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QUASIAFFINE TRANSFORMS OF COMPACT PERTURBAfiONS

OF NORMAL OPERATORS

b v , i

C. Apostol, C. Foiaq and C. PearcY

1. I€t Hr.and H, be complex Hilbert spaces. If X is a (bounded linear)
n  (  c  4 r s  r  ?

operator from H, into H, such ihat ker i  X = t 0J, kertrX-= t- 0), then X is

called a quasiaffinity. tr A1 and A- are operators on H, and H, resPectively , and

there exists aquasiaffinity X : HfrH, such that XA, = Or*, we say that At is

a quasiaff ine transform of A" andwervrite A, 4Or. I f  bothA, {O, and A, {At,

then A. arrd A-,.are said to beEuasisimiiar. fhese relations proved to be importanb
L Z

in the study of bhe remarkable class of Co - contractions, where the relation A, 4 O,

implies A- < A, (cf. tsJ , [aJ ), Furthermore, if H is a separable, infinite
z '

dimensional, complex Hilbert space, and Q is any quasinilpotent operator on H, it

was shown in f g I that there exist compact quasinilpofenb operabors K, and K, on

H such ttrat K, -{ Q {KZ. Moreover, it is known tZ I lhat the unilateral shift of

infinite muttiplicity on H is a quasiaffine transform of any crlclic nonalgebraic strict

conlraction on H. Aside from lhese facts, little is'known abou[ the relation { and

its invariants. Thus one might ask whether one can have AL'4 AZ, where Al and A,

have few properties in common.

The purpose of this paper is to show fhat this is indeed the case. We piove

that every operator on H has a quasiaffine transforrn belonging to bhe class (N+ C )

eonsisting of all Lhose operaLors T on H which can be written in bhe form 1' = 5 + K,

where N iq a normal operalor and K is compacL. Furthermore ib turns out thab . K

can be made as small as desired. Unrortunately i[ is not the case bhat every operator

on H is quasisimilar [o an operabor in (N + C) as we show below (ihe Section 3).

ALong the way bo the proof of our main resulb, stated above, we show lhat if T is

eny operator on H, whose essenlial speclrum %ffF {O 1 , lhen there exist compact

operators K, 4nd K, such that K, 2,f I rc, . This generalizes the above mentioned

resul t  o f  (  31

In the remainder of the Note, .f tttl will denote the algebra of all (bounded

linear) operators on H. The ideal of compact operators in XtHl will be denoted bv
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XC (u), while the bakin algebra {tul/ a(ccr) will be denoted by 4.1ll1. ror

fe { (H), dwill denote its image in A0Il. Let us also recall that by the essential

spectrum C"Q of T we mean the (usual) spectrum of F in &1H); also by I we

shall denote the identity operator on any Hilber[ space.

2. We begin with the following :

PROPOSITION 2.1. I f  T6X(II) anO qa(T) = {o} , then there exisl

compact operators K, and K. (on some appropriate Hitbert spaces) such that t<, {t1 2 r
-1r- z

'. Proof ...'We first observe that it suffices 0o prove that there exist a com-

pact K, acting on some Hilbert space H, and an operator X : H D H, such that XT =

= Krx and ker . ,X:  {0} .  6uo"  i f  ker  x* / [o ]  * "  can s implyreplace X by the

operator X' : H p (range X) , and the other relation is obtained by the same argument

apptied to . T* insbead of T ,\ Next recall that by virtue of [S ] (or of the main

theorem of t1]) we can write T = To * Ko, where To is quasirittpotent and Ko is

compact. Furthermore, by virtue of Theorem 1 of [.3] , there exist an invertible ope -

ratorX- . :  HPHt (where H' is  a  subspaceof  H eH@,-)  and a quasin i lpotent
o

compact operator K on H such that

and
( K @ K e . . . . ) H ' 6 ' H t

X o T o =  ( K ( D K @ . . . . )  X o .

