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ON INTERT!TNING DII,AIIONS. III
l

, . -

by
l

Zoi.a Ceaugescu and. CiPr ian.Foiag

Abstract.  In this Note we give a part ial  extension of

ueness resul t  o f  [ f l ;  by  v i r tue of  th is  extens ion,

we also give a characterizat ion of the uniqueness case in the

, i

remarkable lifting the9199 -"{-F].- i

l .  f ,et gr( j  = 1r2) be soqe (conplex) Hi lbert spaces and.

let t$er!f)  d.enote the space of alL (bounded. l inear) operators

s inpLy  IG , ) .  Fo r  nJ " l (g j )  ( i  =  1 ,2 ) ,  I ( f t ' Ta )  w i l l  deno te  the

*i ii.i" , i
set of all- 4,€&G2, -S1) intertwining [, with [, n tb'at is TrA=A[n'

fron-$2 into 3, t3 Ef = & = H then I, (Ea'S1) wil l  be denote'

3or  a  cont ract ion n j€L(g j ) ,  le t  Oj€L( ! j )  d .enote i ts  rn in ina l  iso-

netr ic d. i lat ion, and- 1et P, denot 'e the orthogonal psoiect ion of

the HiLber t  space 5U onto i ts  subspaie Ei ( i  =  1 ,2) '

By a contract, ive intertwinins di lal ior l  (denoted in the sequel by



- 2 -

CID) of  a  cont ract ion A€I(TI rT2)  we mean a cont ract ion BeI(U ' rUz)

such that

J

( 1 . 1 )  P t B  =  A P 2 .

.  The fact  that  there exists at  least  one cID for any

c o n t r a c t i o n  A e l ( T r r T 2 )  i s  k n o w n  s i n c e  1 9 6 8  ( I Z J ;  s e e  a l s o  [ f ] '

sec . I I ,2 ) .  fhe  charac ter iz .a t ion  o f  i ;he  case in  wh ich  th is .OID is

unique was recent ly given in [ f ]  ana can be stated. as fo l lows:

l lhere  ex is ts  exac i i v  one CID o f  g  cont rae t ion  A€I (T1rT2)

i f  and on ly  i f  any  o f  the  fac to r iza t ions  A.T2 * t tq  I t .A  €

A l l - ,  -  l l . , A  i s  r e s u l a r  ( i n  t n e  s e n s e  o f  l r J ,  s e c - V I I . r ) -
E ^

In the present note we shal}  g ive a part ia l  extensioa of

th is  resu l t  (see  Propos i t ion  2 .1  be low)  and we sha l l -  app ly  th is

extension to the study of  t f re _r lg iqge,ness of  the l i f t ings y ie lded

by a  recent  in te res t ing  theorem o f  L i l  <con jec tured  in  [+J) .

we take this opportuni ty to express ouMarm thank? to

Pro f .B .Sz . -Nagy fo r  h is  encourag ing  in te res t  in  th is  research  and 
l

to  Pro f . f .Ando fo r  h is  use fu l  remarks  on  i t .

Before f in ishing thi .s sect ion,  let  us reca11 sone nota-

t ionb  and.  the  de f in i t ion  o f  a  regu la r  fac to r iza t ion .  For  a  con-
,L

t ract ion A€L(Ar4*),  DO wi l l  d.e:rote the operator ( I -A*A)/ '  and"

21 wi l l  d.enote the c losur-q of  the range of  Dn .  A fa i tor izat ion

A =  A2.A,  o f  a  cont rac t ion  A€t (A ' \ )  in to  the  produc t  o f  
: *o

contract ions Az€lGrAn) and Arr€L(Arg) is caIIed. resulal i f  (see

[5J , p. 294) "

. / ,
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( t . e ;
{ooror" t 

oor" : ae g.}- - ro, 6Jlr

isonetric d.ilation, VgIl(S) a unilateral shift such that fCr$t {J =

|  _ -
= vlg and finally, let Z€ I"Cg) be an isometry.

p  r  o  p  o  s  i  t  i  o  i  2 . 7 . .  F o r  g  c o n t r a c t i o n  A C I ( [ ; Z )

there exists a ugique B€ f Gg) such tbqt

( 2 . 1 )  B  € r ( Y i z ) , P B - A , f  B l /  a  1

(where p d.enotes the orthogonal  project ion of  g ontoJI)  i I  and.

