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ESSENTTAL PARAMETERS IN PREDICTION

b y _

Ion Suciu and Ilie Valugescu

A time domain analysis of a certain stationary processes considered as

time evolutions in the state sBace of a correlated action is given' Using

a factorization theorem for Lo-contractive analytic functions by means

of the evaluations functions, in some conditions, a reduction of parameters

in the estimation of the prediction-eiror operator is obbained.

I n t r o d u c t i o n

In this' paper we present a time domain analysis for a certain infini[e variaie

sfationary processes whose conesponding speetral analysis can be done in a geomeLri-

cal model as in [.3 ] . For this, we use the context of a correlated action analogous

t o W i e n e r - M a s a n i s c h e m a f o r t h e ( f i n i t e ) m u l t i v a r i a t e p r o c e s s e s  L 5 l  ,  [ o ]  , t f , e

stochastic processes being assimilated as a time evolution in the state space of the action-

h section 1we attach to any correlated action \9,W, f i its measuring space

as the Aronszajn reproducing kernel Hilbert space relative to f In section 2, for any

f -stationary discrete process, the shift operator is constructed and a geometrical

model for prediction (in sense of [g ] ) is attached. Section 3 is dev-ofed co prediction-

eryor operabor. We obtain in Theorem 2 evaluations of this operator both in terms of

correlation and in terms of analytic function which factorizes the spectral distribution

of the process. In section 4 we establish some relations bebween bhe prediction-effor

operator and the white noises conLained in bhe process. In section 5, using a factot-ization

theorem for tLe LZ-contractive analytic functions by means of a conbractive analytic

functions and an evaluation funcLion, we show that, in certain cases, it is possible to
-8o. f ie t

reduce some parameLers\ig--evaluation of the prediction-error operator.
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1". Correlated aetions. The Aronszajn space

Let L be a separable Hilbert spare and "fl be an X C6) - module. Ttre map

from X,(S)x11 into t[.given by

(A, h) ----+ Ah
' :

witl be called an action of X€) :ntolf.

we call a correlation of the action of X C Al onto f,f a map tl * t!^ ---* X (g)

g iven by '

\ (r. g) -----+ [- [t, g]

which verifies

( i )  [ - [ n , s ]  =  [ - 1 s , t 1 r  ,  f  [ n , n l  2 o , a n d  I ' [ n , n ]  : e
implies h = 0.

r( i i )  i L  l n ; f f , ,LQe, ] :  T .  n l r " l f f ; , t i lQ
.  i  J  

__  i . rJ

(  c '  ^ l o  n  )  ^  V r n \The triplet I t,ffi, f 1 will be ealled the comelated acuon or * rt J onto H,

The space $ will be called the space of parameters and t9 the state space.

Denote A = t xff,. If we consider /r= (ar, hr), )r= (ar, hr), we shall

define h. positive definite hernel on n- A to C by the equality

Hence

We also have

( 1 . s )  f  L r , t r l =  ( f t f ' , A l o , o ) > o
U

. F o r a n y  s y s t e m  ( ) " ,  - - - , i , . )  i n . A  a n d  ( c r , _ - - , c ^ )  i n O w e h a v e
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t  ULr i , l ,1  c rq  =  
* ( r t { " i , f , ' ' l  

o ; "d i )c '4  =

= ( f Lf, n;ff, " E n'f,; l  o', o\ r,?
- } l 1

where we have densted ny Ai an operator in X CS ) with the property A.a = 
"r* 

,

for a fixed a in $

From (1.1) - (L.4)it follows that 
trt 

^.,1.1 is a complex valued

positive definite kernel on AtA.
'\' To bhe positive definite kernel f, L e', ),1 we can at0ach ihe

Aronszajn reproducing kernel Hilberb space K. f,et us recall the construction of fhis

space. h the space CA of all functions defined on A r.rith values in O we consider

thesubsp^"u  T  spannedby f f  \  ,where foranS,  |L  in  A  ,  \ f  i s the

function from c A given brt 
ut /f tA / of

( 1 . 5 )  [ g l =  t ' l t , r l  f " . A
0 f  '  o /

We define on T ^sesqui-linear form, as follows

( 1 . 6 )  < l c r f  , [ J i f , . , . ) o =  X . , a ]  [ t 1 r , a , 11  . v l ;  J .  " ^ i  d  i , !  0  /

,-
Factorizing J- UV <. , .> = 0, we obtain a prehilbertian space. By completion we

obtain a Hilbert space J( which is the Aronszajn reproducing kernel Hilbert space, wilh

reproducing kernel f . We shall call K ttre _Arynsz$A€Egg attached to the corre-

lated action t€, il1 i- ] , or ,nu *"uru"rn* "ffin.
Let us remark that for the elements with represenbants in T , the

scalar producb has the form :

/ t -(1 .7  |  (  4  " , f  .  Z  l r  f  ) , , "  :  4  r ,d t ( r t3 . ,6 ; lo ; , ! i )' i  U l , ' T ' 0 ) j ' f  r ; , !  
6

w h e r e  
f t  

=  ( q ; , 4 ; ) ,  ) i =  ( 6 i , ? ; )  .
/ .