Now let P_ denote bhe (orthogonal) projection of H @ H@ onto the subspace
o

Ht , and define bhe compact operator

H @  H @  .  . . . . . .  H .  H /

Then we can write

F- -L@ Xor  =  *  ( ro  +Ko)=  [1x@x.@. . . . . . ) *  K :  Jxo .
Therefore if we denote by Pj the orthogonai projecbion of H@ He . . . . onto the

subspace f,orr"s6 by all vectors whose first j components are equal to 0, we shall have

K ; i

b v K / = X K x - 1  P .-  o  o o o  o

F*"-*@l €i= l lK'" P: l l+o

$irr"" K is quasinilpotent, it follows from a lheorem of

D = 
.1r 2r. . ,  .  ,  there exists an invert ible operator Qn

- t  1
-' QoK Qn- 

o satisfies flta,' ll < . 
Clearly Ko is

1i --9 oo )v  , a

nota. fa ] bhab for every

acting on H, such that Ko =

also compact and Qo can



of integers such that W

(sup.
tt< l=,tt

and subsequently we define the operator Y

where

( 1 . 4 )

- 3 -

r L ^ !  i l  n  l l  , . 2that l[Qo tl < 1. we define now by recurrence a sequencebe chosen such

t  < l r t  i r o

( r .3 )

Then Y

where

ll efl ll ) s .  4 --*m

o n H @

4 ,
oL2-

H @

l t  
=  t , 2 , . . . )

. . . . b v  Y =  Y . @  Y ^ @ . . . . . !- L Z

t _ t n  =  L r Z , . . . . ) ,
I

.)

is

Y

f v .
l r
( y i

a quasiaffi

( K @  K @

nity

+ 1  
( n = 1 r 2 r , . . . ) .

"+0 (i -> oe;, we

. On the other hand,

!v tt.3-4) we have

for

ts

tra

K

K
n

t and
_ ,  ^
l "  &4

I com

) t

T

a

T ! =
t

r ! =
I

ompae

: i  @ '

, )  
i s  t

f r
)

( r

co

- ,vl-  r 1

n+1

I

Qn

on

. . . . )  =

-  f o r  l € ' i  -  i t

fo r  ;  < i  € io* t

H € H @  ,  A N d

( r i  @ , ' r *  . . .  ;  . )  Y ,

l < i  =  j 1

J n .  i  € i n

Since each Tf

infer that K/o
- 1y. '-(pjo+r -

is

t r ln

11ri tl
ts a compacI operaLor

pact operator, and moreover,

f ltK;

L L
2

n

"-1 
rPfn - njo*r) ll =

( n  =  1 1 2 , . . . . ) .

ll tol nh t-t (Pin - ntr*r)fl

&

+  Z  Y r ' Y - l  ( p /  - P i . )  i s a
X'=Am O , 

' [  t l l l - I '

rhat kerlvxo = to} . This completes

There fore we infer that

'{ = Y K' v-l G-nir)
that YX'T = KrYXo and

compaet operator,

the proof.

COROLLARY 2.2. Let T be an algebraic operator on H. Then T isquasisimi-

lar to an operator belonging to the class (N+C).

Proof . Since the spectrum 5(T) of T is f inite i t  is easy

similar to an operator Tt of. the form

T ' = ( l , - l * Q r ) O  @ (  ? o r * e o ) ,

to see that f is
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where 6 ' (T) = {2or. .  ,  A.^}  and Qr,  . . . . ,Q'  are ni lpotent operators on some

suitable Hilbert spaces. By fS] , Th/rn- ,4,, eachQ. (1 <j < n)is quasisimilar
J

to a compact,operator K.. it follows that T' (and therefore Talso) is quasisimilar

with

T t t  =  (  A r r + K r )  @  . . . . . .  @ (  4 n r  * K n )  =  l J @  . . . . @  1 r ,  t  +

+ n r @  @ K o ,  
\

where obviously the first operator is normal, while the second is .rompact.

3. Unfortunately , the preceding corollary is not valid for every operator

T on H. Indeed, in tg] , Thm. 5 , we exhibited a quasinilpotent operator T on H

that does not commute wibh any nonzero compact operafor. That this opera[or T is

not similar to any operator belonging fo the class .(N + C) follows direcfly from the

following :

PROPOSITION 3.1. If a quasinill:otent operator T on H is quasisimiiar

to an operator belonging to the class (N+C), then T commutes with a nonzero compact

operator.

