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SOME GEOMETRICAL ASPECTS OF THE I'-CORRELATED
PROCESSES

ILIE VALUSESCU

ABSTRACT. Some geometrical aspects of the I'-correlated processes are analyzed, starting
from the properties of a I'-orthogonal projection, which is not a proper one. Geometrical
results are generalized to I'-correlated case, especially the problem of the angle between
the past and the future of some I'-correlated processes. In the periodically I'-correlated
case it is proved that the positivity of the angle is preserved by its stationary dilation
process. The generalized Friedrichs angle and other geometrical concepts are used in
analysing some properties of periodically I'-correlated processes.

1. PRELIMINARIES

A T-correlated process is a sequence (f;)ieq in a right £(€)-module H endowed with a
correlation of the action of £(£). The set G is Z, R, or more generally a locally compact
abelian group, and by £(€) is denoted the C*-algebra of all linear bounded operators on a
separable Hilbert space £. In this paper mainly the discrete case G = Z is considered.

By an action of L(E) on H we mean the map £(€) x H into H given by Ah := hA in the
sense of the right £(€)-module H. We are writting Ah instead of hA to respect the classical
notations from the scalar case. A correlation of the action of £(£) on H is a map I' from
H x H into £(&) having the properties:

(i) T'[h,h] > 0, and T'[h,h] =0 implies h = 0;

(i) T, g]" = Tlg, hl;

(iii) T'[h, Ag] = T'[h, g] A.

In many proofs it is very useful the formula

F[Z Aihi Y ngj] = AiT[hi, g;]B;
5 J i

obtained by (ii) and (iii) for finite sums of actions of L(€) on H.

A triplet {€,H,T'} defined as above was called [12, 13] a correlated action of L(E) on H.

By the fact that generally in ‘H we have no topology, the prediction subsets, such as past
and present, future, etc., can not be seen as closed subspaces, therefore the powerful tool of
the orthogonal projection can not be directly used.

An example of correlated action can be constructed as follows. Take as the right £(&)-
module H = £(&,K) — the space of the linear bounded operators from £ into K, where £
and K are Hilbert spaces. An action of £(&) on L(&,K) is given if we consider AV :=V A
for each A € L(E) and V € L(E,K). It is easy to see that I'[Vi, Vo] = Vi*V4 is a correlation
of the action of £(£) on L(€,K), and the triplet {€, L(E,K),T'} is a correlated action (the

2000 Mathematics Subject Classification. 47N30, 47A20, 60G25.

Key words and phrases. Complete correlated actions, I'-correlated processes, projection, stationary dila-
tion, angle between past and future, Friedrichs angle, periodically I'-correlated processes.

Supported by UEFISCDI Grant PN-II-ID-PCE-2011-3-0119.

113



114 ILIE VALUSESCU

operator model). It was proved [12] that any abstract correlated action {€,H,T'} can be
embedded into the operator model. Namely, there exists an algebraic embedding h — V,
of H into L(€,K), where K is obtained as the Aronsjain reproducing kernel Hilbert space
given by a positive definite kernel obtained from the correlation I'. The generators of K
are elements of the form 7,5 : € x H — C, where (41 (b,9) = (I'lg, hla,b) and the
embedding h — V}, is given by Vha = vy

Due to such an embedding of any correlated action {£,H,T'} into the operator model,
prediction problems can be formulated and solved using operator techniques. In the par-
ticular case when the embedding h — V} is onto, the correlated action {€,H,T'} is caled a
complete correlated action. In this paper most of properties are analysed in the complete
correlated case.

2. SOME GEOMETRICAL ASPECTS

A first geometrical aspect is the existence of a I™-orthogonal projection ”on” a right £(€)-
submodule H; of H.

Proposition 2.1. Let Hy be a submodule in the right L(E)-module H and
Ki=\ V:£cKk. (2.1)

TEH1
For each h € H there exists a unique element hy € H such that for each a € £ we have

Vo € Ky and Vina € Ki. (2.2)

Moreover, we have

Th—hi,h—h] = 1€n7£ Th—x,h—2x], (2.3)

where the infimum is taken in the set of all positive operators from L(E).

