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i i r tsc, iui t  iq: l

lccs l  coeurr l ieo i i i t3 ' r : .n  ths l iss  leers ,  i res reen . ;e . r . : lopcd W.
seve-ral aut ircr; .  r : l  f {u:. , i i  p] : :ur i ic icnt lon, ' i i f r*oa, i  fur J-ry:r;L ron-

trolLabi l i ty el  ong a e ingr,;J-al bra jectory ia ; ;r .eral nonLlneal cont;sl

$yr ; iu i : l i  a i ' r  g iv ' :n .T. :e  su i i  jecb j " : l  ; ;c icLr  i t : :  e . re  in i l : r " :  ; :cC i , :  eon: . :c* .  _ i

ul in l ib;ne;t  ; ; , : . r ; :  ( ; ;e Lr:  I  : .1;t  ccl : .*. i* ;  t i ic ;rcis p-rob];n a,s in Fl,
| . - ' - l  

i - h a  s . r r - r t - ^ . r q  - - n , i  a a ^ ^ ' l  . - - . ; ^ . ^ , -  : : i - t -  ,  r .  . .o-r f i  J t  cut the s;rsien anC ecnclu;: ioel ; i f fcr e:crrbiai3"y ' ; i :e:* tL;u;e

stcted. i,n f2 ] a.n; [.7 ]

- .? i rs t  c f  e1 i  the conl rs l  ey i i ;ea i : :  Lr l  i ; '1  inc ; r  i .n  conts .o i  v{ r ie-

ble anC control - l 'e! . , ;c ;ct contains la-.  rJfeJ,---noe ecntrol E=o in ir : .- ,

l n h e i i o r .  i h e  r + . , u l t  i ; ; t : t l i  ! n  a  s i i n : . L t i  t r c i t r r ? ? , t i : i n  i n  p J . _ i . - e

nata goal "of ihis peFsr is to p::ovr t i iat un, le.: :  h;: ; :ot irc;:s st i te,L. in
f f  1 ^ - ^ . r \ ' ^ * s -  r - t . ^  1 .  - !  .  l t - q

l * l  one oo"eLns ths ;en; .  concl l : - ; ic l t r  e;  in l -11 c; : ; l - ; i ln. j  i i re r ; ;u l t
l - -  1given i r  L i  J  ( :h :c : i ' .  5) .

, i1. Ib;ou.5hout in ti: is. pape.x fre

e ys tein

, 1\ c.x 
n-l '

' . * r  m-  =  ; i ( x )+  ̂ I 4 ( t i t i ( ; ) ,
7 ' v

q
r " 1 : -  1

are  g lven

Alsor ih  is  po in te; .  ou;  *Aat : :  : ; r : : .c t  r r  uscd.  the se l :e  lxo. rc , ]u- re  a: l

i" Fl in oiil.cr: uu p.rovs 1ocal

r lo.r of the control *an1;e sei

F f  o "  [ ] 1 .

h
v " ; u
^  ( < : l r  t

- t ' ; i . 1 , : ' , . n  : ' l t . ' \  - i i -  r. . ! r v - d  - , \ d r ,  , { - { . : :  j  a r e  e n ; l y t i . c e l  v . - c t o . r  - i u r c t  i . o n :  s n i
i -
\ ' t  1  t '

t . | r . . "  l l i - l  ; c  ra re  p ieo* i i i se  ccn ; ten t  sc : : i s i  fun : t  i cn ;

ti ic r' ixed. !a:;eival l-l_rtl .

3o"r  su:h.  s  s ; / -su, i r ,  suf f  ic ient

:1  o lq  a f  i : .ed.  1 ; ; :  jec io :y  i :_ .  ( . )
L I U '

s;;ntrolLal i l i ty  i f  L l=o l ; i  , :c t  in intc-

;  suei :  i rabLei :s aay be i : ;ee t . :d.  ur in3

snel l  ccnsi ter  the fo l lo, ;* ! f r , j  ocn:roL

x (+ )=p ,  t  : r  0 *

( , ) ,  t c -

Vir-1.U-95 i:,.

condi t ions for  t roca l  qonbro l lab i l i i ; ;

g 9t": sondins yo 
\C')=o
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i : : - ,  " I t  is asauned. i i iat s^( .  )  e: i iets on the enti .re haLfl ine 9r*)U

f leuind bhat locel co: ihsoi leuiLity ; :-*15*,5 x-(t)  € fnt &tr;)  f ' r-r  eLL
. "-.n .- r- ̂

t  > o, u:rh;:e U.(trp) i" :  the sst g' f  al l  t rci .at; :  in E* thut cen be

teachod b;, '  erhlsslble trajectori .es of (1) at t l rr  t ine t"

