double inequality for the Neumann heat kernel of the unit ball,
and as a corollary we conclude with a short proof of Laugesen-Morpurgo conjecture.

We also show that the mirror coupling can be extended to the case when the two reflecting
Brownian motions live in different domains Dy, Dy C R%.

27
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The main difficulty in the extending the construction of the mirror coupling comes from the
fact that the stochastic differential equation(s) describing the mirror coupling has a singularity
at the times when coupling occurs. In the case D; = Ds = D considered by Burdzy et al. this
problem is not a major problem (although the technical details are quite involved, see [5]), since
after the coupling time the processes move together. In the case D # Dy however, this is a major
problem: after the processes have coupled, it is possible for them to decouple (for example in the
case when the processes are coupled and they hit the boundary of one of the domains).

It is worth mentioning that the method used for proving the existence of the solution is new,
and it relies on the additional hypothesis that the smaller domain Do (or more generally D N Ds)
is a convex domain. This hypothesis allows us to construct an explicit set of solutions in a sequence
of approximating polygonal domains for Do, which converge to the desired solution.

As applications of the extended mirror coupling, we derive a unifying proof of the two most
important results on the challenging Chavel’s conjecture on the domain monotonicity of the Neu-
mann heat kernel ([29], [51]), and a new proof of Chavel’s conjecture for domains satisfying the
ball condition, such that the inner domain is star-shaped with respect to the center of the ball.
This is also a possible new line of approach for Chavel’s conjecture (note that by the results in
[12], Chavel’s conjecture does not hold in its full generality, but the additional hypotheses under
which this conjecture holds are not known at the present moment).

The structure of the chapter is as follows: in Section 2.2 we briefly describe the construction
of Burdzy et al. of the mirror coupling in a smooth bounded domain D C R? and we establish
the notation.

In Section 2.3, we begin with a detailed analysis of mirror coupling of reflecting Brownian
motions in the unit ball, which shows that the hyperplane of symmetry between the two reflecting
Brownian motions (the mirror of the coupling) moves towards the origin (Lemma 2.3.16). From
this we obtain a comparison result for the transition probabilities of reflecting Brownian motion
in the unit ball (Theorem 2.3.17), which is the key for our proof of the Laugesen-Morpurgo
conjecture. Using this result, we obtain a double inequality for Neumann heat kernel of the unit
ball (the double inequality in Theorem 6.2.4), and as a corollary we conclude with a short proof
of Laugesen-Morpurgo conjecture (Theorem 2.3.20).

In Section 2.4, in Theorem 2.4.1, we give the main result which shows that the mirror coupling
can be extended to the case when Dy C Dy are smooth bounded domains in R¢ and D5 is convex
(some extensions of the theorem are presented in Section 2.6).

Before proceeding with the proof of theorem, in Remark 2.4.4 we show that the proof can be
reduced to the case when D; = R, Next, in Section 2.4.1, we show that in the case Dy = (0, 00) C
D; = R the solution is essentially given by Tanaka’s formula (Remark 2.4.5), and then we give
the proof of the main theorem in the 1-dimensional case (Proposition 2.4.6).

In Section 2.4.2, we first prove the existence of the mirror coupling in the case when D5 is a
half-space in R? and D; = R? (Lemma 2.4.8), and then we use this result in order to prove the
existence of the mirror coupling in the case when Ds is a polygonal domain in R? and D; = R?¢
(Theorem 2.4.9). In Proposition 2.4.10 we present some of the properties of the mirror coupling
in the particular case when Dj is a convex polygonal domain and D; = R?, which are essential
for the construction of the general mirror coupling.

In Section 2.5 we give the proof of the main Theorem 2.4.1. The idea of the proof is to
construct a sequence (Y;*, X;) of mirror couplings in (Dn,]Rd), where D,, D, is a sequence
of convex polygonal domains in R%. Then, using the properties of the mirror coupling in convex
polygonal domains (Proposition 2.4.10), we show that the sequence Y;" converges to a process Yz,
which gives the desired solution to the problem.

The last section (Section 2.6) is devoted to the applications and the extensions of the mirror
coupling constructed in Theorem 2.4.1.

First, in Theorem 2.6.3 we use the mirror coupling in order to give a simple, unifying proof
of the results of I. Chavel and W. S. Kendall on the domain monotonicity of the Neumann heat
kernel (Chavel’s Conjecture 2.6.1). The proof is probabilistic in spirit, relying on the geometric
properties of the mirror coupling.

Next, in Theorem 2.6.4 we show that Chavel’s conjecture also holds in the more general case
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when one can interpose a ball between the two domains, and the inner domain is star-shaped with
respect to the center of the ball (instead of being convex). The analytic proof given here is parallel
to the geometric proof of the previous theorem, and it can also serve as an alternate proof of it.

Without giving all the technical details, we discuss the extension of the mirror coupling to the
case of smooth bounded domains Dj 5 C R¢ with non-tangential boundaries, such that Dy N Dy
is a convex domain.

The section concludes with a discussion of the non-uniqueness of the mirror coupling. The lack
of uniqueness is due to the fact that after coupling the processes may decouple, not only on the
boundary of the domain, but also when they are inside the domain.

The two basic solutions give rise to the sticky, respectively non-sticky mirror coupling, and there
is a whole range of intermediate possibilities. The stickiness refers to the fact that after coupling
the processes “stick” to each other as long as possible (“sticky” mirror coupling, constructed in
Theorem 2.4.1), or they can immediately split apart after coupling (“non-sticky” mirror coupling),
the general case (weak/mild mirror coupling) being a mixture of these two basic behaviors.

We developed the extension of the mirror coupling having in mind the application to Chavel’s
conjecture, for which the sticky mirror coupling is the “right” tool, but perhaps the other mirror
couplings (the non-sticky and the mild mirror couplings) might prove useful in other applications.
To be re-read - perhaps shortened

2.2 Mirror couplings of reflecting Brownian motions

We denote by U = {z € R?: ||z]| < 1} the open unit ball in R? (d > 1) and by v(z) = —z, z € U,
the inward unit vector field on the boundary of U.
Given a hyperplane H C R?, we say that the points =,y € R? are separated by H if 2 and y
lie in different components of R¢ — #, and we say that they are not separated by H otherwise.
Reflecting Brownian motion in a smooth domain D C R? can be defined as a solution of the
stochastic differential equation

t
Xt = XO + Bt +/VD(Xs)dL87 t Z 0, (221)
0

where B; is a d-dimensional Brownian motion, vp is the inward unit normal vector field on 9D
and LX is the boundary local time of X; (the continuous non-decreasing process which increases
only when X; € 0D).

Formally we have:

Definition 2.2.1. X; is a reflecting Brownian motion in D starting at xo € D if it satisfies
(2.2.1), where:

(a) By is a d-dimensional Brownian motion started at 0,

(b) Ly is a continuous nondecreasing process which increases only when X; € 0D,

(c) Xy is (FP)-adapted, and almost surely Xo = xo and X; € D for all t > 0.

Remark 2.2.2. For pathwise existence and uniqueness of reflecting Brownian motion in the sense
of the above definition see for example [14].

In [4], the authors introduced the mirror coupling of reflecting Brownian motion in a smooth
domain D C R? (piecewise C? domain in R? with a finite number of convex corners or a C?
domain in R4, d > 3).

The idea of the mirror coupling is that the two processes (X;);>o and (Y;)¢>0 behave like
ordinary Brownian motions (symmetric with respect to a hyperplane, called the mirror of the
coupling) when both of them are inside the domain D. When one of the processes hits the
boundary, the mirror M; gets a minimal push towards the inward unit normal at the corresponding
point at the boundary, needed in order to keep both processes in D. Considering the coupling
time 7 = inf {¢ > 0: X; = Y3}, the mirror coupling evolves as described above for ¢t < 7, and we
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let X; =Y; for t > 7 (the two processes move together after the coupling time). For definiteness,
for t > 7 we define the mirror M, as the hyperplane parallel to M, passing through X; =Y;.

The formal construction of the mirror coupling is the following. Consider the system of stochas-
tic differential equations:

t
X, = m+Wt+/ vp (Xs)dLY (2.2.2)
0
t
Yo = y+Zt+/ vp (X,)dLY (2.2.3)
0
by, - X
Zy = W,—2 | ——=_(v,-X,)-dW, (2.2.4)
t S AR AL

for t < & where £ = inf {s > 0: X, = Y} is the coupling time of the processes, after which the
processes X and Y evolve together, i.e. X; =Y; and Z;, = W + Z¢ — We for ¢t > €.

Following [4], and considering the Skorokhod map I' : C ([0,00) : RY) — C ([0,00) : D), we
have X =T (x + W), Y =T (y + Z), and therefore the above system is equivalent to

tAE
Zy = GIT(y+2),—T(x+W),)dWs+ Li>e (W, — W), (2.2.5)
0
where £ =inf{s >0:T(x+ W), =T (y+ Z),}. In [4] the authors proved the pathwise unique-
ness and the strong existence of the process Z; in (2.2.5) (given the Brownian motion W;).
In the above G : R* — M4 denotes the function defined by

) — H ﬁ , if 2z#£0 9
G (2) {0( ) o0 (2.2.6)

where for a unitary vector m € R?, H (m) represents the linear transformation given by the d x d
matrix

H(m)=1-2mm/, (2.2.7)

that is
H(m)v=v—2(m-v)m (2.2.8)

is the mirror image of v € R? with respect to the hyperplane through the origin perpendicular to
m (m’ denotes the transpose of the vector m, vectors being considered as column vectors).
The pair (X¢,Y;),~, constructed above is called a mirror coupling of reflecting Brownian mo-

tions in D starting at (z,y) € D x D.
Remark 2.2.3. The relation (2.2.4) can be written in the equivalent form
dZ, = G(Xy — Yy) dWy,

which shows that for t < £ the increments of Z; are mirror images of the increments of Wy with
respect to the hyperplane My of symmetry between X; and Y, justifying the mame of mirror
coupling.

In the particular case of the unit ball D = U C R?, for arbitrarily fixed points z,y € U, the
mirror coupling of reflecting Brownian motions in the unit ball U C RY starting at (z,y) is the
pair (X, Kg)tzo of stochastic processes defined by

x4+ Wi+ [y v(X,)dLY

Xy
: 2.2.9
{ Y, = y+Zi+ [jv(Yy)dLY (22.9)
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where W; is a d-dimensional Brownian motion starting at Wy = 0, Z; is the mirror image of the
Brownian motion W; with respect to the hyperplane M; of symmetry between X; and Y;, that is

k XS_}/S

Zy=W;—2 —_—
0 ||XS_YSH

(X, = Y,) - dW,, (2.2.10)

and L;¥ and LY denote the boundary local times of the reflecting Brownian motions X; and
respectively Y;.
The processes X; and Y; evolve according to (2.2.9) above for ¢ < 7, where 7 is the coupling
time
T=inf{t>0:X; =Y;} e RU {0},

and they evolve together after the coupling time (i.e. X; =Y; for t > 7).

2.3 Laugesen-Morpurgo Conjecture

The Laugesen-Morpurgo conjecture appeared, as we learned from Rodrigo Banuelos, in connection
with their work on conformal extremals of the Riemann zeta function of eigenvalues (see [53]).
The conjecture states the diagonal element of the Neumann heat kernel of the Laplacian in the
unit disk U = {:1: €ER?: |z| < 1} in R? is a radially increasing function, that is

pu (t,z,z) <pu(tyy), t>0, (2.3.1)

for all z,y € U with 0 < |z| < |y| < 1, where py (¢, z,y) denotes the heat kernel for the Laplacian
with Neumann boundary conditions (or, equivalently, the transition density for the Brownian
motion with normal reflection on the boundary) in the unit disk U. The conjecture extends
naturally to the Neumann heat kernel of the Laplacian in the unit ball U = {z € R?: ||z|| < 1}
in R%, d > 1, as follows.

Conjecture 2.3.1 (Laugesen-Morpurgo Conjecture). Let py(t,z,y) denote the heat kernel for
the Laplacian with Neumann boundary conditions on the unit ball U = {z € R : ||z|| < 1} in R?
@d@>1).

For any t > 0 we have

pu(t,z,x) < pu(t,y,y), (2.3.2)

for all z,y € U with ||z|| < |Jy|-

The probabilistic interpretation of the conjecture is that a reflecting Brownian motion starting
closer to the boundary is more likely to return to its starting position (after ¢ units of time), than
a reflecting Brownian motion starting further away from the boundary (after the same ¢ units of
time).

The physical interpretation is that introducing an atom of heat in a circular room with ther-
mally insulated boundary, the closer this point to the boundary, the warmer we feel at this point,
after any fixed number of units of time.

Despite the seemingly simple nature of this conjecture and the fact that it seems to have been
well known since 1994, until 2011 (when we settled this conjecture in [66]) only some partial results
were known (see [8], [62], [67] and [68]).

In 2009 Banuelos et al. ([8]) proved the following result related to the Laugesen-Morpurgo
conjecture:

Theorem 2.3.2. The diagonal element pg (t,z, x) of the transition probabilities for the d-dimensional
Bessel processes on (0;1], reflected at 1, is an increasing function of x € (0,1] for d > 2 and this
is false for d = 2.
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Remark 2.3.3. Since the norm of a d-dimensional Brownian motion is a Bessel process of order
d, the above result is equivalent to the monotonicity with respect to r € (0,1) (for any t > 0
arbitrarily fized) of the integral mean

rdil/ pu (t,rer,ru) do(u),
ou

where e; = (1,0,...,0) € R? and o is the normalized surface measure on OU.

The fact that the Laugesen-Morpurgo conjecture is true in the 1-dimensional case is known
(see for example [8], Remark 5.4 for an analytic proof, or [68] for a probabilistic proof). In [67] we
obtained a discrete version of the Laugesen-Morpurgo conjecture, and as a corollary we derived a
new probabilistic proof of the Laugesen-Morpurgo conjecture in the 1-dimensional case, which we
will present next.

2.3.1 A discrete version of the conjecture

In this section we will prove a discrete 1-dimensional version of the Laugesen-Morpurgo conjecture,
as follows: if X, is a simple random walk on {—s, ..., s} with reflecting barriers at +s, then for
any n € N arbitrarily fixed, P * (X,, = ¢) is a strictly increasing function of |i|, that is:

PY(X,=1i) <P/ (X, =), (2.3.3)
for any 4,5 € {—s+1,...,s — 1} with |i] < |j| and any n € N.
P' (Xa=i )
o 0.07} o*®
° 0. 065; °
° 0.06¢ °
e 0. 055; ¢
® 0.05; ®

e @
©,045 o

> o®
®eg000®
0. 04t

) ‘ ‘ ‘ ‘ e
-25 -15 -5 5 15 25

Figure 2.1: The graph of the probabilities P (X,, = i), i = —s,..., s for s = 25 and n = 500.

Tt is interesting to note that the inequality (2.3.3) does not hold for j = s, as it can be seen
from the Figure 2.3.1 above. Also note that when n is odd, (2.3.3) is trivial, since in this case
P (X, =i)=0forany i€ {-s,..., s}

Let S = {—s,—s+1,....s— 1,5}, where s € N — {0}. Define new states st = s~ = s,
(—s)t =(—s)” = —sandlet i*, i€ {—s+1,...,5— 1} be distinct, such that

StnS :={it|ieS}n{i" |ieS}={-s,s}.

Setting S* = ST US~ and S; = {iT,i"}, i€ S,

St =8_,US_ 4 1U...US,_1US, (2.3.4)

is a decomposition of ST in disjoint sets.
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By a finite cyclic random walk on ST (or simply a random walk on S¥), we understand a
random walk (XF), . with state space S* and transition matrix P* = (P;); jes+ given by

1

+ _ p* _ px _ p* —
P v+ = P ooyr = P ioy- = P= o- = 9 (2.3.5)
forie {—s+1,...,s—1}, and
1
+ _ p*x _ p*t _ p* —
})75,(7s+1)+ - Pfs,(fs+1)* - Ps,(sfl)Jr - P57(571)7 - § (236)

+

) en on ST, we define a new sequence of random variable (X, )nen

Given the random walk (X
with state space S by setting

X, =i if and only if X ¢ {i"', i_} , (2.3.7)
where i € S and n € N,

Remark 2.3.4. It can be shown (see for example [{1], p. 166) that (XF)nen is groupable with
respect to the partition (2.3.4) and that (X, )nen 48 the corresponding grouped Markov chain, with
transition probability matrix P given by

1
Piic1=P i = ok (2.3.8)

forie{—s+1,...,5s—1}, and
Py gy1 =Py =1 (2.3.9)

Remark 2.3.5. Defining the projection function pr: ST — S by
pr(it) =pr(i7) =14,
forie{—s+1,...,5s—1}, and
pr(—s) = —s and pr(s) = s,

it can be seen that
X, = pr(XE), n € N.

(—s)* (=s+ 1)t - 1+ ot 1+ cee(s—1)* st

@ @ ® ® - —0<—>0<—>0<—>0—>
-5 —s+1 -1 0 1 s—1 s

Figure 2.2: The projection of a random walk on S* onto a reflecting random walk on S.

Remark 2.3.6. From (2.3.8) and (2.3.9), it can be seen that (Xp)nen s a random walk on
S ={-s,...,s}, with reflecting barriers at —s and s. We will refer to (X,,)nen as the reflecting
random walk on S corresponding to the random walk (XF),en.
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For an arbitrary fixed starting point th =z € S*, we denote by P? the probability measure
associated with the random walk (XF),cn and by PP"(*) the probability measure associated with
the corresponding reflecting random walk (X, )nen.

The relationship between the transition probabilities of a random walk on S* and those of the
corresponding reflecting random walk on S is given by the following.

Proposition 2.3.7. For anyi € S —{—s,s} and n € N we have

P(X, =i) =P (XF=i") + P (X;f =i7),

where (XF)nen is a random walk on S* and (X, )nen is the corresponding reflecting random walk
on S.
Proof. See [67]. O

Remark 2.3.8. Alternately, letting Uy, = {exp(4Z) : k € {0,1,...,4s — 1}} denote the vertices of
a regular polygon with 4s sides and defining the bijection f : ST — Uy, by

s =ew ((-hg). ke,

and )
F(k™) = exp ((35 + k)Z) . keS,

we can view a random walk on ST = {—s,...,s} as a rotationally invariant random walk on the
vertices of the polygon Uys (see Figure 2.3).

S:k:
(7q>+ —1t ot 1+ st
. e o e e o _
T e e e e e

Figure 2.3: The bijective correspondence between random walks on S* and Uys.

We introduce two couplings of random walks on S*: the translation coupling and the mirror
coupling.

A translation coupling of random walks on ST with starting points (z,y) € S* x S* (without
loss of generality we may assume that pr(z) < pr(y)) is a pair (X7, Y,F),en, where (XF),ey is
a random walk on S* with starting point € S*, and (Ynj:)neN is the random walk on S* with
starting point y € S* defined by

Y = ) pr() (X)), nEN,

n
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where for a € Z, tr, : ST — ST is the translation function on S* defined by

tro(t) = f1 (f (t) exp (—zg)) . te St (2.3.10)

and f is the bijection defined in Remark 2.3.8 (see Figure 2.4).

st =35 +
Yo
- N N
(s—1* f (s—1) .
N S
! e N
! N
+ N
II X5 \\ N
! y N AN
I N N
I N N
- N N
I T N N
I N S
N N
I \\ N
| \
0te 0~ N N
1 N N
\
| N \\
1 N N
| S N
S N
1 \
\ NN
\ N N
p N
\ N N
\ N N
N
\ N \\
\ N 'Y
\ N N,
e + —a - N
(=s+1)" @ ¢ (=s+1) N N
R J
(=5)" =(=5)"

Figure 2.4: Sample paths of random walks on S* coupled by translation.

A mirror coupling of random walks on ST with starting points (z,y) € S~ x S~ chosen such
that pr(z)+pr(y) is an even number (without loss of generality we may assume that pr(z) < pr(y))
is the pair (X5, Y, "),en, where (XF),en is a random walk on ST with starting point x € S*,
and (Yni)nEN is the random walk on S* with starting point y € S* defined by

yE — Sym(%)_()ﬁf) , n<T
! Xy n>r

)

where for a € S*, sym, : ST — ST is the symmetry function on S* with respect to the line
passing through the origin and the point f (a), defined by

syma(t) = f (mﬁ (a)) . tesE (2.3.11)

7 is the coupling time defined by

T:inf{n>0:Xjf: (W) or X;F = (—W)Jr},

and f is the bijection defined in Remark 2.3.8 (see Figure 2.5).
As an application of the translation coupling, we obtain the following.

Proposition 2.3.9. For anyi,j € S with 0 <i < j and any n € N we have

PU(XE =i+ PT(XE=iT) =P (X =)+ P(XE = (20— 5)7), (2.3.12)
where XX is a random walk on S¥.
Proof. See [67]. O

As an application of the mirror coupling we obtain the following.
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Figure 2.5: Sample paths of random walks on S* coupled by mirror coupling.

Proposition 2.3.10. For any i,j € S with 0 < i < j such that i + j is an even number and any

n € N, we have
P(Xy=57) <P7 (X7 =j"),

n

where Xﬂf is a random walk on S*.
Proof. See [67]. O
With this preparation, we are now ready to prove the main result of this section, as follows.

Theorem 2.3.11. For any s € N— {0} and n € N, P*(X,, = i) is a strictly increasing function
of i €{0,...,8—1}, that is, for any i,j € {0,...,8s — 1}, with i < j and any n € N, we have

P'(X, =1i) < P/(X, =),
where X, is a reflecting random walk on S with reflecting barriers at £s.

Proof. Let XF be a random walk on S* and let X,, = pr(X;}). By Proposition 2.3.7, for
i€S—{-s,s} and n € N we have
Pi(X, =i)=P" (X =i")+ P (X =i).

Consider first the case i € {1,...,s — 2}. Using Proposition 2.3.9 with j replaced by i+ 1, we have

+

PU(XE=i")+ P (XE=i")
PO (XE = (i + 1)) + POV (XE = (i—1)7)
< p(i+1)+(XTdL: =@+1%)+

T
e
I
!

for any n € N, where the last inequality follows from the symmetry of the transition matrix of a
random walk on S* and Proposition 2.3.10 with j replaced by i+ 1 and i replaced by i — 1. Using
again Proposition 2.3.7 we obtain

PZ(Xn = l) < Pi+1(Xn =1+ 1)7

forany n € Nand ¢ € {1,...,s — 2}.
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To conclude the proof, we need to show that the previous inequality also holds for ¢ = 0. In
this case, using an argument similar to the one in the proofs of Proposition 2.3.9 and Proposition
2.3.10 it can be shown that we have

PO (X =07+ PV (X =07) = PU(X;=17)+P (X =(-1))
< PU(XEF=1"+PV(XE=1),

n n

which by Proposition 2.3.7 shows that
P(X, =0) < P}(X, =1),
for any n € N, concluding the proof. O

Using similar techniques, we can generalize the result in Theorem 2.3.11 as follows.

Theorem 2.3.12. For any s,n € N—{0}, 4,5 € {0,...,s— 1} with i < j and any k € S with
li+ k| <s,|j+kl <sandk>—min{i+ j,2i — j+ s}, we have

P(X,=i+k)<PI(X,=j+k),
where X,, is a reflecting random walk on S = {—s, ..., s} with reflecting barriers at +s.
Proof. See [67]. O
From the previous theorem we obtain the following.

Corollary 2.3.13. For any s,n € N—{0}, i,7 € {0,...,s — 1} withi < j and any k € {1,...,s}
with k < min{s — j,i+ j}, we have

PY(|X, —i| < k) < PI(|X, —j| < k),
where X, is a reflecting random walk on S = {—s, ..., s} with reflecting barriers at +s.
Proof. Follows from the previous theorem by summing over k. O

Using the above corollary and the fact that the reflecting Brownian motion can be approximated
by random walks (see for example [24]), we obtain the following.

Corollary 2.3.14. For any x,y,e € (0,1) with x < y and € < min{l —y,z + y}, we have
P*(Bie(x—ex+e) <P (B e(y—-ey+e), t>0,
where By is a 1-dimensional reflecting Brownian motion on [—1,1].

Proof. In the case when both = and y are dyadic rationals in [0, 1], the proof follows from the
previous corollary by using the fact that a reflecting Brownian motion B; on [—1,1] starting at
By = 2—’“, (k,l € Z, 1 > 0) can be approximated by a reflecting random walk (X{ﬁl)mzo, more
precisely it can be shown (see for example [24]) that we have

X[gznt] n_—>)oo By, t >0,

where (X7},),,~o is a (simple) reflecting random walk on

2" —1 2" -2 2m—2 2" —1
7177 on T on [ on ’ on 31

with reflecting barriers at +1 and starting at X§ = %

The general case follows by approximating x and y by dyadic rationals and using the previous
part of the proof. O
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As a corollary, we obtain the proof of the Laugesen-Morpurgo conjecture in the 1-dimensional
case, as follows.

Corollary 2.3.15. For any z,y € (0,1) with x <y , we have

p(t,z,z) <p(tyy), t>0,

where p(t, z,y) denotes the transition probabilities of the 1-dimensional reflecting Brownian motion
on [—1,1].

Proof. The fact that p (¢, x,x) is increasing in = € (0, 1) follows from the previous corollary, using
the fact that by the continuity of p (¢, z,y) in the second variable we have

1 [ote 1
' — lim — t dy = lim — P® (|B; — .
p(t,z,z) = lim /w p(t,x,y)dy lim o (IB; — x| <¢)

—&

To show that p (¢, x,x) is in fact strictly increasing, note that since p (¢, z,x) is a real analytic
function of x € (—1,1) for any ¢t > 0 arbitrarily fixed (it is the diagonal of the heat kernel of
an operator with real analytic coefficients), it cannot be constant on a nonempty open subset of
[—1,1] unless it is identically constant on the entire interval [—1, 1].

It can be shown (see for example [8]) that for any ¢ > 0 arbitrarily fixed we have

p(t,x,a:)Jrﬁ(t,x,x):c, IE(*l,l),

where ¢ is a constant depending on ¢ > 0 and p (¢, z, y) denotes the transition density of Brownian
motion on (—1,1) killed on hitting the boundary of the interval.

If p (¢, x,x) were constant in x € (—1,1) for an arbitrarily fixed ¢ > 0, then p (¢, z,z) would
also be constant in « € (—1,1). However, this leads to a contradiction, since

lim 7 (¢ =0<p(t0,0).
$1/H11p(7x,w) <p(t,0,0)

This, together with the fact that p (¢, z, ) is increasing in « € (0,1) for any ¢ > 0 arbitrarily
fixed, shows that p (¢, z,x) is in fact strictly increasing in = € (0, 1), concluding the proof. O

2.3.2 The resolution of the conjecture

Our proof of Laugesen-Morpurgo conjecture relies on a certain property of the mirror coupling of
reflecting Brownian motions in the unit disk and a representation of the Neumann heat kernel as
an occupation time density of reflecting Brownian motion. We begin with a presentation of these
results.

The key for proving the Laugesen-Morpurgo conjecture (Conjecture 2.3.1) is the double in-
equality (2.3.22) in Theorem 6.2.4, which in turn relies on proving the following inequality:

pult,y, z) < pult,z,z), t >0, (2.3.13)

for all x,y, 2 € U satisfying ||z — z|| < ||y — z|| and ||y|| < ||=||.

Consider a mirror coupling X;, Y; of reflecting Brownian motions in U given by (2.2.9) —
(2.2.10), with starting points Xo = z,Yy =y € U.

