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$ $ o Introduction

The geqmetr ic topolory,  in the preeent stage of  h is deve*

l ,opment is nainly concerned with manifolds :  d i f ferent iable,

piece-wise l inear and topologicalo A$ i t  is  wel l  known the f i rst

problem of the georrntric topology is to understend the structure

o f  nan i fo lde ,and.  the i r  c lass i f i ca t ion ' ;  the  nex t  inpor tnn t  p rob len

ie to find out the structur:e of the eutomorphisns of $snifolds t

and along thq,se l ines the understanding of the homotopy type gf

the sp_ece ( topological"  group) of  .eulonorp-hisms seens to be very

impor tan t .  Bes ides  i te  genera l  mathenat ice l  in te ree t  wh ieh  is

certainly related with topologl  r  g€ometry and uechanies r  the

reseerches on the hornotopy Wpe of the group of eutomorphisns has

euggested and st i lnulsted beaut i fu l  rnathematicel  problems and

progresses in the f ie ld of  honotopy theory and algebra.

The present ' far t icLe" is a sort  of  aurvey about the Pro*

gresses towards the understanding of  the homotopy type of  the

groups of autorqorphisms , which have grob/n up fron the ideas

of  Cer f ,  Mor le t  ,  Qu inn l  Antone l l i rKahn,  Hatcher ,Wagoner ,Lashof -

Rothenberg and Burghelee. f t  is  certainly incomplete in refe-

rences and tdrnical  resul ts but we hope not in dr iv ing ideeas.

The categor iee where the objec1.CI of  the geometr ic '  ' ,opology

rive i.n are 9,6 , ef , ry I which we wil l denote from now

b v &

rnorphisn of

th8 t &-

6
i.s f i

&

o lve urill write A < n to indieate
t 0 r r a

ner then A , t lot is eny objeet respectively

has a wel l  def ined structure of object

respectively norphisn of A " 
The Qbjects of a geonetr i .c category
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are compact nanifolds with bound^ary (poseibly empty). For

such uranifolds we consider the .topological group of Ct dif-

feomorphisms",,, QtYf n) endowed with the C- -topology Lf n

is a dif ferentiable nanifold, 1{oneo ( l '1 )  the topological group

of from%norphiems endowed wii.h-the compact open topolory if n

is a topo3-ogical nanifold end the simplieial group of p-{..no*uo*

rrorphis **fuyt) t{ ii ts a p.l- rnanifold lwrricn is apparentely

Less natural as in fect the entire ?t *cste8ory but very

useful for the underetanding of Q'f n and 4n ) '

$ince our objeetive is the honotopy type of, these topo-

logical  groups, i t  wi l -L be convenient to use the semi-s impl i*

c ie l  desc r ip t i on  o f  t hese  speces  (see  IB 'L 'R  ]  ) '

I 'or a geometric category & and a menifold M e i l  d .

with 2 l - l  = ) .n ,  ) -M ,  4/4 n )n a codimension one sub-

msnifold of A A{ r w€ define

of O- *autonorphisms whose k

e ( 14 ; )-n ) the s.s sroup
*sirnplexes ar€ Q -uotornorphisms

conmuting rvith the Projec-

t iqns on At* l  and with

hlb. l " l  ,At* t  =  td

In  per t icu lar  ,  i f  we teke ) - t " t=q we denote d. tu i  C) by

&.tUl the srs group of d *autonorphisms which restr ict

> n  , w ,atso use lhe nol,ation k(X) 'for lhe s-s associsdi'e

Froble$-A: ,gsc-{i 'b-g -the hgqoto-v !.Ipe 9f 
gfy'7) ' i 'e' hqgpjqeI,

Y

be

A , lY, At 11 + / ' l  '  l trcl
.\ ,/
P*\ A^ /P.

L)L r1

to ident i tY on

wlonoid oS lhe
- T I  I Irne PTorrrcm

hornolopy eleiva[entes 
"f 

X

we d-ve intersieol in (dn now

be, 'n ' r  
'c t  

tcPo i  o| ' t " l  sPac€ --  
d -  t  4  |

easi.ly {orrnulal"d .

groupg, P-oglniqov invarj-antg-r e!c.
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Problen B : Desctt on the ho1qoJq!,L-Pejt4!-g[

view) between g. ( I't) ano I fnl trrS and

Me *l A .  i .e.  the homotopy type of  the s.sr ,

complex GC*l /&!t)"

Until 1968*69 very lit le was known

of & tt l) ro" sanifolds of J,^ M ),3 o

1) Qfnshave the homotopy type of a countable Cw*

conplex , a general but very weak reeult,

2) The group of

courpute this group) of

muLqtive result  lC I

4 )

obta ine d

Alexander

( f o r  i ( r ( t 1 ) = a  ) ,

7) some nontrivial- homotopv groups of 9'/{ 5"

computat ions due to Novicov e Mi lnor"  ,  Munkres see I

gnd. 'o f  course  ,

The contraetibil"ity of ?(( o") , and @ ro"'l

by the *so cdlled" co+piqg, constructlon or the

t r ick ,

,)  The homotopy type of A (f"1*) for n( i  ;  for manifolds

of dimension Yr!  2 there is no di f ference between the clesi :* '

sif icat ion of di f ferentiabtre ,  piecewise l inear and topological

manifolds and eutomorphisms,end theSe facts are ref lected in

the homotopy equivalence of 9'6f nJ , ?tf Ul , %f (/'1) g

All  these spaces have the homotopy type d'escribed in LG J ,  { ;

their connected conponent oFidenti ty being a conpact Lie group

(SOr r l . ,SO{s ) ,  S tnS '  , 3 '  )  ;  t h i s  i s  &  consequence  o f  t he  p ioneer ing
f

work  o f  KnneSeV,  M"H.Hamst rong ,  S "Smat€n  J .Ee l Ie  and  C 'EAr l i ? r  e tC"

conne cted

d(M) ,

ebout the homotopy type

One knew onlyl

components ( in faet  how to

a part icular but deeP and st i*

"ns 0,rt D'
A'] and i ,"J,
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the simplest possible manifolds, naIIE ly l"f =Tn

h)r b Q,6Cnin"" the honotopy groupe rnich

6) Even for
- t\ t\rL
S -  '  l ) -  i f

enough and do.not

complex I  Nl  ,

The new develoPnnents

which rrre intend to discuss

influenced by I

have the homotopy type of a

I A ,  B ,  k ] ,  .

f in i te  CW ̂

(a-f ter  1968-69) rmore 
precisely those

in th is art ic le have been greately
)

1) Snoothing theory for  P. l  
*  nani fo l -ds as i t  has been

developed by Hirsch-Mazur , Leshof - Rothenberg , and. the sno-

othing theory for topologicel nantfolde respective3-y the trian-

gulat ion of  topologieal  manifolds as i t  has been developed by

Lashof-Rothenberg,  Kirby-siebenmann.-

2) Brouder-Novicov-S,111ivan-Vrral l  celebrated work about

surgery t

7)  Cer f ' s  ideeas  about  eoncordances .

v(e ,rt,ll expiQ-tn *hese rle'(/ developmenls a> {oLtows'

Problevn 6 I lt ?aYt I

The homotopy type of  &,(M) at  least  in stable ranges

end local ised to odd pr imes ( t r re neaning of  stable ranges wi l l

be explained in Part  I I  $$5) is reconstructed from t t ' l  homo.topy

type of the s.s group of block automorphisns 1r* ) 1*nicn
' I  d?n  u )o r  ? i *1 ,w i l t  b e  d e s c r i b e d  i n  P a r t  ) ,  a n d  ( ' t l  o r  ' /  t '

(p - loop spaces associated to M ,  whose bomotopy type

are tangent ia l  homotopy. invar iants ( therc is mueh evidence to

bef ieve they are actual ly homotopy invar iants)  '
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Theee oa -toolApaces are direct factors of the

oo -loop space /?n defined using concordences and whieh

invsniant ' .  FA Vr V- Br€ new homotopyi o a h o r n o t o p y i n v a r i - a n t i  J  , J ,  J  a r € n e w n

functors with veluee in tX$fl'o*otqpy cetegory of oo *looP r

"p"." "* 
) 

I inti mately conner-ted. to the algebraic l< -theofy

anO Wnitehead theory of higher order I 84d t'hey provide the ho*

**opy theory wi th new cbiects to ptr-rdy.- fhe discussion on cor isor*

danees and of t i ie functor, /&, V' , ?- is contained in

P a r t  I I o

Init ially we intended to collect some inportant appliea*

t ions  in  Par t  I I I  about  :

1) Homotopy tYPe of l6prnl , Pl cnl ,

z) v jhen 1,  tYn*I--*  P" ,  I  cont inous map between two compact

rnani fo ldsr is homotopic to a 1oca1Iy t r iv ia l  bundle

f) wnat kind or agrer*ntl"ui" rro*eonorphism$ from Io , u^

homotopY sPhere, to So do exist ?

Since at the lest moment we heard ebout new r€sults which
rt

,  can eomplete.  substant ia l ly  what we know aboutrwe bel ieve pre-

v
I

naturelyto discuss these aspects indicat' ing only 'as references

t B r - l .  t 6 t l  f B r B l  f l l  r  'v . s u J L  
t  "  

- - J :  
,  

r * - .  u  
,  

L  -  J

*)Thu 
objects of thi-s category,.are  ̂  

*,  * looP $paces and the

;; ;phi;ms honotopy elasses br oo * looP space msps ; I

ffi;;;;i- l, , belween two oo *looP sf ace mdps J" end {'
reqn'res i,tobi a "" 

--loop 
spece mdp- for sny f arrJ wg. saythltt

f" an./ f, a'ulb lpsd'x hornoJ,oprc.i{ t{"1- ana{ [ {r]n, +he Poslnr'ko' s- &'rmr

o{ {,<:nd {t d.re homo{oPtc {or d'n7 v.
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Before start ing our survey we i l lent icn iorni def, 'ni t 'ons

anol notationg . According to the usuatr conventions in homotopy

the ory we say thet :;

1) r  two spsce s ( s. s compLexes ) j  X

homotopy type (or ere k -€quivalent)

terms ar:e homotoPY equivalento

2 ) t  G  i s  a  weak  g roup  i f  i t  i s  a

cetegory of  base pointed 5.5-covr tp lexes

7) t  f . i s  a  k -homotopy  equ iva l -ence l  resp? homotopy  in jec t ion

respo a  homotopy  sur jec t ion  e tc ,  i f  { , . 'X** \  
( *H* t t *  X*  ,Y*  ,  { * ,

are the Postnikov te i"rnq of 'X ,Y,  {  }  is  e homotopy equi 'valence resp'

a  homotopy  in jec t ion  resp '  B  homotopy  sur jec t ion  "  "

and Y have the same k r

i f  their  k*th Postni : . rv

A;roup in the homotoPY

oY s Paces.

i l  f  and g ar€ weak homotopie i f  f"  end f l*

postnikov term of f  and g 8re homotopic for 8ny - k*

one oberves thet i f  { tx**)  \  is  a k-homotopy equivalence

from X to Y t i rere exists a (r t r ) -d inensionsl  CW-coinplex k
0

e n d  t h e  m s p s  { , k ' ' ' X ,  $ : K - - + Y  $ o  t h a t  ? r . ( l )  =  f r ; C 6 )  i f
^ - ^  - 4

r 'S  r<+ e  i  mor tover  one ean assu&e the t  A* r t ; '=  
c* ; f r " f * rn  9 r i (X)

for  f  (  r  vrhere CI arrd f  
gre the cenonical  project ions 9:X 

-+Xt '

C . Y * Y "

One seys thet two n *manifolds V encl  V'  have the 5sme tan-

gent io l  r -homotopy type i f  there exists a r  -honotopy equivalence

. '  |  ^o.^, '^  nnA rn, .  0 -  rstructed as above f ' .CtV))
f  4 _* V* '  ss ebove and for I  end g constructed as e

= g* { f tV' t  )  ,  ( iv lore detai ls abou[ these eonsid'erpt ic 'ns can be

f  ound in  I  l l ,  Lo R. l  )

t /e rvi} l  denote by 9Jtn* cate8ory of f ini te Cw-conplexes and

-? r-., 
()A 

Bre pe irs (x,T )continousi maps ancl by J ifre cateBory whole <lbjecte

eonsist ing of  s f in j - te polyhedron en'd a
!  t t t - t  t \ t .