Proof  .  L€t  A :  HSH, andB :  HrF+11 bequasiaf f in i t ies such that

tg. U TA = A (N+K), BT = (N+K) Br

where H, denotes the space on which operate N and K, and where N is normal and K

is compact. Clearly we ca.t@nd we shalf assume thatH, = H. I€t En denote the spec-

tral projector of N corresponding to ihe plane set d* = { e * C;lAl>t}ffiffi

(n  =  1 ,2 , . . . . ) .  I f  r ankEr ,  =  + *  ,  l he reex i s t san isomet ry  Vo  onH such  tha t

E* = Y* Vf . I t is clearthatN = ViNV-is normal , that 6(Nr) c % and that
n n n n n n

T A V  = A V N  + A K V .
n  n n  n '

whence, passing lo lhe Calkin algebra A"F),

.v N= A V  N  .n n

But since

s(f) = a"

-6effipii.'

<--*ffin

AV
n

ty
T

(rl
AV

n

c  6 ( T ) = t o ] ,  6 - ( f r ' n )  = e N r r )  c o

A E  - 0 .
n

(N )C r7 . the relation' n '  n - - * . - _
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Obviously (3.3) is valid also if rank En 1 +u ; Chus (3.3) is always valid for all

t r  =  1,  2r .  .  . .  .  Therefore

i l f f i l l  alleN -ANEnll +{16}-noll4l[AIl ' ,JlN-Nn,,l l  + l{ fr"ft ' , l} =
. 

-.'r

(N - NEotl 4 * l l  el l  *) o (n*>oo),

so that AN is compact. It folfows that X = A (N+K) B is also compact and obviously

XT = f l ( .  I f  X = 0,  then N+ K= Oand T =.  0sothe proof  is  completb.

4. The res.ults of the preceding two sections are supplements to those of [.3] .

In this section we shall give some useful supplements to the results of f ZJ .

LEMMA 4.1. Let T€ ;fGt), l lr l i< r, and let S be a unilateral shifb of
&ffi4* Z*.-Cle. rf 4c.'"e. A &^ Vi-a)zcrz,/Lz-/ z.-\

multiplicity r.- If f"is"n6t-polyroriiiallgvprf,f 0 Such that pJT) is compact) then theie

exists an operator To on a suitable (separable) Hilbert space, Ho such that

'  
f  r  r ,  .( 4 . L . )  l f r o | ( a t ,  T o - ' { r ,  T o c l s  - A  r .

4rg. we take 1 - f,. L/ ll lli and set r., = F r. et { f L, fz, 9- T - r - ' r

be a dense set in H. Then for every f., lhe map
J

o i '  T H  f ( r l ) t  ? : " ' ,

is a compact (linear) operator from the classieal Hardy space H2 ioro g suth that

O:t 
;  "rOj, 

where S is identif ied with the mult ipl ieation ff) * 2{i l  ( tSt<t;fsr/9

on H-. Therefore

R(?t@t'te-..)=- 
,4 * 

(i lAiltrtftry (ft*f:e'-" €//?e'ff i '" )

is a compact operator from gz e uze .

T 1 *  =  K . ( S @ S @  . . . ' : . 1

and

(since the range of K contains the set {tr, tr,. ... } f. We set



H o  = ( H 2 q u z o

- 2 2 ,
and, denoting by P^ the (orthogonal) projection of H- e H-@

o
we define

t  " ,  
(  s@ s@ . . . . )  I  " o ,  

Ko  =  K l  Ho .

quasiaffinity and

llT" ll < L, T*o = KoTo .

This proves the first two assertions of (4.1). Norv for arr

of H we consider again the (compact iinear) operator

T =
o

firen K is a

(4 .2 )

onto H ,

arbitrary element t /0

A r :  f  t - > ? $ ) f
, . '

from H- into H, which satisfies Afs = TAt . If there exists f. € H, f / 0, such

that

" (4.s) AfHz n KoHo = { oJ , ker or = { o}, 
,m

fa*-*"*%
( t ro@g)  =  Koho *Ar f  f to@cf  e  Hod)Hz) ,

we ob[aina quasiaf f in i fy X :  Ho@ uzr+H such thatrx =;  (To@s),  i .e.  the

third assertion in (4. 1. ) Hence it remains to consider the case when (4.3) fails for

every f € H, t / 0. This means that for every nonzero f € H, [here exist
,.

