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1. INTRODUCTION

Since the beginning of time, man has looked up to the sky, which has been an
inexhaustible source of questions, myths and legends. Personification of nature and natural
phenomena, was the first shy attempt of the primitive man to explain the apparently
meaningless world they saw.

Until 500 years ago, people thought the earth was the center of the universe, for a
pretty obvious reason: the Moon was orbiting the Earth, and there is no evidence that the Sun
was not doing the same. The planets could be seen revolving around the Earth, although at
times they seemed to be going the way back for several weeks if not months.

Since the nineteenth century to the present a lot of astronomers and mathematicians
have contributed to the evolution and development of astronomy.

The early sailors used to keep the land in view. Sailors that knew the region well were
used, relying on many previous passes through the same place: the recognition of rocks,
stones surveys tied up to ropes to avoid shallow waters near the land, following the direction
of movement of clouds, sea currents recognition, using winds both for sailing and for the
recognition of the region where they operate. When the shore was not in view, orientation was
made after Sun at daytime and after the stars at night time.

Tales of Miletus says that the lonian sailors were trained to recognize the constellation
Ursa Minor 600 years BC.

Christopher Columbus crossed the Atlantic using astronomical observations, being
thus worshiped by the natives of Santa Gloria, in Jamaica Bay after he had predicted the lunar
eclipse of February 29, 1504.

In celestial navigation, the navigation landmarks are the celestial bodies (the Sun, the
Moon, the planets and the stars); they are easily observed and identified as they form a natural
infrastructure.

Celestial navigation markers are localized for a certain observation hour using their
ephemeris (paper or electronic). The measurements for celestial bodies are made using a
sextant or a theodolite.

Launching of the first artificial satellite (Sputnik) on October 4 1957 by Russia (USSR
at that time) had a great scientific importance, being the road opener for many space missions
up to the present date.

In 1973, the U.S. Department of Defense wanted to create a spatial positioning
system, known as NAVSTAR / GPS (NAVigation System with Timing And Ranging / Global
Positioning System).

The first targets aiming at the system were military targets. Further on, the US
Congress required promotion of "civil™ facilities of the system. This process was pushed
forward by the marketing of the first GPS receiver, called "Macrometer" used for geodetic
measurements.

For determining the terrestrial position the satellite navigation uses the same principle
as celestial navigation. In order to determine the ship’s precise position with the help of the
satellite navigation system, measurements of four pseudo-distances at four different satellites
are required.

For a better precision in the observatory’s position it IS necessary to know, as
accurately as possible, the position of the artificial satellite. Upon a satellite act a series of
perturbations that, depending on their nature, are classified as gravitational and non-
gravitational perturbations

Accurate modeling of equations of such perturbations ultimately leads to a more
precise determination of the observatory’s position.



This research paper, which is part of the research topics within the Astronomical
Institute of the Romanian Academy, aims to address and investigate the following issues
related to the movement GPS satellites:

¢ developing models of perturbation accelerations that influence the motion of GPS
satellites, determining the order of magnitude, and establishing a criterion for their
inclusion in the dynamic model;

¢ study of the analytical method for calculating the influence of gravitational and non
gravitational acceleration perturbations in the oscillatory elements of the GPS
satellites;

o study, through numerical applications, of the errors of GPS satellites orbit, induced
by gravitational and non-gravitational perturbation accelerations, with emphasis on
non-gravitational accelerations;

o (qualitative study of GPS satellites movement.

The paper is divided into six chapters as follows:

Chapter | present NAVSTAR/GPS, GPS satellite system, the identification of GPS
technology applications, reference systems and time scales required by the study of disruptive
forces acting on GPS satellites.

Chapter Il presents a quantitative analysis of GPS satellites motion under the
influence of gravitational and non-gravitational perturbations.

Chapter I11 contains the quantitative analysis of non gravitational perturbations: direct
solar radiation pressure, indirect solar radiation pressure, anisotropic thermal emission,
antenna emission, and empirical models of solar radiation pressure.

Chapter IV presents the author’s original method using Runge—Kutta integration
algorithm of order 4, for determining gravitational perturbation accelerations that act upon
GPS satellites and the effects produced by the non-gravitational perturbations to the orbital
elements of the satellites.

Chapter V is a qualitative or geometric study of GPS satellites motion. This is a new
approach which applies the geometric method to analyze dynamic systems whose initiator is
Poincare, for the study of GPS satellites motion. The analysis is not limited to GPS satellites
alone; it also takes into account a multitude of cases, resulting in a comprehensive analysis of
satellite motion.

Chapter VI contains a brief overview of important data and conclusions presented in
previous chapters, highlighting the main results obtained by the author.

2. QUANTITATIVE ANALYSIS OF NAVSTAR/GPS SATELLITE
MOTION

2.1. Equations of GPS satellite motions

Vector differential equation of relative motion of a satellite around the central body, in
the absence of any disturbing influences, has the form (Brouwer and Clemence 1961, Pal and
Ureche 1983):



— = H— (2.1)

and the scalar equations are:
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The analytical integration process of the of 3 differential equations system, of order 2
reveals 4 prime integrals (the energy integral and the surface integrals), the orbit equation, and
equations of motion of the satellite on the orbital plane, as well as 6 integration constants
determinable form conditions (initial positions and initial velocity):

a - the semi-major axis

e - the eccentricity

i - the inclination

o - the mean anomaly

Q - the perigee argument

M - the longitude of the ascending node

Those six constants of integration are actually kepleriene elliptical orbit parameters
and define the position of the orbit in inertial space (i, Q), the orientation of the orbit in its
plane (o), the shape of the orbit (a, €), and orbital position (M). The only parameter that
depends on the orbital time is average anomaly. As a result, the place can be used when
moving the perigee (to).

2.2 Functions of the disturbing force

As known, a significant number of disturbing forces (accelerations) act upon an
artificial satellite of the Earth; they are of a much smaller magnitude than the central force
(acceleration), and in time they significantly influence the dynamics of the satellite.

For first-order linear theory development it is necessary to express the main categories
of disturbing force functions in terms orbital elements, while for the numerical integration of
the differential equation (2.2) of the disturbed motion, it is necessary that they be expressed
in terms of cartesian coordinates.

Depending on their nature there can be gravitational disturbing accelerations and
non-gravitational disturbing accelerations.

Gravitational disturbing accelerations:
o the Earth's gravitational field is not centered;
the Sun’s and the Moon’s gravitational pull;
the indirect effect of the attraction of the Sun and the Moon (the indirect tidal effect);
the gravitational pull of other planets;
relativistic effects;

Non-gravitational acceleration disturbance:

direct solar radiation pressure;

pressure of solar radiation re-emitted by the Earth's surface (the Earth’s albedo);
the Poynting—Robertson effect;

aerodynamic stopping;

solar wind,;

other accelerations, such as inter-planetary dust, heat radiation of the satellite, etc..



The magnitude of disturbing accelerations depends, on one hand on the nature of the
phenomenon that generates term, and on the other hand on the values of orbital satellite
parameters.

Any modification of a parameter of the satellite orbit can be written as (Escobal,
1965):

u(t) = u(t0)+(:i—ttj(t —t, )+k, -cos(2w) +k, -sin(2v + @) +k, - cos(2v) (2.3)

where:

v - true anomaly;

k1, k2, k3 - sums and products depending on the major semi-axis, eccentricity, and inclination.
The effect of a disturbing acceleration can be:

secular, Z—Ltj(t—to) I.e. it has linear evolution and it is cumulative over time;

e long - periodic, K, -cos(2w) where the disturbance amplitude increases and decreases
with a certain defined interval of time, this being higher than the orbital period;

e short - periodic, k, -cos(2v)if the period of variation is shorter than the orbital perio

e mixed - periodical, k, -sin(2v+ @) combination of disturbances with long and short
periods (intervals).

