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.o -3t is essumed shat x (- ) esilsts on the enbire halfline [o, %)
Rewind that locsl conbrollsbility =zesns x (&) € ink a(t,;:) for &ll
t >0, Where CZ(t,p) i3 the ssb of all points in R} that can be
reacaed by aduissible trejectories of (1) at the Gime €.
As one sees, the contr 1 variaple in (1) appears linssrly andi She
control range set{l l ? [~l,l] contains tue reference contrel
oQ; =0, i=4,e..0~iin its interior.Thesc facls .re essentlally used
in~[1] end in what follouse
Also ,in [I], the following condibions ers supposcd to be sabtis-
fied :
(8) the vectors (p), ¥H(p) ™1(p) are linsarly i de
al ne vVec ors < 2) s p gewey p axre R Al o 6 v ,ﬂu.even v«...\d
i . A n-1 e y .
(62) the vector-functions ¥ (X)geey ¥‘ (%) are involutive in a
neighbourhood V(p),; i.e. the Lie brackst Y“,Xa'l(x) verifies

o _ _ y | | .
{:Il,‘fal (x) & span S.Lil(x),..., Y ('#{)7 ,

gede

or all -,j"—-‘(tz,.:.,nw '3... -

3}

In [gj or [57 it is supposed only the §r0pertyvthat the vectors

Yl&p),..., "nAl’q) are linearly indevendent instzad of. (dl> and (a«

The hypothesis (a;) contains actuslly the property that “1(x7,...
t..,Yn-lix) senerate an integral nanifold in a neighbourhood of p

nan
end enable us with the advgntage gst one cen write the suff cieat

o . - S » ; ~ € w ""
conditions in {5; in the simgler Torm in Lli (see lomma %)
we shall enelyse only 4ic singular trejectory x_(.) bocause in the

nonsingular case the hypotheses and bthe ccnelusions are essentially

=t

the seme in sll works dealing with this proolen (see for example [ 31

and ]11)

Definition 1

The trajectory x &.}i. singular for (1) if the dimensiocn of the
; the v.ctors (ad‘u,Y o), iz e L,
s 1is not greater zévz b-1, where (edZ,1)(z) =

y X (o) — --~)5-a-u 7).
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Pronositicn. :
| . .} o
(.) be singular for (1l).Then an " E> 0 at 8 AER [Pel=l,

1

will exist sush thas (‘f/’i{:‘), Yz L)) > :o,‘sé{o,ia], 1zlyeegB=L,

where SF:[O@,] L is -defined by Wio):?{o, - 4y

dt

<r n :
=(B--—-—-ff (x \t)))f/w). In aidition,: if there exisk /"gf_,»x. s 1AbliLs
s - )

‘ i g . P
and & >¢ osuch shat  ZW(t), Zl(::‘j{t))} =0y d=lyssgn~1ly for all

ingular for (1), woere Yo) is defined a:

4y

136- ZO,’%] blen 30(.) is

¥ ol

0CLOr2e

: sl 5 e 3 et ol & o e
that x (.) is 103611:; anzlvtiszal in t=0, and thorsfore there

‘e:éists €°> o su

( .
()
3
cr
e
[&¥]
ct
b4

(@]
s
o
s

-
=

o

"
O
o
-
rd
3
Q'\
{3
[}
o]
e
ot
r.h
(&]
£
(]
®
4
3

order to verify ‘76( )

all &t € [o, €,

l“'

4]
9]
(o
"'-Ji
(@]
PJ
[$)

L6 1s
function (ﬂq,";t) end 21l (ts derivetives at t=o0 sre egual zsr0.3y

4 -
siﬂgulariﬁy we have %{p):o, i=l,eeyit=1, cnd btaking k-tn derlvabive

of \P(t) as t=0 we obtain —= %’41'\'0) ;;1}‘11,“1)@)}
Choosmﬁ" Pc = g* M“O‘ =1, such that Ra " is orthogonal to all

-y

vectiors (oakx (p), 1:;; 0, i=l,es40-1, (see definition of singu-

(\

lerity ) we obtein E (o)=0 Tor 211 k z o and the first park is
d’G

provede

The second part is obtained in the same way.

