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ON INTERTIMINING DII,ATIONS IV.

, b y

Gr. Arsene and Tnia Ceaasescu

Abs0ract. We give a generalization of the theorems of the existence lsee [O];

and the uniqueness (see t3] ) of the contractive infertwining

dilations in the presence of some represenfations of a Ct- algebra

t .

denore rhe ser ", Tl,*j";#1":; ffi:J::l?T, ;:T;:" : ;LjJ?;l:',u,
* ttll will stay tor { 1H, H). If Ta Jg {ttr,Hr) is a contracfion, then we denote

Dr= G - gtt \L/2 and &r=(Dr{Hl)) j .  i l "a contract ion T6 {$\,  ud gG)

will be the minimal isometric dilation of T; in otherfrords :

(Fon this and for any fac[ connected with the geometry of isometric dilations of con-

tractions see t l ch. I and tr).

ii T, e f,$t,) 6 = Lr})are two contractions, I (T1,Tr) will be the set of all operators
] J

A € f (H2,H1) such that TrA = ATe. I€t Uj e €tHr) be the minimal.isometric dilation

of Tr, and P. bhe (orthogonal) projection of K. onto H. 6 = L,2). For a contraction

A € I (T1,%),  a  contract ive inter twin ingdi la t ion ( ( t_ , rZ)  t  CID)  of  A wi t l  bea

contraction B ( I(T1, T2), such that PlB = APr.

Tlre existence of s (T1, f 
Z) 

- CID for every contraction of I(Tr, Tr)

was proved by B. Sz. -Nagy and C. Foiaq in l-968 lsee [OJ , ch.tr, th.2. B); recenbly

K = HO0'O,8' O

{r = (f ii,' )
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T. Ando, Z. Ceauqescu and C. Foiag proved in ttl that the uniquness of the (T1, T2) -

CID is equivalent with the fact that one of the factorizations Tr. A or A. T, be re-

gular (in the sense of [9J , ch. vu, f s;. A generalization of this criterium is used in

[O] for the uniqueness problem of the liftings of operators which commute with shifts

.(see t4] for the existence.problem). In t5J it is given a generalization of the

existence theorem of i4] for isometries(instead of shifts); the uniquness in this case

asked for an uniqueness theorem of liftings involving representations of C 
* - algebras.

In this note we formulate such a theorem (see section 2 below) and

use it for a generalization of the uniqueness criterium of [g] , in the presence of

represenbations of a C* - algebra.
\ \4re take this opportunity to express our gratiiude to Professor C. Foiaq

for po.sing bhe problem and for helpful discussions concerning this matter. We aiso

thank D. Voiculescu for discussions concerning Theorem 2.1.
'In the sequel LetQ,be a Cr - algebra and 

J : B.*t(H) a represen-

tation of.p, . We use tire terminology of VJ concerning representabions of C* -

algebras. So, for any set M c *.H), frC' wilt be the commutant of W and.for a

projection P = PF e [f (41' we denote by g, (o" f n^) [he subrepresen[ation of fr O  L J  r  -  ) p  - r t o

given by P . If 9S :,0, '.> StHi) 0 = 1,2) are represenbations ofprve denote by

I(91, ! r )  me set of  operators A: Hrr-+ H, such that A € I (  t  t* l  ,  y.6))  ,  for

e v e r y x € . , Q . ;  I ,  a n d  9 ,  a r e d i s j o i n t ( g & g e  ) i f  I (  ? , ,  t ) = { 0 J . ' v v e u s e
without quotations the properties of I( g. , f. ) of disjointness or of equivaienee of repre-

sentations as they are presented in Ul ,f 9z and b.

The typical situation in this note is the following : for j = L,2,
.  . O  - t ,

9r r rd ra YGi ) ar-p representations of.fland T, € | e @l I are contractions. Note
- ' c ' _  r  J _ - ,  J  L - J  ' - t

tha tP$ (  
l .B(o)J  0  =  1 ,2 ) ;we cons ider fo r  every  t r  =  1 ,2 , . . . . ,@ the  represen-

d /m  LUJ  )

tatisn

( L  L . ) ( i ' ',r)

where T,, = ( g )e\ for every i .
t r  . ) j  

% i

An easy computation proves thal

g, @ @, 
ri,)

Ur c [t:-(p-)J'( L . 2 . )
( i 't,t1
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where U= 6 {, (K. ) is the minimal isometric dilation of T..

r,et A a' ,{tr, rrin" a contraction such that A € i( 9, ,'f, ,.

