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ON INTERTWINING DILATIONS. III

by

Zoia Ceausgescu and Ciprian Foiés

- Abstract. In this Note we give a partial'extension of
the main uniqueness result of [11; by virtue of this extension,

we also give a characterization of the uniqueness case in the

vy 4
iy B

remarkable lifting theqremwgfyL§]i“‘mw_lv_

T Let‘gj(j = 1,2) be some (complex) Hilbert spaces and
let L(ﬁzxgl) denote the space of all (bounded linear) operators
from H, into H, . If Hy =.§2‘=‘§a.then L(Eg,gﬁ) will be denote -
simply L(H). For Tj_eL(fI_J.) (j =1,2), I(T,T,) will denote the
set oi all AhéLng;_gl) intertwining Tl with T2 , Ghat is T1A=AT2.

For a contraction 'TjéL(l{J.), let UjeL(_l_{_j) denote its minimal iso-
metric dilation, and let Pj denote the orthogonal projection of
the Hilbert space‘gﬁ onto its subspade_gj(j =1,2).

Bylé contractive intertwining dilation'(denoted in the sequel by

ofa



CID) of a contraction A €I(T,,T,) we mean & contraction BeI(U,,U,)
such that

(12D PlB = AP,.

~—

The fact that there exists at least one CID for any
contraction AuéI(Tl,T2) is known since 1968 ([7]; see also [5],
sec.II.2). The characterization of the case in which this CID is

unique was recently given in {;J and can be stated as follows:

There exists exactly one CID of a contraction AéI(Tl,Té)

if and only if any of the factorizations A.T, and Tl'A (ol

AT, = T,A is regular (in the sense of [5], sec.VII.3).

In the present note we shall give a partial extension of
this result (see Proposition 2.1 below) énd we shall apply this
exten51on to the study of the unlqueness of -the 11ft1ngs yielded
by a recent 1nterest1ng theorem of [3] (congectured 6o [4])

We take this opportunity to express our warm thanks to
Prof.B.Sz.-Nagy for his encouraging interest in this research and
to Prof.T.Ando‘for his useful remarks on it.

Before finishing this section, let us recall some nota-
tlons and the deflnltlon of a regular factorization. For a con-
traction AEL(A,AX), D, will dencte the operator (I—AXA)A and -
‘QA will denote the closure of the range of D, . A factorization
A= Ay.A of a contractioﬁ AGL(A,AK) into the product of two
contractions A2€L(§,§k) and AléL(éng) is called regular if (see

[5], p. 294).
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2. Let TEL(H) be a contraction, U€L(X) its minimal
isometric dilation, V€ L(M) a unilateral shift such that XCM, U =
VIK and finally, let Zé:LQ_) be an isometry. ‘

Proposition 2.1. For a contraction AwéI(T Z)

there exists a unigue B€ L(G,M) such that

(2wl BeI(V;Z), PB = A , VBl &1

(where P denotes the orthogonal projection of_M_onto_g) if and

only if any of the following conditions holds:

a) The factorization A.Z of AZ (= TA) is regular.

b) The factorization T.A of TA (= AZ ) is regular and

‘JMGQE does not contain anv (closed linear) subspace:#{O} invariant

fOI‘N V. ; % ) ot

Proof. Let us denotejﬁ,=4§€9(¥§3§) and'f ='§V}§i'

3 sl
(where'? denotes the orthogonal projection of M onto H). Since

the space
o® ‘OG
(2.2) MoH - \/ BOU-IE™ = \/ VR((U-1)E)"

n=0
is invariant for V, it follows at once that V is the miniﬁal
isometric dilation of T, Now, notice that for any Bé&L(G,M)
satisfying (2.1), the operator 1= ?Beéngtg) will satisfy

2.3) ReniEz), Ple=ua, Jaj) <.

oils



Also, for any'operatorlx satisfying (2.3), any contractive inter-
twining dilation B of A will satisfy (2.1). Thus, in order that
(2.1) should uniquely determine B it is necessary that: c) A be
the unique operator x satisfying (2.3). Also, it follows directly
from the uniqueness result, stated in section i, that for the
uniqueness of an operator Bé?ng,gj(ch(gJM)) satisfying (2.1),
iy is necessary\that either one ofAthe following conditiens hold:
a') the factorization A:-Z be regular; b') the factorization T.A be
regular. Conversely, the condition'c)‘together with}any of the
conditions a') and b') is sufficient fof the uniqueness of B.
Indeed, for-any operator Bi(i = 1,2) satisfying (7.1) the condition
(c)-implies %Bl = A= %Bz while any of conditions (a') and (b)

does‘imply P'Bl' P'B2 (agaih by the uniqueness fesult‘stated in
section 1), Where P' is the orthogonal projection of_g'onto;g.
Since H and K span M, we can conclude Bl = B2. Consequently, in
order to show that any of a) and b) is a sufficient condition it

is enough'to prove that each of them implies the condition ¢).

