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Abstract

We prove that there exists a 1-convex surface whose universal cov-
ering does not satisfy the discrete disk property.

1 Introduction

The well-known Shafarevich Conjecture asserts that the universal covering
space of a projective algebraic manifold is holomorphically convex. Although
there are partial results, a complete answer to this problem is not known
even for surfaces. (We remark that if instead of the universal covering one
considers an arbitrary non-compact one, there are counterexamples, see [9]).

In this paper we are interested in studying convexity properties of the
universal covering of 1-convex surfaces. We recall that projective algebraic
manifolds are a particular case of Moishezon manifolds, that the exceptional
set of a 1-convex manifold is a Moishezon space and that every Moishezon
space is the exceptional set of a 1-convex space.

Suppose that X is a 1-convex surface and p: X — X is a covering map.
It is known (see [1]) that in general X is not holomorphically convex. In
fact X might not be even weakly 1-complete (that is, X might not carry
a continuous plurisubharmonic exhaustion function). However X can be
exhausted by a sequence of strongly pseudoconvex domains and therefore
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X satisfies the continuous disk property (see the next section for a precise
definition). We investigate the discrete disk property for X which definitely
is a stronger property.

Our main goal is to give an example of a 1-convex surface whose universal
covering does not satisfy the discrete disk property. In particular it will not
be ps-convex in the sense of [4]. This means that we will prove the following
theorem:

Theorem. There exists a 1-convex surface whose universal covering does not
satisfy the discrete disk property.

We remark that we proved in [2] that if X does not contain an infinite
Nori string of rational curves then actually X does satisfy the discrete disk
property. Therefore our example must contain such a Nori string.

We note that important convexity properties of coverings of 1-convex
manifolds have been established in [9].

In the study of coverings of compact complex surfaces an important phe-
nomenon is the appearance of rational Nori strings, see [11], section 6. For
different configurations of Nori strings that can appear in the universal cov-
ering surfaces of Kodaira’s class V11 see [3], Theorem 3.27 and [8].

The main point of our paper is that we construct a neighborhood of a
Nori string (that appears in the covering of a 1-convex surface) that does not
satisfy the discrete disk property.

2 Preliminaries

We denote by A the unit disk in C, A = {z € C: |z| < 1} and for ¢ > 0 by
Ay thedisk Ay :={z2€C:|z| <14}
For € > 0 we define H. C C x R as

He=Anex [0,1) {zeC:l—-e<|z| <1+4e} x {1},

The following is just an intrinsic version of the classical Continuity Prin-
ciple (see, for example, [7] page 47).

Definition 1. A complex space X is said to satisfy the continuous disk prop-
erty if whenever € is a positive number and F : H. — X is a continuous func-
tion such that, for every t € [0,1), F; : Ajpe — X, Fi(z) = F(z,t), is holo-
morphic we have that F(H,,) is relatively compact in X for any 0 < € < €.
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Motivated by the above definition we introduced in [2]:

Definition 2. Suppose that X is a complex space. We say that X satisfies the
discrete disk property if whenever g, : U — X is a sequence of holomorphic
functions defined on an open neighborhood U of I for which there exists an
e > 0 and a continuous function v : S* ={z € C: |z| = 1} — X such that
Arre CU, Uzt 9n(Arge \ A) is relatively compact in X and gn g1 converges

uniformly to v we have that | J,~, gn(A) is relatively compact in X.

Note that if a complex space is ps-convex in the sense of Docquier and
Grauert [4] then it satisfies the discrete disk property. Therefore our example
will not be ps-convex either. X is called ps-convex if whenever {A,},>¢ is
a sequence of holomorphic disks such that |J,.,0A, € X we have that
U,»0 A, € X as well.

In [5] it is constructed a complex manifold which is an increasing union
of Stein open subsets, and therefore it satisfies the continuous disk property,
but it does not satisfy the discrete disk property. In particular this shows
that the discrete disk property is stronger that the continuous one.

We recall that a compact complex curve is called rational if its normal-
ization is P!.

A complex manifold is called 1-convex if it is the modification of a Stein
space at a finite set of points.