As oae sess, ti:e con[icl .vari.abic in (1) erp;re;j-rs lia:a;1.i- &I]* the
' t  n ' l

control .ran;:L set !r[= Tl[-irrl conbainir tdg rr.;fersnce ecni;xc]'

, \  .  /  ,  : ^ ^  ! ; -  : - ! ^ - ! ^ r .  ' - . . i ^ a n  € c , r & *  . r - a  o a i * r r f  i t t l  |  1 l  l ' l n t : i i

dw4=or  L=7r . . . i : - i  i r r  i6s  ln ie r1or "T i :cs , ;  fa ' ; tg  * fe  e*sent ie ] l y  useu

' F' -r ' l  i 'Jnat f ollor.;s.fn. Lll e.n,t ir iinat follo'.,

r l lso , h [fJ , ci iu i 'o1]-ot'r ing eonilt:-oc.s e.rs ;upposctl to be sat ls*

f 1ed.

(a1)  the vccbors r (p) ,  * tn) , , . . ,  ro* l (p)  are lLneal ly  ineependent

t t 1

(aa)  t l re  vector - funct i .one Yt( "  ) t . . ,  f - t t " )  e ie  invu lut ive !n  a

noighbourirood. V(p); i .e. t ! :s T, ie b:acl i ' : t  Lyir f i  I  { : ,)  v ' .rr i f ios

€  s p e n  
l t t C " ) r . " . ,  

: " i l l ( ,  f o r  a L 1  i r i = , f r r . . 1 r ! -  |

L; l  i t  is supposed. only the proinrt lg_ thet the vectovs

i"-lfp) ar-e linaerly !.r:,i.epenilent instued. of (41) anC (*e)

?

Ttlg l l .ypotiresis ("a) conta!.ns actuel ly the prope.rty t trai ;  f ' (x)! . .  '
t

o'B-lr*1 -'e:e:ate en integrel uanifclC in a nelghbourhoocl of p
. . . t I  \ J r /  5 '

t O
end. enable u.s i ; i th the aclventese *f ist  one cen':ar i te the suff ic i"ent

cond.itlons in pi *t t tt* sinpLe-r fo.r:r fn [-f1 (see J-i]mna +).

i ie shal- l  anel;" 'ee oniy- t .-c sin; i- iai  t .uejecto.ry xo(.) 'bccause in bhc

nonsing,.rlar ca,ie the h.ipotiieses and" the ecncl"ustons ase essent.lalIy

the sene tn al l  i , rc.rks d-ec] ing rvi th i :his i ' roblen (see for exa;:p1e i i i

ana [r])
aeg"ini!.lpE-L

f f :e t^ra;ectory x "(.) is sl : .rg:r le-r fo: (1) t f  the d. imensLon nf the
- L |

4lnear space Senc.Laiea b; l  t [ :e ' r  -cto.rs (aa! lr t t)(p) ,  i= {, ." '  ,  e '7s

k.7,  or  k  natura l . ,  is  not  3r ra tur  EtV 
b- l , r  i ' vhcre (aJ l i t3) (x)  =

- r.r -,n /., ) - -d-Y-l., t Y '- . q-A
- L r ^ r * r \ r ' ! l - T ; \ j r ,  

, / \ ( x )  
i : ; ) r ( : ; ) '

1ri,ri] { * )

In Fl or

* te )  , .  . . ,

I

t '
:
I

; ,
I



proDo$  r t  i on .

I ro t  x- ( . )  be srn3r ; i * r  for  l1) .T i l ;n  as Qo> o end. loe 'f , lfuf =i,

in b ho sane rya;i.

r in trl ai i t; enu con{i:t icn ( at) ; i l

eqLr- ival€nb n' i tb anot i :e.c di f fs-rent ie l

n-/
=  I ( b , t - c , ( t ) )+  E  9 *n ( t r r o { t ) ) "- 4 4 u

c
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-gg,*
*t

iii.T r

I
I
I

:
1

!
i

i '
j

w!1,1  * r i *a  su :h  lh r t  (Y{b) ,  x i (xo( t ) ' )  . , t '  =orb  €  [o ,  to ] , : = 1 r . . 9 t - 1 1

r = ?  -  d P =
nhere Y:bl&l *+ uo .ro ':tsfine'3 by Y{o t.- /,o, d.t

= t4*<r ;o ( t ) ) )  [ z ( : ) .  ia  e ;c ib ion '  i j  i :herc  *x is t  [+ r ,n ,  l / lo [  =1 ,
0 '  w

and.  to  >o  ;ach  :hc t  {P( t i ,  { i ( r , r (b ) ) }  *o ,  d=1r+ . r3 -1 ,  fc r  4L1

E b L"r67 hi: ien xo(.) is siq;ular for (1)r " , , ' ine.re Y'( ' )  is dei ined er

befo-re.

