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§§o0 Introduction

The geometric topology, in the present stage of his deve-~
lopment is mainly concerned with manifolds : differentiable,
' piece-wise linear and topological, As it is well known the first
problem of the geometric topology is to understand the structure
of manifolds .and their classification ; the next important problem
is to find out the structure of the automorphisms of manifolds ,

and along these lines the understanding of the homotopy type of

the spece (topological group) of sutomorphisms seems to be very
importent. Besides its general mafnematical interest which is
certainly related with topology , geometry and mechanics , the
researches on the homotopy type of the group of gutomorphisms has
suggested and stimulated be autiful mathematical problems and
progresses in the field of homotopy theory and élgebra.

The present "article” is a sort of survey about the pro-
gresSes towards the understanding of the homotopy type of the
groups of sutomorphisms , which have grown up from the idews
of Cerf, Morlet , Quinn, Antonelli, Kahn, Hatcher,Wagoner)Lashofr
Rothenberg and Burghelea, It is certainly incomplete in refe-
rences and tahnicél.results but we hope not in drivingvideeas.

The categories where the objects of the geometric “opology
live in are g%ﬁ ,5?f ’ 5%% y Which we will denote from now
by & : Z goese o We will write @ <23 to indicate
that (% is finer than ~23 y (5afis any Object respectively
morphism of (fi has a well defined structure of e@bject

respectively morphism of u%5 o The objects of a geometric category



B e

are compact manifolds with boundary (possibly empty). For

such menifolds we consider the topologicel group of Coc.' dif-
fedmorphismsw, —@z//(/"l) endowed with the Cw—topology if M
is & differentisble menifold, Homeo (M) the topologiceal group
of hom%morphisms endowed wit'h\the compact open topology if M
is a topological manifold ahd- the simplieciel group of /o.zp-—homeOM
mQrphiSms 73{’?'7‘//) z‘{ Mis a p.[- menifold ({vhich is apparentel;y.

~ less natural as in fact the entire 7)/ ~category but very
useful for the understanding of Q//M and %5/‘7).,

Since our objective is the homotopy type of these topo-
logical groups, it will be convenient to‘ use the semi-simpli-
cial description of these Spaces (see [B.L.R ] ).

_ For a geometric category (X and a menifold M« o4 &
with IM = a*/"l il o %M NAM a codimension one sub-
manifoid of oM , we define & (M 9/\7) .the s.& group

. Of (3 ~gutomorphisms whose k ~simplexes are & ~gutomorphisms

/z:/vfo[k] S MxArx] commuting with the projec-
P—Z\s A /Pl tions on Alx]  end with
EKJ : /2194_”’( A[KJ = L‘C{ z

In perticular , if we take D_M:qﬁ we denote &(Mj @) by

| &(M) the s.s group of @ ~gutomorphisms which restrict
to identity on oM We also use the notation  J((X) for the s.s associalive

monoid of the fzomofopy eﬂtu'va(erzces of X X bé:’ng a t'cpo"iogr%aﬁ space.

vT/?e Prolslem Ke are in‘l"eyg“fea( in (dn now be é‘aS‘l:[y 7[o7mu/c‘z{eo(.

Problem A: Tescribe the homotopy type of &(M) i.e . honoteopy

groups, Postnicov invariants , etcCe
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Problem B : Describe” the differenceigigﬁf{ﬁéVhéﬁétbbyvﬁdiﬁiwg§x
venbetuween (XM ) ana: ZB5(M) for o sk and
-Mé 0‘5 & , i.,e, the homotopy type of the s.S.

compléx '23(%4)/6%(%4);

Until 1968~69 very litle was known sbout the homotopy type
of @(M) for manifolds of dm M>»3 . One knew only:

L

1) @(M) have the homotopy type of & countable W~

complex - @ general but very weak result,

>

2) The‘group of connected components (in fact how to
compute this:group) of (i(/\’))_> a particular but deep end sti-

mulative result [C] (for I (M)=0 ),

3 : ; n n
3) Some nontrivial homotopy groups of ’@‘//5 and Q//? D
 computations due to Novicov , Milnor , Munkres see [N] and[Mu]J

and- of course q

n s n
4) The contractibility of Q/(D) , and /0/5 £

obtained by the "so cdlled" conning construction or the

Alexander trick.

" 5) The homotopy type of &(MK) for N<2 ; for manifolds
of dimension néi there ie no difference between the clesi~ -
sification of differentiable , piecewise linear and topological
menifolds and automorphisms,end these facts are reflected in

the homotopy equivalence of ’@%/(M) ; ZEL) . r/\c;p ol

A11 these spaces have the-hc};{motopy type described in [G] :
- the
their connected component of ‘identity being a compact Lie group

Ll
(50(2).) S06s7:, 525 5 5 ) ; this is a consequence of the pioneering.

~

~

work of Knnesev, M.H.Hamstrong, S.Smal€, J.Eells and C.Barl?, etc,
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6) Even for the simplest possible manifolds, nemely M,
n B ® : .
S oo JtiE nys5 @/ﬂ(f"l)has the homotopy groups & rich
enough and do not have the homotopy type of & finite CW =

complex [N} [A,B,kJQ’ .

The new developments (éfter l968~69))more precisely those
which we intend to discuss in this articlg}have been greately

influenced Dby :

1) Smoothing theory for p-l = manifolds as it has been
developed by Hirsch~-Mazur , Lashof ~ Rothenberg , and the smo-
othing theory for topological manifolds respectively the trian-
gulation of topologicel manifolds as it has been developed by

Lashof~Rothenberg , Kirby-Siebenmenn,

2) Brouder-Novicov-Sullivan-Wall celebrated work sbout

‘surgery,

3) Cerf's ideeas about concordances. .
we will explain these new develop ments Qs follows :
Brabilew Bt Pavt T

The homotopy type of CL(M) at least in steble renges
and 1océlised to Qdd primes (the meaning of stable ranges will
' be explained in Part ITI §§5) is reconstrucféd from ths homotopy
type of the s.s group of block automorphisms é§(PT) ( which
will be described in Part @, and Céﬂf (M) or )%7f4),
oo =loop sSpaces associated to bf4 , whose homotopy type
are tengentisl homotopy invariants (there is much evidence to

believe they are actually homotopy invariants).




These o0 =loop spaces are direct factors of the
Hge ~1oop space 7/7[W7 deflned u81ng concordences and which
is a homotopy invariant ; ]ﬂ /ﬂ Jﬂ are new homotopy

weak’
functors with values in LE‘\homotcpy category of oo -loop

SpaCeS*) , intimately connerted to the algebraic K ~theory
Vand Whitehead theory of hiéhefqorder y, end they prdvide the ho~
motopy the ory with new obgectq to study‘fhe discussion on congor—
dences end of the functors 7/f éb“- is contalned in
Pert Il.

Initielly we intended to collect some important applica-

tions in Part IIT about :
1) Homdtopy type of 75p01) ,‘ P101) ’

2) When &iﬂ —> P, a continous map between two compact
manifolﬁs,is homotopic to a locally trivial bundle .

- v " i - - ."n
%) What kind of differentiable homeomorphisms from 2. oA

homotopy spheve to S do exist. 7
Since at the last moment we heard about new results which
it
cen complete substantially what we know about,we believe pre-

mature@to discuss these @spects indicating only -&s references

RPN s W R .

)The objects of this category ere o2 ~loop spaces and the
morphisms homotopy classes of o©© ~loop space ma&ps ; &
homotopy . between two ¢© ~1lo0p Space maps 710 and7(
requires kto.!ss eaco =~loop space mdp for any t and we say that
f,and f, ave weax homotopic if [{] and [{31, | the Postnikov k. lrmg

of foand {1 Ave homoio,mc for any k.
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Before startiing our survey we mentien somé deﬁ(m‘b’ons
and notations . According to the usual conventions in homotopy

theory we s&ay that =

1): two spaces (s.s complexes) X and Y have the same k -
“homotopy type (or aere K —~equivalent) if their k~th Postni: >v

terms sre homotopy eguivalent.

2): G is = week group if it is & group in the homotopy

category of base pointed §.5- complexes ov spaces,

Z)s f is a k-homotopy equivalence , resp. homotopy injeetion .
resp. & homotopy surjection etcy if fk'- X,:"'Yk (where ><K’Y.,< ,](K 3
sre the Postnikov terms of X ,Y, {) is & homotopy equivalence resp.

& homotopy injection resp. & homotopy sixrjection S

4) £ and g are weak homotopic if {k end 9. , the k-th

Postnikov term of T and g are homotopic for eny. K.

One oberves that af .][:Yk ———> Y,\ is a k-homotopy equivalence
from X to Y there exists a (k+1)-dimensional (W ~complex K
end the maps fl: k —X%, 3-“4*?—"\’ 50 that‘ Wifi) akC ) 1ife
v < k+4 ; moreover one Can assume that gxbf;d= G;;g‘f»"f“on 7 (X)
for (4 Kk where O and ¢ are the cenonicel projections f—'X“’XM
G:Y —Y,.

One says that two n-manifolds V and V' have the same tan-
gentiel k-homotopy type if there exists & Kk ~homotopy equivalence
]ﬁ\éu—;. V;: es gbove and for f andg constructed as above fr(T(V))

= 3*(T(Vl)) o ('Mor.e details about these considersticns can be
found in [B.LeRo])e

We will denote by J& the category of finite Cw/—-complexes and
continous meps and by v/~ the category whose objects ere pairs (X,%)

consisting of & finite polyhedron and & stable (9( ~euclideen bundle,

X
WOE PR S e P?h\ 1™



Part 1.