onl f  anv of  the fo l lowin* con4i t ion 1 . 1

a) The factor izat ion A.Z of  M (= [A) i€-EEulgI '

b)  The factor izat ion f , .A ol  fA (= az )  is  regurar and

M € K  d o e s not cg.ptain anv (closed. l iggar\ subspace+.{01 invariant

2.  Let  T€ l (g)  be a cont ract ion,  U€lG)  i ts  n ia ina l

f . let us d.enote.$, =J@ (UeS) ana d = gu lE

the  or thogona l  p ro jec t ion  o f  M onto  H) .  S ince

f o r " V .

'  P r o o
' a l

(where 'P d.enotes

the space

(2 .2)  g  €8 =
O4

V un( (u-r)J)-
o€

= V vn( (u-r)g)-
n = A  n a e

is invar iant  for  V,  i t  fo l lows at  once that V

isometr ic d. i lat ioq of  d.  Now, not ice that  for
n, Fl

s a t i s f y i n g  ( 2 . 1 ) ,  t h e  o p e r a t o r ' I ' . =  F g  6 ! G ' H )

is  the  r . l l ima l

any B 4 L(g,g)

wil l  sat isfy

P[ = A , tt T tl 4- t.2 . r ) ?.er( f r ;z) ,
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Also, for  any'operator t  sat isfy ing (Z.r)  r  atX contract ive inter-

tw in ing  d . i la t ion  B o f  i  w i l l  sa t i s fy  (e . f ) .  Thus ,  in  o rd 'e r  tha t

(a . f )  shou ld  un ique ly  d .e te rmine  B i t  i s  necessary  tha t :  c )  A  be

the  un ique opera tor  t  sa t i s fy ing  (2 .1 ) .  A Iso ,  i t  fo l lows d i rec t l y

froE the uniqueness resul tn stated in sect ion i . ,  t l tet  for  the

u n i q u e n e s s  o f  a n  o p e r a t o r  B d i ( g , K ) ( C I . , ( q , U ) )  s a t i s f y i n g  
. ( 2 . 1 ) ,

i !  is  necessary.  that  e i ther one of  the fo l lowing condi t ions hotd' :

a t )  t h e  f a c t o r i z a t i o n  A . Z  b e  r e g u l a r ;  t , o )  t h e  f a c t o r i z a t i o n  T . A  b e

regular.  Conversely,  the cond. i t ion c)  together wi t i r  any of  the

cond. i t ions  a t )  and.  b t )  i s  su f f i c ien t  fo r  the  un iqueness  o f  B .

Ind .eed. ,  fo r  any  opera tor  B i ( f  =  1 r2)  sa t is fy ing  (7 .1 )  tne  cond i t ioa

(c) inpf ies ?n, = A = ?n, *nitu any of condit ions (a')  and (U')

do.es i rnply P'81 = P'82 (again by the uniqueness resul t  stated'  in

sec t ion  I ) ,  wb.ere  P '  i s  the  or thogona l  p ro jec t ion  o f  M onto  K, .

Since 3 and. K span JI ,  we can conclud.e Bt = Br.  Consequent ly,  in

ord-er to show that any of  a)  ana 6) i "  a suf f ic ient  cond. i t ion i t

is  enough to prove that each of  them inpl ies the condi t ion c) .
'  

, d l

Firs t ,  not iee that ' f  lU = f  .  Thus,  wi th  respect  to  the decomposi t ion

E = g @ (geg) tne contract ion T wi l l  have the natr ix forn (see

F - r

LgJ ,  Theoren 1) .

( 2 . 4 ) m ( '

\ o
":J* )

L is  an  isomet ry .  Ind .eed- ,  s ince ,

where I '  is a contract ion fron JU . to pUx.

We shal t  show now that actual lY

(2 '2) inPlies 
t {v-dfi;-

. / .

