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Abstract

The paper continues the series of presentations started with [17], showing a way to
extend the prediction problems to the infinite dimensional case. Stationary I'-correlated
processes with continuous time parameter are analyzed. Various types of continuities for
I’-correlated processes are considered, and via the attached shift group to a continuous
time parameter process a time-domain analysis and a spectral analysis are done. Using
a discretization procedure, some discrete time techniques can be applied in the study
of continuous parameter I'-correlated processes. Also some nonstationary I'-correlated
processes are considered and relations between the I'-periodicity and I'-harmonizability
of a continuous time parameter process are analyzed.
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1 Preliminaries

Let £(&) be the C*-algebra of all linear bounded operators on a separable Hilbert space €, and
H a right £(€)-module. An action of £L(€) on H is given considering Ah := hA in the sense
of the right £(€)-module. The action of £(&€) on H is correlated if there exists a function (the
correlation of the action) I': H x H into L£(&) given by (h, g) — I'[h, g, such that

(i) C[h,h] > 0, T'[h,h] =0 implies h = 0;

(i) T'lg, h] = T'[h, g]*;

(iii) T'[h, Ag] = T'[h, g]A

A triplet {&€,H,T'} defined as above was called [8] a correlated action of £L(E) on H.

An example of correlated action can be constructed as follows. Take H = L(€,K) — the
space of the linear bounded operators from &€ into X, where & and X are Hilbert spaces. An
action of £(€) on L(&,XK) is given if we consider AV := V Aforeach A € L(€) and V € L(E,K).
It is easy to see that I'[V}, Vo] = ViV is a correlation of the action of £(€) on £(€,XK), and the
triplet {&€, L(&,XK), '} is a correlated action. In [8] was proved that for any correlated action
{&,H, '} there exists a Hilbert space X and an algebraic imbedding h — V}, of H into £(€,K).
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Such a way, if we consider as the state space to be a right £(&)-module H, the behaviour of a
process { fi }ee from H can be studied knowing the behaviour of the operatorial process {V7, }
from £(&,XK). The corresponding space X is called the measuring space and & is the parameter
space. If the algebraic imbedding of 3 into £ (&, K) is onto, then the correlated action {&€, H, T'}
is a complete correlated action.

Since in H we have not a proper orthogonal projection on a right £(€)-submodule, a I'-
orthogonal projection was constructed, using the following Proposotion, helping to solve specific
prediction problems.

PROPOSITION 1.1. Let H; be a submodule in the right £(E€)-module H and

(1.1) K=\ Vi€ CcX.

reH,

For each h € 3 there exists a unique element hy € H such that for each a € € we have
(1.2) Via€ X,  and  Vj_pa€ Xy,
Moreover, we have

(1.3) T[h—hy,h— k] = inf T[h—a,h— 2],

reH,
where the infimum is taken in the set of all positive operators from L(E).

For a complete proof see e.g. [9] or [10].

Due the properties (1.2) and (1.3), if we denote the unique element h; € H by hy = Ph, we
have P? = P and I'[Ph, g| = T'[h, Pg]. Therefore P is a I'-orthogonal projection "on” the right
L(&)-submodule H; of H.

To extend the finite multivariate prediction to the infinite variate case, the main investiga-
tion tools was the using of L?-bounded analytic functions instead of bounded analytic functions,
and a study of £(€)-valued semispectral measures. An £(&)-valued semispectral measure is a
map o — F'(o) from the family B(T) of Borel subsets of the unit torus T from the complex plane
C into £(€) such that for any a € € the map o — (F'(0)a, a) is a positive Radon measure on T.
An L*-bounded operator valued analytic function is an analytic function O(\) = >°°7 O, \"
on the open unit disc I, where the operator coefficients 6,, € L(€,F), such that there exists
M > 0 verifying

(1.4) D llOnn)* dt < M?||h|? (h € H)
n=0
or equivalently,
1 2
(1.5) sup — / ||@(Te“)hH2dt < M?||h)? (h € H).
0<r<1 2T
0

An operator valued analytic function is denoted usually by a triplet {€,F, ©(\)}. Also
a central role in the study of infinite variate ['-stationary processes played the generalized
Lowdenslager—Sz.-Nagy—Foias factorization theorem, which attach to each semispectral measure
F a maximal outer L?-bounded function, so called the maximal function of F. For detailles see

[9].
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2 TI'-correlated processes

A T-correlated process {f;}ieq is a sequence in H, where G is Z, R, a locally compact group
or a hypergroup. To a process {f; }ieq from H a correlation function is attached by

(21) Ff(sat) :F[fsvft]‘
Also, for two processes { f; }ieq and {g; }eq a cross-correlation function is attached by
(2.2) Lrg(s:t) = T(fs: gl

If the correlation function depends only on the difference ¢t — s, not on s and t separately,
then the process {f;}ieq is called I'-stationary, otherwise the process is a nonstationary one.
Similarly, if the cross-correlation function I'f,(s,t) depends only on the difference ¢ — s, then
{fihtec and {g;}+ec are stationary cross-correlated processes. Of course, in the I'-stationary
case (2.1) becomes

(2.3) Ly (t) = Tlfo, fil

If G =7, then {f,}nez € H is a discrete [-stationary process and an exhaustive prediction
study can be found e.g. in [9], [10]. In the continous case (G = R) some investigations for
I'-correlated processes was done in [12].

