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A HOMOLOGICAL VIEW IN DILATION THEORY

by

R.  G.  Doug los  (x )  qnd C.  Fo iog

.  l .  t t  is  wel l  known rhor  in  Di lo t ion Theory (Fol  , [2J,  [+ ] ,  [SJot [BJ )  the

possoge from the theory of one operotor to ihot of severol ones is diff icult,  often impossible

ond rorely sotisfoctory (see for instonce [+],,  Ch.l).  Therefore on otte'npt to f ind qn

olgebroic bockground for the diff icult ies one encounters in this possoge, in ihe fromework

of which some obstructions could be explicitely determined, maY presentssome interest.

The present note is o prel iminory. repport oiming to delineote this dlgebroic opprooch, io

i l lustrote i t  by s.ome specif ic exomple ond to give some port iculor results.

2 .  l n  t h i s  seque l  we  sho l l  deno te  byKn  (  n  =  1 ,2 , . . . )  t he  co tego ry  o f  o l l

ordered n -  tup les ?-1T, ,  T. , - - ,Tn!of  mutuol ly  commut ing.  coni roct ions on some (orb i t rory)

compfex  H i l be r r  spoce  H  =  Hz .  l f  t =  [T1 ,  . . . ,TnJ  ond  c '= l I ' 1 ,  . - - ,T ; Jo /?ob iec i s

of  g*  ,  by I  morphism Ar1-  *T '  we meon on operotor  A:  Hz+H" 'such thot

tAl l  .< l , A T j  =  T i ' A  (  i  =  i , 2 , - . . , n )

An ob iec r  w  =  
lU t ,  . . . ,  Un3  o f  9^  w i l l  be  co l l ed  hyPo-p ro iec t i ve

(resp. hypo-iniective) i f  for ony diogrom

(z;;": 
" ;";:t-" " (*' &'L=')

such thot Px (resp.J) i ,  isometri?, there ex-ists o morf"hism B: rr '  Hz'(resp.7! '^ ') such

thot the diogrom

l2.z) - '{I^ (*r."i_H' _
is commutotive. A hypo-proieci ive resolution of on obiect Z in Kt, is o seq:; ' ;nce

' l = t \
14 'o )

of morphisms such ihai eoch

is isometric ond, moreover'

t - r , f u  Tn&r^ - ,
z i , ( i  =  0 , 1  , 2 , . . . )  i s

the sequence (2,3)  is

b c 9

r - t  . - . . .  *  7 .4 a,  )> -Q ;3P T

hypo-proiect ive, ,  esch Pf ( i  = 0,  i ,2,  .  .  . )

e x o c t ,  i  . e .
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(2.4j Ronge 
h* ,  

= Kernel P4 ft l l= 0,1 ,2, .  .  . )

lf for s giveng there'exists o hypo-proiective resolution such thot Hr*= IOJ for oll"fi> rn,

where m is some integer, we sholl  soy ihot the proiective dimension /ooft isr<m. Ploinly

pd (Z)  is  the smq[ . lest  poss ib lemin the obove def in i t ion.  For  o l l  rhe remoin ingu3we set

pd (r) -*ao . Hypo-inductive resolutions{hos well os the inductive dimension id k) is de-

f ined in on obvious duol monner, so thot

(2 .5) pd(r) = id (C) where t*= {ri, " Tf j

Also we notice thot by these definit ions , eis hypo-proiective (resp. hypo-iniective) i f  ond

op ly  i f  pd  ( z )  =  0  ( resp .  i d (z )  =  0  ) .  F ino l l y  we  sho l l  pu t

pd €n)  = sup pd ( r ) ,  id  Wn) = sup id  ( -u . ) ,

whereE Nu4 over ol l  the obiects of (n.