§§1 (Clessical groups of geometric topology end

Problem B

Let us denote by & (n) the s.s group of (X ~automor-
phisms of R™  fixing the origin. For (1= 'Q//{ i Qeny s
" homotopy equivalent to Cmy = the ortpgonal group. For
CXY“§>£ or ;95k>~ we keep the standard notation , Plen).
end Top(n) o

It is also convenient to denote by Gm) the s.s associa-
tive monoid (:weak group) of proper homotopy equivalences of Rn

which fix the origin .

We heve the obvious commutative diagram

.-O(n) e O(mi) Ty O(”,”)f““——’Q‘w) i O

g |
pl_(_n_)(———-——‘; p[(n+1)c.__..>

le

pl(;uf,)r-»- —» Pl(so) = Pl

~

Top‘m)r""* Top(ns1)e=- — Top(n+i)e ~Top(es) = Top

~

: G(n)f" > iGatined o IR e T O _}'GCW) = G

where &CQO) respectively G (o2) are E_lzl Cim) respectively
{_I_Y);l Gy . The homotopy type of O , PL Top
are pertly understood (and we assume for the purpose of our

considerations they are known). For instance one knows ) 5

G/Top ! G/PL : TOP/PL NTOP“L%D((Q)N K(Z, 3)ifor  n2b )i
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G is the "so called" spectrum of spheres, ite homotopy

groups teing +he stable homotopy groups of spheres.
The results which will be discussed in this peper give
~ valuable information about the homotopy types of the groups
Ay see [RL] and[BL] The PEoups Aoy (S(ﬂx’) are usually
called the clau81cal groups of the geometrlﬂ topology.
There exists a natural mdp 1]}‘ dm)/a T Q&Cmﬁiy(’l)

ceaiiled suspension and defined as follows : "For h an & -

n Sl gy
sutomorphism of R fixing the origin and 0 ¢ t ¢ 1 ;

consider ):‘3(? I nCliiny (tn+1) defined by the formula
& 1 ,
sy, Chohye R 2 (5_}% )°p.t whe re )?t is the

rotation of angle 17  in the plene of the first two coordina-

R+ d
tes of R i ¢ Clearly Z:Pé? defines b1 R dcm/ PR

w0 e

following diagrem 1is commutetive

Qiff
OCn)/Omd) ____1‘_;_?__—-——-—) LW Omth) 0
I )536 !
PLoy /i s e P
T. ! ZP%/L) Topn 1)/
OPM)/TEDPU)-&) G Pl Tapmy
G o )/Gcn-*) "—’ZB""’/> - GCM“/G )

&53

If we denote by the homotopy theoretic flee of
a(n)/ /3(71) ‘/3 & & -//3/&
Slovay /9(,,, 1) ) )7“ ‘induces 20, —

—9&2778 Bor eny @i ~manifold /")n, let @&(M ) be the



principal (Z(ny bundle essociated to the tangent bundle ;
clearly @&(MU /3 M™ conteins 5‘3&(51‘1) as principsl
subbundle ‘o,If i . henée Ry i T , to the
principal bundle p&(M ") we 'a_,ssoaiate the bundle _
Qm}/&m‘)““ f@& = M- (v) whose fibve 18 @(”)/@(m %
this bundle %& has 8 cano;lical crossection S. '63&("7?/3/«7
cpntains gg& (M) as subbundle | and'- the canonical cros-
section of EJ%&(JM) over oM is the canonical ci'ossection

of C\%a (e 1) ; . With the bundle 5‘3&(/‘7) we can 8lso as-

R&

n
sociate the bundle‘,rw%&(Mn) with fibvye F, °  and the

h"j //nl‘- By e e F/Jg’({k (7 -——:/9&

(M,n,,f QI" MK > it ) [ % : o
bun@lefa / .ESP"""-’:@,(&}Wlth £abYe 7. FeaR 'Lm;’ i?hem the suspen

n

J

sion Z_PQ& ~extends to

B o NG

e
e e

Let us denote by F({%&)the 8.8 complex of cros-

MYL

sections of (%) which agree to S on oM , &and by F(?;Q} 3_/"7)
the s.s complex of crossections of () which eagree to s on
%M and lie in %&(_3/‘7) if restricted to o M o The

‘differential of &an T3 ~automorphism definese the map

by BOU2MY o, — (a2

B

The following result has the origin in the pioﬁééring
work of Cerf [C]23if has been stated and sketéhely proved by
Bl s ] end proved in 15/—]1 (We call 7£:X~——9 ¥
an I.H.E - mdp if it induces &n injective correspondence for

connected ccmponents and an homotopy equivalence on any
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 connected component ).

5 n ; |
Theorem I 1.1 Assume/‘/} an & ~-manifeold . Then

e ) OO 32 M)
Bé /ém*gam BA&

is an I.H.E. map provided d_.@,// . 93’ Pt or A- 9///) pf,"
5&)}:%/’3 and 7N #4 2_/‘7:¢ or (3- Q/// y o % ?ﬁr/;/o and
n# 49,5 . . .
| ki Bois paralelizable and d M= then /'YZ%&)

St M@b f/\f, 217 | \g(n)'/&'{n) ) i

Corollery I 1.2 :

2y Gy (0"~ 27 (Mo, )

b) '@"//(Dn) G an( 75/3[’“'/0(7:) )

Corollary I 1.3 : For M- /\/"[, Q_M=N”“} the differen—
BT @M:qus)émﬂM;—~—~>/’/@fg&:£w).- G

~—
or)@‘ Jog - and’ nZ4E .

tiel o/\@/&

is an I.H.E mdp provided @: o
Corollary I 1l.4: B K”Q’,Q// |

s Z/“’J ‘é)%/
S $2° A D
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§§ 2 Block automorphisms

The surgery methods , amoﬁg many other things give ho~
motopy criteria to decide vhen anhomotopy equivaelence is ho-~
motopic to &n @ nautomorpﬁism. They are =2lso able to say
hpw many such automorphisms (up to an eqdivaience) correspond
(i.e. &re homotopic) to an homotopy equivalence o‘The right
eQuivalence af el ~gutomorphism which follows from the surgery
methods turns out to be not "isotopy" but "concordance" . To
understand the difference it is very useful to recdll their
definitions simultaneously :

" 61)/{2.‘/\4-——-———.——9/\7

are isotopic iff theve exists

an é% ~gutomorphism VR A O L commuting with the

projectioh on. L 4 wibh //,/ﬁ4*20} = Ai and ///VWX;,gz 423

they are concordant iff thers exists an (X ~gutomorphism

/«/: My-l’/_ _,_,...«-—aM)sf with /{/Mx309:/l4 /‘//M"‘f15= }2.2 s

This definition suggests the introduction of dn other s.s
group C?(f7) (which contains (X (M) as & subgroup) the group
“of b;ock mwautomorphisms ¢ this gfoup is naturally related
to the surgery méthods and smothing theory methods . It has
been defined simultaneously by —.any authors -~ Morlet , Quinn. ,
Royrke~Sanderson-Casson  Antonelli~Burghelea~Kehn (é@e[E&L[R])

A k ~simplex of é%(ﬁﬂ) is an (R -automorphism
hMs Ak —— MrAteg with h | Med;(dr<)c Mxofi(.d[kv
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end h [OM x Alk1 = d BV ovmhenely CHMIsE MY wen
be viewed a&s an approximation of C&(Pj)e The interest of é§(ﬂ1)
cohes firstafrom the fact that both problems A and B can
be, at least theoretically solved via the. right parametrised °
version of surgery theory :nd smoothing theory. We explain

bel ow what we mean by at least theoretically solved and give

the results of [A.ES.Kja (which have been aslso proved in part
by Quinn in his unpublished thesis). For this purpose let us

‘denoteAby (M) the space of continous maps which are homo-

%%%?hééﬁiggiéxgggéfz%%%h tehnicael reason we will describe A (/)
as an s.s-associative monoid (or week-group) whose k =simpleyes
aré homotopy equivalences k:./ﬂxzﬁrkj S Pq”ZA:kJ
with h (Mxd;ark1) ¢ Mxd dva h|aM> Alky = id.

The results of [A.B k], allow to reconstruct & (M) from

1y 9€ 0ot :,2),,P4@P5(bj:g/ﬁp ) or Maps (M, 6/p; )
0rjﬁapsﬂﬂ,c/b)) , : ' - P .
3) the algebraic L ~-theory of Wall which is & functor L
from the category of groups with orientation ; f%r(%*- to the

h
homotopy category of oo- loop spaces <2 so that T; (L(G,&0>

S L‘L' (G)w)

* 3 - > oy} 3.
)We also assume some tehnicel crequirements namely to be "product
like" near corners (see[BLR) which allows us to define the
degeneracles. ‘

**)A group with orientation means e group G, together with & group~

homomorphism @:G — Z, and & morphism of group with orientations
2: (G, w,) —> (Ga,w,) is a group~homomorphism {:G, — G, making
commutative the diagram G..£t. G, .

' Wz



W AA - T

~~

[AY
‘ G i
By Alexender trick ‘//‘)C”(Dh) and /O/J(D ) are contractible
and by smoothing theory Q%/( B ~§'2n”(Pl /O) o

e B
Theorem I. 2.1 [A,B_l[)ﬂ a) / //(Mn) e
pra U R )
is en homotopy equivalence -

B 0]
b /@%/(M")

—> /")d/by (/‘/))ta/‘?n; TO/’/O * )

- )

is an homotopy equivalen'ce fopr - - 24
: ¢) '/0/0 (™M //@/4(/\7 -
e T M e )

is an homotopy equlvalence for Noxs .