, the k -th

rt\
s tab le  f i  -euc l ideen bund le .

^ Y
{ ? a t  ^ r ^ r - 1  ^
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Part,  I .

$$1

/g
Let us denote by q- (n ) the $r f l group of d. -eutoltof-

phisns of Rn ' fixing the origina For A= 9i11 , Q''nt is

h o m o t o p y e q u i v a l e n t t o o t n l * t h e o r t } p g o n a } g r o u p o F o r

S--- t) { or %p keep the standard notation , Plcnl t

and Top cnl e

I t  is  a lso convenient  to  denote by GCnl  t f re  s .s  sssoc ia*

t ive nonoid (weak group) of proper honotopy equivalences of R*

which fix the origin

We have the obvious commutative Ciagran

. Ocrr. l  c--+ Qn-*9 (-- ' : : : : ' - tOrr '+i)".---_+ Ot*> =- O

1 
' -'! 'T'? '

l  ^ l  
' l '  {

pirnl

1 1 1 1
*r{^r-%PJ,^' I)- "" --' '"{t"+ L;c ' -{opro',, = JbP

" l  1 1 1l r j r
G ,J^, G t"-, )c- ' -' ---u G c+n* i; (+ '-' -' G t o) '= G

where A-Ce) re spectively G f* l  ar€ l^ CC o; resBectively

t,m G c'tl
.-> . The homotoPY tYPe of O , PL , kP

ere partly understood (and we sssume for the purpose of our

considerat ions they are known)" l 'or instance one knows O t

) ;rr*l , G /pt , 
'oP /r, ^' -"*y'pt (n)n k (zt'r) ( for Y)z 5
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G is t,he .'so calLedt' sp-eclggm-qf spberesr its homotopy

groups being *he stable honotopy group'o'of sphereso

Ttre results which will be discussed in this paper give

valueble infornation about the hornotopy types of the groups

dc,"l s*e lBrlnanaletl, The r]Foups dc",1 , &'4 
"t. 

usuully

cal led the claesical groups of the geoi l letr ic topology"

.. There exists a neturel mdp !r*' 
d'cnt/Urn-t\a 52 Q(n"ry'C'n'

pgll.gd susp?.nsion and defined as follows : "For h &n d *

autonorphienn of R^ fixirrg the origin and o < L

consider q|* '  
' ! .*  

O,m) # dcn*l;  def irred b5' the formula

+3, t, [) = ?r ' ( i]t ) " Rt where Rr is the

rotat ion of engle tn in the^plane of the f i ret two coorcl ins*

^ lzt
tes or R 

I 
. clearlv f* derinee 4,lS ' &'n'/grr-J

foll-owing diegrem ' t c

a'n'/orn- 
o)

t
pr,n, 

/pr rn_ r,
J

Too<nt /' /Toptn-t)

l , '
G c"t/5 &- q

S )  8 c " r t t / & ( n )  ( s e e  t b L l a

com$utat ive

u3'# .,
et

-!Y----n
r*
Joh

4n' u a-

ry"*-* .f-2

Orrrnr/Orn,

I
PL(nrD/pt,o,

I-fopcnrr,/zi 
p,nt

I
G (ntt' r//6r 

rn,

end the

rr we denote ,! 
^li'r^ 

the hourotopv=t:::::t',",t&:-ih.U
a'!6cn-t)=-' 9dt"',/Qcn-rl 

, n >&,lsrnnduces 4i rr

-9*?,ro" uny & ***,nrolo nn 1 let Q&(n" ) b€ ttre
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pr incipal  &.Cr-1 bundle essociated to the tengent bundle i

.r" 
"rr, 

?efr4n ) la mn conte ins FAf a m ) ae principal-

eubbundle o  I f  8>.A ,  hence Q' r . )  e '  6cn l  ,  to  the ' :

principal bundle ?e(n"l we associate the bundle'frrl^,/^ 
€U* ----* ; (x) whose fibre is tcuft2rn, ;'d.tu't

this oi'"ut- €A.a has e canoiical crossection s ' €U,.Q{u) /2ry

contains €g,&- (AM ) 
"" 

subbundle 
' ,  and' the canonical cros-

seerion of €A*/4) over A n is t:d""onieal crossection

of €g,A G M) e ''i:h the bundle 7-(^4) we cen elso 8s*

societe the bundle-^ -%&( 
[-1") with fib'e ^ 

T3'& and the

o,,u;:'?qr,";,"r€r;F;n ?io,n i::F'rt f!*"" the $uspeo*

sion l lB,€ extends to
, :/t- ,l

f i . r Q  \  .
Let  us denote by I  

' (4g,2)  
t r re  so$ compLex of  cros-

sect ions of  ( r ,  )  which agree to  s  on ) ry  ,  end uy f  ( f iU;d-nS

the sos complex of  cro$sect ions of  (x)  which egree to s on

).X and l ie in taaQnl i f  restricted to. 2^'? u The

dif ferent ia l  of  an t3 *&utomorphion def ines the nap

The following result has the origin in the pioneering

work of  Cer f  [C] . ; t t  has been s tated and sketchel -y  proved by

I\{or let iMo I and proved in LAj,  (We cal l  l 'X 
' -- '* t  Y

an I "H.E -  mdp i f  i t  induces an in ject ive correspondence for

connected components end an homotopy equivalence on er\y

%,
N,,I

96.a
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connected comPonent ) .

lhgoreg, r 1.1 Assrme l"1o un

) .  A( /n ln;) - t '4) /*A,&'  
/ACr" ; )_n)

is an r.HoE r InsP Provided A:9;t

J,jfr tru n #1 )-tt = 4 or d' 9'/ '
n /  4 , 5  .

I f  nn is  Para le l izab le and

; l"/aV (/'/,2tt : 'Bat/furr, ) o

A. -nanifold . Then

r ' 6 ,o ;  4M )

,  73. fu or d.94P4,
?/ , a=?;P and

Z t"l = e then f" ( f6.4 )

C o r o l } a r . v I  1 , 2  I  '

a ) A'r{ (D\ * 52"" ( Plr"'/o'n' )

u) S t ( D-) - 5) 
w4 ( Tol' t^t /6,n, )

corol larv r  L,3 :  for  n= N' I  ,  ) - t " l 'N ' l t  j  the di f feren-

tiel lefrffi, I ; 2u= N't,16!*rr, r r,.-!(6a;2^/) " r(G; )

i s  an r .H.E mdp prov ided 6= Q/  o t  . ,  
4"7% and nt  a '6  s

Corollery I 1o 4: *Qe O'tr-" ' ;  
)  0 ' /  (on; oi- ' l^ '  P"1'  

- '  -  t '

^ t t  f

0,/r a"t o!-'l n' )/ ru
t\J /\

lah. &lV,  '  .  n / 4 , 5 -
b )
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$$ 2 Bloqh quto&orphisloq

: The surgery methods r emong mar\y other things give ho*

motopy eri ter ia to dec:tde r ' ,hen enhomotopy equivslence. ie ho-

motopic to an A *automo*pli.ut, They are elso able to ssy

h.ow many sueh automorphisns (up to &n equivalence) correspond

(i"e. are hono'uopic) to an homotopy equivalence o The r ight

equivalence of d, *automorphisn which follows f'rom the surgery

methods turns out to be not " iSotopy" but "concordance" o To

understanri the difference it is very useful to rrecdll their

def ini t ions sinultaneouslY :

u 4, , l, , /\4 -------"--' lY are isotopic i f f  there exists

cogm_*ling vqlh-Jbgsn C *"otomorphism /l ' t '1 x f' -.-4 /-/'-f

p ro jec t i on  on  I  ,  w i th  / l  /  ^4 ' l oJ  =  A ,

dthey afe eoneordant i f f  there exists an

/ J , / - l  , ^ {  / " 1 , t  w i t h  H / m , t o r =

This def in i t ion suggests the introd"uct ion of  0n other sos
4,

group A (/4 ) (*fri.t, contains dCn ) uu I eubgroup) tfre group

of block F eutomorphisns ;  th is Sroup is naturel ly related

to the surgery methods and onoothing theory methods. Tt  has

been defined simultaneously bJ' ' ,er\y authors * Morlet r Quinn ,

RoUrke*sanderson*Cssson Antonel l i * i3urghelea-Kahn (  s"e f  B. f -  Ri)

A k *s implex of &.(trl) ie an d. *automorphism

a n d  / l  l u , t r t = 4 2 )

*automorphism

Ao / J  /M ,  t , r=  A r " '

h'. U, Ar*J - --r lu'] ,1\r*l with l , t  I  t" l ,d;(4rxl)c M- d,{afx}
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and h Id /'1 " 4\ [t '] = 'd

1) K ..t ' I)

* 1 5 s

* \'  ,  obviously €(^1 )  < &-Cn) can

be v iewed abran approx imat ion of  d fm).  Thre in terest  o f  &.Cn|

comes f irst i , f rom the fact thst both problems A and B een

be, et least theoret iea3ly solved ,via the. I ight parametr ised

version of surgery theory *nd smoothing theory explain

bel ow what,,,we rean by at least thqoret.ie-&ly solved end give

t l r *  resu l ts  o f  t "A.B.Kl i  (which have been a lso proved in  per t ,

by Quinn in his unpubl iehed thesis).  For this purpose let us

denote by /{(n) the space of continous ndps which are hono-
ytltclt 'estllct !=" i4ent !, ont?n'

topy equlv€r ,Lencesr .  I ' rom tehnics l  reason we wi l l  descr ibe 7{(11)

as an  s rs -essoc ia t i ve  mono j -d  (o r  weak 'g roup)  whoso /< -simplexe s

lJ x /\ tr J
are  homotopy  equ ive lences  l r ,  t \ r  A tv l

w i t h  h f  M * d ; A s o l )  c  n ' d t A . c * t ,  h  l a l v ' A E r ' 7 = i d "

Ihe resul ts  o f  [A B .k ] ,  a lLow to  reconst ruct  d f t - f  1 ' f rom

,  2) M upr ( n, G/me ) o" Mcps (rY, G/pt )

or' l4bps (M , G /o ) ,

i l  the algebraie L -theory of W{t lL wir ich is a functor L

from the cstegory of groups with oriente' t ion ,  1o'"* to the

homotopy eetegory of oo- loop spaces S2h so that ?f i  (  LCG,a',1)

= L r ( 6 , u )

*)V* 'a 
also sssuae sone tehnical  requirements namely to be "pror luct

l i ke , ,  ne&r  corners  (eee[BLR] )  wh ich  a l lows us  to  de f ine  the* $
degeEeracies-.

x x ) .  ^ ?  r - r : ^ - -'A  g roup wr th  o r ien ta t ion  nesns  a  Sroup Qr  togethqr  w i th  I  g r?up-

frofio*oiphisn u:.G --* 7., and a morpfi isr of- group, w;th orientelLions' i : {Gr- , ; r ;1+ 
(G' , ru,)  is  3 group-homonorphism f 'Gn - ' '6.  making

eomrnuta tive the di agram 
";*{*J, 

,
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By Atrexander trick

end by smoothing theorY 9,11 c D" ) ,^,52o*t(pt/o

9(c o"),na 6pfDu) *"u contrect ible

) .

T h e o r e m  I - .  2 . 1 ,  I r t . g . v ) ,  a )

is an homotopy equivalence
b t

)

is  an homotoPY

--, t"l aps ( Mn,

ie an homotoPY

6rr^/p;r,r^,
--+ / \ ' taps ( tYn,IPl")Tof/o ,n

Theorgm I .  2 .2
n,

d ,K04) / *  )/ & c n )
where the or ientat ion

Whitney class"

l A . B . o ) t : F o r  n 7 , 5

M aps (t'1.bn ; €fr,x) he s

d : i f o ( H )  *  Z .