For a I'-correlated process (not necessary stationary) the past-present at the moment ¢ is
the right £(€)-submodule

(2.4) J{[:{ZAkfk; Ay € £(8), kgt},
k

the future is

(25) j_"cg = {ZAkfk, Ak € 5(8), k > t},
k

the remote past

(2.6) H =3
t

and the time domain is

3 = {ZAkfk; Ap € L(8), k € R}.
k

By the embedding h — V}, of H into L£(&,K), for the corresponding past, remote past, and
the future from H will correspond the closed subspaces of K given by

(2.7) K] =\/ V€,
J<t

(2.8) K’ =%,
t
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(2.9) K/ =\/ V3,

j>t
respectively, and the time domain becomes
KL, =\ Ve
jER

In this paper we are mainly interested in the study of processes {f;}icr in the context of a
complete correlated action {&,H,I'}.

A process {f;}ier is said to be norm, strongly, or weakly continuous, if ¢t — V%, is norm,
strongly, or weakly continuous in £(&,X). The process { f; }icr is bounded if there is a positive
constant M > 0 such that ||V, || < M for t € R.

To a process { f; }er an operatorial valued correlation function I'(s, t) is attached by (2.1),
and for any a,b € & a scalar correlation function Igy(s,t) : R x R — C is defined by

(2.10) Lop(s,t) = (T(s,t)a, b) .

PROPOSITION 2.1. The process { fi }rer € H is strongly continuous if and only if far any a,b € &
the scalar correlation function Tg(s,t) is continuous.

Proof. We have only to see that
fab<8 + Uu, t+ U) - fab(87 t)’ - |<F[f$+u7 ft-i-v]a) b)g - <F[f57 ft]a7 b>g| S

< U foru = foo frrolas 0)e + [TUfs, frao — fila, )] <
< (IT[fsse = foo ferolall + T[S, feao — felal] (0]l =
= IVio s Vaoal + V7 Vi-nalll ] <
< |(Viyu = Vi) Viipoa|| + Vi [Vigoa = Vial[T ][0 = 0

as u,v — 0.
Conversely, if ['y4(s, t) is a continuous function on R x R for any a,b € €, then for any v € R
we have

HVfHua - VftaH?< = <Vft+ua - V5a, Vi, a— Vfta>g< =
<Vft+ua, Vft+ua> — <Vft+ua, Vfta> — <vata, Vft+ua> + (Vya, Vya) =
= (Vi Vit a) = (ViVi,a,a) = (Vi Via,a) + (Vi Via,a) =
= (T(t +u,t +u)a,a) — (L(t,t +u)a,a) — (L(t +u,t)a,a) + (L(t, t)a,a) =
= Tou(t + Uyt + 1) — Tao(t,t + 1) — Tua(t + t,t) + Taalt, £) — 0

as u converges to zero. O

PROPOSITION 2.2. If {fi}ier is a weakly continuous process, then for any a,b € € the scalar
correlation function f‘ab(s, t) is separately continuous on R x R.

Conversely, if {fi}ier is bounded and Tuy(s,t) is separately continuous on R x R, then
{fi hier is weakly continuous.
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Proof. Obviously we have

f‘ab(s +u,t) — fab(s, t)) = |(I'(s+u,t)a, by, — (I'(s,t)a,b).| =

= <Vf>£+uvfta’b>g - <szvfta7b>g = <(st+u - st)*vfta’ab>€ -
= <Vfta7 (st+u - st)b>g< — 0

as u — 0.
Analogously we have that for any a,b € € and v € R

(5, +0) — Dap(s, t)‘ 50

as v — 0.

If { fi }1er is bounded and for any a, b € € the scalar correlation function fab(s, t) is separately

continuous, then for s € R the function yy(-, s) is continuous, and for any y = 3 oz_ijS?,b from

j=1
K/ the function
<Vf.a7 y>j(f = Z aj <Vf4a7 Vij b> = Z ajrab<'7 Sj)
j=1 j=1
is continuous. Choosing in K/ a sequence {k,}>>,, where k, = > oV, b, such that
i=1 ’

|kn — yllg — 0, and taking account that To(-, t) is continuous, then (V} a, Y)g = nhg)lo (Via, kp)y,

which is a uniform limit since {f;} is bounded. Therefore {f;} is weakly continuous. O

3 The shift group

Two continuous parameter I'-stationary processes {f;} and {g;} are cross-correlated if T'[f;, g]
depends only on the difference s — t. The cross-correlation function is given by

(3.1) Lro(t) = Tfs, g5t

PROPOSITION 3.1. For any I'-stationary process {f;} there exists a unique group of unitary
operators (U] )ier on KL such that

(3'2) Vft = UthfO'

Two continuous parameter I'-stationary processes { f;} and {g;} are stationatily cross-correlated
if and only if there exists a group of unitary operators (Wy)ier on

K19 =5\ KL,

such that
WXL =U! and WK = U?.
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The proof runs parallel to that in the discrete case [14] and is omitted.