A complete proof can be found in [12]. This result assure that if we put
Prh = ha, (2.4)

then we can interpret the endomorphism Py, of H as a I'-orthogonal projection "on” Hj,
since we have P}, = Py, and I[Py, b, g] = T[h, P, g].

As a geometrical aspect, let us remark that the unique element h; obtained by the I'-
orthogonal projection of h € H can belongs not necessary to Hi, but, due to (2.3) it is close
enough to be considered as the best estimation.

The previous result can be generalized to an ”orthogonal projection” from H” - the
cartesian product of T' copies of H on a submodule M of HT, as follows. Firstly, the
embedding of H” into L£(£,KT) is defined by

Wxa= (Vya,...,Vy,a) (2.5)

fora € £and X = (z1,...,27) € HT, and then the extended ”orthogonal projection” P X

it follows with respect to an appropriate correlation [15], considering K¥ = \/ Wx€& in
XeM

KT,

The action of £(€) on HT is given by acting on the components, which is a particular
case of the matrix action of £(£)T*T on HT in the sense of the right multiplication.

A T-correlated process (fi) C H is stationary if T'[fs, f:] depends only on ¢ — s and not
by s and ¢ separately. For a I'-correlated process (not necessary stationary) the past-present
at the moment ¢ = n is the right £(€)-submodule

M = {ZAkfk; Ap € L(E), k < n} (2.6)
k
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the future is

H = {ZAkfk; A € L(E), k> n} (2.7)
k
and the time domain is

M = {ZAkfk; Av € L(E), k € Z}.
k

By the embedding h — V}, of H into L(E, K), for the corresponding past and future from
‘H will correspond the closed subspaces of IC given by

Kl =\ V¢, (2.8)
i<n

KL=\ V&, (2.9)
j>n

respectively, and the time domain becomes

Kgo = \/ Vi, €.

Jj<n

Various processes can be considered in the right £(€)-module, or £(€)T*T-module HT,
and appropriate past and future constructed. Also, various correlations can be done. For
the study of periodically correlated processes, the following correlations are of interest. For
X = (z1,...,z7) and Y = (yi,...,yr) from HT, taking into account the right action of
L(E), respectively of L(E)T*T on HT, it is simply to see that I'y : HT x HT — L£(€) and
Iy : HT x HT — £(£)T*T defined, respectively, by

T
T4 [X,Y] = Tlk, yi) (2.10)
k=1
and the matriceal one
I'r[X,Y] = ([x;, vy, 2.11
T[X.Y] ( [ y]])i,je{l,Q,...,T} ( )

are correlations on H”.
Remember that a process (f;) is periodically I-correlated if there exists a positive T such

that I[fsi7, firr] = T(fs, fil-
For a I'-correlated process (f;), if we take sequences of consecutive T' terms

Xn: (fnvfn-‘rla"'afn-'rT—l)? (212)

then (X,,) is a stationary I';-correlated process in HT. Taking consecutive blocks of length
T

XL = (fars fars1s- s farer—1), (2.13)

then (X is a stationary I'p-correlated process in HT.
From prediction point of view and the study of periodically I'-correlated processes, the
following result [15] was proved.

Proposition 2.2. Let (f,)nez be a I-correlated process in H, T > 2, (X,) and (XT)
defined by (2.12) and (2.13). The following are equivalent:

(i) {fn} is periodically T-correlated in H, with the period T;

(ii) {X,} is stationary T'y-correlated in HT ;

(iii) { XTI} is stationary Up-correlated in HT .
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Between other strong geometrical aspects, such as the Wold decomposition of a I'-
correlated process, the dilation of a nonstationary process to a stationary one is very useful
for prediction resons. A nonstatioary I'-correlated process (f;) in H has a stationary dila-
tion if there exists a larger right module H and a stationary process (g;) in H such that
ft = PHg,. It is easy to see that each periodically I-correlated process (f;) C ‘H has a
stationary I'j-correlated dilation (X,,) C HT given by (2.12).

The geometrical property of a process to have a stationary dilation permits us to use some
stationary techniques in the study of some nonstationary processes. This is the case at least
for the processes very close to the stationary processes, such as periodically, harmonizable,
or uniformly bounded linearly stationary processes.