A Short periodic + long periodic + secular perturbations

Mean variation

Long periodic + secular perturbations

|

0] 1 2 Time

Figure 2.1 Perturations type

3. NUMERICAL RESULTS OF QUANTITATIVE ANALYSIS OF
NAVSTAR/GPS SATELLITE ORBIT

3.1 Calculation of the GPS satellite orbit

For calculating the orbit GPS satellites, two methods are used. The first method called
the analytical method is based on analytical solutions of Lagrange's planetary equations,
expressed in terms of Keplerian orbital elements. The second method is based on the
numerical solution of differential equation 2nd order perturbed relative motion in Cartesian
coordinates, called numerical method.

The analytical solution used to calculate the precise GPS orbit short arcs is an
extension of the 1st order perturbation theory. In order to determine the effects introduced by
the 2" zonal harmonic (C20 or J, coefficient) 2" order perturbations must be included; as a

4



principle, this requires the second solution of Lagrange planetary equations, using the solution
1st order (linear) to evaluate the right member of this equation.

The numerical solution of GPS satellites orbit is based on direct numerical integration
of order 2 differential equations of perturbed relative motion, in Cartesian coordinates.

This method can be found in two forms: Cowell method and Encke method. The
advantage of numerical method is the simple formulation of movement equations.

In Cartesian coordinates, they have the following form:

g =5 M goriz1,2,3 3.1)
rr :
in which r is the geocentric vector radius, and Z—m is the sum of the disturbing accelerations
X.

caused by the fact that the terrestrial gravitational field is not centered, any by the fact that the
Moon — Sun gravitational interference, as well as by the solar radiation pressure.
The coordinates x, are defined in an inertial, geocentric equatorial reference system.

Equations of motion are complete when each disturbing acceleration is measured and
converted into the reference system.

3.2 The Runge-Kutta method

In general, with defined initial conditions (namely position X, and velocity io at t,
launch time) equations (4.16) can be integrated numerically. The Keplerian orbit is taken as
reference. Thus, only the small differences between total acceleration and central acceleration
must be integrated. Integration will result into an increase (incremental) dX which provides
the correct position when it is summed up with the position vector calculated on the reference
ellipse. The differential equations of order 2 usually result into a 2 differential equation
system, of order 1, as follows:

X(t) = X(t) +]{dx<to> —%zag)}dt (3.1)

X(t) = X(to) + jX(to)dt

The numerical integration of this system is achieved by applying a Runge-Kutta
algorithm of order 4. The principle of the method is the following:
Be y(x) a function defined on the interval x, <x<x, and y'=dy/dx the derivative

of order 1 with respect to variable x. The general solution of a first order differential equations
of the form

y'=dy/dx=y'(y,x)
results by integration, when assigning an initial numerical value to the integration
constanty, = y(x,). Integration interval is divided into n equal subdivisions, small enought

[Ax = (x, —x)/n], where n is an arbitrary integer. Then, the difference between successive
functional values is obtained from the arithmetic mean:

1
Ay = Y(X+AX) = y(X) = E[Ay(l) +2(8y @ + 4y )+ ay® | (3.2)

where:
AyY = y'(y, X)AX
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@
Ay =y'[y+AyT,x+%]Ax

@
Ay® = y'(y+ Ayz ,x+%)Ax

AY? = y'(y+Ay®, X+ AX)Ax
Thus, starting from the initial value y, corresponding to argumentx,, the function can
be calculated for the successive arguments X, +AX, X, +AX, etc.. In the above example,

variable x must be interpreted as a variable time (t).
This method can be applied to the integration of Newton-Euler, and Lagrange
equations system, which are equations of first order. Be Newton-Euler equations as follows:

4 =G I:qj’t:IEqi{a’e’i’a)'Q’M} (3.3)
where g, is any of the keplerian elements of the satellite. The integration of systerm (2.7) is
made in a constant interval of time At (small enough), as follows:

W =d,[ q;(0).t]-At

I WAt
=0 q,()+2 +2}

- N
Y, =G, qj(t)+?’,t+%]m (3.4)

i N
=G| 9;(®) 5 2}

WX Y Z
(t+A)=q )+ —+—+"L+—2
q; (t+At) =, (t) 57373 7s

3.3 The Numerical Results of the GPS Satellites Analysis

An unperturbed Keplerian orbit was considered for the initial conditions, on 10th
February 2011, UTC 00.00.

Xai = 2425.8676; vxai = 3.8327;
yai = -15215.1157, vyai = 0.4529;
zai = 21743.2188; vzai = -0.1055;

0 = 1.0027379093-UT1 + v, + AW cose
UT1=UTC - dUT1, (dUT1 = 0.162626)
Vo = 24110% 54841 + 8640184°.g12866- T + 0%.093104- T2 - 6°.0-10°-T° = 580910482.2

7o 0 _ 24590025 _ o7 9073237

36525 36525
AW cose = -62.61453881
0 = 1.0027379093*(UT-0.162626) + 580910482.2 - 62.61453881

The values of the arguments for accuracy according to IERS Bulletin:
xp = 0.03428
yp = 0.20863



The order 4 Runge — Kutta algorithm was applied for the integration of undisturbed
motion equation (1.1). The software determined, for the selected interval, the values of the
vector radius and velocity (r,v), for each integration step, which was then wrote in a text file.

The software also solved the problem of Laplace and determined, based on the (r,v) values of
the 6 Keplerian elements (a, e, i, @, Q, M) and components of accelerations.

The motion of the satellite under observation was considered successively disrupted
by a single disturbance: the zonal harmonic J;, J3, Ja, Js, Js, the gravitational perturbation of
the Sun and of the Moon, relativistic effects, and direct solar radiation pressure.

Likewise, the calculation software had as output data the text files corresponding to
the orbital elements (r,v) and (a, e i, o Q, M). For each orbital element the difference

was made between the values obtained in the unperturbed case, and the values obtained in
case of disturbance, there resulting in orbital element variation under the influence of the
disturbance considered. Each variation alone was analyzed separately, and a variation graph
was drawn for it.

The orbit integration was performed for a period of 2.1 days (50 hours) and 20.8 days
(500 hours) for some disturbances. First the disturbing accelerations acting on a satellite in
average orbit (GPS satellite) are exemplified.

Orbital errors induced by main perturbations on the geostationary satellite are then
presented.

For determining orbital errors of GPS satellites J,, J3, Ja, Js si J22, zonal harmonics,
Moon, Sun perturbations and solar radiations pressure must be taken into consideration.

Next the effects of the perturbations upon the GPS satellite orbit are analised and
synthetised in the following table.