2. I- - stationarvprocesses

r-et {S- 8{, f } u" a correlaLed action and k be the attached Aronszajn
L - >  

-  
"  '

space. By a discrete f -stationary process we shall mean a sequence 
i t I 

of
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elements in ff such that f I f*, f* I

not on m and n separately.

depends only of the difference m-n and

We define

( 2 . 1  )

the map l- : V --'X(6 ) by

F o r  a n y  o 1 , . . . . . : . r n ' a  Z and ar, .rap€ e,

z (  r  Lf- r , f - ,10t
a

! t l

& , & )  r J  
I

we ha

, o , )

'fe. :

=

: ( r t l A ' f - , , ?

Z  (  I ' ( * ; - - i ) a ; _ r o j )  =
i , i

( 2 . 3  )

€

At{-, ]

where A. €
I---,12

Hencetis an

Xce ; ,  A i "  =  u i fo r  a f i xed  a€ t  .

into

Let

We have :

from Z
t  c  t P
t"l--

X(6)-uufued positive definite function on Z. Ttre map ^- frn,

X teS is called the correlation function of the F{ -shti.onary process

us denobe by :

N^=Lt,eUL; g ->-  
: r f ,

Y<-- ".€. -^ { 4r. k i  $--

J<':'- c. €.."". I &, X , Ip =
+f.

5{ - -' -CJ(^ , t<*= t7

, Aa€ [Ce) , fu -t{-L: }

f ,r^.a: 
'  a'et '  4u 3€'- I

/  , .  , l n ' t { ^ ^ }
;:^'"' v::= frur,' . K';

\ =,t
\ - t N

t  z - : r  I  A r ,  v

i  ' ( 6 j  ' '
P

It is easy to see that V* . V-*r and

Cz.z) Y.o : K -* * €(x-*P k*)

whenwe consider two I' -stationary processes {t"i]l "ig- { *"\ll , {o:: --. ,,nlii 
i i:l*,5(lf t,avoid any confusion, we denote these spaces respectively : W;' ,,^rlgl n, {.f } +x;. '  ,  x ' ; ,  Qt*.

THEOREM 1. There exists an unitary operator U onJC* , such that

f o r ' a n y a € e  , A € X C 8 )  a n d  n € Z  w e h a v e

r r , f  r l -
l , ) y = v .-  0co . , n f * )  0 (o ,a f - _ , )

define U on a densly subspace in ft as follows :

\s...

- A  r . :  ) - c ;  U' z f i f ; . )  " ;  dco t ,Tn i { ;a r )

Proof. Le[ us

U Z c ; f .
t  " L o t

<F', f,,o, li, fr;,)'?'tf'.,')
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,  \

=E " , {  (  r  t }  Ai , . * r r . , , '  }  At* t ' l  o t '  
"  I  

=
i , i

= 1 ",tr;: ( o;i 1' L {3*,, {*l A;{t' t, 
L =, t I  + r f

- l o Q J n r \

: Z c4 : ( nrl r t +i"T;'J fi'f; '" )" = =
" , i  l . r f

-

" { ^  
:

It is clear then that U can be defined on K - as a unitary operator

with .required properties.
' 'We shall

t  t * 4

l f  q
t  n J - *

REMARK

the shift operator U.

REI\{ARK 2. Clearly U\ =Srr*r, consequently U dK e .f< - ) =n n-r

J< . e J<-, andK -.o reduces U. If we denote
n+I .n

call U the shift operator of the f -shtionary process

1. For any a e t , tKg is a reducing subspace for

F =Ko * &-lI ' L \

then we have

( 2 . 5 , ' , )

(Wold decomposition for the

REMARK

( 2 . 6 . )

( 2 . 7 )

and

l .  e .

shift operator of the process).

3. Let us consider V, €**! defined by

V o :  t I'  u  ca,  t " )

$ a n Y  a 5 ' [  w e  h a v e

l lvo l[ t= ( 
f, .o,{"r, t  o,f.\) = ( rtf"f ' lo'o)rt i l  rt"r l l ' t f  cr{l*

[\Vo llr < tl l-ror 11 ' 11o ll"

( 2 . 8  )

Moreover

(V 
*v^ vq ,^ )u 

- ( LzVo" ''o )tr =(tf ilo,f.)' f,o,{.1)r=
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' :  - 6 -  ,  '

;  . / J  V
,  =  \  t  a  :  A l t- U C 4 . ' {  

\ ' u L - ' ) ' T o J  
- €  t  - S '

L- tTaJ  L ,

. . ,

Therefore 
' l

. . ' . --  
\  r * r ra \ ,  r yae  tZ

Qt9 -') lc-') : v \''t v
r . - - l

t J  
' F-  

Because f  =V wehaveyws*vv 
6 (^, AL\ Q 1A",1,,)

+oo

@ . 1 0 )  K " - = V  T J ' v 6
' a

_ L

It follows that L X 
".;V 

'U] 
i, the minimal unibarv dilatiori of the

t a

positive definite function n :--+ f 1n; trcm V-into X Cg) . :
'i fire triplet IJ< ^- . V. U I wiil be called the gegmetrical model of-  

L  
r \  6  t  I t  v  

)

-  f 1  c  ^  r * ^
the I  -s tat ionaryprocess { f  q

(  n  ) _ _

REMARK 4. If we denotewt rlt l lvtt. '  
.,o -&*

( 2 . 1 1  )  k * = Y L r - v c
YI

then X(. = fi_ , V = U*K., and if we denote by'.___ __+ _ 
O, ^qr +.

u* = u* ltx*

then the Wold decomposition of U, is l
. 