The group of unitary operators (Utf )ier is called the shift group of the process {f;}, and
(Wi)ier is the extended shift group of the cross-correlated processes {f;} and {g:}. As in the
discrete case, let us denote

Vf = Vfo S L(S,K)

Then for any a € € we have
Via = Pys Via+ (I — Py )Via = Via + Vaa.
By (3.2) it follows that U;Vsa is the part of V},a orthogonal to X/ for ¢t € R, and

M=\/Uz¢
t

is a subspace in K/ orthogonal to in . Hence M is orthogonal to x! oo If
N =%l oK om),

then

(3.3) K =%/ aMaN.

When only one term of (3.3) is different from {0}, then the process is pure, Namely, if
(3.4) Kl =%/,
then {f;} is a purely deterministic process. If we have
(3.5) X =M,
then {f;} is a purely discrete innovation process , and if
(3.6) XL =N,

then the process {f;} is a purely continuous innovation, or evanescent.

The D-stationary process {f;}ier is called continuous, if the corresponding shift group
(Utf )ter iS a continuous one parameter group of unitary operators on X for ¢ converging
to zero. When no confusion is made, for simplicity, the shift group is denoted with (Uy).

It is obvious that in the continuous case for any a € € we have

Via € X/,

and the form of the past-present subspace becomes

K] =\/ UVse,
s<0
also M = {0}, which implies that
(3.7) K =KL oN.

In this paper we consider a I'-stationary process {fi}icr to be continuous, and using the
results from the discrete case, a study is made.
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4 Time-domain analysis
If U is the cogenerator of the shift group, then U is a unitary operator on X/ . Putting
(4.1) Vi =U"Vy,

we obtain a discrete parameter I'-stationary process { f! },,cz which has U as the shift operator.
The process { f! },cz obtained as above is called the discrete process associated with {f;}ier.

THEOREM 4.1. Let {fi hier be a continuous I'-stationary process and { f} }nez be the associated
discrete parameter process. Then

(4.2) %' =xf, xS =xL and XK' =%,

Proof. Generally the proof follows [5]. There exists the following expressions of U; in term of
its cogenerator U.

(4.3) Ut = "I + lim > (/R (—nt/n + DF[I + As,)t = 1],
k=1
where
M — P
Ain:n+1;(n_1/n+1)] U+, n = 0.

Conversely, U in terms of U; can be expressed as
(4.4) U =1+ 2/ L (2t)e " Uydt, n >0,
0

where L, (t) are the Laguerre polynomials

n

La(t) =Y (~1)"/k! (Z) A}

k=1

From (4.3) and (4.4) it follows that U; can be seen as a strong limit of U and conversely. It
follows that for any subset A C X/ one has

(4.5) (7 U A =\ UsA.
n=0 t>0

If A=VE, then X = X/ and
5l =55 \/ ( (7 U”vfe) - %)/ (\/ Utvfe) =%
n=0 t>0
Also, taking A = %! ~ it results that for any £ > 0
Ukx! {7 UKl =\ UK =%
0 t>0
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It follows that for any k£ > 0 we have
Kl c UK UKy = UK = 7.

Hence
x/ . (&= %] =«
k>0 k<0

To obtain the converse inclusion, for any t > 0 we have
o0
vxt, e\ uxl, =\ vkl =%l .
s>0 n=0

It follows that
J(f]ioo - U_tK{OO - U—t:K(J; - U—t9<£ = :K{t-

Hence /
K, (K =%
<0
Therefore fK’iloo = %/ __ and the proof is finished. O

As an obvious consequence we obtain that the continuous I'-stationary process {f;} is de-
terministic if and only if the associated discrete parameter process is a deterministic one.

Let {g/,} be the maximal white noise contained in the discrete process {f’} associated to
{f:}, and f] = u, + v/, be the Wold decomposition of {f/,}. Then we have

(4.6) K =K @Kl

and
K =K% oK.

—00)

where K% = M coincides with the innovation space of {f’}.
Suppose that {f;} is not deterministic and put

(4.7) Vg = UlVy (t € R),

where V= Vi, The continuous I'-stationary process {g;} defined by (4.7) has as a shift group
(U;) and associated discrete parameter process {g/,} - the maximal white noise contained in
{f’}. Let us consider the following subspaces of K/

(4.8) N, =X/ Xl

From (4.2) and (4.6), taking ¢ = 0 in (4.8) we have

(4.9) No=%lox!  =xl'ex =x9 =x1.
Using again (4.5) it follows that

Ny = UNo = UG = \/ UinV,€ = \/ UV, € = K.

s<0 s<t

Summing up we have
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PROPOSITION 4.2. Let { f;} be a nondeterministic I'-stationary process with the shift group (Uy)
and {f!'} the associated discrete parameter process. Then

‘/!]t = UtV;J

gives rise to a continuous I'-stationary process {g;} which is stationarly cross-correlated with
{f:} and has the past and present given by

(4.10) K =xfox! .

PROPOSITION 4.3. For the continuous I'-stationary process {g;} one has
(4.11) PysV,, = eV, (s <teR)

and the corresponding correlation function is given by

(4.12) T, (t) = e T, (0) (t € R).