Definition 1.1. If B is a (Tr, Til - CID for A, we say that B is

4 (  9,  9" ;Tr,  Tr)  -  CID.for A i f  B € I  ( .1-"  9"* ' ) .
a i f o r S 6 , f ( H t , H , ) a n d R e t ( H 2 , H 3 ) , t h e p r o d u c i n . s

is called a regular factorization of RS, if filn. s) = 0 , where

(1.8.)  9,  CR.s) -  AR g 9,  -  { }o s 8.  @ Dr 9,  :  l , . rH,I- .

With our nobations we infer that

(1.4. ) ?q.tr..n) , LCa. @g,) @il' ond, ?s.@ u) € | g,,r, @)J .

By (1.4. ) the following definttion makes sense :

Definiti.on 1.2. With previous notations, we say that A is ( -g , E ,

Tr,,To) - regular if

( 1 . b . )  I p o e )  [  ( e " ' l  ,
Y r - ' a l Q , C T r . A )  

-  \ v ]  ) 9 . ( A . E )

Remark 1,1. If the representations g and gL are non-disjoinh and

.. factorial, the condition (1.5. ) is equivalenl with the condition that one of Lhe factori-

zations T. . A or A. T^ be regular.
l z

fite mean result of this note is the following :

Theorem 1. 1. \.et ,Q be a C 
r - algebr?, 9, : ,A t-, I E) ?- J J

r e p r e s e n l a t i o n o f , Q . ,  T .  €  l g @ l ' a c o n b r a c t i o n 0  = 1 , 2 )  a n d  A  €  I ( T , , T - ) n
I  

-  
L J I " J  l -  2 '

n I(P. p I " "dnt"u"tioJr,. 
rnln'' 

'
qJl '  11

(1) A has alwavs a ( 9,, g. i T1, T2) - g

( 2 )  A  h a s - a u n i q u e ( g . , g "  ; T r , T r )  - C I D  i f f  A  i s  ( 1 , g " ; T r , T r )

- gegular.

In the last section we give an application concerning a recent result

of T. Ando t ]

2, In this section we analize fhe following situation : fl is a C*- algebra

9,rrA 
-*f Ctj) 0 = L,2) are represenbations of{, H^ C H", is an invariant subspace

{  J  -  r ,  
-  o  r

f o r 9 .  a n d P = P *  T h e n P € f  P ( & /  .-4  ao  ,  
-LJ , r  

J
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Let also T^ e Ii P , ( P )_) be a contraction.
o  

- r L  - ' J . ' p '

Defini t ion2. l .  Acontract ion T e I (  g, ,g )  iscal ledaggntraqt ive

intertwining lifting of To (shortly aW for To) if TIH = To.
o

Note that  TPis  a lways aCILtbr  T.  S ince T e I (9 . ,  ( . . f , ) r ) ,  * "' o  o  o
infer that nsr* € [g. (eil'. r.€t 1-E be the central support of l-p (in f7ro,J'; and

L-F be the cent$al support of po_* (in prf afl' ).o l o

Theorem 2.1. Ttre fo,.towi{rq conditions are equivalent :

G) T^ hasamunique'CIL.

(tr) (q),_, [ (r.)u_.-rJ

w) 
:i f:';;i i*filHr*, "n (, -E) P (H1)

, ov) a) (g,),_, 6 (r..1 A.unrf

' 
Moreover if R is the proiection on (To(l-E) P (H1)) ] then n tS

centralin le fnfl'.
L)L \'-'J

Proof. The theorem is trivial when Ho= Hl. Let us suppose that

Ho/ Hl.

0) ==+ (tr). Le[ us suppose that T^ has an unique CIL and though- o

there exists Y g I((3-.)qo ,(g,),-r), Y+0. we can choose Y such that l l  Yll ( r.