Theoren I  zol  makes clear the importancb of  the algebreic

L-theory for  our Seometr ic problen. Most of ten by an algebraic

theory we understand a. system of functors T^ , defined on i lrt

.dtqebra ic category" t'k*, !he caie'6o"V ot' 
1'ouP', Xroztf 

s wilh orie'trletio'-ts
r  d - '  0  c  '

r - : . .  -  ,  n l .  w i th  ve luee in  the  ca tegory  _o1 '  Sroups ,
f r n 8 s  )  e L L  )

sat isfy ing some natural i ty-propert ies which'resemble to homologlr

l (* t f r"ory etc.  At l -  the .n iee 
btgebraic theor ies we know carr '  be

obtained from functors def ined on sn "algebraic category" wi th

.values ir, t f f iomotopy bategory of d) - looP spaces , composed

e quiva 1e nce for Yr 7, 5

c) tn c r^)/n-

b turn )rot, /pt- ) 
' 4)'t ( /"1 " )

equivalence f  or  4 ) .5 r

the natural mOP
.  n+4

as fibTe a ( t $o(r"t),u))

is the f i rst $t iefel-
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with the homotopy*gfoups funetore o I t  was Quinn '  [4]  t f re

f i rst  who. observed thet the elgebraie L - theoFJ can be obteinecl

in this wa;lc

An other elgebreic theory which.relates the two sorts of

elgebraic L*theoIV is thu q-lgebraic A -theory invented by

Rothenberg ;  i t  was proved in [B]1 that  t "h is theory cen be
A t /

o'btained fron a functor A,5 --- l  52^ with 7 the category

of groups. The geometr ic signif ieance of the elgebraic A *theory

becomes deeper when one compeirs & Cn) eno d C n " 5'  )

:$,eglg!t-I--ru t?l^ For anv nanifold Mne"[4 there

exisrs an obvious mdp 4u , &C n)" 52 &-Cn) --*-1 &.Cn"Sn )

if ?rt1 * e and 
&- , &cnl, s2 &-cN) 'st d cn'r* 5r;

i f  EY -  Q so that  i ts  homotopy theoret icat  f ib ' 'e  
&f  (n ' )

is  honotopy equive lent  to  Qo A(Tr(M))  i f  - t r ) ,5  s  Moreover

9!  A (G)  * ,  A (e  )  and i f  \ / /h l (G)=o then A(  G )  iu

cont ract ib leo (The homotopy groups of  A(e1 sre the so ea l led

Ro thenberg  g roups  Ar ' (G)  ) *

A / r t

F r o n  T h e o r e m  I  2 " 3  i t  i s  c l e a r  t h a t  4 ( t > ) " 4 5

A  t l . a  \

A;(c  )  are a l l  2  -pr imary € l roupr j t

is honot.opy equivalent to (df tr  )  '9 &'W)ad

Obsefva t ion  .

i s  cbnt ract ib le  s ince
 '  t l r

h e n c e  A - ( M ' 3 ' ) o a , t

i f  ) H  * Q  a n d  t o

= Q  n ) .  1

(d rm) ,52d(^4)  '  s '  ) "a , t i f  ) r1

We also know that  the " loca l izet ion to  odd pr ines"  (which

looses the Z*primary information) suhstantisl ty sinpl i f ies the
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descript ion of the structure of the elgebraic L-theorl i 'es i t

was notxed by Novicov , Karoubi €tcr We will see in Part II

how much  we  ge t  ou ts ide  theupr ine '2 'o  ( i o€ .  l oca l i s ing  to  odd

primes) about the strueture of d(M)'"

I  should ment ion thet  s ince the sppearenee of  [A Bk] ,  a'  ' 4

lot  of work has been done towards the computat ion of Ti(d(/ '4))

fgr A' 8{ but it is not r'n the intention of this erti.ele

to  repor t  gbout .



!
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Part fI

$ome hvetor.v aboul conc.o..rd9ng) s

6 0

s 9  2 .

', n&
The' introduct ion of  6 CU) ^fot  i ,he purpose of

standins or J(o ( g,f W)) ( €tnt = &6 n'I ; 2- {r7' 7 S'

the under-

/'1, lo, )

he

is due to Cer{o He 
"r:t%r;irst 

the isomorphisn between the

honnotopy groups of n 5(rt) and.the relative honotopy groups

of (T.Z ) where 7 di:note s the spsce of el.1 Morse f uncti'c,ns

on /Y r I and T the spaee of Morse functions with no cr"itical

points (both endowed with the Cn -topol.ogy) ,  and he began

the invest igat ion of these relat ive homotopy groups f i l t rat ing

f by codimension. In order to describe the low dimension

strata which are necess8ry for the eomputat ion of 4 & E t

uses the 'Ihon theory of uni-versal unfoldings. Cerf worked out

the c&se of simply*conneeted manifol-de and, much of the geornetry

involved in the nonsimpfy*connected ca$e wes develc'ped by

Chenrigner and Laudebach . The fu1l computatiotr of ry (T' E )

heve been d.orre in the nonsimply-connected c*se by Hatcher*

Wagoner IU-fVl and Volocl in. In our eonsiderat ions the rmportance

o f {
/+*(U) 

eomes from the following resons::

1) "Concord&nce s t '  e l low us

lemma as not iced f i rst  bY Morlet

consequenceg 8s one can see from

to formulate the diejr-rnct ion

,  and this has retnarkeble

T h e o r e m s  t r  4 . 2  r 4 ' ' t , 4 ' l  , 4 ' 5  ( $ $ 4 ) .

,t "a /\ ),Sl
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2) "Coneordances' t  have good st ,Abi l i ty  propert ies es was
^ n

not iced f i ret  by Hatcher I  H ]  {" ,  A= P(

RemgrkAble Conneet ions between * 'ConCordance$" and the

classical  groups of  geonetr ic topology ,have been not iced sinee.,

r i

long tine by Kuiper*Lashof [*.t] , and they cTv€ bds,,: ingredtenti

in the proof o{ sla|,k+/ fo" A- = 9tff .

Recall ttrat for a nanifol-d M e "6 &.
-raf

we denote by {7u1

the s. s group &U'I i tut, I /] )
ift

.  Analogously we def ine €7/ l )

as the s.$ coraplex whose k-simplexee &re & -autonorphisms

h ,A t * ' t , | " i l  - ' - -+  f t c r t " f *  M  w i th  l ' r d rAc* t  * f  '  M  )  t  4  ALo t  " J  '  A1

I  l a fK l ,  (  ] , . ]m  . . r  t o ! '  f 1  )  =  td  p lue  some ex t rap roper t i es

(near  corners)  whtch^al low uo to  def ine the degenerac ieso As

one essy not ice ,  (O( fa)  io  cont rect ib lg  but  th is  $osS oup

is  s t i l l  in te fest ing s ince i t  pern i ts  a  s imple geol lF t r ic  descr ip*

t ion of B €&) the classifying space g. €4 '  S es the quoticn

e4il7t*rr l  "Havingu", '" 'u €Tn)and 8€%'l we

for them Problem A and Pro.blem B. The honotopy

pl :oblem B has been already discussed in Part  I

, &.(n, f i /-/^ l"l ) but we wil l 
'corne becl< to it

,  in  conneet ion  w i - th  "s teb i l i t y "n

can forrnul-ete

reduc t ion  o f
n

since €7n 1
in this Part

6t1 , ryo-tle !-' s -ciisiungt ios ]g-q$il sfiq -LL9- -9,}-p}1'c.gllegg

As we have mentioned above , one of

our - in te res t  fo r  concordances  comes f rom

the nai-n reasons of

the  poss ib i l i tY  to
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formulete the "disjunct ion lemma". This lenma , 8 beauti ful

p iece of  geonetr ic  topology hae.been s ts ted and sketchely  proved

by Mor3-et IMol " 
A conplete proof fol lowing Morletrs ideeas

has been given in [BL RJ and a dif , ferent proof has been e1$o ]

produced bY K"} l l i l le t  t  M; ]  :

Let (Vi a y") be a compact rnanifold with boundary

and  f ,  CDP,zDP l '  -  7  r y " , bv " )  A '  
(Dx ' , )De )  - - :  ( vn ' ) vn )

be two proper euibeddings i ,e.  they interseet t rensversa\y ) \ i

n '1  ^ - { ' r t r )  a ru  >DP resp .  }  D1 .  As$umeend {  ( )V)  resp '  $  (av.

thet {( Ut> lJ(Dl t = f c For an embeading / &s ebove

we define €H (DP,v; |  )  the $+s complex whose k*eimplexes

are embedciings ,lo, atul , !" DP -:------) atv| , I ^ v 
^ 

conmut'ing

with the project ion on Aryl and sat isfying the fol1-owing supple*

mentarY Propert ies !

l )  l , * , ( 1 ,D t )  - - l { I

w i t h  l r o ( r ( I ^ v " ) )  =  ) ( r "

2 t  h ,  l i , ^ ) D P  : ,J,

^V^)  in tersects  t ransvereal lY

Dl) "

- +  and .  4 , r l * r "Do=1 "

'  
- l l

and lt,p >/5 Inen

i l a n - l > - q - 5
l t

Theorein I I  4 o 1 o  ( M o r l e t '

,rr{8"ff60P,v; f ) ,
s  d is junc t ion  Lemnns)  '  I f  n - |> '5

Aflf oi ,/,1 (a?s; { ) =o ror

by Morlet

is due to

'  4  -  
n 7 z 5  ) *( f f t-C = ,rir-f one requlre s

we may sqvthqt Theavem4.t has beensiaira
a\ f\--

H t l

,  For  L {=
f

this Theorent

(see  4ppenc i i x  in  I  e  i ,  RJ  ) '

The handlebody-strueture of  a manifold

,a 6)rr  l
onJ.y for C(= +% an/

I ' i r iek Pe<lersenr

, tfe obvious



re la t ion  o f  spaces  o f  "concordsoc€ 'e  o f  embedd inge"  essoc ia ted

to e hand^lebdy deconposi t ion and the relat ions between spsces

of enbeddings end poncordances of  enQqddings (as for  instance

the ribretion €^fq'hir; f,,a)- {{ff: }4if ) .-t A"ff aln, {)

f h e o r e m  I I  4 . 2 n
\ - -

nanifold r  h7.5 and

* 2 0 ' F

n
L e t  V  b e e c o m p a c t

D^c Tnl Vn - Then

k*Coft f i€ cte d

O1t  l<=  j  AnO

for n-f  ,r i  permits the p, 'oof of the foi lowing theorems([ts"t .O.]),

* &= B,/ z, r&ri)/ao)) --z ni (6("\/6ro^,)

i s  an isornorphisn i f  1)  
J  

<2k-1 ( r<r t -4  i f  )V not

l , - c o n n e c t e d  o r  n = f  ) ,  j  < z u - a  ; /  r - ) r r . 9

|  . 6 i ; - i J h - r  k = 2 , + , t , 6 ( n o l g s

or  .  7V is  t r iv ie l  over  the (x* t )  *eke leton,

-  A  - .  . r  I  .  , + -

b\ &= ?t or 
'4 

i v; (e(n) ----- i r, (A ( v)) is an iso*' J .

morphism i f

1 )  i  <  i ^ {  ( 2 v - 3 ,  k + 2 )  (  k <  n - \  i f  ) V  n o t  l - c o n n e c t e d  o p n . 5 )' d

2 )  I  
<  2 k - 2  i f  1 x +  t ) < L / z  a n d  e i t h e r  E = 2 , t l

T V. is t r iv ia l  over t ,he F skeleton.