A nice geometrical aspect is the fact that in the discrete case (G = Z) each periodically
I-correlated process with the period T is I'-harmonizable and its spectral distribution is
an L£(&)-valued semispectral measure supported on 27" — 1 equidistant stright line segments
parallel to the diagonal of the square [0,27] x [0,27]. Unfortunately this nice property is
not generally valid when G = R, even under some continuity conditions. The stationarity is
characterized by the fact that the support is reduced to the diagonal.

3. THE ANGLE BETWEEN PAST AND FUTURE

One of the prediction problem is the study of the angle between the past and the future
of a process. Starting with the studies of Helson and Szeg6 [7] and Helson and Sarason [8],
the results was generalized in various contexts, helping in the characterization of stationary
and some nonstationary processes. Here a generalization in the stationary I'-correlated case
is obtained, and some results for periodically case are analyzed.

Actually the notions of the angles between two subspaces of a Hilbert space arise in [4]
and [3], starting from the general definition of the scalar product of two vectors into the

form (h, g) = ||k ||g]| - cosa. The angle (sometimes called the Dixmier angle) between two
subspaces M and A of a Hilbert space K is given by its cosine
p(M,N) :=sup{|(h,g)|; h € MN Bx,g € NN B} (3.1)

where By is the unit ball of .
In the context of a complete correlated action {€, H, '} the cosine between the submodules
M and N of the right £(€)-module H is given by

p(M,N) = sup { [(T[g, ha, b)|: |[T[h, hlall < 1,[T[g, g]bl| < 1},

where h e M,ge N, a,be €.
We say that M and N have a positive angle if p(M,N) < 1, or equivalently, if there
exists p < 1 such that for any h € M,g € N, a,bc &

[(Tlg, hla, b)e| < p[Vaal [|Vgbll - (3.2)

In the study of prediction problems we are interested in the case when the angle between

past and future is positive, i.e., when p(n) = p(H, ﬁrfl) < 1, which will give the possibility
of finding the predictor.

A nice geometrical aspect of stationary I'-correlated process is the fact that the angle
between the past and future is constant.

Proposition 3.1. If (f,) is a stationary T'-correlated process in H, then the angle between
the past and future does not depends on the choosing of the present time t = n.

Proof. Indeed, for a,b € £, at the moment ¢t = n we have

p(n) = sup { |(Tlg, hla,b)|;h € Hi, g € HL} =
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= sup{ <1"[kz A fr, ; Apfp]a7b> 3 Ag, Ap € E(E)} =
>n p=n

= sup{ > kz (A’,gl“[fk,fp]Apa,@’; Ak, A, € /J(E)} =
p<nk>n

= Sup{ ; kZ <Azr[fk+m7fp+M]Apa7b> ) AkaAp € E(E)} =
pS<nk>n

= sup{ Z Z <A;—7rLF[fja fS]Ajfsavb> ; Ag € ,C(E)} =
s<n+m j>n+m

:Sup{ Z Z <B;F[fjvfs]Bsaab>‘; ijBs eﬁ(g)}:
s<n+m j>n+m

=sup {|(Tlg hla,b)|sh € M) ., 9 € Hi i} = plntm)

for any m € Z. g

In this paper only the one step ahead future is considered (2.7), but analogously the
p-step ahead future can be constructed as

ﬁny,p = {ZAkfk§ Ak € L(E), k> n+p},
k

the corresponding subspace from the time domain X, C K being

ICTJ;p = \/ Vi€,
Jjzn+p
and the p-step prediction is done using informations from the past H/, obtained with the
action of £(€) on (f) from H till the moment ¢ = n.

Similarly the angle p(n, p) between the past H/ and the p-step ahead future ﬁf;p can be
considered and the fact that p(n) < 1 is equivalent with p(n,p) < 1 can be proved, giving
the possibility to find the p-step ahead predictor.

Generalizing to stationary I'-correlated case a result of [7] we have

Proposition 3.2. Let (f,) be a stationary I'-correlated process in H. The angle between
past and future of (f,) is positive if and only if there exists a finite constant C which depends
only by (f,) such that for each element of the form > Vy, a,, from the time domain K., and
for each —oo < ny; < ns < 0o we have

na
Z ka ag

IC:TLl

<C|> Vi, (3.3)

where in the second term the sum has finitely many non-zero elements.