$ € tt-, 
fi / 0, and h, € Ho, such that

f t $ ) f = K o h r .

tet

cq(t1 : ftflsl fr/,t1 (la | . t)t

where 
b 6 is a polynomial and ?f € llt satisfies ,4 A)* O for all comptex 2 )

t ̂  t 
' z-(/il ^"*Ll/n//, //% //t ,(/a),

- l  - 1
Th"+ 7 tW 

- 
and ?{f o) 

^ 
. 
exist and consequently

p r ( r ) f =  T r r r f L K o \ = K o ? u o f L n .  . i

. /.



Thus in (4.4) we can assume that f* ir a polynomial . .tet

be the set of those f € H, ll f lt = 1, for which there exists

€ 8 ,

(4.4) suctr [hat

l lhf l l

Obviously Fn is closed, and by our negative pssumption

& ?

O  F n  = { r  e  H ,  l l r l i  =  1 3
.n=1

by virtue of the Baire Theorern there exists a frbz,.ll" U = {f 6 I{; l{ f ll = L,

l f  f  - fo  t l  a fy  c .  Fo ,where fo  €H,  l l  fo l l  =  1 ,  o  < f  <  Land, . rL  a re
suitably chosen. Let now g e H, g / 0. Then

ro  +  +  l lg l r  
-1  

s
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l l  ro  +  *  l t s i l  
-1  

s l [

F r ,  -  H  ( n  =  L r Z , . . . . )

a polS'nomial

, the polynomial

f =

so that by chosing conveniently the polynomials 
% 

and YA

?6)'= fg/al ft,/a) 
is of degree € 2 n, and

,p(r)fl = /6 {Flyf/re"{tr7n?/tr"@(-e/u1 l}
Thus we can assume also that bhe

.n
always be chosen of degree €N I_ .,:)

, O

H/K H and leb T denote the linear
o o -

( 4 . 5 )  g ( T  ) f  = 0

f o r a l l f  €  H , f . / 0 a n d s o m e a d e q u a t e p o l y n o m i a L  f  
=  ? *  / O o t d e g r e e  < N .

a a a O

For any f e H, f / 0, among all nonzero polynomials gccuuing in (4.5), there

exists a unique polynomial 7; , with leading coefficient equal to 1 and dividing ali
, f ,

the others. clearly the degree ot y; is E N. Let No (< N) be ih.e greatest

degreb of these polynomials c7j and let fg be of degree No. Let now t e fi,
O  . t  ' - ^ n n  -  

|  d  a  o

i / il be arbitrary. Then the linear space yn spanned by the elements io, i fo,

i ' i o , . . . . ,  ? r i f , ' T z i . , . . . .  i s o f  ( l i n e a r ) d i m e n s i o n  €  r N o . T h e r e f o r e a p p l y i n g

classical linear algebra arguments to iltl) we easily obtain that 4t divides Q:
d  a  t  t * o

so that cfi ('T) f = 0. This means thal for the polynomial Yo 
= % (/ 0) we' to ' - ' ' trct

have

'  . .  1 2 . / , l lpolynomial Y_z1A/V, occuring in (4.4) can
7 - " '

a

:2 n. Let H denote the linear quotient space
o

transformation on H induced by T. Otviously
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(4.6) ?o(T) II c Ko Ho.

By the closed graph bheorem, we infer from (4.6) that there exists an operator Z

mapping H into Ho,. such that %ft)= KoZ, hence that T is polynomially compact.

Ttre proof is thus complete.

PROPOSIfiON 4.2. If T 6 ;f (s), l( r l{< t ancl T is no[ polyno-

mialty compact, then T has a quasiaffine affine transform which is a unilateral shifl

of infinite mulbiplicity.

PToof . Let Sbeas in the proof of.the preceding lemma. We apply first
1

this'lemma to /$ .T, where 
f 

= 
; G + l{ r {l ). We obtain thus an operator

T acting on a sui[able Hilbert space H such LhaL ll To ll<p and suchthato o

" o @ P  
s  {  r .

By virtue of [al , I€mma, p.31, we have

s  @  s @  - < P s
thus also

' l

( 4 . 7 )  t o @ ( S @ S @ .  . ) - { T .

