[-correlated processes. Some geometrical considerations.
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Abstract

Some geometrical aspects of the I'-correlated processes are analyzed, starting from the
properties of a I'-orthogonal projection, which is not a proper one. Geometrical results
are generalized to ['-correlated case, especially the problem of the angle between the past
and the future of some I'-correlated processes. In the periodically I'-correlated case it is
proved that the positivity of the angle is preserved by its stationary dilation process. The
generalized Friedrichs angle and other geometrical concepts are used in analysing some
properties of periodically I'-correlated processes.
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1 Preliminaries

A T-correlated processes is a sequence (f;)iee in a right L(€)-module H endowed with a cor-
relation of the action of L(&). Here G is Z, R, or more generally a locally compact abelian
group, and by L(€) is denoted the C*-algebra of all linear bounded operators on a separable
Hilbert space €.

By an action of L(€) on H we mean the map L(€) x H into H given by Ah := hA in the
sense of the right £(&)-module H. We are writting Ah instead of hA to respect the classical
notations from the scalar case. A correlation of the action of L(€) on H is a map I" from H x H
into £L(€) having the properties:

(i) T[h,h] > 0, T[h,h] =0 implies h = 0;

(i) Tlg, h] = T[h, g]"

(iii) [k, Ag] = T'[h, g] A.

In various calculations we will use the formula

DS Ak Y Bigs| = > AiTlhi, g8,
i J %,

obtained by (ii) and (iii) for finite sums of actions of L(&) on .

A triplet {€,H, '} defined as above was called [17] a correlated action of L(E) on H.

By the fact that generally in H we have no topology, the prediction subsets, such as past
and present, future, etc., can not be seen as closed subspaces, therefore the powerful tool of the
orthogonal projection can not be directly used.
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An example of correlated action can be constructed as follows. Take as the right L(&)-
module H = L(&,K) — the space of the linear bounded operators from € into X, where €
and X are Hilbert spaces. An action of L(€) on L(&,K) is given if we consider AV := VA
for each A € L(€) and V € L(E,K). It is easy to see that I'[V}, V3] = V{*V4 is a correlation
of the action of L(&) on L(&,K), and the triplet {€,L(E,K), '} is a correlated action (the
operatorial model). It was proved [17] that any abstract correlated action {&,H, '} can be
embedded into the operatorial model. Namely, there exists an algebraic embedding h — V}, of
H into L(&,XK), where X is obtained as the Aronsjain reproducing kernel Hilbert space given
by a positive definite kernel obtained from the correlation I'. The generators of K are elements
of the form 7,5 : € X H — C, where vy(q,n)(b,g9) = (I'lg, h]a, b) . and the embedding h — V}, is
given by Vya = v(ap).

Due to such an embedding of any correlated action {€,H,I'} into the operatorial model,
prediction problems can be formulated and solved using operator techniques. In the particular
case when the embedding h — V}, is onto, the correlated action {&,H T} is caled a complete
correlated action. In this paper most of properties are analysed in the complete correlated case.

2 Some geometrical aspects

A first geometrical aspect is the existence of a I'-orthogonal projection "on” a right L(&)-
submodule H; of K.

PROPOSITION 2.1. Let H; be a submodule in the right L(E)-module H and
(2.1) K=\ Vecx.
zeH;

For each h € H there exists a unique element hy € H such that for each a € € we have
(2.2) Via€ X,  and  Vj_pa€ Xy,
Moreover, we have

(2.3) [[h—hy,h—hy] = inf T[h—z,h— 2],

zeH;
where the infimum is taken in the set of all positive operators from L(E).

A complete proof can be found in [17]. This result assure that if we put
(2.4) Paqh = ha,

then we can interpret the endomorphism Pq, of H as a I'-orthogonal projection ”on” I, since
we have P, = Py, and [Py h, g] = T[h, P g].

Also as a geometrical aspect, let us remark that the unique element h; obtained by the
[-orthogonal projection of h € H can belongs not necessary to Hj, but, due to (2.3) it is close
enough to be considered as the best estimation.

The previous result can be generalized to an ”orthogonal projection” from H7 - the cartesian
product of T copies of H on a submodule M of H”, as follows. Firstly, the embedding of H”
into £(&,K") is defined by

(2.5) Wxa = (Vya,...,Veoa)
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for a € & and X = (z1,...,27) € HT, and then the extended ”orthogonal projection” Py X it

follows with respect to an appropriate correlation [20], considering XT = \/ Wx¢& in X7.
XeM
The action of £(&) on H” is given by acting on the components, which is a particular case

of the matrix action of £(&€)T*T on HT in the sense of the right multiplication.