The orem I. 2.2 [A.B. K] :For n> 5 the natural map

n+4

] d:}((M)/@C(M) e Maps (M, oM ; G/ x) hes as flbYe O(L(T(M)w))

. where the orientation W: JL4(_M) e Zz is the first Stiefel~

Whitney class.

Theorem I 2,2 mekes clear the importance of the slgebreic
L-theory for our geometric problem. Most often by an algebraic
theory we understand a system of functors T, s defined on dan

; : g ! n o ; : I et : ' .,.‘YJ#—,‘,.
"dlg_QDT&JC cafegovg &kc) The cafeaoY? O G P, 5 HoRglet with ovientdlions

)

P

fingg . ete " with velues in the category o1 groups,
satisfying some neturality-properties which resemble to homology,
K-theory etc. All the nice algebraic theories we know can. be
obtained from functors defined on an "glgebraic category" with

reaw
.values in hhomotopy category of ©° ~=loop spaces , composed
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with the homotopy-groups functors . It was Quinn [Q] the
first who observed that the slgebraic | -theory can be obtained
in this way.

An other algebraic theory which relates the two sorts of
glgebraic Le~theory is the a»lgebraic‘ A ~theory .invented by
Rothenberg ; it was proved in [B]1 that this theory can. be
obtained from & functor A: g———a QA with ’g the category
of groups. The geometric significance of the algebraic A ~theory

‘ & & 1
becomes: deeper when one compairs (M) ana G (M=*3") y

Theorem I 2.3 [5]1 For any manifold M"e ob@ there
exists an obvious map &co: G (M)~ Q&(M) &(sti)
if OM#@ end L dieri 2 E 8" st

if @M =@  gsothet dite horﬁotof)y theoretical fibwa &F(f"l)
‘is homotopy equivelent to QQA (7(4("7)) if -n35 - , Mopeover
ST ace) e mma i G0 s A0E) | it
contractible. (The homotopy groups of A(G) ere the so celled

Rothenberg groups AL- (G) ).

Observation . From Theorem I 2,% it is clear that A(G)odu

is contractible since /4; (6) are all 2 =—primary groups,

1 ~ 1y o S -
hence & (M~ 5 )oda[ is homotopy equivalent to (Q(M) x Qﬁlm)mg

i DM b e el AGIIDxS2E O 8" J oy . inoN

=@ ne>, .

We also know that the "localization to odd primes" (which

Jooses the 2-primary information) suhstantielly simplifies the



description of the structure of the algebreic L~théory as it
was noticed by Novicov , Karoubi etc. We will see in Part II
hoﬁ much we get outside the"prime"2".(ioe. localising to odd
primes) about the structure of (X(M),

I should mention that since the appeerence of [A BB k]d a
lot of work has been done towdrds the computation of Wk(éi(P4))
for Cﬂ;:&;%&V bateat as.net. Ak the intention of this erticle

to report about,




Part II

Some hystory about concordances

8§ 3.
&

The introduction of 157(7V7 for ithe purpose of the under=-
standing ot X, (L (M)) (g(,v,) Q(MxT; & (MxT )= Mx11Y)

is due to Cer{g He notice{ first the isomorphism between the
homotopy groups of B (7;) and the relative homotopy groups
of (SZ;;Z') where # denotes the space of all Morse functions
on Mx] end ;z‘ the space of Morse functions with no critical
p01nt& (both endowed with the er ~topology) , and he begaﬁ
the 1nvest1gat10n of the se relatlve homotopy groups filtrating
E by codimension. In order to dEuCPlDe the low dimension
strata which ere necessary for the computation of e (;z-r~ ) he
uses the Thom theory of universal unfoldings. Cerf worked out
the cese of simply~-connected manifolds and much of the geometry
involved in the nonsimply-connected case was developed by
Chercigner and Laudebach , The full computation of a, (57
have been done in the nonsimply-connected case by Hatcher-

Wagoner [H~\U] and Volodine In our considerations the importance

&
of & (M) comes from the following resons:

1) "Concordances" gllow us to formulate the disjunction
lemma as noticed first by Morlet , and this has remarkable

: s
consequences 8s one can see from Theorems H‘42,‘L3,44,6-3 (§84).

Mo AW LY
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2) "Concordances" have good stability properties as was
noticed first by Hatcher [ H} for Q- Pf

Remarkeblie connections between "goncordances"” and the
classical groups of geometric topology have been noticed since
long time by Kuiper-Lashof [K.LJ and they ave bas.~ nggrednﬂdf
in the prcor of slab, L{V for Q- 9D, [{ - |

Recall that for a manifold M eob & we denote by é?é?ﬁﬁ

the s.8 group é?(7W>I e 11}) . Analogously we define ff (™)
as the s.8 complex whose k~simplexe8 are CQ ~gutomorphisms

I flep s Mot s e elEsiele #0 Jom el il kv i
h.lASYKTX( Ix3M U foyx M) = id . plus some extraproperties
(near corners) whichﬁ?llow'us to define the degeneracies. As

one easy notice , 1? (T4)is contractible but this 8o SgTOUD
is still interesting since it p@rmits a simple geometric descrip-~
tlon of EBé;kPH the classifying space of é?é%”U es the quotion
g (M)/&‘ (M) - Having defined Zg (/‘7) and Bg (M) we
can formulste for them Problem A &nd Problem B. The homotopy
reduction of Problem B has been already discussed in Part T
since é?é%ﬁf): é%(77”['; Mx4sF ) but we will come back to it

in this Part , in connection with "stability".

§§4 Morlet's disjunction lemma snd its aspplications

As we have mentioned above , one of the main reasons of

our .interest for concordances comes from the possibility to
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formulate the "disjunction lemma". This lemma , & beautiful
piece of ge_ometric topology has been stated and sketchely proved
by Morlet [P’io_] . A complete proof following Morlet's ideeas

has been given in [SLR] and a different proof has been also
produced by K.iillet M ]

Let (\/ 2V ) be a compact manifold with boundary _
and f+(D),2D") —s G g (0% 307 s (VL IV )
be two proper embeddings i.e. they intersect transversaly 2V
end 'f—d(D\/) Tesp. 3“4(3\/) are = TESp. D1 . Assume
that f( D) ﬂg( Di) & . For en embedding ;to as asbove
we define Tg (D Vi f) the s.s complex whose k~gimplexes

P i n :
are embeddings {x Ay > D ——— ALF1 » T X/ commuting

with the projection on Arx1 end satisfying the following supple-

mentary properties :

P n :
1) Ll,c-‘(f"D ) —“—'?(I"V )Vintersects transversally
i 0 B o D) ‘

2) z'lt‘_[;‘gbp .;l‘JI ":{ and‘ /L't)ioﬁ"Dp:fo

Theorem IT 4. l‘> (Morlet‘° déi}:;junc‘rion Lemmeli . 18 W92
£ % Iy
end h=p»3 then T (g (D Vol - ), g o), f) B

Lé.?n-/a-—g—b' N & \/’M one requires 725 )

We may sqy thal Theorem4.1 has been slaled by Morlet only for 2- 'Q/ and

¢ S Lok @E /679 thie Theorem is due to Erick Pedersen.
(see Appendix in [B L R] Y

The hendlebody-structure of & manifold , tle obvious



relation of spaces of "concordences of embeddings" s&ssociated
to @ handlebdy decomposition &nd the relations between spaces
of embeddiﬁgs andéonc?rdances of embeddings (as for g}stance~
the fibrstion ﬂté'(of}?;t[j ""'“//”“‘?EZ'OI,DM}}() SRS (@f/%' f-}
for n-p 23 permits the proof of the following theorems ([BOL.R‘]}

S -

: i :
Theopem T 4:2: Let \V be & compact k-connected

menifold , N%6 and D 'c IntV . Then
2 n

o Q-8 ;7(].(&(\/)/&(0,3) o (R )
is en isomorphism if 1) J£2k-3 (k¢n-4 if 2V not
l~connected or h=4 ), J‘szk-.z :‘7/ (k+1) < /s

(t;xa’;—i—ther K= 2,4,5, 6 (Mmody)

or . TV is triwvisl ove,r' the (k+1)~skeleton.

i s -

b) é’?pf or /6}6 : 7(;[&(\/))*’“‘973((9(\/)) is an iso~

morphism if

x) (]‘é inf (2%-3, k+2) (k¢ n-4 if OV not l-connected or n=5)

2) § € 2x-2 if (K+1)< oo snd either k=29 or k=3 and
TNE is trivial over the 4~ skeleton.
s n
Theorem II 4.3, Let V be & compact k~connected

menifold nhz% eand Bile Tnt W e« Then : a) C9f:‘@’//

s &
Yz b o 1 :
’JZ{“[f o ))——97;(6 (’\/)) is an meorphlsm for
519) 0142/«4/ (kgn-4 if oV not 1l-connected oi' n:% )

2) €22 if ken-y ( (k1)< end edther k=2,4,5,¢ (mofg)
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or TV ‘is trivial over the (k+1) ~skeleton

- o
v) &P or ap T(EC): o if
1) jgm{ (2x-3, k+2) R of- N not l-connected or

2) j¢ak-a if (K+1)< "4 gnd either k=2,4% or k=3

eand TV is trivial over the 4~-skeleton of V o

n (.
Theorem IT 4.4 . . Suppose V , V" are k-connected
compact manifolds of the same r ~tangential homotopy type
. o=y { 5
VAR R S A (V) UG .
fo > T+ . Then /@(v) »and /d(v‘) have'

the same J ~homotopy type for
a) V@: @,Af if jé_ l'n/(zf'—dj Y+ K-14)
b) @t 6)8 or (T/;‘Jﬁ if q’ < in)( (21'-4)Y'+k-1'1‘+3)°

n

Theorem ITI 4,5 .Suppose V' and V are k~connected

)
compact manifolds of dimnys and V eand V  of the same
v ~tangential homotopy type W/ >¥+1 >k , Then 5&(\/) and
—5&( V') have the same J ~homotopy type for ’

a) Q.- 9/// jé inf (202, ¢ K=2)

b) &:@/ f‘;?% ‘]‘$1‘n/(2f—.?.) Y k-2, Yi2)

5& &)
These theorems shows that for both (M) and /&’(M)

the Postnicov Any -th term depends only or the tangentisl
homotopy type of M, where A2 __ Z* is an increasing

function with A (ny 27M-2 .