Table 1.1 Numerical values of the perturbative accelerations

GPS
Parameter -
satellite .
Calculation formula
Semi-major axis 26 500 km [Km/s?]
Inclination 55°
Central acceleration 5,6*10% rﬁz
. Acceleration
Perturbation [Km /52] Formula
2
J,h armonic 2x107 BﬁaﬁJz
2 2
r<r
3
Jsharmonic 23x10 4ﬁaﬁ‘]3
2 3
4
J,harmonic 2,5x 101 Sﬁaﬁ\lﬂr
2 4
5
Js harmonic 1,1 x 1012 6ﬁaﬁ\l5
2 5
6
Js harmonic 56 x 10713 7ﬁaﬁJ6
2 6
The Sun’s -8 r - f T
gravitational attraction 2,95x 10 ﬂsc( {,,SC Ry —f—gc
e — 1) 3c )
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_Th_e Moon’s _ 1,05 x 10°8
gravitatioanl attraction
2 2
o _ 3 a(l—e )
Relativistic effects 3,4x 10" e )
2rh
A T —T
Solar radiation pressure 4.4 x 10710 k' —qp SaL_Soare
m ISoare
. 2 2
The Poyntlpg tRobertson 6,9x 1075 T GM_L:
erec 4rlm RS

3.4 Efects of the Gravitational Perturbations

The Keplerian Orbit

5,00E-04 0,00057
0,000558 -
4,00E-D4
_ & 0,000556
g AWAWAWA
T = 0,000554
< :  \J \J \] \
5 0,00E+D0 - ﬁ‘umnsﬁz
k) ’ i I \VJ \¥} AV} U = accelratia
H o
- o
% -2,00e08 < 000058
L
0,000558
-4,00E-D&8
0,000556
14 7 10153161922 25283134374043456458
-6,00E-D4
timpul [ore] timpul [ore]
Variatia componentelor acceleratiei Variatia acceleratiei totale

In Keplerian motions without disturbances acceleration has the mean value equal to 5,6-10™
Km/s?.

J, Perturbation

2,50E-07 0,000001
2,00E-07 0,0000009
150607 __ 0,0000008
WIOO0OT
g 1,00E-07 o va
. 0,0000006
T 5.00e-08 =
g —r £ 0,0000005
. 0,D0E+00
ay & 00000004
-5, 00E-08 § 0,0000003
ar d
£ 1,00E-07 0,0000002
g -1,50E-07 0, 0000001
-2,00E-07 a
250607 1357 911131517192123252729313335373041 434547 49
! timpul [ore] timpul [ore]
Variatia componentelor acceleratiei datoratd perturbatiei 12 Variatia aceleratiei totale datoratd perturbatiei J2

In J, perturbation acceleration has a mean value equal to 2-107 Km/s®,



J; Perturbation

3,006-11 -
_. 200E11 -
o

E 1,00E-11

% oooesan -
H

5 -1,00E-11

§ 2,006-11

-3,00E-11

-4,0E-11
timpul [ore]

1E1D
9E11 -
8E-11 -
o 7E11

ESE-H i
%ss-u :

2 4E-11

—acceleratia

g 3E-11 +
2E-11
1E-11

1 4 7101316192225 3831343740424649
timpul [ora]

Variatia componentelor acceleratiei datoratd perturbatiei 13

Variatia aceleratiei totale datoratd perturbatiei 13

In J; perturbation acceleration has a mean value equal to 2,3.107** Km/s®.

J, Perturbation

2,50E-11 -
2,00E-11
H LS0E1L
1,00E-11 -
T SER
8 000E+00

gv-sms-u !

L00E-11
50811
200811 -
250811 -
3,00E-11

timpul [ore]

1,26-10

1E-10

Acceleratia [Km/s2]

BE-11

B6E-11

—acceleratia

4E-11 -

2E-11

1 4 71013161922252831343740434649
timpul [ore]

Variatia componentelor acceleratiei datoratd perturbatiei 4

Variatia aceleratiei totale datoratd perturbatiei 14

In J, perturbation acceleration has a mean value of 2,5.107** Km/s.

Js Perturbation

1,50€-12

6E-12 -

SE-12 1

3E-12 +

2E-12 +

Acceberatia [Km/s2]

1E-12

4E-12 +

135 7 91113151719212325272031333537304143454749
timpul [ore]

Wariatia componentelor acceleratiei datoratd perturbatiei J5

Variatia aceleratiei totale datoratd perturbatiei 5

In Js perturbation acceleration has a mean value of 1,1.102 Km/s%.




Js Perturbation

6,00E-13 - 3E-12
= A,00E-13 - 2,5E-12
3 5
& 200613 - E 22
w —
H —_—c £ 15612
" ),00E+00 I3
— Y 2
5 g 1E-12
AT
g -2.00E-13
f SE-13
-4,00E-13
0 ..................................................
BO0E13 135 7 9111315171921 232527 2931333537394143454749
’ timpul [ore] timpul [ore]
Variatia componentelor acceleratiei datoratd perturbatiei 16 ‘Variatia aceleratiei totale datorat3 perturbatiei 16

In Jg perturbation acceleration has a mean value of 5,6.107* Km/s?.

The Sun’s gravitational attraction

1,50E-08 - 6E-08
'5_! 1,00E-08 SE08
£ ¥
AE-08
£ 500600 E
b =
g — £ 3E08
T ,00E+00 i3
— Y 2
5 g 2E08
—ar
g -500E-09
f 1E-08
-1,00E-08
et
LS0E08 1357 91113151719212325272031333537394143454749
: timpul [ore] timpaul [ore]
Variatia componentelor acceleratiei datoratd Variatia acceleratiei totale datoratd
atractiei gravitationale a Scarelui atractiei gravitationale a Soarelui

When the perturbation is produced by the Sun’s gravitational attraction the acceleration has a
mean value of 2,95.10° Km/s%.

The Moon’s gravitatioanl attraction

1,00E-08 - 4E-08
3,5E-08
g 5,00E-09 — 308 |
]
= 'gz_sms }
T 0,00E+00 =
8 —_—rx 2 E08 -
" '
—ay < 1L5E08
-5,D0E-09 g
—ar
] 1E-08
g A O0E-02 SE-D9
)
P 135 7 91113151719212325271931333537304143454749
’ timpul [ora] timpaul [ore]
Variatia componentelor acceleratiei datoratd Variatia acceleratiei totale datoratd
atractiei gravitationale a Lunii atractiei gravitationale a Lunii

When the perturbation is produced by the Moon’s gravitational attraction the acceleration has
a mean value of 1,95.10° Km/s®.
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Relativistic effects

4,00E-12
3,00E-12 -+
]
T 200812 -
=
5 100E-12 -
8
" 0,00E+00 -
S100E-12 -

-2,00E-12

-3,00E-12

-4, 00E-12

timpul [ore]

Aceeleratia [Km/s2

1,6E-11

1,4E-11 -

1,2E-11

1E-11 ~
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BE-12 +

4E-12 -

2E-12

125 7 9111315171921 232527 2931333537394143454749
timpaul [ore]

Variatia componentelor acceleratiei datoratd
perturbatiei efectelor relativiste

When the perturbation is produced by relativistic effects the acceleration has a mean value of

3,45.1072 Km/s®.

Variatia acceleratiei totale datoratd
perturbatiei efectelor relativiste

3.5 Effects of the non—gravitational perturbations

3.5.1 The direct solar radiation pressure

8,00E-10
6,00E-100 +
4,00E-10 +

< 200E-10

ccel. [m/fs2]

= 0,00E400

-2,00E-10 +
E-
-4,00E-10 +

-6, 00E-10° +

-8,00E-10

timpul [ore]

Acceleratia [Kim/fs2]

3,5E-09

3E09 +

2,5E-09

2E-09 +

15609

1E-09 -+

SE-10 +

135 7 9111315171921 232527 2931333537394143454749
timpaul [ore]

Variatia componentelor acceleratiei datoratd
actiunii presiunii de radiatie solara directa

When the perturbation is produced by the direct radiation pressure the acceleration has a mean

value of 4,4.10%° Km/s%.
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The semi-major axis has a short-periodic perturbation with a period of 6 hours
superimposed on a secular perturbation. For an orbital period, the major semi axis undergoes
a variation of 4 meters.

Eccentricity has a secular perturbation superimposed on a short-periodic perturbation
with period of 6 hours with the order of magnitude 6-107°.