We nex[  choose a sequenc"  { f f  ,  f2 , . .  }  dense in  Ho and denote by A.  ( i  =  1,  2 , . . . )

- the operator.from H- into Ho defined by

1 : '  t P ? ( r o ) + i  ( Y e H ' ) ;

f inal ly we def ine uj  = (1 + 11e, l l  , - t I  o,  6 = 1,2, . . . . ) .  For convenience

in what follows, we shall write S @ S@ . . . . as

po

Sao = 
.@ S'u (where S.,- = S for all j, kl

6'k--o 
Jn JK

acting on

H ^ = 6 H.,- (where *H.,- = H2 for all j, k).'^oo 
tY=n 

"ik --- - --ik

For f r  ? iu€ f l*  ,  we set
l7 'k=t  

o K

o o  '  \ ^ A  
J  o ^-  t 4  

. ) =  
(x (oo*=, lxd= \ ft.=,t &R u s -/ - ;i=, t'1" ta4



It is clear that X is an injective (bounded linear) operator from H* into Ho @ H* '

and that

( % @ s r o  ) x  = X S o o

Ttrus, in order to complete the proof it remains only to prove that

, -
( X H ^ )  =  H o @ H o o

For this purpose, let o = ho *P*=9,ir€ H @Hoo beorthogonal to*":. Then,

in particular,
t '

O =  ( h ^ ,  B , g  ) + (  g , r , ,  e  )'  u  t r t  I  J r r ,

'  
f o "  aL I  f  €  t l z  and  j , k  =  1 ,  2 , . . . . ,  whence

rl/

(4 .8 ) .  ?  j o=  
-  

" Ino  
f i , k .=  r ,2 , . . . . )  ,

Since = " "1Z, o?ip rt

we infei, by virtue of (4.8), that

- i

'  ( 4 .  g )  B r *  h ^  -  o  6  =  1 ,  2 , . . . . . ) .
J o

In particular, (4.9) implies that

@o, f , )=  (ho ,  
" : I )  

o  +  l l  A j l l  )  =  (B jho , f l  )  (1  +  l lA j l l  )=  o  m11* i : '
€-t,2,.... "ana 

therefore ho-a 0.-rntis,-nv"f4.ai,-;e have"tls-o+ = 0. The proof is

now complete.

REMARK 4.3. It appears likely bhat the conclusion of Proposition 4.2 remains

valid if we replace' the assumpbion that the operator T is not polynomially compact with

the weaker assumption that T is nonalgebraic (i.e. that there is no poiynomiat p/,t)Fo

such that f (T) = 0)..

5. We pass now to our main result.

THBOREM 5.1. Forany r 6 {grl and any €7 o there exists aquasi-

such that l lK l /  <t W

PIoof . We begiin by proving first the bheorem for the particular case ina
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which T is polynomially compact. In this case, since oe (T) is finite, T is similar

to an operator of the form

(  u I  +  Q l )  @  . . . . . .  @  (  4 ' I  + Q n )

vihere the A;) s are mutually distinct complex numbers, while the operators Q.
d J

sabis fy  %(a: l  
=  {  O}  0 = 1,  . . . . . ,  n) .  Thus i t  is  suf f ic ienb to  prove the s taLe-

men!  for  each operator  Q.  CI  = 1, . . . ,  n) . 'Byv i r tue of  Proposi t ion2. l  any such

operator has a compact quasriaffir.. transform. , Therefore bhe case we are now

considerlng is reduced to that of a compacI operator. IJsing the spectral decompo-

rition of T we easily obtain that T is similar to an operator of the form TL@ Tz

where T. acts on i finite dimensional space r,,,hile the spectral radius of T, is = + .-1 
z e1'

By virtue of a. theorem of Rota [+7 , T, is similar to an operator fi . of norm <

.& and obviousiV Ti is also compact. On the other hand, since T, acts on a finiie

dimension?l space, it is ciear that lhere exists a normal operaLor N, and an opera[or