Proof. Let us consider t > 0. Then by (4.3) we have
Vo, = e Vo + lim > (1/kN)(—nt/n + D[ + A,)* = 1]V,
n—oo
k=1

Since Vg;, = U7V, is a white noise process it follows that
Voo = e Vo +m,
where 7;a is orthogonal to Vya,Vy a,.... It follows that na is orthogonal on 9(3/. Hence
e 'Vy = PygV, (t>0),
and so it follows that (using the fact that V; =V,)

(4.13) e 'V, = PydV, (s eR,t>0)

s+t

Taking s +t = 7 it follows that
Png ‘/jgf = es_T‘/gs'

Now, for any a € &, from (4.13) we have
(Ty()a. a) = (Tlgs: gordas a) = (ViVo.a.a) = (Viuya, Vya) =

= (PxsVy.,pa, Vya) = (e7"Vra, a) = (e7'T'y(0)a, a).

s+t

Therefore we have for any ¢ > 0
Ly(t) = e7'Ty(0)

For t < 0 one proceeds analogously and it follows that
Ly (t) = T, (0) (teR)
and the proof is finished. O
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By the continuous I'-stationary process {g;} obtained from the maximal white noise con-
tained in the associated discrete process of {f;}, one constructs a process {{;} as follows

27
(1.14) 1@=%mﬁw+4 V,.ds] (t € R).

This process has I'-orthogonal increments which will play the role of the differential innovation
of the continuous I'-stationary process {f;}. Firstly let us remark that { = 0 and for any real
a and b we have

b
(4.15) Vims, = S5V~ Vi + [ Vauds

PROPOSITION 4.4. Let {&;} be the process defined by (4.14). Then
(i) {&} has increments which are stationary under the group (Uy), i.e.

Ut‘/éb—ﬁa = V‘{b_H - ‘/éa+t (a? bat € R)
(ii) {&} has T'-orthogonal increments, i.e., if —oo < a < b < ¢ < d < +o0, then I'l§, —

§ar§a—&] =0 .

(iii) For any real a,b one has

F[gb - gav&) - ga] - |b - CL| Fg(o)

(iv) If —0o < a < c<b<d< 400, then

F[gb - £a7§d - éc] = F[gb - §c, gb - éc] = (b - C)Fg(O)

Proof. The assertion (i) follows from (4.15). To prove (ii) the form of the correlation function
and (4.15) are used. If < a < b < ¢ < d then

b d
A6y — bur s~ & = T Vyog + / V,.ds,V,, . + / v, de] =

d d
= [(eb_d — e ~|—/ "tdt) — (e — e e ~|—/ e tdt)+

b d
+/ (e —e*° —I—/ es_tdt)ds} r,0)=0.

This followed by the fact that each expression in (---) is zero. Hence {&} is a process with
[-orthogonal increments.
For (7i7), suppose firstly that 0 = a < b. Using again (4.12) we obtain

b b
2F[§b - angb - 50] = F[Vgrgo + /0 Vgsds? ‘/90*90 +/0 Vgtdt} =

b b
=1,(0) [1 —e b4 / et —et+ 1~ / e 'di+
0 0

b b
+/ (50 —e® +/ e"t_s‘dt)ds} =
0 0
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“ ety [ e [oranadro -

— [2(1 ey 4 2b 2>t - 1)] T,(0) = 20T, (0),
i.e. it results that
F[fb - 5(17 gb - fa] = brg(o)

From (), for a < b one has
U[& — o & — &l = TUaVey -0, UaVegy -6 =

= F[gb—a - gOa gb—a - 60] = (b - a)Fg(O)

Results for a > b follows analogously, and (4i7) is verified.
If —oo < a<c¢<b<d< +oo then, taking account of the I'-orthogonal increments we
have

Dl€p — &aséa— &) =T — &+ & —&ay§a— &+ & — &] =
=T[§ — & & — &) + T[& — &6, & — &c] + Tlée — ay §a — S+
F[Ee = &ar &b — &) = T[& — ey &b — &c] = (b —)T'y(0),
and the proof is finished. n

By (4.14) we have an expression for & in terms of the continuous process {g;} corresponding
to the maximal white noise contained in the associated discrete process of {f;}. In the next
Proposition an inverse is obtained.

PROPOSITION 4.5. For any a € € we have

(4.16) Vya = V2(Vea — /t

—00

t
es_tvgsads) = \/5/ e tdV;, a.

Proof. From the strong continuity of the group (U;) and the definition of {g,} it follows that
t — Vg, is an operator valued continuous function, and, consequently, for any a € €, ¢t — Vg, a is

a continuous function. Hence for —oo < o < # < ¢, the Rieman integral [ 5 e* 'V, ads exists.
By the fact that

8 8 ’
’/ "'V ads S/ eStH‘/ﬁsaHds:/ "'/ (T'€s, Ela, a)ds <

B
<, fa] [ e s

it follows that the integral ffoo e* 'V, dt is convergent. If we take ¢ = 0, then

0 0 s
\/5/ e*Vey—e,ads = —/ e’ (Vgs_gocH—/ Vg,adT)ds
. 0

—00

0 0,0
:VgOa—/ engsads—l—Vgoa+/ /eSVgTades:

—00
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0 0 0
= V0 — / e’V ads + / / e’V adsdt =
0 0 0
— Vya— / eV, ads + / ( / *ds )V, adr =

0 0
= Vyoa — / e’V, ads + / eV, adt = Vya.

—0o0 —00

Therefore
(4.17) vgoa_f/ e* (Ve — Ve, )ads.