Al l  the obove def in i t ions ore obvious ly  model led qf ter  the usuol  def in i -

t ions in the theory of the homologicol dimension in Cotegory Theory (see for instanc" [3],

Ch lV, f 9;, * i th the only difference thot insi€cd of proieci ive (resp. iniective) obiecis(x)

we used hypo-proiective (resp. hypo-iniective) obiects. fHowever proiective or iniective

obiects  essenf io l ly  do not  ex is t  inSn,  ind""d i f  H '+{OJond I  denote the ident i ty  on f l t ,

then in the diogrom 
I tll t

" I  4
the operotor  B is  necessor i ly  2 i  ond thu l i t  con not  be o morphism in tnJ

3.  In  th is  note we shol l  show thot  in  cose n = l ,  the bosic  resul ts  in  the

usuot  d i lo t ion rheory os developped in  [ t+ ]  { ru"  [ .+ ] ,  Ch. l , { l -4 ,  Ch. l l  ,51-Z)  cqn be restoted

in the fol lowing concise monner :

For  ony obiect  f  ={T j  o f -El  we hqvepd (c)  = 0 ( resP.id (E )  =  0 )  i f  ond

only i f  T (resp. Tx) is isometric ; moreover

pd (8r) (= id €l)) = I .( 3 .  1 )

Theiefore the f inol gool of lhe present opprooch would be to compute

pd(gn)  for  o l l  n  = 1 ,2 , . . . ,  os wel l  qs to  f ind geometr ico l  chorocter izot ions for  +he ts  in fn

with the property

p d ( z )  = k , i d ( r ) = i (k, ir.pd (tsn)).

For the i ime being,  we shol l  f ix  our  ot tent ion only  on. f ,a ,  showing in

port iculor thot

(-) Let us recall that at is projective (resp. injective) L" {- means fhat in the

definitions given by us one replaces the

tries wibh the weaker one e^ ex=

condition thal P*

r ' 1  |  a  I  t

1 0 5 ,  1 4 J = \ o J .

resp. J be isome-
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I

.(3.2) pd (92) (= id(fz)) =* @

ond tho t  i f  t= [ r fJzJ  i ron  ob iec t  o f  g rsvch  tho tV lV2 ( resp .q ,  V f  )  o te  i somet r ies ,

then

(s.3)

!:gpgt'Jio_f 4.2. LetV bean operotor on K. T =!lf V (resp.

<^r =.[V] is hypo-proiective (resp. hypo-iniective) in8' .

V1 is isometric

Plo in ly  i t  is  suf f ic ient  fo  consider  the coTe when Vxis  qn isometry .  Then

pd (c)  e {  o,-J (  resp.  id (z)  . lo , -  J  )  ,
where both volues 0 ondaqre token.

Also we shol l  g ive o new proof  o f  the In ter twin ing Di lo t ion Theorem

( [3 ] ,  [+ ] ,  Cn.  l l , {  2 ;  or  eqv ivo lent ly  o f  the L i f t ins theorempJ) ,  whic l ' .  we hope,  is  more

omenoble to  moir ix  co lcu lot ions occur ing in  
"on"rete 

problems of  ext ropolqt ion, .  os wel l  os

some simple corol lories of this theorem, which seem nev/ ond useful

4. We stort by chorqcterizing the h;.po-proiective obiects of f , ,  .

l19ggrjl,-"n1rl. 19,"r= {U} is hypo-proiective (i"Et)_thgt U is gn

i sometry  ;  o lso i f  .^ r is  hypo- in iect ive ( in{ l ) ,  t "n  U* j r . . lo tgg, .

l :ggl Let*=lUJ be o hypo-proiective obiect in 
f i  

ond let V on K be ihe

min imol  isometr ic  d i lo t ion of  U (see [ t+ ] ,  ChI , {+) .  Let  P denote the or thogonol  pro iect ion

of K into H (= H,.,).  In the definit ion of on hypo-proiective obiect, we toke"'={VJ , T=r*)

ond A =4(= the ident i ty  o l  H) .  Thus there ex is ts  o controct ion B:  H*+ K such thqt

PB =  I  ond  BU =  VB.