'1-- - : " - . . - . - : - ' - ' - ' - ' :  
@6ufF '

(2 .L2 .1  v*  =  x - -  o  
f

v

C- tt t  -  Tr }t t  -  ^<t f \  f  l '^ Vi.e. F - X*. % k* and 5(--.= 
? 

tl o- 
i

Hence all the geometrical elements of the prediction theory for the

process I t-\"* ean be obtained from its geometrical model [ 5(.. ,V, U ] .-  t  t r J - -
I€t Q be the orthogonal projection of k oo onto K--o , Pn the

orthogonal projection ontoX{o, and P = I - Q. Then we have :

P  Q  = Q P  = Q' n n

(2'13 ) G-nni P = P(I-P') = I-Po

P P  P  =  P  P =  P P
n n n

In what follows we shall use the notation and the therminology from ffJ

The main result of Lg] (see Ttreorem 2) says that if F is an Xtt).- valued semi-

spectral measure on Tand f X,V,f 1 its minimal dilation, then there exists an
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for which L <

&

where K. = V
+' o

spectral mbasure
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- bounded outer analytic function f e , F, OHflsoch that

(i) Fs

(ii) For any other L'-bounded analytic function I t, k ,(2())1
F, we have also F-, < F@.

In order that F@ = F it is necessary and sufficient that

V  _ ^ 1  . .  r ,  
.

,  I l  U  k * = t o 5
r  r o

4

u ve , ild Lf is the unitary operator corresiJonding to bhe

tr
,

The unique Ii -bounded outer analytic

will be called the rnaximal outer function attached to .,;he

function { t, T, @cnl

XCal -vslued semi-

spectral measure F.

If fJ<-., V, U ] i. the geometrical model of the l' -stationary

process I t"}]l , then we can attach a semi-specfral measure F as follor,.,s.

Consider E, the R eJ( oo ) - vqlued spectral rneasure on T corresponding to the

uniiary operator Lt*. Ttren we have . .
- t -  u = ' i  d ' i *JErct

and t(  *"  r*  
{2.L4 )  F = i r*ru

then we obtain an Xtg) -vo,luedsemi-spectralmeasure F on T. From (2.L4.)

it results 
. rr- .-4

(z.Ls )  f ( . r . r ) :  \  6 '* 'df r rs
o

The X(0 -vclued semi-spectral measure F is well defined by

(2. 15 ) and it is called the gpectral distribution of the process l t"! ]l
fire maximal outer function { g, i, @rrl } attached to bhe spectral

distribuiion F is also called the maximal outer function attached to the process I i ?, * -

we remark that 
% has the specLral ditarion I f (rl ,v,, tif 

r-* '

'where 
Ex is [he^spectral measure of the multiplication by eit on 12 w), F is given

r i ^ *  - F  ' r " o
by (2.4 

-), V"- $" ? V {' being the canonical isomorphism between 6 u.}
2 ,  

_  
+ *  - ? r  

_6

and L-F'), and P [he orbhogonal projection of K_oonto e Lf F

Also we remark that F = Fo if and only if

( 2 . L 6  )  5 < _ _ =  t o l  .

O 
I" 

use (2. 13 ), we obtain for a € €'
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@rcf @to>o,n) = ll @r$o['= il (V@*),"ril ]: .Jr,.JlVro 
- o l["rr, :

= yil\o'- + d*voo{l,.*i ?'i +'r#l _+ 
f'::-rri",r,=

= il{ ll +t?v^ - q'+t'\Pvo, tl,'ri ^+ ll ?vo - ? + '-r*voo il*:

= ll ?va. - PP, PVq ll"= ll P( I-?,)vo ll '= ll(- Pf vo ll1'

|| c r -i;vo. ll*= (orof @ro> a- ' a')
Hence we have

(2.L7)

\

REIIARK 5. For a e t and e e Xfe; we can interpret ll VA ^ lti
6

as the mean square value of the parameter a in the present stale of fhe process when

we act with A on the sjstem.

3. Frediction-error operator

The prediction problems for the stationary process consist in obtaining

informations about the process up to the moment p*r, r ) 0, from the ttlmowledge" of

the process up to the moment p, (the prediction of lag r). We can obtain informations

about [he past and the present of the process aeting on it with some specific experiences.

The rgsulfs of lhe experiences are measured in a "measuring systemrt intimately related

to the nature of the experiences. In our case the experiences are contained in the cor-

related action te ,ff, f 1 and the measuring system is given by the metric of the

attached Aranszajn space 3<.