For t <7 =inf{t > 0: X; = Y;}, the mirror M, of the coupling (the hyperplane of symmetry
between X; and Y}) is given by

M, = {zeR": <Z—Xt;yt> -(Xt—Yt):()}. (2.3.14)

The idea for proving the inequality (2.3.13) is that the mirror M; moves towards the origin,
in the sense of Lemma 2.3.16 below. This property is a rigorous version of Example 4.5 in [25],
used by the authors to prove the efficiency of the mirror coupling in the case of the unit disk.
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Lemma 2.3.16. Let X;,Y; be a mirror coupling of reflecting Brownian motions in U with starting
points Xo = z, Yo = y € U, and let 7 = inf{t > 0 : X; = Y;} be the coupling time and
71 =inf{t > 0:0 € M,}.

For all times t < T A1y, the mirror My moves towards the origin, in such a way that if a point
P € U and the origin are separated by My, for some t1 € [0,7 A T1), then the point P and the
origin are separated by My, for all to € [t1,7 AT1) (see Figure 2.6).

Figure 2.6: Mirror coupling of reflecting Brownian motions in the unit disk (the case d = 2).

Proof. If ||z|| = ||y||, then 71 = 0 and there is nothing to prove in this case (the mirror M, passes
through the origin). Without loss of generality we may therefore assume that [|z|| > ||y||.
Setting
Up=Xi = Ys
t>0 2.3.15
{ Vi=Xe+ Y’ - ( )

from the definition (2.2.9) — (2.2.10) of the mirror coupling we obtain:

i i i i gi_ (txi yi
{Ut—xy+WtthoXdei‘+onde5 i=1....d,

Vi=alty + Wi+ Z} — [ XIdLY — [[VidLY ’

for all ¢ < 7, where the superscript i indicates the i*" cartesian coordinate of the given point.
Using the definition (2.2.10) of Z;, we have

Ui =o' —y' +2 [§ g Us - dWs — [g XILY + [§YidLY

, . , , ¢ Ui . . , (2.3.16)
Vi=a'+y +2W -2, AR Us - dW, — [, XidLX — IN YidLY
forall i = 1,...,d and t < 7, and therefore we obtain the following formulae for the quadratic
variation of the processes U and V:
(U, U7y = 4f0t %}U”Jz ds
i iy, — 4 [t U.U] i, =1,...,d. 2.3.1
(V) =4 [ 65 — gzds b= Lo (2.:3.17)

(U, VI =0
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Note that since || Xo|| = ||=]| > ||ly|l = ||Yo]|, it follows that for all ¢ < 7 A 71 we have
Up- Vi = (Xi = Vi) - (Xo + V) = [1Xe]) = [[Yl|* > 0, (2.3.18)
and therefore for t < 7 A 71 we may define the process A; by
2
Ay = Ui. 2.3.19
RV (2:3.19)

We will first show that for ¢ < 7 A7 the components of the process A; are processes of bounded

variation, satisfying
(2.3.20)

, 2 Ui+ Vi
dAl = —~— [ Al - L L) qr¥ i=1,...,d.
t U, -V, ( t B ) t 1 s ,
4" and to the processes U; and V;, we

Applying the It formula to the C? function f (u,v)

have:

1, U;
idAt = d (Ut t‘/t>
2 (5500 vi - UiV? ) avf — viviavy)

=1

.

(2U VIVE = 6,VEU, -V, — 5ikWUt-m)d<Uﬂ,U’f>

(ZUt UJUt> AV, V),

s 3
s %

1 N .
(T: - V)? Z (2U{UFV? = 6,UFUs - Vi = 0, U1U, - Vi) (U7, V)

Using the relations in (2.3.16) it can be seen that the martingale part in the above expression

reduces to zero, and combining with (2.3.17) we obtain

Sl = TP 1Vt ; i (6500 - Vi = UiV7) (=xfaLy +v/aLy))

! D (U;Ug (—ngLff - Yg‘de))

: (Ur - Vi)* Jj=1
i (20ivive " 1) Ui Uk
UVIVE — 6,;VFU, - Vi — 63 ViU, - V3 ) 4 dt
Vt)3 g, k=1 ||Ut||2
p .
o UJUk
, UV UK ) 4 (@k - ”) dt
t)d j,kZ=1 ( ) HUtH2
d
= L UiU? + UIVY — 65, Uy - Vi) X1 dLX
(Ut 2 t t 2] t
j:l

1 irrd ivsd j 7Y
+WZ (UtUtj — UV + 045 Uy - Vt) YydL .

Using the fact that LY = 0 on the time interval [0,7 A 71) (the process Y; cannot reach the
boundary OU before either coupling first with X, or before the first time when || X, || = ||¥:|| = 1,
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that is before 0 € M), and that L increases only when X; € 9U, that is only when | X;|| =
H%H = 1, we obtain:

1 1 ir7d ivs7 j
Fdd: = WZ(UtUtJ+UtVtJ_6ijUt'Vt>ngLtX
j=1
U} » "\ 2 Ui+ Vi
= st o (U V) any - S Ly
2(Ut~vt>2j_1(t+t TS A
U o x  ULHV! o«
=t |U, + Vi|PdL¥ — dL
20, v |+ VR =yt
2U; x U+ %
= o grX oot tgp
Oe-V)2 " 20V, !
1 i UL+ VY ox
= w(At—2> st7

thus proving the claim (2.3.20).

To prove the claim of the lemma, assume by contradiction that there exists a point P € U and
times 0 < t; < to < 7 A7y such that the point P and the origin are separated by M,,, but are not
separated by M,,. By eventually changing the point P, without loss of generality we may assume
that P ¢ M;,, and using (2.3.14) and (2.3.15) we obtain:

1 1
P'Ut2—§Ut2"/t2<O<P'Ut1—§Ut1'V;gl,

or equivalently (recall the definition (2.3.19) of the process A; and that U;-V; > 0 for ¢ € [0, 7ATy))
P-A,<1l<P- A

Setting to = inf {t > ¢; : P- A; < 1} € (t1,t2) and using (2.3.20), we obtain:

P-A, = P-A,+ [ P-dA,

fo 9 1
= P-At1+/ <P~At—2P~(Ut+Vt)>dL§f

ALY}
=
-

since P+ Ay > 1 for t € [t1, o] and

1
‘2p.<Ut+Vt> — P X, < ||P|IXe] < 1.

By the continuity of the process A; and the choice of ¢; we must also have P - 4;, = 1,
contradiction which concludes the proof of the lemma. O

From the previous lemma we obtain the following:

Theorem 2.3.17. For any points x,y € U with ||y < ||z|| and any 2 € U such that ||z — z|| <
ly — z||, we have:
PY(|Y: —z|]| <e) < P*(|| Xe — z|| < ¢), (2.3.21)

for any t > 0 and e € (0,min{||z||,1 — ||z||}), where X; and Y are reflecting Brownian motions
in U starting at x, respectively y, and P*, PY denote the corresponding probability measures.
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Proof. Without loss of generality we may assume that = and y are distinct points.

Let X;,Y; be a mirror coupling of reflecting Brownian motions in U with starting points Xg = =
and Yy = y, and let 7 be the coupling time and 7 = inf{¢t > 0:0 € M,}.

If M; separates X; and z for some t < 7 A 71, there exists a point P € U such that the origin
and the point P are separated by My, but are not separated by M, contradicting Lemma 2.3.16.
It follows that the mirror M; does not separate the points X; and z for all ¢t < 7 A7y, and therefore
the distance from X; to z is not greater than the distance from Y; to z in this case.

Since for t > 7 A 11, either the processes X; and Y; are symmetric with respect to the (fixed)
hyperplane M-, passing through the origin (for ¢ € (7 A7y,7)), or they have coupled (for
t € (1,00)), it follows that the distance from X to z is also not greater than the distance from Y;
to z.

In all cases we obtained that the distance from X; to z is not greater than the distance from
Y; to z, and the claim follows. O

Denoting by py(t, z,y) the heat kernel for the Laplacian with Neumann boundary conditions
on the unit ball U C R? (or equivalently, the transition density of reflecting Brownian motion in
U), we can now prove the following double inequality:

Theorem 2.3.18. For any x € U— {0}, r € (0, min {||z|,1 — ||z]|}) and t > 0 we have:

/ pu (t,z + ru,x) do(u) < py(t,x + T T z) <pult,z+ris e L+ TH.JCTH)’ (2.3.22)
ou

where o is the normalized surface measure on OU.

Proof. Using the continuity of the transition density py(t,z,y) of reflecting Brownian motion in
the space variable, it follows py(t, x,y) can be written as

1 1
t,r,y) = lim—— t,x,z)dz = hm—P Wy —y|l <e), 2.3.23
poltr) =l [t e = P AWl <9, 2329

where W; is a reflecting Brownian motion in the unit ball U C R starting at Wy = x, P* denotes
%fl) is the volume of the unit ball U c R,

For uw € U fixed, it is easy to see that the hypotheses of Theorem 2.3.17 are verified if we
replace xz, y and z respectively by x +r%:, x +ru and x. From this theorem, and combining with
the above representation, we obtain

the corresponding probability measure and cg =
Hﬁll’

pu (t,x +ru,z) < py(t,z + T ) uel, (2.3.24)

and integrating with respect to u € U we obtain the left inequality in (2.3.22).
The right inequality in (2.3.22) can be proved similarly, replacing x, y and z in Theorem 2.3.17
respectively by x + r&- RS and = + Tl and using the symmetry of py(t, z,y) in x,y € U. O

Hw Iml\

Remark 2.3.19. The inequality (2.3.24) obtained in the previous proof might be of independent
interest, and can be interpreted as an extremal property of reflecting Brownian motion in the unit
ball U, as follows:

max t,x t,x,x+r
yelU:Hy—xH:er( 7, y) = pult, Hxll)
that is, among all reflecting Brownian motions in the unit ball U with starting points on the sphere
{y e R": |ly — z|| = r}, the reflecting Brownian motion starting closest to the boundary of U (i.e.
at the point x + rﬁ) is most likely to return to (a neighborhood of ) x. This extremal property of
reflecting Brownian motion is the key of our proof of the Laugesen-Morpurgo conjecture.

As a corollary of the above theorem, we obtain the following resolution of the Laugesen-
Morpurgo conjecture:
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Theorem 2.3.20. Let py(t, z,y) denote the heat kernel for the Laplacian with Neumann boundary
conditions on the unit ball U = {z e R?: ||z|| <1} in R (d > 1).
For any t > 0 we have
pU(t,ZL'7£L') < pU(tvyvy)a (2325)

for all z,y € U with ||z|| < |ly|.
Proof. First note that for ¢ > 0 fixed, by the radial symmetry of the problem it follows that

pu(t, z, ) is a function of ||z| € [0, 1].
For an arbitrarily fixed = € U — {0}, from Theorem 6.2.4 we obtain

pu(t,x + Tui—u,m +r&) —pu (@, x)

(el

Y]

/ pu (t,x + ru,z)do(u) — py (¢, z, )

ou

= [ ottt ruw) —pu (to) dotu),
ou

for any r € (0, min {||z|,1 — ||z||}). Dividing by r and passing to the limit with r \, 0, we obtain:

pU(t,.’IJ + Tﬁ,fﬂ + Ti”) —Pu (t7$,l')

ll=

——py (t,z,2) = lim

dlz] R .
> lim pu (t,x+ru,x) — Pu (t’x’w)dcr(u).
N0 au T

By bounded convergence theorem (py (t,-,z) is a C? function in the second variable, hence
Vpu (t,+, ) is bounded in a neighborhood of x), we obtain

d
——py (t,z,x) > Vou (t,x,2) - udo(u) =0,
d||z|| au

where we denoted by Vpy the gradient of Vpy (¢, -, x) in the second variable.
Since ¢ € U — {0} was arbitrarily fixed, we have

d
deHpU(t,x,x) >0, xz€(0,1),
which shows that py (¢, z,z) is a non-decreasing function of ||z|| € (0,1), and by continuity this
also holds for ||z|| € [0,1].

Since py (¢, x, ) is the diagonal of a heat kernel of an operator with real analytic coefficients,
pu (t,x,z) is a real analytic function. If py (¢, 2,x) were constant on a non-empty open subset
of U, then it would be identically constant in U, which is impossible (it can be shown that
pu(t,0,0) < py(¢,1,1) for any ¢ > 0). This, together with the fact that py (¢,2,x) is a non-
decreasing radial function shows that py (¢, 2, x) is in fact a strictly increasing radial function for
any t > 0, concluding the proof. O

We conclude with the remark that the Laugesen-Morpurgo conjecture implies the famous Hot
Spots conjecture of J. Rauch (see for example [7], [48], [64]) in the case of the unit ball U C R,
and that extending the Laugesen-Morpurgo conjecture to more general domains would also give
a resolution of the Hot Spots conjecture for the corresponding domains (the Hot Spots conjecture
is only partially solved at the present moment).

2.4 Extension of the mirror coupling

In [65] we showed that the mirror coupling introduced in Section 2.2 above can be extended to
the case when the two reflecting Brownian motion have different state spaces, that is when X; is
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a reflecting Brownian motion in a domain D; and Y; is a reflecting Brownian motion in a domain
D5. Although the construction can be carried out in a more general setup (see the concluding
remarks in Section 2.6), in the present section we will consider the case when one of the domains
is strictly contained in the other.

The main result is the following:

Theorem 2.4.1. Let D1 C R? be smooth bounded domains (piecewise C?-smooth boundary with
convex corners in R?, or C?-smooth boundary in R4, d > 3 will suffice) with Dy C Dy and Dy
convex domain, and let x € Dy and y € Dy be arbitrarily fized points.

Given a d-dimensional Brownian motion (Wy),~ starting at 0 on a probability space (2, F, P),
there exists a strong solution of the following system of stochastic differential equations

X, = o+ Wi+ /Ot vp, (X,)dL¥ (2.4.1)
Y, = y+24 +/Ot vp, (Vo) dLY (2.4.2)
Z, = /Ot G (Y, — X,) dW, (2.4.3)
or equivalent
7 = /OtG (f (y+2), —F(m+W)s) AW, (2.4.4)

where T and T denote the corresponding Skorokhod maps which define the reflecting Brownian
motion X = T (z+ W) in Dy, respectively Y =T (y+ Z) in Do, and G : R* — Mgyq denotes
the following modification of the function G defined in the previous section:

G<Z>:{ () S (249

Remark 2.4.2. As it will follow from the proof of the theorem, with the choice of G above, the
solution of the equation (2.4.4) in the case Dy = Do = D is the same as the solution of the
equation (2.2.5) considered by the authors in [4] (as also pointed out by the authors, the choice of
G (0) is irrelevant in this case).

Therefore, the above theorem is a natural generalization of the mirror coupling to the case
when the two processes live in different spaces. We will refer to a solution (X;,Y:) given by the
above theorem as a mirror coupling of reflecting Brownian motions in (D1, Ds) starting from
(x,y) € Dy x Dy, with driving Brownian motion W;.

As indicated in Section 2.6, the solution of (2.4.4) is not pathwise unique, due to the fact that
the stochastic differential equation has a singularity at the times when coupling occurs. The general
mirror coupling can be thought as depending on a parameter which is a measure of the stickiness
of the coupling: once the processes X; and Y; have coupled, they can either move together until one
of them hits the boundary (sticky mirror coupling - this is in fact the solution constructed in the
above theorem), or they can immediately split apart after coupling (non-sticky mirror coupling),
and there is a whole range of intermediate possibilities (see the discussion at the end of Section
2.0).

As an application, in Section 2.6 we will use the former mirror coupling to give a unifying
proof of Chavel’s conjecture on the domain monotonicity of the Neumann heat kernel for domains
D 5 satisfying the ball condition, although the other possible choices for the mirror coupling might
prove useful in other contexts.

Before carrying out the proof, we begin with some preliminary remarks which will allow us to
reduce the proof of the above theorem to the case D; = R%.
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Remark 2.4.3. The main difference from the case when D1 = Dy = D considered by the authors
in [4] is that after the coupling time & the processes Xy and Yy may decouple. For example, if t > ¢
is a time when Xy = Y; € 0Ds, the process Yy (reflecting Brownian motion in Ds) receives a push
in the direction of the inward unit normal to the boundary of Do, while the process X; behaves
like a free Brownian motion near this point (we assumed that Do is strictly contained in Dy ),
and therefore the processes X and Y will drift apart, that is they will decouple. Also, as shown
in Section 2.6, because the function G has a discontinuity at the origin, it is possible that the
solutions decouple even when they are inside the domain Do. This shows that without additional
assumptions, the mirror coupling is not uniquely determined (there is no pathwise uniqueness of

(2.4-4)).

Remark 2.4.4. To fix ideas, for an arbitrarily fized € > 0 chosen small enough such that ¢ <
dist (0D1,0D3), we consider the sequence (&,),,~, of coupling times and the sequence (1), of
times when the processes are e-decoupled (e-decoupling times, or simply decoupling times by an
abuse of language) defined inductively by

& = inf{t>7,1: Xy =Y}, n>1,
T, = nf{t>& | Xy —Yi > e}, n>1,
where 79 = 0 and & = & is the first coupling time.

To construct the general mirror coupling (that is, to prove the existence of a solution to (2.4.1)
— (2.4.3) above, or equivalent to (2.4.4)), we proceed as follows.

First note that on the time interval [0,£], the arguments used in the proof of Theorem 2 in [4]
(pathwise uniqueness and the existence of a strong solution Z of (2.4.4)) do not rely on the fact
that D1 = Do, hence the same arguments can be used to prove the existence of a strong solution of
(2.4.4) on the time interval [0,&1] = [0,€]. Indeed, given Wy, (2.4.1) has a strong solution which
is pathwise unique (the reflecting Brownian motion X; in D1 ), and therefore the proof of pathwise
uniqueness and the existence of a strong solution of (2.4.4) is the same as in [4] considering
D = D,y. Also note that as also pointed out by the authors, the value G (0) is irrelevant in their
proof, since the problem is constructing the processes until they meet, that is for Y; — X; # 0, for
which their definition of G is the same as in (2.4.5).

We obtain therefore the existence of a strong solution Zy to (2.4.4) on the time interval [0,&1].
By this we understand that the process Z wverifies (2.4.4) for all t < & and Z; is F; measurable
fort <&, where (Fi)i>0 denotes the corresponding filtration of the driving Brownian motion Wy.

For an arbitrarily fived T > 0, if & < T, we can extend Z to a solution of (2.4.4) on the time
interval [0,T] as follows. Consider (&' = & AT, and note that if Z solves (2.4.4), then

&+t
Zau-2Zg = [ 6wz, -Taw),)aw.
1

t
_ /0 G (r (y+ Deryy ~Ta+ W)§1T+s) AWer ..
By the uniqueness results on the Skorokhod map (in the deterministic sense), we have
P+ 2)epse =T (T + Dp - Zep + Zers.).
and
T (w4 Wgry, =T (T +W)gr = Wer +Wer,.)

for s > 0. -

It is known that Wy = W§1T+s — Wé’lT s a Brownian motion starting at the origin, with corre-

sponding filtration Fo=o0 (B§1T+u —Ber:0<u< s) independent of Fer.



46 CH. 2. MIRROR COUPLING OF REFLECTING BROWNIAN MOTIONS.
Setting Zy = Zery — Zer and combining the above equations we obtain

7, = /t e (f (f W+ ZD)er + Z) T (F (z+W)er + W)) AW, (2.4.6)

S

which is the same as the equation (2.4.4) for Z, with the initial points x,y of the coupling replaced
by Yer = T(y + Z)er, respectively Xer = I'(z + W)er, and the Brownian motion W replaced by
w.

If we assume the existence of a strong solution Z of (2.4.6) until the first e-decoupling time,
by patching Z and Z we obtain that

Zilicer + Zy_erler<ocar

is a strong solution to (2.4.4) on the time interval [0, 7], where 7{ =7 AT.

If if = T, we are done. Otherwise, since at time Ti the processes X and Y are & units apart,
we can apply again the results in [4] (with the Brownian motion Wiz — Wor instead of Wy, and
the starting points of the coupling X7 and Yoo instead of x and y) in order to obtain a strong
solution of (2.4.4) until the first coupling time. By patching we obtain the existence of a strong
solution of (2.4.4) on the time interval [0,5{}.

Proceeding inductively as indicated above, since only a finite number of coupling/decoupling
times &, and T, can occur in the time interval [0,T], we can construct a strong solution Z to
(2.4.4) on the time interval [0, T] for any T > 0 (and therefore on [0,00)), provided we show the
existence of strong solutions of equations of type (2.4.6) until the first e-decoupling time.

In order to prove this claim, since T'(y + Z)er and I' (z + W)EIT are Fer measurable and the
o-algebra }"ng is independent of the filtration F = (ﬁt)tzo of the driving Brownian motion Wt,
it suffices to show that for any starting points x = y € Dy of the mirror coupling, there exists
a strong solution of (2.4.4) until the first e-decoupling time 1. Since ¢ < dist (0D1,0Ds), it
follows that the process Xy cannot reach the boundary 0Dy before the first e-decoupling time 11,
and therefore we can consider that X, is a free Brownian motion in R?, that is, we can reduce the
proof of Theorem 2.4.1 to the case when Dy = R?,

We will give the proof of the Theorem 2.4.1 first in the 1-dimensional case, then we will extend
it to the case of polygonal domains in R?, and we will conclude with the proof in the general case.

2.4.1 The 1-dimensional case

From Remark 2.4.4 it follows that in order to construct the mirror coupling in the 1-dimensional
case, it suffices to consider D; = R and D2 = (0,a), and to show that for an arbitrary choice
x € [0,a] of the starting point of the mirror coupling, € € (0, a) sufficiently small and (W;),~, a
1-dimensional Brownian motion starting at Wy = 0, we can construct a strong solution on [0, ]
of the following system

Y, = z+Z;+L (2.4.8)
t

Z, = / G (Y, — X,)dW, (2.4.9)
0

where 7y = inf {s > 0: | X, — Y| > €} is the first e-decoupling time and the function G : R — M1 =
R is given in this case by

| -1, ifx#0
G(z) = { .y foe0 (2.4.10)
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Remark 2.4.5. Before proceeding with the proof, it is worth mentioning that the heart of the
construction is Tanaka’s formula. To see this, consider for the moment a = oo, and note that
Tanaka formula

t
|z + W] :m—i—/ sgn (x + W) dW, + LY (xz + W)
0

gives a representation of the reflecting Brownian motion |z + We| in which the increments of the
martingale part of |x + Wy| are the increments of Wy when x + W; € [0,00), respectively the
opposite (minus) of the increments of Wy in the other case (LY (x + W) denotes here the local
time at 0 of x + W;).

Since x + W, € [0,00) is the same as |x + Wi| = x + Wy, from the definition of the function G
it follows that the above can be written in the form

t
|z + Wy =2 +/ G (|x + Wy| — (z + W) dW, + L7V,
0
which shows that a strong solution to (2.4.7) — (2.4.9) above (in the case a = 00) is given explicitly
by Xy =ax+ Wy, Yy = |+ Wy| and Z; = fotsgn(x—k W) dWs.
We have the following:

Proposition 2.4.6. Given a 1-dimensional Brownian motion (W), starting at Wy = 0, a
strong solution on [0,71] of the system (2.4.7) — (2.4.9) is given by

Xt:$+Wt
Y =la—|z+W;—al
Zy = [ sgn (W) sgn (a — W) dW,

)

where 71 = inf {s > 0: | X, — Yi| > ¢} and

+1, ife >0
Sgn(z):{ -1 i§x<0

Proof. Since ¢ < a, it follows that for ¢ < 71 we have X; =z + W; € (—a, 2a), and therefore
—(x4+Wy), x4+ W€ (—a,0)
Yt:\a—|a:+Wt—a||= 1’+Wt, $+Wt€[0,a] . (2411)
20 —x—W,, x+ W€ (a,2a)

Applying the Tanaka-It6 formula to the function f(z) = |a — |z — a|| and to the Brownian
motion X; = x + Wy, for t < 7 we obtain

Y

t
x—i—/ sgn (z 4+ Wy)sgn (a — x — W) d (z + W,) + LY — L}
0

t

t
x—l—/ sgn(m—l—Ws)sgn(a—x—Ws)dWS+/ vp, (Ys)d (LY + LY,
0 0

where LY = sup <, (z + W)~ and L{ = sup,, (x + W, — a)t are the local times of x + W, at 0,
respectively at a, and vp, (0) = +1, vp, (a) = —1.
From (2.4.11) and the definition (2.4.10) of the function G we obtain

-1, z+ Wy € (—a,0)
sgn (z+ Wy)sgn(a —x — W,) = +1, =+ W;s€]0,q]
-1, z+4+W,¢€ (a,2a)
_ +17 Xs = Ye
_17 Xs 7é Ys
G(Y; — X5),
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and therefore the previous formula can be written equivalently

t
Yt=x+zt+/ vp, (Ya)dLY,
0

where

t
Zt:/ G (Y, — X,)dW,
0

and LY = LY+ L¢ is a continuous nondecreasing process which increases only when z+W; € {0, a},
that is only when Y; € 0Ds. O

2.4.2 The case of polygonal domains

In this section we will consider the case when Dy C D; C R? are polygonal domains (domains
bounded by hyperplanes in R?). From Remark 2.4.4 it follows that we can consider D; = R? and
therefore it suffices to prove the existence of a strong solution of the following system

X, = Xo+W, (2.4.12)
t
Y, = YoJthJr/ vp, (Y,)dLY (2.4.13)
0
t
Zy = /G(YS—XS)dWS (2.4.14)
0

or equivalently of the equation
t
Z, = / G (r (Yo + Z), — Xo — Ws) AW, (2.4.15)
0

where W, is a d-dimensional Brownian motion starting at Wy = 0 and Xy = Yy € Ds.
The construction relies on the following skew product representation of Brownian motion in
spherical coordinates:
X: = ROy, (2.4.16)

where R; = || X¢|| € BES (d) is a Bessel process of order d and ©; € BM (S?7!) is an independent
Brownian motion on the unit sphere S9! in R?, run at speed

t
1
at:/o R—gds, (2.4.17)

which depends only on R;.

Remark 2.4.7. One way to construct the Brownian motion ©; = 9?71 on the unit sphere S41 C
R? is to proceed inductively on d > 2, using the following skew product representation of Brownian
motion on the sphere 71 € S~ (see [45]):

ot = (cos 6}, sin 9,51@it_2) ,

where ' € LEG (d — 1) is a Legendre process of order d —1 on [0,7], and ©¢7% € S92 is an
independent Brownian motion on S*2, run at speed

t
1
ar = ——ds.
! /Osin20§

Therefore, if 0}, . ..0?71 are independent processes, with 0° € LEG (d —i) on [0,7] for i =
1,....,d — 2, and 627" is a 1-dimensional Brownian (note that ©} = (cos®f,sind}) € S* is a
Brownian motion on S*), Brownian motion @f_l on the unit sphere S4=1 C R is given by

d—1 _ 1o pl 2 gl i 2 3 gl o pd—1 i pd—1
7' = (cos by, sin b cos 67 ,sin 0; sin 07 cos 07, ... sinb; - ... sinff 'sinfy '),
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or by
et =(0),...,0072,0071) (2.4.18)

in spherical coordinates.

To construct the solution of (2.4.12) — (2.4.14), we first consider the case when Ds is a half-space
HT = {(z17...,zd) eRY: 2% > 0}.