§§ 5. Stability

‘The next remarkeable fact about concordances are their
- stability properties. The "stablllty" has been discrvered for
| a = by A. Hatcher [H] and then proved for Q- «Q/}’
by Burghelea Lashof [ BL] . The proof for e - e G is &

trivial consequence of the relatlonshlp between Q’f ~concordances

.

(’\/ -
and A -concordances for a p—»/ -~ manifold. Unfortunately

for 8 momént the proof of the "stability property" of concor-
dances for C%= Qf/ " r/\;% depends on the proof for &-‘ //“% ;.
we don't know & proof mmultaneously true in &1l geometrlc
catgeories. To explain the stability property we describe the
"transfer mep " for concordances 8s we will briefly sketch below.
Let £ -£58 be a locally triviel (¥ ~bundle L E,Bcad X,
called .LOT' chartin L2 -bundle. There exiets: vl de{méa' homolopy class

>&
F Q’/f 'C% (5)/5 bﬁ[[/f(f)called the utransfer map satisfying

the following propertles 5
B 52 E .
1) /: AT Ez : "Es are two & ~bundles then
/§2 f4 /? Zfz

AR : =
2). 0k /\/c@’1 ; §:E-=>/S is an (¥ bundle K 3=%: T (M-N

is the restriction of ’g" to NV en ~
Y 1§(B
s }/g&}/w /ﬁﬁg)

: Sk
ot 5 E, K (E
e )/fé}[) /z‘f(é")

/ b
£ = ~§ (N) , are the natural s.s maps induced by the
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5

, then /?NB E'E /
7@’

3) ¢ Dy& ana 6 {(‘3)/ (/3) o (Bé“d

C3)
are the s,s-maps defined bv regerdlng a ~concordances as

W, n /
irchusicne. NG vapd: BIeE

\@ ~concordances , then @&

If ¥ is the triviel bundle and K its fibre we will
\ K :
write [ instead of Lﬂ

The reason we call {§ "transfer map" comes from the

fact that for 6 & /finduceu

2 P 2
/5(9( /& T [Eé(f) g[‘m%?%:)

& ()

in "stable ranges" behaves like a generalised homoeody theory
while {% & like the transfer morphism associated the fibra-
tion £ —— /M . |
Since we are able to.prove the expectednalgebraic pro=
perties of the "trensfer map" only for the trivial bundle,we
will define Lﬂ only in this particular caaeu If K is an
& —-manlfold with empty boundary define 52[ {O;M) 6/[/%/«)
by fltj (h) - i 16/1 . A camllar definition wég}fs for f(
" and therefore it induces { £ f/‘f/{.éf‘ sl (/%/(%5’ bt
(I7xK)
Assume now OK# & and in this case r‘egard K as K, U Dkselo 1)
i.e. we specify a particuler collar of the neighborhood which
we identify with Ok'x [o,1] and denote byv K, the closure of

the complement of thls collur. We dehne again the group

homomorphism Qf : {(M) i bﬂ(/%v/() as follows :
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For & concordance /{c— K[M) 166 A Mxd — M"f)
I=10c 1]

we consider the (X ~automorphism h rcé M n il
-’-%’M"/(;‘Z) /&HJK is not yet & concordance since Ax:z{k is not
; o
identity if restricted to M»x Ok, xI -, but  hox l‘dak (s

'< [e]
. & concordance , We constiruci & concordance Qi_ (4") teking

K
Q{(k)=hxldk on M)‘\<°XI.-

o

end rotating the
concordance hs "ABK around M™M=x2K, ’inside M xIK,«lo1]x]
2 ;

as indicated in Fig. 1

T
[eig] - =
e
i
Z .
.Ac‘))(/*[ N a
1 KD s T
! Mkl 5 *Llgy
L
Figa 1.
[
To be precised represent a point u in [g1] =1 (Fige 2)
by its poler coordinates (Y,8) , Y being the’ distance from u

to A and - 4 BAu € [oT]

)

»
- wu

@0

B -




e

writes. hondyeclaenly gmb) cobisl:  and - . define DLy
by the formula:

' fk : ' | ‘

o) TYRETREE NTRSTEE DU R e e

| ! k * ( hi(M, 1_)") ; K ', 1‘h2(m; 1-Y‘).‘6) {‘OY' O,;S_V’éd
Q{(tx)(m,k,’c): 4 4

L (r,0)¢elo 1] ~1] o

Q{k defined in this way is &n s.s group homomorphism and
it extends (by a similer formula) to a group homomorphism
Q{Zk; {&(M) — bz (Mx K, hence it induces the ‘
s.6-map ‘f) (M)/@CZ(M) —_— { M"Kny}(,; Tt is_pT‘etty
cbvious that f (up to. & homotopy) does not depends on the
choosen collar, |

A particular case of this consiruction is the case when

K=1 eanda K:D" . Frocmnowon we dencle. . {I by 2 end
by 2. It is easy to observe that (Z) ~7, by-a-precis
~sed-homotopy because of Property a) of the "transfer map". ‘

We are ready now to state the stability theorems.

Theorenm II 5.1 : For any geometric category d , there
. G j

exists en increasing functicn cu:Z ———>Z+ with lim @ (ny —» &9
- O

(1}

so ‘chat the transfer. map 2 cali~d also “suspeneion y

Zs 5 /V//(ff e (“7"1)/ : w& ir)
g b/(/%])lnduces an ; ’(

homotopy equlvalenceq ; moreover @aen) ‘/‘1/5 for

and d Q‘f and /()/6 and CU%LD 2 for & —@/{/ 3

For ﬁ-,@[ this theorem was proved by Halcher [H]} end

(m i 0,0y il vyl meM Kkedk,
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need the construction of the simply-homotopy type-sSpéace 76%X)
which Hatcher associates to any,finite polyhedron, For C?=;55
thé proof is a simple consequence of the case C?=.§25 "
Theorem I 1.1 and of the homotopy equivalence of 73P/P[
with 75pc b/ﬁhy){oquzg‘. e last two facts 1mp1y
EPlry Py~ T Yy tox i M
For (¢ <) Theorem IT 5.1 is'due to [BL]2

and its proof is based on :

~i) The compatibility between the "suspension" =~ map

for classicsal groups and the suspension "3

~ii) The Kuiper-Lashof's results [Kk-l] which connect

the topologicel concordances (resps p.f— concordances) to

7—0}) (Yu-'l)/r (;{‘eSp‘D pf(n"'i)/pf(n) " i

~iii) The truth of Theoremwj Bigd . .- B C2 52? {he-Proo/
goeg'on.fhe folovvan lines | ‘

With the notations of Part.l §§ 1 we can Identity
[7(€§§22n(p4)) to i ( (quz)and i)' means the commutativity
of thé following diagram whose horisontal lines are I.H.Bo~

maps o

J o
éfiés > /~Q/J‘ L) E)
(M/f 9, o

l fYVQQ%Q
z ‘ /7/_52@ 5 ()
2
égr(ﬂ4‘6>/ ?%;&]) el oty /7/456% (/V”I))
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If M has a trivisl tengent bundle then the diagram above becomes

, KQKM)/KC?N) N M@s (M,9/7) ’?ét‘& )

E LU

ﬁ””/é&m 0 S Mg (MOMSE

2 -
M&/Ds (Mx[) o(MxTI) ; F@é;,*)

Figa.4

n K
A carefuly ansalysis (for M= S*D ) combined with Theorem I 4.5

converts the diagram sbove (Fig.4) in to the following diesgrem

7 | T
T (&€ ofs"xo*)) %) . 1 fes™s o) |
h«(éi) : iwi(d> |

j{(QK ) o Qki-i_Fvukd )

: WL'(QK B ) i ¥ s J(é( ngl @{/y
vop, A : ;

with Wi(cl) an isomorphism for (<¢2n-4 and en epimorphism for
i ‘ _ ' 7N
L€2n-% . Since by Kuiper~Lashof's results 'l 0/)(3 )
n 1
and %’N@/// are h’omo‘*tt)py equivalent by L -ho_motopy a2 n‘va_(ehce d

which - induces for homotopy groups the homomorphism 'T(L-(a/ )’We_
' LEE

r ¥
conclude That W‘Z’}’, @%/ ! }‘?70})2// }‘:77-"/‘@% ig res-4

connected for « 25+4 % 4075;"[»«) . Using this fact together

4 L]
with the truth of Theoremf5.1 for (2”/07’9 one conc.iides

Meorens.l  for Q=& .