Applying Uy in (4.17) it follows that
0 0
Vya = \/5(/ e’ Ve, ads —/ es‘/gertads) =
t

:¢%%wife%mm%=V%%wi/eH%mg-

—00 —00

This way, the first part of (4.16) is proved. The second part it follows by integrating by

parts.
t t
| eava= e - [ Veadie ) -

—00 —00

t
=V,a —/ e’ "V, ads,

o0

and the proof is finished. O

As a remark, for any complex valued function ¢ € L?(—o0, +00), the integral f (s)dVg,a
exists. This yelds an expression for the past and present of the continuous process { gt} in terms
of the orthogonal increments.

PROPOSITION 4.6. For any real t, the past and present K{ of the T'-stationary process {g;} is

the set of all integrals of the form f (s)dV,a, where a € & and ¢ € L*(—o0, ], i.e
(4.18) K{ =\ Ve,—c.&.
o,7<t

Proof. Let X, be the set of all the integrals of the above form. By Proposition 4.5 it follows
that for any a € € and —oo < 7 <t < 400 we have

Vg a = \/5/ eSTdV&a:/ c(s)dVe,a,

o0

where c(s) = v/2e*~7 on (—o0, 7] and ¢(s) = 0 on (7,t]. Because c is from L?(—oo0, 1] it follows
that V, € K§. Therefore
=\/V,.&€ C K.

T<t
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Conversely, let us consider the elements of the form

(4.19) k= /t c(s)dVe,a,

—00
where ¢ € L?(—o0,t] and a € €. Let us take first step functions, i.e.,

n

c(s) = ZCkak(S),
k=1
where Ji = [ag, Bk] C (—o0,t]. Then

n

k=) o (Ves@ = Vo),
k=1
and from (4.15) it follows that k € XJ. Now, let ¢ € L?(—o0,t] where ¢ = lim,,_,o, ¢™, and ™
are step functions. it follows that
t
k = lim ™ (s)dV.a

n—oo J_ o

and, since K is closed, it follows that k € K. Therefore K¢ C K¢, and the proof is finished. [

From the above results one may assert the following Wold decomposition type theorem for
continuous stationary processes in a complete correlated action {&,H, T'}.

THEOREM 4.7. Let {fi} be a I'-stationary continuous process and {g,,} be the maximal white
noise contained in the discrete time process { f,} associated with {f;}. Let{g:} be the continuous
I'-stationary process corresponding to {g.,} by Vy, = U;Vy and {&} the process with I'-orthogonal
increments defined by (4.14). Then {fi} admits a unique decomposition of the form

(4.20) Jr = ue + vy,

where {u;} is a moving average, i.e.,

(4.21) Vi, :/ c(s)dVg, .
0

with ¢ € L*[0,00) and K¢ = \/ V,,,& = XY, t € (—o0,+00), and {v;} is a deterministic process
s<t

with X0 = X7 .

Proof. We have only to put

(4.22) uy = Pocy fo
and
(423) Vs = (I — inHf)ft?

where Py is the I-orthogonal projection on the right £(€)-submodule HY from H.
The requested properties it follows by the above results and the uniqueness can be proved
similar as in Theorem 6.8 of [5]. O
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Let us remark that {u,} and {v;} have the same shift groups, namely the shift group of

{/i}-

Finally, between the Wold decomposition for the discrete case and the continuous case there
exists the following correspondence.

PROPOSITION 4.8. The moving average part {u,} and the deterministic part {v),} of the Wold
decomposition for the discrete process {f} associated with the T-stationary continuous process
{fi} are the discrete processes associated with the moving average part {u;} and the determin-
istic part {v,}, respectively, in the Wold decomposition of the continuous process { fi}.

Proof. From the fact that iKJ:OO = inloo and Vy = Vy, it follows that

- X

Voo = Pyt Vi= Py Vi =Vy,
hence vy = v{. Consequently we have also
Vig=Vy = Vi =Vp — %6 - v“f)’

and thus we have the desired result. O

5 Spectral analysis

In the remaining of this chapter, some spectral properties of a continuous stationary processes
in complete correlated action {€,H,I'} are analysed.

Let {f;} be a [-stationary process with (U;) the shift group and U the cogenerator on X/ .
From Stone’s Theorem, there exists a unique £(X/ )-valued spectral measure E on the real
line such that

(5.1) Uy = /+OO e "dE(z).

—00

If I'y is the correlation function of the process {f;}, then for every a € £ we have

(T¢(t)a,a) = (Tfo, fila,a) = (C¢[Vy, UiVila,a) = (Vi UVia, a) =
+o0

= (U;Vya, Via) = / e " d(E(z)Via, Via) :/ e (Vi E(x)Vsa,a).