Given an angle ¢ € R, we introduce the rotation matrix R (¢) € Mgxq which leaves invariant
the first d — 2 coordinates and rotates clockwise by the angle o the remaining 2 coordinates, that
is

1 0 0 0

R (Oé) = 0 1 0 0 . (2.4.19)
o --- 0 cosp —sing
0 --- 0 sing  cose

We have the following:

Lemma 2.4.8. Let Dy = H' = {(zl, cee zd) eR?: 24 > 0} and assume that

for some g € R. B

Consider the reflecting Brownian motion 82" on [0, 7] with driving Brownian motion 631,
where 087 is the (d — 1) spherical coordinate of G (Yo — Xo) Xy, giwen by (2.4.16) — (2.4.18)
above, that is:

e P () B P o

and LY (gd_1>, LT <6~?d_1) represent the local times of 971 at 0, respectively at m.
A strong solution of the system (2.4.12) — (2.4.14) is explicitly given by

v, { R(py) G (Yo — Xo) Xy, t<¢
=

X, > ¢ (2.4.21)

where £ =1inf {t > 0: X; = Y;} is the coupling time, the rotation angle p; is given by
oo = L0 (5d—1) LT (éd—l) >0,
and for z = (21,22 .. .,zd) € R? we denoted by ||, = (21,22, ceey |zd|).

Proof. Recall that for m € RY — {0}, G (m)v denotes the mirror image of v € R? with respect to
the hyperplane through the origin perpendicular to m.
By It6 formula, we have

tAE tAE
Ve =Yo+ [ RGIGMa-Xo)dXa+ [ R(p+3)G0o-XoJdL  (2422)
0 0

Note that the composition RoG (a symmetry followed by a rotation) is a symmetry, and since
Y]] = || X¢]| for all ¢ > 0, it follows that X; and Y; are symmetric with respect to a hyperplane
passing through the origin for all ¢ < . Therefore, from the definition (2.4.5) of the function G it
follows that we have Y; = G (YV; — X;) X, for all t < ¢&.

Also note that when L? (gdfl) increases, Yy € 0Dy and we have

R(@S"‘g)G(YO_XO)XS:R(g>Ys:VD2 (Ys)v
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Figure 2.7: The mirror coupling of a free Brownian motion X; and a reflecting Brownian motion
Y; in the half-space 7—[;

and if LT (5”1*1) increases, Y; € 0Dy and we have
m 7r
R(@SJF 5) G (Yo — Xo) X, = R<§) Y, = —vp, (Va).

It follows that the relation (2.4.22) can be written in the equivalent form
tAE tAE
Ve =Yot [ G- X)aXes [, (VLY
0 0

where LY = L? (5‘1_1) + LT <§d_1 is a continuous non-decreasing process which increases only
when Y; € 0D, and therefore Y; given by (2.4.21) is a strong solution of the system (2.4.12) —
(2.4.14) for t <¢.

For t > &, we have Y, = |X,|, = (X}, X7,...,
dimensional case, by Tanaka formula we obtain:

X

), and proceeding similarly to the 1-

(A3 1A%
Yive = Y§+/ (1,...,1,sgn (Xg))dXs—k/ (0,...,0,1) LY (X%) (2.4.23)
3 3

tve [A%3
= 1/54-/ G(Ke_Xs)dXs‘F/ VD, (}/S)sz’
¢ 3

since in this case

_ L), X =Y
GY,—-X,) = {(17 L1,-1), X, #Y,
— (17"517+1)’ ngo
a (17"517_1)7 Xg<0

(1,...,1,sgn (X;l)) .

The process L} = LY (X d) in (2.4.23) is a continuous non-decreasing process which increases
only when Y; € D, (LY (X d) represents the local time at 0 of the last cartesian coordinate X¢
of X)), which shows that Y; also solves (2.4.12) — (2.4.14) for t > &, and therefore Y; is a strong
solution of (2.4.12) — (2.4.14) for ¢t > 0, concluding the proof. O
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Consider now the case of a general polygonal domain Dy C R?. We will show that a strong
solution of the system (2.4.12) — (2.4.14) can be constructed from the previous lemma by choosing
the appropriate coordinate system.

Consider the times (0,),,~, at which the solution Y; hits different bounding hyperplanes of
OD,, that is 0g = inf {s > 0: Y, € D5} and inductively

Y, € 0D, and Y;,Y, belong to different!
” ,n>0.

bounding hyperplanes of 0Ds (2.4.24)

Op+1 = inf {t >0,

If Xy =Yy € 0D5 belong to a certain bounding hyperplane of Dy, we can chose the coordinate
system so that this hyperplane is Hy = {(zl, e zd) eRY: 2% = O} and Do C 7—[3‘, and we let Hy
be any bounding hyperplane of Dy otherwise.

By Lemma 2.4.8 it follows that on the time interval [o¢, o1), the strong solution of (2.4.12) —
(2.4.14) is given explicitly by (2.4.21).

If o1 < 00, we distinguish two cases: X,, =Y,, and X,, # Y,,. Let H denote the bounding
hyperplane of D which contains Y, , and let v4; denote the unit normal to H pointing inside Da.

If X,, =Y, € H, choosing again the coordinate system conveniently, we may assume that
H is the hyperplane is Hq = {(zl, . ,zd) eR?: 24 = 0}, and on the time interval [0y, 09) the
coupling (X,, 1+, Yglﬂ)te[o’grgl) is given again by Lemma 2.4.8.

If X,, # Y, € H, in order to apply Lemma 2.4.8 we have to show that we can choose the
coordinate system so that the condition (2.4.20) holds. If Y,, — X,, is a vector perpendicular to H,
by choosing the coordinate system so that H = Hy = {(zl, ey zd) eRY: 2% = 0}, the problem
reduces to the 1-dimensional case (the first d — 1 coordinates of X and Y are the same), and it
can be handled as in Proposition 2.4.6 by the Tanaka formula. The proof being similar, we omit
it.

If Xo, # Yy, € H and Y,, — X,, is not orthogonal to H, consider )N(Ul = pry X,, the
projection of X,, onto #, and therefore )N(Ul # Y,,. The plane of symmetry of X,, and Y,
intersects the line determined by )N(Ul and Y,, at a point, and we consider this point as the origin
of the coordinate system (note that the intersection cannot be empty, for otherwise the vectors
Y, — Xy, and Y,, — )?01 were parallel, which is impossible since then Y,, — X, ,Y,, — )N(al and

Y,, — X5, Xs, — X5, were perpendicular pairs of vectors, contradicting X,, # Y,, — see Figure
2.8).

Figure 2.8: Construction of the appropriate coordinate system.

Choose an orthonormal basis {ej,...,eq} in R? such that ey = vy is the normal vector to H

pointing inside Do, eq_1 = W (Y,, — X5, ) is a unit vector lying in the 2-dimensional plane
o1 —Xoy

determined by the origin and the vectors eq and Y,, — X,,, and {ej,...,e4_2} is a completion of

{e4_1,eq} to an orthonormal basis in R? (see Figure 2.8).

1Since 2-dimensional Brownian motion does not hit points a.s., the d-dimensional Brownian motion Y; does not
hit the edges of D2 ((d — 2)-dimensional hyperplanes in R?) a.s., thus there is no ambiguity in the definition.
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Note that by the construction, the vectors eq,...,eq_o are orthogonal to the 2-dimensional
hyperplane containing the origin and the points X,, and Y,,, and therefore X,, and Y,, have
the same (zero) first d — 2 coordinates; also, since X, and Y,, are at the same distance from the
origin, it follows that Y,, can be obtained from X,, by a rotation which leaves invariant the first
d — 2 coordinates, which shows that the condition (2.4.20) of Lemma 2.4.8 is satisfied.

Since by construction the bounding hyperplane H of D, at Y, is given by

Hd:{(zl,...,zd) ERd:zd:O}

and Dy C ’H; = {(21, ceey zd) eR?: 24 > O}, we can apply Lemma 2.4.8 to deduce that on the
time interval [0, 02) a solution of (2.4.12) — (2.4.14) is given by (Xo, 14, Yo,14) (0,001

Repeating the above argument we can construct inductively (in the appropriate coordinate
systems) the solution of (2.4.12) — (2.4.14) on any time interval [, 0p,41), n > 1, and therefore
we obtain a strong solution of (2.4.12) — (2.4.14) defined for ¢ > 0.

We summarize the above discussion in the following;:

Theorem 2.4.9. If Dy C R? is a polygonal domain, for any Xo = Yy € Do, there exists a strong
solution of the system (2.4.12) - (2.4.14).

Moreover, between successive hits of different bounding hyperplanes of Ds (i.e. on each time
interval [0y, 0pt1) in the notation above), the solution is given by Lemma 2.4.8 in the appropriately
chosen coordinate system.

We will refer to the solution (X;,Y;),~, constructed in the previous theorem as a mirror
coupling of reflecting Brownian motions in (R?, D) with starting point Xo = Yy € D.

If X; # Y;, the hyperplane M; of symmetry between X; and Y; (the hyperplane passing through
2% with normal my = m (Y; — X)) will be referred to as the mirror of the coupling. For
definiteness, when X; = Y; we let M; denote any hyperplane passing through X; =Y}, for example
we can choose M; such that it is a left continuous function with respect to t.

In the particular case of a convex polygonal domain Do, some of the properties of the mirror
coupling are contained in the following;:

Proposition 2.4.10. If Dy C R? is a convex polygonal domain, for any Xo = Yy € Ds, the
mirror coupling given by the previous theorem has the following properties:

i) If the reflection takes place in the bounding hyperplane H of Do with inward unitary normal
vy, then the angle Z(my;vy) decreases monotonically to zero.

i1) When processes are not coupled, the mirror My lies outside Ds.
i11) Coupling can take place precisely when Xy € 0Ds. Moreover, if X; € Do, then Xy =Y;.

w) If Do C Dg are two polygonal domains and (Y*; Xt), (Y; X;) are the corresponding mirror
coupling starting from x € D, for any t > 0 we have

Y — Y8 < Dist (D, DP) := — 25l 2.4.95
supl|Ys* — ¥7'|| < Dist (D%, DF) :=  mmax e — 2] (2.4.25)
B (2p—2a) VD, (2a)<0

Proof. i) In the notation of Theorem 2.4.9, on the time interval [0g,01) we have Y; = X, so
Z (my,vy) = 0 and therefore the claim is verified in this case.

On an arbitrary time interval [0y, 0,41), in the appropriately chosen coordinate system, Y; is
given by Lemma 2.4.8. For ¢ < £, Y; is given by the rotation R (¢¢) of G (Yy — Xo) X; which leaves
invariant the first (d — 2) coordinates, and therefore

LY — LT

Z(myyvy) = L (mo,vy) + 5 ,
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which proves the claim in this case (note that before the coupling time £ only one of the non-
decreasing processes LY and LT is not identically zero).

Since for t > £ we have Y; = (th, cee |Xf|), we have Z(my,v3) = 0 which concludes the
proof of the claim.

ii) On the time interval [cg, 1) the processes are coupled, so there is nothing to prove in this
case.

On the time interval [o1,09), in the appropriately chosen coordinate system we have Y; =
(th, ey }Xtd|)7 thus the mirror M; coincides with the boundary hyperplane

Hdz{(zl,...,zd) ERd:zdzo}

of Dy where the reflection takes place, and therefore M; N Dy = @ in this case.

Inductively, assume the claim is true for ¢t < o,. By continuity, M,, N Dy = &, thus D lies
on one side of M, . By the previous proof, the angle £ (m¢, vy ) between m; and the inward unit
normal vy to bounding hyperplane H of D; where the reflection takes place decreases to zero.
Since D5 is a convex domain, it follows that on the time interval [0, 0,,41) we have M; N Dy = &,
concluding the proof.

iii) The first part of the claim follows from the previous proof (when the processes are not
coupled, the mirror (hence X;) lies outside Do; by continuity, it follows that at the coupling time
¢ we must have X, =Y, € 0D»).

To prove the second part of the claim, consider an arbitrary time interval [o},, 0,,41) between
two successive hits of Y; to different bounding hyperplanes of Ds. In the appropriately chosen
coordinate system, Y; is given by Lemma 2.4.8. After the coupling time &, Y; is given by Y; =
(X}, ....|X{]), and therefore if X; € Dy (thus X{! > 0) we have ¥; = (X},...,X]) = X,
concluding the proof.

iv) Let M and Mtﬁ denote the mirrors of the coupling in D, respectively D?, with the same
driving Brownian motion Xj.

Since Y* and X; are symmetric with respect to M, and Ytﬁ and X; are symmetric with
respect to MtB , it follows that Ytﬁ is obtained from Ytﬁ by a rotation which leaves invariant the
hyperplane M N Mf, or by a translation by a vector orthogonal to M (in the case when M
and M} are parallel).

The angle of rotation (respectively the vector of translation) is altered only when either Y,* or
Yf are on the boundary of D, respectively Dg. Since D, C Dg are convex domains, the angle

of rotation (respectively the vector of translation) decreases when Y;ﬁ € Dg or when Y,* € 0D,
and (Ytﬁ - Y;O‘> -vp, (Y) > 0 (in these cases Y;” and Y, receive a push such that the distance

[V, — Y| is decreased), thus the maximum distance ||Y,* — Y| is attained when Y;* € 8D, and
(Ytﬁ - Yt"“) -vp, (Y*) <0, and the formula follows. O

2.5 The proof of Theorem 2.4.1

By Remark 2.4.4, it suffices to consider the case when D; = R? and D, C R? is a convex bounded
domain with smooth boundary. To simplify the notation, we will drop the index and write D for
D5 in the sequel.

Let (D,),,~; be an increasing sequence of convex polygonal domains in R? with D,, C D41
and Unlen = D.

Consider (Y;", X;),~, a sequence of mirror couplings in (D,,,R?) with starting point z € Dy
and driving Brownian motion (W;),~, with Wy = 0, given by Theorem 2.4.9.

By Proposition 2.4.10, for any ¢t > 0 we have

Suplem 7Ys‘n| < Dist (Dnva) = |I’n 7’Im| — 07

max
s<t T €0D X €OD,y, n,Mm—00
= (@m—25)-vD,, (£n)<0

hence Y;* converges a.s. in the uniform topology to a continuous process Y;.
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Since (Y™), -, are reflecting Brownian motions in (D), ~, and D,, / D, the law of ¥} is that
of a reflecting Brownian motion in D, that is Y; is a reflecting Brownian motion in D starting at
z € D (see [22]). Also note that since Y;" are adapted to the filtration 7" = (F}),-, generated
by the Brownian motion W;, so is Y;.

By construction, the driving Brownian motion Z* of Y, satisfies

t
Zt”:/ G — X)) dW,, t>0.
0

Consider the process

t
Zt:/ G (Y, — X,)dW,,
0

and note that since Y is F"W-adapted and ||G|| = 1, by Lévy’s characterization of Brownian
motion, Z; is a free d-dimensional Brownian motion starting at Zp; = 0, also adapted to the
filtration FW.

We will show that Z is the driving process of the reflecting Brownian motion Y;, that is, we
will show that

t
Yt=x+Zt+Lf=x+/ G(Y, — X,)dW,+ LY, t>0.
0

Note that the mapping z — G (z) is continuous with respect to the norm ||A|| = ||(a;;)|| =

ijzl aj; of d x d matrices at all points z € R* — {0}, hence G (Y" — X,) — G (Y, —X,) if
’ n—oo

Y — X, #£0. If Yy — Xy =0, then either Y, =X, € Dor Y, = X, € 0D.

If Y, = X, € D, since D,, /D, there exists N > 1 such that X, € Dy, hence X, € D, for all
n > N. By Proposition 2.4.10, it follows that Y;" = X, for all n > N, hence in this case we also
have G (Y — X;) = G(0) o G(0)=G(Ys — Xs).

If Y, = X, € D, since D,, C D we have Y* — X, # 0, and therefore by the definition (2.4.5)
of G we have:

t
[ U607 = X0 = 6 = X tv.ox.cands
0
! Y- X )
= Hl = __=% |\ _7T
/0 (IYS"—XSII
t yn — X yr— X, \’ ?
= / I—2-8 2 ( s 2 ) —1
0 1Y — Xl \ Y — Xs|
¢ 12
[
o || Y = Xl \ 1Y — X

t
= 4/ ly,=x.capds
0

2
ly,—x,copds

ly,=x,copds

ly,=x,copds

t
< 4/ lop (Ys)ds
0
= O7
since Y; is a reflecting Brownian motion in D, and therefore it spends zero Lebesgue time on the

boundary of D.
Since ||G|| = 1, using the above and the bounded convergence theorem we obtain

n—oo

t
lim / |G (Y — X,) — G (Y, — X,)|[>ds = 0,
0
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and therefore by Doob’s inequality it follows that
t
Esup || 2 — Z||? < cB||Z) — Z4|)* < cE/ |G (Y — Xs) — G(Ys — Xs)||Pds — 0,
s<t 0 n—oo

for any ¢t > 0, which shows that Z;' converges uniformly on compact sets to Z; = fot G (Ys — X;) dWs.
By construction, Z}* is the driving Brownian motion for Y;"”, that is

t
Y'=az+ 27 +/ vp, (Y)dLY",
0
and passing to the limit with n — co we obtain
t
)@:x+Zt+At=x+/G()@—Xs)dWS+At, t>0,
0

where Ay = lim,, o0 [y vp, (V) dLY".
It remains to show that A; is a process of bounded variation. For an arbitrary partition
0=ty <ty <...t;=tof [0,t] we have

l l t;
EY Mo Al = tm BYS [ v, 0 ar
i=1 i=1 ||/ti—1
< limsup E Lz/"

t

= limsup// pp, (8,2,y) o (dy) ds
o Jop,

< eV,

where o, is the surface measure on 9D,,, and the last inequality above follows from the estimates
in [15] on the Neumann heat kernels pp, (t,,y) (see the remarks preceding Theorem 2.1 and the
proof of Theorem 2.4 in [23]).

From the above it follows that A, = Y, — 2 — Z; is a continuous, F"-adapted process (since
Y;, Z; are continuous, F" -adapted processes) of bounded variation.

By the uniqueness in the Doob-Meyer semimartingale decomposition of the reflecting Brownian
motion Y; in D, it follows that

t
A, :/ vp (Yy)dLY, t>0,
0

where LY is the local time of Y on the boundary dD. It follows that the reflecting Brownian
motion Y; in D constructed above is a strong solution to

t t
Y, :x+/ G (Y, —Xs)dws+/ vp (Yo)dLY,  t>0,
0 0
or equivalent, the driving Brownian motion Z; = fg G (Ys — X;)dW; of Y} is a strong solution to

Zt:/OtG(f(ijZ)s—Xs)dWs, t>0,

concluding the proof of Theorem 2.4.1.
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2.6 Extensions and applications

As an application of the construction of mirror coupling, we will present a unifying proof of the
two most important results on Chavel’s conjecture.

It is not difficult to prove that the Dirichlet heat kernel is an increasing function with respect to
the domain. Since for the Neumann heat kernel pp (¢, z, y) of a smooth bounded domain D C R¢

we have
1

vol (D)’
the monotonicity in the case of the Neumann heat kernel should be reversed.
The above observation was conjectured by Isaac Chavel ([29]), as follows:

Jim pp (t,2,y) =

Conjecture 2.6.1 (Chavel’s conjecture, [29]). Let D2 C R? be smooth bounded conver domains
inRY, d > 1, and let pp, (t,2,Y), pp, (t,x,y) denote the Neumann heat kernels in Dy, respectively
Ds. IfDQ C D, then

PD, (taxvy) < Ppp, (t7:177y)7 (261)

foranyt >0 and xz,y € D;.

Remark 2.6.2. The smoothness assumption in the above conjecture is meant to insure the a.e.
existence of the inward unit normal to the boundaries of D1 and Do, that is the boundaries should
have a locally differentiable parametrization. Requiring that the boundary of the domain is of class
Ch® (0 < a < 1) is a convenient hypothesis on the smoothness of the domains D1 .

In order to simplify the proof, we will assume that D1 2 are smooth C* domains (the proof can
be extended to a more general setup, by approzimating D12 by less smooth domains).

Among the positive results on Chavel conjecture, the most general known results (and perhaps
the easiest to use in practice) are due to I. Chavel ([29]) and W. Kendall ([51]), and they show
that if there exists a ball B centered at either x or y such that Do C B C Dy, then the inequality
(2.6.1) in Chavel’s conjecture holds for any ¢t > 0.

While there are also other positive results which suggest that Chavel’s conjecture is true for
certain classes of domains (see for example [27], [39]), in [12] R. Bass and K. Burdzy showed that
Chavel’s conjecture does not hold in its full generality (i.e. without additional hypotheses).

We note that both the proof of Chavel (the case when Dj is a ball centered at either z or y)
and Kendall (the case when D is a ball centered at either = or y) relies in an essential way that
one of the domains is a ball: the first uses an integration by parts technique, while the later uses
a coupling argument of the radial parts of Brownian motion, and none of these proofs seem to be
easily applicable to the other case.

Using the mirror coupling, we can derive a simple, unifying proof of these two important
results, as follows:

Theorem 2.6.3. Let Dy C Dy C R be smooth bounded domains and assume that Do is conver.
If for x,y € Do there exists a ball B centered at either x or y such that Dy C B C D1, then for
all t > 0 we have

pp, (t,2,y) < pp, (t,2,9) (2.6.2)

Proof. Consider x,y € D arbitrarily fixed and assume that Dy C B = B (y, R) C D; for some
R >0.

By eventually approximating the convex domain Dy by convex polygonal domains, it suffices
to prove the claim in the case when D5 is a convex polygonal domain.

Let (X, Y;) be a mirror coupling of reflecting Brownian motions in (D1, Ds) starting at z € Ds.
The idea of the proof is to show that for all times ¢ > 0, Y; is at a distance from y is no greater
than the distance from X; to y.

Let tg > 0 be a time when the processes are at the same distance from y, and let ¢t; > ¢y be
the first time after 3 when the process X; hits the boundary of D;.

Note that by the ball condition we have || X; — y|| = R > ||Y; — y| for any ¢ > 0, and in
particular this holds for t = ¢;. Since the processes X; and Y; are continuous, the distances from
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X; and Y; to y are continuous functions of ¢, and therefore in order to prove the claim it suffices
to show that ||Y; —y|| < || X; —yl| for all ¢ € [to,t1]. Also note that on the time interval [tg,#1] the
process X; behaves like a free Brownian motion.

We distinguish the following cases:

i) The processes are coupled at time to (i.e. Xy, = Y3,);

In this case, the distances from X; and Y; to y will remain equal until the first time when the
processes hit the boundary of Ds. Since on the time interval [tg,¢1] the process X; behaves like a
free Brownian motion, by Proposition 2.4.10 ii) it follows that when processes are not coupled, the
mirror My of the coupling lies outside the domain Dsy. Since the domain D5 is assumed convex,
this shows in particular that the mirror M; of the coupling cannot separate the points Y; and y,
and therefore the distance from Y; to y is smaller than or equal to the distance from X; to y, for
all t € [to,tl].

ii) The processes are decoupled at time tp;

In this case, since |V, —y| = |Xt, —y| and X, # Y;,, the hyperplane My, of symmetry
between X;, and Y;, passes through the point y, so M, does not separate the points Yz, and y.

The processes X; and Y; will remain at the same distance from y until the first time when
Y; € ODs. Since on the time interval [tg,t1] the process X; behaves like a free Brownian motion,
by Theorem 2.4.9, it follows that between successive hits of different boundary hyperplanes of Ds,
the mirror M; of the coupling describes a rotation which leaves invariant d — 2 coordinate axes.
Moreover, by Proposition 2.4.10 the rotation is directed in such a way that the angle Z(m¢, vy)
between the normal m; = m (Y; — X;) of M; and the inner normal vy of the bounding
hyperplane H of Dy where the reflection takes place decreases monotonically to zero (see Figure
2.7).

Since the hyperplane M;, does not separate the points Y;, and y, simple geometric consid-
erations show that M; will not separate the points Y; and y for all ¢t € [to,t1], and therefore
1Y — y|| < ||X¢ —yl| for all ¢ € [to, 1], concluding the proof of the claim.

We showed that for any ¢t > 0 we have ||Y; — y|| < || Xt — y||, and therefore

PE(IXe —yl <o) < PP (IIY: —yll <e),

for any € > 0 and ¢t > 0.

Dividing the above inequality by the volume of the ball B (y,¢) and passing to the limit with
€\ 0, from the continuity of the transition density of the reflecting Brownian motion in the space
variable we obtain

PbD, (t,x,y) < Pp, (t’xay>7 t=>0,
concluding the proof of the theorem. O

As also pointed out by Kendall in [51], we note that in the above theorem the convexity of
the larger domain D; is not needed in order to derive the validity of condition (2.6.1) in Chavel’s
conjecture. We can also replace the hypothesis on the convexity of the smaller domain D5 by the
weaker hypothesis that Dy is a star-shaped domain with respect to either x or y, as follows:

Theorem 2.6.4. Let Dy C D; C R? be smooth bounded domains. If for x,y € Dy there exists a
ball B centered at either x or y such that Do C B C D1 and Ds is star-shaped with respect to the
center of the ball, then for all t > 0 we have

pp, (t,2,y) < pp, (t,2,9) . (2.6.3)

Proof. We will present an analytic proof which parallels the geometric proof of the previous the-
orem.

Consider x,y € Dy arbitrarily fixed and assume that Dy C B = B (y, R) C D; for some R > 0
and Ds is a star-shaped domain with respect to y.

By eventually approximating Do with star-shaped polygonal domains, it suffices to prove the
claim in the case when Ds is a polygonal star-shaped domain.
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Let (X¢, Y;) be a mirror coupling of reflecting Brownian motions in (D1, Ds) starting at € Ds.
The idea of the proof is to show that for all times ¢ > 0, Y; is at a distance from y is no greater
than the distance from X; to y.

We can reduce the proof to the case when D; = R? as follows. Consider the sequences of
stopping times (§,)n>1 and (7,),>1 defined inductively by

T = O,
fn = inf{t>7‘n,1 ZXteaDl}, ’I’LZl7
o= f{E> &1 X -yl =Y —yll}, n2=1

Note that by the ball condition we have || X¢, —y| > ||Ye, — y|| for any n > 1, and therefore
| Xt —yll > ||Y: —y|| for any n > 1 and any t € [&,, 7). In order to prove that the same inequality
holds on the intervals [1,,, &,+1] for n > 0, we proceed as follows.

On the set {7, < oo}, the pair ()?t,i/v}) (XT”H, Y, +t) defined for ¢ < &, — 7, is a mirror
coupling in (Rd D») with drlvmg Brownian motion Wt We 42— Wo, (and Z Zrovt — Zr),
and starting points (Xo,Y) = (X, Y,,) independent of the filtration of B, (see Remark 2.4.4).
In order to prove the claim it suffices therefore to show that for any points u € R? and v € Dy with
|lu —y| = ||lv — yl|, the mirror coupling (X, Y;) in (RY, Dy) with starting points (X, Yp) = (u,v)
verifies

Xt =yl > Yo —yll, ¢t>0. (2.6.4)

Consider therefore a mirror coupling (X;,Y;) in (R% Dy) with starting points (Xg,Yy) =
(u,v) € R? x Dy satisfying |lu — y| = |lv — y]|.

If uw = v, from the construction of the mirror coupling it follows that X; = Y; until the process
Y; hits the boundary of D, and therefore the inequality in (2.6.4) holds for these values of t. After
the process Y; hits a bounding hyperplane of Dy, by Lemma 2.4.8 it follows that in an appropriate
coordinate system Y; is given by Y, = (X}, ..., X371 |X#|), until the time ¢ when the process Y
hits a different bounding hyperplane of Ds, and therefore the inequality in (2.6.4) is again verified
for the corresponding values of ¢ (in the chosen coordinate system we must have y = (y',...,y%)
with y? > 0, and therefore || X; — y|? — [|Y; — y[|* = 2y (|X{| — X{) > 0). If at time o the
processes are coupled (i.e. X, =Y, € 0D3), we can apply the above argument inductively, and
find a time o1 when the processes are decoupled and || X; — y|| > ||Y: — y|| for all t < o7.