Therefore for he H we hove

qhll = tlPBhll

thot  is  PBh = Bh,  whence Bh = h ond consequent ly

uh = BUh = VBh =vh.

f  t  fo f  lows thot  U=Y/H is  on isometry .  In  coseq, is  hypo- in iect iver-n= {U"}  i ,  hypo-pro iec-

t ive ond. ihe conclusion fol lows from the preceding orgument .

s totement . in  Proposi t ion4.2.  is  equivo leni  to  the fo l lowing:

hgggrjlpj_1._3_. Let T be o co ntroction on tl 
"l{ 

V g!-rsggglry_gt K.

19!{^be on invoriont subspoce for T on! A: H,.,r--+K be o controction suehjhgl A (T/-H6[ VAn.
v

Then there exists o coniroci ion B: Hr+ K such thot BT = VxB g!_B/HO = A"

Proof  :  The proof  wi l l  be occompl ished in  severo l  s teps one of  which is

inspi red by the prev ious induci ive construct iont  [3J ,VJ.

on stroighiforword reformulotion of the hypo-iniectivity 66-= {VJshows thoi ihe corresponding

( 4 . 1 . )
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denote the moirix of T with respect to the decomposit ion H = Ho@ t{l  We sh\l l  soy thot (5

holds for  5  i f  the conclus ion of  lhe s totement  is  vo l id  for  ony A,  V ond T of  the form (4.1. ) .
c l

l s t  s tep :  l f  S is  o f  the form a I l ,  where 11 de ' rotes rhe ideni i ty  on H. ,=Hl

ondgl<1,  then $;  ho lar  for  S.  To th is  purpose,  we seek o controct ion B :  H^@Hr.- -+ K of  the
o l

form
.  g =  ( n  A , )

such thot

(n  ^ ' )  ( :  ; . )  
=  vr -  fu  A ' ) ,

i .  e .

&.2) Ax = V* A'  -a A'  = 1V* '<1 A' .
Now, b1l7, in.  (a. l  . ) ,  X is of  the form

( 4 .5 . )  f , =  4 *  L  ( ,  - , , t ' ) ' / "  I r =  ( t - t < f ) h  Do*L ,

where  Do*  = f f - f o f i / ' ona  L :  H l  *  (Do*  Ho) -  i socon t roc t i on  ;o l soB iscon t roc -

f ion i f  ond only i f  Ax = CDOx (*) fo. some convenient controction

C:  (D4x  K ) -  r - - *  H .  Thus ,  by  @.2 . )  qnd  (4 .3 . ) ,  we  mus t  f i ndsuch  o  con t rqc t i on  so t i s -

fying

( 4 . + . 1  C . D a n  ( y - r ) =  ( r - v t ) / / z  L ] D o * A ! .

Sincelf Llf(I ,  ATo = VxA ond V is on isomely, we hove

Itr general, for any co^Inaoil*,A : HF+Kwe denote by D-q the operator.

(1 - A* e',1t/z; thus in particular Don = orJ



thus it is possible to find on odequote C(ee t4l)

-?"OrlgU, lt' (f;) Fc lds for rhe conrroctions Sl, 52, . . . S , then (f) holds

olso for the ony controction of the form

/  S ,  *  . - t r \
'  ( =  / o ' E r ( ' -  : \

! , -  
|  :  

' .  i  I
\  :  - ' . " ' < {  

I
\  c  ' -  ' - ' - o  J - /

Indeed opply ing ( I )  to  the compress ion to  Ho@Hl (F; )  o f  T we obtq in q controcr ion

B l ,  Ho  @ Ht  (when  H .  deno tes  the  spoce  on  wh ich  ope ro tes  S i ,  i  =  1 ,2 , . . . r r r )  *uch  i ho t
I

b r / U  = A o n d
o

3 . . ( : : , )  =  vo l n .- a  
\  O  5 1 )

Repeot ing the some procedure (n -  l ) - t imes we. f ino l ly  f ind B :  Ho@Hr@.. .@Hn wi th  the

desired propert ies

3td.Stot"rnent (f) holds for ony f inite ronk str ict controction. lndeed such

on operotor S con be put in the form

/ ' 4 , * - " '  x \

s =  ( o . i ;  j l
\  . o , /

where ol l1.}ore numbers, FJ' l<4, while 0 represents the O-operotor on some (f inite or inf inite

d imensionol  )  Hi lber t  spoce.  Then we opply  the f i rs t  two steps ond f ino l ly  ogoin the ls ts tep.

