H?- SPACES OF NON-COMMUTATIVE FUNCTIONS

MIHAI POPA* AND VICTOR VINNIKOV

ABSTRACT. The plaper presents some basic results in the study of Hardy H?
spaces of locally bounded non-commutative functions on certain non-commutative
unit balls. We consider the cases of uniform, and row/column operator spaces
norm on a finite dimesional vector space.

1. INTRODUCTION

1.1. Haar Unitaries and Free Independence. Let IV be a positive integer and
U(N) be the compact group of the N x N unitary matrices with complex entries.
The Haar measure on U(N) will be denoted with dly.

For each i,j € {1,2,..., N} we define the maps w; ; : U(N) — C giving the
i, j-th entry of each element from U(N). As shown in [1], the maps u; ; are in
L>®(U(N),dUn). Let S, be the symmetric group of order n; for o € S,, denote by
#(0) the number of cycles in a minimal decomposition of the permutation o. The
following result is shown in [2], Corollary 2.4:

Theorem 1.1. There exists a map Wg:Z4 x S, — R such that:

Wag(N
1) For all o € Sy, the limit lim M exists and is finite.
N N2n—#(0)
—00
2) For any multiindices i = (i1, 42, ...,1p), & = (i},1%,...,1), respectively j =
1592 n

(G1, 9255 dn), 3 = (31, 4b, .., j.) with elements from the set {1,2,..., N}
we have that

— _ -1
/( )Uu,jl C g, g T gy T AUy =Y Gy 05 Wo(N oY),
U(N

o, TESy

If m #n , then
/ Uiy o+ Wi, Wiy gy Uiy 1 AUN = 0.
U(N)

An immediate consequence of the result above is the following:

Remark 1.2. Let U : U(N) — CN*N U = [u; 5]V, _,. Then, for all non-zero
integers o,

/ Tr(UY)dUn = 0.
U(N)
Proof. Suppose that o > 0. Then

/ TI"(Ua)dUN = / WUjyig =" ° uia717iauia,i1dLlN.
U(N) U(N)

1<iy,.ia <N
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From the last part of Theorem 1.1, all the terms in the above summation are zero,
hence the conclusion. Since U~! = U*, the case o < 0 is similar. ([

Suppose that A is a unital algebra and ¢ : A — C is a conditional expectation.
A family {A;};es of unital subalgebras of A are said to be free independent if
any alternating product of centered (with respect to ¢) of elements from {A;};cs
is centered, i.e. for any n > 0, any €(k) € J (1 < k < n) such that e(k) # e(k + 1)
and any ax € Ay we have that ¢(ajaz---a,) = 0.

As shown in the extensive literature on the subject (see [13], [10]), free indepen-
dence is the natural relation of independence in a non-commutative framework and
it is the asymptotical relation satisfied by various classes of random matrices.

Let 2 = {A; n}jes,n>1 be an ensemble of matrices such that 4; y € CN*V for
all j € J. The ensemble 2 is said to have limit distribution if for any m € Z, and

J1s--+5Jm € J the limit

. 1
i STy v Ay )
exists and it is finite, where Tr denotes the non-normalized trace.

The following result is proved in [14] and, in a more general framework, in [2],
[11]):

Theorem 1.3. Let m be a positive integer; for 1 < k < m and 1 < i,j < N

consider the random variables ugk;) : U(N) — C such that ugfcj) = u;; and the

families {ugkj)}f\’]:l are independent. Finally, for each k and N, consider the matrix
Up.n € L®U(N),dUn)N*N | having the entries ugfj),

Suppose that A = {A; n}jesn>1 95 an ensemble of complex matrices that has
limit distribution. Then the ensembles of random matrices {Ur N, U x}, {Uz2,N, U3 x},

R {Um,N,U;L’N} and A are asymptotically free with respect to the functional
fZ/I(N) %TT()dZ/[N

Throughout the paper, F,, will denote the free semigroup with m generators
g1,---,9m-. The elements of F,, are arbitrary reduced words w = ¢;,9i,_, - - - i,
the semigroup operation is concatenation, the neutral element is the empty word
§ and |w| = [ will denote the length of the reduced word w. We will also use the
notation F. for the set of all reduced words from Fum of length .