The above discussion shows that without loss of generality we may further reduce the proof
of the claim to the case when (u,v) € R% x Dy with u # v and |lu — y|| > |[v — y|. Also,
the above discussion shows that it is enough to prove (2.6.4) for all values of ¢ < (, where

=inf{s > 0: X, =Y} is the first coupling time.

The mirror coupling defined by (2.4.1) — (2.4.3) becomes in the case

X, = u+t+W, (2.6.5)
t
Y, = ’U+Zt+/ vp, (V) dLY (2.6.6)
0
t
Zy = /G(stXs)dWS (2.6.7)
0

where G is given by (2.4.5). In order to prove the claim we will show that
Ro= X =yl — [Yi—yl? >0, < (2.6.8)

where ( is the first coupling time.
Using the Ito6 formula it can be shown that the process R; verifies the stochastic differential
equation

t
Ri= R — /R Lo X dWS—Q/(YS—y)-z/DZ (V) LY, t<c. (2.6.9)
|Y X H 0
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The process By = —2 fo v X V=X -dW is a continuous local martingale on [0, ¢), with quadratic

variation
t/\( X1)2 28 4
A =4 -5 3% _ds= —d t>0 2.6.10
t Z/ Tt / moxpEe 120 (2.6.10)

and therefore by Lévy’s characterization of Brownian motion it follows that Et = Ba,ac is a 1-
dimensional Brownian motion (possibly stopped at time ¢, if A; < o00), where the time change
oy = inf{s > 0: A, >t} is the inverse of the nondecreasing process A;.

Setting X, = Xoncs Y, = Yo, nc R, = Ro,n¢c and Lt = La ¢y from (2.6.9) we obtain

t t
R, =Ry +/ R.dB, —/ (Ys —y) - vp, (Y) dLY, t>o. (2.6.11)
0 0

Since the polygonal domain D5 is assumed star-shaped with respect to the point y, geometric
considerations show that
(z—vy) vp,(2) <0, (2.6.12)

for all the points z € 9Ds for which the inside pointing normal vp,(z) at the boundary point
z of Dy is defined, that is for all points z € 9Dy not lying on the intersection of two bounding
hyperplanes of Ds. Since the reflecting Brownian motion Y; does not hit the set of these exceptional
points with positive probability, we may assume that the above condition is satisfied for all points,
and therefore

(Ys—y) - vp,(Ys) <0 a.s, (2.6.13)

for all times s > 0 when 175 € 0Ds.

Since L} is a nondecreasing process of ¢t > 0, a standard comparison argument for solutions
of stochastic differential equations shows that the solution R; of (2.6.11) satisfies R, > p¢ for all
t > 0, where p; is the solution of the stochastic differential equation

t
pt = Ry +/ psdBs, t>0. (2.6.14)
0

The last equation has the explicit solution p; = Roeét*%t,

lu—yl2 = Ilv = yl> > 0, we obtain

and since by hypothesis Ry =

Rojne = Ry > pr= RoePem3t >0, t>0, (2.6.15)

and therefore R, = || X; — y||> — ||Y; — y||* > 0 for all ¢ < (, concluding the proof of the claim.
By the initial remarks, it follows that if (X, Y};) is a mirror coupling in (D1, Dy) with starting
point Xy = Yy = z, then
X =yl 2 Y=yl t=0. (2.6.16)

As in the proof of the last theorem, this shows that pp, (¢,z,y) < pp, (t,z,y) for all t > 0,
concluding the proof. O

We have chosen to carry out the construction of the mirror coupling in the case of smooth
domains with Dy C D; and D, convex, having in mind the application to Chavel’s conjecture.
However, although the technical details can be considerably longer, it is possible to construct the
mirror coupling in a more general setup.

For example, in the case when D; and D5 are disjoint domains, none of the difficulties encoun-
tered in the construction of the mirror coupling occur (the possibility of coupling/decoupling), so
the constructions extends immediately to this case.

The two key ingredients in our construction of the mirror coupling were the hypothesis Dy C D,
(needed in order to reduce by a localization argument the construction to the case D; = R%) and
the hypothesis on the convexity of the inner domain Do (which allowed us to construct a solution
of the equation of the mirror coupling in the case D; = R%).
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Replacing the first hypothesis by the condition that the boundaries dD; and 9Dy are not
tangential (needed for the localization of the construction of the mirror coupling) and the second
one by condition that D; N Dy is a convex domain, the arguments in the present construction can
be modified in order to give rise to a mirror coupling of reflecting Brownian motion in (Dy, Ds)
(see Figure 2.9).

o

Dy

o

N

@F

Figure 2.9: Generic smooth domains Dy C R? for the mirror coupling: D1, Dy have non-
tangential boundaries and D N D5 is a convex domain.

Remark 2.6.5. Even though the construction of the mirror coupling was carried out without the
additional assumption on the convexity of the inner domain Dy in the case when Dy is a polygonal
domain (see Theorem 2.4.9), we cannot extend the construction of the mirror coupling to the
general case of smooth domains Ds C Dy.

This is due to the fact that the stochastic differential equation which defines the mirror coupling
has a singularity (discontinuity) when the processes couple, and we cannot prove the convergence
of solutions in the approximating domains (as in the proof of Theorem 2.4.1). The convexity of the
inner domain is an essential argument for this proof, which allowed us to handle the discontinuity
of the stochastic differential equation which defines the mirror coupling: considering an increasing
sequence of approximating domains D, / Ds, the convexity of Dy was used to show that if the
coupling occurred in the case of the mirror coupling in (RY, Dy), then coupling also occurred in
the case of the mirror coupling in (R, D,,), for alln > N.

It is easy to construct an example of a non-convexr domain Do and a sequence of approximating
domains D,, /* Do such that the mirror coupling (X, Y;") in (R%, D,,) does not have the above-
mentioned property, and therefore we cannot prove the existence of the mirror coupling using the
same ideas as in Theorem 2.4.1. However, this does not imply that the mirror coupling cannot be
constructed by other methods in a more general setup.

We conclude with some remarks on the non-uniqueness of the mirror coupling in general
domains. To simplify the ideas, we will restrict to the 1-dimensional case when Dy = (0,00) C
D; =R.

Fixing = € (0,00) as starting point of the mirror coupling (X;,Y;) in (D1, D2), the equations
of the mirror coupling are

Y, = z+Z+L) (2.6.18)
t

7, — / G (Y, — X,)dW, (2.6.19)
0

where in this case

-1, ifz#0
G(Z){ +1, if 2=0
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Until the hitting time 7 = {s > 0: Y, € D5} of the boundary of 9Dy we have L} = 0, and
with the substitution U; = —% (Y; — X3), the stochastic differential for Y; becomes

1-G (Y, - X, t
Uy = / #dm = / o (Us) dWs, (2.6.20)
0 0

where

o (2)

1-G(2) [ 1, if z#0
T2 o, if 2 =0

By a result of Engelbert and Schmidt ([35]) the solution of the above problem is not even
weakly unique, for in this case the set of zeroes of the function o is N = {0} and o2 is locally
integrable on R.

In fact, more can be said about the solutions of (2.6.20) in this case. It is immediate that both
U; = 0 and U; = W; are solutions to 2.6.20, and it can be shown that an arbitrary solution can be
obtained from W; by delaying it when it reaches the origin (sticky Brownian motion with sticky
point the origin).

Therefore, until the hitting time 7 of the boundary, we obtain as solutions

and
}/;5 = Xt - 2Wt =T — Wt, (2622)

and an intermediate range of solutions, which agree with (2.6.21) for some time, then switch to
(2.6.22) (see [69]).

Correspondingly, this gives rise to mirror couplings of reflecting Brownian motions for which
the solutions stick to each other after they have coupled (as in (2.6.21)), or they immediately split
apart after coupling (as in (2.6.22)), and there is a whole range of intermediate possibilities. The
first case can be referred to as sticky mirror coupling, the second as non-sticky mirror coupling,
and the intermediate possibilities as weak/mild sticky mirror coupling.

The same situation occurs in the general setup in R?, and it is the cause of lack uniqueness
of the stochastic differential equations which defines the mirror coupling. In the present chapter
we detailed the construction of the sticky mirror coupling, which we considered to be the most
interesting, both from the point of view of the construction and of the applications, although the
other types of mirror coupling might prove useful in other applications.

2.7 Open problems
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Chapter 3

Fixed-distance coupling of
Reflecting Brownian motions

In this paper we introduce three Markovian couplings of Brownian motions on smooth Riemannian
manifolds without boundary which sit at the crossroad of two concepts. The first concept is the
one of shy coupling put forward in [16] and the second concept is the lower bound on the Ricci
curvature and the connection with couplings made in [84].

The first construction is the shy coupling, the second one is a fixed-distance coupling and the
third is a coupling in which the distance between the processes is a deterministic exponentially
function of time.

The simplest nontrivial manifold is the 2-dimensional sphere in R?, and in this case we give
the explicit construction of all three types of couplings mentioned above and at first we use an
extrinsic approach. Next, we construct part of these couplings on manifolds of constant curvature,
this time using the intrinsic geometry.

Then we prove a full result which shows that an arbitrary Riemannian manifold satisfying
some technical conditions supports shy couplings. Moreover, if in addition the Ricci curvature is
non-negative, there exist fixed-distance couplings. Furthermore, if the Ricci curvature is bounded
below by a positive constant, then there exists a coupling of Brownian motions for which the
distance between the processes is deterministic and exponentially decaying. The constructions use
the intrinsic geometry, and relies on an extension of the notion of frames which plays an important
role for even dimensional manifolds.

As an application of the fixed-distance coupling we derive a maximum principle for the gradient
of harmonic functions on manifolds with non-negative Ricci curvature.

3.1 Introduction

A first motivation of the study in the present chapter was the interest in the following (stochastic)
modification of the classical Lion and Man problem of Rado ([56]) on manifolds. Consider a
Brownian Lion X; and a Brownian Man Y; running on a d-dimensional Riemannian manifold M,
for example the unit sphere in R3.

Problem 3.1.1 (Finite coupling time). Can the Lion capture the Man?

More precisely, given two distinct starting points z,y € M and a Brownian motion Yy, on M
starting at y, can one find a Brownian motion Xy on M starting at x such thatthe coupling time
T=1inf{t > 0: X; = Y;} is almost surely finite (or almost surely bounded)? A weaker version of
this problem is whether for a given € > 0 and a given Brownian motion Yy on M starting at y
one can find a Brownian motion Xy on M starting at x such that 7 = inf {t > 0:d(X;,Y;) = €} is
almost surely finite (or almost surely bounded). Here d(x,y) stands for the Riemannian distance
on M.

63
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Problem 3.1.2 (e-shy coupling). Can the Man avoid being eaten by the Lion indefinitely?

More precisely, given two distinct starting points x,y € M and a Brownian motion X; on M
starting at x, can one find a Brownian motion Y; on M starting at y such that almost surely
Xy #Yy forallt > 07 A stronger version of the question is whether the Brownian motion Y; can
be chosen in such a way that there exists an € > 0 such that almost surely d (X, Y:) > € for all
t>0.

A second motivation of the present work is related to the notion of shy coupling of Brownian
motions introduced in [16] and subsequently studied in [17] and [52]. A shy coupling is a coupling
for which, with positive probability, the distance between the two processes stays positive for all
times. A stronger version of shyness (e-shyness, € > 0), which we will use in this chapter, asserts
that with positive probability the distance between the processes is greater than e for all times.

We note that on the unit sphere S2, there is an immediate affirmative answer to Problem 3.1.1:
one can define X; as the symmetric of Y; with respect to the plane of symmetry of x and y. Since
the Brownian motion Y; hits this plane in finite time, 7 is finite almost surely, so the Lion is sure
to capture the Man in finite time.

The above mentioned coupling is known in the literature as the mirror coupling (see Chapter
2 for its construction in the case of smooth Euclidean domains), and it was introduced by Lindvall
and Rogers [55] for processes defined on Euclidean spaces, and by Cranston in [32] and Kendall
[50] in the case of processes defined on manifolds, the so-called Cranston-Kendall mirror coupling.
As an application of this coupling, it can be shown ([50]) that in the case of manifolds with Ricci
curvature bounded uniformly from below by a positive constant, the Man and the Lion must meet
in finite time. Other related results regarding couplings of Brownian moptions can be found in
[1], [2], and [81].

A synthetic notion of a lower bound on the Ricci curvature was settled in [57, 82, 83] and is a
very useful tool in analysis on measure metric spaces. On the other hand, the notion of couplings
and lower bound on Ricci curvature was pioneered in [61] and is particularly good for defining
lower bounds on Ricci curvature in discrete spaces as it is for instance pointed out in [31, 54].

In this spirit, a third motivation of our work comes from [84, Corollary 1.4] which states the
following.

Corollary 3.1.3. On a complete Riemannian manifold M the Ricci tensor satisfies Ric > k if and
only if there exits a conservative Markov process (2, A,P?, Z;) ,e mx m >0 with values in M x M
such that the coordinate processes (Xi)i>o0 and (Y:)i>0 are Brownian motions on M and such that
for all z= (x,y) and all t > 0,

d(X.,Y;) < e *2d(z,y), P?—a.s. (3.1.1)

A natural question, and one of our interests in the present chapter, is to see if one can find
couplings of Brownian motions X;,Y; for which the equality in the inequality (3.1.1) is attained.
For instance, in the case k = 0 this amounts to finding a fixed-distance coupling (a particular case
of the strong version of shy coupling).

The structure of this chapter is the following. In Section 3.2 we introduce the notations and
the basic results needed in the sequel. Next, in Section 3.3, we present a result about the existence
of fixed-distance couplings on R™. Here we show that the only fixed-distance coupling in R™ case is
the trivial one, namely the translation coupling, and that there is no distance-decreasing coupling
in this case. This is to be contrasted to the fact that in the case of 2-dimensional sphere S2
(presented in the following section) it is possible to construct distance-decreasing couplings.

In Section 3.4 we focus on the case of the 2-dimensional sphere S2, and we prove that in this case
it is possible to construct a fixed-distance coupling, a distance-decreasing coupling, and a distance-
increasing coupling. The construction is carried out by using two main ingredients: Stroock’s rep-
resentation of spherical Brownian motion and Kendall’s characterization of co-adapted couplings
of Brownian motions in Euclidean spaces (see [52]). From a differential geometric perspective this
construction is extrinsic, in the sense that the sphere S? is seen as a submanifold of R?, and we
take advantage of this in order to reduce the problem at hand to that of finding unitary matrices
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in R? satisfying certain conditions. The intriguing part about this construction is that the same
argument does not extend to higher dimensional spheres.

In the last section of this chapter (Section 3.5) we present two general results. The first is in
the case of manifolds of constant curvature in any dimension (Theorem 3.5.1), in which we prove
the existence of fixed distance / fast approaching / fast repelling Brownian couplings depending
on the sign of the curvature, and the second is in the case of complete d-dimensional Riemannian
manifolds M with positive injectivity radius, for which the Ricci curvature is uniformly bounded
from below and the sectional curvature uniformly bounded from above (Theorem 3.5.3), in which
we prove the existence of shy couplings. Moreover, in this last case we also show that if the
Ricci curvature is in addition non-negative, we can also construct fixed-distance couplings, and
if the Ricci curvature is bounded from below by a positive constant, then we can also construct
fast approaching couplings, for which the distance between processes decays exponentially fast to
0. We conclude with some applications of the couplings constructed in this chapter, by giving a
resolution of the two problems presented in the beginning of this section, and a maximum principle
for the gradient of harmonic functions on manifolds.

3.2 Preliminaries

We identify the vectors in R3 with the corresponding 3 x 1 column matrices, and for a vector
x € R? we denote by 2’ the transpose of z. The dot product of two vectors z,y € R can be
written in terms of matrix multiplication as z - y = 2’y. The Euclidian length of a vector z € R?
is ||z|| = Va'z.

We denote by S? = {x ER3: |z| = 1} the unit sphere in R3, and for z,y € S% we let d (z,y)
be the length of the geodesic joining  and y on S? (the length of the smaller of the two arcs of a

great circle containing z and y, that is d (z,y) = arcsin /1 — (z'y)* = 2arcsin (3l —yll))-
There are various ways of describing the spherical Brownian motion on S2, that is the Brownian

motion on S? (see for example [19]). In what follows we exploit the Stroock’s representation of
spherical Brownian motion ([79]), as the solution X; of the It stochastic differential equation

t t
X, = Xo+ / (I - X,X!)dB, — / X, ds, (3.2.1)
0 0

where B; is a 3-dimensional Brownian motion. The last term above may be thought as the pull
needed in order to keep X; on the surface of S2.

Given two non-parallel vectors x,y € S? (i.e. y # +x), we denote by R, the 3 x 3 rotation
matrix with axis u = x X y (the cross product of the vectors z and y) and angle 6 € (0, 7) equal to
the angle between the vectors x and y, so in particular R, ,u = u and R, yx = y. It is known that
R, is an orthogonal matrix (R~! = R’) and the following (Rodrigues’ rotation) formula holds

1

R:E,y = COSQI+ ['LL]X —+ mﬂ@”,

(3.2.2)
where [u]x = ya’ — xy’ is the cross-product matrix of u = z X y, ® denotes the tensor product
(u®u = uu') and I denotes the 3 x 3 identity matrix. Note that the above formula differs slightly
from the usual one, due to the fact that we do not require the axis u to be a unit vector.

When y = £z, the cross product u = = X y is the zero vector, so the rotation matrix R, 1, is
not well defined in this case. However, if we define R, 1+, = £I we see that the R, 1, is still a
unitary matrix and satisfies Ry 1,2 = £x. Moreover, taking the limit as # — 0 (or m, depending
on whether y = z or y = —x), we see that (3.2.2) still holds.

By M we denote Riemannian manifold. In this paper all Riemannian manifolds are assumed to
be complete. For a given d-dimensional Riemannian manifold M, we use the standard notations

from [40] or [81] to denote by O(M) the orthonormal frame bundle. For a given orthonormal frame
U at a point € M and £ € R, H¢(U) is the horizontal lift of U¢ € T,,M at the point U € O(M).
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We will use the simpler notation of H; for He,, with {e;};=1,... , denoting the standard basis of
R<,

We collect here some notions from differential geometry which will be used in the sequel. The
reader is referred to [33] or [30] for basic notions and results. The curvature tensor R, at z is
R, (X,Y) = VxVy — VyVx — Vixy] and the Ricci tensor is the contraction Ric,(X,Y) =
Zf:1<Rx(X, E,)E;,Y), where {E;}i=1, .q is any orthonormal basis at  and X,Y € T, M. This
definition of the Ricci tensor does not depend on the choice of orthonormal basis, and in the
particular case of surfaces it simplifies to Ric,(X,Y) = K,(X,Y), where K is the Gauss curvature.

We denote by d(z,y) the Riemannian distance between x and y.

A geodesic on M is a smooth curve v : [a,b] = M such that §(s) = 0 for each s € [a, ], where
the dot represents the covariant derivative along . Throughout the paper we assume that the
geodesics are running at unit speed. For a point x € M, we define C,, to be the cutlocus of x, that
is the set of points y € M for which there is more then one minimizing geodesic between x and y.
We will also use the notation Cut C M x M, defined as the set of all points (z,y) which are at
each other’s cut-locus. For points ,y € M which are not at each other’s cut-locus, we define v, ,
to be the unique unit speed minimizing curve joining x and y.

The injectivity radius is the smallest number i(M) such that any point @ € M, the exponential
map at z is a diffeomorphism on the ball of radius (M) in the tangent space T, M.

Given a geodesic v, a Jacobi field along v is a vector field J(s) such that

J(S) + R’y(s)(‘](s)a 7(8))’7(5) =0, (323)

where the dot represents the derivative along ~.
Given a vector field V along a geodesic v defined on [a, b], the index form Z associated to it is

defined as ,

Z(V.V) =/ (V($)1? = (Bys) (V(5),4(5))4(3), V(5)))ds, (3.2.4)
and using polarization Z can be extended to a bilinear form on the space of vector fields along the
geodesic . In the particular case when J is a Jacobi field, an integration by parts formula shows
that

Z(J,J) = (J(b), (b)) — (J(a),J(a)) (3.2.5)
where [a, b] is the definition interval of .

A manifold has constant curvature r if the sectional curvature is r for all choices of the two
dimensional plane, that is (R,(X,Y)Y,X) = r for any x € M and any ortogonal unit vectors
X, Y € T,M. In this case the Ricci curvature simplifies as well as the Jacobi field equation
(3.2.3). We record here the calculation, as it will be used later on. Assume that v, is the
minimal geodesic between the points x,y € M which are not at each other’s cut-locus, p = d(z, y)
and let £ € T, M and n € T, M be two unit vectors. Consider £(s) the extension of £ by parallel
transport along v from x to y, and similarly let n(s) be the extension of n by parallel transport
from y to x. The Jacobi field J¢ , whose value at x is £ and 7 at y can be computed as follows

Jen(s) = wi(s)€(s) + w2 (s)n(s) (3.2.6)

where wy, wy solve the boundary value problems

w, +rwy =0 Wo + rwy =0
wy(0) =1 and wz(0) =0 ,
wi(p) =0 wy(p) =1
whose solutions are
sin(v7(p—>s)) 0 sin(y/7s) 0
wi(s) =< snre) 7 r# and  wsy(s) = { SnVre)? r# . (3.2.7)
pps, r=20 s r=20
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Next, we introduce the main notions regarding couplings. Recall that in general by a cou-
pling we understand a pair of processes (X;,Y;) defined on the same probability space, which are
separately Markov, that is

P(Xs4t €Al Xs=2,X,:0<u<s)=P* (X, €A
P(Ysq: € AlYs=2,Y,:0<u<s)=P* (Y € A)

for any measurable set A in the state space of the processes.
The notion of Markovian coupling as used in [16] requires that in addition to the above, the
joint process (X¢,Y:) is Markov and

P(X5+t€A|XS:Z7Xu,YuZOSU§S):PZ(XtEA)

3.2.8
P(Ysrt € AlYs =2, X,,Y,:0<u<s)=P*(Y; € A) ( )

for any measurable set A in the state space of the processes.

The notion of co-adapted coupling (introduced by Kendall, [52]) is the same as the above but
without the Markov property of (X¢,Y;).

The Markovian couplings are easily obtained for instance in the case when the process (X3, Y}:)
is actually a diffusion on the manifold. This would be the ideal case, but we still get a Markovian
coupling if we patch together diffusion process in a nice way. For example this will be the case
of the main construction on manifolds, where we start the coupling following a diffusion up to
a certain stopping time, then, from the point it stopped we run it independently according to
another diffusion and then stop this at another stopping time and so on. We do this quietly
without further details.

3.3 Distance-decreasing couplings in R?

In this section we first examine the distance-decreasing couplings in the Euclidean space R?. To
be precise, we want to find all possible co-adapted couplings (X;,Y}:) of d -dimensional Brownian
motions, for which the distance || X; — Y;|| is a (deterministic) non-increasing function of ¢ > 0.

By a result on co-adapted couplings (Lemma 6 in [52]), a co-adapted coupling (Xy,Y:) of
Brownian motions in R? can be represented as

t t
Ytzyo-i-/ Jtht+/ K.z,
0 0

where Z is a d-dimensional Brownian motion independent of X (on a possibly larger filtration),
and J, K € Myxq4 are matrix-valued predictable random processes, satisfying the identity

T+ KK =1, (3.3.1)

with I denoting the d x d identity matrix.
Setting W; = X; — Y; and using It6’s formula we obtain

d d
d|[Wl* = 2W/dW, + > d(W') =2(X, = V) (I = Ji) dXy — 2(Xy = Yy) KqdZy + > d(W'y.
i=1 i=1
Using the independence of X and Z, and the relation 3.3.1 we obtain
d .
S AW =tr (I = 1) (I—Jp) + K[ Ky) dt
i=1
tr (I —J, — J, + J,Jy + K, K;) dt
2 (tr (I) —tr (Jy)) dt
2(d —tr(Jy)) dt.
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From the last two equations we arrive at
AW =2(Xy =Y (I = Jp) dXy — 2(Xy — V) KydZy + 2 (d — tr (Jy)) dt,

so the differential of the quadratic variation of the martingale part of ||[W;||* is given by

(26 =) (1= 20) (2% = ¥a) (1= )+ (2K =¥ K0) (2 (X = Y0 o)) e
(Xe =Y (I —Jp — J, + JoJ, + K. K}) (X, — Yy) dt
(X, =Y 2 —J, — J) (X, = Y;) dt
(X —Y)' (I - Jp) (X¢ — V) dt,

and the differential of the bounded variation part of ||[W;||* is given by
2(d —tr (Jy))dt.
If ||| is a (deterministic) non-increasing function of ¢, we must have
tr(J)>d and  (X,—Y) (I—J)(Xe—Y;) =0

for all t > 0.
Denoting by a;; = a;; (t) the entries of J;, observe that

JtJt Z Z > (Zz—;a ) _ tI‘2(§Jt) Zd,

with equality if and only if J; = I.

On the other hand, from (3.3.1) it follows that 0 < 2/ J}Jyz < 2’z for all z € R?, so the eigen-
values \; = A; (¢) of JiJ{ satisfy 0 < \; < 1, and therefore tr (J;J;) = Z?Zl Ai < d. Combining
with the above we conclude that tr (J;J;) = d, and therefore J; = I for all ¢ > 0. Equivalently,
this shows that dY; = dX; for all t > 0, or Y; = Yy — Xo + X, and we arrive at the following.

Theorem 3.3.1. In the Euclidean space R?, d > 1, the only co-adapted coupling of Brownian
motions with deterministic non-increasing distance is the translation coupling.

As we will see later on in Theorem 3.5.1 there are distance increasing couplings on R

3.4 The 2-dimensional sphere case, the extrinsic approach

In this section we study the couplings of Brownian motions on the unit sphere S2. The primary
interest is the construction of couplings for which the distance between the processes is deter-
ministic. Using Stroock’s representation of the spherical Brownian motion, we construct three
different couplings, as mentioned in the introduction. In the first one the distance is decaying at
an exponential rate, in the second one the distance is increasing to the diameter of the sphere
S? at an exponential rate, and in the third one, which is the most interesting and intriguing, the
distance is constant in time.

We collect the results on the first two couplings mentioned above in the following result, and
then treat separately the latter one.

Theorem 3.4.1. Fiz two points x,y € S? with y # +x, and consider the spherical Brownian
motion X; on S? given by (3.2.1) with Xy = .

a) Let'Y; be the solution to
t
Yi=y +/ R.dX, (3.4.1)
0
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where Ry = Rx_ )y, s the rotation matriz with azis us = X, X Yy and angle 05 equal to the
angle between Xg and Yy (and Ry = +1 if Yy = +X,). Then Y; is a spherical Brownian
motion on S?, and

1X: = Y| = |ly — | e¥?,  t>0. (3.4.2)

In particular, d (Xy,Y;) = 2arcsin (% lly — || 64/2) decreases exponentially fast to 0 ast —
00.

Let lN/t be the solution to
t
Y=y — / R,dX, (3.4.3)
0

where Ry = Ry ¢ is the rotation matriz with avis us = — X X }75 and angle 04 equal to the
angle between Xs and —}N/S (and Ry = FI if )75 = +X,). Then f’t s a spherical Brownian

motion on S2, and
[x~ %] = a-lw+alPet,  e>0 (3.4.4)

In particular, d (Xt, 1715) =1 —2arcsin (% lly + | e_t/Q) increases exponentially fast to m as
t — oo.