Proof. It is known [7] that for two subspaces M and A from a Hilbert space we have
p(M,N) < 1 if and only if there exists a finite constant C' such that ||z|| < C ||z + y] for
x and y generators in M and N, respectively. Therefore for any sum of the form >V}, ay,
from the time domain Kf_, taking into account that p(Hf, HY) < 1, we have

ZkaCLk <C ZkaakJrZkaak :OHZkaak

k<n k<n k>n

bl

where ) Vy, a;, has finitely many non-zero elements. Since (f,) is stationary I'-correlated,
for any m € Z we have
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2

> Viar|| = <Z Viak, » prap> =Y <V]§kaak»ap>£ =
K

k<m k<m p<m k,p<m

= Z <F[fpvfk]ak7ap>: Z <F[fp—(m—n)vfk—(m—n)]akvap>:

k,p<m k.,p<m
2

= Z (Tlfy, filai,aj) = Zkaak SCQHZkaakHIQC.
K

i,j<n k<n

Therefore

no

> Vx| =| D Viar— 3 Vsax| <

k=n1 k<no k<ni

< Z Viak|| + Z Viar|| < QCHZ kaakH

k<no k<ni

and (3.3) is proved. O

Also the property of representing the elements from the time domain of a process as a
series (Schauder basis [10]) can be generalized for I'-correlated processes.

Proposition 3.3. The angle between past and future of a stationary I'-correlated process
(fn) is positive if and only if each element k from the time domain KI_ can be uniquely
o0

represented in the form k=Y k, where k,, are elements from Vy, E.

n=—oo

Proof. Using the previous Proposition, if we take Q,(>_ Vy.ar) = Vy, an, then (f,,) is of
no

positive angle if and only if Q,, is a linear operator on KZ_, for each n € Z, and Y Q; are

ni
uniformly bounded operators and

no o0 [e'e]
kznlli%;@k: ;@ik: §kn

To prove the unicity, if k = ) k], with k], € V}, &, then by the fact that for i # n we
have Q;k = 0, and it follows that for n € Z

K, = Qu(d k) = Quk = Qu(>_ kn) = kn.

o0
Conversely, if each k € ICZ;O admits a unique representation of the form k = > k,, with
— 00

kn, € Vi &, then the operators T), : IC(J;o — V4, € defined by T,k = k,, are well-defined,
p

> T
n=k

Proposition 3.2 it follows that the angle between pas{ and future of (f,,) is positive. O

bounded and the family of elements of the form is uniformly bounded, and by

We have seen that each periodically I'-correlated process (f,)nez from H has a stationary
I';-correlated dilation (X,,) in HT. In [15] an explicit stationary dilation is constructed which
help in obtaining the Wiener filter for prediction and the prediction-error operator function
for a periodically I'-correlated process, in terms of the operator coefficients of its attached
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maximal function. Here we prove the following result concerning the angle of the stationary
dilation of a periodically I'-correlated process.

Proposition 3.4. If (f,) from H is a periodically T'-correlated process with a positive
angle between its past and future, then the angle between the past and the future of its
stationary Ty -correlated dilation (X,,) from HT it is also positive.

Proof. Analogously as in (2.6) and (2.7), in H” the past H;X and the future H;X for a process
(X,) € HT is constructed as linear combinations of finite actions of £(€) on ( n) C HT.If
(fn) from H is a periodically I'-correlated process having a positive angle between its past
and future, then at each time ¢ = n there exists p(n) < 1 such that

[(Tlg, hla, b)e| < p(n) [[Vaall [[V4bl]

for each h € Hf and g € H/. For each element X = 3 A, X} from the past HX and
k<n