P-roof .

B;r f f iotn;scc of a:: . :1;: : i -b;, 'of the funetlonl i : i (x),  Yl(: l )  fS fol l -c:: l

tbat x (.)  !s 1otc11y &c,;: . [ : l t  lccr rn t=c1 and. th,- ' re for+ t trere
a t

ex ls ts  %> o  :134 bhat  xo( t ) ,  E  e  fo t  ro l  ,  i s  ana l ; ; t l ca l . In

order to v:r i fy  {aCf l  *  <yi . t>,  r1(*o( t ) ) i  =or 1=1r. .  sY}- l r fcr

al l  t  € Fn ErJ it  is =,rf$i: i , ,ent to picve thet 16* vsft:.€$ cf the

funobion Stt) ar:<1. al l  i . ts de,-ivibives at t=o are equal a*.ro.:3y

singule"itf  stc b:ve p;t i l=o, 
*:r..1tl- l ,  

anC' talctnS k-f h . le-f lvativt
-  

A  . i F V , r  r \  1 . r  i -  -
o f  { t $ ) a r t = o i ? o o b u e i n  ) ' o t ( a a } r : l , t i ) ( p ) ) .  !

Choostng /,o+ nn, f i l.ol -1, such tlrab do 1 ls ortiro.Sonal to all

veeto. rs  (aekXrYi ) (p) ,  kZ o,  ! .=11. .1c-1r  (see def  ln l t  lon of  s ! .ngu-
0

lertby ) we obtein eW (o)=c for el1 k !  o ani the f i . -Ee b :c.rt  i r
dt F'

proved.

fhc seccnd part is obtained.

$2. A d. i- l 'eeb ccn$equence oJ t i re

thet  the s1=tcr i  (1)  i :  l  ocat r - iY

sys Ien

., -.'t(z) -.ff.. - il{ i,;'r'u) n

t t 'Co) ,F a) ) :  r i  o)=
where the eetru u is eclpo*ed. ur fuo, h,' ,, fun--ilfhtf ='r=l'r-tus11y
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o.ut l to6onalr jA.o b*i i : ;  diven c, i  Propos:- i ion

tbe right hand. sld.e in (2) Ls obtained, peffornl,ng a'ehange of

state enrl  co=trol ' , , 'e.r i l+le J3l Ni:e fol lo; ' r i i . ;  fc;aula;

*-l ' u-i

?) ?(r,y)+ FQtru,vno)4(t rrr)=Fct rxo( t)rr+ F .t{(t nf,a( t i} ;
- ! - ! t

=- 11( t ,f,)+ Tq( r r"-r';) r;.;( r r-,) ,
7

denotes fuacbloas fsrned. with tho

furc t ions F ani rosPeet ivelY

i l  y( t )=irr-11t ):r( t  ) ,

4 )  S ( t rX )= ; ; , - 1 t t ) : i

Gf(trY)=,1'fr,-1(NX'l

I I (  t  ,y 'u)

wne.re F-, ci

nents of the
t

G=(GrrG) .

Of eouruel  the sond. i t ton (r )  is

y*yo(t)r tr=or anti for t> o in a

Sy C.ef i-nit ion qie have

6) 
{#-t,%(t 

)= o, 2*e.
5.T'

++t =- 
# 

(:{o({: )) l( t),  Uo)r( l€enti ty)

(r( i;;"i"vl-*-l( r) F 
(xs( t ; )r( t );F,

(t(  r  )rf i t  r  Fo( b) =,,f ,-1(t)xo(t ) '

last (n-1) conpo
I

Gi,  3=( t r ' ^ rF)  t

brue in a neighbournooC of '{. '=O

ne igirbo'r-rhoca of Ze-ror

t  l y o ( t )  r o )  -  o t ! 1  ! l a ' l

l = a t . . t  , r C - r  \
I

, % ( t / r o ) = o
?-%z$
a,?k.

.i
!

I

!l

. i{
I

t

?> W( t ' xo ( t ) ' ; o '=  [ ]  l ; 3  ,
d

{or  aL l  1e ,>  2r  l r i  =1r r r r  n -1 .