In the next section we will utilize the following consequences of the Theorems

1.1 and 1.3 from above:

Corollary 1.4. With the notations of Theorem 1.8, let v,w € Fp, , and, if w =
Jw,Gwy_1 - - - Gu, denote Uy = Uy, NUy, .~ Uy, n. Then:

(i) if |v] # |w|, we have that, for any positive integer N,

/ Tr (UL UY) dUy = 0
UN)
1
i) i — Tr((UL)* U = b0
(i) Ngnoo u(N)N (UN)"Uy) dUn ,
Proof. For (i), let
L={l= (o ljopts--sloslisee oy b)) € {1, NYPIFIO g =)
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and Vi, = {j € {1,...,|v|} : v; = k}, respectively Wi, = {j € {1, ..., |w|} : w; = k}.

Then, from the independence of the families {ul(-k-) fvjzl,

le

/u( N) T ((UR)" Uk )dU _Z/ lk 1,l;c Hul(vl;zrll k diy

ler YUN) 1=

—ZH/ ) T ™, .
e r=1 YUWN) pew, eV,
From Theorem 1.1, if card(W,.) # card(V;.), then the corespondent factor in the
above product cancels, hence the conclusion.

For (ii), note first if w = v, then (UY¥)" U% = Idy, and the assertion is trivial.
If w # v, it suffices to prove the the equality for |w| = |v| (according to part (i) )
and v # w; (since Uy Uy, n = Idn).

1
From Remark 1.2, / NTI“ (Ug,N)dUn =0, forall N > 1 and all 1 <k <m.

U(N)
The conclusion follows now from Theorem 1.3 and the definition of free indepen-
dence. 0
Corollary 1.5. Fix m a positive integer and suppose that U = [um]” 1, with

the functions u; ; : U(mN) — C as defined above. For 1 < k < m , consider
Uy € L®U(mN), dUn,n )NV given by Uy, = [ug—1)n+i,j]0j=1- (I €, Uy, Un
are the N x N matricial block entries of the first N x mN matricial row of U ).
Let v,w € Fp, , and, if W = Guw, 9w, 4 - - -, Guw, denote UV = Uy, Uy, | -+ Uy, .
Then:
O 1ol #ful, [ B (U U) U =0

U(mN)

1
(i) If |v| = |w], hm —Tr((UY)*U") dUpn = duw

Proof. Part (i) is an immediate consequence of the last equality of Theorem 1.1,
since the entries of Uy, ..., U,, are also entries of U.

For part (ii), let e; ; be the m x m matrix with the ¢, j-entry 1 and all others 0,
let Id ;v be the identity N x N matrix and F; ; = Idy ®e;; € CmNxmN - Then for

all 1 <k < m, we have that fj;; =Ur®e11 = E11UE 1, hence

1) Tr((U*)UY) =T (U;;l ﬁwVUUfJUT)
=Tr (El,w1 U*El,wz ur... El,wt U*El,lUEvs,lU T Evz,lUEm,l)
To simplify the notations, we shall use the writting
1
(2) E),=FE;; - 5i,jf1dmN.

Note that Tr(E) b O) moreover, for all non-zero integers «y, . . . , ay, and all indices
1,9,k Lk 1 € {1, ..., m} we have that

. ]- @ @ @
(3) J\}E)noo miN U(mn) Tr (Eiij OEgl,llUl Eng'z e Egman ”Ek’l) dUpyn = 0.

To see that, we remark that using (2) for E; ; and Ey ;, the integrand can be written
as a linear combination of alternating products of centered (according to Remark
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1.2) elements from the algebra generated by U and U~ = U*, respectively from
the algebra generated by {E1 ;}7,. According to Theorem 1.3, the two algebras
are asymptotically free, hence (2) is proved.

An immediate consequence of (3) is that

1
(4) lim — Tr (B, U* By, U EY yUE, AU -+ Ey, 1) dUyn =0,

because, using (2) for E1 u,, ..., F1w, and Ey, 1,. .., Ey, 1, the integrand from (4)
is a finite linear combination of integrands from (3).

From part (i), it suffices to prove part (ii) of the Corollary only for ¢ = s. For
this we will use induction on s. If s =1,

s

1
Ey U E1 UE,; = El,wlU*E?,lUEm + EEI’““ "By

N 1
=E1.:, U E?,IUEUJ + Eévl,leLl

and the conclusion follows from (4) and Tr(E; 1) = N.
For the inductive step, using (2) for Ey 7 in (1), we obtain

(U U =E1,4,U* By, U* -+ By, U EY (UE, U -+ Eyy \UE,,
1
+ aEl,wl U*El,wg U* e U* (El,ws : Evs,l)U e Evg,lUEvl,l

The first term of the above is similar to the integrand in (4). For the second term,
note that

-El,w5 ' Evs,l = 5w5,st1,1

and the conclusion follows from the induction hypothesis. O

1.2. Non-Commutative Functions and Taylor-Taylor Expansion. The fol-
lowing definition for non-commutative functions is similar to [5], [6] and [9].