Corolleary - II. H.2a [ i §: E —>M ie an C9( ~bundle

tad

- o g
44 3 = 1 S - 3: ™ (‘Dy (Ej/
with fibre a disc , then 1 {é? )/(f(%M) e 7E

&
induces a o (dim M) ~homotopy equivalence.

%)



had DiG" , K'cob@ and let us consider :
: ~ & / ~ &
M _z, f(M 0/ —— E(Mrk)
13 ( )/g M) Z _N /(M D") /f?tmm)
E% . '
2) &(M)/g (vz)—*’—-—> i K/:” (MxK)
3) ?: € (M/é - G

with G & wesk commutative weak groupﬁan'd i induced by the inclusion
“MxD"c Mx K’ '

Koo s w0
Theorem 11, 5.5 Z7~°£~x(}<}(c]0olo2) if Kl= Kx] o

This lest theorem was proved for A = @f by Hatcher
(see [H] ) ; a proof simultaneously valid for ell geometric

categories is given in [BL], o
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§§ 6, Topological nilpotencies

For en @ ~menifold Mnand & base pointed A ~mani-

fold (V,%) (for instence V=R 4 w=o " or T ) Nt

we define a?mé(\)(/"l M=V ) respectively Cgm &O(M,-M*V)

the s.s-complex of Q- embeddings which restrict on oM respectin

vely oM U m, to the cenonical embedding (i, i(m)— o, S

v

we denote by Eob (- L MxV)  respectively fm/_) (M Mx\ )

the union of those connected comi)onents of fmb&(‘\”; MxV)

re spectively fméi("’}, MxV) whose embeddings composed by the

canonicel projection on V is homotopic to the constant map,
Let J cm) fmé (M,Mx ") —-—-—»fmédgﬂ MxR) ‘ if oM# @

&

respectlvely (}CM) Evmb &(MM #§ly e Emb (M M= R) if r)N:¢)

be the obvious 8.8 maps induced by th@ lifting in the covering
MfR_-———-» Mx S y &and Af(M)the homotopy theqretic fibre af JC?:M)
respectively JMO(M) (sinée the homotopy type of the homotopy
theoretic fibre of gﬁ(M) if oM =@ does not depend on m,
we delete m, from our ngtation). Anslogously we heve

6%?/‘4)-‘ (a{f;;(M,M"Sj) ”émb(M,M’R) and gj/@&/‘ﬂ the homotopy theore~
tic fibre of (oﬂj (M) o Theovem néa. describes the
'p\roperties of /f(M')‘and EA(M) . ena justifies the name of topo- .
logical nilpotency respectively topological concordance nilpotency
as a topological enalogous for the algebraic nilpotency ,'"T“hé a’igebraic

] i’LlLPOLc;'t(?/ ceyrﬂcd fcr 3rouP "G s connected lo thea aebrau. K-theory
of G b7 {he ,Lo ’RW/nj —foymuta K (G ]_)"‘ }“/ (G )(‘Bk C(*;)@)”KG)‘D){«L( (G>
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Phsiopem Tl 6Lt There exisés & homotopy equivalence
&%) %15 — £ D) BE QD) > @f&m)

y " w
which is natural with respect to inclusions M.C N end the

category (i o

_ 2') Thevye éx'(stsan homotopy equivalence T(%M) : (R (M"Si) s

o ‘ a -
e (MY x BAMMT) = N (M) xT wath T=5"  if aM=¢
and T=pt if oM# ¢

 component of G, Y7(M) is nateral with respect to inclusions

5G° denotes the base point connected
n n
MiE i end the category QA &

o - 0 & 73 _
sy NG EI) er J\[/(M) and ‘fﬂ (M)~EN (M) are homotopy

equivalences for M an. X '-manifold i 87/&} and dim M4 if 73:75/9_

i

n n
A M ana N are «k =-tangentiel homotopy equivalent
n n
then N (M")enda A (N') respectively EN(M") ana BN (N") are
inf (k-2, ”‘%_ ) = homotopy eguivalen’; respectively f inf(x-2,77%7)-1}

-homotopy equivalent.

The proof of 1) 2) 3) cen be found in [B.L.R]ch VI, drlg]

ancl 0{ 4) fﬂ_[B}r For M =Ml 1) end 2) follow immedistely since we
can find en homotopy inverse K QA (M=) —— QD) ror the

5 1 g
inclusion ﬁ(Mxl)Q&{MXS}_ The proof of %) follows from Theorem I 1.1

74

while of 4) from Theorems II 4.4. alid 4.5, and Theorem L.2% ).

=l

' . 5
One should notice that one can define a trensfer mep x> BUm)-

—» CA(E) which satisfies the properties 1) and 2)(0:6‘ the transfer
d %3
map f}r) and fgﬂ 51/\1 ﬁf'fxf:u{f "
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§§ 7. The homotopy functors % and %‘/

The considerstions of §§5. 'i,_mply The orem II 7.1 which
beside its interest in the study of the homoto_;py type of suto~
vmorphisms»directs the attentiokn of the homotopy theloryA towards
new kind of functors. Before steting Theofem IL. Tele » Pecsll
thét- we have denoted by QW}Z ’the category whose obJjects are co-
loop spaces and morphisms weak homotopy clasces of oo ~loop space
maps ; we say {,Q:X—vK are week homotopic if their k~th
PostnikKov terms ff]Kdnd[g]K are homotopic for eny k .

The orem IT. 7.l t For eny geometric category (& there

/
exists & functor 7 -——9Q with thé followin‘g properties:

a) / are homotopy functors 4 i.e. if /g K=Y wre
wWeaK

homotoplc then /(f) “/(j) -are Momotopic e ~1oop space mapSe.

a .
b) If }p-Xv»Y is x;mconnected then f[f) is kK~

connected.,

e ) If F£,p is a locally trivisl C wbupdie E B

compact (9 -manifolds there exists & "transfer mep"

f§ ‘70&26) — fd?E) 4 @ smorphicm in QWASO that

~

3

¥y T

i) E P E =<niE are two bundles &s sbove then

155 T (%

@

E. 5,8 ' .
ii) If 1 1 is a cartesien diasgrem with

e

Ez __,_—g:i—a 3



i T

bundles as above then { g f( fs) = f(}ﬂﬁ)of °

a) If § is the triviel bundle , i.e. ¥ :Bx xK.— B (s Tthe
pTOJ'ec’Caon en B with K a compact connected d -manlfold

end i: P —s BrK a crossection then (0, s hcmocopmio A(K)(ﬂz))

‘ e) 1t B C& then for eny X there exists @ o0 =loop
space mep /5&"’ (X) R (X) 4 and f@a (X) defines
o natural transformation of functaes whoue homotopy theoretic

. t.
fibre /3 CX) is a o¢© - loop space whose homo‘,opy groups

7, (% &(x)) s zf(@@)

=4

a £) Eor anyXLoB there ex:L.:,tf% a we&de)( ned hom o Py c(dss
/" B(X): /3 N0 )~ jﬂ 2 nataral with rCS/Oc’cZ’ { for Cn e %mmc;o; (fgamffmaff inthe rens That
if /{';X——aaY is snhomotopy equivalence *° which ~ induces 7/# -/f(()(} Z((Y/)

“the diagram
&%/)'.féx w
H(x) ,,~*~;f32£¢#/~¢~—9’—*’““—‘*”’”"”é 7”(X)
3
){# | /ff) g J 7ct)

3
% (Y) 3
e = 3 =
&
%}7 ) Vo

is commutat ive") ‘

A4 .
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moveover /6 is compatible with the transfer map , i.e. the

s A

s U e
xiJ ' " 2 l{k

e
, (XXK) -
H(x*K) ———"/'D""’""”) /é;xx/()

diagram

is commutative.

a

g) There exists an inereasing function @ : Z+ — 2, cel-

(\I
led "the stable range" b Bode IF A - Q’, #ap
| Wz A »
el 4 Q - 9/
¢
n .

and a ndmrag% map (w1t& respect to 1nclusmns N c M and
Dy & §o A & ( M)g&(m) 55(”) o f(/‘?\ which
is a a)&{c/imm) -~ homotopy qunvalence,

%9//

h) J/’p(; is an isomorphism, ///,{ )~ * (L)

is the (-1~ component of the 52 -spectrum associated to

o, 0y ‘

/7 p M//(
Theoreml 72; There exists a functor ZA ~ > SJ  -whieh

satisfies ¢

Ny

a) b) c)c!)from'Theorem A with 7 replaced by ol e

s

e) /(X S ) is naturaly homotopy equivalent to
7 CX) Bf/(‘x);z%/fe/(x) .
f) For any Cz ~menifold ™" there exists & map (natural

with respect to inclusions N < M"™ and the category CC ),

4
C(?M) EA/V(;(M) e /;/(/V)) which is a @ (n) ~homotopy equivalence.
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Comments on Theorems IT Tl end IT Ta2d &

i) : @) Theorem II 7.1 end £) Theorem II 7.2 imply the

unicity of .7/C?’and ;5%” up to en isomorphism of functors,

11) HatcherwWagnoner , Hatcher and Volodin have computed
.’/7(;/ (X)) R, (f /X)) and partly 97; ( f(X)) in terms of
an'algebralc hiher order whitehgad theory (sece Hatcher ~ this
volume).