Definition 3. Let L be a connected 1-dimensional complex space and UL;
be its decomposition into irreducible components. L is called an infinite Nori
string if all L; are compact and L is not compact

The following theorem was proved in [2].

Theorem 1. Let X be a I-conver surface and p : X > X bea covering
map. If X does not contain an infinite Nori string of rational curves then X
satisfies the discrete disk property.

3 The Results

As we mentioned in the introduction, our goal is to prove the following the-
orem.

Theorem 2. There exists a 1-convexr surface whose universal covering does
not satisfy the discrete disk property.



We will describe first the basic idea of the proof of the theorem. We
start with a basic example of a 2-dimensional complex manifold X that does
not satisfy the discrete disk property and contains an infinite Nori string of
rational curves. We consider the complex manifold which is obtained from C?
after an infinite sequence of blow-ups as follows: we blow-up first € := C?
at the origin (0,0) = ag € C? and we denote this blow-up by ;. Let [; be
the proper transform of z; = 0 and let a; be the intersection between [; and
the exceptional divisor of €2;. We blow-up €2; at a; and we obtain 5. We
let I3 to be the proper transform of [; and as the intersection between Iy and
the exceptional divisor of {23 and we blow-up again. Inductively we obtain
a sequence {Q}r>o of complex manifolds and Q \ {ar} C Qi1 \ {ars1}
Let Xy be the union (i.e. the inductive limit) of Q4 \ {ax}. Notice now that
the standard biholomorphism (2, z2) — <%? 29) between C? and {(z1, 29, [£; :
&) € C? x P 216 = 296 and & # 0} induces a biholomorphism ¢ between
Xp and an open subset of Xy. We let X, k € Z, k < 0, be copies of X
and Xj — Xj_; be the inclusion given by ¢. For details see Step 1. (it is a
going back process which is possible since we consider the blow-up at a point
of C? not of P?). We define X as the union [ J;, ., Xs. It is not difficult to
see that X does not satisfy the discrete disk property: we let f, : C — C?,
n>1, fa(A) = ((3)",A) and g, : C — X, the proper transform of f,. Then
U,>1 90 (A2 \ A) is relatively compact in X and {g,(0)},>1 is discrete.

Notice that X contains a Nori string { Ly }rez of curves isomorphic to P!.
Then UkeZ L, will cover Fy U F} where Fj and F} are isomorphic to P! and
Fy N Fy has exactly two points. An appropriately chosen neighborhood U of
UkeZ Ly in X will cover a manifold V' which is a neighborhood of Fj U F}.
It is again not very hard to prove that U does not satisfy the discrete disk

property. However Fy U Fj is not exceptional because the intersection matrix

is

-2 2

!
and then we have to blow-up again at two points, one on Fy and one on
F} in order to make the intersection matrix negatively defined. Then a
small enough neighborhood of the proper transform of Fy|J F} is a 1-convex
surface. We blow-up U at the preimages of these points and then an open
neighborhood, W, of the proper transform of Upez Lk is a covering of a 1-

convex surface. )
The core of our paper is to show that W does not satisfy the discrete disk



property.

A sequence of holomorphic disks defined in the simple-minded way as
the one above will not work because their image will not stay in a small
neighborhood of the proper transform of | J, ., Li. In fact these disks have to
stay in a union of conic open subsets of Xy. To be able to define the sequence
of holomorphic disks needed we will work in local coordinates.

We move now to the proof of Theorem 2.

Step 1. We construct a 1-convex manifold W and a covering p : W — W. In
the second step we will show that W does not have the discrete disk property.