—0o0 —0o0

+oo

Hence if we take
(5.2) F = VJZ"EVf

then F is an £(€)-valued semispectral measure on the real line which has as a spectral dilation
X/, V}, E]. Moreover,

+o0
(5.3) () = /_ ¢ dF(z).

o0

The semispectral measure obtained as above is called the spectral distribution of the process

{/i}-
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By means of the mapping of the real line onto the unit circle given by
(5.4) ¥ =(x—i)(x+i)"

(or equivalently, § = —2 arctan z), to the semispectral measure F on R corresponds a semispec-
tral measure Fy on T which is the spectral distribution of the discrete parameter process { [/}
associated with {f;}. Indeed, let I's/(n) be the correlation function of {f]} and F” the corre-
sponding spectral distribution. If [IK{;, Vpr, E'] is the spectral dilation of E’, then the unitary
operator U on X/ given by

21
U= / e PAE'(0)
0

is the shift operator of the process {f/}. As we know U is the cogenerator of the shift group
associated with {f;}, which is defined (see e.g. [11]) by

U= (H—il)(H+4il)™",
where H = —iA and A = %ina 2[U; — I] is the infinitesimal generator of one parameter group of
—>

unitary operators (U;). Taking into account that H = fj;o xdE(x) it follows that

2m 400
/ e AE, (0) = / (z — i) +i)dE(z) = U,
0 —00

From the uniqueness of the spectral representation of unitary operators, the desired result
follows.

Let L2(€) be the space of the square integrable functions from the real axis into &, and
H3 (&) be the space of all analytic functions on the upper half plane A with values in € such
that

+00
(5.5) sup / 1@ + iy)|*dz < oo,

y>0 J -0

It is known [11] that the space L?*(€) is transformed onto L%(&), if for any g in L*(€) we
associate f in L:(&) by

(5.6) flx) = (z+i) " g(x —i/z+1i).

In a similar way a correspondence between H?(€) and H3(€) is realized.
Let & and F be Hilbert spaces. As in the disc case we define an L*-bounded analytic function

{€,F,5(2)} on A by

1 oo
(5.7) sup / 1S(z + iy)al? dz < M [la]]?.

y>0 T J

Via the above identification there exists a one-to-one correspondence between the L2-bounded
analytic function ©()\) on the unit disc D and the L?-bounded analytic function S(z) on the
half plane A. The L?>-bounded function S(z) corresponding to the maximal function of the
associated discrete process {f’} is called the maximal function of the continuous process {f;}.

Due to the one-to-one correspondence between the spectral distribution of {f;} and its
associated discrete process {f!}, if we denote by Fs the semispectral measure corresponding to
F, then we assert the following
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THEOREM 5.1. Let {fi} be a continuous I'-stationary process, F its spectral distribution, and
{€,F,5(2)} the attached mazimal function. If fi = u, + ve is the corresponding Wold decom-
position, then

(i) Fs is the spectral distribution of the purely nondeterministic process {u;}.

(i) The process { f;} is nondeterministic if there exists a positive function h € L'(dx/1+z?%)
such that h < h,, where h, is the derivative of d(F(x)a,a) with respect to dz/1 + x* and

(5.8) /_+OO wdx > —00.

o 1+ a2

The condition becomes necessary if the maximal function of the associated process has a scalar
multiple.

Proof. The proof is obtained via the above identification between L?(€) and L2(€). Concernind
the last sentence, let 6(A) be the scalar multiple of the maximal function {&,F, ©(\)} of the
associated discrete process. Then by the definition of scalar multiple, there exists a contractive
analitic function {F, &, Q(A\)} such that

QAN)BOA) =0(N)Ie and ON)QAN) =0(N) s,
and
SOV llall” = I2(eWall® < [©(Val*.
Taking h = |§(\)|*, a simple calculus show that 0 < h < h, and (5.8) follows. O

6 Periodicity and harmonizability

Let {fi}ier be a periodically T'-correlated process, i.e. a process in the complete correlated
action {&,H,I'}, whose correlation function I'y(s,t) given by (2.1) satisfies the periodicity
condition

(6.1) Ff(S—FT,t—f—T) :Ff(s,t) (s,t € R)

for a positive real number 7. The smallest T' > 0 satisfying (6.1) is the period of the process
{fihies.

Analoguously with the scalar case [1] the notion of an almost-periodically T'-correlated pro-
cess {fi}ter can be introduced under the condition that its correlation function I'f(s,t) is
uniformly continuous, and is an almost-periodic function with respect to 7" in the sense of
Bohr, but in this note we are concerned mainly on the periodic case.

As in the discrete case, to the continuous parameter process { f;}icr, beside the correlation
function I'y(s,t), for any ¢ € R the covariance function is defined by

(6.2 B(s,t) = Ty(s +1,5) (seR)
and of course we have conversely
(6.3) [f(s,t) = B(t,s —t) (s,eR).

Since B(s,t) is an operator valued periodic function in s with the same period T" as {f;}icr,
there exists the following Fourier representation

(6.4) B(s,t) = 3 Bu(t) exp (2”;’“),

kEZ
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where the £(&€)-valued coefficients By (t) are given by

(6.5) Bu(t) = ~ /OTB(s,t) exp (_Q;im)ds (teR,keZ).

Following the Gladyshev’s results [1] the following extension to the complete correlated case
{&€,H,T'} can be obtained.