Le t  Vnbu s  compect

D% Then :  a )Ihl

k-conne cted

&= t,/manifold ft7t5 end D C Jnx v 6 Tnen :
/q r+

T 67D\)--467v1 i" an isomorphism ror

1 ) 1  t r - 4  . (  r < <  n - q i f  ) V  n o t  l * c o n n e c t e d  o r  n 3 r  )

I2 )

I
4
d

t l < - 2  i f  R { n - 9 1 1r+t) , 
n/e errd e*,ther K=2,+,f, ( 7mdt1



* 2 J ; *

TV is tr iv ial  over the (r*t  )  -skeleton

b)  A =Q, 'o ,  %7,  ?( ;Cg?" l l :  e  i f

l<+2)  .  
k  (  n -4 .  , f  t ) \ /  no t  l -connected

( k + t )  ,  \ 4  
a n d  e i t h e r  k = 2 , h .  o r  k  = 7

tr iv ia l  over the 4-skeleton of  V o

f h e o r e m  I I  4 . 4 . . $uppose V: V'n &r€ k-connected

compact nanifolds of tho same f *tal]gCIntial homotopy type

or

1 )

2 )

j < tin{ (a*-2,

j  < e * - e  i f

and 7V is

or

a ) A= 9,[ ir ; <

%fb)  &= Qt or

a) d= g// j ,  ; n f  ( a r - 2 , l " t . v * 2 )

'Ihese theorems ehows that for both

. 8  , ,
the Postnicov - l"cnt - t{ .  term depends only

horootopy type of M , where ;{ Z.
,q

f u n e t i o n  w i t h  A ? l  ) r n - 2  o

(-*, I

b )  & . =  W ,  y  , l  
3 t n l ( 2 r - J . , Y + k - a t r + z )

the

i s

e?*t
or

7+

, rhen &tul/uru, and &tv:s/ 
cv) have

The or-qm JJ--4-'-Z . Suppose V 
n 

and V'^ 
""o 

k*coorie cted

compact manifolds of Ain, n >, 6 and V and V 
'

r  - tangential  hclrotopy type n/ l  >t+f >.R , fhen

8( u') have the s&me

v t / r>  r+4  >  K

the' sane 
; 

*hornotoPY t"YPe for

.i -homotopy type
d  

' -

of the seme
,o

€u{v 1 and

{o'

,na &N,6,*s
tengent ia l

an increasing
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$$ D.  Stab i l i ty

The next remarkable fact about concordences 8re their

stabi l i ty propert ies. The "stabi l i ty" has been t l . iservered for

C[= ?t by A"Hatcher tgl ""4 
then proved for A= 0,/

dence s for A= 0'/ , W' / / ' / depends on the proof for A = Q

we don't  know a proof sinultaneousLy true in al l  geohetr ic

catgeori .es" To explain the stabi l i ty property we deeeribe the

, ' t ransfer  map' ,  for  concordances ss we wi l l  br ie f ly  sketeh be lowo

n

W Burghelea Lastrof I O t 1, . fhe proof for Q- = /+ is a

tr iv ia l  consequence of  the relet ionship between 
'14 *cQrlcordances

f - .  t
end 

'- /6f i  -concord.ances for a p*{ a manifo}d. Unfortunately
/

for a moment the proof of the "stabi l i ty property" of COrcor*

caq
the fol lowing propert ieo t

1). rf t;t 
Tt ' E2 

tt ' F'

/ Y ; t 4 _  / { t  / T ' ,

z )  r f  NZ B ' ,  l  :  E  ,  $  i s  an  C uur ro te ,5 '=1 '  1 - /w)*g

is the restr ict ion of {  to N enrl

i^, ^, ?ar*y s --efl,/-u.-.'N,B' '? ' '-/€?*l ,€"(d1

L e t  E , 5 2 6  b e  a  I o c a l l y  t r i v i a l  d * u u n d l e  , F , B e o / & ,

l led for short en O -lundle. There exists awe// de{inrdfisvnslapyclass
tr x,* n. -bry-,
{ € ? Al/-& , t )Lq. ca tle d. the transfer aap sE t i sfy ing

/ 6 ( A )  / b ( C )  ,

are two d. *bundle s then

/a?.,; & , .
5 (E)/qA_, -)

, ' b  ( t  )

, are ttre na tural

,* 7]

{7eL * r  - t
t r E

E'= K'4(  N ) s.s maps incluced bY the
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inclusions N c

* 27,*

I
E'c E , then /!  ,*,u

.\rAr

t^8 , €Tot/-a ---)
6,e. /6 78)

.  , / { '
4 '  t  t  t l

F , E

?4r",&u,
^ h
t5 and

'@ *orncordances , then

write

fa ct

bq regerding & *Coricordance$ as
s/{ fp * ffs.lt

K it ,s f ibre we wil l

map" comes from the

6 R,4f ,

i l  r f  A>& and

are the s,sbnaps def ined

If F is the trivial bundle and

t k  t r
L ins-Lead of  L .

a E
The reason we cal l  L '  " t rgngfer

.-) n nF
that for ?J lr d- /- '  inducee

t: ,#,
7d.a

'Ar,) *
(ft?)

o4?.,and

in , ,stsble ranges'r  behaves l ike e general ised frornofopf theory
I F

r  . l  {  "v/nLrc Lnt o l-ike tire transfer roorphisn dssxiaied the fibra-
Q,6

tiqn F ,,---+ /\'/ .

Since we 6re eble to protag the expected algebraic P1to-

pert ies of  the " t rsnsfer map" only for  t l "  t r iv ia l  bundle,we

wi l l  de f ine  /y  on : ry  in  th is  par t i cu la r  ease.  I f  K  i s  
" t *

e- -manifold with enpty bounclary define Ezlk,4rl '- '(fr^o)
. It :/+

by glot ' l r )  -  / , . r , ' "1* "  A s imt lar  def in i t ion wolEks fo1 { t i  I

and the'erore it induces # ?+rwhT^-,* A%ry."%4*' ., , 'o? /( ftr) 
' 6 (lY;K)

Assume norv ) f  *  /  and in thes case regard k &s- k u)kxtn,4

i ;eo we speci fy a part iculer col lar  of  the nelghborhood whicl t

we ident i f y  w i th  )k '  to , l l  and  denote  uv  k  the  c losure  o f

the complenent of  th is ^col lar '  We def ine again the group
. t( ^&. &

homomorphism S) l "' {04 ) €7u,o) as follows :



For e

I = t o , t l

*/'1, (^l; 1,,J.o t K

concord8nce

we coneider

is not yet s

* 2 4 . ;

l r  {fn) i .€. l ' /Y'I
the A *automorphism A-,/ i  l ' l 'K ' f  -

concordance eince 4 * ,/ko ie not

ident i ty  i f  rest r ie ted to  M'  )k"  "  J  ,  but  h '  ,d  
) f .  

is

a concordance , l l le consirucl a concordence Q t*t ' lt 1 teki

9 t*i t"r
ng

concordance

&s ind ica ted

I  . l
f l ^ , t K o  o n

h, irt^ around
d K o

in  @ig.  t

I

M " l(o x I end rotating the

l ' ' 1  ' )  k "  
' i ns ide  

lY  * )Ko ' [ c l J " l

I o , t ]

*,jt'|* bko

To be

by i t

t o A

preci.sed represent

s  po lar  eoord inates

a n d  g ,  { , . 8 A *  €

tr'ig o 1.

& point  u

( . \ r ,0)  ,  f

g o , $ l  i

in La, l7 * I

being the.

+
(8is, 2)

distance from u

M ' K " I

B a (i, t.)
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h.c*, tr ;  6 x , . I and
^ K

define S)t chlwri ; te  h t^ , t1= thr t 'n , t ) ,

by the formula:

n k  t  ,
9t t l .1 1*,r , t ; , * ,  h r r m , l r ) forh r t * , { l

h, (*'

r €  k o

for I q{, rPg 1
^ k

E t { C h ) ( ^ , u , L 1 =

,^'t o k
\ l  t ' -  de f i ned  in  th i s  waY i s

i t  extends (bY I sini lar fornula)

l -  r )  
,  H ' ,  L - la r { - ,  1 - f  ) ,  9 )

( y " 1 , K r , f , 0 )  " ; l '  
f ) t 7 ,  h € M  r x ' e l k o

.  ( 1 0 ) F  . a  I

e  L o , u  "  J '  o

sn s,s group homomorPhisn and

to & group homornorPhisn

, there

--'+ @

5 .7 {k .  &e f  W . - -  Z \Hxk ) , ^  ^  hence  i t  i nduces  the

6os-nap lk., '4ec4 /eacn; -- ' 'e4n'*'4*,^d rt i s prettv

cbv ious tnut '  fO too io  *  r ro*otopy)  does not  depends on the

choosen co l lar .

A part icular case of this construct ion is t- l*  c&se when

k= I and K= D" o Frcnr nowoa u,e cleneTe. ' l- ' by L and

o D l  <  '  ,  4 L -  
' f

L by Z*  i  i t  is  eaoy to  observe thet  (Z ) '  *Z*  by a""pre c i -

-ee-d.-hornotopy"beceuse of Property a) of t t te "transfer m&p"o

we are ready novr to state the stabi l i ty theorens.

TT 5-1 :  Fo,  ic  categorY ATfte,qrg,g II ?",L : For utr#*ometr- 
!. ,+,",

existe an increasing funetion Q)Zr* 'Zo with I : :  u
so thet the transfer.map,-f .  cal i , - .J aiso ususpeneion t

z , €q*/gftr)* €drn,rlfr5,/)rTu"n" sn 6,1ff 6d,*1
homotopy equi .valences ;  mcre;# ' ' " '^4 '  2t  . -% for

*r,a d --?t una 7p urol ,%t>,T' ro* C , 0,r{

For C='H this theorem was proved by Hatcher f H I and
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need the construction of the simply-horlotopy type*space y'fX I

which Hetcher associetes to eny f inite polyhedron. For d=%F
a. a.

the proof is a s imple consequence of  the case d= Q/ t

Theoren I 1".1 ar:d of the fonotopy equi-valence of Tp/pt

with 7Pr*r7rlc,t |o, n>r5_' ' ihe lest two facts imply

?Porr/eQ/(r)'- g?affu&lq ror 'li^ M >5 '

1. For & = Arg ftreorem II 5. l- is' due to I I t 1 
"

and i t s  p roo f  i s  besed on  I

* i )  mre eompat ib i l i ty  betvreen the "suspension" *  m&P

for  c lass ica l  g roups  and the  suspens ion  "Z 'o  '

i

- i i )  fhe

the topological
; - /
loP (n*4)/Top 

&\

-ii i ) TLretruth of Theore$l i  5.f-  for

Kuiper*Lashofrs  resu l te  LK'L ]  whieh connect

concordances  ( reep .  p . ( '  concordences )  to

( resp .  Pt@rn) /p t  
rn t  )  o

A= Q/ ; tl'n proo{

goe3 on the fol{owing lines

V/ i th  the  no ta t ions  o f  Par t . I  $$  I  we can ident i t y
-  / ( - r  7t  '  ' '  \  I - f  f  

, ( f l 'D) u11a i ) .means the cornmutat iv i tyl ' ( % & ( / Y ) )  t o  ,  , % A

of the fo l lowing diagram whose hor isontal  l ines are I 'H.8"*

A JF,,,1Q,t: rrff^c')|;
B B P $ .  o  

a  J

aa
I

T|a b
6



If M has e triviel tangent

F 2 7 F

bund.le then the diagram above

,t

be eome e

x )fir,la%n, Mqrt (/'/,Eh) ha,

l z
- ) l

ff*,rl/ffir.,,

I
J

( n,Dn; Sz

p,,0,
x,(n*^{i$r)

_ n + 7

h ,a ' t

A carefuly analysis

converts the diagran

) conbined with Theorem T. 1.A

in to the following diagren

Plaps
2t

Naps ( M* [, b(n*tl ;ffi,.)
F igo4

(for l'l-- 5^* D*

above (F ig .4)

Jit ( €%("^, tr) tr,e , rit ( €a+s^' Doi)

1"r,,
?i" (r2 ?)"rr I

.  ,  r .
with ri,(d ) an ieomorphisrn for L'< 2a-q and en ePimorphisn for

t<zn-z  .  s ince  by  Ku iper*Lashof  ' s  iesur ts  6 '1465 ' )
r - L  

o F d  h n m n f  t l Y . ' \ r  a n r l i  w s ]  o n f '  
|  |  t  

'  e c t  L ( i v d {  e h L q  Jand + A4 are homotopy equivalent bY d' f iomoropt,  ,\/o/,*r/f 
- t ,

wlr,'ch-induces for homotopy groups the honomorphism t\$ ) ,we.
f  - f  _  - f * l

conrlude ihat Yry,r,/ ' ?,/,g,L *- - 
b,A/ 

is t'*s-7

conneeted for 2s* !

with the truth of ?heorem{5"l for A =Z'/" one conc.r 'rdes

The oremn5,l to, 
' 
Q' 9'V o

, , ( \7rds2 v, -_-->

If {, E ----> tl is an & -b

{Y,"e*^r/clrt *- ?erc
-homotopy e quivalence.

Coro l . la ry  I In  5"2 , undle

vri th fibre a ai L" r theP

induce s a e*(dM ty )

)/E*rt
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Let Dt f ' Kte od d and 1et us consider

M r D " c  M " K r
V / - f ^

T h e o - r e m  r r *  F . 5 "  Z * "  l :  x ( K ) W ' ' ' L  )

'  
o+ *hanr.om , , ,nn nF^rrc i l  fn 'n  d '  = Q{This last theorem was Proved for

.
(see t H] )  ;  a proof simultaneously val id for

!

c e t e g o r i e o i . s g i v e n i n  [ 6 L l r  0

i f

by

elI

r) &Q,t/rc,,,4 e?:.%?r.i*
.  