: First, notice that’¥’§_= T. Thus, with respect to the decomposition

H= H @ (MeK) the contraction T will have the matrix form (see

[6] , Theorem  1).

T DTx. .LDS

=]
i

(2.4) ,
0 S

where L is a contraction from_gs' to QTK.

We shall show now that actually L is an isometry. Indeed, since,

(2.2) implies e
(BT - (ummT,

/e
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it follows in particular that for any m&M @& XK there exists
oo T~ :
(hj)j=1<:£i such that (U-T)hj—~r(v-m)m. Usimg 5, & 1L, 1

and [6], Formula (2.1), we infer that

: : i _ .
~Iopny - T¥ognl® - | DDl —> 0 | (§= =)

~—

and from this, that DLDSm: 0 (for any meil O _Ig) Thus, L 1is

an isometry. Now, let Efél(gdgp satisfy (2.3). It has, with

respéct to the decomposition _'I\‘_{_=_I;I @ (il{I_a_I_{_), the matrix form
A

1= y where C is a contraction from D, to M&K, and

CD,

(g.s) : Dp¥ LDGCD, = O, ;scpA = CD,Z .

Since ‘I is an isometry, the first relation of (2.5) implies
DgCD, = O; while the second implies S%CD, = €D,Z"  (n=1,2,...),
thus

(2.6) DgS"CD, = O TR, [y MRS

L

Since S = (I ?.P')V/MﬁBK the relation (2.6) shows that the range
of C lies in the subspace :

¥ -{meuex : v'memex , n=0,1,...} ,

which is invariant for V..

From (2.5) it follows

(247) V0D, = CD,Z . (where V, = V|M) .

Now, assuming that a)(=a')) holds (i.e.__QA =I(DAZQ)')

we can define a contraction X€L(D,) byVXDAZ = D,, which satisfies

v
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(by virtue of (2.7)) V,CX = C. Whence, since V_ is a unilateral
shift, C* = X"c"v’; = ee. = x’mc"v’;n —> 0 (strongly, for n-><°),

Thus, C = O, and consequently X = A, Also, if b) holds, then

M = {0} and thus A =4, again. Thus the sufficiency has been
proved.

;Now, for the necessity it remains only to show that if
b') holds but neithér a) nor b) is valid, then c) is not valid.
To this aim let us define a partial isometry Won N = Dy (:%_PA

(where {Of @D, will be identified with D,) by

(2.8) W@ (for® (D,28)7))={0f, W(0O @ D,Zg) =Dpig @D,g
et ’ -
By virtue of Db'), W* is an isometry and, since a) is not valid

‘we have

I ;

: N : b:
2.9 R L e

where Q denotes the orthogonal projection of_N onto its second

component. Moreover, by (2.8) and b'), (2.7) is equivalent to

(2.10) v CQ = cWE = (CcQ)W*

Now, it is plain,'by (2.9) (implying that WE M ondeainatl oo ini
teral shift) and by the non-vailidity:of b) that there exists a
contraction C = CQ #0 from D, to Y satisfying (2:10) (and

' nI .
thus (2.7) too). Consequently, there exists A FA satisfying
(2.3).This achieves the proof.

We shall use, for a subsequent application, Proposition

2



2,1 in the following form

C@arre- b aup v c25 o Tiek ViEL(Ei) be a unilateral

shift (i=l,2),__1§10 a (closed linear) subspace of H, invariant for

Vg and let BdEI(V§ 3 V;Lgo) be a contraction. There exists

a unigue operator 'B'éL(_'I_ig,El) satisfying

(2:11) BeI(V},v3),8'[H, - B, , I8l =1

if and only if any of the following conditions holds:

i ; * *® _ n ryE i
a) The factorization Vi - B, of Vi BO(— BO\VQ‘_EO)) is

regular. ) : ;
2 .y %/ 3| o
b) The factorization Bo.(Vé‘go) of BéyzLEO) (=33 B.)