Def ine S: Hr* nrbn 
'o

12.1* )  S= ToP*Dr^  Y  1r -e1' o

From (2.L.) i t  is clear that

( 2 . 2 . )  t l *  = T o
o

Because DT* is a positive selfadjoint operator and Y Lakes.values in Jfn ,

we have tha8 or, Y * o so :
o

( 2 . 3 . )  S  /  T o P



ss* = t;r; * or; y G-p) t* ori _(
L

T - ) = T e n-m t(
I

o

t / o

(2.6.) l fsf l  = l lss' i j  "" \< 1:

f i rere lat ion (2.2) ,  tZ.+t  ana (z .5. )proves thats  is  a  CILfor  T^;  there iar ion
o '

(2.3. ) contradicts the uniqueness of a CIL for T^.
o

(tr) 9G) . I€t T be a CIL for To; with respect to the decompositions.:

H1 = Ho@ H, OHo) and H2 o To H1)- @ ker TJ ,

T is the matrix

/T^ r . , \  
'

I  o  r l

\  o , r l '
where Tt e I(  (9r) r"rr , ,-  ,  (9)r-" )and 'r ' I (  (9")h.aro'  ,Fr l ,-r) '  using the

hypothesis and the fact that ker Tj C n f we have tha:t TL = 0. Now, Iet us denote
o

H10 = To(Hl)- o ro (Or )- ; Ht1 = To(Pr )-

From To€ I( 9z

,(!,) r-, )' using

9 '+ ' t
We have :

From this, Tt

8.)r, , (9,),-r)'

We have (see

t 2 . 6 .  )

'  - 5 -

,  lp l - )we in fe r  tha i  D^*  6 I  (  ?  ,
I J ] J P  1 ' ^  J L

) . ,L.)  we obtain ,  o

S € I( 9. ,9., ).

t ] , ch.I, section 3) :

q
4 T J = T o ( 0 r )  @  k e r r j

o

= TiL * T11, where T1o € . t( (9")H,o , (9r),-, ) "nd 
ru e I(

), whence Or:Y ntt (f)a€
. o

= To (nT ) @ (Hz O roGil) ) 
-

T T r  +
o o

Using (2.6.) we infer that :

t{il C ?ton a,,.d- H,o c Ht o ItJ = 6}rf = 
{R.c H2 : tlr: g"tl= |L"UJ ,
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' So, by hypothesis,_ T11 = 0. Let h, € ker DT* ; we have
o

lf (ro* -n i) lrrtl'= tlri frrl' * ll\,ok"l!z= ,lr.n, + Itr,l Ltf.

But flTll S 1, so T1o = 0. ltris proves that T = ,on, thus T has an unique CIL.

(tr) -t>(m) The condition (a) follows from (2.6.) and the hypothesis.

We infer also that.

(2.7.)  (9,) ,_,  t (g),- ,

Let denot" OU 4 the operator to from (1-E) P(Hl) onto R(Hr) = To (1-E) P(Ht)-

where R e lg,toil', i, a proiection. We have
. LJZ

( 2 . 8 . )  i  e  I ( ( f ) R , , 9 , ) ? _ r ) .

B u t  ( 1 - E ) P =  P - E  < l - E  a n d ( 2 . 7 . ) i m p l i e s t h a t R  <  F ,  w h i c h m e a n s  t h a t R ( % ) C

C ker DT * Ttris proves that To is a co-isometry.
. - o
Moreover, R is central in 

fl"fOiJ'. 
Indeed, let R, be the central support

of R in lgrt,afl ' . Because R -< Fand Fis centralin ffrf,a.lJ' , Rt -( F.

On the other hand, i" t" with dense range, so ( 3. )n is equivalent with a subrepre-
I

s e n t a t i o n o f  (  &  ) r _ n  ( s e e  ( 2 . 8 . ) . B u t ( f o ) "  $  ( f n ) r _ e ,  s o  ( g ,  ) n  [  (  j .  ) n

and then ( g )n 6 ( g )nr, This implies that

ToE (H1) C (1-R1) (H2),

so

( 2 . s . )  i n r e r l  c  ( 1 - E ) P ( H 1 ) .