. r v ,  l ,  , ,  
t K  ^ - o

2) A%r)/eer*A &drn'ry'e?r" *t
1)7:€" (n) /6eg* l  _  ,  G

warth G I weak commutative we.ak groupn4nd i inducai

3&'%fn,r,

K 
'=  

K ' I

Hetcher

ge ome tric

by tl,* incLusion
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$$ 6n Togol-oglgal 4i.lpote.nqies

lor an 'Q -menifold l \n and a base pointed d *r lsrt i*

fo ld  (V,uo)  ( for  ins tanc:  V= R t  vo= o -  or  V= Si  r  vo= € )

we define €r*11", F1,.V1 *uupucrively'  €^*.( |- l  ,  t* ' )  "  V )

thp s * s-cornplex of d. - emUe ddings which re strict on ) 11 re spe cti-

v e l y  ) X  \ . ,  f f i o  t o  t h e  c a n o n i c a l  e m b e d d i n g  L ,  i c " t t t =  ( r n , v o )  t

we c i eno te  by  € r l , , e (  M ,  M 'V )  r * spec t i ve  W^€J l ' } " r " 'Y *v )

the  un ion  o f  those connected  components  o f  € r * t&  (  M;  M*v)
rq

respec t ive l ; r  ( r *L l , (  M,  M "v )  whose enbedd ings  composed by  the

cenon ice l  p ror jec t ion  on  V is  honotop ic  to  the  cons tan t  mapo

Let l&r*1,€rI ' tetT,Y'  sr)  - :*€ '*u?n'*)  i f  aY* Q

respect ive W tr Im1, €, I ' r f ,cP1,F1*37) '  - '  !  € '* t l " (  M' t1 '  P)  i f  ) i .=f t
' t 4 o

be the obvi .ous s*s maps inducecl  by the l i f t ing in the cover ing.

l '1r 4 -----+,'{" Sl ^ , and ,ftt) the no*oropy theoretic fibre of |Inl
A

respectively 
Ji"r t)^ 

(since the homotopy type of the honotopy

theoret ic f ibre of 
lY.U) 

i f  bYl = / :  does not depend on ff io t

we delete mo f ' rom our  nqtat ion) .  Anelogously  we have

, , & . ^ ,  / 2 & . ,  
* r p t p t . . o \ -  

"  { -  
/ &

vJ (t 'r): @r*t{M,*r2') -*.6^otm,M,R) and €lfan) tne honrotopy theore-
/ 2 &

t ic f ibre of  67Ytt l  ,  Theor"em 116.1.  de'scr lbes the

p'ropurt ieu of  i6nlrna € ' (N) ,  and just i f ies the nerne of  topo- '

l og ica l  n i - lpo tency  respec t ive ly  topo log ica l  concordence n i lpo tency

as a topological- enal-ogous for t.he algebraie nilpotency ,"f\eciigei:rctic

nifltotency *n+;t7g"l .for.A gtoup'G i5' eoilrr€_cted l lt *4. at6 ebrate K-fhoory

oi G b) tke fotla'winl io',rn*ic't: ki(6 '7)o K;(G )@ 4-.(G )o/Jlp)o{il 1ery.
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Theorem I Io  6 .11  There  ex is ts  e  homotopy  equ iva lence

€rerrw {Q,t.r), a €%n*r), €r&rrt
which is natural with respect to inclusions nf t  N^ and the

:categoty  d  o

h

2 ) T h e r e e x i s t s a n h o n r o t o F } e q u i v a 1 e n c e r t m ) , d ( y ^ 5 . ) . - - . =
A a

- - '  A(M, I ) "  ,  Bd(r ' i "  I  )  .  XYn)""  T wi th  T - -  51 1f  AY - -  4

and T= pt  i f  bY+ I 'o  iG"  denotes the bnse point  conni :c ted

component  o f  G.  t?nf  )  is  netur ra l  w i th  respect  to  i .nc lus j -ons

M 
^c 

N ̂  
end the ce te gory A. s

. a n A a '
i l x ( t-1) -----2 x (q and €Jr)M)*€'tr"in) are hornot,opy

equivalence s f or l '1 an- d. '-rnanif old GZd , and' di- 11 >,t, tf fr=Ep '

/  ^ n f t  * , h
{) ff M 

- 
end iV &re < *t&rgential hornotopy equivalent

t hen  X(M" )and  ' { (N" )  respec t i ve l y  € " { (n " l  and  € i f (N" )  € *e

tnf (o-,  ,  n-y, )  * homotopy equivalent respectively

-homotopy equiva lento

The proo f  o f  1 )  2 )  i l  can  be  found in  [B .L .RI  eh  VT, ,c ' r  [g ;^

_ l

,
-  I  /  , .  r , r,dnc [  o f  a )  in [81 ,  For  f - ]  =  H; I  1 )  and 2)  fo l ]ow immedia te ly  s ince  we

can f ind  en  honotopy  inverse  r { '  A  (m '51  )

inclusion &(m*I)S&1m'$. f1,n proof of  5)  fo] lows fron Theorem I  l * l

wh i le  o f  4 )  f ronr  Theorems I I  4n4.  and 4 ,5 .  end T l reor ' *o  T-n2n3 '

i '- - ..- ,T

one should notice that one can define a trensfer nep i l ts '&/fnl-

.  --r€,f  Ce) which sat isf ies the propert ies 1) and Z) (af the trensfer

nF 
- ; x ; , t * ;  

^  j y  t \  , ,  t r r  
t

m a p  1 ' )  a n d  t -  o  ^ ,  J ) 1 '  '  L  * 4  L  a
, l

1 t"{ ( o-2 , n'/, )- t}
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$$ 7 o tn* noryoto.p:' tunctgts-&a{ /{

The cons idere t ions 'o f  $$5"  inp ly  Theoren I I  7 .1  wh ich

beside its interest in t.he ctudy of the honotopy type of auto-

norphisms.directs the at tent ion of  the honrotopy theory towerde

new k inc l  o f  funetors*  Before  s te t ing  Theorem I I .  7 .1o  r  foce l l

a"'rw h
that  we have denoted bY \ l the cqtegor? whose objects are oa-

loop spsces and morphisns week honotopy clssses of ao - loop space

maps ; we say f  ,J,X - ' -- ' -Y ane weak homotopi.c i f  their k *th

PostniKov term,s t f  l*ana [5i ,  are honotopic for any k ]

.O
eqy geometr ic categorY O( there

with thb fo l lowing propert ies:

THeorem I Io  7 .1  I  For
/  n ^

exi$ts a functor /6 Q.-S2L

od
a) 7 

-  
are homotopy l functors ,  ioeo i f  { ,5 '  X --r  }

homotopie then f?t r, /ff ) ***ffi*otopic (P -loop

t  2 & .
b)  I f  f ,X - - -v  is  k*connected then f  7{  )  is

conne c ted.

are

space maps*

k*

c )  I f

compect A
7 / +

/ t, y'"(,s

i )  F r

qr;\t* l\0"

T
) l  r-----*--+ tr- 2

! { z
L o

I

F F '8  i s  a  l oca l l y  t r i v i a l  d  *bund le  E  ,B

*manifolde there exists a "transfer meprf
- / 4 * ,  - t  , o * h -r  ( L J . t  I  r r n ' o r p h r - s m ' [ ; ' t -  S L  5 o  t h a f '

t

52
are two bundleP as above then

, .q  \

r  ' : ' | .  . 1 .. ' . ; ,
1 1 . i . :  a

r  ' : ; ; : ,

i s  a  car tes icn  d iagram wi th

E 5

B1

I  i u
132

T
), t

----....>E 1

l { .
l:' 2 5 " ,

i i )  r f



bundLes as sbove then

d) I f  E ie the

nroiection on B
J J

a n d  i , B  > B ^ K  a

* J Z  -

? f t  ^d.^ /5r
t t ' -  f Y { u l *  { ( { t ) ' L  o

t r iv ia l  bundle 1 i .€o T ' ' l3xK-- -+ B c :  ihe

with i< a compact connected d' -nsnifoLd

crossection .;; I 
Ki, 

fro*#"pi.to x6r< r&*l

there exists & cp -loop

1 srrd 
'fAA (X) defines

J  ' \ J V

whose homotoPY theoret ic

whose homotoPy groups

.  e )  r f  Q>& the i r fo r ' * . , i ,

space lrep %tA) 
' {at x s /?x I

a natural transforination of functoes

fibre J2rrU) is a ao - l-ooP slsce

xr(%alilS = t': ; ( x' ,fcfi- &l

f ) For anyX.ob tirere exiots a we[ def''nsJ ho'noiopy t/ats

le 
f#i ndfura/uri/lrT4te"i h C qoa ,4oro/o7ly e7u'nc''/'iacs5 ;allerem ii;at"p{r)',!{x)--2:::'::,':"':,'::::::,' 

,*" {n trxt_K,), i  
l ,X 

*rY is anhomotopy equival-ence ' '  whic| indu

: the diagram

af ,9 /?nt loa r*)

comnlutative i

au)
l r
l l n
'{,,

1 1 ( Y )

?r,
,Er,

j /
4",

%

i s

(Y ) /&ctt 'ha('t



rroteouer

diagrau

the

. -

K )

th

IX;

' x ,; (

wl"

6

f t

ibLea t

K

f 
is conp

{ cxS
I

I  
x id

J,
{  ( x ' x )

* 3 3  -

sny d -manifold nn

to inclusions N 
nt 

/-1 
^

) ---" /,+r(t'l) which is

transfer maP , i .e. the

l k

,  K)

i$:  comnutst ive.

a -
g) There existe an increasing funct ion 'o* '7*--"u7,  cel-

ted f,the etable rgnge * 
& {T,{ i t  d' fu '  %V

0)  (q> . \

i  
' - ' - } , ! : y i f  

A ' 9 ' / {
L  -6 -  r *

and s nature3. nap (witq. respect to inclusions NoC M4 and

U ; ;'" ;'e i i,,' 
" 7f;7;;,,; u i4 ",

,+
is e Cuq1,ti^m1 - honotopy equivalu""\bO 

-44
hl hrOn is an isonorphismn y'7'Vt )* + $ 7 tftt

ie the (*4- component of the 52 -spectrum aseoeiated to

a
u.pt , ?)i/ e

^  w ' l
/-{ Y--- I 

' 
which

sat is f ies  I
/1

' ira
Theorem A wi th  /  rePlaced b y f fa) u)  g;4rrorn

" d ,
e )  / ( x ' S ' )

fff) t?rt

t
1r

Tlleoqg:qT-12; There existe a functor

-/

ie naturaly homotopy equivelent to

wi th
&
i ( ^41

there exists a map (naturel

and ure cate gory d- ) ,
_ &

a il,\") *houiot opy equivale nce '

fh,Bffi l ,BlLt(x )
f )  For

r"e spe c t

tuf*
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Conments gn TheorPns TI ?.1 .aE:d I I  7 '2 I

iv )

princiPe
d \x ( x j

play an

induces the

(denoted  bY

X , anC will

r?l . raaaai l  TT ? eorem TI 7'2 inPlY the
i )  ,  S)  Theorem I I  ?o l  end f )  Th

unicity otv./0 una # op to an isomorphisn of functorso

i i ) l H a t c h e r - W a g n o n e r ' H a t c h e r a n d V o } o d i : r h a v e c o m p u t e d

T,f /?xl) , To f /1*l) ana partly 4 ( {fTl ) in terms of

arr elgebrarc hi*;her order Whitehead theorX' (see Hatche r * this

volume ) *

i i i i  :  Hatcher  [H ]

terms of  J  $

11 .

discovered s  wsy to  descr ibe y 'Yf  'n

: The eep

I f ibrat ion

) which i-s

importent role

a
$),Y(x) ;- lfXl

t?xt---tftt ''t(x)
e ho:notoPY invariant of

in  what  fo l lowso .

ft
s2

v) :Th.e functors /& *nu /r( cen be extencled to

t l re category of  counteble c w *coaplexes vrhose skeleta &re f in i te

t{rr i  ct .ed to K (G, a) for
CW *compf -exes  ;  in  par t i cu la r  i f  res t r i c ted  to

^ o - - t  - :  r - ' - .  -

f in i te ly generated end presented group '  J ano rJ 'v Lrs 'Lrrr=

functors f rom the category of  t t i -se group$ to the homotopy

category of oa -loop space$ end composing with i(i they

d.ef . ine algebraic theor ies "
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About the, rrro of of Theorems I I  ?.1 end,!!- fo? ; To prove

theorems 11 7.1 and I f 7 *2 we need

1)  Theorem I I  4o4

2) CoroJ" lary I I  5,2

i l  Theoren:.  I I  5.1

4) Corol lary I I  ?.3aco; 'o l lery of  Coro" i lery I I  Sn7

i l  proposi  t ion 31 ?.4 wbich indiea.tes s l  general  procedure

to  cons t rue t  func tc rs  w i th  ve lues  in  9*4  +

Corollary .$ ?',1 : Tb'e neiurel inclusion
* " ^ . ^ k , ,

r .U&. ^. ^k-:t / r\ q' ( /Y'0 )/-
g., 6^(t'/, 0^ l'/z?r, D*.n)- K - ' t '  /  b

,  r  k-1 n$ k-c//  )  -  homo"ropy equivalence oi s  a  , n /  ( ^ ' '  ,  / 2

This corollary folllws from' the conunutative diagram

fun,f,A,r,u., /&.(t4, D",

k /

)L'&0'4, 
D,= &( s(n,oj)Acsrr,t,/8Q(t"l'D

?