Y = Y B,X, from the future HX of the I';-correlated process (X,,) given by (2.12), and
p>n

for any a,b € £ we have

([1[X, Y]a, b)¢ =<F1[ZBX,,,ZA,€X,€}QZ)> —

p>n k<n

= Z Z <F1[Bpo,Aka]avb>5 =

p>n k<n

T-1
- Z Z Z (C[Bp fp+is Ak frrila, b) g | =

p>nk<n i=0

T-1
=133 S BT s, frrilAasb) | =

p>n k<n i=0

T21< [ZBpr—H; ZAkfkﬂ}a b> <

=0 p>n k<n
T-1
< Z pi(n) Z Ay frqia Z By fp+ib
i=0 k<n p>n
T-1
< p(n) Z Z A frgia Z By fp+ib
=0 ||k<n p>n
T-1 2 12 ,T-1 2 1/2
n)(z ZAkkaria ) (Z ZBpfp+ib ) =
i=0 [[k<n i=0 |[p>n
=p > AWxa| || BWx,b|| = p|Wxall [Wyb],
k<n p>n

where p(n) is the maximum of p;(n) < 1; ¢ =0,1,...,7 — 1, and we used the embedding
X — Wx of HT into £(€,KT) and the fact that p(n) = p for stationary I'j-correlated

proces (X,,). Therefore |(I'1[X,Y]a,b)¢| < p||[Wxall |[Wyb| for each X € HX, Y € HY,
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and the angle between the past and the future of the stationary I'y-correlated dilation (X,,)
is positive. 0

A measure of the positive angle between the past and future is given by the operator
B € L(K) defined by [5]

B=P PtpP-, (3.4)

where P~ is the projection on the past and PT is the projection on the future of a given
process. More or less explicitly, in various situations this operator was used [9, 6, 11, 14, 2].

Another angle between two subspaces M; and Ms of a Hilbert space K is the Friedrichs
angle [4] defined to be the angle in [0, 7/2] whose cosine is given by

c(My, M) := sup{|(ky, k2)| ; k; € M; N M+ N By, i € {1,2}}, (3.5)

where M = M; N M5 and By is the unit ball of .

By (3.2) and (3.5) it follows that ¢(My, Mz) < p(M;, Mz). Obviously we have ¢(M;, Ma) =
p(My N M=+, My N M*1), and of course ¢(My, My) = ¢(Mj-, Ms-). Various properties of the
angles between subspaces in a Hilbert space can be found in [2]. Here some properties of the
Friedrichs angle and the generalized Friedrichs angle [1] are used in the case of periodically
correlated processes in a complete correlated action {€,H,T'}.

If we take (X,,) C H” the stationary I';-correlated dilation of a periodically T-correlated
process (fn) C H, then the Friedrichs angle between the past and the future of (X,,) is given
by

oKX KXy =sup{|(X,Y)]; X € KXNM*NB,Y € KXnM*+nB},

where M = KX N KX, By is the unit ball in K7, and KX and KX are the images of the
past, respectively of the future from K7 by the embedding X — Wx of HT into £(£,KT)

KX =\ Wxe&  KXY=\/Wxe. (3.6)

k<n ji>n

Even the angle between the past and the future of the stationary process (X,) C HT is
constant, the angles between various pasts of the components of X,, = (fn, fat1s---s fntr—1)
are variable and can be characterized by the generalized Friedrichs angle between several
subspaces. To do this, let us first remember the following characterization of the Friedrichs
angle for two subspaces [1].

Proposition 3.5. If My and Ms are closed subspaces of IC, then the angle between M,
and Ms is given by

2Re (my1,ma) m; € Mj, (my,mz) # (0’0)}

p(My, M3) = sup {ﬁ ;
[ma ™ + [[me]|

and the Friedrichs angle is

2
Re (my,ma) m; € M; N ML, (my,my) # (0,0)}.

c(My, My) = sup {ﬁ ;
[ma ™ + [|me|

Then the Friedrichs angle to several subspaces (M;, Ma, ..., Mr) is defined [1] by

2 Dk Rte (mj,mk)}

M,,.... My) = {
C( 1, 5 T) sup T_1 E;TF:]- HmlHQ

(3.7)

for m; € M; 0 M+, ST [Im]|? # 0.
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no

T-1
In the case of a periodically T-correlated process (f,), since M = (| Knvi = K, we
i=0

have the Friedrichs angle associated to (K7 ICn_H, . 7K1{+T—1)7 corresponding to X,, =
(fns fnt1s .-+ fanrr—1), defined by its cosine (or Friedrichs number):
f f _ J<p P
c(K! Kirs o K y) —sup{Ti1 ZiT;Ol ”le2 } (3.8)

T—1 2
for k; € Kf ., (KE)E, 050" Ikal* # 0.