! eimilar to T, such that l lTr 
- Nl l i  

<€ Therefore Tis quasisimilar (even

s i m i l a r ) t o N + K w h e r e  N = N l  @ O i s n o r m a l a n d K =  ( T i  - N f )  @ T ' Z  i s  c o m p a c t

wi th  norm-( t

' Turning now to the case in which T is not polynomially compacL, the lheorem
n

reduces,  by l ' roposi t ion 4.2,  to  the case T = S @ S@ . . . . . . ,  where S is  a  sh i f t

r of mul[ ipl iciby 1. I f  the bheorem is true for S, then for every n = 1,2,.. . . ,  there
2

exist a quasiaffinity X' from a suitable Hilbert space H into H-, and an operator^ n

, To = Nr, + Ko on Hrr, where No is normal and Ko is compact, such thab

.:1..

l l  x  i i < +  . s x  - x  r  .| t ' - r r l l  *  ' " ' - n  n  n

Sebting

N -  6 N  ( = 6 K  a n d x -  6  ( 1  + l [  x l l  t - l  f * ,
n l r  n '  n Z l  

- n  - '  ' n : t  '  n "  '  *  n '

we obtain TX =X (N + K), whereX is aquasiaff inity, N is normal and K is a

,j,r:t t,, 
compact opera[or satisfying ll K ll <.9 Thuls: it remains to prove the theorerh for

the unilateral shifb of multiplicily one.

Concerning lhe unilateral shifb of multiplicity one, we shall work from now
2

on with ibs canonical. teallzation on I-, namely

. 2
: F g -  (  o r d r r d e l . . . . )  f o r  a l l  x  =  ( 4 r d ' r 1 , .  . . . . )  €  l - .

ul!' ,.
Also we shall consider operators T and X on l- defined by

T x  =  ( 0 , i l n d n , U o g r . . . . . )  a n d X - n - - =  { 7 r i l  z  ^ r  \
- r X  1 -  

l 1 t 2 ^ a ' > "  " ' )
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^2 ,  a -  .o<)  r  e  - l  oc

for  a l l  v  = (4rdar4, , t . . . .  )  e  4- ,  where 1 Vn ] -=,  and ' l  {n  l -= ,  are some

bounded sequence of positive members, which will be chosen latter. Obviousl5r X is

a quasiaffinity; moreover XT if and only if , 
= 

**, o,.r- for all n = 1,2,. ..,

that is
&

; :'.zt+f 
fu, Mr- - -. ty'n

such that

, P t  +  1 . ,  
q l

( 5 . 3 )  ( - _  )t n'1

f o r  a l l  k  = 1 , 2 , . . . .  .

(dr '
l n f i /

Also we denote m

ffi)
o

( k  =  1 , 2 r . , " ) .f f i *n ' .  * .  *ek

j - m , -
I(

w . =
J

P k * t

P k * t * 1

Pk * t
f o r  * k * p k * l  * r  {  j  - <  * k * p t * i *  e k * t

f o r  * k  * p k * 1  * e k * 1  * 1  < 3 €  m k + , ,
* k * 1  * 1 - j

Pk*t

A
bonsequently, T is a quasiaffine transform of S whenever

. f( b . r )  i n t  { . * u V . . . . . w 4 2 ; n = L , 2 , . . .  l >  0 .

Let- €> O be fixed. It is sufficient !o construct the bounded

such that (5.1) holds and that T = N * K, where N and K are

compact operators on -L2, and where llr< ll -5.6 . For this
/?\

be any , i' (strictly) increasing sequence of integers divisible
!7

r ^.9
sequence 1Wn !n=,

(s.z) pl >/ ry + zs6 .

o b v i o u s l y w e c a n c h o s e b y r e c u r r e n c e a n o t h e r S e q u e n c e { . 7 - } } - , " t i n t e g e r s >

1 l t * 1  1 q r
\ p .  I- K

0 and *k = ,  (pf  +. . . . *  pt  )  * f f i

Finally we define

f o r  * k * 1 < ;  ( * k * p k * t

normal and respectively

purpose let t/%T;=,

by 8 and such that'

2
/ t
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where k = 0,  ! ,2, . . . .  Then the inf imum in

k..= .L_:3.,.:.,.-!*.Lflrttur, bv (5.3), it is >r > 0.
--'1:::;=' - ::- -.*::.-=

I r *
l i s o l

fulfilled. Let now K' be the operator defined by

in r  {  (o ' r ;  
'  