~is regular and

(uaay,. }_gz;g‘vvvg H o, oo

This corollary can be obtained at once by passing to the
adjoints, using [5]-, Prop. I. 3.2. a), and remarking that (2.12)
is equivalent to the following direct translation of the second

oD
property in the condition b) of Proposition 2.1:;§é =_§29\¢/Vn.§0
4 , n=o0
does not contain any subspaces%{O} invariant for V2.
5 Row, we shall give an application comcerning the

lifting of operators commuting with shifts. Let SjéL(gj) be a

‘unilateral shift (j=l,2),-§b a (closed linear) subspace of G,

invariant for S, and let us set S = sglgo. A contractive

ol
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intertwining 1lifting (denoted in the sequel by CIL) of‘a contrac-

tion AéI(Sl ; So) is by definition any contraction B€& I(Sl; 82)

satisfying B|G = A, By 3|, Th, 2, the existence of a CIL of
-0

a contraction AJEI(Sl; So) is equivalent to the condition

“(3.) |l e MBS e [ (et k= a2y ea)

By virtue of (3.1), for each k = 1,2,... we can (and
shall) define the contraction Cp ((I—S S ) S, e ((I—Sksxkzgl)"

by the formula

(3.2)  ©C(I-858¥g, = (1-5{5F)ag (8, €80)-

For convenience we shall take C0 as the O operator frdm_go to_ﬁl .

Pir o:peeis-dit i o.n. 3.d. Lot A{éI(Sl;So). be a

contraction satisfying (3.1). Then A has a unique CIL if and only

G

if any of the following conditions holds:

(i) For every g €G, there exist (gok)k=162§o and

(nk)k 1 EW (= {1, 2,...}) such that

188 )s35 i A e S %) D. (I-Sokg® ’
(3.3) ( gok gl’ Cn 5 2 2 )g ok
: k ;
strongly, for k —ea.
(ii)vFor'everz g,€G, there exist (gok)zzlc;go | and

[ =)

(nk)kzlcinm'sucht that




=T

% xnk—l e -1 n -1

y n
: k ¥ Kk
_1(1‘52 55 et

k

- strongly, for k—>e-,

Before proving this proposition, we shall sketch the
construction of such a CIL, along the proof of [5].

Let UJGLQEJ) be the-minimal unitary dilation of Sj

(§=0,1,2); plainly X can be and will be identified with

NA U e | ang U with Ué}K . Also, let us denote
g =0 o —0 j

: Lol g e z
oc, (= (I-PK) , V=0 ng (§=1,2) and B = ((I-P,)K_ )7,
where Pj denotes the orthogonal projectibn of_gj onto‘gd (j=1;2).-

Obviously Ugl is the minimal unitary dilation of Vj (j=1,2). and

: L : ¥ g . .
_§o>1s invariant for V5 . We define a contraction A5EL£K0251) by

i
(3.5) Ak =s {im U1 AP Usk
~ N—> <= i

(k €K ),
where Po denotes the orthogonal projection of K, ontoiﬁo.
As a.consequence of (3.1) it follows that the operaﬁor BO defined

by

(3.6) B (I-Py)k = (I-P))A k. | (ke BN,

ig.a éontraction and Boé I(VT : Vg LEO). Now, if B' is any

3 * .3 { -
contract;on éI(Vl s V2) such that B Lgo = Bo and

A

B is. its CID., uniguely determined by virtue of [5] s BTODk

VII. 3.2. b) and by the uniqueness theorem stated in sec. 1, then

/.



- l0 =

A A
B = PlB’§2 = B,§2 igsa CIL of A..:On the other hand, if  for any
CIL B of A we consider its uniquely determined extension
A ~ :
ISéI(Ul;Ue), then (since ngcgl) it is easy to verify that the

contraction

B e Ton Pl)B|<I - Po)E, € L(E,LHy )

Yies in I(Vf ; Vg) and B'LEO = Bo’(where Bo is defined by (3.6));

[\
\

obviously B is a CiD of B'. Consequently, by virtue of this
one-to-one correspondeﬁde between the CIL's of A and the operators
B' satisfying (2.11) (where Ve 5 B ... ete. have the present
meanings),‘Avhas-a unique CIL if and only if any of the conditions
a) and b) given in Corollary 2.1 holds.

We shall cosclude this discussion with the following

Lemma 3.1. Let AéEI(Sl,So) be a contraction

satisfying (3.1) and let B :H-—>H, be the contraction defined

by (5:5) and (3.6). Then A hééméﬁﬁnique CIL. if and only if any

of the following conditions holds:

(3.7), 2yx @10} < {Dvaf B_(1-B,)k_ @DBé(l-P2>ko:kqé_I§OS—.