= ( (u-r )5)- ,



- r -

i t  fo l lows in part icular that  for  any n€M q} 5.  there exists

(hj ) ira.g 
such that ( u-r )hj (v-fi)r. using [5] , $ rr , 1

r l

and. LAJ, Fornula (2.1), we infer that

il Drhj - rxr,nrnil2 + ;| orn n l[2 --'_ o

and fron this, that DOD*n = b (tor any n@ O 5). [hus, L is

A  € t (g ,H)  sa t i s f y  (2 . r ) .  I t  has ,  w i th

ition 3, = g @ (ge$) , the uratrj-x form

a contract ion f rom Dn to  M€K,  and

I

(  j -  " - )

in isonetry

respect  to

l r  \
t =  I  \

l f
l c n ^ /
\  ' r l

(z . r )

Since ,L is

.  Nbw,  le t

the d.econpos

, where C is

DrsncDo = o

s = ( r - P , ) v / M e g

l i es  in  the .  subspace

?

M  = ' l m € M € K  I- o  L  - -

is  invar iant  f  or  V; , .

( 2 . 5 )  i t  f o l l o w s

inpl ies

( n = 1 1 2 r . . . ) ,

the relat ion (2.6) shows that the range

V n n € S € K , n  =  O r 1 r . . . J  t

M

we

Dtx LDTCDA = 0, SCDA = CD,IL .

an isonetry ,  the f , i rs t  re la t ion of  (2 . r )

DSCDA - 0;_ while the second, i.4O1ie,s SnCOO = CDAZa

thus
.

( 2 . 6 )

Since

o f C

which

From

( 2 . ? ) V.CDO = CDf .. (where Vo = V I

Now,  assun ing  tha t  a ) (=a ' )  )  ho lds  ( i . e .  JA  =  (DAzg) - )

chn d.ef ine a cont ract ion X€t( !A)  Uy XDAZ = DA,  which sat is f ies

/ . '
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f .(by v i r tue of  (2 .?) )  V.CX = C.  Whencer  s ince Vo is  a  un i la tera l

shif t ,  C* = XXC*V| = . . .  = Xxn0xVfn -+ O (strongly, for n->*).o o
Thus, C - O, and. consequently I  = A. Also, i f  b) holds, then

I[^ - IOI and. thus i = A, again. fhus the sufficiency has been
.r{ E .,

proved..

Now, for the necessity it remains only ' i ;o show that if

b ' )  ho t rds 'bu t  ne i ther  a )  nor  b )  i s  va l id . ,  then c )  i s  no t  va l id .
\ \

Id this ain let us define a partial isornetry I[ onJ = -!f @ _9n

(where

( 2 . 8 )

.By v i r tue

we' have

( 2 . 9 )

tO.T@pL wil l  be id.ent i f ied with !1,) by

(Dazg)-) )=[oJIrg o ({o} @

of  b t ) ,  Wx is  an  isonet ry  and. ,

, w(0 @) D,q,zs) =DtAg @ DAg

,  ( g  € G ) .

. \since a) is not val id.

l

where Q denotes the

iomponent .  Moreover ,

wTug QN. ,

orthogonal  project ion of

b y  ( 2 . 8 )  a n d  b '  )  ,  ( 2 . 7 )

i

N onto i ts second.

is equivalent to

( 2 . 1 0 ) VoCq = cryx = (cQ)rd€

Now,  i t  i s  p la in ,  by  (2 .9 )  ( inp ly ing  tha t  d€  "conta ins"  a  un iLa-

teral  shi f t )  qnd by the non-vai iCi tyr  of  b)  tnat  there exists a

contract ion c = cA * O gor -Dl  to go sat isfy ing (a-tO) (and

t h u s  ( 2 . ? )  t o o ) .  C o n s e q u e n t l y ,  t h e r e  e x i s t s  i  + l  s a t i s f y i n g

( Z . t ) . T h i s  a c h i e v e s  t h e  p r o o f ;

I le shal l -  use, for  a subsequent appl icat ionr '  Proposi t ion

. / .
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2.L in the fol lowing forn

Co r  o  I  L  a  r  y  2 .3- .  Let  V i€L( I i )  !e  a  un i la tera l

sh i f t  ( i=112) ,  jo  a  (c losed l inear)  subspace of  ! ,  invar iant  for