)  
o '  

( *  
) '

where

f - ,  = Q  i o r i  #  { * 0 3 - o = ,. { r
I
{  t  =  w o f o r  k =  1 , 2 , . , . . . . .
t * k l

(5.1) coincides with

r o o * t - 1 q L
t o t I ffi)

Thus (5.1) is

Obviously I(' is a compacb operator on

(b.4) ll*' ll <+p1

Moreover T-K' is an orthogonal sum of operators

O*k 
- mk-l" by the matrix (*t 

""u 
obviously the- \

I , 2 , . . . .  )  a c t i n g  o n
D -  + 1  L '  \
tk occurs qb,- Lt/ma).

-% 
' ' \

n 2
I such that

t k G =

entry

n

h
v

4 n
,! \'t

h + l
f K I A- f v

yk
8 i l .
l F  / \-i: v
rk

' \ \\ r  
) . -
\, ' 0

P*t ^. - ; . v '

P P  L 0
fAtl

T 0

3- r,t
h, \J
r'F ,r

? o

z

0
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Wt/W By virtue of a remarkable theorem of Berg tLzJ , Thm. 1.1.)"

tnu"" exists a normal operator N,- on C 
*k - *k-1 such that

K

llrr. - Nk ll 0  ( k  - a , e  ) .

Ttrus setting I! = Tk - NU and Ktl = nr @ ^r @

compact and

v
(5 .b) l l lo "  l l  <  g ,'  

1 '  "  v P 1

i t  fouows tha t ,T  =(N1 @ Nz@ . . . .  )+
sum is normal, and K = K/ + Kt/

(5.2),  (5.4) and (5.5) ,  is  of  norm

tg -->
1Pt

K' * K,'/ , where the explicit orfhogonal

is a compact operator which by virtue of

g The proof is now compiete.

REMARK 5.2. In Theorem 5. 1 we cannot get rid of bhe compact operator K.

Indeed, if S is any unilateral shift and N any normal operator, then fhere is no non-

zero operator X sabisfying SX = XN. This follows at once from fhe fact that if X

satisfies the preceding relation, then for any elemenf h of the space on which acio 5"

ffiffi we have

llxx* r,l/ =lls" xx#rr ll = l[ "*'ft ll<-itx ll . 11^"rdh,, =[xl[3, tt ̂ f"*q ti =
= l i " l l , t l  . {#r , i l  <  l l  x t t  . r l  * t t . l i  S\ t | *o -7

r /ffi
REMARK 5.3. Let T be the weighted shift constructed during the proof of

Theorem 5 .1 .  ThenT  =  N  +  K ,  N  i s  no rma l ,  K  i scompac t  and  l l  K l l  * * .€  . .

Moreover if T)(l = *1I, for some operabors X, and Nr, where N, is normal, bhen'

Xl = 0. Indeed, tfienapxists a quasiaffinity X such that SX = XT, where S is the
n  ^ ,

canonical unilaterai shift on ,{,' (see the final part of bhe proof of Theurem 5.1).

Therefore, byvirtue of Remark 5.2, )C(1 = 0, whence X, = 0. Finaily let us remark

also that

(5 ,6 )  oe$)  =  t  a *6 ;  l 2 l  < r ] .

'1"s pro-ve (5. 6) we notice that T>fx'f X# d and ccxsequently bhat the

point spectrum 6^(6 of T{t contains that of S* , that is
r
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-\
'  q " ( r * )  = t ? ' € c i l A l < t l '

.  
l - t -  

r  L  - -  -  -  
2

Sio"" SX = XT, T has no point spectrum, so that (T being in the class (N+CD,

{lea;lAk{ must necessarily be inctuded in de(r).

. Therefore in order to prove (5.6)it willbe sufficient to verify that ll tl{<
' 7. Or if T/denotes the weighted shifl whose weights u/ are defined by w,/ =

. ( ?=rfnt  w n,  
L J (n = 1,2, . . . . ) ,  where (y 'narethe weights of  T,  then l l f l t<Lana

obviously T -. f: is compact, being the orthogonal sum of finite rank operators of

,q#, -> 0. rhus llF 11 = |i, ll<ll r,\l= r.
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