4th s tup:  Now le t fhove the form (4.1. )  wi th  S on orb i t rory  controct ion.

Let S'=WR be the polor decomposit ion of S, when R70. Then theri:  exists o sequen"" {*"J,1,

of  f in i te  ronk s t r ic t  conl roct io4s such iho i  Wn-rW, W; - -W* (s t rongly ,  for  n- - ) .

W e  s e t  ! n  =  W , . , R  ( n  =  I  , 2 , . . . ) .  T h e n

S; S," : R wf Wn, R ----', Re ( **^e% , ion ,v, a 6)

thus olso

- ilo ,!lc

)_= ( t  -s: .s^) ' i  (T-n) ' t '= )s (strongly,  for  n_:o.) ,



therefore

where P denotes

( for  n+"o)  to  T.

f  r  - l

(f 'bl

Cleorly, we con ossume

i n f e r t h o t B T  B T ond VxB---+ VxB (weokly, for n-+o), thus,
n

,  s t ' rng ly  converges

( n = 1 , 2 , . . . )  s u c h t h o t

(  ^  =  1 , 2 , . - . . )

; therefore we con

b y  $ . 5 . ) ,  B  h o s

- 6 -

)o* L

the orthogonol proiection of Ht = H;t into (DrH1)

By the preceding step, ihere exisi controdict ions B

b^T^ = VxB- a.m& ll^/fto = A

fhot B - B weokly for some controction Bn

( ' ;
::)

n n
ol I desired propert ies.

This completes the proof .

_C_q:ollgry_1.1. Let T, ond T2 b" tor" "."tr."tlr 
., ond H, r::p":

t ive ly .  Let  U, ,  ond U, ,  be some isometr ies on K,  ond K. , ,  respect ive ly ,  where K,  ond K^-  i  -  / -  l -  |  -  Z

conto ins H,  ond H^ respect ive ly .  Assume thot

' 
(+.6.) P' u, = Tn ?a ) P, u, = T-P. ,

where P, 9CP, denote the brihogonol proiections of K', ont-o H., ond Kn onto H,r, respectivgly
r  -  t - _  Z  z

Let mott-ovwA: H, --+H, be o controction such thot AT., = TrA. Then there exists o coniroc-

t ion B : K,--+ l(^ such thot
I L

(+z) 6vn = rJ.B qr,4
[ " 2  

-  - 1 Prg = An

Proof We poss to the odioints ond consider Ax os volued in K.,. Becouse

u;/Hz).of (a.6.) ,  Hl  ond H, ore invor iont  to Uf ond Uf ,  respect ively thus UTA* =A" (

Then we qpply  Proposi t ion 4.3.  ond toke once ogoin the odio in ts .

'  {emork Coro l lory  4.4.  is  essent io l ly  the In ter twin ing [ ) i i . r t ion Theorem

(see [ t+J,  Ch.  l l , {2) .  Proposi t ion 4.3.  com be o lso deduced f rom th is  theorem ond even

in on eosy woy (which we let to the reqder to f ind ). However we believe thot the direct

proof  g iven obove,  moking no use of  the specio l  s i ructure of  the min imol  isomeir ic  d i lo t ion

of q contrqction, is insiructive snd moy be useful .

_9g-"llg'/-Jr9: LdJo old Tt be controct ions on H ond H. ,  respecl ive ly ,
t -
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qLd V bS q! isometry qn K. !9j A , Ho* K ond X :Ho* Hl fu: "r1gd|e3s 
sg$lU.lrrg

ATo =\AAondXTo=TlX. Tl-'g! tlerg %t{t g q!-tig_91i9!B: H,r+K sg!:fu11s B1I, =yxg

in{ 
a - BX if 

T 
eA/ if AxA

!rgg{- The "only i f" stotement is obvious. Thus ossume AxA<XXx ond set

*l = *% ond T1, = I {H:. Then sett ing AXf = Af for ' f  
"Ho, 

we define q conrrocrion from XHo

to K which con be extended by r;ontin,r i ly to ol l  of Hr. Mcreoverrfor f in Howe hove

A'r, 'x{ = A'xlo f = 4-rof = V*4{ = y'*. 'x{.