9y

1ii) : Hatcher [PJJ discovered a way to describe 7/ in

terms of Jfé%ﬂo
4
iv) : The map //3()() 'ﬁ((X) g 7q/k7 induces the
principal fibration .SQ:7ﬂ(x7—~>z?(X)wﬂ9ﬁfﬁx)(aenoted by
X (X) - ol which is & homotopy inva riant of X , and will

play en importent role in what followss

v):The functors J/qﬁ?and S can be extended to
the category of countable C X/  =complexes whose skeleta are finite
Cw ~com§10wes . in particular if restricted to K 4) for
flnltaly generafed end presented group 7/ and 762/ define
functors from the category of thrse groups to the homotopy
category of ©° ~loop spaces end composing with JU; ~ they

define algebraic theories.



About the proof of Theorems IT 7.1 8nd 1T Tad & 1o preve

theorems II 7.1 and II 7.2 we need =

1) Theorem II 4.4
2) Corollary II 5.2
3) The oremn: II 5.3
4) Corollrny B 7SEico*oﬂpry of COPOLlorJ IT 5.2
\f 5) Proposition IT 7.4 which indicates a general procedure

to construct functers with values in S?

7

Corollery II 7.% : The natural inc]usion
&, c% (7720
9/<-¢ bﬂ (770 //g (1> 0"‘ e éﬂ%’ﬂ/’

isa Inf ( k-4 ,”*‘“>2{) ~ homotopy equivalence.

—

This corollary follows from the commutatlve disgram
S (M x @ QDY
DY o L i (00l (omy
o 28, l 9” _ L, &(MD ‘?
& MxD % x ¥ K1
: )/&CM"D) e e D)/€ M D “ & )

where hori ontal lines &re fibrations , and from Theorem IT 4.4

-4 :
applied to the inclusion Ml £ B(VP‘DK)_ which is (k-2)-

connected.
) /Idb’e == n Lt
We "ehorted the notatlon of Pert I & Mep s Q(Nht)»
respectively (i (Mx B® -3 d( MxDM) to @ (Mxl)")

respectively & (bme“) o



T

There exists an alfernative way to describe the category
wh
S} up to an 1somorphlum " Wthh will be very adequated for

our presentotionﬁ To explein this way let us introduce the

: . . h — X
notion of Postnikov tower in S2  as & sequence { X P7H¢
o S _ : . h ' T
G Ko 5 X, » movphismin $27} which satisfres:

. LB : \ S

{) l .

b)) %L(Xh): o. oy ned

ii) 9 (p..,)  is en isomorphiem for (¢n o
: : i n =¥ g2
hf A morphism of Postnicov towers { fn }:{>(n,f>n+,}"9{'ﬁ1,Pn+$
is & sequence {n? Xn~~——-? \;‘ of morphisms in S$2° so
- 5 - =X h
that PZT-{N - {nfi'l°n~4 .« IT £2k2 denotes the category
' h

of Postnikov towers in §2 4it is not difficult to see thats

Proposition II 7.4 : There exists an isomorphism of

W
\categories.sz T s N Gszl%.

 Consequentely , in order to construct & functor F  from

w
a category 21 to S2 it sufficies to construct a functor
4
from é? to C@TQ o

, . thal,
~ .proof of II 7.1 (ideds ) zObserve first it suffices to

gonstruct 7/ on thovcpﬁ@gory <f? of C% ~menifolds and continous,
maps , since the homotopy category of C% and ofc;21n 1°omorphlco
The reader will guess that /fM) 10 defined as Km ‘f(M’*D}/g(M/\
é}( Kkt 4
g /}1)(0.) g&‘ e f (/VXZ)/ and
for 2 76 (1x DY E (M5 e (;f’/
will be constructed using the transfer map. The deteils of the

pTOOL appeal to 1y -2y %)  gad -5) .« In ordes o puove F
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we notice that because of the homotopy commutetivity of the

dl?gram g[ﬁ/[ ____Z_’_"‘; gﬁ%fku
g(ﬂ%pm*’ 2y G /u/[/%,/,
%
l ) \l ﬁk x o/ 1 HKH
= ~ Kt [ 3 k42
@(M,])/' e . MxL //&(M ]/wl o M])/Q(Mx]k”

Q& (Mx1)
there ex1¢=ts a well defln@d weak homotopy equivalence (isomorphism

in 52 E f (M) ,a;{m &[MX‘DZ?/}MDL oOﬂSeq0£nte3..y if suf-

K
‘fices to construct ﬁ[/y) ‘7(((/7) __,.-——-—-w——?%}w @/MXDJ/QNNX(Q’)
for eny (9 -manifold A ‘

K X, .
Let us consider _@O'Q(M)‘I) - @ (MxI") the S.8=group of

& —~isomorphisms of the trivial disc bundle /x D" M and the
; ) ¢ ’ )

]

S

commutative di?f*r /5 &”(M /
_________._,._,/i__.._~——-—> e XJ)Q’ /V'xfk
d(M])/QQ(MxJ) aaa | X (MxT )
it 1 i
Gt RATINY YN by
g )/@/? v J/di‘[ij"“

: ern&‘/fo}/
which by pessing to {_?_’:f duce /5(/‘7) ‘/ﬂ”“ ﬁﬂ%% (1T /g/’_\(m[’)‘

The first limit identifies (naturelly) up to homotopy to H (/7
while the second to /d?/‘f) via & .

The prbof of Theorem II, 7.2 goes on the same lines.
One défines the trensfer map for GN , and using the decompo~-
sition steted by Theorem II ‘601 one checks that gll the pro=
perties o}'ﬁze trensfer map proved for 19//5 hold for €A ...
end also thet 1) 2)' %) 4) have anslogous for A .
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' §§ 8, A natursl involution end its applications

We begin this section with some &lgebreic and homotopy

~ theoretic considerations,

Properties of Zkéﬁ-modules, Lot M.z )i be avcommutative'

o Moeess M B "CZ: id

Z%%)mmodule M with involution
and. T ds 8 7(%)-morphismo )(: (M,,,Ti) —_— (Mz,'f;_)

is called & morphism of modules with involutions.if

S o i % 3 i o w
is a 2?(2) morphism and ‘ Tko{'_.foJi » We have

M: MS@MQ

a)

Bl R e M ,- f(”?)f—mj S {:fS@fa

Qu;th )(S= “Mi and fa f imi.,
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% R O
¢) Bt — ( ’VIi*Ti) = (Miﬂ ,ITLH)"""? ( luz’LlQ)%

is an exact sequence of modules with involutions then
H

S -{‘ S ’4 S {éz $
— Mg i o el sttt o LS e

i1 i+2
end " a-
i 5 a s ﬁ a l’uz @
Tors oy M . gl’ I\/j : -—————-—:—i-‘ M 142 e Lty
1 -y {+1 e

\ are exact sequences.

The slgebraic splitting we Jjust described coresponds to a
geometric splitting we will describe below, A wrek commuteative
group with involution (X,7) is en H-spece X , whose multi-
plication setisfies up to homotepy the axioms of "commutative
groups" end T 1is an  H-mep with o homotopic to identity.
| }1 (X,,7,) — (Xz;Tl) ie 'a morphiem of & weak commutative
groups with involutions if { is an  H-mep with T&&f homo-
topic to f «T, o Observe also-that for eny week commutative
group we have 1two cenonical-invoiutions Rix and Y X-X ;

¥ represents the "inverse" with respect to the multipli-

cation on X .

Properties of wesk commutative groups with involutions

A based pointed space (s.s complex) ()X)x) is called &

i : ~ : : =z
odd-space or & Zf(;_) -gpece 1f J%.(>()x) is sbelien end

odd -

gll homotopy groups Vii<)(;X) are ZZ (g.> ~modules. An’@gak
commutetive group with involution ()fﬁi)is a 2?(%‘)—weak
commutetive group with involution 1if the spae (X,x)ie a
'ZZ(% ) -spece . By localisation to 0dd primes we pass

.
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functorially from weak commutetive groups with involution to

;ch) -weak commutative group with involution.

Using "general homotopy theory" one can prove thet : ;

e8) For any (X,'T) , & Z(%)_weak commutetive group with

. . ; =7 -
involution, theve exists two g,(g) -weak commutetive

S

L
groups K end X together with an homotopy equive-

lence of weak commut&tive groups with involution

LD i X% )

bl I {1<X;;T,) — (X},Tl) is a morphism of 2?{%)—weak

c)

commutative groups with invblution, then there exists
$ : -0
) oy
the morphisms {: (Xi,*st) -—~*>(’xz,ldxi}
Q a 1 a ;
end j ’( Xi QX?> e (Xg, fxf ) of Z(g)-weak

commutative groups with involution so thst the following

)

diagrem is'(homotopy) commutstive.