THEOREM 6.1. A norm continuous operator valued function B(s,t) which satisfies condition
(6.1) for every t,s € R is the covariance function of some continuous periodically I'-correlated
process with the same period T' > 0 if and only if the L(E)-valued functions By, (j,k € Z), are
positive definite, i.e.,

(6.6) > (AByk, (t, — tg)Aga,a), >0 (a € &),

p,q=1

foranyn >1,ky,....ky, €Z, t1,...,t, €ER, and Ay,..., A, € L(E), where

2m’jt>

(6.7) Bju(t) = By_j(t) exp( =

Proof. Let us remark that the correlation function and the covariance function of an arbitrary I'-
correlated process { f; }ier are positive definite functions. Indeed, for any n > 1, ay,...,a, € &,
t1,...,t, € R and Ay,..., A, € L(€) we have, taking account that for a finite system of
elements {a;} C € there exists a system of operators Sy € £(€) such that a = Sya,

Z <A;F(tp,tq)Aqaq,ap>€ = Z <A;F[ftpaftq]f4qaq7ap>g =
p,q=1 p,qg=1

=Y (T[Afo,, AgfiJag ap), = > (D[Aufi,, Agfi]Sqa, Spa), =

p,g=1 p,q=1

= <F[i SpApfi,, iSquftq]a,a> = (['[h, hla,a), =
p=1 g=1

&
= (ViVha, a)g = ||Viallz > 0.

Taking into account (6.2) it follows that (6.6) is verified.
Conversely, if (6.6) is verified, then if we put

m

B, (s,t) = % "z:l Z By (t) exp (2?]{5>

m=0 k=—m

satisfies that i

Z <A;Bn(tq —t,)Aqa, a>€ >0

pq=1
for any k& > 1. Since B,(s,t) converges to B(s,t), it follows that B(s,t) also verifies the
above inequality, and, consequently is the covariance function of some periodically I'-correlated
process. O
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In the discrete periodically I'-correlated case [15], similarly with the scalar case, was proved
that any periodically I'-correlated process {f,}nez is I'-harmonizable [13] i.e., there exists an
L(&)-valued semispectral measure (bimeasure) K on T? such that

(6.) [ £ = [ [ x(s) K, ds)
where y" = e~ 27t

Moreover, the support of the L£(&)-valued semispectral bimeasure attached to a discrete
periodically I'-correlated process with the period T > 1 is concentrated on 27" — 1 equidistant
stright line segments v = u —2kwk/T, k € {0, £1,....+ (T — 1)} parallel to the diagonal of the
square [0, 27] x [0, 27]. Obvious if 7' = 1 then the I-harmonizable process { f,, }ncz is stationary
['-correlated and the support is concentrated only on the diagonal of the square.

In the continuous parameter case, this nice property is no longer valid even in the scalar
case (see [1]). Only on supplementary conditions, some particular periodically I'-correlated
processes with continuous time will become I'-harmonizable, and similarly, the support of the
bimeasure will be on parallel equidistant stright lines in the plane.

A process {fi}ier is strongly I'-harmonizable if the correlation function I'f(s,t) can be
expressed as

(6.9) (s, t) = //R2 e'5u=t) ¢ (du, dw) (s,t € R),

for some positive definite £(€)-valued semispectral bimeasure K of bounded variation.

A process {fi}ier is weakly T-harmonizable if its correlation function can be expressed in
the form (6.9) for some £(€&)-valued semispectral bimeasure K of finite variation.

Similarly as in [3], in the supplementary condition of strongly harmonizability can be proved
the following

PROPOSITION 6.2. Let { fi }ier be a strongly I'-harmonizable process in the complete correlated
action {E€,H,I'}. Then { fi}ier is periodically I'-correlated processes with period T if and only
if the support of K is in the set A, where

(6.10) A ={(u,v) € R* v=u—27k/T, k € Z}.

Proof. For any s,t € R, since ¢7*=*) =1 for (u,v) € A we have

Ff(S +T,t+ T) _ // ei[(s+T)u7(t+T)v}K<du’dv) _
A

— // ei(suftv)eiT(ufv)K(du’dv) — // ei(suftv)K(du’dv) —
A A

= // U K (du, dv) = Ty(s, ),
R2

therefore {f; }ier is a periodically I'-correlated process with period T
Conversely, if {f;}icr is periodically I'-correlated with period T, then for any N > 1 and

s,t € R we have
N

> Ty(s+ kTt +kT) =

Ff(s,t) =



N
1 .
— 2 i[(s+kT)u—(t+kT)v] K (du. dv) =
2N +1 < //Rze (du, dv)

(N + - j
// sin|( (;L(u_f))] !4t I (du, dw).
R? ) sin —5—

2
Since the fraction under the last 1ntegral has the property that take the value 1 on A, is bounded
and continuous on R and converges pointwise to 1 as N — oo, by the bounded convergence

theorem we have that
[(s,t) = // vt ¢ (du, dw),
A

which implies that the support of K is in the set A. n

The previous Proposition is valid in the weakly I'-harmonizable case, too, and similarly [6]
can be proved the following

PROPOSITION 6.3. Let {f;}ier be a weakly T'-harmonizable process in the complete correlated
action {&€,H,T'}. Then { fi}ier is periodically T'-correlated processes with period T if and only
if the support of K is in the set A given by (6.10).

It is known that in the discrete case, any periodically I'-correlated process is ['-harmonizable
and, moreover, to each periodically I'-correlated process we can attach a stationary I'-correlated
process, helping us in solving most of the prediction problems by a ”stationarization procedure”.
In the continuous case, this fact can not be done so simply, but at least in the strongly I'-
harmonizable case a stationarization can be done as follows.