The inclination has the same type of disturbance as that of the major semi—major axis,
a short-periodic perturbation superimposed on a secular perturbation. The short-period
disturbance has a period of 6 hours, and the order of magnitude 3-10° degrees.
The longitude of the ascending node has short periodic disturbance with a period of 6 hours,

and an amplitude of 1,7-107° degrees, superimposed on a secular perturbation.
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3.5.2 The indirect solar radiation pressure. The Earth’s radiation
Reflected Radiation

The Earth's atmosphere reflects some incoming radiation from the Sun, and for
making things simple we consider that this radiation is reflected back into space returned by a
sphere covered with a Lambertian surface.

The irradiance vector in the direction of the satelliteF due to the Earth's overall
albedo« ,, depends only on the relative position of the satellite, of the Earth and the Sun
(angley ) and on a satellite located at a height h it has the following form:

, 2a AE .
_ Soare _ 7
Ee (v, ) = — == ((z —y ) cosy +siny ) F (3.5)
372 (R, +h)
40 35
£ — 30
30 3_ 25
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£ ——alfa =02 5 —alfa=0,3
E 15 i 10
E 10 alfa =05 = g _-/—___ alfa=0,5
P 5 \\ —alfa =1,0 0 —alfa=1,0
m o B e R I A T A
- ! ! EogEE e A e
50 20 40 60 20 100130140 150180 (= B R s ™ meomomo=
Unghiul Satelit po7-Pamant-Soare [grade]
Unghiul Satelit-Pamant-Soare [grade]
Iradianta datorata radiatiei reflectatd de Pamant Iradianta datorata radiatiei reflectatd de Pamant pentru satelitul GPS PO7

Thus, it is noted that the variation chart of the Earth’s irradiance is a sinusoidal curve,
and that it decreases once the Earth’s albedo is increasing, and the angle y between the

satellite, the Earth and the Sun increases. For a zero value of the Earth's albedo the irradiance
is null (zero).
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Emitted radiation
Incoming radiation from the Sun which intersects the Earth can be determined, and it
IS Ac-Egpae CU Ac =zRZ. A part of this radiation is immediately reflected in the visible

spectrum, one part is absorbed, and another one is re-emitted as infrared radiation (Taylor
2005).

) — (1_ 0() AE ESoare

E
w W)= (R. +h)?

(3.6)
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the irradiance vector on a satellite located at a height h due to the radiation emitted by the
Earth is expressed as:

AE ESoare '-:
(Re +h)?

h) — (1_ a)

E..(v,
(7 =

(3.7)
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Irradiation due to radiation emitted from the Earth

The graph shows that the irradiance is independent of the angle i/, is constant taking
different values which depend on the value of Earth’s albedo. Irradiance has zero value for

a=1.

The Earth's Radiation Model

The Earth's radiation model is the sum total of reflected radiation and emitted

radiation, and is expressed as:
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Assuming that reflectivity and emissivity can be written as harmonic developments, in
relation to latitude, of the form:

P(A) = Pronst + Pros COSP+ Py, SIN (3.9)

E(A) = €y +Eeos COSQR+ &, SINP

reflectivity and emissivity coefficients can be determined using the method of least squares.

in

Tab. 3.1.The estimated coefficients for reflectivity and emissivity
for the interval February — June 2011

Lot 0,737963502
Lo -0,5300641743
Our -0,026283497
o 0,4566176405
£, 0,3057731068
&y 0,0292256524

The acceleration model exerted on GPS satellites
The irradiance vector (Esat) or the solar flux () according to the notation used by
Montenbruck and Gill (2000) has the expression:
o AE
AAt
it represents the energy transferred through the area A in a time unit. According to Beutler
(2005) who says that according to quantum mechanics each frequency photon v and
wavelength A =c/v carry energy:

(3.10)

E=hv (3.11)
and a momentum;
p= E (3.12)
c

where h = 6.62 x10-34Js - Planck's constant. Thus, the total momentum for an absorbing body
illuminated by the Earth in the time interval At is:
_AE_®

Ap — = AAt (3.13)
Thus the force acting on a satellite is:
F_2P_Dp (3.14)
At ¢
and radiation pressure is:
P :% (3.15)

The GPS satellite on which the radiation pressure of the Earth is acting will be
considered as having two forms: it can be either a sphere or a "canonical ball", or in the form
of a box with wings (wing box), where the box ("box") is the satellite itself, while the wings
are the solar panels. Of particular interest is the transverse section of the satellite, and its
optical properties.
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The general model of solar radiation pressure emitted by the Earth

The “box-wing” GPS satellite is based on general models of radiation pressure
developed by Fliegel (1992) and Hunentobler (2008).

Knowing the area of a flat surface A, the mass of the satellite M, the angle & between
the incoming radiation from the earth, and normal to the surface, the Earth's irradiance E, the
speed of light ¢ we can write the three components of acceleration for each area according to
Fliegel et al. (1992):

Normal to the surface:

= A E
f, =— —(@+uv)cos’ i (3.16)
M ¢
Tangent to the surface:
- A E
fo =— =@+ uv)sin@cos Gt (3.17)
M ¢
Diffuse:
The radial and non-radial componwent for the solar panels has the following form:
A E 2
f, =—-—|cosy|| 1+ =v(1— u)|cosy/|+ uv cos 2y (3.18)
M c 3
A E 2 . .
f. =—-—cosy| Zv(l-w)siny + uv|sin 2y| (3.19)
M c 3
or, in a more simplified way:
E
fF = M_C A%utieccutle panou |COSV/| I+— V(l :u)|COSl//|+,UV COos 2!// (3.20)
E 2 . .
f, = Ve A anou COSY gv(l—y)sm v+ pv|sin 2|
BE-10 3,5E-10
SE-10 3E-10 —
_ —— Block| o 2,56-10 \\\
W 4E1D E
r —Blockll = 1
3 310 ST, E- 1,56-10
4:: 2810 — — Blockl g O A
£ 10 - = Blockll < SEU -
D - -
0+ === = = Blok IR e e e N T U N N T s R N R T 8
Jeqp O 20 40 60 80100120140160180 SE41 BEESZ8ERRE A - i =
Unghiul Satefit-Pamant-Soare [grade] Unghiul Satelit o7-Pamant-Seare [grade]
Aeceleratule datorate radiatiel vizbile reflectate de Pamant, Acceleratule datorate radiafiel vizibile reflectate de Pamant,
componentele radiale 31 non-radiale compeonentele radiale 31 non-radiale pentro satehtul GPS P07
SE-10 4,5E-10
4E-10
AE-10 _ 3.5E-10
9 —— Block| EEET
£ bock E 25610
ot B 2E10
g e —glock EI'SHD
T 1E-10 IR E 1E-10
< Blockl SE-11 == ===
Q ...f-——""‘t-_._,_,_._-—-—-_._ D A - I
0 20 40 60 80 100120140160180 SHl g o Mmoo a e ge s
AE-10 SoCmaSagerbemmmng
Unghiul Satelit-Pimant-Soare [grade] Unghiul Satelit P07-Pamant-Soare [grads)
Acceleratiile datorate radiatiel emise infrarogu de Pamant, Acceleratiile datorate radiafiel emise infrarozu de Pamant,
componentele radiale 51 non-radiale componentale radiale 51 non-radiale asupra satehtuhn GPS PO7

16



The radial accelerations are represented by a solid line, while the non-radial
accelerations are represented by dotted lines.
It can be noted that the radial acceleration achieves its minimum for y =90°.

The maximum of teh radial component is achieved for ¥ = 0°and ¥ =180°.