,I
I
t'

In o.rder to piove thai (1) is lccalJ.y cor,t-roJlable e3-ong the

s lngular  t ra  jeetory  x- ( . )  i t  is  sL: r f ic ie l t  to  shol ' ;  t i ra t  (2)  ls

loca l ly  cont ro l lab le  a long hhe f ixec i  t ra j+cto- ry  X^( . )  ecr . r ; :pon-

ding to t  he coi : t . rc i  or= o 1 i=1r,  c r  n- i '

ng@tB.y , ie f in i t ion t i ie  vectors  9- (ory) ,  
i= l r r * rn- l r  are L inee-u ly

inclepeas.ent er:d. tl ie-refore {,tor}')r i='i 1.,e n-lr are lineerly ind'e-

pend.ent.

*]ior the Soneral nonlin.:ar eysten'

d z =  f ( t r z r u ) ,  t , )
d"t

&U
t?(# z  € R h , u € V € nt



- t -

Bo( ')  cor*the .1ef lni t ian oL..  sin- ju1t:" i i ; /  : f  e f ixed. trajectury

respcndia6 to r&(.) is the f .ol-Lo,. ' r ln,;  (see J;-:  ) .

nS:1:rt&Lq4_-.j4. .

lhe t re jectory  z . ( " )  ls  s lngr , i la r  for  ( : t )  i f  t l rere ex i$b €)"> 
"

and ,  F "g  rh ,  l t t  = t r  such  i ha i  < f l t * l r : i t ( b , l .  1aS , r ) -
- f ( t ,  z | t ) ,  %(11  )7  =  o  f c r  a1L  u  €  Ur  t  A {o rd,, TrJ 

'ffh.ete

H(ol =40, t6*=(f f i* ,uo
d \r/

$j- l t i ,zo(t), [( h) )>-f i t  t l ,

Oefinl t ion 3 of siegrr lar i iy is the sane sith d.ef ini t lon l  wnen the

noitr-Ln'3f i .r  ey:te: t=r )  ic r :plac;r i  ; ; i  {1).

lese3J
T ^ !  r  \rr{r rr aaa . ,

s ingular

Froof.

Choos ** Stl ro, . .  ,o) g Rtr, anrl eo=f)o - iven by ,giagularity of

xo(.) (aee' Froposibi.on) i ' ;o have ap(r l ,  f  ( t ,  zo(E) ru)-: i( t  *ea(E) ,tt ,^f l*

1r-J

T 
(q i t ,xn(t) ,u)-$t t ,Y,( r ) , o ) )  n l C r r y  ( t  )  s

t - 1

f { " ( t ;  t ; ta ( tJ  ru )  c t ( t  ry - ( tJ  }  .
Z 

- 'Q  
r  -?  i - 1

By {ef inlt ion ul( b ito( t))=&rr,-l( t i ri+lqx of t )) ,

X=1r. . .  B-1r  ur f rere pn ! ' ;  g iven by s inguler i ty  o f  x* ( . ) . .

n f  - . ,  . A  t , , .  ; \ P  , 2 x  T -

f;ince i"o-ti t) ; Y'f t) vcriries - -€# = (#Go(h ), Y(tl
T

n 
,,t V (o)=i6 it fcl loi ' ;s *fitrUo(b)) =o fo.r all t€Icr gl

the proof is f  inished.

Ustng Eeaaris I  en'- l  lenna 1 orie obtains t i rat tbe traiectory yo(.)

an<l the sysbea (2) vcri fy the gen:rcl  h6:othes:,3 fn f5f .

I€t f i rL eni i r2o natulal  nu-abei i .One defines hhe n-l in*ajr fo.rus

"fru f*tt R3-1 -+ F r ,t
t+y!{ i h

be'e ln ;u lar  fs r  (1) .  fh*n y^( t )  =^ ,J , -1( t )x^( t ) ,  t  2 :  o  ts
.&r' ' v

for (2) rvi th fr,o=Cl ro, o r r ;o) = frt  t  I

qrrlit
fri i lV*(a) *<fuo,,4 =?7,,dt/ / < " - . t /

/4*r:'it r
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.  l -  f^-  .  l l  ;  l ' '

ts>fig(u ) = z fu,m,=.ffi, 6/ I X,@')/'1,, hl dir,:,il lpn

where f ire nor, l i" l  =r, ls glven by singularbiy (see Proposit i"on) r '

[he r:aih .renul.b in ff]  s,;Sui. ing LoeqL conbrollabiLlty el"ong i;ho

tra jecto;y xo(, )  i r , *atcd in tsrn$ af  a- l inear forns #r{ t " ,  asf , .  has

the fol lo: ' ; ig containt

theorsn _1_

Lct ths hyi;,: th*;+s (41) anrr {ar) Lre v+ri i ie,L.