P" ; )1n'r"oi)
to & (m" o)

t e ,

& (n ,

\*

*
where hor i" .ontal  l ines $re f ibrat ione ,  end frour ?heorem 11 4,4

l , l  ,  Dn-o  C a( r l *  D" )  wh ich  is  l x -a ) -
appl i -ed to the inclusion

conne c ted '

s \ hatte^ /sie GE-orted the

re $Pe ctiveJ.Y

re $Pe etivelY

notat ion of

d  ( x "  D^
€ (v^ D)

Part

; ) (

I
l "1x

I

&,c n. o],/orn, t, _: as*,*iffi.. D{ 
&( n' o"%rn r o.-0,

D^l)



g*L

6 5 6

There exist$ an al fernat ive

up to an isomorphisn , which

wsy to descr ibe the categorY

wi l l  be very edequated for

way 1et us introduce the

&s .e  sequence  t  X^  $

n 
^ 

l ,wl"idt sefii/ies '

our presentet ion* lo exPlain this

notion of Postnikov tower in 52 
h - X  I

Pn.,I. l

i )

i i )

l*' A norphisrn of

i s  &  s e q u e n e e  { ^ '
- V  I

t h a t  P r " . f , '  
= ^

of Postnikov tower

, rv,svph.;srn in

I ,  (X '"  ) = O. C' >, t't-+ !-

ni ( F j., I

?ostnibov towers

Y Y
" n

,.'i-
L"

I

L .
L

T
I n-t

s i n

- X
' P t - t  

. *

Q ^  , i t  i s

i s  en  isonorPh ism fo r  u '1n

t  i ^  ! , l x , ,  p l -n l - * {y* ,FT. , l
of norphisms in 52h so

rf 5T2[ d*notu * the eetegory

not  d i f f i cu l t  to  see the t : r

Proposi t ion f I  7  "4  I  There ex is ts  an

c-twh Ao h
, ca tegorie s ) /- ^/v^\-*t 'J') 

Z

isomorphism of

order to conotruct  a functor F f rom

i t  su f f i c ies  to  cons t ruc t  a  func tor

Conee q

I  cetegory

from 6 to

uentely

€ t o

,)J2t .

, i n
g*t'

t*n ffg'€--g{ rlLsf (idea-s ) :;0bserve firEt*t?/'*t"'ices to
^t

construct *on .the category g of A -marrifold-s and continctus.

maps , sinee the honotopy ceteg^ory of g and of 
'/u'* 

ljfro"p,l1":2& '. €?n^>5/bffi,t,
The reader  wi l - l  guess that  {7n) : *  dcf ined as {g t

+ .6 y ! 
' 
)-(Vn^" n(l 4./ r:, ^

ror Z, ?&@,Di/#r,,, - €''?n^o %4*^0"i, una i0&( ft
wil l  be construeted us: ing the t rensfer r08p'  The detei ls of  the

proof  appee l  to 1 )  2 )  3 )  e n d  5 )  $ , In  o rder  to  Pmve f )
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i
I
!

I
1

v/e notice that because of the honotopy commutativity of the

u**Ffr/sd*,* - af'''T(?o,r*,L ?%'26;r:;

^. t l-!: x,4 ^ lo*n
8{u,a1 ' .'. ' ---' e6n'r-)/gw,rT'^ 

'-t, 
&fl'rTfuil,,rT,

'8 (4,1) :.'

there 'exists a vrel l  def ined week homotopy equivalence ( isomorphism

irrt -S2'A )
tA

9, /uf n) --. /,aQW'oLr/,- ̂ ;- consequlntei-y ir suf*

riees to "or,*t"o*t %r, I , ir", 
'9ft'09 

, 4 8ru'05/6rn,o-t
for eny & *manifold 14 o

Let  us cons ider  8 !  C M r  IS g A ( ry ,11 the ses-gror lp  o f

A -isomo.rphisrns of the triviel disc bundle /Y, DKnFl and the
,'

IO{n, p'"

l:...'* ,/ l"- '',I . ' * , {  +
f r r nz . . r * , t  k  Fu * ,  ,S fn , t j , )sLLt t l  t  t /&f 

cn' t  1

i 
";. d-.^ "- 

, j/^ JgW(u,rl
which by pessins to /,# inctuce Vrrl 

!'# q N'%frn,r, /g\(trti
TLre f i rs t  l - imi t  ic lent i f les  (nature l ly )  up ' tc  homotopy to  {  f  ry

while the seeond ,, /?U) vi* g o

coromutst ive diegren: -*  
A.  ;

.The 
proo f  o f  Theorem I Io  7  *2  goes  on  the  $&me l ines ,

One def ines the t rensfer msp tor €I  ,  end using the decompo-

si t ion stated by Theorem f I  6, i r .  on-e checks thet et l  the pro*
/\'

pe rties o[t[e Lrensfer mep. prove d f or € 
/€ . hold for €/

end a lso  the t  1 )  2 t  i l  i l  have ana1o6;oud fo r  € { - .  ^

'e diegren: -* 
F"_-__-*, & ftt,-\ ,

d c rrlr li/^e r n, "*, 
---J-::-----+ q (t7xJ '/8 fnrti

/  (Jo t  n' I")
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$$ A* A:nalpral  - igvolut ion a @

We begin this sect ion with some nlgebraic end honotopy

,.  ptopqlt iep of . /(3):grgEulegn I€t (M,z) Ue & co$nutat ive

ai  I  , ,  a r  , \ r ' t  - . - i  +r^ . i  - . "a- l  r ' *  i  nL \7. '-module l-l with involution a, M - , l '1 * i"e o 't2= id

t  ,  .  L A  1q , l

a n d  T  i s a  7 C l ) - m o r p h i s m .  f ' ( 1 1 o , ^ t t )  
( H " ' T z )

\

is  cal ted a xnorphism of  modules wi th involut ions. i f  +

ie a 7t{ ) **o"phisn end tr '{ = 
f "7" o vle have

s )  n  =  H t o  F l  4
a )

b )  { ( Y 1 : ) . m ;  ,  { ( n b ' n l  a n d  { ' { ' * ; '
_ - t _  ,  . . -  .  -

w r t h  f ' = f l n o e n d  f u = f  f n i o  

'



c )  r f

- 7s9

r  i ' ,4 z.)  A
- +  ( ' t i ' " i )

{

( f 4 .  r  )  j : ' ( f r * r , T , * . )
\ ! L . l  r  " i * t /

of nnodul-e$ with involut ions then
t t  I . s  . - - (
J i,t M'. l:; X-i-, ----) - '__--_--_-) , I i+l

r ' r  a  / : -  . , 3 1--  
I  /* ' .  M' i . ,  * :* f{  i , :

The algebraie spl i t t ing we just  descr ibed corespol lds to a

geomet r ic  sp l i t t ing  we w i l l  descr ibe  be low.  A  wcak  commute t ive

group w i t t i  i -nvo lu t ion  (X , t  )  i *  an  l l - space X ,  whose nu l t i -

p l i . ca t ion  se t is f ies  up  to  homotopy  the  
^ax ioms 

o f  "commuta t jve

groups'r  and A is 8n H-nnep vr i th 
^( '  homotopie to ident i ty '

J :  
(  Xr , t ,  )  . - - - - -  (Yr ,Ar )  i *  

'e  
morph iem o f  a  week cornmutn t ive

groups with involut ions i f  f  to an H-mep with r^"  
I  homo-

- {
top ic  to  l '  '  L t

I " Obs.erve eleo thet for sr\y wesk eommutative

group we heve two cenonica l  invo lu t ions ,d  
n  

and t ' 'X*X ;

' r '  f t ipresents the " inver$e" with respeet to the rnult ipl i -

c i : t ion on X .

Pro rtier: of weak eommutntjv,q r"ouos v,' i th involutio:rs

is an exact sequenee

M: l'* M',.,
end

Ml { l*  Hi ,
ere exact $e qlrence s.

A  based po in ted  space (s . t  
"oo tp i " ' * )

odd-opace  o r  a  7  ( i )  - sPece  i f  ? i l  (X

al l  hornotopy gr :oups ? i i  (X, r )  are '  Z  f  l :

conmutet ive group 'wi th  invo lut ion (  X,z)

com.nutet ive group with involut ion i f  the

7 t \  I  . .spece "  Ry loca l isat j 'on to  odd

(  X , * )  i s  c a l l e d  I

,-J is aueri.al;10
-module e, An /we ek

i s  a  Z ( ! ) * w e a k

spcirc ( X,r.; is &

prime$ lYe P€l ss
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functorialb from weak comnutet ive groups with involut ion

Zr l l  -weak conmutat ive group wi th  invo lut ion.

Ueing "general heimotopy theory" one ean prove thet

t o

a)  For  any (X, t )  ,  a  Tt l l -weak cornnutet ive Sroup wi th

invo lut ion,  there ex ie ts  two | t I  )  
- * .ak comnutat ive

\ . / 5  -  . r o \
group$ n end X together vr i th an honotopy equive-

lence of  weak conmutat ive groups wit ,h involut ion
1  . , ) \  .  /  1  .  c 1  . l  J  \
l . ( X , t ) ,  ( X , t )  ( X " ^ X - - ,  i o { * s ' i . L

b )  r f  f ' {X , , t , )  ( x r , r . )  i u  a  mo rph i sm  o f  Z fb  -weak

eommutetive groups with i ;rvolution, then there exists

t he  rno rph i sms  f :  (X ; ,  , J * :  )  }  (  X : ,  t ' { r l  )

a n d  I i f  X f , * r . )  .  
' ' , ( x i , u " i )  

o r  Z ! ) ' r { e a k
.  cof lLnutat ive Sroups wit t r  involut ion so that the fo l lowing

d i .agren  is  (hcnotopy)  corn-qru ts t i ve '

X, xz

l v  - \  {  - ( v - r  )  j * l X . r ) u n o f i b r e t i o n r . ; i t h
c )  L e t \ A r , T ,  i  *  \ A z , t r l  "  r t n J , / 1 /  u

(X i , t t  ) z(i|  )  *v, ,catr  comnutat ive groups wit f ; r  invo-
i  / :  , , s  { '

rutions and I t 1 norphi.srnso Then X;*L X: f--"*X]
r  " n  

,  ^ d ' J  ,

end X i J-'' X." J are  f ib re t ions ;  Th isX:)
geomet r ie  sp l i t t ing  cor responds en t i re ly  to  the  a lge-

bra ic  sp l i t t ing  in  the  fo l low ing  sense; i f  l<  i s  a

6 p a c e  ( s . e  c o m p l e x )  t ] ' r e n  t h e  s e t  L  k  ,  X  i  o f  t h e

hon io topy  e lasses  o f  maps has  a  na tura l  -q t ruc tu re  o f
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1 t l  -
t t i  )  *  module wi th  invo lut ion end f  V ,  X)-  =

s -  ' 4
I K , X t l  r e s p e c t i v e l y  I r , X j  = l o , X " J  ]

Let t  [o, l . l  *  Lo, l)  be the involut ion given by t(d) = l-a{ .