In the case of non-radial component there still is a maximum and a minimum for the
approximate values y =35° and  =145°.

If the satellite is considered to be a “sphere” a simple model is built by mediating the
value of acceleration for the angle ¥ between the satellite, the Earth and the Sun. Thus, the
acceleration can be calculated using the formula:

AE
fF =ME sfera
where Cpay IS a constant determined numerically, which the average size and optical
properties of GPS satellites.

(3.21)

Tab. 3.2 GPS satellites parameters (ball type satellites)
. Ratio Aria/Mass
GPS satellite type [m?/Kg] Cstera
Block | 0,01513 0,8876
Block 11 0,01667 0,8551
Block 1IR 0,01606 0,8134

The major semi—axis variation graphs, designed for 50 and 500 hours show that it has
two types of perturbations, a short-periodic one, and long-periodic one. The short-periodic
perturbation has a period equal to the orbital period (12 hours), and a variation of 1 km, while
the long-periodic perturbation has a period of 240 hours.

The eccentricity has a secular perturbation superimposed on a short-periodic
perturbation with period of 6 hours, with the order of magnitude1,5-10°°.

The inclination has two types of disturbances, a short-periodic and secular one. Short-
periodic disturbance period is equal to the orbital period (12 hours) and a variation of degree.
The perigee argument undergoes mixed periodic perturbation:
- a short periodic perturbation with a 6 — hour period, and an amplitude of 1-10*degrees
- a short periodic perturbation with a 6- hour period, and an amplitude of 3-10*degrees
- a secular perturbation
The longitude of the ascending node suffers mixed periodic perturbation:
- a short periodic perturbation with a 6- hour period, and an amplitude of 4-107°degrees
- a secular perturbation

3.5.3 The anisotropic thermal emission
The anisotropic thermal acceleration has a linear variation depending on the temperature

variation of two parts of the satellite body, and on the ratio of effective sectional area and
mass of the satellite. The acceleration due to anisotropic thermal emission, for a temperature
difference "at day time" is of order 10™* Km/s%.

The major semi—axis undergoes perturbations equal to the orbital period, and to
amplitude 4-107° kilometers.

Eccentricity undergoes a short periodic perturbation of a 6 — hour period, and
amplitude 6-107° superimposed on a secular perturbation.

The inclination of the orbit undergoes a short periodic perturbation of a period equal to
the orbital period, and of amplitude and 3-10°®

The longitude of the ascending node undergoes a mixed periodic disturbance:
- short-periodic perturbations with a 3 — hours period, and amplitude 1-10~ degrees
- long-periodic perturbations with a 24 — hours period.
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3.5.4 The acceleration produced by antennas emissions
The emission of the navigation antennas of the GPS satellites produces a constant radial
acceleration, and as a consequence, there is a change of acceleration in this direction.
The GPS satellites provide a continuous emission, with an output of 70 to 80 watts in
the direction of the antenna when emitting on the two fundamental frequencies L1 and L2.
The force expressed in newtons due to photon absorption from a flux of incident
radiation (E) is given by:

F_E (3.22)
C

Considering an emission power of 80 watts of the antennas, the resultant acceleration
on different types of GPS satellites is:

Block I: 5.3x10-10 m/s2

Block I1: 3.0x10-10 m/s2

Block IIR: 2.4 x10-10 m/s2

The major semi—axis undergoes more short-periodic perturbations:

- a short periodic perturbation with a period equal to the orbital period, and amplitude
4-10"°kilometers;

- a short periodic perturbation with a 3 hour period, and amplitude of 1-10~° kilometers

The eccentricity has a short periodic disturbance with a 3 hours period and an
amplitude of 2-107° superposed on secular perturbation.

The inclination has several periodic perturbations:

- a short periodic perturbation with a period equal to the orbital period, and amplitude
3-10°° degrees.

- a mixed periodic perturbation superposed on a short periodic disturbance.

The perturbations acting on the longitude of the ascending node are mixed periodical,

with periods of 3, 6, 18 and 48 hours, and with amplitudes of 2.10® and 1,2-10"" degrees.

3.5.5 The elipses
Eclipse modeling region

The method is based on the tests which determine if the lines from the edges of the
Sun to the Earth crosses or not the satellite. If a junction is made and the distance from the
Sun at this point is less than the distance sun-satellite, the satellite is in the penumbra or
umbra.

An immediate plan is defined in the center of the earth, is the vector of the Earth-Sun
and Earth-satellite array. In this two-dimensional space, the Sun is represented as a circle. In
plan, the light rays leaving at the edges of the sun and is tangent to the Earth Sun and the
Earth determines the edge of the penumbra and umbra.

Determination of the intersection points is performed using the mathematical ellipsoid
approximation for the Earth:

2 2 2
L (3.23)
p q
where X, y, z are coordinates of a point on the ellipsoid, p is the equatorial radius and q is the
polar radiu.
Equation that connects the satellite with one of the edges of the Sun is:

X) (& b,
y|=|a, [+4|Db, (3.24)
z 8 b,
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where (ai, az, as) are coordinates of the position vector of the satellite and (b;, by, bs) are
coordinates of the position vector of an edge of the sun. Thus the above equation (3.24) can be
written as:

X-a Y-8 71— (3.25)
bl_ai bz_az ba_aa
The vectors & and b can be obtained for a specific period from the precise ephemeris or
from numerical integration. From equation (3.25), y and z can be written as a function of x
and the coefficients & and b .

y = x(b, —a,) +a,b, —ab, 7= x(b; —a,) +ab, —ab, (3.26)
b -a b -a
Developing is obtained a 2nd degree equation of the form:
AX* +Bx+C=0

with the coefficients:
A= qz [(bl - a1)2 + (bz - a2)2] + pz(bs —83)2
B=20°(bb,a, —ab; —ajb +aab,) +2p°(bba, —ab; —ab +aab;)
C=q’(ba,—ba) + p* (ha —ba ) - p°a’ (0, - &)’

To solve the system is necessary to know the coordinates of the edges of the Sun. Real
solutions of the 2" degree equation is the x coordinates of the points of intersection of the line
that goes from one edge of the Sun and satellite with the ellipsoid.

The existing condition for real solutions is:
B*—4AC>0.

Author the method proposed by consists in using the line that passes through the center of
the sun points - TV. Sun center coordinates can be obtained either by numerical integration or
from the specialized sites. For this study the author used data from www.imcce.fr site / en /
ephemerides. This site provides the geocentric coordinates of the Sun based on astronomical
unit. For the study made by the author have been used sun coordinates obtained by numerical
integration.

Below are presented the situations of intersection of the straight line passing through the
points and center of the Sun-satellite Earth ellipsoid.
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- /‘% satelit

a) Faza plina: Dreapta nu intersecteaza Pamantul

satelit

b) Satelitul in penumbra: Dreapta este tangenta la suprafata Pamantului

satelit

c) Satelitul in penumbra sau umbra: Dreapta intersecteaza Pamantul

Fig. 3.1 Determination of GPS satellite position. The solution proposed by the author

o If the system has no real solutions when the satellite is fully illuminated.

o |f the system has only one real solution, then right is tangent to the ellipsoid and the
satellite may lie in the penumbra or completely illuminated. Then it is necessary to
determine and y and z coordinates of the intersection to calculate the distance to the
Sun. If the distance is greater than the distance between the sun and the satellite, the
satellite is fully illuminated, the satellite failing in the penumbra area.

o |f the system has two real solutions, it is necessary to determine and y and z
coordinates of the intersection to calculate the distance to the Sun.

o If the distance is greater than the distance between the sun and the satellite, the
satellite is fully illuminated, otherwise satellite is in the penumbra or umbra.