V; ana tet  Bo€I(Vf  t  VI I I . )  be a contract ion.  There exists

a. unique operator 'B '€LG2r$.t  )  sat isfv igg

l n

i e . n )  B ' € r ( v T , u : ) , B ' l . J o = B o , , { B ' l l =  1

i f  and only i f  any of  the fo l lowing cond. i t :Lqls hold"s:

!s regular and

l a  r a \

\ 1 .  L 4  )

a) rhe ragtor izat ion vf  .  Bo d vf  no(= Bo(vI 
l j " r)  

is

regu la r .  -
'  

b) rbe ractorization Bo. (v| lgo) € B$v!lg"l  (= vf Bo)

fh is corol lary can be obtained at  once by passing to the

a d j o i n t s r  o s i " S  [ 5 J  ,  P r o p .  I .  7 . 2 .  
" ) ,  

a n d  r e m a r k i n g  t h a t  ( 2 . I 2 )

is equivalent to the fo l lowing d. i rect  t ranslat ion of  the second.
ctrt

property in the condit ion b) of Proposit ion 2.Iz H) = J2OMV} Jo

, ?  t  -

does not contain any subspace *{Ol invar iant  for  Vr.

*. Sow, we shall give an application eoncerning the

t i f t ing  o f  opera tors  comnut ing  w i th  sh i f t s .  Le t  S i€LG. . )  Ue a
J  _ J '

un i la te ra l  sh i f t  ( j= t12) r  -$o  a  (c losed.  l inear )  subspace o f  $e

I
invariant for S, and let us set So = *r l9o. A contraetive



. , -  I  -  l

,

intertwinins l i f t ing (denoted. in the sequel  by CIL) of  a contrac-

t i o n  A € I ( S 1  i  S ^ )  i s  b y  d e f i n i t i o n  a n y  c o n t r a c t i o n  B €  I ( S r  ;  S e )
I  O '  r '  I

sat is fy ing  r l -g .  =  A .  nv  VJ ,  Th ,  2 ,  the  ex is tence o f  a  CIL  o f

a contract ion A€I(Sl i  So) is  equlvalent  to the cond. i t ion '

(v.L) l l t l -sfsf)&ol l  1f l (r-sfslk)so//  (Boeco ,  k = ! ,2,. . . )

B y  v i r t u e  o f  ( 1 . t ; ,  f o r  e a e h  f t  =  L 7 2 1 . . .  w e  c a n  ( a n a

shatl) aerine the contraction cr,( (r-slslk) io) ( (r-sfsiu>Srl-

by the formula

(r.a) ck(r-slsfk)so = {r-sfsfk)Aso (so ello ) .

For convenience rJre shall take Co as the 0 operator fron -1$o 1o Sf .
:

,  !  r  o  p  o  s  i  t  i  o , q  . r , 1 .  ! g !  n € f ( S a ; S o )  ! e  a

cont rac t ion  sg t is fy ins  ( r .1 ) .  Then A 4as  a  un ique CIL  i f  and on ly

i f  any ol the fo l lowigg condi t ions hold.s:  ; r i

(i) Fqr every sr6g1 there exist (sotr)*=1 cSo and

era

(n1)p=1 C N (= [ t  ,2 ,  .  .  .J  )  such that

Dr--1

,n,r L ." (r.v) (r-srsf )sf 
^ 

Aeof--(r-srs,f  )e1, Dc

gtrogglXr-Jgf k ->.'o . 
-'-

( i t): 'For every sZ€% there exist (eoo)fi tC.jo and"

(>*r

(ng)1=1 C*N sucht that

"o, 
t-uio.;"o)Boi.* o,
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srs!)rfon-tu;(r-srsf )s2, Dc - (r-r;o-trfou-tru;p o(t.+) ( r- '
ok-t

s t r o n g l y ,  f o r  ] s + o . .

Before proving this proposit ion, we shal1 sketch the

const ruct ion of  such a CfL,  a long the proof  o f  [ l ] .