Let  xo(. )  be a s insular  t ra jecbory fo.r  (1) .  Tben( l )  is  local ly

conr.rcLiable a ion, .3 x ( . ) , ! f  there exist  *22,  k!  o,  natural  nunbe-t .s
o

such that fry|.ur=c for aIL 14n (. af ,  oi  k, 
f l" fA 

(u) - o for

all o 4k Zkf and. \P ,,. (u) chen6cs si6n oo n*-1. t1y,tL*.

( f,,jy.n ft*) Vyy'A* (uL) < o ) '

tbe f inal resul i  io FJ {"ee i i :ear,;n } . ,} ,  . !  is exp-tessed ia teras of

ohengi.a5 slgn of a ceri;ain n*}lneer. f,o;ue also' but tire forns bave

d.i f f  o:;ni ;  s truc turet

f f i , , " v ; I i f i ed . t hen theh .14 :o thes i s | | i o t i l ( r ko ' *= i }
for t i ie systen (2) ls srt icf le,J.. I t  foLio.ols because fft irYp(i;J,,:)=o,
?F,  '  . -  |  L t  ^ \  .n - l  

a t

#( i  
r iA(t))=o 

,ard 
Gr(orp)p i=1r. .s! f - l ,  B.re l i .near ly incteS:endexl t  "

R*.,riir k 5.

! :  re  eondih ioa of  eoniusacY
' r '

slnpler fo.rr:i for (2) becaurse

d.cpend on the state v' .uiable
t7

nieaL bese ia *r -i i t l  have fo
, l

t^
# =L '

-  f  - - :  ,

! .n L: l  (see cef ini t ion i  ) ,--  , '

the seconl, ;:art of bb.e sirut'")li

y r  , -0  r  c  t roo i  in ;  
"=  L 0 =ar ,  $ ls

vl

vur ify t trc s oniugacy cond.it lcn

i)
i l.+ la$  a

(2) ,:tocan I b

h bc ci:r:ei*

^ * 1 - . t  € n r
\lLr4J r rr '&

therefore , in oriler bo ve-r:ify all ti ie h;-"..otireses in fA](fi:eoreu i)

:  .  ws. have to pfov: that.  e11) and. ( i -2) ln , ;ef lni t i -on i  in [ ; ]



' .  . ' ' . '  u . r e  s a u ! - e t ' i e d .

$J r$ ren  (2 ) .

In order l i , r  f inish

irj ana lilt ur fal) i?-

n-l inoal iorn f*f l .r")
Ireuna 2.

i ( } t  t l re con. l r t :o: :  (a2) be v*r ' : . f ie ' i .J i re foc e4 o,  h s i r f f ie ient i ' ; r

snhlI we heve

" " - 7  -

f o.r t ne \( t ,;i ru): ti( t ,yor-r) fron t he

the analysis of the control labi l i ' ty bet$een

hi. ive io uutabj. iet l  bhe c.cnnectlon of bhe

uurL coniusacy con'fl ' i-t!-ons fox Ii(t rf ,u) '

-:Mt 
H,,.;rri t -r)\ffixoi u )= ffi 'o( 

h)):iisoi i ') ) *uL( t ),
0 : ,' nz,-i i

t.i.,( r ) ) r i rx o ( : ll yrc::r" ( b . ) = #( = 
i_,, 1 

rit xrr 
i] : r, :::l;i 

t -'

ancl >k
*, r:enris t tie c i.ff errnb iel Jrcc h6t of o: crer { ot

7-'7
.  h - n  - n
f l-rl_-+:-. .

M.
By hypothes is  (a .1  YrrY; ) (x)  =

bouhood. v of p.0hoosin; €o>o suff ieierbl-7 enqLl such that x " ( t ) i

wi t  h
t  , t-J,

,  4 . -  ^,* .z ( tJ = -  
E"qr^ 

r . t ) )  Y:r(x"(b)) .
:
I

I  "o**  
lnvo lub ive i iy1 lo t t : ;s is  (a2)  aSain we obte in

t ] ' I

(ao  rk r (ed  Y i ,Y i )  ) ( x )=  { * r : r ) r s i : r )

& - .  ,  z " t

,'F 
^ 
T.ft*l e +fa,tL f V t*'#n, ' !.. ) Y'-fur+l!], i/'{"-1Q-a i
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