But R, < F implies that :
I

(2..10) to tj hZ= hZ, for every h, e Rr(Hr).

Using (2.10) in (2.9. ),  we obtain that

R1(H2) = torrnr{Hr) c ro(l-E) P (H1) = R (Hr)

which means RL = R

(III) :) (fV). We must prove (IV) b. We have :

,  T D t - | . .  = ) - *  L l  = e' e t ( t - e )  p ( H i ' T ; '  t k q p ( H i

using that To is a partial isometry on (1-E) P(Hl).



:

Thus :

f D
o T

o

- 7 -

Fr) C toD, 6s 1ur)) = To 
" 

or (Hl) C tox frr)
o

Gv) :=+ fl) From ro { I ro) c ToE (Hr) it follows that

(z'tL') 
&) ,-, J (Y")t 

(a'^)-
Ttre conclusion results from (2.6. ), (2.LL. ) and (lVlr. The rhecr.em is completetry

proved.

Remark 2. 1. It is easy ta see that in the conditions(llOand (IVJof

Itreorem 2.1. one can replace E by any central. projection E, € [yrfoil such that

E.
l -

Coro1lary 2. L. , Lt f, and g.

. are non-disjoin[ faetorial representa[ions of .& ., then To @g_g!.ique CIL iff

H  = H o r  T  i s a c o - i s o m e t r v -

Proof. T\uo non-disjoint factorial representations ot. .4, are equivalen

so two subrepresentations of them are disjoint iff one of the subrepresentations is tri-

vial. The corollary follows now from the condition(tr)of Theorem 2. 1.

Coro11ary2.2. Let T e 9@t, HZ) be a contraction, HoC H s

subspace of H and To = Tl, . t
o

(1)  I f  S (  &6r ,Hr)  is  a  contract ionsuch thats f  
,  

=To,  then S = T.
o

(2) Ho = H -+ To is a co-isometry.

/ ) t

Proof. T,et ,Q-= C and. e; I e ] r+ llu, < Xpl.)and appty
{ ' J

Corollary 2.1. \

Rernark 2.2. Corollary 2.2. appeared (with a direct proof) in one of

the preliminary versions of [E] , (namely T. Ando' s one).

Corollary 2.3. Let Uj < {,F:) be unitary on I{. - separable Hilbert

s p a c e  - 0  = 1 , 2 ) ,  H o a r e d u c i n g s u b s p a c e f o r  U i ,  n =  n " ,  r / ,  = U r l H  @ T o €

€ I(U,,, V, ). The foltrowing conditions are equivalen[ , 
o

L

(i) T^P is the only contraction S e I(U-, U,) sucl.. that S | ,, = T_.
O  z  L  r r 1  O

( i i )  I f  w l  = u 1  l r r r r o @ %

(iii) tf Wi = UZ I ker T * , then :

= u, I Ay* , then l{wr,ilr) = {tJ .
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a)  t ( " ;  ,  w t_ )=  {o }

b) Sere elrglE c,.1 - Borel set in the spectrum of U..- 0 = 1,2)'
t J -

such that

ror A irr B is a,ffi uri' trff " :
b ) A i s ( g , , g j T r ,

TL, Uz) - regular"

p-^7t L-P and T is aco-isometry from P-n f i Ir)onto P-.(Hz), where P-.
O -  '  r

is the spectral projection of uj corresponding to -i 6 : L'2).

(iv) a) I( Wr, Wr) = ttJ
b) Ttrere exiSts (,ll - Borel set in the spectrum of U, - such that P-.'J

{ P and r^ ( Sro) C To Pk. (H1).
o

Proof. Letr&be the C*- algebra of continuous (complex valued) functio:s

on Tn = { 7-c C. : lzl=<} , f; the representation ot ,A- given ut Uj 0 = 1,2). Since

H, is separable, by a theorem of J. von Neumann, every cenLral projections of 
[q fOil'

corresponds (by the Borel functional calculus) to a Borel subset of the spectrum.of

U, 0 = l,i). Using Putnam - Fuglede theorem, the corollary follows from Theorem 2.1.
J

(see aLso Remark 2.1. ).