I ,et  Uj€L(Kj)  Ue the-rnininal  uni tary d. i lat ion of  t j

( J=Qr l12) ;  p1a in lyJo  can be  and w i l l  be  ident i f ied  rq i th

€

Y 
u;3o and uo witb urlgo - Arso, let us d'enote

H,  =K - .ec i  ( =  ( r -P i ) g . )  v . - u - r l  E i  ( i =L t2 )  andJ lo  =  ( ( r -Pz )Jo ) - ,
- j  :J --J 

J'-J'  
,  J J

wbere P,  denotes the or thogonal  pro ject ion o lJ j  onto;$n ( i= tn2) .

i .  UI I  is  the n in ina l  un i tary  d i la t ion of  V.  ( j= t re)  and 'Obviousl l  
J 

oininal unlta: 
e,

Jo i "  invar iant  for  V j .  We d.ef ine a cont ract ion Ao€Igo{ f )  by
1. '

. \*+'^

where  P^  d .enotes  the  or thogona l  p ro jec t ion  o f  J {e  on to  G^.-  
o  

v -  r  - v  * 1

As a.  consequence of  ( r . t )  i t  fo l lows that  the operator  Bo d.ef ined.

by

(1.6)  Bo(r -P2)ko = ( r -Pr)Aoko ko€ 5)  ,

r  6  -  t l t t l l  t t ! €  I  r r  \i s  a  con tnac t ion  and  Bo€  I (V i  i  V ; . l 5o l .  Now,  i f  B r  i s  any

contract ion €I (Vf  t  u I )  such that .  n 'ho = Bo and

t\ r - ' l
B  i s . i t s  C I D  ,  u n i q u e l y  d e t e r m i n e d  b y  v i r t u e  o t  l 7 l ,  

P r o p .

V I I .  1 . 2 .  b )  a n d  b y  t h e  u n i q u e n e s s  t h e o r e m  s t a t e d  i n  s e c .  1 ,  t h e n

lin u-n.a,pouloo

. / .
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r r l  , r l
B = P 'B lGo =  B lG"  i s  a  Cr IJ  o f  A .  On the  o ther  hand. ,  i f  fo r  any

I

CfI,  B of  A we consider i ts uniquely d.eternined. extension
A z \

B € I (Uf  ;TJ2) ,  then (s ince  BG^<G.  )  i t  i s  easy  to  ver i f y  tha t  the' 1  - I '

contract ion

Bt = (r  -  r r l i l f r  -_Pe)Ez r t (gz,S1)

f . ig ,s in r (vf  ,  v ; )  and B' lgo = Bo (where Bo is d.ef ined.  by () .a)) ;
\ \

t\

obv ious ly  B  is  a  CID o f  Br .  Consequent ly ,  by  v i r tue  o f  th rs

one- to -one cor respond"ence be tween the  CIL 's  o f  A  and the  opera tors

B r  s i t i s f y i n g  ( 2 . 1 1 )  ( w h e r e  V .  .  H .  . . . .  e t c ,  h a v e  t h e  p r e s e n t' i  r  a : i  t . o

neanings),  A.has 'a unique CIL i f  and only i f  any of  the cond. i t ions

\  r . \a)  and.  b )  g iven  in  Coro l la ry  2 .L  ho lds .

Ste shall coaclud,e this d"iscussion with the following

,  L e m n a  1 . I .  l e t  A € I ( S t r S o ) b e a c o g t r a c t i o g

sat is fy ing  (1 . I )  and le t  Bot$o*31_ be  the  cont rac t ion  d .e f ined.

bJ  ( r . r )  e4g (1 .6 ) .  Then A has  a  un iqge CrL  i f  and on lv  i f  anv

of  the  fo l low ing  cond i t ions  ho lds :

(1 .?) ,  Jv f  @IoJ c  {Dvf  Bo( t -P2)ko ODBo(r -Pe)ko 'ko.So}-

(1.?), Lzf@ Pv;c tDuo ( t-", )ko @ DvI ( r-Pe ) ullko : ko€go|-

P r  o  o  f .  The cond. i t ion  a)  in  Coro l la ry  2 .1  i s  obv ious ly

equivalent to

Jvx @ {oJc{D.,,x B^h^ @ Do h- r l  u l  o o -  o o o i  neuo!-,

. / .
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Or

which ,  by  v i r tue 'o f  the  de f in i t ion  o f -$o  ,  i s  equ iva len t  to  the