Therefore Xt;= VxA'qnd we opply Proposit ion 4.3. to t 'obtqining on odequote con

B1 :  H , * rK .  F ino l l y  we  se t  B  =  dX .

9-o:gll_qlyJ.{. Set ,A: Ho ,-+ G gdTo 9n Ho, ond S 9! be some con-

troctions such thot ATo = SA. T on some

H)H^ ,  such  tho iT /H^=  T^ ,  t he re  shou ld  ex i s t  o  con t roc t i on  B  :  Hp  G

iltAbenl spoce

such thqt

V.8) Br - s6 gnJ
i t  is necessory ond suff icient thqt

t3,/ Ho = A

(q st A Ax <  {  S* -  (  t t *  *ea  1*1a- t ,2 , - - . ) .

lfgql lf on odequoie B olwoys exists, let us toke for T the minimol aiso'".e€{4'c

ex tens ion  o f  To  ( i . e .  T * i s  t he  m in imo l  i somet r i c  d i l o t i on  o f  T f  )qnd  l e t  B :  H r - - z  G  be  the

c o n t r o c t i o n  s o t i s f y i n g  ( 4 . 8 . ) .  T h e n ,  f o r  e v e i y  h o € H o  o n d  n  =  1 , 2 , . . .  ,

l lAxx"o / l  -<  l i& { * " l l  =  [T* "1  t t " t t  =  f iN1g^  { ,o i l  t  / / s * ' l . , . l l  ,
t hus  (4 .9 )  i s  vo l i d .

Conversely let T, To, A ond S be os in th stotement ond let ossume ihat

(4 .9 . )  i s  vo l i d .  Le t  U ,  on  K ,  be  the  m in imo l  i somet r i c  d i l o r i on  o f  S ,  l e t

R = A,ovi  K*
and le t  Pr ,denote the or thogonol  profect ion of  K,  onfogondQthot .onto R.  Then (see [+] ,

ch .  ] t ,  j s )  ,

l l  QS t t  =  I ' n -U  5 * ' g ' ;
'  6 4 a a

( g e G ) ,

thus there exists o -controciion A': H:-t (QH)- such tl i .x A = P* .t ' . Since UItO(o)= q51 tt

follows rhor V'= UI / H'is on iror"t?y in H'such thot ATo = v* A. In,ieed lf ' , i t foilo*s fiot

the fqct thot
-  |  : -  4 1  r r l  t

? * U * / R u )  = ? n Y . -  ,
ond

Pn (A'ro - V'* A') = Aro - SA =o

A (P* t(e6) = {.J
therefore by virtue Proposit ion 4.3 there exists o controction B': H+(QH)- such thot VoB'= Btf,

{fro = A'. Finolly we set B = P* B'. Then
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^ ,  ^ t  - . t

SB = P* Uo ?n B' = ?a U+ B' = Pn V'n B'= Po ft'T = AT.

The others desired properties of B ore obvious

5. Let us return to the opprooch considered in sections 2 ond 3 . Lei

T .  = { f }  Ue  on  ob iec r  i "9 . l f  i t  i s  no t  o  hypo -p ro iec t i ve  ( i . e .  by  p ropos i t i on  4 .1  ond4 .2

i f  T is  noton isombtry)  le t  U on K be the min imol isometr ic  dd lot ion of  T.  Let  P denote the or-

rhogonol  pro iect ions of  K onro H = Hr .Then (see fgJor  A+J,  Ch.  l l  ,51-2 )  KeH is  invor iqnt

to U ond thus

a o ' \  U l n t n  j  a / - ' d t -  - ; ' , { u J

ore,  by Proposi t ion 4.2 hypo-pro iect ive obiec is  in  4"  W" set  Po = P ond Pl  = lK"H (  = the

identit iy on KeH ) . Set moreover f{,= {0J where H; {03 for nz I .  Then

.-.. .  * '  { .J n {oJ P tnt:=;! ,o !,  .  ---ao

is  obv ious ly  o hypo-pro iec i ive resolut ion,  ih . rs  pd ( f  )<t . [OUvioul ly  s ince f  is  not  hypo-

proieci ive we must hove necessrri ly pd (z) =t). this f inishes the proof of the ossert ion on €r, ,

under l ined in  sect ion 3.