Notice that both (X:,Y;) and (Xt,ﬁ) are both Markovian couplings. In fact they are diffusions
on 5% x S2.

Proof. Using (3.2.1), we first write

dY; = RydX; = Ry (I — X, X]) dB; — Ry X,dt.

By definition, R; is a unitary matrix and R;X; = Y; all t > 0, from which we obtain

dY; = (R, — R;X:X])dB; — R X,dt
= (I- RtXt ) (ReXy)') RedBy — Ry Xydt
= (I -Y;Y/))RidB; — Y,dt
= (I -YY/)dB, - Yidt,

where Et = fg RsdBy is readily seen to be a 3-dimensional Brownian motion. Using again Stroock’s
characterization of spherical Brownian motion, the first claim follows.

To prove the second claim, we apply the It6 formula to the function f(z) = 2’z and to the
process Z; =Y; — X;. We get

3
d||Z,|* = 2Z{dz, + Y d(Z"),
i=1

Next, we’ll show that || Z||” is a process of bounded variation. To do this, we write

iz = d(Yi - Xy (3.4.5)
— (Ri—1)dX;
= (Be—-1)(I- XtXt/) dB; — (R, — 1) Xydt
— (R~ RX, X! — I + X,X})dB, — (Y — X,)dt = M,dB, — Z,dt,

where M; = Ry — Re X X — I + X X]. Combining with the above, we get

3
d||Z:|* = 2Z{MydB; — 22 Zydt + Y d(Z"):, (3.4.6)

i=1
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and in order to prove the claim it suffices to show that Z;M; = 0. Notice that

ZIM;, = (RX,— X)) (R, — ReX, X, — T+ X, X))
= X/R/R, — X|R\R: X, X, — X|R, + X|R, X, X] — X|R; + X|R, X, X} + X} — X} X, X]
= X/ - X/ - X/R, + X|R, X, X] — X|R, + X|R, X, X| + X| — X|
= X{(Re+Ry) (X¢ Xy —1).

Using the representation in (3.2.2) for Ry, since ([ut]x)/ = (YiX] - X,Y/)) = —[ug], and

X
(uy @ uy) = (wt}) = uy @ ug, we obtain:

1
Zt/Mt = 2th (COS 0tI+ m (Xt X }/t) (Xt X S/%)/> (XtXt/ - I)
2
= 2cosf (X;X: X — X])+ mx{ (X, xY}) (X, x Y (X, X[ — 1) =0,
t

where in the last equality we used X{X; = ||X,5||2 =1 and X{ (X: x Y;) = 0 (the vector X; x V;
being orthogonal to X;). It thus follows that Z]M; = 0 as we claimed, and therefore || Z]” is a
process of bounded variation, given by

3
d)|Z,|° = =21 Z:|* dt + )~ d{Z%),. (3.4.7)

i=1
Finally, note that by using (3.4.5) we can write the last term in the above equation as

3

> d(Z7), = tr (M, M]) dt,

i=1

and since X; is on the unit sphere (so X;X; =1 and (I — X;X/)? = I — X;X,), we can continue
with

(M, Mj) = tr((Ry — I)(I — X, X])* (R} - )= (R, — D)(R, = 1)(I - X, X))
=tr((2 - R, — R)(I — X, X})) = (I X Xy) — tr((Ry + Re)(I — Xi X))
=6- 2X£Xt - Ztr(Rf([ - XtXt)) = a4 — tI‘(Rt) + 2tI‘(RtXtX£) =4 - 2tI‘(Rt) + Z}Q’Xt;
(3.4.8)

where in passing to the last line we used that R;X; = Y;. Using the fact that the trace of the
rotation matrix R; equals the sum 1 + 2cos8; of its eigenvalues (recall that by construction the
angle 6, of rotation of R; is the angle between X; and Y;), we can conclude that

tr(M,M]) =4 —2(1 +2Y/X;) + 2/ X, =2 - 2V/ X, = || X, — V3||* = || Z:*.
Wrapping things up, we obtained
d|Z|* == Z|*dt,  t>0.

Setting 7 = inf {t > 0 : Z; = 0}, the above can be solved as an ordinary differential equation
for t < 7 =7 (w) for any path w € Q, and we obtain the solution

1Ze) = 1Ye = Xell = lly —alle™2, t<7. (3.4.9)

In particular we see that for any x # y we have Z; # 0 a.s. for all t > 0, and therefore 7 = oo
a.s. This shows that
IV = Xl = ly —alle™*?, >0,

which concludes the proof of the first part of the theorem.
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To prove the second part of the theorem, note that if f’t solves (3.4.3), then Y; := —i/v} solves
(3.4.1) with y replaced by —y (the process Y; starts at —y instead of y). If C; denotes the circle
on S? of radius 1 and passing through X; and Y; (since z # —y, by the previous proof we have
that X; # Y; for all ¢ > 0, and thus C; is well defined), it follows that }N/t = -Y; € C; for all
t > 0. The second part of the theorem follows now easily from the first part using simple geometric
considerations. O

We now proceed to showing the existence of a fixed-distance coupling of Brownian motions on
S2, that is a Markovian coupling (X;,Y;) of spherical Brownian motions for which the distance
d(X:,Y:) is constant for all times ¢ > 0.

Assume such a coupling exists, and that X; and Y; are given by

dX, = (I - X, X))dB, — X;dt ~ and  dY, = (I — V,Y/)dW, — Y,dt, (3.4.10)

where B; and W, are the driving 3-dimensional Brownian motions, and Xy = z,Yy =y € S2.
By a result on co-adapted couplings of free Brownian motions (assuming that the coupling is
co-adapted, see Lemma 6 in [52]), there exist 3 x 3 matrices J; and K; with

JLJ + KK, =1 (3.4.11)
and a 3-dimensional Brownian motion C; independent of B; such that
dW, = JydBy + KdCy. (3.4.12)

The idea is now very simple. We want to find the matrix-valued processes J; and K; such that
the distance between X; and Y; does not change with time. The theorem below shows that such
a construction is possible, and that in fact the resulting coupling is not only co-adapted, but also
a Markovian coupling.

Theorem 3.4.2. For any points x,y € S?, there erists a fived-distance Markovian coupling of
Brownian motions on the 2-dimensional unit sphere S? starting at x and y. As it turns out, the
process (Xy,Y:) is actually a diffusion on S? x S2.

Proof. The claim is trivial if x = +y, so we may assume z # +y.
Denoting Z; = X; — Y;, Uy = I — X3 X[ and V; = I — VY] (note that U; and V; are symmetric
matrices, with U? = U; and V2 = V), and using the above equations we obtain

dZ, = UydB, — VidW, — Zydt = (Uy — Viy) dBy — VK, dCy — Zydt. (3.4.13)

Ito’s formula gives after expansion and rearrangements that

3 3
d||Z|* = 22{dZ, + Y d(Z"); = 2MdBy + 2N,dCy — 2|| X, — Yi|*dt + ) d(Z"),,
i=1 =1

with Mt = *Xt/‘/;gjt - Y;’Ut and Nt = *Xt/‘/th
The fact that B, and C; are independent Brownian motions allows us to compute the quadratic
variation of || Z||* as follows:

1

24(12IP), = (nM]+ NiN))at
= (XIVi (JoJ] + K K) VI Xy + XV UL, + YUV X, + YUY, di
= (XIViX, + X[V ,UY, 4+ YU JV, X, + Y/ UY,) dt.

Note that X;V;X; = X/(I — V,Y) X, = X|X; — X[Y,Y/X; = 1 — ¢, where ¢; = Y/X;, and
similarly Y/ V;Y; = 1 — ¢?. Since X;V;J;U;Y; is a real number, it equals its transpose which is
Y/U,J[V; X;. Keeping in mind that X]Y; = Y/ X, = ¢, we also get

XVl UhYe = Xy (I = YY) (I = Xe X3)Ys = (X — & Y)) T (Ve — e Xy)
= X[ JY: — et X[ T Xy — /Y] TY; + Y] T Xy,
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and therefore
1
1d <||Z|\2>t =201 — @+ XLIYs — et XL, Xy — Y] JY, + Y] J, X, )dt.

If ||Zt||2 is to be a constant process, then its quadratic variation must be identically zero, or
1=+ X[ 1Y — e X, J: Xy — .Y JiYs + 7Y/ T, X, = 0, (3.4.14)

and its bounded variation part must also be identically zero. To see what the latter equation is,
from (3.4.13) we gain

3
2|1 X, = V3| Pdt + > _d(Z"), =

i=1
= <72 1Xe = Yl[* + tr (U = Vi) (Uy = Vi)' + (ViKy) (VJQ)’)) dt
= (—4 (]. — Ct) + tr (Ut — Utjé‘/;l — V;:JtUt, + V; (JtJt/ + Kth/) Vvtl)) dt
= (4Ct — 2tr (‘/tJtUt)) dt,
which continues with
tr (V;thUt) = tr (JtUtV;g)
= tr(J; (I - X, X{) (I - YY/))
tr (Jt — JtXtX,; — Jt}/tYZ + CtJtXti/t/)
(
(

tr Jt) —tr (JtXtXé) —tr (Jt}/;}/tl) + Cttr (JtXt}/;l)
= tr Jt) — X;JtXt — }/;/Jt}/; + Ct}/;/JtXt;

finally arriving at
XéJtXt + }/t/JtY% - ctY;/JtXt =tr (Jt) — QCt. (3415)

The above shows that we can construct a co-adapted fixed-distance coupling of Brownian
motions on S? iff we can find matrices satisfying (3.4.11), (3.4.14) and (3.4.15).

We can go one step further and simplify (3.4.14). Indeed, because of (3.4.15), it is easy to see
that equation (3.4.14) is equivalent to

1-— C? + X;JtY;g — Ct (tI‘ (Jt) — 20,5) =0.

Consequently, the existence of a fixed-distance co-adapted coupling of Brownian motions on S? is
equivalent to solving for J; and K from the following system

XY, = —c2 +eptr (Jy) — 1 (or X[V, JyU,Y; = ¢ — 1)
X{JtXt + Yt/JtY; - Ct)/;/JtXt = tr (Jt) - 2Ct (OI‘ tr (‘/fJfo) == 2Ct)
JJl+ KK = 1.

To find a solution of this system, we are easing a little bit the notations by dropping for the
moment the dependence on t. Hence, given two vectors X,Y on the unit sphere we want to find
two 3 x 3 matrices J and K such that

X'JY =ctr(J)—1—c?
X'JX+Y'JY —cY'JX =tr(J) — 2¢ (3.4.16)
JJ'+KK' =1

where ¢ = X'Y. The first two equations above involve only J. Assuming that we can determine

J which satisfies these equations, from the third equation of the system we can find the matrix K
such that KK’ = I — JJ' if and only if JJ’ < I in the operator sense, i.e. £’JJ'§ <1 for any unit
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vector £ € R3, or equivalently ||J’¢|| < 1. The latter condition is the same as the operator norm
of J' is less than 1, or ||.J|| < 1, since the operator norm of J and J’ are the same.
Assume now that X, Y € S? with X # £Y are fixed. We can find an orthogonal matrix Ox,y
such that
OX’yel =X and Oxyy(cel + V 1-— 6262) =Y

where here (e;)i=1,2,3 is the standard basis in R3,

1 0 0
e1r=1]0],e0=1|11],andeg=| 0
0 0 1

One way of choosing such a matrix Ox y is for example by taking

Ox ylei,cer + \/1 — c2eq, \/1 —c%e3] = [X,Y, X x Y],

where [X,Y, Z] denotes the matrix whose columns are the vectors X,Y, Z. Tt is worth mentioning
that if the matrix Ox y is to be orthogonal, then it has to map ez into an unitary vector which is
collinear to X x Y, which in this case gives Ox yes = :I:ﬁX x Y, so there are essentially two
choices for the matrix Ox y.

Computing the inverse

_ C
1 = 0
[61,661+\/1—0262,\/1—0263]71 =0 - ,
1
0 0 —
we obtain an explicit formula for Ox y
1 ——< 0 T —cxritys  T2Y3—Y2Z3
T1 Y1 T2Ys — Y23 = 1 \/1—Jf2 Vi-c2
Oxy = | ®2 Y2 @3y1 —Ys1 0 = 0 Ty e UG
_ 1 —cx3+ys T1Y2—Y1T2
T T T 3
3 Y3 T1Y2 — Y1%2 0 0 — T3 =
(3.4.17)

Note that since X # +Y, ¢ # £1, so the matrix Ox y is well defined.
Finding a solution J to the system (3.4.16) is equivalent to finding a solution

J=0%yJOxy and K = O y KOx y

to the system obtained from (3.4.16) by replacing X by e, and Y by ce; + v/1 — c?ey, which
becomes

celJer + V1 — el Jey = ctr(J) — 1 — 2
eilgel J:CN\/l — e Jey + (1 — A)ebJey = tr(J) — 2¢
JJ'+KK'=1.
Now let
[ e oas

J=| B B2 B3 |,
772 8
which turns the first two equations of the above system into

V1——clag —cfy —cy3 = —1—¢? (3.4.18)
V1 —cay — c?By —y3 = —2c. o
This is a system of two equations with three unknown which can be reduced to
{ﬂ2 _ V1—c2as+1

c
Y3 = ¢
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Of course the case ¢ = 0 needs to be treated separately, in which case, it is obvious that as = —1
and 3 = 0. _

In the case ¢ # 0, the simplest matrix J which satisfies the above conditions is the one whose
entries are all 0 except for as, B2, and 73, so we may try

0 (65 0
j: O V1—c2as+1 0
0 0 c

The main restriction now is that we want the operator norm of J to be at most 1. Because of the
block diagonal structure, this is equivalent to

(V1 —c2ag +1)?

c2

(as +V/1—c2)? <0,

whose solution is ay = —v/1 — ¢2, and consequently

2
as +

<1

or

_ 0 —v1—-¢2 0
J=10 c 0
0 0 c

This matrix now is well defined also for ¢ = 0 and is consistent with the solutions provided by the
system (3.4.18).

For the above choice of J we need to find K such that
JJ' +KK' =1,

which reduces to
e 2 cV'1 — c? 0
KK = | ¢y/1-=¢2 1—¢2 0
0 0 1—¢2

There are several possible choices here, one of them being

B 0 c 0
K=|0 vV1-¢ 0
0 0 V1—¢?

Going back to initial problem, we obtain the solution
J = OxyJO%y and K = Ox,y KO .

The only possible problem with this choice of the matrices J and K is that when the particles
X and Y get close or antipodal (X = +Y"), the above matrices are undefined because Ox y does
not. However, this does not happen, since by hypothesis  # 4y, and with the above choices of J
and K the Brownian motions X; and Y; are at a fixed-distance (the initial distance).

Finally, since (X¢,Y;) solves a stochastic differential equation and the matrices J; and K; are
actually functions of (X, Y;), this means that the process (X, Y;) is in fact a diffusion on S% x S2.
This is in fact stronger than mere Markovianity. O

Remark 3.4.3. It is tempting to extend this argument to higher dimensional spheres. If we
follow the same argument we do not have to change anything up to (3.4.16). The attempt on
solving (3.4.16) was based on arranging the vectors X,Y in a certain position, in other words,
make X for instance to be e; and Y a linear combination of e; and es. Since there is essentially
(up to a sign choice) a unique perpendicular unit vector to both X andY, the condition that Ox y
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sends this into es determines the matriz Ox y perfectly well. In higher dimensions this becomes
an issue because there is no canonical choice of the matriz Ox y. Indeed, given two vectors X,Y
it is not clear that one can produce a number of vectors which depend smoothly on X, Y and be
a basis of the orthogonal complement of the span of X,Y. In more abstract terms, if Vi, ,, is the
Stiefel manifold of k orthogonal frames (k > 2) in R™, then our problem becomes equivalent to
the problem of finding a cross section of the projection Vi, — Va . The projection used here is
sending the frame f1, fa, ..., fx into f1, fa. It is know that this is possible (cf. [46, Theorem 1.7])
if and only if n = 3 and k = 3, and this shows that the proof above works essentially only for the
2-dimensional sphere.

For the higher dimensional spheres, we are going to use a different approach. So far, we have
only used the extrinsic approach which is very versatile in the present context, but could become a
weakness when one wants to extend it to other manifolds.

Remark 3.4.4. Without much extra work one can refine the result in Theorem 3.4.2 and show
that for any 0 < k < 1 and x,y € S?, there is a Markovian coupling (X;,Y:) starting at (x,vy)
such that | X; — Yi|| = e **/2||x — y|| for all t > 0.

Ifk <0, then there is a coupling (X, Y;) initiated at (x,y) such that | X;—Y;|| = e */2||z —y||
but only for 0 <t < § where 0 is a constant determined by k and ||z —y||. Notice that the distance
increases exponentially fast in the case k < 0, and because of the compactness of S? this coupling
exists only for short time.

The proof is just a straightforward refinement of the one of Theorem 3.4.2 and is left to the
reader. An interesting feature of the proof is that the upper limit of k for which we can get the
exponential distance is k = 1. This is perhaps a reflection of the fact that the curvature of S? is
actually 1.

3.5 Extensions and applications

From the geometric point of view, the construction in the previous section is extrinsic, in the sense
that we considered the manifold in discussion (the S? sphere) imbedded into another manifold
(R3). Since Brownian motion on a manifold is essentially an intrinsic object, it is natural to try
to find couplings which are defined in terms of the intrinsic structure of the manifold, that is in
terms of its own Riemannian structure, and without embedding it into another manifold.

In [73] we obtained a general intrinsic proof of the existence of couplings in case of manifolds
of constant curvature, which present below.

We start with a d-dimensional Riemannian manifold M and we will use the notations in-
troduced in Section 3.4. On M, one can construct the Brownian motion as the solution to a
martingale problem associated to the Laplacian (for more details, see [40] or [81]).

Following [40, Section 6.5], we want to define the coupling as a solution to a certain stochastic
differential system at the level of orthonormal frame bundle. If Uy is a given orthonormal frame
bundle at xp and Vo = Oy 4, Uo is an orthonormal frame bundle at yg, the system we consider is

dU; = Y0 Hy(U) 0 dW;
AV = Y0, Hy(Vy) 0 dB;

dB, = V; 'Ox,y, UdW,; (3.5.1)
Xt = 7TUt
Yy =V

where O, is an isometry from T, M into T, M.

Among the candidates to the role of the isometry O, , one is the parallel transport along the
minimizing geodesic from x to y, and the resulting coupling is called synchronous coupling. The
other choice which fits into the picture is the one when O, , preserves the tangential component
of the geodesic from x to y, but changes the sign of the vertical component after performing the
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parallel transport. Geometrically this is a version of perverse coupling and we will refer it so.
With this choice, perpendicular to the geodesic the particles move in opposite directions.

To be precise, let 7, ,, be the parallel transport of T;; M into T}, M along the minimizing geodesic
v and let T, M = R%(0)+1T, qf;! be the orthogonal decomposition of 7, M into the geodesic direction

and the perpendicular direction. Similarly let T,, = R¥(p) + Tylx with p = d(x,y). The two choices
described above are given by

Ow,yW’(O) = ’Y(p) and Oa:,yg = Tz,y§7 (352)
respectively by
01797(0) = V(p) and Om,yg = 77_1,3;5, (353)

for any £ € T;g/.
In [73] we obtained the following result which summarizes the main properties of the coupling
in the case of constant curvature manifolds.

Theorem 3.5.1. Let M be a complete d-dimensional Riemannian manifold of constant sectional
curvature r. For simplicity consider only the cases v = —1, 0 or 1, the general case following by
a scaling argument.

If the starting points xq,yo are chosen such that py < i(M)/2, then the following hold.

a) For the choice of Oy, as in (3.5.2), the coupling of the Brownian motions satisfies the
property that

ifr=-=1, pt>po forallt>0
ifr=0, p;=po forallt>0 (3.5.4)
ifr=1, 0< pp < Ce W=D2 for gll t > 0 and some constant C' > 0.

b) For the choice of Oy, as in (3.5.3), in all cases,

pi > po for allt > 0. (3.5.5)

Moreover, in the case of the model spaces, namely the hyperbolic space (r = —1), the sphere
(r = 1), and the plane (r = 0), for any starting points xo # yo which are not at each other’s
cut-locus, the following hold true.

¢) For the choice of O, as in (3.5.2),
ifr=—1, p; = 2arcsinh(el®/2sinh(po/2)) for allt >0

ifr=0, pr=po forallt>0 (3.5.6)
ifr =1,  p; = 2arcsin(e” =D 2sin(py/2)) for all t > 0.

d) For the choice of Oy, as in (3.5.3),

if r =—1, p; = 2arccosh(el@Vt/2 cosh(py/2)) for allt >0

ifr=0, pr=+/pA+4(d—1)t forallt>0 (3.5.7)

ifr=1,  py = 2arccos(e”(4=D2 cos(pg/2)) for all t > 0.

Proof. See [73]. O

Remark 3.5.2. In the case of the sphere S?, the construction in the above theorem matches the
one in Theorem 3.4.1, but also covers the case of spheres in all dimensions, and has the virtue of
being intrinsic.

In [73] we also proved the following general result about the existence of shy coupling on
Riemannian manifolds.
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Theorem 3.5.3. Let M be a complete d-dimensional Riemannian manifold with positive injec-
tivity radius and such that for some real number k:

k < Ric, for allz € M and sup K, < oo, (3.5.8)
zeM

where Ric is the Ricci tensor and K, stands for the mazimum of the sectional curvatures at x € M.

1. For k < 0, there exists €,0 > 0 such that for any points xo,yo € M with d(zo,y0) < €
we can find a Markovian coupling of Brownian motions Xy, Y: starting at zg,yo such that
d(X;,Y:) > d(xo,y0) for all t >0 and d(X;,Y;) = e */2d(xo,y0) for 0 <t < 6.

2. Ifk > 0, then there exists € > 0 such that for any xg,yo € M with d(xo,y0) < €, there exists a
Markovian coupling of Brownian motions Xy,Y; starting at xo,yo with d(Xy,Y:) = d(zo, yo)
for allt > 0.

3. Moreover, if k > 0, then there exists € > 0 such that for any xo,yo € M with d(xzo,y0) <
€, there exists a Markovian coupling of Brownian motions Xy,Y; starting at xq,yo with
d(X:,Y;) = d(xo,y0)e */2 for all t > 0.

Proof. See [73]. O

As a first application of our results, we give a resolution of Problem 3.1.1 and Problem 3.1.2
presented in Section 3.1. Assume M is a Riemannian manifold satisfying the condition in Theo-
rem 3.5.3. According to the theorem it follows that given a Brownian Lion running on M, there
is a strategy for the Brownian Man which keeps him at the safe positive distance from the Lion
for all times, thus giving an affirmative answer to Problem 3.1.2. Moreover, if the Ricci curvature
of M is non-negative, then the Brownian Man can choose a strategy which keeps him at fixed
distance from the Brownian Lion.

Theorem 3.5.3 also shows that if the Ricci curvature is bounded below by a positive constant,
then given a Brownian Man running on M, the Brownian Lion has a strategy which will bring
him arbitrarily close to its meal, thus giving an affirmative answer to Problem 3.1.1.

As another application, we obtain a proof of the following maximum principle for the gradient
of harmonic functions.

Theorem 3.5.4. Let M be a Riemannian manifold with non-negative Ricci curvature and let
u: M — R be a harmonic function on M. Then, for any relatively compact open set D with
smooth boundary we have
max |Vu(z)| = max |[Vu(x)|. (3.5.9)
€D x€0D

Proof. Fix an arbitrary point & € D. Then there is a geodesic v such that v(0) = z and

v(z) = |Vu(z)| = ilblg}) w

In particular, for a small enough h > 0, we can consider a fixed distance coupling started at v(h)
and z, and run it up until the stopping time (, defined as the first time when either of the processes
X or Y; hit the boundary of D. On the other hand, since the function w is harmonic, u(X;) and
u(Y;) are local martingales, and in fact, since u is bounded on D, we can write

u(y(h)) — u(z) = Elu(X¢) = u(Ye)]-

In particular, the above equality shows that there must be an w in the probability space where
the processes X; and Y; are defined, such that

u(y(h)) — u(z) < u(X¢(w)) - u(Ye(w))

Since d(X,,Y:) = d(y(h),z) = h, we can find a point £ on the geodesic joining X, with Y
such that
u(y(h)) —u(z) < u(X¢(w) —u(Ye(w)) < [Vu(§)]h.
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Since either X; or Y; are on the boundary of D, we conclude that ¢ is distance h or less from the
boundary 0D.
Thus, as h goes to 0, from the compactness of 9D, we can find a point a € 9D such that

v(z) = [Vu(@)] < [Vu(e)| < max v(z),

which concludes the proof. O

For other applications of the couplings constructed in this chapter, see [73].



Chapter 4

A maximum modulus principle for
non-analytic functions defined in
the unit disk

In the present chapter we present some extensions of the classical maximum modulus principle for
analytic functions to certain classes of non-analytic function defined on the unit disk, obtained by
the author in [36] and [37]. As corollaries we obtain a new proof of the classical maximum modulus
principle for analytic functions, simple conditions on the coefficients of the series development
under which the maximum modulus principle holds, as well as as applications to the case of
real-valued functions of two variables.

4.1 Introduction

Maximum principles are important tools in many areas of mathematics, such as Differential equa-
tions, Potential theory, Complex analysis, Harmonic analysis, and so on.

The classical maximum modulus principle in Complex analysis states that the maximum mod-
ulus of a non-constant analytic function defined on a simply connected domain cannot be attained
at an interior point of the domain. Maximum modulus principle does not apply without the
assumption that the function is analytic, as it can be easily seen by considering the function
f(z,2) = 1 — 2z defined for z € U = {z € C : || < 1} (this function attains its maximum modulus
at z = 0 without being constant in U). Therefore, by removing the hypothesis on the analyticity
of the function, one needs to add supplementary hypotheses in order to insure that the maximum
modulus principle holds.

In the present chapter we are concerned with extending the maximum modulus principle to
the class of non-analytic functions f defined on the open unit disk U C C which have a series
expansion of the form

f(z.2) =) falz,2), z€U, (4.1.1)

where f,, = f.(z, z) are complex functions defined for z = z +iy € U, (real positive) homogeneous
of degree n and satisfying a certain inequality on the boundary oU.

In Theorem 4.3.1 we show that the maximum modulus principle holds for the functions of this
class, and moreover that |f(z, Z)| is a radially increasing function in the open unit disk U.

As a consequence (Corollary 4.3.2), by considering the functions f,,(z,Z) = a,z" in Theorem
4.3.1, we obtain a new proof of the maximum modulus principle for analytic functions (with an
additional hypothesis on the coefficients of the corresponding Taylor series).
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More generally, considering functions of the form
n
= Z R A (kn €{0,1,2,...,n})
k=0

and using Theorem 4.3.1, we obtain a simple sufficient condition on the coefficients a,, under
which the function f(z, z) defined by (4.1.1) satisfies a maximum modulus principle (see Corollary
4.3.2). Finally, by means of a counterexample, we show that the condition found in Corollary
4.3.2 is sharp, and we conclude with a weaker version of Theorem 4.3.1 (Theorem 4.3.5), but more
useful in applications.

In the present paper we give sufficient conditions for a non-analytic function defined in the
unit disk to satisfy a maximum modulus principle. We consider the class of non-analytic functions
having a power series expansion of the form

||Flﬂ8

Z apnz"FZF, zeU. (4.1.2)
1 k=0

In Theorem 4.4.1 we show that under certain conditions on the coefficients ay, the maximum
modulus principle holds for f(z, Z); moreover, we show that |f(z,Z)| is an increasing function of
|z|. The proof uses a result in [36] on the maximum principle for non-analytic functions.