, : l jnc lus ion  (1 .? ) " .  We sha l l  show now tha t  the  cond. i t ion  b)  in

C o r o l l a r y  2 . 1  i s  e q u i v a l e n t  t o  t h e  i n c l u s i o n  ( 1 . 7 ) 2

Firstr we remark that tbe map: ouIEt"oo-DVI ho (ir;go) extends,

by cont inui ty,  to a uni tary bperator  t ( !VI lgo '  (DVIJo)-) '

There fore  the  cond i t ion  b)  in  Coro l la ry  2 .1  can be  re fo rmula ted

in the form

(  ' . 4 )
[{rr"u} 

ho @ ouf oo = ho€Io}- =2Bo (E (Dv*so)-

1 e

f *, Vqg"

\ /
H ^ = V v  D , , x H ^-Z I1=O c. t 

Z 
-1

( " )

@ 4 .

YvlJo = Yul  ( ( i -  v2v;)go)-  l

where the spaces, occur ing in each of  the r ight  parts of  tbe

preced ing  two re la t ions ,  a re  mutua l l y  o r thogona l .  There fore  the

second re la t ion  (1 .8 )  no tas  i f  and on ly  i f

JvI = ouf*o = ((r-vrvf)Jo)- = (DvI 3o)- .

I t  fo l lows tha t  ( r .A)  i s  equ iva len t  to

x) Hene we used. the fact t l iat for an leonetry V(=VA) rDyF=f - Vdk

ts  an or . thogonal  proJect ion.

and,  by  v i r tue  o f  the  s t ruc tu re  o f  the  i iomei r i c  d i la t ion

nr  r vT lm 
' ) x  ( see  I  f l  ,  $  r r . r )e r . ' 2 r : j o /  \ - - - L - l '
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(r.9) {,ououl ho @ ouf oo =gBo 93vI ', noeSo J-

d a  n ^ a9 4 g V V

we have

1+.  r  ) ,

l l Ds (r-pe)uoil' =lf 1r-rr)ooil2 - ll cr-Pr) r,oto/12 s

- ll(r-Pr)ui" nsoll2 -lf (r-pe)u;" soll 2

fDr^vf ho @ ouf oo:noelo]- =(g{Dnovlc r-Pz)u-"e.@ ou5(r-rr)u-nso:
. o . >

:soego])- =(g1ono(r-rr)u-o*iso @ ou5(1-Pe)u-oeo ' sfsol)- =

={Dro{1-pa)ko @ !o; (l-Pa)uilko rt5:,go J 
-,

the re la t ion (3 .9)  is  equiva lent  to

1
fnJUn (r-rr)to @ DyI (r-Pe )fzt ko t kf,5oJ-=-nr @-9v|

. o o o  2

whicb,  in  i ts  turn,  is  equiva lent  to  (1 .?)2 '  \

4 .  In  ord.er  to  in terprete the condi t ioas . (7 '7 , \ -2 : ,  le t  us

note that for n >1 and.

kj = 
%" ui (*;egd) , ko = uloeo (socio)

n-1

l louT {r-er)r, l l= llouj,r-"i)uJns;/f= ,o.T.}' 
'u, 

l l (i=r,2) ,

ana (uy ( t  .a) and 3 .r)  )



o f  ( t . z )  ,

(4 .2)  notas a lso i f  n  =

exist unitary operators

J

1 . t \=  L s l s c o o ) t

1

0. Fron

V. (  j=r  ra)r d

(+. -z) llDno(r-pz)r<o ll= locn(r:ll *#)*o il

I t  is  useful  to not ice that

(4 .1 ) .  we in fe r  tha t  there
d

fron !,'x
' J

onto JST ,
J

d.efined by

(4 . t ) j  y r t  
T( r -P j )u ]os j  

=  t ;  t ; " - t * ,  (s re9r ;  i=1,2 ;  ;  =  r ,2 , . . . ) .

: '

A l s o ,  b y  ( + . 2 ) ,  l r e  c a n  d e f i n e  f o r  e a c h

operator Gor,oro,r-s} '  ;5") i ;) ' . -+Jso

( s ; S o r r ,  =  o 1 L n 2 1 . . . )eoDr-(i-sl slo)ao = DBo(r-Pr)ulnso

After these prel in inar ies we are able to pass to the

( n

n  =  1 1 2 j . . . .