.  involut ion !  so that  a l l  netural  so$ maps and group*homomorphisms

which wi l l  be involved in ow consir lerat ions are equivar iant  vvi th

' respect to L o Moreover el l  the $rs-co&plexes except the

last one ere weak eommutative groups with involution whi-le the

las t  one is  s rweak group w i th  invo lu t ion  wh ich  becomes a  weak
-  - Y t  ^  ' [ - {  -

commutat ive group with involut ion i f  we assuiqe n !  lv  r  I  .A11

The conjugation with idr, t  
6, t  

induces on Q. (P1,1) ,  & 0-l*I) ,

a dcnr ,1r/o(ra"r 
) , €%n,g, &fr*,r)/geam"i) sn 

r

our knowledge about the structure of

'  understending of  the f ibret ions

A(n )  co roes . f rom a  pa r t i e l

,)* 9A(n'i" f)/g.w,r*) -.-4 d(m'I') --, d (H,I's ancl

E " . ,r, / :rjL@, tTo. 
t,-, , 6rn,tTi

2j*-t*(/u1 
'r')/a(m,I') - 

/e?*,1{ 
/x1rr'I'jo

which wi l l  !g done using the algebraic and the geometr ic c leeompo*

si t ion we have discussed, above etrd Theorem I I  5" '1 ;  one obtains

( see [B L] ,  ano [B L ]  5 $$ 4) the fo l lorv ing:

plgp.gpl t i_on B-"1.  (A11 sns complexe$ &n.d maps j .n ' th is stste"-

ment  a re  assumed to  be  loea l ieed to  odd pr ines .  )

e )  c f , (m" t )  duCM ' I )  i s  a  homo topy  equ i va lence

bi io; ( Qacru'r)/6fn"lr )if i{ t '  ! *&( di^ Y1 n tl
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ror 
": 

( d"t n'')/o(^, 
., ,, ) +

a) Ou( rt'l ) --' d (m ": ) inauce s f or homotopy *ro'ups an

ieornorphisro in dimension t' ( *&(atm H . 4 ) and an

e p i o m o r p h i s n  i n  d i m e n s i o n  r '  {  t ' ' & C d ' ^ H * 1 ) + 1  o ,

r '  n.qo+.i  nn o & (M,I)/^ &rn*I) ,  d{n,4rvhieh
e )  T h e  f i b r a t i o n  5 2 * ' .  

- / & ( r , I )  - \ ' { t "  n / -  
, s

is elassif ied by &rnr ' i )  -  ,d(m'"/6rr.r ,  is 
* ' i^t"1 

*L) *

trivial j-n the sense that the classifyir:; map is r^tu6d'v'i '1 rt)*

t r iv ie l ,
,N

t  td  a re  qq(d ; , f1  *  ! )  - t romotop ic  ,
A

r,lf. i innM + 'r) -triviel '
c '

and 7i "

c" ) Trs-r

equivalence end

trivisl'*

)  T r ' Z  "

L t ' i L

L !  end

1 S

s - {
-  r / t  l -S

. - 2 5
' i i  

" ) -  
6-'r s

*i &
t^t- (din 11 + 1) - hornotopY

&
i s  a  a * ' (d in l ' l  r 4 ) *

a

a

L 1

. For any G r a Ttll-rveek lroup ' end k 8n

a r b i t r a r S r  s o s  c o m p l - e x  , t h e ' s o t  o f  h o r a o t o p y - e l e s s e s  I  K ' G  ]  i *

a group vrhose elene nts are all- uniquely divisible b)' 2 t hence

d- 7 ( | )  -nodure ;  consequentely for  aqv /€[r<,GJ 
end d€L\) ,df

ig  a  we l l  de f inec t  e lenent  o f  [K ,G ]  .  As  fo r  K ] .7  d ( t " t " f /U(m, l )

&€'Cr, t . t /€A6m,I*)  &re Z1)-v,reak groups (s ince vre hsve

assuned a l l  these speces loca l ised to  odc l  pr imes)  \^ ie  det ' '  ne

h o r n o t o P J  c l e ' e s e s  P * t o '  J "  -  & f n r T * * r ) /

p*,o , 
!ur'' 

t. )/€&(r, r, ;- _n*'' 

' ' 
7a cn'io*n)

4 tr ; *R, / . ,k. ___.+ i?r,r\/-&.., ,K.( r  -z (  tn ' t  ' /e6 m,I.)  /  6 inr" l)

Ir'/ f x + n =  f  : c * * r " 7 -  ,  ! o '  ! Z " i * for k >.' 7
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and 4he hc'molopy c/a.rs

r \ ,  -  * -

" ru  
.C  (M. I * ) , /  A  (H  "  l* tr '  /Q6n, I*t

(  
J"  

csn be def ined even for  k

Postnikov term level ) 7 w;lh t*a,

(K) dcu .t.krn, 
r **

y+z t | ,  ,  t ,  f t r ' +4- - i /  t ,  d ! " { x  " L " t
/ACff '1k+ea-r 

--x - 
i-"x*:a k

* A
€fM

- o at the ^&6d,^r4) -trr

and xi* the maP's i'rfl; {;btabow

''8f,,.,:,&

,s
Theorenn B.3o I f  {

/ - t f ,  term of  the sequence ( t<)  is  a  f ibrat ion which sat is f ies  :

1) p**o l**., A' t 'd *" 
J x * iol

2 )  T i * t * * o  ' \ '  o  r  F * . o  J * - o

^-B'- - ,-1) loT* * L**o p**o - id ( trre /  - t f ,  Postnix ov term of

€ffi,t.t/* ".

equiva lent  ny "p(M,1")  to  t  f - ( t " l , t \ l , l  "|  -  
: t

4) The diagrarn (r ig. 51 is(homotc'py) commutative

N"6n,fi7
/&.(n,I"t

I ) /  1
/acn,t) l)1

|<

l&6n^t.f i I '**,, tL /aftr,r).,)f_ p:, t

l z t a  
4

,L

IE c, ,:i*;i \ *Iu'L
t /d(n.t.;1tl;

1
I
I
I

K+tt

) t
"t

\ t , :
i * * ,  t  &(no l " ;7  " l

7.\ /esrii,

Fig"  5



I
l
!
t
l
1
I

I* 4 4

r .  ? .

i l  er l  =  4, r ; - ;  
t l .  , . . .10"

" *!*r. otl.

6)  Ther fo l lowing d iegrem ( f r .g .  6)  is  (honotopy)

with a).:. homotopy equ:',"vaLr.nce , and netural (up to
K+'t

. r l t  r , y l

with respect  to inc lusions M? V^*

comnutat ive

homotopy.l

[CIcv,r ' )o/  1:Yr* l?f* ' r7&""*1 *
| /a(m.r..il-*{: | /€Tn'til,- J'.\ '  r ' r  , J l ,  f x * 1  t  l { ,

\dcn'r,A,,_],

l":
J

&.grr";; I
/acr,,,lJl'

)lld(M:I

\ v "

I / -
.i *"r* o

g  P*+es*  t
1,

c J rFig*
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$$ 9u 74e {unc{ors and /Ae .r/rucfar" y'leremI'

Theorem f f  9,1, . i  For aq;r  geolnetr ie cetegory & 1 there

exist tuoo roo"r";" ?', eL, S2*41rr, ggo far tlwdet';ru'tion o[?fr.u,ot,
n :
&nt

a) { are homotopy functore

b) t t^ / ,  
(X,T ) -r  (Y,? ) i*  a raorphisn with I  k -con-

nec ted ,  V t r / l  a re  k rco r l r l sc tedo

rere exi-sts a functoriel  isomorphisn between the nc) ' lr

runctors f f "od,  f , f r  u )  = ( /acx1 i , r r^)  ̂ ,nu9n,  9 '
def ined o, %, [4r),*o,cx) *--pfu r1 *,// n$aq- Q iAe /a,1e//a/

/unc/or. , n&
d)  I lo r  Bny  (  K ,n)  e  ob 'J rv \  there  ex is ts  &  " t rans fer  nep"

?w'l  ? '(r ,r)  - :  ? '(rrk;rr l )  whieh ,-s e netural

transformetion of functoru f"oor' Vt to 9'" ( x ( k,{)

so thet :

.: , 
'/ ( *r' Kr , ?,'l-) i, rr, N"tl(kr,lo ) .,'{ 

k''?': t{ (u''?' )
r )  L  N  I '  o

.  . :  tP (K,2 )  , . , , ' ,&'  , ,  . :i i )

/ t ,  i i i )  via the identif ication of /" i l  & I with Y'qg ) '"/"#,f)

(17", ^. 7& e), 7 {K.il
e) rq 8>& ror;f,r\r ({S) ,aQ*.,". exists a n,o'pL,'sm

+ l

6.U(X,T),??r,T),-----9tX,r) A i" thst b a TT"** ,.vA
natprar transrormetion t";;; pt end 4{rAC*,1,4 ;'/,%\

- ?& 4e /o,g"//o/ /,ncy'or .rr\

A 
f ) For any (X, y) € od'"/'n there 

Srsts 
n *"0,D 

* A

?'fryil t8)-, ??r,tl so that fr'{t,rl'fr'rrrs"f tx)



g) For ar5r nenifold

t s  4 6 *

ard n with 2nlul*

^ r&(uIfi|. I - gr;^" ^,; (Mr'(* ' ' ' '.r /Afr:tr,j").ro _-7 
(n;rrni)r*"

L;,(t,), 6 I {nt t 
%**, rrn,,-) ;:*t, r,fl)

natural *, '#t ,ue pu"t to 
-tnclts/onrt*o'h!2 

t.{k and lhe '
f t &

is dl2^l respectively b--(an*a ) *homotopy equ

exists the hornof"py 
"tqss

Theorgsr  I I  9 "2  t

k n

f) For anY /Ae &d

k 2r?_ E

(ni , )rw ,I- )o/,

7 r k

pe ct ive l

ivaLence

'there

eakg" \ &

.)

|  *h i rh

I

&r,n

s n

a_

A  -  P  2 n * 1 - x^rrr*r(rl ') I (/ '1^' r )o* '

atura l  w i th  respec t  to  inc lus ions

, coromutes with d): '  ,  and is

hourotopy e quival€RC€ o

Cgsinnents.abqg! Theofems I1 9,1 an{ 9.2 : :

i ) ::h ) of Thgo€q. C-' end g) of TLe g$m D inply the unicity

,t?r,rffi,

whiqh sa t is fy  a )  b )  c )  d )  o f  Theoreml ig ;w i th

ar*!  and /e replaceci  by 4/  as wel t  as l

rhere exist the runctors *: ALSZ*/'

and rL so that 2n >. t r  there exists

(/1 ,

respecli"nl'1

which

and the category
0_

I €  Sp  r  t ' J - ' . ?n *  t  ) '

? f

rep leced

e ) fut and 
?rf 

: f 
Q u*u naturatly isomo'phi c.

q, rtu) )

tvZu*
a afr,l
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* 4 7 r

% up to an i$omorphism of funetors,and gr'

A

ii) fire *,rr%' u)' {(: 
) ----3' (x,s) induce the

,principar riurations n V'{47) . '-f '(4rS -- t U1 denoted
.  A t  /^ ' \  ---r-oy x ( 11) * which c, € homotopy invarlents of ( X, f )

- r b

A and cfnsequentlpr for aqy manifold 17 n 
the fibratiot* 

,
4'6a, AU(n,tntl.-9tio,rrn)* l{fnl. &re tangenriel homotopy

invari-ante of , ' / o

fr
i i i )  Clearly f)  inpl ies that "-(ry) 

f ibrewise locel ised
A a )

to odd primes is the whitney sum of 
q*n(/l) 

and 
-"-(tv)

for er\y T^r,.hence 
we nu6_:ne corumlltative diagrem

?'rt' rl *;874 rt -----' {rx1
'  ?4t ,  f  7-

.n&^l 
-/-Ur) 