Our choice of the class of functions in 4.1.2 is motivated by the fact that it is a large enough
class of functions which includes some important classes of functions. In particular, it includes
the class of real-valued functions of two variables having a Taylor series expansion in the whole
unit disk (see Theorem 4.4.5).

4.2 Preliminaries

We denote by U = {z € C: |z| < 1} the open unit disk in C, and for a complex number z =
x + iy € C, we denote by z = z — iy, |z| = \/22 + y? the complex conjugate, respectively the
modulus of z.

Recall that a function f : U — C analytic in U is called convex if f is univalent in U and it
maps U onto a convex domain in C. The following result gives a sufficient condition for convexity
(see for example [74] or [38]).

Lemma 4.2.1. If f : U — C is analytic in U and it has a Taylor series expansion

o0
z) = Zanz", zeU,
n=1

where a1 # 0 and the coefficients a,, € C satisfy the inequality
o0
> 0P lag| < |a], (4.2.1)
n=2

then f is a convex function.

We also need the following property, which shows that for a convex function f, |zf’(z)| is an
increasing function of |z|.

Lemma 4.2.2. If f : U — C is a convex function then for any 0 € [0,27) arbitrarily fized,
|rf’(rei9)| is an increasing function of r € (0,1), that is

r1 |f/(7”16w)} <r2 |f/(7’26i9)| )

forany 0 <ry <rg<1.
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Proof. For 6 € [0,2m) arbitrarily fixed, consider the function ¢ : (0,1) — R defined by ¢(r) =
In |rf'(re')|.

The function ¢ is differentiable on (0, 1), and we have

jcp() ;(111T+1H|f re D
0
%—i— gRe (logf (re ))

(£

(et

>0,

for all r € (0,1), since f is a convex function in U, and therefore it satisfies

Re (1+zf”(z)) >0, zeU.

f'(z)
Since ¢’ > 0 on (0,1), it follows that ¢ is an increasing function on (0,1), and therefore
|rf’(7"ei9)| is also an increasing function of r € (0, 1), concluding the proof. O

4.3 An extended maximum modulus principle

We are now ready to prove the main result, as follows.

Theorem 4.3.1. Let f(z,Z) defined for z € U have a series expansion of the form
(2.2) = fulz,2), z€U, (4.3.1)
n=1

where f,(z, %) are functions of z € U satisfying

fulrz,rz) =r" fu(z, 2), (4.3.2)

for all z € U and real numbers r > 0 for which rz € U, n =1,2,3,....
If for some 0 € [0,27) we have

oo

D onlfae? )] < [fi(e?,e7)| £ 0, (4.3.3)

n=2

then f(z,Zz) is an increasing function of |z| on argz = 6, that is

|f(z1,20)| <|f(22,%2)], (4.3.4)

for any z1 = 1€, 2o =r9e® € U with 0 < 1 <19 < 1.
In particular, if the condition (4.3.3) holds for all @ € [0,27), then |f| is radially increasing in
the whole open unit disk U, and it cannot therefore attain its mazimum at an interior point of U.

Proof. Consider z = re?® € U — {0} arbitrarily fixed, where r € (0,1) and 6 € [0, 27).

The series
> B
nz"
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has a radius R of convergence given by

R:

lim sup ¢ -
n— o0 nz

limsup —fn(em, )"
n—o0 nzm

limsup
n— o0 n

. . 1 ) .
From the hypothesis (4.3.3) it follows that |f,(e",e7")| < —|fi(e”,e)| for all n =
n

1,2,3,..., and therefore we obtain:

1 1
R > - = 1 = 1.
, . 0 —if
lim sup T\L/ |f1(ef, e=10)] 2 | fr(e,e7)]
n—oo \ n? lim sup (n+1 )
== L e

It follows that the function F, : U — C defined by

anz" u", wueU,

is analytic in U.
Moreover, using the hypothesis (4.3.3) and the homogeneity of functions f,(z,Z), we obtain

oo

=2 n
n=2

—Z
—Z [Fa(e?,e™)

o | fn(2:2)
nz"

fn(2,2)

ZTL

< }fl (e, e7)]
_ fl(Z,E)
==

which shows that the coefficients of the Taylor series expansion of F,(u) satisfy the hypothesis
(4.2.1) of Lemma 1, and therefore F,(u) is a convex function.
By Lemma 2, it follows that [uF.(u)| is an increasing function of |u| € (0,1), that is

[ur F (u1)| < |ugF.(uz)|,

for any u; = p1e’® and uy = poe’® with 0 < p; < po < 1 and ¢ € [0,27).

In particular, for u; = z and ugs = rz with 1 < r < —, we obtain

2]
2F(2)] < [rzF[(r2)],
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or equivalent

<

P i fn(zv 2) nzn—l
n=1

nzm

rz i fn(za 2) nrn—lzn—l
n=1

nzm

By hypothesis (4.3.2) we have a,(z, Z)r™ = a,(rz,rz) for alln = 1,2, 3, ..., and the relation above

becomes
Z fn(za Z)
n=1

<

)

Z fn(rz,rz)
n=1

or equivalent
1f(z,2)] < [f(rz,rz)],
1
for any r € (1, ) Since z € U — {0} was arbitrarily chosen, this completes the first part of the

||
proof.
The last part of the proof follows from the strict monotonicity of | f(z, Z)| in the radial direction.
O

As a first consequence of the above theorem, we obtain a new proof of the maximum modulus
principle for (a class) of analytic functions in the unit disk, as follows:

Corollary 4.3.2 (Maximum modulus principle for analytic functions). If f : U — C is analytic
in the open unit disk U having a Taylor series erpansion

f(Z) = Zanznv zeU,
n=1

where ay # 0 and the coefficients a,, satisfy the inequality

oo

Zn|an| < |aq] (4.3.5)

n=2

then |f(2)| is an increasing function of |z|.
In particular |f(2)| cannot be attained at an interior point of U.

Proof. The claim follows from Theorem 4.3.1 by considering the functions f,(z,z) = a,2". O

More generally, we can obtain a maximum modulus principle for a class of non-analytic func-
tions as follows:

Corollary 4.3.3. If f(z,2) defined for z € U has a series expansion of he form
flz,2) = Zanzknén_k", zeU,
n=1

where k, € {0,1,...,n}, a1 # 0 and the coefficients a,, € C satisfy the inequality

oo

> nlan] < Jaal (4.3.6)

n=2

then |f(z,Z)| is an increasing function of |z|.
In particular, |f| cannot attain its mazimum at an interior point of U.

Proof. Follows from Theorem 4.3.1 by considering the functions f,(z,2) = a,z* 2" % with k,, €
{0,1,2,...,n},n>1. O
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Example 4.3.4. For a € R, consider the function f.(2,%) = z — azz*> = 2 — az |z|2 defined for
zeU.
Note that we have a; =1, a3 = a and a,, =0 for n € N* — {1,3} in the notation of the above

1
corollary, and therefore f, satisfies the hypothesis (4.3.6) of the previous corollary iff |a| < 3 For

these values of a it follows that fo does not attain its maximum modulus inside U (the mazimum
value of |fa(2z,2)| for z € U is 1 — a, and it is attained only on the boundary OU of U, as it can
easily be checked).
1 4
Howewver, for 3 <a< 3’ the mazimum modulus principle fails for the function f,(z,z) (the
1
mazimum value of the modulus of fq is attained inside the unit disk, on the circle |z| = —=).

V3a

The above example shows that the inequality (4.3.6) cannot be relazed (it is sharp), in the sense
that if we replace the constant 1 in the hypothesis

fo:z n |an| 1
|as |

of Corollary 4.3.3 by a larger constant, then there exists functions for which the conclusion of the
corollary fails.

We conclude with a weaker version of Theorem 4.3.1, more convenient for applications.
Using the fact that the series
1
((a) = Z e < T

n=1

converges for a > 0 and using Theorem 4.3.1, we obtain the following.

Theorem 4.3.5. Let f(z,2) defined for z € U have a series expansion of the form
[e.e]
f(z,2) = Z fn(z,2), z€U, (4.3.7)
n=1

where f,(z,2) are functions of = € U satisfying
fu(rz,rz) = 1" fu(z, 2), (4.3.8)
for all z € U and real numbers r > 0 for whichrz € U, n=1,2,3,... and
fi(z,2) #0

forall z€U.
If for some 6 € [0,27) we have

1 mingejo2m) |f1(€,e7)]

e < =2,3,4,... 43.
}fn(e ) € )| = p2ta C(1+a) 1 , N 737 ’ ) ( 39)
then f(z,Z) is an increasing function of |z| on argz = 0, that is
|f(z1,71] < |f(22, %2, (4.3.10)

for any z1 = 11€", 20 = 19€? € U with 0 < r; <1y < 1.
In particular, if (4.3.9) holds for all 8 € [0,27), then |f| is radially increasing in the whole
open unit disk U, and it cannot therefore attain its mazimum at an interior point of U.
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4.4 A maximum modulus principle for a class of non-analytic
functions defined in the unit disk

In this section we present a maximum modulus principle for a large class of non-analytic functions
defined in the unit disk. The main result is the following.

Theorem 4.4.1. If the function f(z,z) defined for z € U has a series expansion of the form:

© n
f(Z,Z) = Z Zaknznikzk, S U, (441)

n=1k=0

where the coefficients apy, € C satisfy the inequality

> > lakn| < llaot| — laxi]] # 0, (4.4.2)
n=2 k=0

then |f(z,2)| is a radially increasing function in the unit disk, that is

|f(21,21)] < |f(22,22)],

for any 21 = 11€, 29 =19 € U with 0 <1 <1y < 1.
In particular, f(z,Z) cannot attain its mazimum modulus at an interior point of U.

Proof. Consider the functions f,,(z,2) = > j_, axnz" *z" defined for z € U, where n = 1,2, . ...
We will show that with this choice the hypotheses of Theorem 4.3.1 are satisfied, and therefore
the claim of the theorem will follow.
Let us note first that from the definition of the functions f,(z,Z), they are (positive real)
homogeneous of degree n, that is:

falrz,rz) = Zalm (Tz)n_k@k
k=0

n

= T”Zaknzn_kfk
k=0

= "ful(z,2),

for all z € U and r > 0 for which 7z € U, and all n = 1,2,.. ., and therefore the hypothesis (4.3.2)
of Theorem 4.3.1 is satisfied.
To verify condition (4.3.3), let us note that from the hypothesis (4.4.2), we have

n n n
Zaknez(n—k)ae—sz < Z ‘aknez(n—k)ae—zké‘ _ Z laen|
k=0 k=0

k=0

‘fn(ew,e—w” _

foralln=1,2,... and 6 € [0,27), and also
‘f1(€i9767w)| = |a016i9 Jra11€7w| > ||a016i6| - ’011€7i9|| = |lao1| — |a11]l,

for all 6 € [0, 27).
We obtain therefore

e © n
Do fa@® e < 30D laral < [laor| ~ lanl| < [fa(e” e )]
n=2 n=2 k=0

for all € [0, 27), which shows that the hypothesis (4.3.3) of Theorem 4.3.1 is also verified.
The claim of the theorem follows now by using Theorem 4.3.1, concluding the proof. O
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Remark 4.4.2. Let us note that the maximum modulus principle in the previous theorem also
holds in the case |ap1| = |a11|, provided f(z, Z) is not identically zero in U.

To see this, note that if |ag1| = |a11|, by using the hypotheses (4.4.1) and (4.4.2) it follows that
agn =0 for alln=2,3,... and k € {0,1,...,n}, and therefore we have

f(z,2) =annz+anz, =z€U.

Also note that since f(z,Z) is not identically zero in U, we have |ag1| = |a11| # 0. Letting
ap1 = pe'® and ayy = pe? with p € (0,1) and o, B € [0,27), we obtain:

£z 2] = |pei@z+ peiPal’

¢ilat0) 4 i(B=0)

9 2
= pr ’

= p*r}(2+ 2cos (a + 0) cos (8 — 0) + 2sin (o + 0) sin (8 — 0))
= p’r}(2+2cos (a — 4 26))
= 4p*r? cos® (9 + a25> ,

for all z = re?® € U, which shows that |f(z,2)| is an increasing function of |z| = r € (0,1), for all
0 € [0,27) for which cos (9 + O‘T_B) # 0.

However, for the values of 0 for which cos (9 + QTﬂB) =0, we have |f(re?,e=")| = 0, and
since f(z,Z) is not identically constant, it follows that the mazimum modulus principle still holds
for f(z,2) in this case.

Using the fact that the series ((a) = 7" | - converges for a > 1, we can obtain a maximum
principle for functions having a series expansion of the form (4.4.1) for which the coefficients satisfy
a simple inequality, as follows:

Corollary 4.4.3. If the function f(z,Zz) defined for z € U has a series expansion of the form:
f(z,2) = Z Zaknz”_kék, zeU, (4.4.3)
n=1 k=0

where for some real number a > 0 the coefficients ay, € C satisfy the inequality

1 —
max |ax| < ||ao1| — |aq1]]

0 =23,... 4.4.4
0<k<n (n+1)n2te ((1+4a)—1 70, n=23 ( )

then |f(z, 2)| is a radially increasing function in U, that is

|f(z1, 20)| <|f(22,22)], (4.4.5)

for any z; = rlew, 29 =19€? € U with 0 <1 <719 < 1.
In particular f(z,Z), cannot attain its mazimum modulus at an interior point of U.

Remark 4.4.4. The inequalities (4.4.4) show essentially that the coefficients agy, converge in
absolute value to zero faster than n% as n — oo, and it provides therefore a large class of functions
f(z,2) for which the mazimum principle holds (note that by Remark 4.4.2, the maximum principle
still holds in the case |ao1| = |a11|, provided f(z,Z) is not identically zero in U ).

For the convenience of the reader, in Table 4.1 we listed some approximate values of the Rie-

mann zeta function ((a).

As an application of the previous corollary, we derive a maximum modulus principle for a class
of real-valued functions of two real variables defined in the unit disk, as follows.
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ya\1.1\1.2\1.3\1.4\1.5\20\
| ¢(a) || 10.5844 | 5.9158 | 3.93195 [ 3.10555 | 2.61238 | = ~ 1.64493 |

Table 4.1: Table of values of Riemann zeta function ((a) for some values of a.

Theorem 4.4.5. If the real-valued function of two real variables f = f(x,y) : U CR — R can be
represented by a Taylor series

flay) = %Zcﬁ%(o 0)z"*y* (z,y) €U, (4.4.6)

where for some positive real number a > 0 we have:

J
oy

I

max CF o (n+T;n2+a ’ (1—’|—a)‘

0<k<n " |OQxn—koyk

0

foralln=2.3,..., then |f(x,y)| is a radially increasing function in U, that is
|f(r1cos@,rsind)| < |f(racos,rysinb)], (4.4.7)

for any 0 <71 <ry <1 and@€l0,2m).
In particular, f(x,y) cannot attain its mazimum modulus at an interior point of U.
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Chapter 5

Univalent approximations of
analytic functions

When an analytic function is not univalent, it is often of interest to approximate it by univalent
functions. In this chapter we introduce a measure of the non-univalency of a function and we
derive a method for constructing the best starlike and convex univalent approximations of analytic
functions with respect to it, suitable for both practical problems and numerical implementation.

5.1 Introduction

The univalency of an analytic function is an important problem of the Geometric function theory,
and there are many sufficient conditions for univalency in the literature (see for example the
monographs [34], [74] or [75]). If a function is not univalent, then, in practical problems; it is of
interest to find a “best approximation” of it by a univalent function.

In the present chapter we introduce a measure of the non-univalency of an analytic function,
and we use it in order to find the best approximation of a normed analytic function in certain
subclasses of univalent functions (starlike, respectively convex functions), in the sense of L? (U)
norm. We show that the corresponding problems can be reduced to certain semi-infinite quadratic
programming problems, which we solve explicitly in Theorem 5.3.1 and Theorem 5.3.5, thus leading
to a method for finding the best starlike, respectively convex approximation: our main results
in Theorem 5.4.1 and Theorem 5.5.1 provide constructive algorithms for finding explicitly the
measures dist(f, S*) and dist(f, *) of the (non)starlikeness, respectively (non)convexity of an
analytic function (see also Theorem 5.2.3), as well as for finding the corresponding best starlike
approximation, respectively the best convex approximation.

The structure of the paper is the following. In Section 5.2 we introduce the measures dist (f, ),
dist (f,S), and dist (£, K), which show how far is the function f from being univalent, starlike,
respectively convex. In Lemma 5.2.2 we find a convenient representation of dist (f,U) in terms of
the coefficients of the Taylor series of f. Although dist (-,i/) it is not a norm, in Theorem 5.2.3
we show that dist (f,U) = 0 iff f is a univalent function, so dist (f,U/) is a measure showing how
far is the function f from being univalent (the same holds for dist (f,S) and dist (f, K)).

In Section 5.3, we first present some basic results about the quadratic programming (the
Karush-Kuhn-Tucker conditions). In Subsection 5.3.2 we consider a particular quadratic pro-
gramming problem with an infinite number of variables, for which we show (see Remark 5.3.2)
that the Karush-Kuhn-Tucker conditions can be applied. Next, in Theorem 5.3.1 we show that
the particular quadratic problem can be solved explicitly: we determine the minimum value of
the problem, as well as the extremal function. In Subsection 5.3.3 we consider another particular
quadratic problem, for which we also determine explicitly the minimum value of the objective
function and the extremum point (Theorem 5.3.5).

89
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In Section 5.4 we apply the results in the previous section in order to find the best starlike
approximation of a normed analytic function. The main result is contained in Theorem 5.4.1,
which gives an explicit method for constructing the starlike approximation of an analytic func-
tion, suitable for numerical implementation and applications. The section concludes with some
examples, which show how to construct the starlike approximations for some particular functions.
For the values of the parameters involved for which dist (f,S*) is not too large, the numerical
results show that the images of the unit disk under the two maps (the original analytic function
and its starlike approximation) are close to each other, so the method produces good numerical
results.

As an application of Theorem 5.3.5, in the last section we obtain (Theorem 5.5.1) the best
convex approximation of a normed analytic function defined in the unit disk. The result gives
explicitly the value of dist (f,£*) and of the extremal convex function, so it is again suitable for
both numerical implementation and applications. The section concludes with two examples, which
show that when dist (f, *) is not too large, the method of Theorem 5.5.1 produces a good convex
approximation of a given analytic function f € A as shown in Figure 5.2.

5.2 Univalent approximation of analytic functions

Let A denote the class of analytic functions f : U — C satisfying the normalization condition
f(0) = f/(0) —1 = 0, and let U denote the subclass of A consisting of univalent functions.
Further, let S, I denote the subclasses of U consisting of starlike univalent, respectively convex
univalent functions in the unit disk U (functions which map the unit disk U univalently onto a
starlike, respectively a convex domain).

It is known (see for example [38]) that if f € A has the series expansion

flz)=z+ Z anz", z €C, (5.2.1)
n=2

and the coefficients a,, satisfy the inequality

o0

> nlan| <1 (5.2.2)

n=2

then f € S, and if the coefficients a,, satisfy the inequality

> ntlan| <1, (5.2.3)

n=2

then f € K. We denote by §* and K* the subclasses of S and K defined by (5.2.2), respectively
by (5.2.3).
As a measure of the non-univalency of a function we introduce the following.

Definition 5.2.1. For f € A we define

1/2
dist (f,U) = </U \f (z +iy) — g (z +iy)* dzdy) ) (5.2.4)

inf
geu
with similar definitions for dist (f,S), dist (f,S*), dist (f,K), and dist (f, *).

Although dist (-,U/) is not a norm in A (see Theorem 5.2.3), dist (f,U) is a measure showing
how “far” is the function f from being univalent. Similarly, dist (f,S), dist (f,K), dist (f,S*),
and dist (f, S*) measure how far is the function f from being starlike, convex, in the class S*,
respectively in the class K*.

A first preliminary result is the following.
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Lemma 5.2.2. If f: U — C is analytic in U and has series expansion
f(z)= Z anz", zeU, (5.2.5)
n=0

then
e} 2
. 2 _ ‘an‘
/U\f(a:—i—zy)| dxdy —ﬂ;m.

Proof. For R € (0, 1) arbitrarily fixed, the series in (5.2.5) converges uniformly on Ug = {z € C: |z| < R}.
Passing to polar coordinates and using Fubini’s theorem, we obtain:

R 27 | o 2
/ / Z anrneine
0 0 n=0
R 27 00 00
/ / (Z anr"em9> <Z amrmei”w) rdrd@)
0 0 n=0 m=0

o0 2T
/ an%rm+"+1ei("_m)9d9> dr
0

<
e
[

/ |f (z+ zy)\2 dzxdy rdrdf
Ur

m,n=0

27ranam6mnrm+”+1> dr

Letting R 1 and using the monotone convergence theorem the result follows. O

If f € U is then obviously dist (f,U/) = 0. The following theorem shows that the converse is
also true.

Theorem 5.2.3. For f € A, dist (f,U) =0 iff f€U.

Proof. The converse implication is obvious. To prove the direct implication we will show that if
dist (f,U) = 0, we can find a sequence of univalent functions f,, € U such that f,, — f uniformly
on compact subsets of U, and therefore either f is identically constant in U or f € U (the first
possibility is however ruled out by the normalization condition).

Since dist (f,U) = 0, we can find a sequence (f,,),,~; C U such that

[ =g dudy<T, nz1
U

If f and f,, have series expansions given by

f(z)= Z amz" and fn(2) = Z an,m2"™, zeU,
m=1 m=1

with a1 = ap,1 = 1, using Lemma 5.2.2 we obtain

o0

2
}:M<l7 n>1.
m+1 n

m=2
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For arbitrarily fixed € (0,1) and 2 € U,, we obtain

oo

|/ (20) = fn (20)] > am = anml |20
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Since the series > °_ (m + 1) r*™ converges for any r € (0,1), the above inequality shows
that the sequence f, converges uniformly to f on U, for any r € (0,1), so f,, converges to f
uniformly on compact subsets of U. Since the functions f,, are univalent in U, the limit function f
is either univalent or it is identically constant in U (impossible, by the normalization condition),
concluding the proof. O

5.3 Quadratic programming

In this section we recall the Karush-Kuhn-Tucker conditions, specialized for the case of quadratic
programming problems, and we use them to solve two particular quadratic programming problems.

5.3.1 The Karush-Kuhn-Tucker conditions

Consider the problem of minimizing
f(x)=2TQx +cx (5.3.1)

under the conditions

Ar <b and z >0, (5.3.2)

where € R™ are column vectors, ) € M, x, is a symmetric matrix, A € M., xn, b € Mux1
and ¢ € Mix,. Further, assume that a feasible solution exists and that the constraint region is
bounded.

The above is a particular case of quadratic programming, and it is known that when the
objective function f(x) is strictly convex for all feasible points the problem has a unique local
minimum which is also the global minimum (a sufficient condition which guarantees the strict
convexity of the objective function f is that @ is a positive definite matrix).

The Karush-Kuhn-Tucker conditions below (specialized for the case of the above quadratic
programming problem, see [47]) are necessary conditions for a global minimum. If @ is positive
definite, they are also sufficient for a global minimum.

Consider the Lagrangian function L for the above quadratic programming problem:

L=2x2"Qx+cx+ p(Ax —b).
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The Karush-Kuhn-Tucker conditions are the following:

oL
> 0, =1,...,
oz, = ) n
oL
e S 0, .7: ]-a ,m
O,
L
xlg—xl = 0, i=1,...,n
w(Az—=>b) = 0
z; > 0, i1=1,....n
/J’j 2 07 .7: ]-7 )

5.3.2 A particular quadratic programming problem

Consider the problem of finding

inf Z — 1 (5.3.3)

where (a,),~, is a given non-negative sequence of real numbers, and the infimum is taken over all
non-negative sequences (,),,~, of real numbers satisfying

> na, <1 (5.3.4)
n=2

2
In this case the objective function f (z) =Y, % is a quadratic function and we have
the only constrained inequality Az < 1 (m = 1 in the Karush-Kuhn-Tucker conditions), where

A=(2 3 4 ...),and the Lagrangian is given in this case by

Loy bl +u<zmn_1>

The Karush-Kuhn-Tucker conditions (assuming the same conditions can be applied to infinite
instead of finite number of variables x; — see Remark 5.3.2 following the proof of Theorem 5.3.1)
are in this case

Tp — Gp

> ..
I +nu > 0, n>2 (5.3.5)
Z ne,—1 < 0 (5.3.6)
gfn—fn =0 > 9 (5.3.7)
T n +1 nup = , n > 3.
m (Z na, — 1) =0 (5.3.8)
n=2
T, > 0, n>2 (5.3.9)
po> (5.3.10)

From (5.3.8) it can be seen that either p = 0or >~ , na, = 1, and we distinguish the following
cases.

If Y2, na, <1, the infimum in (5.3.3) is readily seen to be 0, attained for y = 0 and z,, = a,,
for all n > 2.

If > ,na, > 1, we first note that in this case we must have p # 0. This is so for otherwise
from (5.3.7) we obtain z,, = 0 or z, = a,, and since from condition (5.3.5) we have x, > an,,
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it follows that z, = a, for all n > 2. However, this contradicts (5.3.6), since >~ , nx, =
oo na, > 1.
The above system becomes in this case

Tp — Gp

] +np > 0, n>2 (5.3.11)
%1<2m24_14-nu> =0, n>2 (5.3.12)
i nr, = 1 (5.3.13)

" T, > 0, n>2 (5.3.14)

po> 0 (5.3.15)

The second equation shows that either z,, = 0 or x,, = a, — Spn (n + 1). Denote by Z the set
of indices n > 2 for which z,, = a,, — $un (n +1),s0z, =0forneZ¢=1{23,4,...} -T.
From (5.3.11) it follows that p > 2—22— for n € Z¢ and from (5.3.14) it follows that p <
wn +1) for n € 7.
From (5.3.13) we obtain

1—ann—z <an—;;m n+1> Znan—MZn n+1),

nel nel ne’l

n(n+1)
2—"n s

so we must have
> oner N — 1
ZnEI n2 (TL + 1)
In particular, the above shows that the set of indices Z must be finite (otherwise, since the
series Y .7 n* (n + 1) = oo diverges, we obtain 1 = 0, contradicting (5.3.15)).
In order to find the value of z,, it remains to find the set of indices Z (the last equality gives
then the value z,, = a,, — pun (n+ 1) for n € T and z,, = 0 for n € Z°).
To do this, recall that p given by (5.3.16) must satisfy

=2 > 0. (5.3.16)

2
“SEG%TY nel (5.3.17)
and 5
an

Assuming the series Y2 , na,, < co converges, it follows that the sequence (nan)n>2 converges

to 0, so the sequence (Wil)) also converges to 0. There exists therefore a non-increasing
n>2

rearrangement of the sequence (n(i“h)) , that is, there exists a permutation iy < i3 < ... of
n>2
{2,3,...} so that so that (Z (2;111)) N is a non-increasing sequence (also convergent to 0).
nATn n>2

We will prove the following.

Theorem 5.3.1. If >, na, > 1 is a convergent series, there exists an integer N > 2 such that
the minimum of the quadratic problem (5.3.8) — (5.3.4) is attained for the sequence (xy),~5 given
by a
{ an—%uNn(n—l—l), nel
Tn =19

, nelc ’
where pn = 2%, T ={ia,...,in} and iz < iz < ... 1s a permutation of {2,3,...} such
z
2an, B .
that (”("+1)>n22 1S a4 MoN-increasing sequence.
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Moreover, N can be taken to be equal to

N=inf{n>2:0;,, <pn<a,},

_ _2ayh 9D men tmBiy —1 >
where o, = CESY and p, = 2 BT n>2.