For this study, the author determined the coordinates of the Sun by numerical integration
every minute for 365-days using the start date, date 10.02.2011, time: 00:00:00 UTC.
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For determining the geocentric coordinates of the satellite every minute for a period of
365 days author started from the initial conditions since 10.02.2011 00.00 UT:

Xai = 2425.8676; vxai = 3.8327;
yai = -15215.1157, vyai = 0.4529;
zai = 21743.2188; vzai = -0.1055;

Tab. 3.3 The number of GPS satellite solutions entering in the umbra

Number of real solutions of Number of minutes for the
the system depending on satellite in the umbra or
. perturbation penumbra
The ellipsoid type Direct solar Direct solar
J2 radiation J2 radiation
pressure pressure
p =6378,137 Km
q = 6356.752 Km 26424 26278 0 0
p =g =6378,137 Km 26506 26376 0 0
p =g = 6402 Km 26702 26488 0 0

For all cases the system was real solutions revealed that the satellite did not go to any
time in the Earth's umbra or penumbra.

The numerical results concerning the satellite crossing through the penumbra and umbra
of the earth are in line with the actual movement of satellites. Thus, the observations made on
the satellites is known that the time spent by them in eclipse is only 1-2 minutes.

3.5.6 The Poynting — Robertson effect

The Poynting-Robertson effect, named after John Henry Poynting and Howard Percy
Robertson, braking is a process whereby solar radiation causes dust particles in the solar
system to spin on a downward spiral. The braking force is produced basically by the
tangential component of the force caused by the radiation pressure on the movement of the
dust particles.

For proper dust surrounding the Sun's radiation sun appears to be coming a little
forward direction (aberration of light). As a result, the absorption of of this radiation lead to a
force component against the direction of movement. The angle of aberration is extremely
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small, because the radiation travels at the speed of light as particles of dust is moving with a
speed order of magnitude required is much lower.

The braking force produced by the The Poynting-Robertson effect can be understood
as a force acting in the direction opposite to the direction of motion of the dust particle's own
orbit, which produces a decreasing effect of angular momentum. Thus, while the dust particle
moving on a spiral slowly towards the Sun, its orbital speed increases continuously.
The Poynting-Robertson force is equal to:

_ we _ ? |m
Fop = b (3.27)
where:

W - is the power of incident radiation,,

v - is the velocity of the powder particles,

¢ - the speed of light,

r - is the radius of the object,

G - the gravitational constant of the universe,

M; - the mass of the Sun,

Ls - solar brightness

R - is the radius of the orbit on moving object.

Solar brightness L, represents the radiant flux (power emitted as photons) to measure
the brightness of stars. A solar brightness unit is equal to the current brightness accepted by
Sun and has a value of 3.839 x 10°° W, or 3.839 x 10* erg/s.

Solar brightness refers to the measured solar irradiance on the Earth or by the satellites
orbiting the Earth. The average irradiance at the top of Earth's atmosphere is sometimes
known as the solar constant, I. Irradiation is defined as the power per unit surface area, so
that the solar luminosity (total energy emitted by the sun) is the irradiance received on the
Earth (the solar constant) multiplied by the surface of the sphere whose radius is the average
distance between Earth and the Sun:

L, = 47kA? (3.28)
where:
A - is the astronomical unit in meters
k - is a constant (whose value is very close to one) that reflects the fact that the average
distance from Earth to the Sun is not exactly one astronomical unit.
considering:
¢ = 299792458m/s
r=1m
G = 6,674*10™"! m¥/Kgs®
Ms = 2*10%° Kg
Ls = 3,9%10%° Kgm?/s®
R = 150000000000 m (astronomical unit)
The result is a Poynting-Robertson force value of:

Fpr = 1,4- 1072 kN

The Poynting-Robertson acceleration is determined from the ratio of the Poynting-

Robertson force and mass of the satellite.

: 2
_ Wv ot [EMgL
Qpp = — ==

(3.29)

*m dctm=] R°
Considering the ratio r—n;between the radius of the satellite and its mass as a ratio Area / Mass
particular satellite, the The Poynting-Robertson acceleration has the value:
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. The Poynting-Robertson
GPS satellite type Rat'([)n',?};eKa/]'\A ass acceleration
g [Km/s]
Block | 0,01513 6,930*107%°
Block 11 0,01667 7,635*107%°
Block IIR 0,01606 7,356*107%°
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The variation of acceleration components due to The Poynting-Robertson effect
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The variation of total acceleration due to The Poynting-Robertson effect

From the graphs of variation of the orbital elements (a, e,
vector and the speed of the TSC system, for a period of 50 hours, a GPS satellite follows:

- semi-major axis suffer perturbations with amplitude of 1 cm.

- eccentricity present a secular perturbation superimposed over on a short-periodic
perturbation with a period of 4 hours and an order of magnitude of 10 Km.

- inclination is very stable, this presenting very small variations with order of 10~

degrees.
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4. QUALITY ANALYSIS OF GPS SATELLITE MOVEMENT

4.1. Introductory notes

Before the French mathematician Henri Poincare, studies on the dynamical systems
were focused on finding solutions for explaining functions in solving the equations of motion.
The dynamical systems theory has undergone a significant evolution in the late nineteenth
century by the contribution made by the French mathematician Henri Poincare. Poincare
thinks of the possibility to solve the geometry of the solutions without developing any
formulas. Thus, qualitative properties of the solution are found without knowing its exact
formula. This new method has helped solving many problems involving differential
equations.

Qualitative or geometrical analysis deals with the analysis of the evolution of dynamic
systems solutions. This analysis is done in phase space, which is the state space, i.e. the space
where all sizes are represented graphically describing the system state. In the phase space, a
dynamic state, at a certain time is described graphically by a point, defined by a set of phase
variables, i.e. a set of minimum variables that describe completely the system state. Changing
the system state in relation with time is a trajectory in the phase space. The collection of all
possible trajectories (local or global) of a dynamical system is called the phase portrait (local
or global).

We analyze in terms of quality movement of a particle (satellite, comet) around the
central body in a variety of fields, under the influence of zonal harmonics up to the 6™ order,
on any type of orbit, and for different values of the energy system.

The gravitational field in which the potential is given by:

V(r):?A+r—BS (4.1)
is called Schwarzschild problem, while the field in which the potential is given by the
relation:

v (r) =’—:+r32 4.2)
IS named Manev type field.

4.2 Qualitative analysis of GPS satellite motion under the influence of zonal
harmonics of higher order

The gravitational potential up to the sixth zonal harmonic is:

6 n

V(1) =ﬁ—ﬁ-z(%j .3 -P.(sing) (4.4)
rr &S0r
To make calculation less difficult, we can note:

a,=p,a,=0sia =—u-a"J_,-P_(sing) pentru k=3.6 (4.5)

resulting in the new form of gravitational potential:

7

an

V(r)= Zr—n (4.6)

n=1

In order to describe the movement of the two bodies, satellite-central body (particle-center)
which goes on in a plane, we choose the coordinates configuration - impulse.
The position of the satellite will be defined by the vector,

q=(0,,0,) €%*\{(0,0)}, (4.7)

and the velocity will be defined by the impulse vector.
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p=(p.p,)eR’,  p=4. (4.8)
The configuration (position) vector is not defined in the origin because this is point is
associated with a singularity of the system (particle collision - center).
To remove singularities and regularize the equations of motion we use the McGehee
transformations of second order. The equations of motion become:

, dr
ds
do
0'=—=
ds y
, _dx 7, 2~ 7-n
X=—==X"4+y"=>» n-a, -r 4.9
oo XY le ' (4.9)
, dy 5
:—:_.X.
y ds 2 y
The prime integrals become:
,
x+y?=h-r'+2>a -r'" (4.10)
n=1
y2=C2'r5

At this point both the equations of motion, and the prime integrals are well defined
for limit r — 0, so the phases space can be analytically extended to contain the
variety{(r,8,x, y)| r =0} as well.