For V a (complex) linear space, we will denote by V. the linear space [ 2, V™"*™.
A subset Q of V. is said to be a non-commutative set if for all m,n and all
XeQnyvm™ ™ and Y € Q%" we have that X @Y € Q, where X @Y is the block
diagonal matrix from YV(m+tm)x(m+n) with X and Y the block entries of the main
diagonal and all other entries zero.

If ¥V and W are two linear spaces and €2 a non-commutative set of V,., a mapping
f:+Q — Wy is said to a non-commutative function if it satisfy the following
conditions:

o F(QUVY™ ™) C W™*™ for all positive integers n;
o f(XY)=f(X)® f(Y) forall X,Y €
o if X e QU V™™ and T € C™*™ such that TXT ! € §, then

f(rXT—Y =TfHX)T

Non-commutative functions have strong regularity properties - for an introduc-
tion to the basic theory see see [5] and [6]. Below we will mention only a particular
form of the Taylor-Taylor Expansion property, as shown in Section 7 of [5], that
will be extensively utilized in Section 3 of the present work.

Let V be a finite dimensional vector space with basis e1, ..., eq. For X € YNXN,
there exist some unique X7, ..., Xy € CV*V such that X = Xje; + ... + Xgeq. If
w=gi - Gi, € Fq, we write X = X9 ... X9,
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Suppose that 2 C V,. is a non-commutative set such that for all N, the set
Oy = QN VYN is open. Let b € 1, let W be a Banach space and suppose that
f:Q — W, is a non-commutative function locally bounded on slices separately
in every matrix dimension around b, that is for all positive integers N, and all
Y € VXN there exists € > 0 such that the function ¢ + f(X +tY') is bounded for
t] <e.

For n a positive integer also define the set

YT(b,n)={X € Qn : bl, + (X —bl,) € Q, for all t € C such that || < 1}.

With the notations from above, Theorem 7.2 from [5] gives that for all positive
integers n and all X € T(b,n)

oo

(5) f(X):Z[Z(X_bIn)w®fw]

=0 |w|=l

series converges absolutely and uniformely (in fact, normally) on compacta of
Y(b,n).

1.3. Operator space structures on C". An operator space structure on a linear
space V is given (see [3], Proposition 2.3.6) by a family of norms {|| - ||, }r>0, such
that each || ||, is a norm on V**™ and, for all X € Y"*" Y € y">™ T S e C"*",
we have that

o X &Ylnym = max{[|X]n, [[Y][m}
o [[TXS| < |ITIIX]n]S]|, where || - | denotes the usual operator norm of
complex matrices.

We will consider the operator spaces structures on C™ given by the |- ||oo, || - |col,
and || - |lrow, where, for X = (Xq,...,Xn) € (CP*™)™ o~ (C™)™ "™ and || - || the
usual operator norm in C"*"

[ Xl[oo = max{[[ X[, | Xml[}

" 1
||XHC01 = || ZXi Xz“ ?

i=1

m o
[ X row = |l ZXle [

i=1

For the norm ||+ || o0, the non-commutative unit ball is the non-commutative polydisc
(D™)ye = ]_[{ X1,y Xm) € (C™™M™ 1 ||XG] < 1, j=1,...,m}.

For the norms || - ||co1, respectively || |lrow, the non-commutative unit balls are given
by

anc_]_[{xl,..., m) € (C””””ZXX<I}

respectively by

m

rowHC_H{X17~-~, ) € (Crxmym . ZXX*<I}.
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Identifying the components from (C™*™)™ of (D™ )y, (B™)ne, respectively (BI2 )ne
with the correspondent sets from (Cm"2, the Shilov boundaries for the commutative
algebras of complex analytic functions in mn? variables, as shown in [12], Example
1.5.51, are U(n)™, respectively the set of all isometries and coisometries of C**™"
respectively C™"*"™. Since C"*™" does not have any coisometries, it follows that
for the case of (B™)yc the Shilov boundary from above is