I€ t  \  L \ ' *  be a f  -sht ionary process and &,  f i  ,  ,$o. ,  e tc . ,L  I I J _ -  '  
v  t J

as in section 2. 'Denote P theorthogonalprojection off i-  on"K.-. When we say that
P p

we Lmow the process up to the momenb p we mean that we know'the Subspace XCO; more

precisely that we can measure the 'tmean value'r il f.^ -. ll of the parameter a for any'  u  ( a ,  g 1 ' r
element I in H obtainedby succesive:-t ions on the process up to the moment p.

o p - r -

We can obfain the best information on the process at the inoment p+1 if we can find bhe

elemenbs of the best approximation in K-- for the elements in $p p+r
More precisely, we can formulate the prediction problems (of hg 1)

as follows :

F o r a n y  a € t  f i n d :

(1) a sequence (ar, , "k )* of finite systems in g , a seqLlence



n- ; r -

(A . , , .  ,A , - ) -  o f  f in i tesys temstn  X( t ) ,  asequence
r. s. rll

t l
J J

systems of complex numbers and a sequence of finite systems

integers each of them less or equal to p, such that :

( c 1 , .  . . . , " k ) *

( t L . ' . . . . . , o k . )

J ]

of finite

of
m

lt:- l/ tr ̂ , go,,) - tr 'o $, o^,Tnn,f -u;)ll:ll P,

(2) the mean value of the prediction error of lag 1

G (a) = |f ( r- Pr) tr.-,fo,,) l l t .

&., +r-,) ll

Similarly, we can formulabe the prediction problems for lag r ) 1.

In this paper we obtain some results concerning the problem (2).

We begin with the following :

' TTTEoREM 2. J€I_ ttrli: 
be a discrete f -shtionar:s procgss.

I

Ttrere eiists a positive operator G. in X ( S) such that for anv inbeger p we have

r)
(1") G is the infimum in the set of positive operators in X" t g I

^ r o s i t i v e o p e r a t o r s  f n r  1  e e ? \ , i . e .of the familv of positive operators 
{ l'[fp*1 

- s' tp*r - eJ ; B p J

( i )  c  < l ' l f p * r - s ,  f p * r - s ] s € f f i p .

(ii) ffidny positive A in X t€,) which verifies

( 3 . 0  )

also verifies

rs. i  r ,

A  l  f 1 t o * r - s ,  f p * r - g ]

A

r|
(2-) For any a € t andA e X t € r we have

g €  P p

(GAa ,  A  a )  =

o(9") E_any.ae t
1 *n-
r >

(Ga, a) = inf |  ,'  \  i j =o

fl o - nol 
f,*,oro*r, 

ll

we have

t  t  3s ,3, . l  or ,  or)( 3 . 2  )



where.the infimurn is ta

go = fp+li 9 r " " " " 9 ;

o
t4-\ Tf

FI

I -stationary process

(3 .4"  )

- 1 0 -
l

ken,over all finite

€ Hnt  
"o=" ,

t t, rt, orn J

& L r . . . . . r " * €  t .

is the maximal outer function atbached to the

( 3 . 3 "  )

Obviously G is a positive operator in X t t i.
have

t t,ll: , rhun

G = @of @<ot .

koof. We define G by

G= V*u+P+l G - p_) UP*l vp'

a e f , a n d  a e  X . t 6 l  w e

(GAa,  Aa)  = **U*P+l  0-P )  UP+L' n '
Lr

For any

l l  s -p )uP+1  \ f  .' r  '  p '  
6 (Aa, fo

2
l l=  l l o - P )  \ f  l l

:  
u ._  _p,  

[  (a ,e fp*r )  l ,

the assertion 1zo; is proved.

n-l-1 O

u ' ' '  v A a  f f  "  =

2
l r -

a ,  L , ' ) l l
Pzr

= ll o-pp)

(r-pp) 
[u

ll 
' =*?'j. l[ [u, ,n.,,

ll , t-,
i l \ /

* ^  l l  Y .€  e L  I l  l @ 0  \
e  eP 

"  l )  - - "P* t '

V A a ,

. 2
l l

) l l

A a )

=tl

and

Tht asstzrtonn

ftao| ir a consequence of (8. 1. ) and (2..L7).

To prove (Bo; we have :

( G a , a ; =  l l  g - n r  r l '
p' 0 (a, fo+1)

= inf
9 1 ,  . ' 8 m
& . t . . . . . .  r &r m

= inf
8 1 , . . . . . . " 8 *
4 r 2 . . . . . . r A

. r m

denoted e = r"o 'p+l

- k  l l  
' =

;f.-,r/ Jl

{.#lt*'e X { .
p

e e ^

and ao - 4 .

. /.

where we have

*rl "r, *i) '



so = fp+l'

'  - 1 1  -

' r l

To prove (1--), let us consider

s ,  =  - g r  4 ^ = 4 r & r = & ,  w e h a v e :- I  
O  I

A

g e n_ and a e$. If we denobe
P

( X,f ls,, s1 1

- ( f L tn*r,f 1

= (  l ' [ rn* ,  -  s ,

(3.2) it results that

(Ga, a)

f lto*r, to*rl

['-Lu' rn* ] a,a )

a r a ) -

* t  I '  Lt,* ]  *,  ")=

& r 4 . )  =  (

) -  (& r &

L*t

and from

i .  e .

- s  I  a ,  a )

L t o * , - 8 , f n + 1  
- I  ]  a , a )

the

4

o

assertion (i) in (fJ is proved.