As we said, we let Qy = C?, (zl ,zéo)) the coordinate functions and
ag = (0,0). Let € be the blow—up of Qg in ag, that is Q; = {(z1 , 50)7 [Sl
) € Qo x P! 20 = 20 and ay = (0,0,[0 : 1)) € Qy. Let Qy be the

blow up of €27 in a; and let LO be the pro%)er transform of the exceptional set
of ;. The open subset of €; given by &~ # 0 is biholomorphic to C? with
(©)

the coordinate functions z§ )= E(O) and z(l) : zéo). In these coordinates a;
is given by z§ ) = 0, z(l) = 0. We continue this procedure k times and we
obtain €2;. In doing so we obtain also Ly, ... L;_1, which are complex curves
each one of them isomorphic to P!, and ag,as,...,a; the points where we
are blowing up. Note that Q; \ {a;} is an open subset of ;11 \ {a;+1}. We
set

Xo == U208\ {a;}

We call X the infinite blow-up of C? at the origin. Notice that we have
also a canonical map m : Xy — C? such that 771(0) = U~ Lr and 7 :
X0\ Upso Lr — C*\ {0} is a biholomorphism. -

As this is clearly a local construction it can carried out around any point
of a smooth complex surface once that we have chosen a system of coordinates
around this point.

We let M be the blow- up of C2 at the origin, ertten 1n coordlnates as

follows: M = {(z V.23 [ :67]) € CxPliy gy = 20 ),

Then {(z1 ),22 1),[51 ; 5; b ]) e M: et ) o+ O} is an open set of M,
(-1

biholomorphic to C? with coordinate functions zfo) = 5( y and 2, 0 .= zé_l).

For this open subset of M and this system of coordlnates we let X_;
be the infinite blow-up of M at the point (0,0,[0 : 1]). We let L_; to be



the (proper transform of) the exceptional set of M. Notice then that X is
an open subset of X_; and that X_; is biholomorphic to X,. Similarly we
construct X and Ly, for k£ < —2. We have that X}, is an open subset of X}_;
(in fact Xy is the complement of a line in Xj;_1). We put X = J, 2, X and
L =J;2 . Ly Notice that if |j — k| > 2 then L; N Ly = 0.

Next we want to define a fundamental system of open neighborhoods of
L;, for each k € Z. To do that we notice that, by construction, L; is obtained
as follows: we have C? with coordinate functions (zik), zék)) we blow it up
at the origin and then we blow it up again at the point (0,0,[0 : 1]). The
manifold thus obtained is denoted by C2. Then Ly is the proper transform
of the exceptional set of the first blow-up That is we have that C? is given
in C2 x P! x P! with coordinates (2", 20" [¢®) . ¢] [¢FHD) . ¢[FFD]) by

k) ~(k k) ~(k k) ~(k+1 k+1) (k) (k
A6 = 406", Vg = e

In C2 , Ly is given by the equations z%k) =0, f(kﬂ =0.

For r € (0, 1] we define U = {|€FV] < r|¢® D) 12W) < ) and we
notice that {Ur }T>0 is indeed a fundamental system of open neighborhoods
of L. Obviously Uy U and UM are biholomorphic for every j and k.

We want to show that if |j — k| > 2 then U9 N = 0. It is clear
from our construction that without loss of generality we can assume that

= 0 and £ > 2. As U(j) N U(k) is an open set, it suffices to show that
(k)
U2\ L) (UF\ L) = 0. We recall that we have defined """ = é—m and
zékH) = zék) Hence, outside L and for k£ > 0, we have that [zlkH) : z§k+1)] =
€ ") 52 z ] (2 (k). zgk)zé )] Inductively we get [z (kL) ékﬂ)] [z(o) ;
(zé ))’”2]. The 1nequahty |z1 | < r is equivalent to |§1k b ] < |§ (k- 1)| As

[g{ 52 ] = [z § 2 ] for every j € Z and every point in X \ L it follows
that

0 0 0 0 0 0
BN\ L= {2, 2") e C?: |02 < |2V, 120 < r2017) (1)

We have that U” \ L= {(21 ,22 ) e C?: |z§0)|2 < T|Z§O)|, |z§0)| < r}.
In particular every point of U.” \ L satisfies |z§0)|2 < r|z§0)| < 1%, hence
|z§0)| < r. Then a point in the intersection (UT(O) \L)N (U;k) \ L) would
satisfy |22 < r[2{9) < 72|29 As k> 2 we get 1 < r2[24” =2 < vk and
this contradicts our choice of r < 1.