X, —— X,

IMX“T‘) oy l HXJ,TL)
e, -_f,;L_ xj; 8

Let (X,7,) s (X,71,) L. (X,7,) ve & fibretion with

<t
> Ay ere fibretions, This

T h : ; : :
(X&,Ti ) 4{(2) ~weak commutative groups with invo-
’ S {TH \/S g° 5
lutions &nd f 5 j morphisms. Then X%-*ﬁ 7, —-%¥w
ik

end ><j ~£iaX;l~§.
geometric splitting corresponds entirely to the alge-
braic splitting in the following sense;if K is a
space (s.s complex) then the set [ kK, X] of the

homotopy cleseses of mepe has & natural structure of
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; S
Z(%) ~ module with involution and [ K 2 X:’ =
g : .d
Lo o respectively [k, X] ‘[K:Xa_} %

Let T:[o,1]—[0,1] be the involution given by T(xX) = 1-ot
The conjugation with ideT 5’ induce{\&}&qn & &(Mﬂl))
QEEP Gy, . 6 Ol T R e
.involution T so thet all netural s.s maps and group=homomorphisms
which will be involved in ow considerations are equivariant with
‘respect to T. . Moreover sll the s.s~complexes except the
last one ere weak commutative groups with involution while the
last one is & weak group with‘involution which becomes & wesk
commutative group with involution if we assume Pﬂn'A’anf:I ALY

our knowledge about the structure of C?(P7) comes from & partieal

understanding of the fibrations
S ¥ i ki e Tl ] % e ; $ ;

- e -4
F(M»T iy o6 @l Ty, QOTL)
EL g (a1 2%ry a

which will be done using the algebraic and the geometric decompo-

(117"
-4

8ition we have discussed above and Theorem II 5.1 ; one obtains

(see[BL]zgnd [BL]5 §8 4) the following:

Proposition 8,1, (All s,e complexes and maps in this state-
ment are assumed to be localised to odd primes.)

~ >~ ; .
g) A (Mx1) —— & (M=x1) 4is a homotopy equivalence
Q

b) i'-“’fﬂgﬁ(’vi"”/gdg{mm’}w Ty R

e ’ﬁ}‘zzwlq eee_induces the isomorphism 2:id




W E

5 r&A(MAI
for JLr ( (M %R(M*I))

o 3
) Q%Mx])— Q(M~1) induces for homotopy groups &n
&

jsomorphism in dimension ¢ £ @ a4 4 ) ' end an

epiomorphism in dimension ¢ £ wacd.'m .+ 4 o

e) The fibration Q&(M I/ i &(Mx”"*d(ﬂ*l)whlch

& (M=1)

is classified by &(MJ) &CM*I)/&(MI) is w&(dfmf’hi)w
trivisl in the sense that the classifying map is, wa(a'mf"iff}w

trivial.

ev ) °D o Ei and 2vd are w (dimM + 1) ~nomotopic ,

» WL S . 5 e
sl U e Teiby is . @ (a'mM + 1) -trivial.
, 284
et} 'TL_QS,; Lo t, is = @ (dim M+1)~ homotopy
: 2usiy, ; & :
equivalence and f"T.zs"Z- o'l iR @ (dimM +1) =
triviale.

For eny G , @ '7(2-) ~week group , end K en

- arbitrary s.s complex ,the set of homotopy- classes [ K, G] is

2 gfoup whose elements are all uniquely divisible by 2 , hence
a - ‘Z(%) -module ; consequentely for any {e[l( CJ end o€/ ))o,(jf
i4 a well definedrelement of [K,G] o ke Ter Ko &(M I/(i(l*’i L
g&(mxlk)/g‘&(,\qxlk) are Z(%)—-weak groups. (since we have
sssumed all these spaces localised to odd primes) we dei”ne the
&(Mx]"”)/
G (=1

homotopy clesses  Pris Jr

: el e

/Okr1 5 /(f&(M”IK ) &
et il <

j,(. -(M I)/(&(M»I") & (M1 )/f(MI)

e R T ST ST
6)’ PK+4-E"’C;<+1_°Z- ’ J"—IZ‘Q L e




: i #
and +the homolopy class

24
wu’.&(M"IK)/ &<M Ikﬂ by u)“é;— OZ°iK
K- . &(M"Ik) &(P’I Ik+2u. Ki2w
(]« cen be defined even for k=o &t the @& (dimM) -~
Postnikov term 1evel)7 with im1 and T1, the maps in th o {.-énaum
, ~& AN
VGl L el CeMsT/ __7(_5,?&(”’1/
(%) écmq““) € (M1 A(M-=I")
Theorem 8.2, If { £ W (d"’“M +*K) then the Postnikov

[)-th term of the sequence (x) ig & fibretion which satisfies :
19 PKM. LR vd ¢ 5 3K~ (ol

2) TCK b O ¥ .blc-t-’l JKNO

KP,JT'K bl By vd (the f ~th Pestnikov term of

(/V‘»ég?}l )13 a week commutative group since it is homotopy
castrasens w Go0n 1 0 [ A1)

4) The diagram (figq 5) is(homotopy) comfnutntive

'u A& My I
(?(Mx 5 b ZCMI } \ éfmx]'j}
{ /(Mﬂ]mz} e /(Mx])
<E ‘ PKfi ; \ 1 (c_)d
D ‘ : lz : 2 K
K+ Tk‘wx Nﬁf\ Kid i é“ Max 1 +2 5
{& (™ "ly et \{ (17*% Sl \ ( ch}z

Gl AEON) P &(M””J{

{

{ VJKM

Hig. 5




i Al

1 ow o s B o ol K'f"?a K
5) CO K+2W-4 :

l<+2u 2.
'6) The following diegram (fig. 6) is (homotopy) commutative
with a):i homotopy equivalruce , and natural (up to homotopy)

; n
with respect to inclusions M. M",

e L N& K . _,__D.—E-»———;— &(MI)
[&(MXI 7 /ﬂ’) g(M"I/& | e— /3(1‘“&_1)
‘ Q(M Ik+1 <« € (M-I ) L ‘ {

g
| \ @zﬂk s ’wz
Xd(M  pe Leusrs \zf o I““ \%[&(MXIZ:M%IJ

/(/VT IK*”*;}{ . bﬁ (M1 l<+2.s{ T g ))[
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58 i The /anc'é'rs / and the stvuclure Hheorem

Theorem IT 9, l & Ber any geometrlc category & R ’che'r?9
exist two functors / O Q (see 60 }lo{r f.lede,lfm'ffon o/?)yoﬁml: 4

&,

- a) / ere homotopy functors

b) If f (X{) “"’*(Y'Z ie & morphism with ’/ k ~con-

nected , (7/) are Kk -connected.

c) '«hcre exlqts a functorial 1somorphlsm be tween th@ &

functors / ( 70& (X)'(f (X))o ) end / Fal

defined by C}’m 0%, ) -2 fzéé@& Phe forgetfel
functor. :
d) For any (}\’ 6056‘) there exists & ‘"trangsfer nap"

/ 7) /(X [l f (Xxk ¥ ‘7) which is e natural
#
transformation of functors from /‘ to /“‘o ( x (L/,'g))

so thet :

Y (ke aom) g o)yt 7y G0,) g k)
Lﬂ(/\ ~ X(K). /(z) with 1 glve[‘ by L(x)= (’x k)& X~ }/
g
$ii) ‘Via the identification of {a’d C\’) with f(XW*,/T{,E’g‘;
(//W cait W R
e) If 67& for/a_)ny (}(‘g)éoé@ there exziste a mo‘-‘p}usm

%&(X T f(X§>—-———-9 7” (/( {) B s*;o that @& defines B
: naturﬂ transformation between and gfgfoz—v *C?w/ﬂ D?’_ /\)rj

T
—> C‘) Ahe /Orgezgfa/]///ﬂc/ar

£) For eany ()( §)€ of there eax1at<a a map
7(.

Q
ﬁ ) H ) f?/(,(g) s that ,ﬁ Lk ) /(A,”f)/ﬂf)//




K
g) For any menifold M and n with 27 2K ‘there
éXiStS ﬂ\.-? hOMO‘tOPY C[-QSS

!

2n-k

QZ(M)"(&(M J/ s k) S 7?/"/ T(/V;)x‘espe ctively

_ o~k 2nig-k & -
i (M) (BOUL Y ) — 0
: A )

natural with respect to inclusions M'c M5 and the cafegomé d, which

is w@n) re spectively @ (Rn+1) ~homotopy equivalence.

| mcé?
Theorem II 9.2 ¢ There exist the functors /4/

which satisfy a) b) c¢) d) of Theoreml[gwith 7% replm
f.
by A4~ eand fﬁr@placed by 4 as well as =
Q. » B .z
i

and /fojz“ * are naturally isomorphic,

: & 2 ..
f) For any /‘7600’6? and n so that <234 there exists
K .
WM s S
(M) M, AT - ol
| a
A

¥’ P nri-k - y
&4‘ G WAL ) e A (11, TCH)) which

eET /

. . : . : B ipl

is natural with respect to inclusions N cM” and the category
] s . '

& y commutes wlth W, o end is a @2n) resp. W [2nrl)-

homotopy equivalence,

Comments sbout Theorems II 9.1 and 9.2 :

i)zh) of Theorem C' and g) of Theorem D imply the unicity




G

¥

o 4T =

&j &7‘

of / and A up to an isomorphism of functors.

&t
ii) The mapség (X): VO R f (X &) induce the

principal fibrations S2 CQ%[/( F) — f fXg’) — -7(‘()() denoted

.74.
by X (/‘7) ; which ¢ve Thomotopy invariantsof (,\/, T)

gnd c ngequentl for any menifold M the fibrations
+ .