L€t A be a positive operator in X t g ) which verifies (3.0). For

a ,  & 1 ,  
i . . . . r  

a * e  E  a n d  g o  =  - t o * r ,  g L , ,  g m  a  E U ,  i f  w e

consider At € X t€l such that Ak u = aO then :

X t r [3 i ,3 ; ]  o i ,o i ) :  (  r t+r . , '+ r* , lo 'o)  -  
a t r tS i ' In" la ' f ; 'o ) -t'  t r ! ?  o

f  t  r  L {en ,xJ  A ,o , * )  -  
* , (  

t ' l i ' 2 ; l  A ; *  'A 'o )  :

' i = r 4 r n ,

(  r r o  a  1  ^ \ -  t ( r t A i ? ; ' { r n , l o ' o )
:  \ '  ' f * , ' 1 r . , ,  ) u ' o ) -  ! - - '

f  f  r L t - , , 4 ;3 ; l o ' * )  -  
*= , (  

r  tA i x i '  A ; x ; Jo  '  a ' )  :

; - -  I

= ( r t  f*,- t ' ,r ,  ,Lrn-f,^ ' l ,oJ o'o) >' ( fr,- 'a')

From 1so1 it follows that A ( G, and the proof of go; is finished.

It 
""$s 

only bo show that G does not dePend on p. For 1 < k ( m

let us denote Bk = 
d'o,*\*. 

Mp , and Bo = fp+t_ = 
V 

A3o fn3 
o 

,

w h e r e f -  : L - l  , A j o =  5 r r ' I "  , 4 o  = a " , t & r t . . . . , a * € t
noo p- i l  Jo Jo 

tmk

Also denote 5;:  \rO,^i l r i r  
andg' =fp*2. rhen we have :



z (
l , 'Loo

r-- \ .

{ , & . .  o

\-
,/

Q , h - o

l't 3r. ,XrJ o" , oo\

{k- t f r  f_n*)  ( n i l r
i ,1= o .

( 4 ;

._ r.2 _
,rta

-  |  r t r: , /  \ .  I  L
1 r.l<-= o

A,u {*rn , #"'A ref  ̂rr ]  "* ,oo)j = o

[ {*,n, 1^,"] 4* o" , (.a):

] At"ac , ar" 
) -

,hA

\-
r/

1r&.  -o
3 'o  ,3 i )  " ,  ' "u  )

r t  f  eI  L T r i f  ,  r T n n . r * r

i( r

I is crear thar we can obtain any svsbe* t sk I from 
{ rri J in the

same way' and follolvs that in ($ the infimum is taken on the same set even at the momenr
p, also at p+1. It results that G does not depend on p.

Ttre proof of the theorem is finished.

The operator G will be calred prediction-error operator (of rag 1)
of the' f -stationary process 

I t, 
ll: From point tz"l 

"t 
trr" Theorem 2 ii resutts

that ll ca tl is the minimum prediction-orror for the parameter a. The point 1ro; tett
us that we can oblain simultaneously these errors by a minimizing proceclure in the sert +Lo
ofifiositive operators in Xtty The expression iB.2) is an intrinsec computationfor-
mula 

.for 
the error in terms of actions and correlations, while (3.3) permit us to obbain

the prediction-error operator of the process 
I t, 

1]l 
using the maximal outer funclion

atLached to the spectral distribufion.

Let us remark that in general

( G a , a )  z  i n f  (  f  f f  - o -
g " * o *  

I  L r P + l  
- 8 ' f o + 1  - g  I  a ' a ) '

Hence the estimation of the parameters given by the prediction'inK* (mulbivariate
prediction) is better as fhe estimafion given by the prediction in.x$ (univariate
prediction).

4. Deterministic rvhite noise, and moving average processes

If we take in (8.2)

( 4 . 1  )

The

r r f = o

we obLain

f-l

J' -sla[ ionary process { f  tr '-  is cal led :t  n l



6(  f  (0 )  a ,  a )  >  +2  Re  (  l ' [ f * ,  L  I  a ,  a )n ) .

t 'or any €rr0, and
' Re ( l- l i_^, f  I  d, L\ = Q.'  r  L m  n  J  

- - ,  - '

Analogously we obtain

Im ( f Lt*, frrl a, a) = o
:

. and follows that

f l  ( i  r ' l  - nf  , r r , r _ _ t  - - . u  f o r m / n .I  L  m -  n J

The proposition is proved.

i n_ f r J _

:  .  : l  :  ,  
'  

,  t  . : , . , . , ' : .  :  .  . 1 . :  . 1 ,
. : , . . r . t . . . , . . :

. ' .  ,  
. ,  , ,  . 1 . , , :

. ' | ,, (i): , deterministic if G,= 0,

(ii) white noise if C = ["(0).
REMARK 6. By Ttreorem 2, point 11o;, it results thatl!g--prgs".".

.  - +oa

I t- 1,* is deterministic if and only if
L D J - .o

J <  = $  = g. - - _ o  - - p  * . a o c l .

. ,
'  h h  .  q ! &PROPOSITION 1. fire process lf-l"- is of whitegi-se if and onlf,jl

1 n J _ _

(4.2 ) [1 1ro,' r*l = f ror , Eo, *
t J

t-l e

lqoof. If I- tt., f*l = f tol'S - * then the positive operator
lt tol satisfies ffiu""o." 

L n' m' ' r' rr -l*" -

I t o l  < z  f ( o ) =  f  [ r o * r _ s , f p * r _ s ] ,  B € f f i n ,

' 1  .  f 1  , ^ .therefore l '(0) < G. From (4.1).it follows'then G = | tOl.
C o n v e r s e l y , i f  G =  [ . t o l t h e n f o r n  /  m w e h a v e  f f f  , f  : l  = s .