6.  We stor t  now studying ihe cotegory qL.

. lgg111q6-.1-. Ift. '= [Vt,Vzi ,s o hypo-proiectl

obiect in 9r , t$en v1 f!_Vz (r":p.L4__g$ rjVT qnd VT ) ore ii sometr ies.

roof  .  Let  U,  on Krbe the min imol  isometr ic  d i lo t ion of  V,  ond le tV,  be

the coni roct ion B obto ined by v i r iue of  Coro l lory  43.where we set  A =V2,  11=T2= V' ,  '  Then

there exisis o controction Q : H- '- .-o Kt such thot

( t . n )  P r q = T  a m d .  \ ) a Q = Q V r ,  V " ' Q . = Q V z ,

where P,, ,  denotes the orthogonol proiection of K, onto H = Hrond I denotes the identity on

H.  Ago . in  qs  i n  rhe  p roo f  o f  P ropos i t i on4 . l . ,  f r om (6 .1 . )  i t  f o l l ows  tho t  Q  = I , t hus  V ,  =  U1A

is on isometry. By s$r€try, V, must be olso on isometry. For the second stotement of the Lennna

we opply. the preceding orgumeitt to an*.

L:ng9.?. Ler cd= {Vl, V2J be o hypo-proiective (resp. hyP?-iniec-

r i ve)  ob iec t  in& ond le t  H 'C H (=  l -U  reduce bo thV l  9ndY2.  Th"n 'v '=  tV f t .Sr lA 'J

is olso hypo-pt

P-f"gJ. Obvious

!-o19!l5gy-6-.3. For ony obiect E= {T., , J2\ of (rsuch thot t da

(r"rp. { , t ) ore isometries

ho lds .

(e . r . ) F l  f t ) e \0 ,  * ]  (  ,Ug.  iL( r )  e  Io , *J  )
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Proof . Obviously i f  suff ices to proof the stotemenl concerning pd (z).

Also i t  is obvious thot whot we hove to prove is thot n = 0 i f  pd (r) = n<-, ln this cose,

onywcry we hove o hypo-pro iec i ive obiect r : {Ut  ,  Ur i londo morphism P:c, ,vozsuch thot  Px is

sn isometry .  Wi thout  loss of  genero l i ty  we con ossume thot  K(= H-)JH (= Hr)  qnd thot  P is

the or thogonol  pro iect ion of  K onto H.  We hove PU, = T lPl  ,  PU2=T2P whence,  s ince T1f2

ore isometr ies,  by ossumpt ion ond U'  ,  UZby Lemmo 6.1 . ,  we hove

l l  ? vi^lt = l l Uo r,l l  , l l  P-q 9, tt '  l lv,Ltt , (1, t H)

ond therefore U1 {,  = Pqg = \  1.,  ,  UrA = ?L)r 'Q -* - l ;A

fo ro f  l  h€H ,  i .e .  H  i ,  invor ion t  fo r  U. ,  ond U2.  S ince  * *p  =  KoH is  o lso  invor ion t  toU,  ond

U, i t  fof  lows ihot  H reduces U1 ond U, .  Since t= JUln ,  U2/HJ ,  the conclusion fol lows

f rom Lemmo 6 .2 ,
'7.f n order to obtoin o sirong grop'ent1 of hypo-proieciive obiects in 9rlet us

reco l l  t hq t  i f  A r , :  
"4 " -+3  

ondAr r  3 - / , *  o re  con i roc t i onsond  i f  A=A2A '  t he re  th i s

foctor izqt ion is  co l led regul  . r r  i f

(r.rl lDo_Ano9 Dn,o ; a € Al- = (\, n)- @ (b',e)-
(see u+Jr;ftZil'J"-,r" 

" rrr"-r,"'. rr
be o morphism ( in TJllu-Jli lhot Px is isomgtric.Then ot leost one of the foctorizotions T., . T,

ond Tr,  .  T. ,  of  TrTo = T.rT. ,  is  regulor.