'lnrr

vJ

i sonet r i ca4

( 
H{t{ sfn-r Aso @ DBo (r-Pa)ul' so , Bo€Jt} )-

llcr-s3 s|")soll2 - llcr-sl rfol neoll2

or, on account

( t+ .+)

o f  ( 4 . 7 ) y  ( 1 . a )  a n d  ( 1 . r )

means that
CA

r  o p o.s'  i ,  : t  i  o n 7.I .  BY vi ' r tu 'e

,  the cond. i t ion (1 .?) ,  in  Lemna 3.L
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( y, + tJ, l{ouf no(r-rr)ko @ ouo(l-pe)ko,oo.IoJ*
O  

I  - - ' ' r ' - - -  r -

' '->lt 'e IlrJt*f doll - lsi

Obvious.ly this cond.it ion is equivalent to the f act,. that for' ever;r
AC 

- 
€r{

gI€S- there exist (sog)p=1 €9o and (n1)i .=1 4.^r( such thl t

f 1

@ t o j .

ABok*o*I *, , oro(r-Pe)o;"o Bor.._> o

s t rong ly ,  fo r  k -+c 'o .  By  v i r tue  o f  (+ .+) ,  the  re la t ion  (4 .5 )

c o i n c i d e s  w i t h  t h e  r e l a t i o n  ( 7 . 1 ) ,  t h e r e f o r e  ( r . ? )  i s  e q u i v a l e n t

t o  t h e  c o n d i t i o n  ( i )  i n  P r o p o s i t i o n  t . I .

anelosghsLt* r .  by (4 .1)A,  the cond, i t ion (1 .7) ,  becomes

o,o n-l

( Prforo 
(r-Pe)ui'*1so t or5 t|'-t*o , sf-.go3 

- 
=

(b, o %){rro(r-rr)xo @ Dvf (r-pa)utt ko , k6eio} 3
o

@yz)({o}otv5 )= {o}@ 4s5

As in  the  preced. ing  case i t  i s  easy  to  see (us ing  aga in  (+ .+ ; ;

that  th is last  cond. i t ion is fu1f i l led i f  and only i f  so is the

c o n d i t i o n  ( i i )  i n  P r o p o s i t i o n  t . I .

Th is  f in ishes  the  proo f .

C o  r  o  1  1  a  r  y  4 .1 .  In  o rder  tha t  every  cgnt rac t ion

_h,__1
(+.5)  Dox sf ;  K

"l r-

( rt-
-r5o



_ L 5

A € I (S ,  ,S^)  sa t is fy ing  (7 . I )  shou ld  have a .  un ique CIL  iL_ is .-  J _ ' , O -

necessary_and suff ic ient  that  lhe fo l lowing condi t ion h_olds:

(,i i i) For every SZ1SZ

and. (n,-)* 6.:I[ such that
-  o k = l

iu..) (1-s2sl)rlou-t sor*(r-srsj)sn , cr-rlo-tr5"o-t, Bok+ 0

there exist (  soo )*rc:9o

s t rong ly .  fo r  k  ->@.

P r  o  o  f .  f f  the  cond. i t ion  ( i i : - )  above is  fu1 f i11ed" ,  so

i .s  the  cond i t ion  ( i i )  in  Propos i t ion  7 .1 ,  fo r  any  cont rac t ion

I , O -

i  t h e  c o n d i t i o n  ( i )  i n  P 3 e p 6 s i t i o n  t . I  i s  n e v e r  f u l f i l l e d ,  w h i l e

i  the  cond. i t ion  ( i i )  in  the  sane propos i t ion  co inc id .es  w i th  the

'  condi t ion (  l i i .  )  above .

R e  m a  r  k  4 .1 .  | [he  cond. i t ion  ( i i i )  in  coro l la ry

3 .L .  i s  fu l f i l l ed .  i f  fo r  ins tance

(+.?) _!sI = (Ds5jo)- .