AB™,n) = {(X1,...,Xm) € (C"X"mZXX_I}

Also, since C™™*™ does not have any isometries, the correspodent Shilov boundary

for By Jne N (C™7) is
O(Bgw:n) = {(X1,..., Xm) € (CT7)™ ZXX*—I}

To simplify the writing in the next section, we will denote denote U(n)™ by
d(D™,n). The natural measure on (D™, n) is the m-fold product measure p,, of
the Haar measure on U(n). Corollary 1.4 gives then, that for any v,w € F,,, we
have:

(6) [ (O X dp =0t ol £
(D™ n)

(7) lim lTr (X™)" XY) dptyy, = Gy 00

n=o0 Jomm,n) T
For the case of (B™),., note that
OB, n) ={(X1,...,Xm) € (C™*™)™ : there exists some U € U(mn)
such that (I,,,0,...,0)-U = (X1,...,Xm)}

Note that the group U (mn) acts transitively on 9(B™, n) by right multiplication.
Also, denoting

H(m,n)={I,oU:UcelU((m—1)n)}
we have that H(m,n) is a compact subgroup of #(mn) which is also the stabilizer of
(I,,0,...,0) € 9(B™,n). Hence 9(B™, n) is isomorphic to U(mn)/H (m,n) and (see
[4], Theorem 2.49) there exists a unique Radon measure v, of mass 1 on 9(B™,n)
invariant at the action of U (mn) and, for any continuous function f : U(mn) — C
we have that

For1<i<mnand1l<j<mnandu,:Umn) — C as defined in Section 1.1,
a simple verification gives that, for all U € U(mn) and V € H(m,n)

9) u; j(U) =u;;(U-V).
Fix now f € Alg{u; ;,w;; : 1 <i<n,1 <j<mn}. Forall Ue U(mn), equation
(9) implies

(10) /H IOV, (V) = / FOY -1 (V) = F(U).

H(m,n)
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Define f on A(B™,n) via f(UH(m,n)) = f(U). From (9), 7 is well-defined. More-
over, equation (10) gives
(11) / FUH(m,n))dv, (UH (m,n)) = / U Uy (U).

d(B™ n) U(mn)

Hence, Corollary 1.5 implies that, for all v, w € F,,, we have:

(12) / Tr (X)" XY) dvy(X) = 0 if [v] # |w]
o(B™,n)
(13) lim lTr (X*)" X")dvy(X) =10 1
P00 a(Bm’n) n mn - 1),wm‘vl .

Denoting by AT the transpose of the matrix A, we have that
OB, n) ={(X1,...,Xm) € (C™*™)™ : there exists some U € U(mn)
such that U - (I,,,0,...,0)" = (X1,..., X)"}.

In this case the transitive action of U(mn) on OB, ,n) is by left multiplication
and H(m,n) is the stabilizer of (I,,,0,...,0)T. A similar argument as above gives
that there exists v/,, a unique Radon measure of mass 1 on 9(B™ , n), invariant at
the action of U(mn), and the pair (O(B,,n), v, ) also satisfies equalities (12) and

(13).

2. MAIN RESULTS

The present section will address properties of certain H? Hardy spaces associated

to the non-commutative unit balls for the operator norms || - ||oc and || - ||co1 o0 C™.
Since both (9(B™,n), u,) and (OB, n), v, ) satisfy (12) and (13), similar results
to the case of || - ||co1 can be stated for the setting of || - ||row-

For 2 either B™ or D™, consider the algebras
Aq ={f: Qnc — Cyc : f = non-commutative function, locally bounded

on slices separately in every matrix dimension}.

Equation (5) gives that for all f € Agq there exists a family of complex numbers
{fw}twer,, with fy = f(0), such that, for all X € Q

(14) FX) =30 X"fu).
1=0 7l
Theorem 2.1. (i) If f € Apm and r € (0,1), then:
: 1 1 W\ *
fo = Jlim oo /E,(DW,N) § (&) rX)) du
= lim lim lTr((Xq“”)*f(rX))d,uN.

r—1— N—o0 a(D™,N) N
(ii) If f € Agm and 7 € (0,1), then

1 1
w= lim — - ‘W‘/ —Tr((X") f(rX))d
f [ on T P r((XY) f(rX)) dpn

= lim lim mlw‘/ iTT((X“’)*f(?"X))d,uN.
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Proof. For any positive integer N, relations (6) and (14) give

[ ey sy =) Z / XU XY fydu]
(D™ N) =, 8(DmN
= Z T'”‘fv- Tr ((X")"X") dun,
V,WEFm o(D™,N)
[v|=|w]

and the equalities from (i) follow from equation (7).
The argument for (ii) is similar, using equations (13), (14) and (12). O