32. A direct consequence of ths sinulsrity ana condition gul) 18
that the sysien (1) is locally eguivalent with anolher difflerenticel
system 9-4
: a:}" — ’ o IRE (s
('1‘74 O e ey Y S __‘(tzr’ K*]))i— o Ly A0 a7 AU ) )y
() iotiey ® Mlniidy. . Tk S 2
Lo %

(7-(0) ,T(0))=E 7(o)= ilps

where the petrix U is conmposed by ﬂ VR.,.,.»,., ﬁvn,ﬂ{;\,;/._,}m buelly



/
(F

f‘aw A i::
-v-—- (t, (t) O) 4
Pz 5‘

OftuOoulul th being given by Proposibtion

The right hand side in (2) is obtained performing a‘change of

state and coanbtrol variable by the followins formulas
e o —1 W A1 = -X (“ ¢ ;_ (3‘ T, i Ay
j) y(t)"‘—vL (t)».(b)’ OKE o 3 ~ a:)o e )) u), .J\O)—-J-J\ia.bé )

bt o - . g N . ‘/}. ! - 7 Vi
4)  B(E,yi= il 1{%)3 (LGN y)=ud (§) == (: (& L(t )iy,

R Q5] , ,,’T' -l
G, (4,7) =1L Loyl @enTy), yo(b) =L (E)s (6)
. n-1 o G
5) Tt 70+ 95 (5,7,008;(6,7)=0Ct 7 (64 :Zujsqu,yam),

n-4
H(b,y,u) = FH(t,7)+ Zcfu.::,m 615,73,
where F G denotes Iunctlcno forned with the laut (n—l) coupo
nents of the functiens F and respec lVGlJ G i9 P=(D pl 2 g
Galoh B, R
Of courses the condition (5) is true in a neighbourgood of A=

y:yo(t), u=0, and for t > o in a neiyhbdurhood of zero.

By definition we have

,.agr —_—{4 17g {t J=o, Tt’yo!‘t)’o): Op . ilgasy n—l)

©) 5

£ (% ' 7, (h).0)=0

¢
foriall e 2y idiakyeny. B
in order to prove that (1) is losally controllsdle elong the
singular trajocto;y -

-

locally controllable szlong the fixed tradvctory ,(+) ccrrespon-

dinz o the control u = 0y i=l,es, ~1is

e

Remarkd By definition the vectors %70,V}, izlyesyb=1, are lineariy
independent and Sherefore é;(o,y s izlgeey n~1,; are linearly inde—
pendent .

For the general nonlincar systen
2L 4z, Bl zau)s s B g z.{:RM, u. & B R*

d.b <«
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the definition of singulozity of a Zixed trajectory m (.) cor-

responding to %{.) is the following (see )3] ).

Definition 2.

The trajectory z (.) is singular for () if theres exist q—_::;» 2
~ - = 1 :

and Mo € i, |A,l =1, such that <Y(t), ;’L(t,zox\t),u)-

~-£(t, zO(i:), rb(t“;} )> =0 ferallue U, & é[q 2.1 . whepe

3?/}(0) 55 5= “'g‘?,;j‘:(%mﬂé—-(t,zo(‘s),%(&))r?f(t)

pefinition & of singularily is the sanme mth definition 1 when the

noantinsar systez
Tenn
Let X K )

be -singular for (1). Thea y (6) mm‘lct)xo(s), t >0 is

o~
singular fox (2) with ﬁz(l,o,...,o)z_ W(t)

Proof.
By e o i

g
X

Caooom,_, }\f\l R

(<) (see Froposition) we have 4‘{-*( g .s.(t,a (83, u)-“(

[ W , % B i
y and E=&20 siven by singularity of

0
n-4 - ; e
x (oG (by3,(6),w= cé‘ct:,y (8,03 6}(t,7 (&) = ;
e Wy
et f,ve,at),u) 6, (t,7,(8)) .
= %
By definition G; (t,,fo(t)) ho mhed. e olt ),

i=1l,eee 01, where 20 is given by singularity

olede.

of %

| Tl ey 2%
fines AT () =¥ (t) verifies - 'at\P (5= (3 () )) Wi
4 . «, «
i \P <O)=}‘b ih £ollows GiQt'YO(ﬁ)) =0 for a1l tegs,&] . =nd
the proof iz finished.
Using Remark 1 and Lemma 1 one obtalns tnast the trajectory yO(.)
and the system (2) verify the gencrel hypotheses in [37 .