L I l '  r r l 'For this we can suppose n <. m. From (S.0) it results

(  I ' ( o ) a , a )  =  ( G a , a )  <  t l ' t f  +  e - f  , f  + r f  I  a . a )  =L 1 P -  - - n ' - m J ' n J  * ' * l

,= (  l - ( 0 ; a , a ; +  € " (  f 1 o 1  a , a )  + 2  e , R e (  t 1  I f _ - - , f _  l  a , q .L m ' n J '
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REMARK ?. Ttre process {trJli is a white noise process if and
only i f  dF= I t to l  d t .  In th iscd.sef i -=  td l ,  whereg ' -= 1-* re  ,  U is  the

i F  2
operator of multiplication by 

"'u 
on L' 6), and V : { f tOl. The function @ctl is,

in this case, the consfant function @t71s,= ,,ff!t a.

Yi say that the procesr 
tt" l];

{f l
t) to € af*'

2) RefFo - sn, *oi
3 )  f  [ f n , s o l = o  f o r  k y p .

contains the white noise l q ' ) + *
1 " n J _ *

t*"11: ,

( 4 . 3 )

PROPOSITION Z. If the process { f- E 
*-

t n ] _ _
then

contains the white noise

it follows that it is sufficient to

show that

But

therefore

o lsl = It [so, so1

gII>o! From Theorem 2, point (to),

[. [so' so] < t'[fo - s, fo - s J

since f [L, g^l - 0 for n < 0, it results that
r . r  

-  
n '  

-O-

s . 4l we have

(s € wjl\,.

I [ * ,  g o ]  : o  f o r a n y

( *- 
is determinist ic

t l  J - -

f l f o -

= rft
L O

g,  fo  -gJ = , f  l fo  -  g{ .go)  +Bo,  fo  -  €€o)  *go]

€ + s o ) , r o - e + s o l J  +  I f s o , s o l  + 2 R e f .  l f o -

€+so), so] : Rb [t [ro - so, rof ,. o

(cf-b l cr I\. '  Do/rbd,

Re f  L f " -

ft[so, so1 < l"[fo - s, fo - sJ

c{s} -  . f  [eo,  eo1

COROLI"ARY 1. If the process 
lf

does not contain any white noise.

PROPOSITION 3.

then it

then for anv a € t :ge baye

r r  ( c  l + a
" 1nn 1__ contains the rvhite noise process I g-i *-



(4.4: )

3TL

(4.51

:  : 1 5 - ,

[e,**r € 3.tl'r l<ti:,
u t l

ll $",*", ll

3"*I. For any n . aftjl,

f ,o ,h)  
> - (  [Ln '* ; l  a '

& H r ^ - r
:  T  I  f . " ,  s_ |  a ,b)  -0 .
K  ; i  I I J

,From (4.3 ) and (3.1 ) we obtain

we have

[t e,-t,_, g- I a, b)
L(.-t^ ^ u '

rf  t l
d (",fn) lJ

a n d q b e 6

b ) = ( r
.,

( $"'*o''
= ' Z  e

*.sr,,-r

tl rl ' l l2 = ( F lsrr, Srrl d, a)
ll I ta, sn) ll ,

4 ll G-Pn-l) 
fr, r,,ll'

= (  f l so ,so  1 4 ,  t )

, fre proposition is Proved.

The |a -sbtionary process { t.L_] is'called moving average process

O .tU: is spanned by 3<gl when {g.1: runs over atl white noises contained in { f 1**- - ' t o n J  
-  

t  t r J - -

If I f \t- is a moving average process then
t  n ) - -

sir: = lol

by (2.16) we have U = 
%"

Proof. For any white noise 
I 

g" 
l:: 

contained. in

U I n" its geometrical model. Using (2. L0) and
{gl r

x.ft = _g u,l, u {sle, --b'" }a I'. :u *i-t, ,

.FII = V .$ngt._6xottt. stjl, . s1f
ao 

{J-l

follows that

l f )

iKl: = {ot

PROPOSITION 4. If

and consequently

t r" \1-:
(4 .4 )  i t

let

results thatf n.18\
t " A
L c €

( 4 . 6

\ /' '{g1 '

)

Hence

From (2.2 ) it
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In generar it is possible that the process \f^ \Fcontains no
although it is nondererministic. Arso we can have 

"1:=;0| 
without

moving average of its (interior) white noises. This is natural because
t  ^  q * a

{tnl-- can be influenced by some white noisbs whose relations which
be controled with our correlated action te,A, f I.

white noises

l fnl*] r" u
the process

{ t" 1]: cannot

rn a next paper' where we shall introduce ihe noLion of complebe correlated
action, we shall ,show that there exists an rrmaximalr white noise whose moving average
determine the prediction of the process. Hence we shall be able rlo ,,roof the wold
decomposition of the process in time domain.

.. 5.

An

funcfion (of

isometric.

Evaluat_ion functions. Rlduction of paraqreters__.

outer L--bounded analytic function I t, € r, A(A) ! is called an evaluation
t a .    ^  %

e 'n 
tr ) if the operaror Vo from A in * ( 

F, ), 1or H2 ( Sr)) is
This name is jusrified because y embeds € ; 

"t 
i. ,' ,_* ,n",

I

pRoposITIoN 5.  c f ion . [E F ^ . . ) :^  ^-  -_- -1

S pace for multi___2plication bv d on H2 ( € ).\  v i l '

< d i m t .