Proof. Since Y7 ,ina;, = Y .- ,na, > 1, there exists an integer ng > 2 such that >_'°, i,a;, >
1, and assume that ng > 2 is the smallest index with this property.
. ina;, —1
Note that if ng = 2, then us = 2% < a,.
no—-1,
Also note that if ng > 2, then by the choice of ng we have fi,,—1 = 2% <0< ap,,
n=2 10 (tn
2005 inai, —1)+2ing iy, Ving @iy, ) )
_ n < 0o _ a < ¢
SO fing SO (it D, (ing 1) = g (img +1) i, (we are using here the fact that if ¢ <
with b,d > 0, then § < 248 < <),
So in both cases above we obtained Fip, < .

We distinguish now the following cases.

d

1) Hng > ain0+1

Since the sequence (o, ), ~o is non-increasing, we have

/u’nggaino Sainv n€{2a"'7n0}
and
Png = Qi oy = Qs ne{ng+1,n0+2,...},
so we can chose N =ng and I = {ia,...,4n,}, concluding the proof in this case.

11) Hng < ain,0+1

In this case, using again the above observation we have
Hng S Hng+1 S ain,0+1~

Either fino+1 > a4, 15 OF flng+1 < iy, -

If fing4+1 > @i, ., proceeding as in part i) above, it follows that we can chose N = iy, 41, S0
the claim holds in this case.

If png+1 < @, ,,, We obtain
Hng < Hmngp+1 < Hnp+2 < Qi g2

Proceeding inductively, either at some step we can find an integer N = ng + k for which the
claim holds, or

0 < fing < fing+1 < fng+2 <+ < fngtk < iy s k20 (5.3.19)

However, since (o, ), >, 1S a non-increasing sequence of non-negative real numbers with
lim;, 400 3, = 0, the inequalities in (5.3.19) cannot hold, and therefore we can always find
an integer N = ng + k for which the claim holds, concluding the proof of the theorem.

O

Remark 5.3.2. In the argument above we have used the Karush-Kuhn-Tucker conditions for an
infinite instead of a finite number of variables x; in order to find the minimum value of the objective
Junction in (5.3.3). The reason for which the Karush-Kuhn-Tucker can be applied to the particular
quadratic programming problem (5.3.3) in this infinite-dimensional setting is the following.
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Note that for an arbitrarily fized sequence of non-negative numbers (an)n22 and any integer

m > 2 we have
2

inf Z - 1 > inf Z — 1 , (5.3.20)

where both infimum are taken over all non-negative sequences (Tp,), >y With > oo o na, < 1. Since
Toni1, Tmai2, - - do not appear in the expression in the second infimum, the second infimum is the
same when taken over all finite sequences of non-negative numbers s, . .., T, with ZT:Q nx, < 1.

Solving the Karush-Kuhn-Tucker conditions for this finite-dimensional problem (same calcula-
tions as above) and using the notation of Theorem 5.3.1, it follows that for m > in the second
infimum in (5.8.20) is altained for the sequence o, ..., T, given by

S an —spnn(n+1), nel
" 0, nerZen{2,....,m} ’

S0

)’ 2 L= -1)°
a nanp
f > f n nel
lnz n—|—1 IHZ n+1 _FHEZIC n+1+ﬂ—znezn2(n—|—l)7
where I8, = {2,...m} — I (note that for m > in we have I = {ia,...,in} C{2,...,m}).
Since the above inequality holds for any m > iy, passing to the limit with m — oo we obtain

)? a? (X,eznan — 1)
f > li neZl n
" Z n+1 = mbeo GZI n+1+WZnezn2(n+1)
a? na, — 1 2
_ ,ﬂ_z n1+7T(ZneZ > 1) )
PP ES R S CE Y

The last expression above is just the value of the on the objective function > -, %

for the sequence (xy,),~, defined in Theorem 5.3.1, so the infimum of the infinite-dimensional
quadratic problem (5.3.3) is attained for the sequence in the statement of Theorem 5.3.1.

This justifies the use of the Karush-Kuhn-Tucker conditions in the infinite-dimensional quadratic
problem (5.3.3), completing the argument.

5.3.3 A second quadratic programming problem

Consider the problem of finding
inf Z — 1 (5.3.21)

where (a,,),,~5 is a given sequence of non-negative real numbers, and the infimum is taken over all
non-negative sequences (z,),,~, of real numbers satisfying

> nPa, <1 (5.3.22)
n=2

Remark 5.3.3. Note that without loss of generality we can reduce the above problem to the case
when a,, > 0 for all n > 2. This is so for if we consider the set of indices P = {n >2:a, > 0},

then
2

1nfz n—l—l —O/\lnfz n+1 ,

nePpP

where the second infimum is taken over all sequences (Tn),cp with Y-, .p n%x, <1, and we can
consider x, = an, =0 forn € {2,3,...} — P (recall the usual convention inf & = +00).
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The above problem is a particular case of a semi-infinite quadratic problem, with objec-

2
tive function f(z) = >0, % and only one constrained inequality Az < 1, where x =

( To X3 T4 ... )/ and A = ( 22 32 42 ... ) The corresponding Lagrangian is in this

case given by
L= Z + n <Z n-T, — 1)

The Karush-Kuhn-Tucker COHdlthnS (see [47] or [71]) are necessary conditions for a global
minimum of a quadratic programming problem, and it is known that if in addition the objective
function is strictly convex, they are also sufficient for a global minimum. Assuming for the moment
that the same conditions can be applied to infinite, instead of finite number of variables x,, (see
Remark 5.3.6 below), the solution of the quadratic problem (5.5.1) — (5.5.2) above is given by the
Karush-Kuhn-Tucker conditions specialized for this case, that is

T, —
> > 9.

n+1 40Py > 0, n>2 (5.3.23)
Zn2xn—l <0 (5.3.24)

Ty —
Tn (2 n+1 L) u) =0, n>2 (5.3.25)
m (Z n’e, — 1) = 0 (5.3.26)

n=2
T, > 0, n> 2 (5.3.27)
> 0 (5.3.28)

From (5.3.26) it can be seen that either = 0 or Y -, n?z, = 1, and we distinguish the
following cases.

If >, n%a, < 1, the infimum in (5.5.1) is readily seen to be 0, attained for 4 = 0 and
T, = a, for all n > 2.

If >, n%a, > 1, we first note that in this case we must have p # 0. This is so for otherwise
from (5.3.25) we obtain z,, = 0 or x,, = a,, and since from condition (5.3.23) we have x,, > a,,
it follows that z,, = a, for all n > 2. However, this contradicts (5.3.24), since 22022 nlx, =
S n2a, > 1.

The above system becomes in this case

Iy — Q@

2 o "y > 0, n>2 (5.3.29)

T <2x:l 1 " +n ,u) = 0, n>2 (5.3.30)
in%n =1 (5.3.31)

" Zp > 0, n>2 (5.3.32)

po> 0 (5.3.33)

The second equation shows that either x,, = 0 or z,, = a,, — %;m2 (n+1). Denote by Z the
set of indices n > 2 for which z,, = a,, — %un (n+1),s0z, =0forneZ¢={23,4,...} -I.
From (5.3.29) it follows that u > 2—%— for n € Z¢ and from (5.3.32) it follows that pu <
m fOr n e I
From (5.3.31) we obtain

1—ann_z 2<an—; n+1> Znan—on (n+1),

nel nezl nezl

2( 1)
2
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so we must have
Y omer n2a, — 1
Z’ILEI nt (n + 1)

In particular, the above shows that the set of indices Z must be finite (otherwise, since the
series > .7 n* (n + 1) = oo diverges, we obtain 1 = 0, contradicting (5.3.33)).

In order to find the value of z,, it remains to find the set of indices Z (the last equality gives
then the value z,, = a,, — %/m2 (n+1) for n € Z and x,, = 0 for n € Z°).

To do this, recall that p given by (5.3.34) must satisfy

=2 > 0. (5.3.34)

2a,
< T 5.3.35
hS oy PE ( )
and 5
an
> ISAS 5.3.36
o= n?(n+1) " ( )

Remark 5.3.4. Note that if (a,),,~, s a sequence of positive numbers with lim,_,o a,, = 0, then
each of the intervals [1,+00) and [1/(m + 1),1/m), m > 1, can contain only a finite number of
the terms of the sequence. We can therefore find a permutation (in)n>2 of the indices in {2,3,...}

such that (a, ), > @S @ non-increasing sequence and lim,_, o;, = 0.
With this preparation we can now prove the following.

Theorem 5.3.5. If (an)n22 s a sequence of mon-negative real numbers with

o0
> nfan > 1 (5.3.37)
n=2
and a
nh—>Holo 3= 0, (5.3.38)

there exists an integer N > 2 such that the minimum of the quadratic problem (5.5.1) — (5.5.2) is

2 (Dern’ay) —1)°
Z Rl Sy A (1)

attained for the sequence (xy,),~o given by

S an — sunn*(n+1), nel
" 0, nelc ’

>on (n2an)—l .
ZnZ("‘*("H))’ = {Z2a

inP={n>2:a, >0} such that oy, = 12?;171“), n=2,...,|P|+1, is a non-increasing sequence.
Moreover, N can be taken to be equal to

where uy = 2 cooyin}, and (in)p=2... |p|+1 15 @ permutation of the indices

N =min{n >2: apy1 < pn < an},

n (2 N
where pu, = QZfzz(lmalm) 1

SR Ay = 2 [P+ L

Proof. The discussion preceding the statement of the theorem shows that in order to prove the
claim, it suffices to show that we can chose the set of indices Z such that the relations (5.3.35)
and (5.3.36) hold true (the relation (5.3.34) gives then the value of p, and the minimum of the
quadratic problem in the statement of the theorem is attained for the sequence (z,)n,>2 with
Tn = an — spn®(n+ 1) for n € T and z, = 0 otherwise).
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Consider first the case when the terms of the sequence (a,),~, are positive real numbers,
so P={2,3,...}. Remark 5.3.4 above and the hypothesis (5.3.38) show that we can chose a
permutation (i,)n>2 of the indices in P such that (a,,)n>2 is a non-increasing sequence.

Since Y07 ,i2a;, = > oo, n?a, > 1, there exists an integer ng > 2 such that 1%, i2a;, > 1,
and assume that ng > 2 is the smallest index with this property.

First note that we must have 0 < pp, < ap,. This is so for if ng = 2, then

i%ai2 -1 2a¢2
i%-(ig—Fl) - i%-(ig—Fl)

Mo = = (2,
so the claim holds in this case. If ng > 2, by the choice of ny we have

’I’Lofl -9

° o (t2a; ) —1

Z:__Zl (n n) S 0 S 7 —— — = ano’
Yones (in (in +1)) ing (ing +1)

.2 .
245, Gi,,,

Ung—l = 2

and using the observation that § < ¢ with b,d > 0 implies errg < £, we obtain

no—1 (-2 2 2
anz (Zna%n) - 1+2n0azn0 zznoazno

Sonsy (i (in + 1)) 4 i, (ing +1) ~ ing (ing +1)

n=2

Hng = 2 = Ongs
concluding the proof of the claim.

We distinguish now the following cases.

CASE 1: fin, > Qpgt1-

Since the sequence (o, ),,~, is non-increasing, we have

fng <, < a,, ne{2,...,n0}

and
Png = Qg 2 Qi ne{ng+1,n0+2,...},

so we can chose N =ng and Z = {ia,...,%n, }, concluding the proof in this case.
CASE 2: fin, < Qng+1-
In this case, using again the above observation we have

Hng é Hng+1 S Qng+1,

and either pin,4+1 > Qng42 OF fngt1 < Qng+2.

If ptny+1 > apy+2, proceeding as in Case 1 above, we can choose N = ng + 1, so the claim
holds in this case.

If fing+1 < apgt2, we obtain

Hng < Hng+1 < Hnp+2 < Qpgtae

Proceeding inductively, either at some step we can find an integer N = ng + k for which the
claim holds, or

0< Hng < Hng+1 < Hng+2 <-.- < Hng+k < Aotk k > 0. (5339)

However, since (o, ),,~5 is a non-increasing sequence of positive real numbers with lim,, o a;, =
0, the inequalities in (5.3.39) cannot hold for every k > 0. Therefore we can always find an integer
N = ng + k for which the claim holds, concluding the proof of the theorem in the case when
(an), > is a sequence of positive real numbers.

Consider now the general case, when (ay,),,~, is a sequence of non-negative real numbers.

If the set P is infinite, applying the proof above to the sequence (an),.p of positive real
numbers (note that > _p n2a, = D on>o na, > 1 and limpsn_eo %% = lim, o %5 = 0) and
using Remark 5.3.3, it follows that the claim holds in this case (for n € {2,3,...} — P CZ° we
have z,, = a,, = 0).
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If the set P is finite, by the hypothesis (5.3.37) it follows that P cannot be empty, so |P| = p for

some p > 1. If (i, )15 i%f{fq%l),n:%u,pﬂ,

is a non-increasing sequence, proceeding as in the proof above, either we can find an index N for
which the claim holds, or

is a permutation of the indices in P such that «a,, =

0 < fing < Hng+1 < +++ < Ppp1 < Qg

In the later case we can chose N =p+ 1 and Z = {4g,...,ip+1}, and obtain
2a,
< —r T 5.3.40
/J‘N_ng(n+1)7 ne ) ( )
and
> g pere (5.3.41)
ManQ(n_Fl)—a 9 e
so the claim also holds in this case, concluding the proof of the theorem. O

Remark 5.3.6. In the argument above we have used the Karush-Kuhn-Tucker conditions for
an infinite instead of a finite number of variables z,, in order to find the minimum value of the
objective function in (5.5.1). The reason for which the Karush-Kuhn-Tucker can be applied to the
particular quadratic programming problem (5.5.1) — (5.5.2) is the following.

Note that for an arbitrarily fized sequence of non-negative numbers (an),~, and any integer

m > 2 we have
2

—an)
inf 2 — 1 > inf z:: 1 (5.3.42)
where both infima are taken over all non-negative sequences (y,), <o of real numbers with Y o o n*, <
1. Since Tmy1, Tmi2,--. do not appear in the expression in the second infimum, the second in-
fimum is the same when taken over all finite sequences of non-negative numbers xo, ..., Ty, with
S nlr, <1

Solving the Karush-Kuhn-Tucker conditions for this finite-dimensional problem (the calcula-
tions are the same as in the proof above) and using the notation of Theorem 5.8.5, it follows that
for m > max{ia,...,in} the second infimum in (5.3.42) is attained for the sequence xa,...,Tm
given by

S an —spnn(n+1), nel
" 0, nerZen{2,...,m} ’

50
2 (Caer (ne,) 1)’
inf > inf = n_ oy neL ’
Z Z . %nﬂ > ez (M (01 1))
where I8, = {2,...m} — I (note that for m > max{ia,...,in} we have T = {ia,...,in} C
{2,...,m}).
Since the above inequality holds for any m > max{ia,...,ix}, passing to the limit with m — oo
we obtain

N . i, (Suer () <)

lim +
n+ 1 m—00 neZIL n+1 Y oner (Mt (n+1))

Y

2

el S, D)

3 (Xnez (n?an) —1)

neze

The last expression above is just the value of the objective function Zn 9 (‘/I"n% for the
sequence (&), >o defined in Theorem 5.3.5, so the infimum of the quadratic problem (5.5.1) -
(5.5.2) is attained for the sequence in the statement of Theorem 5.3.5.

This justifies the use of the Karush-Kuhn-Tucker conditions for the quadratic problem (5.5.1)

~ (5.5.2) with an infinite number of variables x,,, completing the argument.



5.4. APPROXIMATION OF ANALYTIC FUNCTIONS BY STARLIKE FUNCTIONS. 101

5.4 Approximation of analytic functions by starlike func-
tions

Using the results from the previous section, we will determine dist (f,S*) for a given function
f €A, that is we will find

1/2
dist (f,S*) = 1nf (/ \f (z +iy) — g (z +iy)|? dxdy) ,

and we will determine the extremal function g € §* for which the minimum is attained.
In view of Lemma 5.2.2, if f € A has the series expansion f (z) =z + >~ ,a,2", z € U, this
amounts to finding

/2
dist (f,S™) —<7r1nfza +1 ) )
n

where the infimum is taken over all sequences (by,),,~; in C satisfying

oo

> nlbal < 1.

n=2
The main result is the following.

Theorem 5.4.1. Consider f € A with series expansion given by
oo
z)=z+ Z anz", zeU, (5.4.1)

and assume that the series Y - ,nla,| converges.
If > s nlan| <1 then dist (f,8*) =0 (attained for g = f € S* C S), and if Y.~ ynla,| > 1
we have

. ( o zneznan|—1>2>”2
dist (f,S*) = Z , (5.4.2)

= Yopern?(n+1)
where N andZ = {ia,...,in} are given by Theorem 5.5.1 with |ay| instead of a,,, and the minimum
value of dist (f,S*) = inf s+ (fU If (z +iy) — g (z +iy)]? d:cdy) i is attained for the function
g(z) =2+, ,b,2" € S* CS, where

_ Zmermom| 1 iargap,
bn — { (g|an| Zmil mZ(m—&-l)n (n + 1)) (& ) Z iic . (543)

Proof. The claim is obvious if > 7, nla,| < 1, so assume that Y-, nla,| > 1.
Using Lemma 5.2.2 and the triangle inequality we obtain

1/2
dist (f,8*) = inf </Uf(x+z'y)—g(x+z’y)2dxdy)

geES*™

1/2
— (wmlea +1 >
n
b /2
(Wlnfz |an7|1+|1 ) )
1/2
= (wmfz |an|+1 n) )
n

n=2

Y



102 CH. 5. UNIVALENT APPROXIMATIONS OF ANALYTIC FUNCTIONS.

where the second and the third infimum are taken over all sequences (by,),,~, of complex numbers
satisfying > " ,n|b,| < 1, and the last infimum is taken over all non-negative sequences (z,,),,5
of real numbers satisfying -

o0

Z ne, < 1.

n=2

Using Theorem 5.3.1 with |a,| instead of a,,, we obtain that the last infimum above is attained
for the sequence (z,,),,~, given by

2mez m* (m+1)

. an—Mn(n—i—l), ne’l
" 0, n €Z¢

1/2
It follows that dist (f,S*) = (7r inf> >, \av;;bl"ﬁ) is attained for the sequence (by,),,~, of

complex numbers with |b,| = x,, and argb,, = arga,, that is for b, = x,e' ¥,

Denoting g (z) =z + Y ooy bpz"™ € S* we have

1/2
dist (f,S*) = /U|f(:c+iy)—g(x+iy)|2dmdy>

(
(

_ <ﬁi <|an7|1+117n>2>”2
-

1/2
@l (Suernlanl - 1)2>

ot 1 Yonezrn?(n+1)

concluding the proof. O
As an example, consider the following.

Example 5.4.2. Consider the function f, : U — C defined by f, (2) = z + az%, where a € C is a
constant.

If la| < %, then f, € S* and dist (f,,S*) =0.

If 2)a| > 1, from Theorem 5.4.1 we obtain that i, =n forn > 2, N =2 and T = {is} = {2},
so dist (fq,8*) = /3 (la| — 3) is attained for the function g, (z) = z + Gz €S CS.

Figure 5.4 shows a comparison between the image domains f, (U) for a = 0.5, 0.75, and 1.
Note that in all cases the minimum of dist (f,,S*) is attained for fo5, that fo5 is starlike, and
that fo.75 and f; are not univalent.

As another example, consider the following.

Example 5.4.3. Consider the function f : U — C defined by f (2) = z+az?+bz3, where a,b € C
are constants.
If2]a| +31b] <1 then f € §* and dist (f,S*) = 0.
If 2|al + 3 1b| > 1, we distinguish the following cases.
a) If2|a| > |b|, then i, =n for alln > 2.
We distinguish the following subcases.
i) If 2la] — 1 > |b|, from Theorem 5.4.1 it follows that N = 2 and T = {is} = {2}, so
1/2
dist (f,S*) = (ﬂ'% + W%) , attained for the function g (z) =z + % Ia\ 22.
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Figure 5.1: The image of the unit disk under f,, for a = 0.5 (left), a = 0.75 (center) and a = 1
(right).

ii) If2|a|—1 < |b|, then N = 3 and T = {iz2,i3} = {2, 3}, sodist (f,S*) = 4\f VT (2]a + 3 [b| — 1),

attained for the function g (z) = z + Wei arga,2 4 W iargb 3,

b) If2|a| < |b], then ia =3, i3 =2 and i, =n forn > 4.

We distinguish the following subcases.

i) If 31b] — 1 > 6a|, from Theorem 5.4.1 it follows that N = 2 and T = {22} = {3} s0
1/2
dist (f,S*) = ( lal® 71'(3“" D ) , attained for the function g (z) =z + % Ibl

i) If3[b|—1 < 6lal, then N =3 and T = {iz, is} = {2,3}, sodist (£,8") = 25 (2| + 3[b| — 1),
attained for the function g (z) = z + <76|a|_g|b‘+l> elargay2 4 (7‘“_2‘1‘1'“) etargb 3,

The above cases can be summarized as follows. If f(z) = z + az? + bz® with 2|a| + 3 |b| > 1,
then
Na N\ 1/2 ‘
% (@lal=1)?+30P) ", bl <2]al ~ 1
dist (f,S*) = m(2|a|+3|b| -1), if2lal —1< b <2]a[+ 3 |

1/2
oF (1200 + 3l = 1)7) T, iffbl > 2lal + §
attained for g (z) = z+1%22, g(2) = 2+ (%) etargay2 (W) e! 18823 respectively

)= lal
for g (z )—z+%‘—2|z3,

We conclude with the remark that the hypotheses on the convergence of the series > 7, n|a,|
in Theorem 5.4.1, respectively the convergence of the series Y -, na, in Theorem 5.3.1, are not
essential for the validity of these theorems. Reviewing the proofs of Theorem 5.4.1 and Theorem
5.3.1 it can be seen that these hypotheses were only used in order to show that the sequence

2[an| : _2an . : .
(n(n H))nzz (respectively (n(n “))nzz) admit a non-increasing rearrangement convergent to 0.
So we can substitute these hypotheses for example by the weaker hypotheses lim,,_, %

(respectively lim,_, 75 = 0), or by requiring that the sequence (|an|),, -, (respectively (a,),,>o)
is bounded. -

5.5 Approximation of analytic functions by convex func-
tions

In this section we give a method for constructing the best approximation of an analytic function
in the subclass K* C K of convex functions, in the sense of the L? norm.
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Lemma 5.2.2, and the definitions of the class £* and of dist (f,£*) lead us to consider the

problem of finding
)2

inf Z — 1 (5.5.1)

where (a,),~, is a given sequence of non-negative real numbers, and the infimum is taken over all
non-negative sequences (,),,~, of real numbers satisfying

> nfx, <1 (5.5.2)
n=2
As an application of Theorem 5.3.5, for a given normed analytic function f € A we will find

1/2
dist(f, K*) = 1nf (/ |f (x4 iy) — (x+iy)|2dxdy> )

and we will determine the extremal function g € K* for which the minimum is attained.
The main result is the following.

Theorem 5.5.1. Consider f € A with series expansion given by

D =z4 ) an", zel, (5.5.3)

and assume that lim,,_, o |Z§‘ =0.
If 3, (n?lan]) < 1 thendist (f,K*) =0 (attained forg = f € K* C K), and if > 5 (n? an|) >
1 we have

L 0l | (Sez (0% Janl) - 1P
dlst(f,l())—<7rn§cn+1+7r Zn;(n“(nﬂ)) ) , (5.5.4)

where N and T ={ia,...,in} are given by Theorem 5.3.5 with |ay,| instead of a,.

Moreover, the minimum value of dist (f, K*) is attained for the function g (z) = z+ .o o bp2" €
K* C IKC, where

Xom m2‘0m| —1 iarga
<|an|_2:m€€zz((7n4(,m_i_)1))n2 (n—l—l))e g " nel

0, n € ZL°¢

(5.5.5)

Proof. The claim is obvious if > >- , n? |a,| < 1, so assume that > -, n?|a,| > 1.
Using Lemma 5.2.2 and the triangle inequality we obtain

geK*
| 2
Qp,
= <7r1nfn52 n+1 )
Z' = a2\
Qa
f n
<7TII1 n+1 )
(lan] - 2)2\ "
a
f— f n
(s o)

where the second and the third infimum are taken over all sequences (by),,~, of complex numbers

1/2
dist (f,K*) = inf (/ |f(x+iy)—g(x+iy)|2dxdy>

%

satisfying Y07, n?|b,| < 1, and the last infimum is taken over all non-negative sequences (z,,), <,
of real numbers satisfying > oo, n®z, < 1.
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Applying Theorem 5.3.5 with |a,| instead of a,, we obtain that the last infimum above is
attained for the sequence (x,),~, given by

S ez (mAmt1D)

2
S |an| _ E'mEI(m ‘am ) 1 2 (n + 1) n € I
0, n e Ie

Observing that the triangle inequality |a, —bn| < (Jan| — |bn|)? becomes an equality if arg a,, =

2y 1/2
arg by, it follows that dist (f, K*) = (7r inf >, |a”n:_bf|2> is attained for the sequence (b,),,~
of complex numbers with |b,| = z,, and argb, = arga,, that is for b, = x,e!¥8% n > 2 (if
an = 0, from the proof of Theorem 5.3.5 we have n € Z¢, so z, = 0 and b, = z,e'®8% = 0 is
unambiguously defined).

Since b, = 0 for n € Z¢ and |b,| = |z,| = z, > 0 for n € Z, we obtain

(o _ 2 Yome (m2 lam|) =1 ,
Z ‘b ‘ - Z [Tl <|an| - Zmezz (m4 (m+1))n (n+1)>

n=2 nex
= n?la,|) — 2 mez (m2 |am|) -1 nt (n
= nEE:I( | n‘) ZmEI(m4 (m+1)) nze;( ( +1))
=1

)

sog(z)=z+4+Y, ,b,2" € K*, and

, 1/2  an — by 1/2
</U|f(x+iy)g(x+iy)| dxdy) = <7r22+1”>

n=2

o 1/2
_ (|| — [bn])?

2\ 1/2
ey Il (S anl =)
eICn—Fl Znezn4(n+1)
= dist (f, %)
as needed, concluding the proof. O

As an application of the previous theorem, consider the following.

Example 5.5.2. Let f, : U — C be defined by f. (z) = z + az?, where a € C is a constant.
If4|a] <1, then f, € K* and dist (fq, £*) = 0.
If 4]a| > 1, from Theorem 5.5.1 we obtain P ={2}, ia =2, N =2, and T = {is} = {2}, so

dist (f,, K*) = %ﬁ is attained for the function g, (z) = z + +e'®822% € K* C K.

As another example, consider the following.
Example 5.5.3. Let fo, : U — C be defined by fop (2) = 2 + az? + bz3, where a,b € C are
constants.
If4la| +91b] <1 then fop € K* and dist (fap, £*) = 0.
If Ala| + 91b] > 1, applying Theorem 5.5.1 it follows that if 3|a| > |b] + 2 we have N =2 and
T = {io} = {2}, if |b| > 3|a| + § we have N =2 and T = {iz} = {3}, and in the rest of the cases
we have N =3 and T = {ia,i3} = {2,3}. We obtain
VT 2\ /2 . 3
L (@al =07 +12P) 7, if3lal > o]+ 4
. £ N2
dist (fa,5,K") = (108|a| + (96 - 1) ) . if bl >3al+ % o

2\\/{){*3 [4|al +9]b] 1], otherwise
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attained for the function gqp : U — C (belonging to K* C K), defined by

z 4 eiarees?, if 3lal = |b| + %
gap(z) = 7+ ge'¥ele?, if bl =3lal+5 , zeU
24 27|a‘g$|b|+1eiargaz2 + —12|a|3‘q4‘b|+3eiargbz3’ otherwise

Figure 5.2 below shows a comparison of the images of the unit disk under the function fqp and

under its best conver approximation function g.p for some values of a and b in the three cases
above.