Iect m?l and kz o nat

the m=lincegr fornos

7:**"‘1 —> &
\lilé o .l; .(}‘zuj
(s )\p 2 Z % Xy -z /6{44 7 2o at
5] e S : i et 4 e
B ity e T fad L G
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é ,:
(93&5}/“)“‘{/1” S ﬂfa/g/\/ ﬁa/l"// ég;/)/#/{//ﬁ

{/f—a-'f—[n =¥ (41)‘ ﬁnﬁ)/'

whe re Aoe Bn_, {A@ | 21, is given by singulartiy (see froposition) .

The mein result in [1] rogaerding locgl controllability along the

0
the following containg

trajectory x,.(.) icstated in terms of am-linesr forms % é(u) gad has

Theorem 1

wh the hvnobhasas (al) and (32) be verifiede

Let xo(.) be a sinsular trajectory Tox (1) Thae a(l) 3.:; locally
controliavle along xoi.}u if there exist u *;2 s & > 04 natural numbers
such tha':.‘f &%)zo for all l1lun < m ,. o: &, ‘f'
, -

all. ok 2Lk} and ﬁﬁ g (u) chenges sign on
% %

(*z”;,,%,e (42 By ge (w2) <0 )

The fz.nal result in [5] (see Theorsm 3 /.

£ (u) = o for

B
'-lr
n
o
&
"8
o
&
45}
o
o
!—J
]
ce
(o
b
&
4]
O
L)

changing sign of a certain m-linsar forus also, bubt the forms have
gifferent structuxes

Renark 2.

i ((L) is verified then the nypothesis 'H' in [Bj(i‘heorem ‘9)
for the system (2) is sctisfied. It follows because = (K,uo’\a) ,u)-o/

23 { sy LE))= and G l0iD) o -l,..,n -1, are linesarly independent.

| e . o , b n

|. 1 condition of conjugacy in [31 (see definition 3 Y. . -hes a
sinpler foru for (2) because the second part of the Systen (é) doesn't
depend on the state veariable Y. ~0, chl0OO3in; a3 2 & =1 ,,,;;, the conos-

nical bese in X we have to verify the conjugacy conm.t don only Loy

Therefore, in ordexr to verify all the hypotheses in 3{(Theorem 3
3 J -

.7+ . we have to prov: tha (1.1) and (i,) in definition 3 in |3\



gre sésisiied for the ﬁliﬁ,y,u)ggﬂ(t,y,a) froo the
systen (2).
In order to finish the analysis of the controllability between
Lljaudf[ﬁ}(ux [2D we have to estaplish tie cennection of the

n-linsar form gﬂﬁf(u) and sonjugecy conditions for B(E,T 0 )e
E

pes
ol od
g
1]
Q
C
t
e
!J
s
&)
¢]
w3
N
4]
n
j -4
(]
0]
<
&
by
[0
[
tu’
1§]
=

.Ghe for §2 o0, b sufficiently

i 3
7/6({‘) e “\\v‘k (8 )= %_S:__ P (n))l \‘g \u)) +Z \u)g

%ok 23 ®
2 Yi (x ))13\3 (59T x ft))~2§¢%;éain\)fl{z ()2 (RD(tD+z @)
X

¢ Q?lee e Pt C%eén,w e coc(wf Ry
'711 %/ =«é :Kgf%fé)/}f(xoéé)) Y‘Zf%lﬁ)" T At =40

D e 1e
& 7 éfé)ed span { Y i), ¥ :%)}z 1e g€ n-dt
where 24(8) & spen STELE)) geees o p C1005 TN

Be ta
and f—e{y) zepas the diffcr ‘Xltl l *rucbat of oxder £ of
% : .

Y‘&:Rnu_—; En.
Proof 7.

By hypothesis {ad ,YU)(*&) Z%(y)fi‘(x), for x in 2 nzigh-
bouhood V of p.Choosing £>o sufficiently =mgll such that X (k)<
i i é[v, q], Sh

2 ;cg:;&(t;» (50D

|

n it is prov«i the first concluszion wlﬁn

@

_sing involubive hypothosis (a.) azeln ws obtain
n-41

(ad ¥5,(ad 75,79 =)= Z;,mi— ()

‘ \Qf“\-:‘( £ \W'T'\:L “"'Q‘\C Y ‘*\ "’3\.* nW'\ IR
ANEAGEA WS L ise =3
}:}L“‘t&i\i'};.:;“ \ \ \\\ \ \,- S ;J\ *‘L“\B “

) \ \\

3 e o I

snd performing the Tus in the left hand side we obtzin

.second cdnnlu ion.: z’alwy om.‘f Zl/;ge //’sza/j@;,

sl it R L V”"j-/x,,m;z



In order to obcawn the last conclusion we use again (ag) and

it follows ‘ Lﬂ
\ad Ylé 2 ad V""@—Ls"‘(u“ YJ—“ ‘{“D)aoo )k.&) 3 Za{é]{L)}/

’07 Inlor aecont te Hypothests 77 5 0 Yom Sty Yt

0,;1_4 PSL. ox > the e¢alculus in tase left hand side we obhgin the desired

.-'

-

conslusion and the proof is finiched.