It is clear that the mapping.(zik),zék)a [ék) : gék)]a [ékﬂ) : fékﬂ)]) -
(29)725 7[ 52 ] [£§]+1) : §j+1)}) induces a biholomorphism of ¢ ; :
Urk) N U,. . Moreover b ot 2 (B A D = Dot L3 (9 (R4

LetU = U, U l(k). We have then a biholomorphism ¢ : 4 — U defined by
Qe = Qi je+2 which induces an action of Z on U. If we set Y := U /Z and we
let p: U — Y be the canonical projection then p is a covering map. Namely
if we set U© = p(U”) = p(UP) for every k € Z then p~U©) = UkeZ Ui,
and Ul(zk) . k € 7, are pairwise disjoint and biholomorphic via p to U®. The
same thing for UM = p(UY) = p(UPFY).

Let Fy := p(Lo) and Fy := p(Ly). Then Fy and F; are both biholomorphic
to P! and, moreover, we have Fj - Fg = —2, F1 F1 = —2, Fy-Fy = 2. Let
ar € Lj be the point given by (zl ,zék , [ 52 ] [55’”” : fgkﬂ)]) =
(0,0,[1:1],[1:0]) and By, 81 € Y the points 60 plaa), B = plagrr1). We
let 7: Y — Y to be the blow up of Y at 3, and (; and we denote by Fo and
F, | respectively the proper transforms of Fy and Fy. Note that Fy-Fy= -3,
F F1 -3, FO F1 = 2. As the intersection matrix

-3 2

2 -3
is negative definite, it follows, see [6], that F:=F,UF is exceptional. We
consider the following diagram:

U —="-u
)
y 15V

We let p : U — Y be the pull-back of p. Clearly p is a covering map and
7 :U — U is obtained by blowing-up U at every ay, k € Z. We choose now
W a 1-convex neighborhood of F' and we put W := p=}(W), L := p~'(F). If
Lk is the proper transform of Lj in U then L = U Lk We will show that W
does not have the discrete disk property. In our construction of the sequence
of holomorphic discs we want to make sure that their image stays in 1. To
do that we need a “concrete” open neighborhood of L in W. To obtain it we
consider {W; p)} a fundamental system of neighborhoods for Ly, each one of

them being actually the prelmage Vla 7 of a cone centered at ay. Moreover
qx,; induces a biholomorphism W p — ero) The construction is as follows.
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We have the following description of the blow-up of Ul(k) in ag: it is the
set ﬁl(k) of all

(z%k), zé ), [ék) : ék)], [ékﬂ) : fékﬂ)] [wy : ws]) € C? x P! x P! x P!

such that

k) (K k) ~(k k) ~(k+1 (k (k (k k k
2Vel) = e ePelHD = VPP wp2Pe® = wi (e - &)
and

120 < 1, 160D < et

The proper transform of Lj is given by zik) = 0, ék“) =0, w =0 A
fundamental system of neighborhoods for L is given by

T k k+1 k+1 ~(k
W = (|27 < r, 685V < e, Jwn| < plws|} € O

There exist then p > 0 and 7 > 0 such that W = Urez WT(,’Z) cw.
If we denote by W/ C U the set

k k+1 k+1 k) ~(k k k
LR, 289,16 - 690, (6 - 8549) e UM+ 12PelP] < pled? — &1}

kEZ

we have that W\ L D W#\ L D W*\ L. We notice at the same time that
keeping p € (0,1) fixed and choosing a small enough r > 0 we have that
W AWED = g A UFY for every k € Z. We fix such an r € (0,1) that
satisfies also 7 < £(1 — ).

Step 2. We construct a sequence of holomorphic discs that proves that W
does not have the discrete disk property.