*4., 
/ x

y'uft) f"Orl -- {tx)

henee the tr iv ia l i tY of
f t - -

L { l f \ r ' I a Y

x  ( I , {  )  r o r a r \ Y  S

*^(x)
o r

impl ies the t r iv ia l i ty  of

^ . h

. '{bgo{gg II-9*} a (The nain theorem) : Let' t"l

*monifold and let  x+ ( t { )  be the pul l  beck of

by rhe netural mep A- ( n ) ---, { ( 11 )

a

be an

&n t^t 
fu)

xx( fY)  :

dnqn,  d +

7 ""'( r'l,r (u)) * a'uftt )



where

€ cn1--

' [hen the fibrewise

a n d  ) r x ( f ' l )  a r e

[Ea 
( Y) oro ] ,^,p,*,

homotopy equivalento

 

odd rocelisation .of f2 er%r6d(m")'--.&tnr)
&

Ui"l  - isomorphie in Pert icular

I e c r1^)oea Jr{^, are

r +

t "

e { . 8 *

i f

i f

end

Y1 is even

n ie  odd

Coro l la ry  I I  9 "4  : 1) Let Mo be an d. *manifold

with nonemptY boundarY and p , t 4  - - " ) M

-L o |c 
a,  td n Then )r  +( ( l '1)  is  t r iv ia l  and eonsequentely

I  A(nt^)"aa Jr and t  A { ir" '^ ' ,  y,a(t- l^))^ drm),r,  )  r  .1, *(^,
J t  s, I  L

are homotopy equivalent*

so that

& *isorrorphie

* ( f"1) to the

(  M" )  i u  t r i v i s l  bence

2 )  r f  l -1^ is
n - 4  A

to N " S' * then the re str ict ion of ) f

connectecl component of the icrenti ty of &

(eCM*))  ,  r  &. {nn)" r ,  tu  sp l i t  sur ject iveo
.. ,od.d

' )) Le c k be &rI d. -m$nifold with

a n d  F ( K ) = o  a n d  l e t  u s  c o n s i d e r  t h e  d i a g r a m  :

&.c t4, k )"aa 
e' ' & (m. k) 

"ad
---{r,/o a A- --1; ,/K

Q (u ) 
"la 

'' e ' > Q{t-/s"n 
'<

Then for er{f L which has t}re honotopy type of e Ct( -canplex

& t
of dimension l Qs-(n) and any { ' L
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&(u)"*
.'.x iJr

the conposi t ion

has a l i f t ing L Q. Cn, K )o/d

& cu, k )oaor

w i t h  e ' /  ^ '  {
1 4

/
. { .
I=

9:
e

fhe pro,of of fheorems 9.1 I  9.3'and Corbl lary 9"4 cen be

found in I  S l t ] ,  $$ , ,  however we i f ind instruct ive to point

out some steps"

About the'proof of  Theorem !o1 r l  '0ne construct  the furr" toru

as funetors def lned on the cetegory Q. of  compact

-  men i fo lds  and cont inous  maps / 'P ln - - - -  Nn w i r ;h

{ C r r u 1 1  :  r ( / 4 ) wi th  va lues  in  the  ca tegory  o f

Postn ikov tovrers  of  f ) "  accord ing to  Proposi t ion i I .  7 ,4 4

t t T
L t  7For e4y rL

w i t h  2  
" \

category &

=  [ & ( t Y ,

v Y T
- L

one ca1:  const ruct  the homotopy equive lence 
tT 

,Qf t  f  r \ r tn^ l )  * *
,6

.-, V, (u\l.,  (n\^r(r)) , '2" = t r\,r*J;o " t *! i .) l ,
whene t {1, denotes the i- th Postnikov term of 

{  * I f

{ ,  l ' |n c, Nn is a o *codinension{}1 embedding dftrTl

is obviously def jned ; i f  {  is & continoue} m&p f '  lnln- '--* '  111K

s o  t h e t  { * f r t N i )  * z ( n )  ,  c h o o s e  e n e m b e d d i n g

i .  ni 6tt" , N*'Dzs'* (ro" B very big s ) so Er., i  t  , \  Iu! is
q a t  

' )  =  t Z - / ,
homotop ic  to  b t '  when  i ( x )= (x ,o ) ,  and  de f ine  /7  I

,  
ql t f  

/  )  ,  
t f  2s-:  proposit iontr?.r- ancr Trheor-. :ml?.2 bl low us" J 'f ./ z- . . 

- -g_3_,

to veri fy al l  the ststements of ?heorel i l  except f  ) '  f  )  vr i l l  fol low

inspect ing the d iagran ( f ig '  7  ) .

one.ehoose n" 
l "Heasing 

sequence r |  < ' ' "1 < " i
7, ft and Q^( 

"7 ) ,, r f or ar{r ge CIme tri c

For a nanifold f1

s?-  n
h - ' ' '  

' 7  
. -nv 

/a(Y .  Dt t -  
n) I

J ; where ei

eo4A.  one  de f ines  + t ( / -1 , r ( t y ) ) t  =

=  2 r I  i f  t = i  e n d

2 t !  r  7  ; {  t= -  n  As  one  fo l l ows  f rom Theorem f r *  7oZ
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04e
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A
#

^2N+,1
s I )/ zNrt
/&G@.0))

&.1) rn,

Ar*r Y
"/al

2l,rn, fN*t\

\'

4

l i
Q@,D'Y'

/gfrH. D1N*'
l A

d cm: *,y
/ efrf/a"{u'tt

. ,
1.

- rN
&c,^ Krr,sjn,

€r"'d)'/u,r,D'T-n
)

Ju

tat ' ,M *'
r I -____, ? c "

F igo  7  o

( ry, dI-' is the subgroup of q {,1^ f 
*i '  

consisting

of those block automorphi*sms whicl :  are ident i ty on ){  "  5zw+t

9 ( n "  D ' N r t )  =  6 r n , D ' \ ' o  n g ( t " 1  , D t ] ' o  )  \

g: (ryi " D'Njn = &cr1, f 
r 'f, 'BT( ,, 6\'n ({orthe,leftnitton4el see gg.z)

where the er ' rows FrrE def ined as fo l lows : :

4 ,  t o  ,  t ,  ,  {  u  s o c i a t e  t o  a n y  b l o e k  a u t o m o r l i h i s m

of f '1* p:v*.a ;*  H" S'N the homotopy eqrr ivalence nhich

one obtains composing on the lef t  by the cenonical  incluslon M -*
rh1+t  ' .  

:N  - { fu t4*H" f ' t r  11 * ,  lv1" f "  end on the r ight  by the pro ject ion 11"D- ' - -+  H a,

r A /
M*52{- rX (  N verT b,gt ,  5r ,JT '  ,7 i "  ore induced by the obv ious tu
group- factor iset ions ,  L  ie  g i - /en b$ thc inc lus ion g C'  4

r  A /  r A l .

and i '  is  indueed by the inc lus ion of  H*  5 ' ' "  in  )  Cm" p"*11

d ancl d'  sre induced by restr ict ion to the boundnry )(ry" t ' " ; . '

I ror the proof of Theorem X" g,2 one repeat thp arguments in

the proof  o f  rheorem r r  "  9 ,1  wi th  &- tn 'D-)6(  
m" D*)  

.  rep le-

e e d  b y  X ( n * D ' ) o

d_where
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PToof of Theolem II,.-9*,J :i In order to  prove Theoren T" .1 '1

consider the oiagrcn

;*ii.:i*n --??'fi',,cnt)) ;

iFq.X,,,*r* *'{ 
,{Y 

--
s2 dc,r)/arot &cry ----t

Tg8

nS'N &.  c - r {

We f i rst  observe that )4 t ,  is  a al-  C divnt4 )  o a *homotopY

equ iva lence s ince ,  cons ider ing  the  d iagram

& -rrn,
U.(n) rT (m,rcn))

,f
^ t
d (r, s"')

t q'N
I  t "
l 7

6tut

.a
, uV €cny .. 7
I / (/vrjf

+
l - s
I  r ' t '

4 
I 

orlt

I e, {n , 5}a,^. -2N,, (Z(ty, t ,  Jt

( r> &'cn'01,:: €?Pt'14/& + &(n'/#l)/" 7a(r't,r) /gT*,k) . 
/ftfti'*"])

the. f ibrat ions (1) end (2) are '  at i l 'n /"1) -  t t l ral* 
2t*t h e .  f i b f $ t i o n S  ( 1 )  s n d  \ e )  A r e  ( u r " ' L  " / '  u r r v * ' r !  
i u t l

Theorem 4"? and beceuse k ,  32N enc l  r  ( * \  =  z  /o  is  a

a&6d'nt ' / )  -  homotopy equivelence hence {2 !St*

is a *& 6 din" /"Q' homotopy e quival-e nce o

F r o m d i - u g r e m F i g o ? w e o b s e r v e t h e t t h e r e e x i s t s
'q .:"::;".";t;;;-'.- 'rc, [ &r*'{'h,'- ^',1,'  a (au(/t^4)*21 -homotopy equi 'relsnce

'  & ' t cn )  . ' - "?  
' t '

----- ---i, t "/'f74 ,7 {/wN/ 7 I at](c/'n trl ) ra rnakir:g

coramutat ive the diagram

I eowJ f _-*?
t
I 'ttt

L6ov,filt



' 5 2 d

Since any 7 consecut ive terms of  the f i rst  2 l ines in diagram

Fig*  8  fo rm a  f ib ra t  lon ,  
!  

and 7 I  induces  f f ' ' so  tha t

the fol lowing diagrarn is commutet ive

r - &. rf,r^, ', 99 t:'

f s: ?"lh,ru"/)) I ----* l( (r.rru)J *-- \ {fn11
' I [e-J* '') 

I o, ftg.l."^' 
<2(, I !

f n &u's''5(,,/.sri 
ldrn:" t'Y!

i ro / ' [  
-u  

1  1
tc 6tcny I ..* [aru ],,-- 

yicuil
t tarn)J 

u 
> L'.r \' 'r

A b o u t  C o r o l l a r y  9 , 4  :  1 )

affi) - &rm) facrors through

hypothe si  s Kf i)  r  yn)
l

z )

decompos i t ion  g iven bY Theorem

, r o(,1

Sinc"  52n is  an t r  *homotopy equiv* ]ence for  u  4  d 6d inM) + 2

the esser t ion fo l lo ivs"

fo l lovis immedietelY sinee

Jt(n) nnd because of  the

is  horno top ic  to  the  cons ten t  m&P'

.F

follorvs froxn 1) and ftortt the

r  2 . 3 . .

5)  fo l lows f rom the  fac t  tha t

is  horno tcP ic  to  the  cons tan t

( oy Tkreoren I 7./ ) .

& &
-2 /{,v,rl"r,/@l*

n e p  s i n c e  Z ( K )  = o
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$$ 10" Probl-qrns

we end up this survey with 6 few problems whose

will give n deeper under.sta..di-ng of the functors /A

P o 5 )  C o n p u t e

the higtrer order K *the ory re$PectivelY

theoy (wi t f r  r rar ious poss ib le  c ie f  in i t ions)  o

solut ion

,9' / , ,r
*

t ? -

and .,{ 
- 

and et the same time wil l push a l it le further our
&

vd/aet o/ afrt
knowledge about the stqu.cture of .d(n)'  

'vdutetoy' '<](ft) '

e ,t 'tTAe es/ir' *fe o/ a,& fr,tli I'rlri nf, Liilpt,U /o 'tyo'arcnntfr; /'nh;F[pP. t lTAe es/ir *fe o/ ?a ,s "flir'rt| 
tosi"lt,

po2) Does d) remein true for d - local}y tr iv ial  bundl-e

with a crosst ict ion ? ( iurportant consequences wi l l  fol low even

this hoppens only for sphere bundles associated with vector
&at

bundlesg for i inet&nce this wi l l  inrply that  f  gre actual ly

def ined on A 7

1 T
p.r )  whet  can be sa id  abbut  /  when 5 is  a  f i .n i te  cover?

P"4)  StudY the f ibrat ion *& , * ,

T, (  teaD ,r ,  f t$ogo) , 4'c "4rrxil
.t_(,u,/T 

lg
. -/ Y". r,

P*6) Which is the relet ionship between 4 (  {  K(C'  U))

+lrn 1-- i  *hon nz.r lc : r .  k  *+ha nr-v T ic lsnect ive lv  Whi tehgad -

ancl

P. ' f  )  r /h ich is the relat ionehip betvreen

the elgebraic ni lpotency (eventuely

bra ic  n i lpo tencY) .

P . B )  I s

free

T, ( /'r(rrqil/ana .
higher ordtlr alge*

7, ( /,,f ( r(c.i))w \G,>.oil6is a finitelv genereted

abe l ian  group '

& , o G
P.9) Does prq' Y(x) ^ * 7(x) deloaps

ftt*il, 8&(X) --o B /ff) whielr satisries
'  

* o a l l r x l ? o ^ *  . *

f n

+ l^^

a m8p

game

n

prope r t  ie s
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