Lot (aq). and (a,) be verified. Tphen for zvery t,» o sufficiently

4
sanall end for -ﬁ;-:; ue e =k in & nei "Juu"oo; 0L gex
A = t
4y a(t,;ro<t>,o; y(t))a?- at =f e tg,é <a‘->>zt
‘< ‘f" - o Lo

SE OV CRACRINO L !zaﬁ)[ 77, (6) 05 C60)-
0 i

; —1 o0 . A
gl H(t,y, (%) o,u(t))lga. fﬁ S ﬁjéiﬁ))it

£ o ¢ *=*
if J (y( )) O’ Z‘-Z’oo, m—l

where " d.l" mweans differe 121 .ffi'tﬁ;éwrtéspect_ to state variable ¥,
[ ] i ' —
y(t.) f «\3’) Lils 1’\3)"5 (‘X(;,(S),’v)dﬁ, «U(o)=u, ;r(ti).—.o,

-1 .
c) L(t)my(t) = 2:9é(t) T*(x (t)), and

) . n—-l
€y9eeeS, is tzhe canonical base in R

Proof. a‘l
Py definition o:i:')t\ ) it follows }{(o)- (L )=0 and taklog £is

*:(.wumvw Jrom Ghc x,ﬂwtlon, ‘Lu.L...."l ing 9‘( ) we obhain

Z. ¥ [é)?X C%(ﬁ)‘y’ /xa[f/MZ U /-E))/L/xa(ﬁ) =

Z AL f)y (:f(%))X&;&l)) +Z jf"ﬁ/f/ }/%c h)

uu'l" lt _-.0110u’a
L bt

Z z/ 1) (ad X, 93500
10) Zuo/f))/ Yot = 2 > - Al /"g’”"" (sl



L9
- - —a
-

By definition of !ijit,;",u} and E(t,y,2) (see (5),(6),and (7))

o b e )
ug ﬂ (,;1 We )vﬁ .Ll

11 d 15,7, (8)5053( ))~—ZQ//£)§[£) %’%‘)?X(%#/)}/ﬁfc%’))/z%@)
44=4

14) d ii(f,:-,f () ::e.;y(t‘)-ci 458, (8D 503 () =

zafft) ¥l ,5-—-\«: (3) 13, (6))

haz kf/\t) o1 “TL icyy,

Usinz lenma 2 2rzom (/r') and (19) we obtain

il
13) ,-«2/.,\1 (£) [4,8(E,3, (0, e;3 y()d;; u:,fﬁcs) 03 u<c>>
T ee i
"~ T
o (3% vib 2 (a;ﬁ))/ A, )’/xe'f))/f +Z f [ Z,/a‘/f) z%ljaff
"J o2 ,{J-—_{_ﬁ? 4
Integrating by parts in the last term of (13) it f.‘ollo
oy Sy~
.(.?_:fa‘aﬁ:/ DWEE) ‘-?-s--m (6))(ed x}ﬂ') (2,(6)) at =
h e 2re
A IS e
= h{c))‘nt) [%n Sz (6) Dx % (t3) ¥ (6)) +
?ZY’“ &,
WTCe) o ig() 2y (o )+

¢
+‘f{t) —X—W (8)) ;;i\a (£)X(z oLt ) Kt

”Gclnnutat; ion gives

lﬁ)éfz Volt) %ﬁ/%)‘f/[} ?—Kfsc[é))ﬁac/x | o hﬁ;ﬂﬂ* (’Xﬁ))/r/%[%ujm

/ d . }
Z 9‘[%)3;{% v ;l?zfi £ 44)5%{%(19) Yoret)
9]’

snd «.l'l}) oecouw
7, [2Y* . i
14 3, = ,Z/ g%mgﬁ&) W[ 2l XY+ o 5 T

o=
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Ry 2 kv e

ne M{BQMA ié.)':a 5““43
16 2<«< e ( Kty (ad Y P adl Y W Os 8006t

b ©
6/ =4
end developin: in series the anslytlcal scal

\PZ ) (ad ¥9,(ad Yy X

~. 7
19 GG = [ 2

r function

[
o

) (2,(8)) it follows
Lk

: -
By e s 4 N i o .
Tuia form for i (y(.)) was possible becauss

izlgo . ,n—l.