We fix n € N. To define our nth holomorphlc disk, g,, we will start with
two polynomial functions f; = f1 and fy = f2 and ¢, will be the proper
transform of (f1, fo) : C — Qg restricted to a neighborhood of Ay (we recall
that Qg was defined as C? with coordinate functions (zg)), zéo))). This proper
transform is considered after all the blow-ups we made, i.e. first at the points

{a;};ez and then {o;} ez

Lemma 1. Let 2™ = Z .= {A € C: fi(\) = fo(\) = 0}. Suppose that f,
and fy satisfy the following properties:
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o) (F1, K)B2\ 2) € Uiz U\ L,

b) for every k € {0,1,...,n— 1} if A € Ay \ Z satisfies
[F1(N] < r[fa(M)[F and
22 <[ fi(V)]

then it satisfies | fi(A)[* < pl 20" = (AN - [fo(V)[*.

Then gn(Ay) C W.

Proof. Obviously ¢,(2) C f/; It suffices then to show that g,(A; \ Z) C
WP\ L. We have seen that W \ L D WF \ L. Hence it is enough to prove
that ¢,(A2 \ Z2) C WP\ L.
By hypothesis we have that g,(85\ Z) = (f1, f2)(8s\ Z) € Urss UM\ L.
Hence it suffices to show, for k € {0,1,...,n — 1} and A € Ay \ Z that if
9.\ = (57, 247, 67 &7 (6" - €M) € U then

12| < plel? — M) (2)

Because [zik) : zék)] = | ) ék)], outside L this inequality is equivalent to
(k)’

| zy‘)\? < pl zék) — 2,’|. At the same time zék) = zéo) and we have seen that

[z§’“> : zék)] = [29)) ; (zéo))kﬂ]. We deduce that (2) is equivalent to
0 0 0 0
7 < pl(”) = 2] 127

_ Using the description (1) of U we have then to show that if A €
Ay \ Z satisfies | fi(N\)] < r|f2(N)|F and |fo(A)[FT2 < 7|fi(\)] then it satisfies

LIV < pl 2N = V] - [f2(V)]E
But this is exactly condition b) in our hypothesis. O

Remark: Let us say a few words about the the construction of f; and fs.
Notice that if by h,, we denote the proper transform of (fi, f2) after the blow-
ups at {a;}jez then in order to keep the image of g, inside W the image of
h, must contain «;, 0 < 7 < n and hence to intersect each L; for 0 < j <mn.
This suggests the form of f; and f; bellow. At the same time we will be using
Lemma 1. To prove the inequality | f1(A)]? < p|f2(A)* = f1(N)] - [ fo(N)[F we
have to make sure that the function on right does not have more zeros than
the one on the left, counting multiplicities. These leads us to a problem of
divisibility (see Lemma 3).



The construction of f; and fy: Let cy,...,c,_1 be integers defined
recursively by ¢; = 1 and, for k > 2, ¢, = 2k—14+(k—1)c;+(k—2)co+- - - c—1.
We also consider dy,...,d,_ 1 positive integers defined by d,,_; = 1 and, for
k S TL—2, dk = dk+1+2dk+2+'--(n—k‘—1)dn_1—|—n—k. Let N =
2n(dy+do+ -+ dy 1+ 1).

We define f; and f5 as

fi(A) = 5P1()\)P22(>‘) T Pn:f()\) A

n

fo(A) = 2PN Py(N) - Py (N) - A

where:
e ¢ is a positive real number that satisfies ¢ < (§)" =57,
e P,..., P, 1 are polynomials defined recursively by

P, 1(A) =& — X and,

Py(\) =% — Poa(A) - P2y(A) -+ PRFY(A) - AnF for k < n — 2.
Remarks: 1) P;(0) # 0 and P; and P, have no common zero for j # k.
Therefore Z ={A € C: fi(A\) =0} ={ e C: fo(A\) =0} ={0ju{reC:
3k such that Py(\) = 0}.

2) Each P is a monic polynomial of degree dj,.

There are four conditions that we want the sequence {gn} to satisfy:
1) g.(A3) € W. We will prove in fact that gn(D2) C we.
IT) U,>1 9n(A2 \ A) is relatively compact in W
I11) gn‘_sl is uniformly convergent

IV) Uzt gn(A) is not relatively compact in WW.

e Because P;(0) # 0, the definition of f; and f» implies that the origin 0 € C
is a zero of order 1 for fy and a zero of order n for f;. This implies that
9n(0) € L,,—1 and this shows that {g,(0)},>1 is not relatively compact in X.
Hence {g,} satisfies property IV).

e We will prove next that {g,} satisfies properties IT) and III).