'![N)-‘ ‘Q 7?/_‘/, W) — 54‘(4 ar)— H(r) are tangentisl homotopy

. . a4
inveriante of /7 .

iii) Clesrly f) implies that * (/1) fibrewise localised
to odd primes‘ is the Whitney sum of é? 7‘[/‘7) end ¥ (17)
for ény “5-* s hence we have the commutaetive diagrem
Ty o) _ Py s Aty
D /c;m,) O
7” o) —— & (X) —— XX

hence the triviality of ¥ (X} implies the 'triviality of

f{gr[)(/g) for gny: . € o

n
heorem IT 9.5 » (The main theorem) : Let /M be &n

& <y
X

& ~manifold and let X«\e(/"]} be the pull back of

(M/.
by the natural mep (& (M) > H (M)

| &, e @B s
xxcrr) . 52 7 )(M,T(M))—f? £ Cofflnaa )
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where

t Tk i n is even
: ECn): .
- if n is odd

Then the fibrewise odd localisation of QQ(M%CMT)"&(M ) —Q ()

: | & ' :
and x % (M) are W (n) ~isomorphic in particulaer

@, o :
[E B b ] w&(n) ~ and [(RCP’\ dsite }cu&cm are

homotopy equivalente

_ | N
Corollary IT 9.4 : 1) Let M be &an &  ~manifold

with nonempty boundary and p"M A oM so that
‘L'°]O ~ 1id » Then %% (M) ° is triviel and consequentely
: " & Ecny & & &
[@(M )odd]{ and [Q (M, T(M W G CPI 0y J{ d¢ Gen
_ | ‘ | :

are homotopy equivalent.

2y If M™ is & ~isomorphic

n-1 1 . . . ,
to N %S , then the restriction of * % (M) to the
connected cqmponent of the identity of & (M™) is trivial hence

(&CMW)) ool &(M)oéd is split surjective.
(o]

%) Let K be an (X ~manifold with

and X (K)=0 and let us consider the diagrem :

o ey :
Refeicly . = B
e A e
&(M)o&/n’ . &(M)oald
Then for sny [ which has the homotopy type of & Cw/ncompiex

&\‘(M)oda/

of dimension €W (n) and any ;/.- [



w A9 e
gl
&(Mxk)odd

’ 7[ ~
the composition f‘. I —-—“"’&(M)oz/d

has a lifting _{ f — Q(M"k),,/d with. ei'_f"f?{

—

The proof of Theorems 9.1 ; 9.3 and Corollary 9.4 can be
found in [8 1 ]3 §§ 5, however we 'find instructive to point

out some steps.

&

7‘
/\,— gs functors defined on the category Qia of compact

About the proof of Theorem 9,1 ' One construct the functors

(? - menifolds and continous maps f M™— 5 N with

74(70‘/)) L M) with values in the category of
Postnikov towers of Q according to Proposition II. 7.4 »

For eny n one choose &n increasing  sequence Y < \” £ Y” & :,‘1~-
with- 2. pan [ apd w (v?) i for any geometric

category ﬁ o
For a manifold M ¢ o6& one defines f (/"] T(M))

n

[Q(M D )Ct(/"] D )] where £?=2"¢. if{ =+ &nd

\

Ye .
££ = 2('4 r 1 ‘7( E=- ., As one follows from ‘,’I‘heorem TR Tad

E
one can construct the homotopy equivalence / (/V) gii ))

Bt emsy wera)) 2, - (0T, J;d-/ @y
where [{]l denotes the i=th PObtnl}’LOV term of L/ &1L
](; Mt v" . is & 0 -codimensional embedding C?/(/)
is obviously defined v 7/’ is a continous map f-. Mt NS
so that / (T(N )) 2 T (M) s choose en embedding
7[ M 25 & Sk 025/(
homotoplc to i"f when 1(x):(x0), and define /(/} &5 5
f (]Z”) ~5 % PropositionI7.1 end Theoraml7.2 allow us

) 9.4
to verify all the statements of Theorem'except f). f) will follow

(for & very big s) so éhat f/ Mty is

inspecting the diagram (fig. 7 ).




N+ :
]C(M 2N+i Ol ot d(a(mx D‘g/i ZN+4
I /& (Mt &A d) @((1-Dy)
2N+
Y N TL - dmoy 2Ns4
2N+ a(MxD )
d J’: &(Mx /;2 2N+1 | v
M=D) U :
Q(M S) & 52 \ ' @(M 32)N
: x 7, : . x
S s henesi
e (MXS) _ S
Fige 7 «
1 NH ' ~ N+
where & ("’“ ] is the subgroup of g (M* 2) consisting

. . . N
of those block automorphlqmu which are identity on D/") e

& (M gty &(f‘? DM”-' @(MXDzl\S+1

R 2N+ i~y 2 N+1 R IV
QO (MxD ) = Q(Mx D)~ @,,(M"D) ({OY“}@C}@{I’Q(.—&@Y}_ o)[&?. See. &6 7)

where the errows asre defined &s follows :

d, 44 , (’}2 : 43 gssociate to any block automorphism
2 ‘ o fog L.

of MxD*N or M-S the homotopy equivalence which

one obtains compo“lng on the left by the cenonical inclusion M -—
2N+t aN 2 #4
=MxD"er M —=> MxS5  end on the right by the projection MxD — Mo~
Rl

Mx§? ﬁ.,m (N very big)' 57,30 7T sre induced by the obvious

[ )
group~factorisations , U ie given by the inclusion @ &

2N 2N 4
and i' is induced by the inclusion of M=S in o(M=xD )

' 2N+ 1

d ana d' are induced by restriction to the boundary 3(/".&[) i
For the proof of Theorem I. $.2 one repeat the arguments in

the proof of Theorem II. 9.1 with (l(M DJ/&U"}" k) . reple~-

ced by N (M D)o




L

Proof of Theorem II. 9.3 :

In order to prove Theorem IL.9.3

& e
n Pl n ¥ n)
2 f(g/qu)'t(/“l)) — & é(ﬂa’t),TCM))-—-—” K (M) ——— T (1,7(M))

we consider the diegrem

@ any,, s 8ey — QY
Fig €
o oS . wldmm
We first observe that is s W (dmM)+1  —homotopy
equivalence since, con51der1nf the diagream
@('4 )/Cg(MT—— %y 7S /% — &P %%fo)

' /
NC{‘[ \/ . ~ U
Bmety < € (05) o < Qlrnke])
(2} &/Mx/()_ /g C(éz/ka/ / ’Mx/ex]}
c@{(am )< triviel hy

5-2
i ELS )-2 /

(a/m M) -~ homotopy equivelence hence S2 /
a
is a W

the. fibrations (1) and (2) sare

Theorem 4.2 and beceause k’ 3

( dim M) - homotopy equivalence.
From diagrem Fig. 7 we observe that there exists

&2Wm/7)+i} ~homotopy equivalence T [ C%OW”S/éé .}
M[ Y (™, zf(/w,]j, £+ wCatim 1) +2

commutative the disgram

making

L, ?&4

e

S [&R (M 5
é?

e

i
=

s
’\,\'




s D

Since eny 3 consecutive terms of the first 2 lines in diagram
. ] ; . ’.
Fig. & form a fibration, 7 and U induces IO ‘so that

the following diagram is commutetive

Rt
19 &fg?/)ﬂmm)J --—»{CQC;M,T(M)/1 _,,;\Z_./(M)]

L RN £ Iy
o N ! " u
, [ 2 &(M’S% o 2)3?, R [C?(Mx 5-2)/\: ] Q (ngjﬂj
e =Sy, ™ ]
&‘ v .
[Q (A%KM)] L [&(M) )u [@r)]

2

Since S27 is en w ~homotopy eqﬁivalénce for u <& (dimM)q+2
the assertion follows. |

N About Corollsry 9,4 : 1) follows immedistely since

@CM) “’“"_],((M) factors through H(™M) and becasuse of the

hypothesis : (M) —— K (M) is homotopic t\'o the constant map,.

2) follows from 1) and from the

decomposition given by Theorem I 2.3.

& & %) follows from the fact that
. \,,g 7 ./ ' .
/(///wi/ e 7/(’%’(3@9 is homoteopic to the constart

mep since A(K) =zo ( by Theorem IJ 7;/) .
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§§ 10, Problems

We end up thls survey with s few problems WhOu@ tolutlon
Cwill glve a deeper understanding of the functors pr ;7” 7/
and .A/ and &t the szme time will push & litle further our

daf ,/r69
knowledge about the structure of C?OM) valuer ¢ n)
. 1) The estiv-ale of wOHny 75 ot iniled, .rtz_g(f,owa/ i 70 /ﬂ/omwmmﬁ 7//2/7456’ nﬁl/’

P°2) Does d) remain true for (2 -locally trivial bundle
with a crossection ? (important consequences will follow even
this happens only for sphere bundles associated with vector

7
bundles; for instance this will 1mply thet 7/ are actually

defined on C;))

P,%) What can be said about’ / when ¥ 1s @ firnite cover?

&

P.4) Study the fibration . » (/)

P.5) Compute 7%-(7/C?X7) 7 ]ﬁ/(X))

2 Q17 )
P.6) Which is the relétionship between 7@'/'7/ KX7(53¢QV and
the higher order K ~theory respectively Whitehead -

thoory (with verious possible definitions).

: e
P,7) %hich is the relationship between 7@‘/ /’y’(éﬂﬁfﬁyand :
the slgebraic nilpotency (eventualy higher order slge~

" braic nilpotency)e

P.é) Ie- Tl %/f(/((é,z)))@ Z(E{.)‘_oi/&is a finitely .generated
free abelian group.
& | i
P 9) Does /QCKW H(x) "‘””9'7?3() delosps to a map
B(ﬁ()(}) Bfé(X)—f«ﬁ Bf(x) which satisfies the same properties
/m() ? e

ke S i)
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