PROPOSITION 6.4. Let {f;}ier be a strongly T'-harmonizable process. If { f;}ier is also periodi-
cally I'-correlated processes with period T' > 0, then it can be represented into the form

2mikt
(6.11) Vi = exp (S5 )V (teR),
k€EZ

where {gi(t) }rez is a family of stationary I'-cross-correlated processes given by

2T

T .
(6.12) Ve(t) = /0 e (du+ %%) (t € R),

€ being an L(E,K)-valued semispectral measure on R.

Proof. Let o, = [2%, w) for k € Z. Tt follows that {oy;k € Z} is a countable partition
of R. The process {f;}ier being a strongly I-harmonizable one, I'¢(s,t) is given by (6.9) with
the £(&)-valued semispectral bimeasure K on R2. If we consider the corresponding Naimark
spectral dilation [X, W, E] of K, then, up to a unitary equivalence, the semispectral measure

&(0) = E(o,-)W is a representing measure of { f;}icr, that is

(6.13) Vi, = /R e e (du).

For k € Z let us consider the semispectral measures & obtained by &q(0) = &(o N oy),
o € B(R), and the process {h(t)} defined by

(6.14) Vi t) :/ e ¢(du) = /e”uik(du).

Ok R
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It follows that Vj, = >, ; Vi) and

2w (k+1) 27

T . . T . .
Vi) = / e"¢(du) = exp (*7) / e E(du + 27) = exp (*7) Vi

27k
oy 0

Therefore (6.11) is obtained. Since { f; }+er is a periodically I'-correlated too, using the discrete
case of Gladyshev’s theorem in the complete correlated case {&,H, '} [15] it follows that

27

T . .
(s,t) = Tlgs(s)ogn(®)] = [ M Fiy(du+ 25),
0
that is {gx(t) }rez is a family of stationary I'-cross-correlated processes attached to {f;}ier as
above. O

Taking into account the existence of the stationary dilation in this case, using the I'-
orthogonal projection on a right £(&)-submodule given by the Proposition 1.1, the predictable
part can be obtained.

References

[1] Gladyshev, E. G., Periodically and almost-periodically correlated random processes with
continuous time parameter, Theory of Probability and Appl. 8 (1963), 173-177.

[2] Helson, H., and Lowdenslager, D., Prediction theory and Fourier series in several variables
I and II, Acta Math. 99(1958), 165-202, and 105(1961), 175-213.

[3] Hurd, H. L., Representation of strongly harmonizable periodically correlated processes and
their covariance, J. Multivar. Anal. 29 (1989), 53-67.

[4] Masani, P., Recent trends in multivariate prediction theory, Multivariate Analysis, Acad.
Press, New York (1966), 351-382.

[5] Masani, P. and Robertson, J., The time domain analysis of a continuous parameter weakly
stationary process, Pacific J. of Math. 12(1962), 1361-1378.

[6] Chang, D. K., and Rao, M. M., Special representation of weakly harmonizable processes,
Stochastic Anal. Appl. 6 (1988), 169-189.

[7] Suciu, I., and Valusescu, 1., Factorization of semispectral measures, Rev. Roumaine Math.
Pures et Appl. 21, 6(1976), 773-793.

[8] Suciu, I., and Valusescu, 1., Essential parameters in prediction, Rev. Roumaine Math.
Pures et Appl. 22, 10(1977), 1477-1495.

[9] Suciu, I., and Valusescu, 1., Factorization theorems and prediction theory, Rev. Roumaine
Math. Pures et Appl. 23, 9(1978), 1393-1423.

[10] Suciu, I., and Valusescu, 1., A linear filtering problem in complete correlated actions, Jour-
nal of Multivariate Analysis, 9, 4(1979), 559-613.

98



[11]

[12]

[13]

[14]

[15]

[16]

[17]

Sz.-Nagy, B. and Foias, C., Harmonic analysis of operators on Hilbert space. Acad Kiado,
Budapest, North Holland Co., 1970.

Valusescu, 1., Continuous stationary processes in complete correlated actions, Prediction
theory and Harmonic Analysis, The P. Masani Volume (V. Mandrekar and H. Salehi eds.),
North-Holland Pub. Comp., 1983.

Valusescu, 1., Operatorial non-stationary harmonizable processes, 7. Angew. Math. Mech.
76, suppl. 2 (1996), 695-696.

Valusescu, 1., Stationary processes in complete correlated actions, Monografii Matematice
80, Universitatea de Vest din Timisoara, 2007.

Valusescu, 1., A linear filter for the operatorial prediction of a periodically correlated pro-
cess, Rev. Roum. Math. Pures et Appl. 54 nr. 1 (2009), 53-67.

Valusescu, 1., Notes on continuous parameter periodically I'-correlated processes, An. Univ.
Timigoara Vol. 50 nr.1 (2012), pag. 115 — 125.

Valusescu, [., Some remarks on the infinite-variate prediction. Proceedings of the confer-
ence Classical and Functional Analysis, Azuga, 28-29 sept. 2013. Transilvania University
Press, Braov, 2014, 74-102.

Romanian Academy,
Institute of Mathematics ”Simion Stoilow”
P.O.Box 1-764, 014700 Bucharest, Romania

e-mail: Ilie.Valusescu@imar.ro

99