A r'rl I is an evaruation f*nction then Vo 6 is isomorphic
is outer) 

{e i. a cyclic substr - 2

a cycric (or isomorphic ro a cycriffi:J"t,:*; ( tr),'

then we

function.

that

rhen (a, ,f "r 
j;'rll,

A t r l a  =  a ( A  )

obtain an L2-bounded analyiic function I E, €, ,

r€t Pr, be the projection from 112 { €.) on q

or simpler

We remark that

In this case dim 
E

proof. If t €, 6, ,
to A , and (because Aial

Conversely, if t is
then if we define

. A o o u  =  f f a u ) ( a ) .

A t ^ r a  =  a ( a )

a € €

a €  t  c  H " c € r 1

,i
a € €  c  _ H -  (  € r  )

At,*lf which is an evaluation

. If there exist uf € e such

4 e e

it follows that a, = 0 , and

l * o
= 0r  1,  2 , .  .  . .  ,  and f rom cyc l ic i ty
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t,1 . Therefore dim €n < dim € .
,

THEOREM B. For any L'-gontractive arlalvtic function { g , F, @rD ! there .
exist anevaluation function l€, g,, Arr: ! and a_contractiveanalytic fur-rctiop

t €, , F, H/)) I such rhat_  
^ r ^ ^  ae  iD  .( b .1  )  @(n  =  n (D  'A ( ) )

' 
Proof. Ie,t,us denote DO = G - V;

If we consider

ua'/', Do= qe and .V =n * po.

F.,- = %* 4 dt
then obviously F i.s an X(e|-vataed semi-spectral measure on T , which has
r 2

Lr t.3 ), vp o D*, E'I as a specrrar di lat ions such that (y, @ D@) € -1r & l.
Thus ' F is the semi-spectral measure attached to an L2-corrtractive function. By LB ],5L

Theorem 2, there exists an L2-contractive outer function 
{e , €, , A (A) I such that

t U  =  
k . S i n c e

i t  resul ts that  vf  vo = t ,  hence {€,  e, ,A{r)} is an evaluat ion funct ion.
Because 

%a I , Froposition2 (see t 3J ) implies thaf there exists a
contractive analytic funcbion L €,, F, M c^l J such that

@ t a > *  n r . r ) A r , r )  2 e D ' .

The proof of the fheorem is finished.

k t t € , H ,  f  !  b e a c o r r e l a f e d a c t i o n a n d  
{ f " l : :  b e a  l a - s t a t i o n a r y p r o c e s s

in }f. We recall lhat we have denoted by [- c^\ the correlation function, F the spectral
distribution, and tt,g, &xtl the maximal outer function attached to Lhe process
i  r  L + *t - n ) - -

PRoposrrroN 6. Jr I fri::
maximql outer function tt, S, pc.rr 

]

(5 .2  )  (Ga,  a)  =  l l  ar " , l l |

where the function a (a) is the image or abv the embeding of t lr nz Wl.
Froof. By proposition 4 we have F = F@ , and because

V f  V  :  F \  -  f - l r n ' r  r  '
@  . @ = F r ( T )  = F ( ? ' )  =  f ( o )

it follor'vs that { € ,F, @hr! is an evaruation function, and using (8.3).

is a moving average and ftol= 1, then its

iq an evalua[ion function and

I  G o,a) = (@6 @<ot &,&t= l l  @ot"" t t ] .  I l  at ":  l t ]



PRoPosITIoN ?. r€t { t,;: ana lg-\*- be f -stationary processes in &f,

cl+,t c{st n" tn" o""ai"tion-""loXtop?""to"r', iifr, anr-1 ; { €, -F ', o[^r1w
their corresponding maximal outer functions. If there exisbs a contractive analytic funciion

Lgi 
g, m(,\) j  such that

( 5 . 8 . )  @ a r :  n t t ' > @ ' c t t

t | z  t  g 1
t h e n  G t t ' <  q

Proof. For any a e t we have

(G"L,q)  -  (Ar" fqSCqo- . ,  a , )  :  I I  @cor4.  l l i :  I I  r tc"1@cL.  q11L *

. -- l{l ^ trt
h e n c e  q ' < q  .

In this way \',:e say that if we can determine either contractive factors or multi-

plies for @{I), then we can obtain either increases or decreases for the prediction-

-€rror operator G. [r particular we have the following corollary which may be useful in

testing.

COROLLARY 2. If there exists an outer scalar function 5,^l t" # such that

either

c -  r  -  M rrr  @r.rr  @cs> :  l * l . re l  &or V,(5.4 ) 5,^ry = f"lr( 'r l @r'r> or

where {- f, E, , t1,$) } and

Y' t--* €, and V"' €_* q

( 5 . 5  )

qI

( 5 . 6 .  )

7 €^,F, f lr(, lr! are conlractive analytic functions,

are isometric operators, then either
2 r

G

7tlr -  L  l o c  t s t d . t  lG
o

If the process {f"}l: is a moving average, and f (o) = I

seen that in the functional model given by the embeding U of Ag)

error ii; obtained by /la(o) ll 
2^. 