Variety M, ={(r,0,x,y)|r=0, 8eS',(x,y)eR*} is defined, where S' is the interval
[0, 27 ] with mistaken heads and variety of constant energy

7
M, ={(r0.x ) [ X2 +y P =h-r'+2)> a1, 0eSt (x,y) e R}
n=1

Variety of collision will be the intersection of the two varieties defined above, ie:

Mo ={(r.0,%,y)|r=0, x*+y*=2-a;,, 0eS",(xy) R’} (4.11)

The expression of angular momentum of the integral in polar coordinates shows that if

r -0 then & — . In terms of physical motion, the particle moves on the orbits, in spiral,

around the center of an infinite number of times, until collision happens (or, after ejection).

This is the black hole effect (Diacu et al., 1995). From the energy integral expression we can
see that the escape r — oo is possible only for the negative energy h>0.

Since the variable ¢ does not appear explicitly in the equations of motion, or prime

integrals the four-dimensional space (r, 8, X, y) can be reduced to the three dimensional space

(r,x,y) by factoring the current through S*. Any solution within the space (r,x,y) should be

regarded as a variety of solutions in four-dimensional phase space. Using the first integral of
angular momentum, reduce to two-dimensional phase space (r,x) . Vector field is:

r'=r-x
, 7 9 ~2 .5 3 7-n
X :E-h-r —E-C 4> (7-n)-a,-r (4.12)
n=1
where the integral of energy is used for taking x out the second ecuation
7
x?=h-r'=C*.r°+2.> a, -r’" (4.13)

n=1
The tor M was reduced to circle {(r,x,y)|r=0;x*+y?=2-a,} within the three-
dimensional space, while within the two-dimensional space it was reduced to two points

N(r=0,x=,2a,) and P(r=0,x=—,/2a,).
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For the preparation of the phase portraits of GPS satellite motion around the central
body the graphic of function x(r)=+,/f(r) will be analyzed where

7
f(ry=h-r'=C*-r®+2-> a -r"™" also the values of the coefficients in the equations of

n=1
motion and equations solutions f(r)=0 and ? =0 will be taken into account.
r

The most general case will be considered, when the derivative f'(r) has 5 sign
changes ( the maximum) for the of case negative energy; there results that, according to
Descartes' rule, for the collisional case @, >0 the equation f (r) =0 has 5 positive roots, and

for the non-collisional case a, <0, the equation has four positive roots . When the energy is
positive or null we assume that the derivative f'(r)

has 4 sign changes ( the maximum), so, according to the same Descartes rule the
equation f(r)=0 will have 5 positive roots for a, >0 and 4 positive roots for a, <0. .

There is a critical value of the energy that will determine, together with the sign of the
coefficient function f (r) different configurations for the phase portraits.

Case a, >0, h<h <0

The explanation of the given phase portrait is:
S - stable equilibrium point (center), which represents stable circular motion;
U - unstable equilibrium point (source), which represents unstable circular motion;
(1) and (3) - heterocline orbits, spiraling movement of ejection type - collision;
(2) and (2 ') represents motion on the spiral orbits that start from collision, and tend to
asymptotical unstable form, or vice versa;
(4), (6), (7), (10) and (10 ") — homocline trajectory, which in physical terms is a spiral orbit
which starts asymptotically from an unstable circle, and tends asymptotically to the same
unstable circle;
(5), (8) and (9), (9", (9 ™) — stable periodical or cvasi-periodical orbits, with eccentricity that
decreases from (5) which has significant values, up to (9') and (9 '). Nothing can be mentioned
about the eccentricity of orbits (9);
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4.3 Practical application — The GPS SATELLITE

Replace in the function expression,

7
f(ry=h-r'=C*-r’+2.> a -r’" (4.14)
n=1
all coefficients with known parameters of the Earth:
- the zonal harmonics J2 to J6 on
- the legendary polynomials for null latitude
- the gravitational constant ()

- the energy calculated by the formulah = _H
a

- the angular momentum of the relationship C* = y-a-(l—ez)

- the major semi-axis of the geostationary satellite a = 26559.4 km
After solving the equation f(r)=0 the following solutions result I, =26329,11and

r,=26788,02; after solving the equation f'(r)=0

h=26563,5 which is exactly the major semi-axis of the geo — stationary satellite.
There result the graphs of the functions x(r)=+,/f(r) and after that the phase portrait
using the program Maple 14.

the following solution results
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Figura 5.20 (a), (b) - Diagram of function x (r) (c) — Phase portrait in
Maple
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In the following the explicit phase portrait is explained. The GPS satellite position is
marked by the point (S), which means stable circular motion at distance r off the central body

Figure 5.21 The explicit phase portrait of the GPS satellite movement
GPS satellite orbit is stable as long as r is between the values I, =26329,11 and

r, =26788,02. If in its movement on the orbit the GPS satellite exceeds the value of r, to
the right, or the value of r,, to the left, there results the spiral physical movement along an
orbit which tends asymptotically to collision. The dotted line represents the fictitious

trajectory of a geostationary satellite that is leaving the orbit and moves in an elliptical orbit
with increasing eccentricity, tending asymptotically to collision.

4.4 Conclusions for the qualitative analysis

This chapter presents a new approach to the theory of dynamical systems in general,
and of the celestial mechanics, in particular, through the qualitative method, whose initiator is
Poincare. The motion of a particle (satellite, comet) around the central body in various field
types was observed: Schwarzschild, Manev, under the influence of zonal harmonics up to
degree 6.

From the above mentioned it is important to observe the utility of McGehee
transformations, that are designed to eliminate singularities, and regularized equations of
motion. Transformations made it possible to replace collision t with a limited variety, attached
to the phase space. The McGehee transformations allow the study of movement near collision.

In this chapter we noted that collisions can also occur when C 0. Therefore,
whenr — 0 there results that 8" — o, i.e. the particle executes a spiral motion of an infinite
number of times around the center, up to collision or after ejection, which is the effect of the
black hole (Diacu et al., 1995).

If the system’s energy is negative (h <0) the particle can not escape. If the maximum
coefficient (a7 <0) is negative, the movement is executed without collision.

From the presented situations we can derive that: there are several types of orbits:

» Dbounded and collisional, which start from ejection, reach a maximum distance, or an
unstable equilibrum, and come back to collision;
» bounded and non-collisional, which can be:

e stable or unstable circulars
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e regular (including librations, radials) and quasi-periodicals
e homocline, starting from an unstable equilibrium and return to it

e heterocline that connect two points of unstable equilibrium
» boundless and collisional, i.e. as ejection — escape and infinity - collision;
» not bounded and non-collisional, coming from infinity, reach a minimum distance or a
point of unstable equilibrium and return to infinity.

5. CONCLUSIONS

Finally an overview of the notions and analyzes performed in this paper is made,
highlighting significant and original results.

In order of the chapters, will summarizing the important parts from each section of this
paper and the conclusions drawn.

Chap. 1. Description of NAVSTAR/GPS satellite system, identification of GPS
technology applications, description of reference systems and time scales required for study of
disturbing forces acting on GPS satellites.

Chap. Il. Quantitative analysis of GPS satellite motion under the influence of
gravitational and non-gravitational perturbations type.