Analoguously, generalizing the angle p between two subspaces to T subspaces, a so called
Dizmier number is obtained

2 Zj<p Re (kj, k) }’ (3.9)

(IC ICnH, ..,ICfH_T_l):sup —
{T—l Sio Il

T—1 2
for ki € Ky S5 IIka])* # 0.
Other definitions [1] of apparently geometric concepts which can help in the study of the
geometry of some nonstationary processes are the following.
The configurant constant:

w(KL, IC£+1,...,IC£+T71) :sup{ ! HZ H } (3.10)

Ty el
for k; € IC{LH- N (/Cfl)la Z;TP:_OI |kz||2 # 0.

The non-reduced configurant constant:

2
T-1
ELIRY

(IC'£7K:£+17'-'?’C£+T—1) = sup {T Z ||k || (311)
for ki € K, S50 k) 7& 0.
The inclination of K, ICn_H, e ,IC£+T_1:
maxo<;j<7—1 diSt(k’,K:f )
(S0 SN o4 = inf == ntiZ 3.12
(K- Ky ) = nf == etn) (3.12)

for k ¢ KJ.

Proposition 3.6. For a periodically T-correlated process (fn)ncz from H, the configu-
ration constant k of the past spaces associated to its stationary I'y-correlated dilation (X,,)
from HT is given by

WUCE K 1 Kl g ) = sup {2 1G ko, R )], (3.13)
for kj € Koy N (KDL, |[kjll =1, =0,1,...,T — 1, where the matriz G is given by
T-1
Glkon ko) = ((hiokyhe )
and
(kis ki) = (Cr[Yi, Yj]b, €)er (3.14)

Y = (0, fus1y- s frnsis 0,...,0) C HT, while b and ¢ are vectors from ET.
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Proof. The characterization (3.13) of the configurant constant « it follows by Proposition3.4

from [1], taking into account that (), IC{LH = K. To prove (3.14), let us consider the
J

generators k; from K,; N (KDL, kj = > S A Vy, . ar, j=0,1,...,T — 1, where A, €
k=0 r

L(E), a, € &, and the sums Y have finite non-zero terms. Then, taking into account the

action of £(€) on ‘H and the definition (2.11) of the I'r-correlation on H”', we have

i J
<kiakj>lC = <ZZATan+ka7‘?ZZASVf7z+pa5> =

k=0 r p=0 s

=0 r p=0 s
toJ
= Z Vf +prn+lc ZATG’T’ZASG'5> =
k=0 p=0 r s

O

Considering C the cartesian product of ICfL,ICfLH, . ,ICfH_T_1 and D the diagonal of
KT, D = {(k,...,k);k € K}, in a similar way as in [1] can be proved the following
characterization of the configurant constant and of the inclination of the past subspaces
ICfL,ICfLH, .. .,IC£+T_1 associated to the I'j-correlated dilation (X,,) of a periodically I'-
correlated process (fy,).

Proposition 3.7. For T > 2 we have

(i) p(K§,Kisrse - Kb poy) = p(C, D)2,

(ii) (K, Klh. oo KL p ) = c(C D)2,

(iii) 1=K, ..., KL ) <e(CD) <1— kKt ... .K r )2

Thus the inclination of the sequence of attached pasts subspaces Kf, IC{L IETEES ,ICfi 171
is zero if and only if its Friedrichs angle is 1.

As previously was mentioned, in this paper the case G = 7Z was considered, but nice
specific geometrical aspects arise in various other cases. So, in the case when G is Z? = Zx Z,
the double sequence (fm,n)(mn)ez2 from H is a I'-correlated process, with an appropriate
correlation, which is stationary if I'[f,, », frs] depends only on the differences m — r and
n — s. Here a lot of geometrical aspects arise if we consider the vertical (horizontal) pasts
and futures and also the vertical (horizontal) angles between various pasts and futures of
the process. The geometry becomes more interesting in the case of the periodicity of the
process (fm,n) considering the period T' = (T3, T5), but this will be done into another paper,
requiring a separately specific study.
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