Definition 2.2. For (Q,dwy) either (B™,dvy) or (D™, duy), we define

H*(Qpe) = {f € Aq : S(f) = supsup/ %Tr(f(rX)*f(rX))dwN < 00}
N r<1Ja(Q,N)

O

For f € Aq as above and X € (C™),, denote fIU(X) = Z fYX". Remark

wE]-)[,ll]
that:

0 fUEX) =" f(X)
(i) for X € Q, as disscussed is Section 1.2, we have that f(X Zf
1=0
and the sum is absolutely convergent

(iii) if [ # p, then /6 o Tr (( FU(x))* f (X)) dwy = 0.

Therefore, if f € H? (), with notations

Sxrlh)= [ o T (X" f(r X)) do
Sn(f) = lim Sn.(f)

r—1-

we have that Sy, (f) = ZSN,T(f[”) = Z?“2l5'1\z(]‘m)7 and both sums are abso-

lutely convergent; in fact S N( Uy >0 for all l.

Theorem 2.3. (i) If f € H?>((D™),.), then i( Z | ful?) < o0

1=0 e Fll

() 17 £ € H2((B™)ao), then (37 [ful?) < o0
=0

weFL
Proof. For (i), note first that if r € (0,1), f € H*((D™),) and X € 9(D™, N),

then f(rX) Z r [l ) and the series is absolutely convergent.
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Therefore equation (6) implies that

irr*r :OOrQl ir[l] * £[l]
/za(u)m N)NT(f( X)* f(rX)dun = /(B(DmﬁN)NT(f (X)* FU(X))dpn

= Z?‘Ql[al + bl,N]

1=0
where a; = Z |fw|? and
|w|=l1
— 1
bl,N = fwfv / 7Tr((Xw)*XU)dMN
|v—z|z;z om.my ¥
vF#W

FH(X)* (X)) is positive in C*-algebra in CN*N | henceforth a; + by > 0.
Relation (7) implies that hm bi,n = 0 for all [, hence, since f € H?(Dy.), we have

that

supsuer (@ + b n) <

N r<1
o)
It follows that sup Z r<a; < oo, and, since a; > 0, we have that Z a; < 00.
r<l
1=0 1=0

The argument for part (ii) is analogous, utilizing equations (12) and (13). O

Theorem 2.4.
(i) With the notations from Definition 2.2, H*(Qy.) are inner-product spaces, with
the inner product given by

(f,g) = lim lim iTr(g(rX)*f(rX))d(.uN.
N—00 r—1— a(,N)

(i) {X%}wer,, is a complete orthonormal system in H?((D™),.) and, for all
f € Apm, we have that f, = (f, X"™) and f = Z fuX™ in H2((D™) ).
WEFm
(iii) {m%X“’}wefm is a complete orthonormal system in H?((B™),.) and, for
all f € Agm, we have that f, = (f,m"|X®) and f = Z X" in H?((B™) ).
WEFm

Proof. From equations (6) and (12),

For A, B € CN*N |Tr(A*B)| < %[Tr(A*A) + Tr(B*B)], hence
1 1
1 (P x) F (X)) don| <= 04 gy
oy 7T (6007900 ] <5154 + 4]

From f,g € H?(Qc), the series Y700 Sn (£ 4 gl) is convergent (in fact absolutely
convergent, since all terms are positive), hence the limit after r — 1~ from part (i)
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does exist and equals

o0 1 .
S [ S (a0 00) day.
From equations (7) and (13),

> gufY it f,g € HA((D™)ae)
1

[1]
lim ~Tr (g"(X) (X)) dwn = { " 1
N=ee Joa,N) ( ) > 9" it f,g € H*((B™)nc)
wef'y[‘f],]

and the last sums are absolutely convergent from Theorem 2.3. Therefore

> gufr i fge HA((D™)ne)
(15) (o) =14 "1
TTY X e g e HAB )

wE]:m

particularly if (f, f) =0, then f,, = 0 for all w € F,,,, hence f = 0.
The parts (ii) and (iii) are immediate consequences of (15) and equations (7)
and (13). O

Remark 2.5. The limit over N in Theorem 2.4(i) is not the supremum. For
example, if m =2 and f(X) = X1Xo + X0 X, then

1 i L, .
/S(DM’N) ~ Ir(FOX) f(rX)) duy = 2r°(1 + )

Definition 2.6. As before, Q will denote either D™ or B™.
For X € Q. define the map Ey : H*(Qye) — CV*N wia EF (f) = f(X).