Tr!: 

'*,***ss 
of generolity we con ossume thot P is the orthogonol

proiect ion of  K (= H-)  onto H (= Hx).  Let<, ,=[Vl ,V2 J ond let

(+.2.1 Kn = Yo U" H
Plo in ly  ,  U l  =  V t /K t  i s  the  min imo l  i somet r ic  d i lo t ion  o f  T1 ,  thus  P,  U l  =  T lP , , ,  where  P,

denotes the orfholonol proiection of K., onto H. Therefore ( for instqnce by virtue of Corollcry

4.4) there exists o controct ion U, on K, such thot UtUZ = U2Ul oni l  PrUr=T11'r .  We set

c = 
[Ul ,  UZ] ond since P.,  :  6 r--+ T is o morphism ( in $) "na 

Pf"  (or  operotor f rom H.

into Kr) os isometric, there exists o contrqcli-n Q : K"tKi such thot

( 1 . 3 )  P n Q = ?  a , ' , 0 (  Q / r t U r q ,  Q V - =  U r q .

From the f i rst  re lot ion (7.3.)  we eosi ly infer thet  Qr/H = lH (= the ident i ty on H).  Thus from the

second relot ion (7.3) i t  fo l lows

n r f i 0  =  Q v ; ! ^ =  U i l "  ( { " n  a . 8 !  q T t o  
, g . , e H ) ,{ V r  v r

whence ,by  (7 .2 ) ,  Q/K l  = IKn(  =  the  ident i t y  on  K, )  .  Bu t  Q is  ihe  cont roc t ion  ond n14 CKt .
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Therefore Q must be the orthogonol proiection of K onto Kr. Now, from the losi relotion (7.3)

we infer thot

. Ut- = QV, / K.r

is uniquely determined by H, T, ond Tr. Toking into occount the mqin theorem of &l we

con conclude thot  o t  leost  one of  the toctor izot ions T, , .T2 =TZ. I ' ,  i i  regulor '

9-ofglrsly-24. JEIexist on obiect o = I U t,Uzl in {7such thot

U., ond U, ore doubl) 'commuting isometr ies ond such thot pd (0-)  =ao'

! :ggt .  Ler S be the uni loterol  shi f t  of  mult ip l ic i ty one on some Hi lbert

spqce G.  We se t  U1 =  SEl ,  U2= IES ,  where  I  denotes  the  ident i t y  on  G.  Le t  Ker  S*=  C eo

11eoll = I ond e., = Seo Moreover let P cjenote the orthogonol proiection of K =G@

o n t o H = O e o € l  * o  * C " o G . " l  * O e , C D e o  + 6 e ' @ e l  . T h e n P : 6 ' - + E =  { f . , , f r ! i ' o

morph ism,  where  T . ,  ondT2 or$e f ined by  T . ,  =  PU' ,  /H  , I2=PU. /H '  Then

( 0 r . , 4 -  =  c  e , @ e o  +  c  e 1 9 ) e 1

. ( l r u J  
;  c Q o @ e ^  +  a e ' @ e q

2
ond

i \ . a q  @  ) " q  , 9 ' , e u J - c  ( C n ^ @ e " ) @
( " t l z

thus T. ,  ,Tr is  not  regulor .  By symmefry  nei ther  is  T,

7 .1 '  ,  c  =  
lU i ,  UZ  

]  
i s  no t  hypo -p ro iec t i ve .

c-gsllgry-2r9, we hove

(+-q) yd (  K,)  (= a ((r))

--Prge| . Obvious.