(3.7)5 {O}G.I.?Vzge C_{DBO(I-PE)kO @ Dy (I-P,) 05Tk k€K } .

Pr oo f. The condition a) in Corollary 2.1 is obviously

equivalent to

__lgvie ® {O}C{Dvsle B.h @ DBoho. 5 e HalE,

Vi
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which, by virtue of the definition of__I:Io , 1s equivalent to the
< 7nclusion (5.7)1. We shall show now that the condition b) in

Corollary 2.1 is equivalent to the /mclusion (3.7)5

First, we remark that the map: DVg\goho*_*>DV§ b (hdggo) extends,

by.contiéuity, to a unitary operator L(Qvglgo, (Dvg_go)—).

Therefore the condition b) in Corollary 2.1 can be reformulated

in the form

| {D > by ® Dy v b, = hoego} =_QB°® (DV32€—§0>
(3.8) )
N/
n
RN o
L ‘
Or
n &)
Lo = \/ e s

and, by virtue of theAstruCture’df’thé isoﬁéffic:dilétion
of »(vglgo')* (see [5] S8BT
@ o
ngi{o . n\={v]f21 ((I- V V5B )",

where the spaces, occuring in each of the right parts of the
preceding two relations, are mutually orthogonal. Therefore the

second relation (3.8) holds if and only if

e :
e Dl = ULTVEE0" =~ (g B0 -

It follows that (3.8) is equivalent to

%) Here we used the fact that for an isometry V(_Vz) DV*"I e T
is an orthogonal projection.
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K * X = —
~<3'9) {DBOV2 b, ® DVEE By hoé_-Ii‘(o} _—QBO il 326 :

sinée
*® . - U * -n R
{DBOV2 b, @ DV32£ hthaal 1. =( o {DBOV2(1-PZ)U 8@ szee(l—Pg)U 8,

! ~e
<0 .

. - '\ _ -n+1 - -n 3 - _
18,68, = (o (1)U g, @D (1)U, ¢ £GP -

. —l . - -
=5:0130(]"4,2)}(0 ® DVEE (1-P,)0; ko’kg—l-{o} )

the relation (%.9) is equivalent to

| ST - |
{DBO(l’Pe)ko@DV}ZE (I-Po)U5 ky + kK "—PBO@«-PVEE ;

which, in its turn, is equivalent to (3.7)5. -~
_' 4, In order to interprete the conditionsd(3.7%;2;, let us
note that .for n»1 and o “

= ._n = -
kg = V% gy (B5€8;) 5 K, = Upgy  (Bo€G)

we have

.' | _ n-1 : .
(4.1)3 HDV§ (I—Pj}kjﬂ= ”DV§(I-PJ)angj”= HDS§ S? gj” (§=1,2) ,

and (by (3.6) and (3.5))

] 25 (I-P2)k0”2 =”(I'P2)k6”2 ’}’<I"P1) Aoko”2 }

| (z-p,)U5" 80”2 2 ”(I-Pl)UIn AgO}F _



s

v -
flcz-s3 S* e B - fa-ed s¥) s )

of,-on account of (B by

(4.2) HDBO(I-PE)ko"=,nDCn(Ii§g s*é)gol] (0.= 1,2,000)

It is useful to notice that (4.2) holds also if n = O. Ffom

(4.1)j we infer that there exist unitary operators ?g (3=1,2)

from _I_)Vze onto QS’E "

defined by

n-1

(43); ?&Dvﬁ(I—Pj)Ugngj - DS§ s? g5 (856853 3=1,25 n = 1,2,...),

Also, by (4.2), we can define for each n = 122,.,. an isometric

operator en: (D (I--Sn S3£ ) G )',mﬁ,DB by
; n o

(4.4) © DC (1-85 s* )8, = Dy (I—P DU g, (BE€G,n = 0,1,2,...)

After these preliminaries we are able to pass to the

P nrove: £ . of Pro position 3+.1l. By virtue

of (4.3)1, (%3.6) and (3.5), the condition (5.7)l in Lemma 3.1

means that

( Ub sl 4e @D, (IR0 g, ¢ g,€8,} ) -
0
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: -
( b e A I_;_)B >{Dv§ B(1-Po)k, ® DBo(l‘P2>ko‘ko€§o} e N

DC%@I >(Dv*®{0}> Dg ® {o}.

i

>
1
Obviously this condition is equivalent to the fact. that for every

o o | :
g €G; there exist (gok)k=1 <G, and (nk);lc.lN such that

Y

(4.5) Dox% S
Sl

¥ k -1

1

Ag k—ﬁ>DS¥ g, » Dy (1 -P, )U Oy g x>0
B,

strongly, for k —see, By virtue of (4.4), the relation (4.5)
coincides with the relation (5.5),.therefore (3.7) is equivalent

to the condition (i) in Proposition 3.1l.