A T'-correlated process (f;) C H is stationary if I'[fs, f;] depends only on ¢t — s and not by s
and t separately. For a I'-correlated process (not necessary stationary) the past-present at the
moment t = n is the right L(&€)-submodule

(2.6) }Q:{E}%ﬁhﬂeLﬁxkgn}
k
and the future is

(2.7) ﬁiz{z}%ﬁpﬁeﬁ@%k>n}

By the embedding h — V}, of H into L(&,XK), the corresponding past and future will be the
closed subspaces of K given by

(2.8) K=\ Ve
Jj<n
and
(2.9) x!=\/ vpe.
i>n
Similarly, various processes can be considered in the right £(&)-module, or £(&)T*T-module

HT, and appropriate past and future constructed. Also, various correlations can be done.
Between these, especially for the study of periodically correlated processes, the following cor-
relations are of interest. For X = (z1,...,2z7) and Y = (y1,...,yr) from H”?, taking into
account the right action of L(€&), respectively of L(&)T*T on HT, it is simply to see that
Dy HY x HT — L(€) and Ty : HT x HT — L(&)T*T defined, respectively, by

(2.10) Ty[X, Y] =) Tlay, vl

and the matriceal one

(2.11) Ir[X, Y] = (F[xi,ij

i,j€{1,2,....T}

are correlations on H7.
Remember that a process (f;) is periodically I'-correlated if there exists a positive T' such

that F[f5+T, ft+T] = F[f57 ft]

For a I'-correlated process (f;), if we take sequences of consecutive T' terms

(212) Xy = (fnafn+1a~~-7fn+T—1)7



then (X,,) is a stationary T'y-correlated process in H”. Also, taking consecutive blocks of length
T

(2.13) Xy = (fars fars1, -+ s farsr—1),

then (X1 is a stationary I'p-correlated process in H7.
From prediction point of view and the study of periodically I'-correlated processes, the
following result [20] was proved.

PROPOSITION 2.2. Let (fn)nez be a T-correlated process in H, T > 2, (X,,) and (XT) defined
by (2.12) and (2.13). The following are equivalent:

(i) {fn} is periodically T'-correlated in H, with the period T';

(1i) {X,,} is stationary T'y-correlated in HT;

(1ii) { XTI} is stationary Tp-correlated in HT.

Between other strong geometrical aspects, such as the Wold decomposition of a I'-correlated
process, the dilation of a nonstationary process to a stationary one is very useful for prediction
resons. A nonstatioary I'-correlated process (f;) in H has a stationary dilation if there exists
a larger right module H and a stationary process (g;) in H such that f; = PHg;. It is easy to
see that each periodically I'-correlated process (f;) C H has a stationary I';-correlated dilation
(X,) C HT.

The geometrical property of a process to have a stationary dilation permits us to use some
stationary techniques in the study of some nonstationary processes. This is the case at least
for the processes very close to the stationary processes, such as periodically, harmonizable, or
uniformly bounded linearly stationary processes.

A nice geometrical aspect is the fact that in the discrete case (G = Z) each periodically
['-correlated process with the period T is I'-harmonizable and its spectral distribution is an
L(€)-valued semispectral measure supported on 27'—1 equidistant stright line segments parallel
to the diagonal of the square [0, 27| x [0, 27]. Unfortunately this nice property is not generally
valid in the continuous case. The stationarity is characterized by the fact that the support is
reduced to the diagonal.

3 The angle between past and future

One of the prediction problem is the study of the angle between the past and the future of a
process. Starting with the study of Helson and Szegé [9], the results was generalized in various
contexts, helping in the characterization of stationary and some nonstationary processes. Here
a generalization in the stationary I'-correlated case is obtained, and some results for periodically
case are analysed.

Actually the notions of the angles between two subspaces of a Hilbert space arise in [6]
and [5], starting from the general definition of the scalar product of two vectors into the form
(h,g) = ||h]| ||g|| - cos a. The angle (sometimes called the Dixmier angle) between two subspaces
M and N from a Hilbert space X is given by its cosinus

(3.1) p(M,N) :=sup { [(h, g)| ; h € M N Bx,g € NN Bx}.

where By is the unit ball of X.