"r",r"-;rr,"";,";?;]l;*1ffi11#:j, 
J'

! :gg i_ .  Let  P:  o .  =  {Ut ,  UZ3"=[  i  , IZ \  be o morphism ( inSo)

such thqt  Pk is  on isometry .  Agoin wi thout  ! ;ss  of  genero l i ty  we con qssume thqt  K (=Ho)

contoins H (= Hr) ond thot P is the orthbgonol proiection of K onto H . We con olso ost 'me

thotV,  is  un i tory .  Reploc ing Ut  by i ts  min imol  isometr ic  d i lo t ion.ond U,  by ony oPerotor

obto ined os in  Coro l lory  4.a (wi th  on obvious chonge of  notot ions ) ,  we con o lso osume thqt

U. ,  is  isometr ic .  S ince PUI = T ' tP we hove o lso

(b,,uf+ (b, n)-o (t.',u)

T., regulor ond thus by virtue of Lemmo

:  9 D .

(vs) Tx = urn , /  H.
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Thus from

(7.6.) tt|'.4il = It vf 'aiNnlt = n/*-qx-Alt < nt'I^fltl

(n  = I  ,2 ' i  . . . ;  heH) we in fer  (  os in  the proof  o f  Coro l lory  4.6. ) ,  thot  there ex is ts  o controct ion

N, G(= H-) F+H'=IQH)- such thot d= d Yt A/i l  where Q denotes the orthogonol pro-

iection of K onto

R  =  
A  

u i K
Since, i f  V, = (\ /H )x, we hove

.  vl  A,* ( e.. /  H) 3 v^^ An - A* T^n = A'n (a ui I  s) '  A'nV'* (q/H),

we infer thot  dV.,  =ViA-.  Also,  for  he H,

r l  err*&ll = *+lt u{' t-Trn\tt = 
k i l  U.--U:'\ i l  = 

*# Itu:U^r^7ti l ,

r( {4 I uf' 4^tl = rqgll ,
re exists o controct ionYi on H'such tl,ot Vi @/H) =Qt ona

,f vr'* (a /*r) = ,ir qt;r = ui a.Tl = a t Trr = a.T:77*,
ulr Y^r ( a t"1;

C o n s e q u e n t l y  O ' = { V '  , V Z ' !  i s o n o b i e c t . o f  ( . . A l t o A , 6 - - + K ' i s o m o r p h i s m  w + - + c / .

For this it remoins to show tn-"i (v, =v;K. This follows from

, / f  {^ (etn) = vl Ax = A*T: - A,qrl-- 4, u;* @tn) .
Now let 4'denote the orthogonol proiection of K onto Hl

qnd le t

(1.6) ^" ' - ,Y ui  +t '  ,  vn'= l ) ,  . /  H'

$ i n c e  f o r .  h "  u i h ' (  , n  =  0 , 1  , 2 ,  . . . , ' t { r H ' J ,  * e  h o v e ,  f o r  o n y  n 7 t n ,
'  

Vn '  
^  

V r ' *  e ,  .V " ' ^  h '  =  V r "  
o  

V r '  
n  A t

qnd

U"  A ' *  q '  'V ' - -  [ r "  -  ' un*A ' *  
?n '  ,

the strong l imits d'x ond Vix of the sequences

\ v'i- a' * g' v,"-- Ji, ona \ v," ̂ Vr'* q' Vo 
-^ 

J :, ,
respectively, exist ond sotisfy

A" v^ = v7n A 
' v; V" = vnn vr'.
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( For these constructions seef5] ). Sett ing now B = ar' fu. obtoin the morphism B:q.rF cwith
t '

.  ol l  the desired properi ies.

It  is cleor thot ol l  the preceding results con be stoted in on equivolent form

i.nvolving hypo-iniectivity insteod hypo-proiectivity. ln port iculor we hqve the fol lowing.

_C_gfol !-qty_ Z, _5_, We ho ve

. (zz . l  I ,  f  d  ( , ^ . , ) : k  =  LUr ,Ur ]  ,  un ,e . taom* l ^ . i t r !  - -  { t , * }

ito,mzl.r*'sl - {o,*i

*,
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