o0
Let Bon ={X € Qe N CN*N . Egzs a bounded map} and Bg = H Ba,n-
N=1

For p > 0, we define the Hilbert space

B = (Uhbuer fu € Clllhubuerllp =D 30 ~Tufa) < o0},
1=0 wef,[,lz]

Proposition 2.7. With the above notations, we have that

(i) Bpm ={X € (D™)pe: the serz’esZ( Z fwX™) converges for any
=0 weFll]

sequence { fu }wer, € 1*(Fn)}

oo
(ii) Bgm = {X € (B"™),c: the series Z( Z fwX™) converges for
=0 erl
any sequence { fu Ywer, €12 (Fm)}
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o0
Proof. Suppose that X € D™ N CY*V is such that Z( Z fuwX™) converges for
=0 we,ﬁ[yl,,]

all {f,} € I?(F,) and consider the linear map E/ﬁ(vm (2 (F) — CVXN given by

EX ({(futwer) = S (S fux™).

=0 wE]:,ylL]

For every [, define also

S =T hx®)

=0 yerly

From the initial assertion, E]%f; is the pointwise limit of {Egml }iso0- Each EX Vs
a bounded linear operator from 12(F,,) to CV*¥  so Banach-Steinhaus Theorem
gives that EZ,, is bounded.

Take now f € H?((D™)y,.). From Theorem 2.3, the sequence {fy, }wer,, of its
Taylor-Taylor coefficients is in (?(F,,) and its norm, according to relation (15),
coincides to the norm of f in H 2((D™)pe), hence the operator EZ, is bounded and
1Bl < 1B

For the converse, fix {fy}w € [*(Fn) and, for all I > 0 consider the functions
ap : (D™)pe)y — CV*N given by oy(X) = Z fwX™. The sums are finite,

lw|<l

therefore oy € H?((D™)ye), hence, if X € D™ N CN*N | then

latss(X) = ar(X)| < N1EGw || - lowrs = aullzrz(mye

<NES-I1-C Y 1wl

I<|w|<l+s

Since the sequence {3, < |fw|>hi>0 is Cauchy, it follows that {a;}; is also a
oo

Cauchy sequence, therefore the series Z( Z fwX™) converges.
=0 erl
The argument for part (i) is similar, replacing [*(F,,) to [2,(F,,) and using
second parts of Theorem 2.3 and of relation (15).
O

Theorem 2.8. Forp >0, define

Ty ={X € (C")pe: Z Pl (XY XY converges}.
weFm
Then B]D)"L = (Dm)nc N T{n and B]Bm = (Bm)nc n Tz.
Moreover, if X € T N CN*N | then { X" }yer,, €13 (Fm) @ CN¥N,

Proof. Suppose that X € Bpm . Since, according to Proposition 2.7(i), the series
oo

Z( Z fwX™) converges for any {f,}wer, from [?(F,,), it follows that the
=0 wEfT[yl,,]
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o0

series Z( Z fwe*X™e) also converges for any e,é € CV. The Riesz Repre-
=0 erl

sentation Theorem gives that {e*X“e},er, € [*(Fn), therefore also the series

Z Z *(XY)*eX™ converges for all e,¢ € CV.

l= Owe]:l]

Taking e, € from the cannonical basis of CV, we get that > wer,, (X)X con-
verges on each entry, therefore in CN*N .
The argument for (B"™),. is similar.
Suppose now than X € T;' N CN*N " Then Z p“”'(Xw)*X“’ also converges
WEFm

entrywise, and, since the (7, j)-entry of the series equals

IPOERETIES W WA

weFm =1 weF,,
where .Ifl(u-}) is the (I, j)-entry of X", it follows that {ml(:l;)}we]:m € 12 (F,) for all
l,j. In particular {X%},ex, € l2 (Fm) @ CNXN,

m

O

Remark 2.9. (i) Y7 ¢ (D™),e and Y7 ¢ (B™) pe
(ii) If X = (X1, X2, ..., Xon) € (CNXN)™ s such that

1

then X € T} In particular, ﬁ(]])m)nC C Bpm and ﬁ(lﬂ%m)nc C Bgm.
Proof. For part (i), it suffices to take X = (X1,0,...,0) with X; nilpotent with
norm larger than 1. Then X € T} for any p > 0, but X ¢ (B™)yc, (D™ )pe-