¢'7'

In order o obtain kb) we proceed by xniuc jon making use of the

sane facts’that were involved in eobepnlishing (a).

f"\,('v _ =
For (b) we need not only r};f‘(t,uo(t>s°)> = o but

¢ )(1{0 - .
18) q (6 St AP ( (b Dyee, T, (1)) =0 on (0,67 |
; : .

glso, for all j::E,.., Q-—E) ﬁf_éz{één'i , £=/‘9, fey Zz

This last condition is a con sequencs of the fact that
'g(y( }) == o Loz all /:2,... a=le
The oroperty (18) allows us to neglect higher order derivalives
G o a; up bto order m~2 with respect to state variable y end G e »
tales the form
2 /X e
~Neyta)) = i Z A 9”‘4) V’m (i Festy. Y i) by
% , 2 L) 3l m'l j
¢ Zn A 2 '
m! 3"(*) ’a?‘“(z‘) " v 4 L
Z//,:, /z‘)sﬁ[z‘) L Yty Vi) K el
. w11 s
e oz
and U

Hdw using again Teana 2 Y.\ & similsr coxpubation sg in case a=2d

How we are in position fo state the final resulte



._—‘71 .
Theorem 2

Let the hypetheshs in theorem 1 are verified.Then the assumptions
in fheerem 3 (see [3] ) are gsatisfied for the system (2);therafora %he
gystem (1) is lecally cemtrellable aleng X (o).
Eroof.
What we have to verify (see remark 3) are the cenditien (11) and

(i,) frem definitien 3 in [3] .

Choesing ). ’kﬂ'i the canenical pase in R? the proving ef
(11) and (12) is necessary te make enly fer firat compenent H(t,y,u)
of the system (2).By hypothesis the cenclusiens of Lemma 3 are satis-
fieﬂ.

Since 7 ) 4 (=0 for all 1<n < *nd all 0Lk (see theerem 1)

+ follows J”(y( ))=0 «8_2,...,n-1 _

Since 757”,% L) =0 0 <k £ k) and \En*k%(u) changes sizn
we ebiain that there exist yl( ),ya( ) with yl(t)~y2(t )=0 such %that
J (y e AT G % O where Y () and y 2(.) cerrespend te ut,
uZéRn~1such that \/)*éﬁ (), L/ﬁ;eé,e/u fol

and are defined as in Lemma 3, The proof is finisched.

Final renarks.

Hypotheses used in J1] for lecal centrellability aleng a sin-
gular trajectery are too restrictive (see the conditiens OéflnﬁLL
and Yr...,1°% are involutive).Choosing n=2, and WU ={-1,0,), then
0 <§ int,bt and we cannot use the same procedure as before in brder
te.ebtain local controllability. In such cages we need te verify
hypotheses and te use the result given in [ﬁ] or [2]-‘

Jalso,ii we cengider as an exanple,the particular control system

. ax ax 2
fs .*.j...-u b'd ___.2- =1~ 4+ xz e = e U K P:(O 0 O)
. s REEaRa s T Jo0 L0

luy| €1, 1=1,2
with reference contreol u (.):(0,0) and correspending singular trajec-
ﬁery X ( )=(0,0,0) we obtamn that

X2(0,0,0) , (Y¥= =(x,1 a0 (Y/ (O,xb, )

2
- are llnearly dependent and Y Y are net involutive,



B

pravide lozal confrollability of the systen considereod.Choosing
: z g

T e o E { ad detinatie
u -—\..,O FY -~ ,.), TR e T T a0a \.‘.va....ﬁ.ilﬂo

ot (t,z,u):<<ﬂ@, Elngudne,

o g e
J.O.’.." 9 = ..’..g.‘f.'.g,»‘ )

whare ﬂz-z T %1 2l dn Y e alaod)y
T 2 N
N » " cr o)
i (x,a)wxalxﬁ,ul+ UsBoy Ust Uq3 5) A

for 2113 2.2

)

r |
a5 ()¢ = z 19(850,03x(tpe) )= 0
3

g DR , )
and it follows Lthat %i&ﬁﬁ'cn nges sizn on K4 aad sconditions in

~ a "3

Theorem 3 via Theorem 4 in [3] arc
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