In the context of a complete correlated action {€, H, '} the cosinus between the submodules
M and N of the right L(€)-module H is given by

p(M,N) = sup { [('lg, hla,b)|; [T [k, hla]| < 1,|[T]g, glbl| < 1},

where h € M, g € N, a,b € €&.
We say that M and N have a positive angle, if p(IM,N) < 1, or equivalently, if there exists
p < 1 such that for any h € M,g € N, a,b e &

(3.2) [(Tlg, hla, byl < p||[Vhall [[Vob]l -

In the study of prediction problems we are interested in the case when the angle between
past and future is positive, i.e., when p(n) = p(H/, H/) < 1.

As a remark, if (f,) is a stationary I'-correlated process in H, then the angle between the
past and future is constant, i.e. does not depends on the choosing of the present time ¢ = n.
Indeed, for a,b € € we have B

p(n) = sup { [{Tlg, hla,b)|; h € 3}, g € I} } =

= sup{ <F[Z Apfr, > Apfla, b>

k<n p>n

L Aj e L)} =

=sup{ > > <A;F[fp,fk]Aka,b>| =

k<np>n

= sup{ > > <A;F[fp+m;fk+m]f4kayb>

k<n p>n
for any m € Z.
Generalizing to stationary I'-correlated case a result of [9] we have

} = p(n+m)

PROPOSITION 3.1. Let (f,) be a stationary I'-correlated process in H. The angle between past
and future of (f,) is positive if and only if there exists a finite constant C' which depends only
by (fn) such that for each element of the form >V}, a, from the time domain XL and for each
—00 < n; < nyg < oo we have

n2
> Via

k=nq

(3.3)

S C7H§£:ngak

where in the second term the sum has finitely many non-zero elements.

Y

Proof. 1t is known [9] that for two subspaces M and N from a Hilbert space we have p(M,N) < 1
if and only if there exists a finite constant C' such that ||z|| < C' ||z 4 y|| for 2 and y generators
in M and N, respectively. Therefore for any sum of the form )V} a, from the time domain

K/, taking into account that p(H/, H!) < 1, we have

> Vi D Viar+ Y Viay

k<n k<n k>n

<C

Y

=C HZ Vi, a

where )V}, a; has finitely many non-zero elements. Since (f,) is stationary I'-correlated, for
any m € Z we have

ji:‘@%ak

k<m

2
_ <Z V. a, Z prap> = Z <V}Z;kaak,ap>8 —

e k<m p<m k,p<m




= > (Ol lawag) = Y (Clfomtmen)s fimim-mlar, ap) =

k,p<m k,p<m
2
= X U o) = [ V| = [ Via],
i,j<n k<n
Therefore
‘ Z kaak Z kaak — Z kaak
k=nq k<nso k<ni
<3 vaa|| + | X vaar|| < 20> Vi
k§n2 kgnl
and (3.3) is proved. O

Also the property of representing the elements from the time domain as a series (Schauder
basis [13]) can be obtained for I-correlated processes.

PROPOSITION 3.2. The angle between past and future of a stationary I'-correlated process (f,) is
positive if and only if each element k from the time domain X/ admits a unique representation

of the form k= > k, with k, € V},E.

Proof. Using the previous Proposition, if we take P, (> Vy,ax) = V}, a,, then (f,,) is of positive
n2
angle if and only if P, is a linear operator on X/, for each n € Z, and > B; are uniformly

ni
bounded operators and

no o) o)
S O LS ot

To prove the unicity, if &k = ) k], with &/, € V}, €, then by the fact that for i # n we have
P,k =0, and it follows that for n € Z

=P,() k) =Pk=P,(> k)=

o0
Conversely, if each k € X/ admits a unique representation of the form k& = Y k, with

—00

k. € V},&, then the operators T, : chjo — V4, € defined by T,k = k,, are well-defined, bounded

n=~k
it follows that the angle between past and future of (f,,) is positive. O

p
and the family of elements of the form H ST, nH is uniformly bounded, and by Proposition 3.1

We have seen that a periodically I'-correlated process (f,)nez from H has a stationary I'-
correlated dilation (X,,) in H”. In [20] an explicit stationary dilation is constructed which help
in obtaining the Wiener filter for prediction and the prediction-error operator function for a
periodically I'-correlated process, in terms of the operator coefficients of its attached maximal
function. Here we prove the following result concerning the angle of the stationary dilation of
a periodically I'-correlated process.