Ind.eed",  in th is case, t l i ,e cond- i t ion ( i i : - )  i "  sat isf ied by taking

.  a l w a y s  n i  =  I  ( i  =  I r 2 r . . . ) .

R  e , m  a : r  k  4 . 2 ,  I t  i s  p e r h a p s  i n s t r " u c t i v e  t o  g i v e  a n
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expl ic i t  funct ional  in terpretat ion of  Coro l lary  , .L ,  To th is  pur-

pose te t '1 I '3 ,  O(^)J  U"  an inner  analy t ic  funct ion ( tor  the def i -

n i t ion see [5 ]  ,  $  V.2) .  Let  moreover ,S*  b"  any complex Hi lber t

space,  J* * {O;  .  We sha l l  denote  by  Sf  and S,  the  nu l t ip l i ca t ion

operators by the polynonial  p 0 )= )  on the Hard.y spaces

.St= HzG*) andtn= I {2(3) ,  respect ively.  Also we setGo= OH2(I ' ) .

l lhen i t  is  easy to ver i fy that  tbe uniqueness of  the CIL of  any

c o n t r a c t i o n  A € I ( S I r S o )  s a t i s f y i n g  ( 1 . I )  c o i n c i d - e s  w i t h  t b e

fo l low ing  proper ty :

( iv ;  I f  tE,Ex,  0x( , \ '  is  any cont ract ive analy t ic  funct ion

( i n  t n e  s e n s e  o f  [ : ] ,  c h . V )  t h e n  @ x ( ] ) @ ( ) )  = O ( f o r  l ) l < 1 )  i m p l i e s

0*(  ) )  =  0 .

Also

ed. as

( v )  F

f o =

y to ver i fy that  the cond"i t ion ( i i i )  can

! @ g @ . . ( ( n  +  1 )  c o p i e s ) ". 1 ? ) F
" ]  

.

J
a,€

eas

ows I

ery

be res ta t

i t  i s

fo11

oI ev

l r
|  

- t '

t :
l .
I

L to,

n - >

eeE there  ex is ts a sequence
. @ 6

l r  t
t - n l  a -1

such that

e

and that
lf
il
il

il
ll
il

for

0o

0 . e
L o l

I
I
I
I

I

"L

f
t r r o

f
D r r

' - . '  c

a

at n  
r n = ? -

ft n  
r n

1)
9,

o

t

a

e

t , \

. . \
. \ \

A A- n " ' - 1
E @ J  @ . . .  @ g

( ( i l + r )  -  cop ies )

. / .
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$rhere
. )

@ ( ' l )  =  O o  +  O t  + ) a  e ,  +  " '  + ) n  O o  *  " "  I

Thus Corol lary 3.L asserts that the condit ions ( iv) and.

(v) are equiva. lent.

Final ly 1et us also .renark that (4.7) neans that (oo{)-=,S-.

!

, .  We shal l  f in ish wi th an
r - t

Nanely  tn  lz l , i t  was proved that  i f

open in t r igu ing quest ion.

A , A ' e I ( T ' T 2 )  ( w h e r e  w e  u s e

tbe notat ion f ron the sect ion 1) are two contract ions and i f  A

Harnack-de4r4a!_eg A' , then i f  A  hqs  a  un iqug CID,  so  has  A"  We

K r:]
I

reca l l  tha t  fo r  two cont rae t ions  A,  A '€LG2*$ i )  *e  say  (accord . ing

to  [e l ) tn* t  A Harnack-dorn inates A '  i f  there ex is ts  an operator

l r H
l l a  4 r t--I .;]

r- -€) -. .i €}
D ^  D ^ ,

5 a

such that

the

s o f

and.

e  C I L ,

4 \  t q

case c

s e c .  J ,

i f A H

so has

l - A l
l lK I  I
l l
L  oo l

Does the above un

o n s i d e r e d  i n  s e c .  ]

A r A '  6  I ( S I , S o )  a r e

arnack-don ina ies  A l

A . ' ?

f:.1
der l ined. fact  have an analogue for

?  More  pree ise ly rw i th  tbe  no ta t ion

two cor i t rac t ions  sa t is fy ing  ( t . f )

,  is  i t  t rue that i f  A has a uniqu

Y
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