For part (ii), suppose that X*X; + X5 Xo+- -+ X X < % for some 0 < 6 < 1.
Denote by X! = p' Z (X™)*X™. Then

wefl,ll]
0< xiH = Z Lxwy* < ZXka> Xv < gxl
weFll k=1
1
hence Z (XU X" < 1—¢

wEFp,

Definition 2.10. For p > 0, we will consider the sets

Ky ={(X,Y) € (C™)pe X (C™) e : Z Z P XY @ (YY) converges)
=0 yerly
and the maps K, : K, — C,, given by

KX, Y) =31 3 pxv e (v,

=0 'UJE]:'r[rlL
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Theorem 2.8 implies the following result:
Remark 2.11. (Y;' x 1)) C K, O

Also, note that from the second part of Theorem 2.8, any sequence f = {fy, }wer,,
from I2(F,,) can be identified with a nc-function on T3 via

=22 fuX").
l=0 yerll

Next, we will consider the following spaces of nc-functions:
Definition 2.12. For p > 0 define H%l’p as follows:

2o =T — Cuc: fis ne-function such that there exists some sequence

{fwtwer, €12(Fn) such that f(X Z Z FuX™}.

l=o w€.7:7[rl1,]

Note that Fg are Hilbert spaces with the inner-products inherited from I2(F,,).
Proposition 2.13 below shows that in fact they are reproducing kernel Hilbert spaces
with respect to K.

Proposition 2.13. FizY € T;”Q(CMXM, With the notations above, we have that:
(i) The map Kp(-,Y) : T1" — (CM*M), is a non-commutative function that
belongs to H2 ,, ® CMxM,
(ii) for any 61,62 6 CM and any f € HZ, 2

(feq p('7 )€2>l2 —€2f( Je1

Proof. For part (i), first note that for any w € F,,, the map X — p/“| X% @ (Y*)*
is a noncommutative function from C,. to ((CM xM )ne, hence it suffices to prove the
convergence in H2

Let yl(l;}) be the (i, j)-entry of Y*.

From Theorem 2.8, the sequences {yff)}wey: are in [2 »(Fm) for all i35, hence

the map X — > 7, yl( ])X ® is a C, -valued non-commutative function from
2

p,m

For part (i), let {fu}wer,, € [3(Fm) such that f(X Z fwX"™. Then

WEFm
(f, e Kp( Y)e2)iz(r,) = {fwtwer, {e1(Y") e2twer, )iz (7.
= Z esfuY el =esf(Y)e
wWEFm
O

Proposition 2.14. Suppose that f is a non-commutative function locally bounded
on slices separately in every matrix dimension around 0 and

1
B0) = i [ TG S0 X)

U(r)= lim iTr(f(?”X)*f(?"X))dVN.
N—00 o(B™ ,N)
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Then f extends to a function in H1 'm» respectively in Hmm, if and only if ®(r),

respectively W(r), exists for all small 7 (in which case @, respectively ¥, are also

analytic at 0) and it extends analytically to (0,1) and continously to [0,1] .
Moreover, limi d(r) = Hf”ﬁ} respectively Eﬁf U(r) = ||f||m

Proof. Suppose first that f extends to f € H2 m» that is there exists {fu}wez,,
such that

(16) =Z Z fuX")

for all X € T7"; in particular, Remark 2.9(11) gives that the expansion (16) holds
for all X € \/%]Dm.
As before, consider the non-commutative functions f : (C™)pe — Cpe given

by f(X) = > wer fwX™. Then, for X € 9(D™, N), we have that

1PN Y o sup (Ful XD < sup (7,

wE]—',[,lL] weJ-‘m wE]—'

therefore, for r € (0, %)7

1 *
[ S () 00) du < sup 17l
a(D™ N weFL

hence, expansion (16) and Corollary 1.4(ii) give that

[ STUEX) X)) duy
(D™, N)

= HrX*WrX dun < ||f1I%
Z/()(DW)N X)) dro < 1l

Therefore, using Corollary 1.4(i), we have that for r € (0, %),

o(r) = erfw

=0 wE]:m

and ® extends analytically to (0,1) and continously to [0, 1].

The proof for ¥ is similar, using Remark 2.9 and Corollary 1.5.

For the converse, suppose that there exists ¢ > 0 such that ®(r) exists for r < §
and extends analitically to (0, 1). In particular there exists some Ny such that the
integral from the definition of ®(-) is finite if N > Np. Fix now N > Ny; equation
(5) gives that there exists some a > 0 such that the series ), » f, X" converges
absolutely for X € aD™, particularly {(2)“! f,}wer,, € 1H(Fn) C 12(Fn).