PROPOSITION 3.3. If (f,,) from H is a periodically T'-correlated process with a positive angle
between its past and future, then the angle between the past and the future of its stationary
['1-correlated dilation (X,,) from HT it is also positive.

Proof. Analogously as in (2.6) and (2.7), in H” the past HX and the future HX for a process
(X,) € HT is constructed as linear combinations of finite actions of L(&) on (X,) C HT. If
(fn) from H is a periodically T'-correlated process having a positive angle between its past and
future, then at each time ¢t = n there exists p(n) < 1 such that

[(Tlg, hla, b)e| < p(n) [[Vaall V40|

for each h € HS and ¢ € H/. For each element X = 3 A;X, from the past HX and

k<n

Y = > B,X, from the future ﬁff of the process (X,,) given by X, = (fon, fat1, -+, fasr-1)s

p>n
and for any a,b € & we have

(TL[X, Y]a, bl <r1[ZB

p>n

= Z Z <F1[Bp

p>n k<n

p>n k<n =0

p>n k<n =0

_ 222<F[Bpfp+i,Akfk+i]a>b>8 =
_ ZZi<B;F[fp+iafk+i]Aka’b>8 -

b Y Ao b> =

k<n

Xp, Aka]a, b>8 =

TZ_§< [Z fp+iaZAkfk+i]a,b>8 <

p>n k<n
T—
Z Z Ak frria Z B, fprib|] <
1=0 k<n p>n
T—1
n) Z Z Ak frria Z By fp+ib|| <
=0 [|k<n p>n
_ 2 1y T 2 1/
n)(Z ZAkkaria ) (Z ZBpprrib ) =
=0 [|k<n 1=0 ||p>n
=p Z AkWXka Z BpWXpb =p ”WXa” ||Wyb|| )
k<n p>n

where p(n) is the maximum of p;(n); i =0,1,...
= p for stationary T';-correlated proces (X,,).

of HT into L(&,KT) and the fact that p(n)

7T_

1, and we used the embedding X — W

Therefore |(T1[X,Y]a,b)e| < p||[Wxal |Wyb| for each X € HX, Y € HY, and the angle
between the past and the future of the stationary I'y-correlated dilation (X,,) is positive. [
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A measure of the positive angle between the past and future is given by the operator
B € L(X) defined by [7]

(3.4) B =P PP,

where P~ is the projection on the past and P is the projection on the future of a given process.
More or less explicitly, in various situations this operator was used [11, 8, 2, 16, 19, 15, 4].

Another angle between two subspaces M; and M, of a Hilbert space X is the Friedrichs
angle [6] defined to be the angle in [0, 7/2] whose cosine is given by

(35) C(Ml, MQ) = sup{|</€1, k2>| ; k’z c Mz N ]\4L N Bg{, },

where M = M; N My and By is the unit ball of XK.

By (3.1) and (3.5) it follows that ¢(M7, M) < p(M;, Ms). Obviously we have ¢(M;, My) =
p(MyN ML, Myn M), and of course c(My, My) = ¢(Mi-, M3-). Various properties of the angles
between subspaces in a Hilbert space can be found in [4]. Here some properties of the Friedrichs
angle and the generalized Friedrichs angle [3] are used in the case of processes in a complete
correlated action {&, H, I'}.

If we take (X,,) C H” the stationary I'j-correlated dilation of a periodically I'-correlated
process (f,) C H, then the Friedrichs angle between the past and the future of (X,,) is given
by

oKX, KX) =sup{|(X, V)| X e KXNnM*NB,,Y € KXnM*+n B},

where M = KX N KX, By is the unit ball in X7, and KX and KX are the images of the past,
respectively of the future from X7 by the embedding X — Wy of H” into L(&, KT)

(3.6) KX =\/Wwxe&  KY¥=\/Wxe

k<n i>n

Even the angle between the past and the future of the stationary process (X,) Cc H” is
constant, the angles between various pasts of the components of X,, = (fy,, fut1,-- -, fasr—_1) are
variable and can be characterized by the generalized Friedrichs angle between several subspaces
[3]. To do this, let us first remember the following characterization of the Friedrichs angle for
two subspaces [3].

PROPOSITION 3.4. If My and M, are closed subspaces of K, then the angle between M; and
Ms is given by
2Re (my, ma)

[l |* + [fma*

p(My, My) = sup{ m; € Mj, (my,my) # (an)}

and the Friedrichs angle is

2

c(Ml,Mg):sup{ ; ijMjﬂML,(ml,mg)%(O,O)}.