Let K, = {(21,22,[&1 : &) € Q1 1 || < n, | 29| < n, &) < 4 ]5‘1]}. Note that
K, is a compact subset of X, K,, D K, 1, and N,>1 K, = {(0,0,[1 : 0])}.
Hence for n large enough K, C W Therefore if we show that g,({\ € C :
1 <|Al €2}) € K, then we will prove both I) and II).
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Lemma 2. For k€ {1,...,n— 1}, if Py(\) = 0 then |\ < 5.

Proof. We will prove our assertion by backward induction on k. For k =n—1
the statement is obvious. We assume that we have proved our assertion for
Jj = k41 and we prove it for k. For j > k + 1, as P; are monic polynomials
and all they zeros are inside the disk {{A € C: [A\| < 55} C {d e C: |)| <
s7}, we have that, for every A € C with [\ = 5, |[P;())] > (5)%*D
(see for example the proof of the next Corollary). It follows that |Pgyq1(\) -
PZ(A) - Prf Y (A) - AR > ok > e > e for [A| = g¢. Rouché’s theorem
(see e.g. [10] page 106) implies that Py(\) and Pyyq(A)- P2 ,(A) - - PPZFH(N)-
A"k have the same number of zeros inside the disk {\ € C: [\| < 5¢}. As
the two polynomials have the same degree and all the zeros of the second one
are in this disk, it follows that all the zeros of P, are in there as well. n

Corollary 1. If A € C, |\| < 2 then |Py(\)] < 3%.
If 1 <A < 2 then (5)% < |Pe(N)] < 3%.

Proof. Because P, is a monic polynomial of degree d;, we have that it is of
the form Py(\) = (A — )\gk)) (A= )\gz)) where )\g-k) are its roots (counted
with multiplicity). Lemma 2 implies that |>\§-k)| <% <3
|A| <2 we have that ])\g.k) — Al <2+ % < 3 and for 1 < |A| < 2 we have that

k
%<|A§.)—>\|<3.

and therefore for

]

Given our choice of € and Corollary 1, a simple computation shows:

Corollary 2. If A € C satisfies |\| < 2 then we have:
a) [N < or < o,
b) |f2(N)] < 5r* < 4,
and if 1 < |\| < 2, then:
o) |£200] < LAV
d) [N > [fa(W)I* for every k> 1.

As f and fy have no zero inside {\ € C: 1 < |A| < 2} this last Corollary
implies that g,({A € C: 1 < |\ <2}) C K,,.

e We move now to the proof of property I).

We will use Lemma 1. Therefore we have to check the two hypothesis, a)
and b). We will start with a).
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We we will show first that (f1, f2)(As \ Z) C Uk>0 M\Lcu\L.
We prove that

U UMN\LD {(zf)), zéo)) cC*:0< |z§0)| <, \z§0)| <’}

k>0
This inclusion together with the first two inequalities of Corollary 2 implies
that indeed (f1, f2)(As \ Z) € U\ L. Let (2”,2") € C? be such that
0< 29 <r and 120 < 72, If 289 = 0 then obviously (2%, 2”) € UL\ L.
Suppose that ,22 7é 0. We have seen that

0 0 0
BN L={(z\7,20) € C?: |27] < |2V, 125712 < |20,

|Z2 |+

Hence we have to show that there exists k& > 0 such that < |z§0)| <

rlz) 1 (

notice that w < r|z ]k because |,22 | < r? and we assumed that
(0)
r<1). Welet I, := (12 |k+2 A7) C R As Sl e ‘HQ < 7|20+ it follows
(0)k+2

that I, N I # 0. At the same time [y = (%,r) and lim_ o w =0
This implies that J;~, [x = (0,7) and therefore 129 e Urso Ik

We prove now that (f1, f2)(As \ 2) € Up—, U \ L. To prove this it is
enough to show that for k& > n one has |fi(\)] > 7|fa(\)|* (and therefore
(f1, f2)(\) ¢ UM for k > n). However from Corollary 2, d) we have that
AN > [faO)[F > 7| fa(N)[Ffor T < [N < 2. As fjfl((’\)?; is a holomorphic func-
tion for k& > n, the maximum modulus principle implies that the inequality
is valid on A,.