. Analogously , by (4. 1)2, the condition (3. 7)2 becomes

Lo _n+l | =1 ; "
(\})}jj{DB (1-P,)U;" e, @ ) Dgx S5 g, g el f

| . . | )
(E_pB @‘1’2){%0(1"132)1‘0@%’2‘ (I-P,)05" k, : k€K V™ =

o

,<ID C3(ﬂ2>({b}€) VK )= {()}() *%SX .
B0 2
As in the precedihg case it is easy to see (using again (4.4))
that this last condition is fulfilled if and only if so is the
condition (ii) in Proposition 3.1.

- This finishes the proof;

Corollary4.1. In order that every contraction
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A€I(S;,S,) satisfying (3.1) should have a unigue CIL it is

necessary and sufficient that the following condition holds:

~ (4ii) For_ every g-€G, there exist (g )cac: G
2=2 ok ] O

and (n, )" < & such that N
. k=1 -

A

‘ N S § n -1 _n -1
(4.6) (18,8083 © g p>(1-58De, , (1-5,° 83 % ) g —>0

strongly, for k —sc-o.

Pr oo f. If the condition (iii) above is fulfilled, so
is the condition (ii) in Proposition 3.1, for any contraction
‘AeEI(Sl,So) satisfying (3.1). Convefsely if we take A = 0, then
the condition (i) in Proposition 3.1 is never fulfilled, while
the condition (ii) in the same proposition coincides with the

condition (iii) above.

Remark #4.1. The condition (iii) in corollary

3,1. is fulfilled if for instance

(4.7) - Dex = (Dex G )™ .
82 Sz-—o

Indeed, in this case, the condition (iii) is satisfied by taking

always n; =1 (i = 1,2,...).

Remark 4.2, It is perhaps instructive to give an

o/ o



G- B°(E) end &

P Vi

explicit functional interpretation of Corollary 3.1. To this pur-
pose let {Eng, ©(A)} be an inner analytic function (for the defi-
nition see [5] » § V.2). Let moreover E_ be any complex Hilbert
space, B +{0} . We shall denote by S; and S, the multiplicatioﬁ.
operators by the polynomial p (A\)=A on the Hardy spaces

1 5= H2Q§), respectively. Also we set G = @HEQE).
Then it is easy to verify that the uniqueness of the CIL of any
contraction Aéi(Sl,So) satisfying (3.1) coincides with the

folloWing property:

Caar): If {E’Ex’ @x(A)} is any contractive analytic function
(in the sense of [5], Ch.V) then @x(k)@(A)saO(for 1A} 21) implies
®3£( A) E_O A

Also it is easy to verify that the condition (iii) can

.be\restated as followsz

[

(v) For every eeE there exists a sequence if k
5 : s Din=1
such that R NSNS s S f
r Lo
rn,o
s . EFE@FI® ... ®F ((n + 1) - copies)
b fﬂ,ﬂ_j
and th?t for n-—> <= o r
' - ) - -~ -
8 ] £ _ 'v’ 0
v 0 () n,o
0]
el 9o fn,l
Vo c, .
. \\ \ . - ¢ > -0.1
. \\ Y. fn,n—l 0
B B b g "
By 1 X n,n Le E@E@®...OE

((n+l) - copies)

—



- A

where

- 2 d n
@(A)‘f &+ 8y + A O, + o + A S +‘..-. .
Thus Corollary 3.l asserts that the conditions (iv) and
(v) are equivalent.

Finally let us also remark that (4.7) means that (6_F)"= E.

5. We shall finish with an open intriguing question.

Namely in [21.it was proved that if A,A'é:I(Tl,TZ) (where we use

the notation from the section 1) are two contractions and if A

Harnack-dominates A', then if A has a unigue CID, so has A'. Ve

recall that for two contractions A, A'é{Lngxgi) we say (according

to [él)that A Harnack-dominates A' if there exists an operator

A H A
k-| | T @—®
0 Y D, D,
such that
F A
K. =
e | Dyv | -

Does the above ﬁhderlined fact have an analogue for the
case considered in sec. 37 More precisely,with the notations of
sec.3, A,A'é;I(Sl,SO) are two contractions satisfying (3.1) and
if A Harnack-dominates A', is it true that if A has a unique CIL,

so has A'?

PR
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