Then the Friedrichs angle to several subspaces (M, Ms, ..., My) is defined [3] by

2 Zj<k Re (mj, my,) }

(3.7) c(My,...,Mr) =sup
{T =1 X mall®



for m; € M; ML ST |lmg]|* # 0.
T—1
In the case of a periodically I-correlated process (f,,), since M = (| K, s = K/, we have the
1=0

Friedrichs angle associated to (K7, j@pr o ,foLJrT_l), corresponding to X,, = (fo, fat1, -+ fasr-1),
defined by its cosinus (or Friedrichs number):

2 D pRe ks ky)
(3.8) (KD K s K y) = sup { L }
T—1 Y Ikl
for k; € 574 N (K, i [1kall* # 0.
Analoguously, generalizing the angle p between two subspaces to T subspaces, a so called
Dixmier number is obtained

2 Zj<p Re (kj, ky) }

(3.9) p(IE %L K] _)zsup{ -
e T1 Sk

for k; € K, S5 kil # 0.

Other definitions [3] of apparently geometric concepts which can help in the study of the
geometry of some nonstationary processes are the following.

The configurant constant:

(3.10) R(KE I K

n+71-1

3
) = sup {T }
> ico ||/€ I”
for k; € I, OV (IKA)E, S (IRl # 0.
The non-reduced configurant constant:
2
T—
1 HZj:Ol kj }
Ty Ikl

(3.11) Ro(Kh, K 1 K ry) = sup {

for k; € K1, ST kP £ 0.

The inclination of X! inLH, . 7j<£+T—1:

maxo<;<p_1 dist(k, K )
3.12 xk . x! — inf == ntil
(3.12) (Oh K- Khyra) = inf { === ==t}
for k # X/,

PROPOSITION 3.5. For a periodically T'-correlated process (fn)nez from H, the configuration
constant k of the past spaces associated to its stationary T'y-correlated dilation (X,,) from HT
s given by

1
(3.13) RO KD 1o K gy) = sup { G ko, k)] .

for kj € Koy N (KD, ksl =1, 5 =0,1,...,T — 1, where the matriz G is given by
-1

G(ko, ... k1) = <<kiakj>9<>

1,j=0
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and
(3.14) (Ki, kj)ge = (Pr[Y3, Yj]b, €)gr
Y; = (0, fasts s fnris 0,...,0) C HT, while b and ¢ are vectors from ET.

Proof. The characterization (3.13) of the configurant constant « it follows by Proposition3.4
from [3], taking into account that N, X! .. = X/. To prove (3.14), let us consider the generators

k; from X, N (KL, & = Z YAV ar, j=0,1,...,T — 1, where A, € L(€), a, € &,
k=0 r
and the sums ) have finite non-zero terms. Then, taking into account the action of L(€) on

H and the definition (2.11) of the T'p-correlation on H”, we have

CRRRSL0.0) SPETANS 3) SR RN

k=0 r p=0 s

< Zmﬁ%ZZmﬁQ—

k=0 r s

(2

I
M“

<V;n+pvfn+k Z Arara Z ASCI,S> =

k=0 p=0
(Y
= <F[fn+pa fn+k]bk> Cp> =
k=0 p=0
T T
=3 (Clfurps Fustlbr, ) = (Tr[Yp, Yilb, €) r

k=0 p=0
O
Considering C the cartesian product of X/, IK,{ IRTRO ,5K£ 471 and D the diagonal of KT,
D = {(k,...,k);k € KX}, in a similar way as in [3] can be proved the following characterization
of the configurant constant and of the inclination of the past subspaces X/, fKﬁ - ,IKfL Tl

associated to the I'y-correlated dilation (X,) of a periodically I'-correlated process (f,).

PROPOSITION 3.6. For T > 2 we have
(Z) p(j{f j{£+1’ v JCfz—l—T 1) - ,O(C, D)27
(”) (:K fKﬁJrlv e K{L—FT 1) (C7 D)27
(iii) 1—1(XZ,. .. ,:Kflﬁil) <c(C,D)<1— &UKS, . .. KL )2

As aremark, the inclination of the sequence of attached pasts subspaces K/, inL IRTRR fo; 71
is zero if and only if its Friedrichs angle is 1.
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