We will verify that the hypothesis b) of Lemma 1 is satisfied. Let k €
{0,1...,n — 1} and let A € Ay \ Z such that |fi(\)| < 7|fa(A)|F and
|2V < r[fi(N)]. We must show that |f1(N)]? < p|lfa(A)* — fi(N)] -
| f2(N)]*. We will distinguish two cases: k > 1 and k = 0.

For k > 1 we let Ay = {\ € Ay : |fi(N)] < r|f2(N)]¥} which is an open
subset of C. We will prove something stronger. Namely we will prove that
AP < AN — A [0 on X € 4.

To prove this inequality we will show that the quotient f;(\)?/(fa(\)
f1(A) f2(N)F is a holomorphic function on a neighborhood of Ay, we will check
the inequality on 0A; and we will apply the maximum modulus theorem.

Notice that due to Corollary 2 we have that Ay is relatively compact in
A, and therefore on dA;, we have that |fi(\)| = r|fa(A)[*F. (It is not true,
however, that 04, = {\ € C: |fi(\)| = r|f2(N)[F}.)

k+1_
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If ] < k—1and P(u) = 0, then 4 ¢ Aj. Indeed, as the polyno-
mials P; have no common zero, given the definition of f; and fs, the or-
der of vanishing of fF at u is greater than the order of vanishing of f;.
Therefor there exists a neighborhood U of p such that on U \ {u} we have
|f1(N)] > 7| f2(N)]*. We deduce that P% is holomorphic on a neighborhood of

A, and hence we do not have to worry about the zeros of Py, P, ..., Ps_y
when proving that f1(A)2/(fo(A\) T — f1(N\))f2(A)* is holomorphic. Using
the definition of f; and f; we see that we have to deal with the roots of
S PR - PR+ PA) — Prya(A) - PEg(N) -+ PAoE2(A) - Anh-L
For € small enough this polynomial has exactly di,; roots (counting multi-
plicity) inside A,. The purpose of the Lemma 3 is to show that they are
precisely the roots of P;,q. Then in Lemma 4 we will prove the inequality

AP < S1LM) = AN - [

Lemma 3. Py, () is a divisor of e2t1- PE(\)- PYH(\) - -+ Pua(A) — Prya () -
Fiy(N) - PR () - i,

Proof. For k = 0 we have to show that P;(\) is a divisor of e—P()) - - - PP~ 2(\)-
A"~ However, by definition ¢; = 1 and hence Py (\) = e—Pa(\) - - pg_—f()\),
A"~! and therefore there is nothing to prove. Suppose that k& > 1. Notice that
for j < k we have P; = ¢% (mod Py1). It follows that e2*1. pF. py=t... P —
Pk+2.p]3+3 - Pnn:Ik*Q_)\n—k—l = g2k+1 (kt+D)er . | gok _Pk+2‘P192+3 o nglk,g.
/\n—lf—1 (mod Pk+1). However 2k + 1 + kCl + (k‘ — 1)@2 + .. “Cp = Cpa1
and therefore 2! . Pk . pF=1...p — P, - P13+3"'P§__1k_2 kel =
g+ — Py - P’3+3 e Pg_—lk—Q k=1 = (mod Pk+1)- 0

Lemma 4. [fi(V[2 < 20 — i\ - [(N[* for every A € Ay and
every k with 1 <k <n—1.