108
05"
0.0
~05! :
-1.00 — L

7

==

N
S=

N

\.

05
00—
05!

~1.0-050.0 0.5 1.0 —1.0 B
~050.0 05 1.0 -1.0-0500 05 1.0

Figure 5.2: The image of the unit disk under f,; (top row) and g, (bottom row), for (a,b) =
(0.5,0.25) (left), (a,b) = (0.1,0.5) (center) and (a,bd) = (0.25,0.5) (right).

We conclude with the observation that for f € A for which dist (f, £*) is not too large, the
best convex approximation of f given by Theorem 5.5.1 is in general a good approximation of f
(see Figure 5.2), suitable for both practical problems and numerical implementation.



Chapter 6

Neighborhoods of univalent
functions

In this chapter we consider the problem of studying the perturbations of a given univalent function.
As a measure of the (non)univalency of a function we introduce the constant K (f, D) associated
with a function f : D € C — C analytic in a domain D, and we use it in order to show that
a small perturbation of a univalent function is again a univalent function. As a consequence, a
univalent function has a neighborhood consisting entirely of univalent functions.

As applications of the main result, we derive a corollary which is shown to be equivalent to the
classical Noshiro-Warschawski-Wolff univalence criterion, and we present an application in terms
of Taylor series.

6.1 Introduction

It is known that if f : D — C is a univalent map in a domain D, then f’ # 0 in D. The non-
vanishing of the derivative of an analytic function (local univalence) is not in general sufficient to
insure the univalence of the function, as it can be seen by considering for example the exponential
function f (z) = e* defined in the upper half-plane.

The classical Noshiro-Warschawski-Wolff univalence criterion gives a partial converse of the
above result, as follows:

Theorem 6.1.1. If f : D — C is analytic in the convex domain D and
Re f' (z) > 0, z €D,
then f is univalent in D.

In this chapter we introduce the constant K (f, D) associated with a function f : D — C
analytic in a domain D, which is a measure of the “degree of univalence” of f (see Proposition
6.2.1 and the remark following it).

Using the constant K (f, D) thus introduced, in Theorem 6.2.4 we obtain a sufficient condition
for univalence, which shows that a small perturbation of a univalent function is again univalent.
As a theoretical consequence of this result, it follows that a univalent function has a neighborhood
consisting entirely of univalent functions (see Remark 6.2.8).

The Theorem 6.2.4 is sharp, in the sense that we cannot replace the upper bound appearing
in the hypothesis of this theorem by a larger one, as shown in Example 6.2.9.

For the particular choice of a linear function in Theorem 6.2.4, we obtain a simple suffi-
cient condition for univalence (Corollary 6.2.6), which is shown to be equivalent to the Noshiro-
Warschawski-Wolff univalence criterion. The main result in Theorem 6.2.4 can be viewed therefore
as a generalization of this classical result, in which the linear function is replaced by a general
univalent function.

107
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The chapter concludes with another application of the main result in the case of analytic
functions defined in the unit disk. Thus, in Theorem 6.2.11 and the corollary following it, we
obtain sufficient conditions for the univalence of an analytic function defined in the unit disk in
terms of the coefficients of its Taylor series representation, which might be of independent interest.

6.2 Main results

We denote by U, = {z € C: |z| < r} the open disk of radius > 0 centered at the origin and we
let U = U;. The class of functions f : D — C analytic in the domain D will be denoted by A (D).

Given a function f : D — C analytic in the domain D we introduce the constant K (f, D)
defined as follows:

K (f,D) = Jinf W’ : (6.2.1)
a#b

It is immediate from the definition that if the function f is not univalent in D then K (f, D) = 0.
The constant K (f, D) characterizes the univalence of the function f in D in the following sense:

Proposition 6.2.1. Let f : D — C be an analytic function in the domain D. If K (f,D) > 0
then f is univalent in D.

Conversely, if f is univalent in D and Q C Q C D is a bounded domain strictly contained in
D, then K (f,Q) > 0.

Proof. See [70]. O

Remark 6.2.2. Note that the converse in the above proposition may not hold for Q = D without
the additional hypothesis, as shown in the example below.
In order to have the equivalence

f univalent in D <— K (f,D) >0,

one needs additional hypotheses, which guarantee the existence of a continuous extension of f, f’
to D, such that f is injective on D and f' # 0 in D.

For example, in the case D = U, if the boundary of the image domain f (U) is a Jordan curve
of class C1® (0 < a < 1), by Carathéodory theorem the function f has a continuous injective ex-
tension to D, and also, by Kelogg- Warschawski theorem, the function f' has continuous extension
to D, with f' # 0 in D (see for example [16], p. 24 and pp. 48 — 49). Following the proof above
with  replaced by U, we obtain K (f,U) > 0, and therefore in this case we have

f univalent in U < K (f,U) > 0.

Example 6.2.3. Let D = U — [0, 1] be the unit disk with a slit along the positive real axis. Since
D is simply connected, there exists a conformal map f : U — D between the unit disk U and D
(see Figure 6.1 below). The map f has a continuous extension to U, and without loss of generality
we may assume that there exists 6 € (0,2m) such that f () = f (e7") € (0,1).
The function f is univalent in U, but K (f,U) =0 since
i0 —i6
K(G.0) < Im f(a)f(b)‘ _ ‘f(e ) = [ (™)

a—e'?
b—e %Y

=0.

a—b ef — e~

The main result is contained in the following:

Theorem 6.2.4. Let f: D — C be a non-constant analytic function in the convexr domain D. If
there exists an analytic function g : D — C univalent in D such that

If'(2) =g ()| <K (9.D), z€D, (6.2.2)

then the function f is also univalent in D.
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Figure 6.1: An example of a univalent function f : U — C for which K (f,U) = 0.

Proof. Assuming that f is not univalent in D, there exist distinct points z;2 € D such that
f(21) = f (22). Integrating the derivative of f — g along the line segment [z1, 23] C D and using
the hypothesis (6.2.2) we obtain

1 (22) — 9 (22)) = (F (1) — g (1)
/[ RUORVIOLE

lg (22) — g (21)]

IN

/[ 17/() =g ()l

IN

/ K (9. D)|d-]
[z1,22]
— K(g,D)]z1 — 2l

Since the points z1 2 are assumed to be distinct, from the definition of the constant K (g, D)
we obtain equivalently

2o — 21 a,beD a—2b Z2 — 21
a#b
and therefore (@ ) (22) (21)
- gla)—4g gl\z2) —glz1
K = == . r“n
(9, D) a,ll?efD a—b ‘ ‘ 20 — 21 (6.2.4)
a#b
Consider now the auxiliary function G : D — {22} — C defined by
Gzy= 9B =92 o (6.2.5)

zZ — Z9

and note that since g is analytic in D, G is also analytic in D — {22} and moreover the limit

lim G (2) = lim £ =9(2) _ s (6.2.6)
Z—r2z2 Z—Z2 z — Z2
exists and it is finite. The function G can be therefore extended by continuity to an analytic
function in D, denoted also by G.
Since

inf G ()] = inf |G ()] = inf [$FZ9CD] S
z€D zeD

z€D Z— 29 a,beD
2F£2z2 2F£22 a#b

w‘:mg,m,
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combining with (6.2.4) we obtain that

32£|G(Z)|>K(9,D):‘szii(zl>

=G (21)] = inf G ()],

which shows that minimum value of the modulus of G in D is attained at z;:

inf |G ()] = |G (21)].

However, since the function g is univalent in D, from the definition of G it follows that G (z) # 0
for any z € D — {22}, and also G (z2) = ¢’ (22) # 0, and therefore the function G does not vanish
in D. Applying the maximum modulus principle to the analytic function 1/G it follows that |G|
must be constant in D, and therefore G is constant in D.

It follows that

g(2)=g(z2) +c(z—2), z €D, (6.2.7)

for a certain constant ¢ € C (from the definition of G it can be seen that the constant ¢ can be
written in the form ¢ = ¢’ (22) €, for some 6 € R).

The relation (6.2.7) shows that g is a linear function, and therefore the constant K (g, D)
becomes in this case

K = M50
a#b
_ip |9(z2) Fe(a—2)) —(g(z2) +c(b— 2))

a,beD a—>b
a#b

abeD| a—0b
a#b

= .

_ g C<a—b>’

The hypothesis (6.2.2) of the theorem can be written therefore as follows
If' (z) —c| <], z €D,

which shows that either f is linear in D (and thus univalent, since f is assumed to be non-constant
in D), or the following strict inequality holds

If () — | < ||, z€D.
Repeating the proof above with g (z) = ¢z we obtain

lczo —cz1| = |(f(22) —cz2) — (f (21) — cz1))|

/ f(z) —cdz
[z1,22]
/[ 17/() el

lef |22 = 1],

IN

N

a contradiction.
The contradiction obtained shows that the function f is univalent in D, concluding the proof
of the theorem. O

In the particular case D = U, from the previous thereom we obtain immediately the following
sufficient criterion for univalence in the unit disk:
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Theorem 6.2.5. Let f : U — C be a non-constant analytic function in the unit disk. If there
exists an analytic function g : U — C univalent in U such that

f'(2) =g &) <K(g,U), z€UT, (6.2.8)
then the function f is also univalent in U.
As a corollary of Theorem 6.2.4 we obtain the following;:

Corollary 6.2.6. If f: D — C is non-constant and analytic in the convexr domain D and there
ezists ¢ > 0 such that
If (2) — | <e, z€D, (6.2.9)

then f is univalent in D.

Proof. Follows from Theorem 6.2.4 by considering the univalent function g : D — C defined by
g (2) = ez, for which we have

. g(a)—g(b) ca —cb
K(g,D)= inf [LY =90 _ e
(9, D) a,ll?ED a—b abeD| a—b ¢
a#b a#b

O

Remark 6.2.7. Let us note that the previous corollary can also be obtained as a direct consequence
of the classical Noshiro-Warschawski- Wolff univalence criterion, since the hypothesis (6.2.9) im-
plies the hypothesis

Re f'(z) > 0, z€D. (6.2.10)

of this theorem (the fact that the above inequality is a strict inequality follows from the mazimum
principle, the function f being assumed to be non-constant in D).

Conversely, the Noshiro-Warschawski- Wolff univalence criterion follows from the previous
corollary. To see this, without loss of generality we may assume 0 € D, and in order to prove the
univalence of f, it suffices to prove the univalence of f in D, = rD C D, for an arbitrarily fized
re (0,1).

If the condition (6.2.10) holds, there exists ¢ = ¢(r) > 0 such that

F'(D)c{weC:|lw—c <c},

or equivalent
If (2) —c| <c z € D,.

Applying Corollary 6.2.6 to the restriction of of f to D,, it follows that the function f is
univalent in D,.. Since r € (0,1) was arbitrarily fixed, it follows that f is univalent in U, concluding
the proof of the claim.

The remark above shows that Corollary 6.2.6 and the Noshiro-Warschawski-Wolff univalence
criterion are equivalent, and therefore Theorem 6.2.4 is a generalization of it. The Noshiro-
Warschawski-Wolff univalence criterion can be viewed therefore as a particular case of Theorem
6.2.4, corresponding to the choice of a linear function g.

Remark 6.2.8. Fizing an arbitrarily univalent function g : U — C for which K (g,U) # 0 (see
Remark 6.2.2 above), Theorem 6.2.5 shows that a whole neighborhood

Vig)={feA:|lf -4l <K(g,U)}

of g consists entirely of univalent functions in U (||-|| denotes here the supremum norm in the
space Ag = {f € A: f(0) =0} of normalized analytic functions). Loosely stated, Theorem 6.2.5
shows that an univalent function has a neighborhood consisting entirely of univalent functions.
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The hypotheses of Theorem 6.2.4 and Theorem 6.2.5 are sharp, in the sense that we cannot
replace the right side of the inequalities (6.2.2), respectively (6.2.8), by larger constants, as can
be seen from the following example.

Example 6.2.9. Consider the function f : U — C defined by f (2) = z+az?, z € U, where a € C
1S a parameter.

Using Theorem 6.2.5 above with g (z) = z, for which K (g,U) = 1, we obtain that the function
f is univalent in U if

[2az| <1, zeU,

that is if |2a| < 1.
This result is sharp, since the function f is univalent iff |a| <
computation.

1

5, as it can be checked by direct

The univalence of the function f in the previous example can also be obtained by using the
Noshiro-Warschawski-Wolff univalence criterion (for |a| < 1/2 we have Re f' (2) > 0 for any
z € U). The next example shows that we may still use Theorem 6.2.5 also in situations when the
Noshiro-Warschawski-Wolff univalence criterion cannot be applied:

Example 6.2.10. Consider the linear map g : U — C defined by g (z) = 1=;. The function g is
univalent in U and we have

a b
. g(a) —g(b) . —a  1-0 . 1 1
K(g,U)= inf |2 = inf .
(9.U) = b | == B 70 iy B+ P e Rl
a#b a#b a#b

The function f: U — C defined by f (z) = %2 + 1= s analytic in U and satisfies

FE-d@=i<i=K@U), :eU

and therefore by Theorem 6.2.5 it follows that f is univalent in the unit disk.
The univalence of f does not follow however by the Noshiro- Warschawski- Wolff univalence
criterion since Re f' (z) takes (arbitrarily small) negative values for z € U sufficiently close to 1.

As another application of Theorem 6.2.5, in the next result we show that by perturbing the
coefficients of the Taylor series of an univalent function, the resulting function is also univalent.
More precisely, we have the following:

Theorem 6.2.11. Let g : U — C be an analytic univalent function with Taylor series represen-
tation

g(z) = Z byz", zeU. (6.2.11)
n=0

If the coefficients ag, aq, ... € C satisfy the inequality

(oo}

> nlan —ba| < K (g,U) (6.2.12)

n=1
then the function f: U — C defined by

f(z)= i anz", zeU, (6.2.13)
n=0

s analytic and univalent in U.
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Proof. Since g is univalent in U, the radius of convergence of the Taylor series (6.2.11) is at least

1, hence
limsup V/|b,| < 1,
and therefore given £ > 0 we have |b,| < 1+ ¢ for all n sufficiently large.
Using the hypothesis (6.2.12) we obtain

n K (g9,U
limsup V/|a,| < limsup ¥/|b,| + |an, — b,| < limsup \/1 +e+ Kg.U) =1,
n

and therefore the radius of convergence of the series in (6.2.13) is at least 1, thus the function f
is well defined by (6.2.13) and it is analytic in U.

Since
F =g @ = |Yonae =3 nban!

n=0 n=0

< Y nfan = bl 2"
n=1

S Z n |an - bn|
n=1

< K(g,U),

for any z € U, by Theorem 6.2.5 follows that f is univalent in U, concluding the proof. O

Using a comparison with the generalized harmonic series, from the above we can obtain the
following:

Corollary 6.2.12. Let g : U — C be an analytic univalent function with Taylor series represen-
tation

oo
g(z) = Z bp2", zeU. (6.2.14)
n=0
If the coefficients ag, aq, ... € C satisfy the inequality
¢(p)
an = bal <K (9.U) 55, m=12..., (6.2.15)

for some p > 1 (¢ denotes the Riemann zeta function), then the function f: U — C defined by
f)=) anz",  z€U, (6.2.16)
n=0

is analytic and univalent in U .

Example 6.2.13. Considering the function g (z) = 1% = oo 2" defined in Example 6.2.10,
which is analytic and univalent in U and has K (g,U) = 1, from the previous theorem it follows
that the function f : U — C defined by f(z) = Y oo janz" is analytic and univalent in U if the

coefficients a,, satisfy the inequality

o0

Zn|an—1|<1.

n=1

Using for example the fact that ¢ (2) = %2 =~ 1.645, from the previous corollary it follows that
the function f is also analytic and univalent in U if the coefficients a,, satisfy the inequality
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Chapter 7

Achievements and plans for
further career development

7.1 Scientific and professional achievements

Mihai N. Pascu, the author of the present Habilitation Thesis graduated from Faculty of
Sciences of Transilvania University of Bragov in 1995, with a B. S. in the field of Mathematics
and Computer Science, GPA 10.00. One year later, in 1996, we also received a Master degree in
“Statistics, Probability and Systems reliability” from the same institution, also with a GPA of
10.00.

Between 1995 - 2001 the author was a Master, respectively a Ph. D. student of the University
of Connecticut at Storrs, period of time in which he both prepared for this specializations, and
taught various classes to undergraduate students in the Department of Mathematics. His activity
was recognized with Louis J. de Luca Award memorial award for excellence in teaching.

In 1998 he received a second Master degree in Mathematics from the University of Storrs,
Connecticut, USA. In 2001, under the guidance of Prof. Richard F. Bass (associated advisors
William Abikoff and Evarist Gine), he received a Ph. D. in Mathematics from the same university.

In 2002, he received a second Ph. D. in mathematics from Transilvania University of Bragov
(advisor Prof. Gabriel V. Orman).

Between 2001 - 2004 the author obtain a visiting research assistant professor position in the
Department of Mathematics at Purdue University, where he taught classes to undergraduate and
graduate students of this university, and conducted scientific research, especially with Rodrigo
Banuelos. As a member of this institution, he won by competition a National Science Foundation
- Division of Mathematical Sciences research grant (2002 - 2004) in the area of Stochastic Processes
(Brownian motion).

In 2004, the author left Purdue University and returned to the Faculty of Mathematics and
Computer Science, Transilvania University of Bragov, as an Assistant Professor. He then became
Associate Professor in 2007, and he acted at this institution in this position since then.

Between 2010 - 2012, under the supervision of Prof. L. Beznea, the author completed a post-
doctoral research program at the partener institution “Simion Stoilow” Institute of Mathematics
of the Romanian Academy, of the contract POSDRU/89/1.5/S/62988 of “Costin C. Kiritescu”
National Institute of Economic Research.

The author published 5 books (3 monographs and 2 proceedings), in the area of Stochastic
Processes and Complex Analysis, as follows.

1. M. N. Pascu and N. R. Pascu, Probleme si solutii in Analiza complexa, Transilvania Univer-
sity Press, Bragov, 2011, ISBN 978-973-598-924-8.

2. M. N. Pascu, Calcul stochastic, miscare Browniand i aplicatii, Transilvania University Press,
Brasov, 2010, ISBN 978-973-598-749-7.
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3. M. N. Pascu, G. V. Orman (editors), Proceedings of the 23rd Scientific Session “Mathematics
and Its Applications”, Transilvania University of Bragov, Brasov, May 8-9, 2009, Transilvania
University Press, Bragov, 2009, ISSN 1843-6994.

4. M. N. Pascu, Brownian motion and Applications, Transilvania University Press, Brasgov,
2006, ISBN 973-635-828-3.

5. M. N. Pascu, S. Owa (editors), Proceedings of the International Symposium “Complex Func-
tion Theory and Applications”, Transilvania University of Bragov, Bragov, September 1 - 5,
2006, Transilvania University Press, Brasov, 2006, ISBN 973-635-827-5

The author won by competition (as director/coordinator) several research grants, as follows:

1. Stochastic Analysis and Parameter Estimation in Systems with memory (grant coordinator
at Transilvania University of Brasgov, partener of ASE Bucuresti), grant CNCSIS - PNII-ID-
PCCE-2011-2-0015, 2012 - 2015

2. Miscarea Browniand gi aplicatii: proprietati de monotonie §i extrem, grant CNCSIS - PNII
ID_209, 2007 - 2010

3. Proprietati de monotonie, principii de extrem i aplicatii, grant CNCSIS - AT 61, 2006 -
2007

4. Reflecting Brownian Motion in Convexr Domains, NSF - DMS #0203961, 2002 - 2004
and he was a member of several other research grants:

5. Randomness, Geometric Problems and Functional Inequalities, director 1. Popescu, grant
CNCSIS PN-II-RU-TE-2011-3-0259, 2012 - 2015.

6. Analizd complexd si domenii conerxe, director G. Saldgean, contract CEEX (2-CEx06-11-
10/25.07.06), 2006 - 2008.

7. Contributii la teoria geometricd a functiilor analitice, director N. N. Pascu, grant CNCSIS -
A, 2004 - 2006.

8. Contributii la teoria geometrica a functiilor univalente, director N. N. Pascu, grant CNCSIS
- A, 2001 - 2003.

As a director of these grants, the author supervised (with the accord of the Ph. D. advisor)
the research activity of several Ph. D. students. As a result, two of these students obtained their
Ph.D. under his guidance: Maria Gageonea (2009) and Alina Nicolaie (2012). This proves the
ability of the author to advise Ph.D. students in the future. Mrs. Gageonea in now teaching at
University of Connecticut at Storrs (USA), and Ms. Nicolaie completed a post-doctoral program
at the Institute of Statistics, Biostatistics and Actuarial Sciences of the Catholic University of
Louvain (Belgium), an is now a Visiting Scholar at University of Michigan School of Public Health
(Belgium).

The author was an organizer of several prestigious conferences, as follows.

1. Co-organizer (with K. Burdzy, University of Washington, SUA) of the special session Prob-
ability and its Relation to Other Fields of Mathematics, in the Joint International Meeting
of the American Mathematical Society and Romanian Mathematical Society, ”1 Decembrie
1918” University of Alba Iulia, 27 - 30 June 2013.

2. Co-organizer (with Fr. Russo, Universite Paris 13, France) of the special session Processus
stochastiques in the 10th Colloque Franco-Roumain de Mathématiques Appliquees, Univer-
site de Poitiers (France), 26 - 31 August 2010.

3. Co-organizer (with C. Tudor, Universite de Lille, Frana) of the Workshop on Mathematics
” PDEs and Stochastic Processes”, Transilvania University of Bragov, 10 November 2012.
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4. Co-organizer (with S. Owa, Kinki University, Japan), of the conference International Sym-
posium Complex Function Theory and Applications, Transilvania University of Bragov, 1 -
5 September 2006.

5. Co-organizer of several workshops in the area of tochastic processes (IMAR - Bucuresti,
Transilvania University of Bragov, University of Pitesti, etc)

The author published 38 scientific research papers, of which 14 in the last 5 years (of these, 6
papers were published in ISI journals). In recognition for his research contributions in the area
of Brownian motions, the author received in 2013 the “Dimitrie Pompeiu” prize of the Romanian
Academy.

Other activities and professional memberships:

e member of the American Mathematical Society and of the Romanian Mathematical Society;

e reviewer for several mathematics journals (Annals of Mathematics, Proceedings of the Lon-
don Mathematical Society, Electronic Communications in Probability, Potential Analysis,
Mathematical Reports, etc);

e CNCSIS reviewer for research grants in mathematics;

e visiting professor (Department of Mathematics, Frangois Rabelais University of Tours, France,
14 - 28 May, 2006, Institute of Mathematics, Budapest University of Technology and Eco-
nomics, Budapest, March 1 - May 31, 2012), etc;

e organizer of several international conferences;

e invited speaker at several prestigious conferences.

7.2 Open problems and future plans

We begin by presenting some open problems related to the research presented in the previous
chapters.

As indicated in Chapter 1 (Section 1.5), a very interesting problem which drew the attention
of many researchers in both Analysis and Probability is the Hot Spots conjecture, which is still
open in its full generality.

Although it is widely believed that the conjecture is true, and there are recent advances in this
research area (see for example the Polymath Project web page or the recent papers [59], [42], [44],
[77], or [18], to mention just a few), a proof of it is still missing. This suggests that new tools for
approaching the conjecture are needed. To attack the problem, perhaps a first thing to do is to try
to solve the conjecture in the case of acute triangles (the conjecture is known to be true for obtuse
triangles, see [7]), and understand better the role played by the acute/obtuse angles in the proof.
From the point of view of couplings of Brownian motions, the reason for which the conjecture can
be proved just for obtuse triangles (and not for acute ones) is that the mirror coupling preserves
the left/right starting position of the Brownian motions, and it does not do so in the case of
acute triangles. An idea that might lead to a resolution of this problem is that instead of using
the mirror/synchronous couplings, to construct a new fixed-distance coupling (similar to the one
constructed in Chapter 3 in the case of complete manifolds, but for the case of reflecting Brownian
motion in polygonal domains, viewed as a two-sided flat manifold), and to use its properties in
order to derive the validity of the conjecture.

In Section 2.3 we presented a resolution of the Laugesen-Morpurgo conjecture for unit ball in
R™ (n > 1), and from this result we derived in particular the validity of the Hot Spots conjecture
in the case of the unit ball (see [66]). One challenging and interesting open problem would be
to try to formulate and then to prove a corresponding Laugesen-Morpurgo conjecture for general
convex domains. That is, for a given smooth convex domain D C R” to find a family of curves
along which the diagonal pp (¢, z, z) of the Neumann heat kernel for D increases for all times ¢ > 0.
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In turn, as in [66], this would also give a resolution of the Hot Spots conjecture. Note that our
results in Section 2.3 identify (in the case of the unit ball) the family of curves along which the
diagonal of the Neumann heat kernel is monotone with the diameters of the ball.

In Section 1.6 we studied the Brownian motion with killing and reflection in a domain D
(Neumann conditions on a part of the boundary and Dirichlet conditions on the remaining one),
and we found sufficient condition under which the lifetime of Brownian motion is monotone on a
certain family of curves. We showed that if the domain is convex, the two parts of the boundary
meet at acute angles, and one of them is a line segment of an arc of a circle, then the lifetime of
Brownian motion is monotone along hyperbolic geodesics in the domain. One interesting problem
would be to extend this result beyond the conditions we found in [10]. In turn, this and additional
information on the nodal line of the second Neumann eigenfunction of the Laplacian could give a
resolution of the Hot Spots conjecture.

In Chapter 4 we showed that the Maximum modulus principle for analytic functions can be
extended to certain classes of non-analytic functions. Interesting open problems here are the
parallel extension of the known theory of analytic functions to these classes of functions (i.e.
Schwarz lemma, univalence criteria, coefficient inequalities, aso), and the problem of finding more
general classes of functions and operators for which the maximum principle holds.

In Chapter 5 we introduced a method for obtaining the best univalent approximation of an-
alytic functions in certain subclasses of analytic functions. The method used the fact that the
corresponding classes of functions can be described by certain inequalities on the coefficients of
the Taylor series development of the functions. A possible line of research for extending these
results is to find conditions on the coefficients of the Taylor series development which guarantee
the univalence of the function, and then to use the same ideas in order to find the best univalent
approximation of an analytic function in these newly defined classes of functions.

In Chapter 6 we introduced the constant K (f, D) which characterizes the univalency of the
analytic function f : D — C, and using it we derived sufficient conditions for univalence. The
method seems to be a powerful one, since a corollary of our main result (Corollary 6.2.6) was shown
to be equivalent to the classical Noshiro-Warschawski-Wolff univalence criterion. One interesting
line of research would be continue the study of this constant, and to try to derive new sufficient
conditions for univalence involving it.

Regarding the future plans for professional growth and development, we have in mind the
following activities:

e leading the research activity of Ph. D. students at the host institution, thus contributing to
the awareness, growth, and development of Mathematics;

e organizing a strong research seminar at the host institution, for the benefit of both senior
and young researchers, where they can find a stimulating research environment and a place
for disseminating their most recent research findings;

e obtaining a full professorship in Mathematics and contributing in this position, as a member
of the Romanian Mathematical School, to its international recognition and prestige through
active research and publications in the field of Mathematics.
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