Chap. I11. Quantitative analysis of non-gravitational perturbations type: direct solar
radiation pressure, indirect solar radiation pressure, anisotropic thermal emission, the antennas
emission and empirical models of the solar radiation pressure.

Chap. IV. Analysis of perturbed motion of satellites NAVSTAR / GPS based on
numerical method using 4th order Runge-Kutta integration algorithm. The advantages of this
integration algorithm are stability and easy modeling perturbed motion equations for GPS
satellite. Algorithm is slowly, the computing time increasing considerably for long periods of
time, which is the main disadvantage of the algorithm. Calculation program is developed by
the author in the C ++ programming language, in a simple manner, but providing information
for the analysis of GPS satellite motion.

4.4 Starting from the initial conditions (position and velocity) for GPS satellite of
study for 10.02.2011 00.00 UT were presented graphs of variation of the gravitational
acceleration components given by gravitational perturbations J,, Js, Js, Js, Js, gravitational
attraction of the Sun and Moon, relativistic effects and Poynting-Robertson effect for an
orbital period and the total accelerations graphs of variation of these gravitational
perturbations for a period of 50 hours. Are determined average values of the total
accelerations, unit being Km/s2.

4.5 It is observed that the gravitational perturbations have the greatest influence
among them highlighting zonal harmonic J2 of which order of magnitude is 2x10” Km/s®.
Between the non-gravitational perturbations, the direct solar radiation pressure has the
greatest effect with the order of magnitude of 4.4 x 10" Km/s?, while the order of magnitude
of the Poynting-Robertson effect is 6.9 x 10™*° km/s.

4.6 Are determined the effects of non-gravitational perturbations on the keplerian
orbital elements.

4.6.1 As a result of action of direct solar radiation pressure on a GPS satellite has
revealed the following effects:
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- Semi-major axis shows a short-periodic perturbation with a 6 hours period
superimposed on a secular perturbation. For an orbital period, semi-major axis suffers a
variation of 4 meters.

- Eccentricity present a secular perturbation superimposed on a short-periodic
perturbation with a 6 hours period having the order of magnitude of 4,8.10° Km.

- Inclination present same type of perturbation as semi-major axis, a short-periodic
perturbation superimposed on a secular perturbation. Short-period perturbation have the
period of 6 hours and the order of magnitude is 3-107° degrees.

- Longitude of ascending node suffers a short periodic perturbation with a period of 6
hours and an amplitude of 1,7-10™° degrees, superimposed on a secular perturbation.

4.6.2 Based on the models of the Earth's radiation, reflected and emitted radiation, the
irradiance graphs has been made for different values of albedo Earth and the y angle — angle

between Satellite-Earth-Sun. Based on the reflectivity and emissivity data of the Earth
supplied by CERES for the period from February to June 2011 has been made the graphics of
these variation and has been determined the mean values.

Using the least squares method we determined the reflectivity and emissivity coefficients for
the period February to June 2011, for the case when them are write like harmonic
development according to the latitude. There have been determined the variation graphs of
radial and tangential components of acceleration due to reflected and emitted radiation from
Earth to GPS satellites (satellite PO7 in particular), where satellites are modeled as "box-
wing".

If the GPS satellite is considered having the form of “sphere” have been determined
the graphs of variation of the keplerian elements for 50 and 500 hours resulting in the
following effects:

- Semi-major axis present two types of perturbations, one short and one long-periodic.
Short-periodic perturbation is equal to the orbital period (12 hours) and a variance of 1 km,
and the long-periodic perturbation have period of 240 hours.

- Eccentricity present a secular perturbation superimposed on a short-periodic
perturbation with period of 6 hours having the order of magnitude of 7-10° Km.

- Inclination presents two types of perturbations, one short-periodic and one secular
perturbation. Short-periodic perturbation is equal to the orbital period (12 hours) and with a
variance of 7-10°° degrees.

- Mean anomaly suffer a short periodic perturbation having a 6 hours period
superimposed on secular perturbation.

- Argument of perigee suffer a mixed periodic perturbations:

a short periodic perturbation having a period of 6 hours and an amplitude of
1-107* degrees

a short periodic perturbation having a period of 6 hours and an amplitude of
3-10degrees

a secular perturbation

- Longitude of ascending node suffer a mixed periodic perturbations:

a short periodic perturbation having a period of 6 hours and an amplitude of 4.107
degrees
a secular perturbation

4.6.3 Due to anisotropic thermal emmission upon a GPS satellite the following effects
were revealed:

- The semimajor axis and inclination do not suffer perturbations

- The eccentricity has a short periodic perturbation equal to the orbital period and an

amplitude of 8-107%°
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- The mean anomaly suffers short periodic perturbations with a period of 6 hours
superimposed over a secular perturbation.

- The perigee argument suffers short periodic perturbations with a period of 6 hours
superimposed over a secular perturbation.

- The longitude of ascending node suffers a long periodic perturbation having an
amplitude of 2-10*'degrees.

4.6.4 Due to GPS navigation antennas emission the following effects were revealed:
- The semimajor axis and do not suffer perturbations
- The eccentricity has a short periodic perturbation equal to the orbital period and an

. —10
amplitude of 8-10

- The perigee argument suffers short periodic perturbations with a period of 6 hours

- Argumentul perigeului sufera perturbatii scurt periodice avand perioada de 6 ore.

- The longitude of ascending node suffers a long periodic perturbation having an
amplitude of 1-10~8 degrees.

4.6.5 Based on studies carried out by Adhya - 2005 regarding the GPS satellites
eclipses, we developed a mathematical model to determine the period of time during which
the GPS satellite enters in Earth's penumbra or umbra. We consider cases where GPS satellite
is perturbed by direct solar radiation pressure or J, and | developed the solutions of the
mathematical model. For all cases, the system has real solutions revealed that the satellite did
not go to any time in the Earth's umbra or penumbra.

At theoretical modeling of the penumbra region through which a GPS satellite passing,
revealed that the satellite at a speed of about 3.86 km/s crossing this area is performed within
a period 15.3 minutes.

4.6.6 As a result of Poynting-Robertson effect on a GPS satellite has revealed the
following effects:

- Semi-major axis suffers perturbations with maximum amplitude of 1 cm.

- Eccentricity present a secular perturbation superimposed over a short-periodic
perturbation with a period of 4 hours and a magnitude order of 1,5-10°**

- Inclination is very stable, presenting short periodic perturbations with a period of 4
hours and a magnitude order of 1.10® degrees.

- The other orbital elements suffer short periodic perturbations with a period of 6
hours and an amplitude of 8-107" degrees.

Chap. V Presents a new approach to the theory of dynamical systems in general and
celestial mechanics in particular by using qualitative method whose initiator is Poincare. It
was considered the motion of a particle (satellite) around the central body in different field
types: Schwarzschild, Manev and under the influence of zonal harmonics up to grade 6. It was
analyzed the GPS satellite motion on any type of orbit and for different values of energy of
the system.

5.2 It notes the usefulness of McGehee transformations that are designed to eliminate
singularities and to regularize the equations of motion. Through changes was made to explode
the variety of collision and it was replaced a variety limit attached to space phases. McGehee
transformations act as a lens with a infinite power magnification on a collision singularity,
thus allowing the study of motion near collision.

5.3 It was made a practical application for GPS satellite. The GPS satellite orbit is
stable as long as r is between values I, =26329,11 and r, =26788,02. If the movement of a
GPS satellites on an orbit exceeds at right the value of r;, or at left the value of ry, the resulting

physical movement is a spiral orbit which tends asymptotically to the collision. Such that,
qualitative results are confirmed by numerical results.
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