In the next we shall show how the
T

us an eventual reduction of parameters in the error calculation.

then we have
,,

in H- @) the

Theorem 3 permit

Let us consider the factorization of the maxirnal outer function - { g, T ,  @ t t t \
attached to the f -sbtionary process { t" tl: given by Theor.em 3

@f , r>  =  ln (A)  A(^ )

where l€,€r,Au:lis the evaluation,furiction, and [ €r,Trf '?{,rl} is acontractiveanaly-

tic function. we additionaly suppose that 6, . f(e In this case "[.6. , F, n rllt| is

a'router contractive function. Indeed let M be the contraction from 1,2 { €) rc f2 6!1,

(see [4] , chap V, sec.2). Then because

UAa. : { "t*ro-
an€ €t
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we have for any

$o
It follows that

therefore {€r, T, nt,,11

We consider the

f  € Af weput

( 5 . 7  )

and

(5 .8  )

Clearly that ttr,W,fr\
nary process { t"l]:

If we define Vt

Proof.

equlvarenE

( 5 . e  )

ei't f4
' * Y o n

a e t

=  M { a

f*  cr l  = ui* t%s . f i
o

oo

V
o

o \ l  ^int\.r r.  ,\ :  v  Y  n n c t
o

o<r

\-
&*=  / -  Y

o

€41

= )
o

the

"int %q 
. L., ( .rl

is an outer contractiv'e function.

corretated ac[ion {€rrltrf l] as fo[ows : for f lreX(tr) ana

A,{ : (4, P..) f

I t f  , 8 f  - n , " L + , 3 : l r ,
is a correlated action of X t ql on0o ff and

is { 
-stationary process too.

= V Ig. and consider
'  1  

, r<

J{ -statio-

:  n ! - :  - Y r f ' ; q c : ( -
then denoting u, = ulx,*e obtain that the triplet LyLryrur! is the geomebrical
model of the Il -shtionary process { t" t l: 

t€t c' be the prediction -error opera-
tor, F, be the spectral distribution, and tf,,q,@n(^dbe the maximal outer function
atbached to the 

{ 
-shtionary process { t"1]:

THEOREM 4. The function \€. r,, @.rrr I coincides with the outer
analyfic function {€r,s, M ta) I giyenby Theorem 3. Moreover. for any a e t
we have

contractive

( G a r  a )  =  ( G ' a  < o t  ,  a  ( o )  )  .

From [l ] , Theorem 2, it is sufficient to show that F : F_ or- @ ,  * M

n(e f t )#  (n re t t l  Jy

For any analytic poiynomial p and 
"f. Q we have

4T zr

!  tp,"t l  t" J( Fm(tt 4,,?f - *" l ]prn, '1 l* U n cs' '*J a, ! l* d.t =
o ' ' t q o ' t

- ll f fr q,lll,.,,r= ll y nvoorlll.,r, ll p\$ a^ ll]j 
n,"r=

I e  l r  ' t
o ' t = o - r n = T ? f

2-

x
@

= Ll f { 'pvar l l i i ,rr: l l  ytus Pvq o;*: I l? y,1u1va, t l



< llY"Vo, ,,;-

It follows that 
"ryt

analytic function, it

uu

- 2 0  -
,,lf

-  f l  , r \ f . .  t t l  f  '  - -  ̂ i t ^  t \q  t , ,  * r , , , . : =  \  t y cd "1 ru  (  E t r>  a r ,@, . ) r .

r N I

results from the factorization theorem that

- '@L

of an

(5 .  10)

Conversely, for any analybic polynomial p, and ut € €, we have
'?t 

zF-

\ l pc"r'f/ ,V*t lnro,\"
o  

e L  ' ! ,  
) ' , ' -  

- ,  - . r r l  . ' r ' . . ' ^ r u ,

't aolll\o*= il r*t-, t" d ( F (t) o, , a,)€.

But fo . is the maximal semi-specrturlrrol" ,o"r, tn"t Fo 3 F, n""""" r. 1 F@.
@ -  

-  - E -
Now we have

&r lrr-

!  r  p r t s f  A (F  * )  e t , a t ) .  .  J , r ( e i * ) ! " d (  E ( r )4 r ,  q r ) :
. o € L ;

:
, - T f  ^  , r L, r  ' a .  l l L  : l l  f 1  L L v a n t t t t z r F r  i l y n a t I l  , , t F )i l f 

uo'tt l l  
,.nt-)- 

" l- 
- a ' 

L't(F) 
't Lr

- ,r_ zt-

_ t_ 1",  yre, t t )  1,1(u, , )  aLl{ ,h =h) ty(e ' t ) ! ' (M(r ' *& rc,*1o,a,)d. t  =:  z r J  "' " ; '  

!  
€ l

'  LT '

\  t  r r " 'o )  f  d  (  ; r ' t )  iz , ,  4^) -
o ct

Therefore F
@, M r  " -  - - - -

Using (3.3 ) we obtain for any a € t

( G a , a )  =  l l  @ o s *  X ;  :  l l  F 1 c o 1  L , ( a ' t &  X : :  l l  Q t " l A c o l o -  l l !  :

:  l l  @ r c " )  o , r " >  l 1 L ,  =  , - E ' o ( o )  
,  Q - c " ) )

Such a way, the factorization theorem given by (5.1 ) permits us the reducfion

of the parameters in prediction up to S,

Following this way, on can construct a minimal subspace to in t which gives

us the prediction, hence we can exhibit the set of essential parameters for the prediction

of the process { r 4'^.^  t  n  J _ _
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