Let R = min{d, =}. Then Corollary 1.4 gives that, for » € (0, R),

Zr” > 1ful?)

=0 we]-'nlll

and the conclusion follows since ®(-) extends analytically to (0, 1).
As before, the proof for ¥(-) is similar, using equation (5) and Corollary 1.5.
(]
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Proposition 2.15. For f € H m and g € Hm s Tespectively Y € YN CMxM
and Y € Y™ N CM*M " we have that

pry(r)=lim —TT@ TIdevsw (f(rX)Kqy(rX,Y*)") dun (X)
’ N—00 a(Dm N) N

Ygy(r) = lim —Tr® Iderixm (g(rX) Ky, (rX, (Y)*)) dvy (X)
g N—o0 a(B™,N) N

are analytic functions of v for r small and they extend analytically to (0,1) and
continously to [0,1]. Moreover, lin} ory(r)=f(Y) and lirr} Yy v (r)=gY").
r—s1- r—s1-

Proof. Let p > 1 and r € (0,(2m?p)™"), let {fuw}wer, € [2(Fm), and consider

X € CNXN 'y € CM*M gych that sup [|Z%| =m(Z) < co and sup || X*| < 1.
WEFm wWEFm

(o)
First, note that the series Z( Z r2lwl prlw\yw) converges asolutely, since
=0 we]:y[,lzl
||{(7”p>2|w‘}le2(}'m) < 2 and

i o el ppl Yy ) < m(y f: Y )t piely|

=0 werl =0 yerl

1 1
<m(Y)- H{fw||w||122(fm) ’ ||{(Tp)2‘“"}w||f2(fm)

Also, we have that ||{(rmp)™ |}w||lz )y <2 and

oo

DO fw-rxe)- Z o XY e () )]
k=0 e FlK 1=0 e Fll
S[kark(z | ful)] Zprm m(Y))
e —
<[> (r-mp)* Z P fu] - 2m(Y)
k=0 weFlk

<N Fubullhr,y II{(rmp)'”‘}wHﬁ(;m) 2m(Y).
Therefore, for p =1, if f and Y are as in the statement of 2.15, we have that

1
/ —Tr @ Idearear (FrX) K (rX, Y*)") dun (X)
om,N) N

1 oo
= —Tr @ Idpax TP XY (XYY @ YY) duy (X).
S L EIESRID DD DI DY (X°)* © Y ) (X)

k=0 e 7l ve Fll]

Since %Tr ® Idemxa is a bounded linear map, using Corollary 1.4, the right hand

side of the equation above equals Z( Z fwY™). and the conclusion for ¢y, ¢
1=0 yerl
follows.
The proof for 14,y is analogous letting p = m and using Corollary 1.5.
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Definition 2.16. For 2 either B™ or D™, define

H>®(Qpe) ={f : Qne — Cpe & fis a non-commutative function and sup ||f(Z)] < oo}
zeq

H>®(Bq) ={f: Ba — C,.: fis a non-commutative function and sup ||f(Z)| < oco}.
ZeBq
Obviously, H*®(Q,.) C H>®(Bg), since Bo C Q.. We will further detail this
inclusion below.

Definition 2.17. For Q either B™ or D™, define

M(Qpe) ={f : Qe —> Cpe : [ is a non-commutative function which is also a
bounded left multiplier for H?(Q,c)}

M(Bq) ={f : Ba — C,.: f is a non-commutative function which is also a
bounded left multiplier for HY . if Q = B™, respectively H2, ,, if @ =D™}.
where the multiplier norms are the natural ones.

Proposition 2.18. With the notations above, we have that

Proof. From the consideration above, we only need to prove the last inclusion.
Consider g € M(Bq), denote M, the left multiplier with g and take X € Bq N
CM*xM 'y ¢ Ty NCNXN | From Poposition 2.13, for any e;,es € CM and fi, f> €
CV, we have that

(Mg)*er K(, X)ea, [T K (- Y) fa) = (1K (-, X)ez, Mg fTK (-, V) f2)
=(gOTECY) f2, 1K (- X)eg)®
=(ea9(X) [T K(X,Y) fae1)",

hence (M,)" K (-, X) = K(-, X)g(X)* and since [|(M,)" K (-, X)|| < ||MgH-||K(wX)£
<

and K (-,-) is a reproducing kernel, it follows that ||g(X)]| | Mg
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