Proof. We claim that on a neighborhood of A; the meromorphic function
fi(N)
(S = HO)) - FEO

is actually holomorphic. We consider first the case £ < n — 2 and we notice
that

ST = i) = ePy(N)-PEA) -+ PEFLN) - PELF(A) - -+ PEEL(X) - ML (2841
PEA) - Py7YA) - Py(A) — Poga(A) - PEg(A) - Pomf2(A) - Ak,
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We have seen that all zeros of Pyio - P2, Pr2F™% - A"7F=1 are inside
the disk {A € C: |\ < 3} C A,. At the same time from the definition
of € and Corollary 1 it follows that on {A € C : 1 < || < 2} we have
|e2k+L. PPyl Pyl < |Peja - PRy P22 A1 Rouché’s theorem
implies that e2+1. PF. Pyt Py— Pyyo- P2 o+ -+ Pro 72 A"~ 1 has exactly

n—1
dgro+2dgys+-- -+ (n—k—1)d,—1 +n—k—1= dgyq zeros inside Ay. Then
Lemma 3 implies that e2**+1. PF. PF=1. .. Py—Pyyo- P2 g PRl \nokel =

P 1Q where @ is a polynomial which is nonvanishing on a neighborhood of
A,. We have seen that on a neighborhood of Ay we have that Py P§ - - - P,f:ll
is nonvanishing. Hence we it remains to show that

QY

k. pktl  phktl k1 \ktl k. pk k k
pPF-PEL PR PN P PELPE PR

is holomorphic and this follows from the definition of f.
For k = n — 1 Rouché’s theorem implies as above that fI' — f1 = f1 - @
where Q; = ¢ 'P'. Py~2... P,_, — 1 is nonvanishing on a neighborhood

of A,. It remains to notice that f,{ll is holomorphic on a neighborhood of
_ 2

A,_1 and our claim is proved.

The maximum modulus principle implies that it is enough to check our
inequality on OAg, hence we may assume that |f1(A\)] = 7|fo(N)[F. Then it
suffices to show that 72| fa(A)[** < &(r[f2 ()| — [f2(N)]FFY) - | f2(N)[F. There-
fore it is enough to show that 7* < £(r — | f2(A)]). We have seen in Corollary
1 that | f2(X)| < r?. This means that it is enough to show that r* < £(r —r?)
and this follows from our choice of r. O

This Lemma takes care of the case 1 < £k < n—1. It remains to deal with
k = 0. That means that we have to show that for every A € A, \ Z that
satisfies [ f1(A)] < rand [f2(A)]* < 7| fi(N)| we have [ f1(A)]* < p| fo(A)—f1(N)].
This follows from the next Lemma.

Lemma 5. For every A € Ay we have | fi(A)]* < §|f2(A) — fi(N)]

Proof. Exactly as in the proof of Lemma 4 we get that fQ(f I s holomor-

A)—f1(N)
phic on a neighborhood of A,. Hence we have to check the inequality only
on 0A,. That is, it suffices to show that |f1]* + £|f2| < £|f1] on dA,. This
follows from Corollary 1 (note that the two terms appearing on the left-hand
side of the inequality contain % and the one on right contains ¢). O
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Step 3. We show that the universal covering of W (hence of W) does not
satisfy the discrete disk property.

We will show first that W" is sunply connected. As each W% . 1s simply
connected, it suffices to show that WW ﬂer}H = UM NUF™ is connected
for every k € Z. Note that for points in UP 0 UF™ we have that £§k) # 0,

¢®D 0, ¢ £ 0. Hence UM N UF™) c €2 where the coordinate

(k) £+
functions on C? are x : i(— and y = (k +17- In this coordinates we have the
2
(k+2)
following: Zé ) = zékﬂ) = 2y, zyf) = 1%y, z§k+1) =z, Efk—m = xy?. Therefore
1

UPATED = {(a,y) € C: Jy| <7, [o%y] < 13 () € C2: Jay?] < 1 Ja] < 1.

If |z| < r and |y| < r then |2%y| < r® < r and |zy?| < r® < r because we
have assumed that r < 1. it follows that

U AU = {(z,9) € C?: |y| < r, |z| <7}

In particular U n U,Skil) is connected (even contractible). )
We proved that g,(Az) C WP. It follows that the universal cover of W
(which contains W) does not satisfy the discrete disk property.
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