B. Consider again the situation of the first section:let pbea C*-

algebra, 3; a representation of ,A io f, Fj), tj a lS; tail' a conttaction,

Uj  a {( t<i)  t t reminimal isometr icdi lat ion*- t j  and P. = nn'  e f  txr)  0 
_ ' , , ) .

I€t A ( I(T1, TZ) n I( g. , g, ) be a contraction. We will pfove that in the).efinition

L.Z, Trcan be replacedwith Ur. More precisely, consider f = APZ € ;(1Xr, Hr),

It is clear that f € I(T1, ut n I( g' , g:-'] ).

,r) - resular iff { l!- i !, , {';

Proof.

a) is an easy computation .

b) Because U, is an isometry, we can write that :
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(8.1.)  g (A . r , t " )  = S6 a ( la U,  (Kr))  .
Ir,t iZ : H, r+ K, be defined by

i z $ ) = h z @ o @ o @ . . . . . .  b z €  H r )

since f x = ,, o* , we infer that

oft = r*r, - fi* e= rn" - r, o* A n, : o'o @ rx"e,",

/ D ^ o o . . .  \D A = o A  @ ' * . . ' t  ( - 3 i ? : :  )
. : l

Using this, we obtaln that :

f l i=DA ( l<2)-  =  bo@ au@ a t@ .

. thus

'
(3 ,2.  )

i
Since

)A u,= (?;i.- )(f"',r,,,, )= (T ,,:'2, 
)

we infer that : 
?

(8.8.) Da% txz)- = 
fo{ru, @ orrur: k, € *, J 

- 
t ,rr* ,rr*

From (3.1. ) ,  (3.2.) and (8.g. ) i t  fol lows that :

A. (A ur1 = Q(n r,) @ {"1 e loto "'
. \

which means that

(s.4. ) (g:") ,s equivalenr ro ( gt*' )ve/ ( (n . r " )  \  ' )& 
/  9 . (8 .U")

On the other hand

( r A ; :,';;3 
* S|J;"lr: i J,l,' o*;,; ]j 

- 
r\ @ t:, !,: b,\

4;ett'o +l

= R(r,.A) @ {"J o l"!  o ..
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wirich implies tha.t

(8.b.) ' g.,@ g, ) g. (" ol 
is equivalent to (&o 

{-' I g...A)

The relations (3.4. ) and (3.5. ) prove the lemma

We will give now another characterization.of tie notion of 1g, ,9rl

T1, ,r) - regularity.

r,et S = TrA € X"$rz, Hr)and Z: 0, *-+DtO D4 be defined

b y t

( 3 . 6 .  )

:

4re eq,lrlvalenl.

z  ( D s ' h z ) = o t , A h 2 @ o e h ,  '  h z

Ihe operator Z i.s an isometry (see tgl , eh. VII, section 3) and

(3' 7' ) g.(r 'et '  hz*
P u t  

z t = P a T -  z : o s *  o ,
-  - 1

we have rhar s 6 r( gr, g.), z ,,r, ,g,rgbrilr^, [9r.) a, 
), zLe r( (g)Art

( 9 , ) b , ) a n d D r r  (  
[ t g . ) u ,  l '

Iemma 3.2. The renresentations ( 9 r@9"). gr ffr. O) 
ana ( L 

f

Proof. I€t V ,Xr:, -br*be defined by :

, h r e 8 " n- ' 1

11 1zff , , l l '= 114,1'  -  l lz: f l " l l ' -  l t  q.  l f  -  t t  zx 1f l ,oo1l l '= l l1zx ( f , ,@o)l lL ,  N' ,  e Ho ,

*-e obtain that V is isometric.

Note now that V is unitary, that is Dr*( ,0T@ {0J )- = bZr, Indeed, consider

hr@ h, e ozr @ Azr ( 8, @ {oJ l-. Trren, from

(3. ?. ) we obtain 
r

(\@ hr, DrrA h'"O oe,hr) = o, ror evervrr, e Hz,

which means

< A* rrrln * ),flt , X, ) = Q for every h, € \,

( 3 . 8 . )  V  ( D 4 r h r ) = D r *  ( h l  @ o )

From the equalities
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*
\  D -  h 1  + D ^ h -  -  0

l ' .  L  ^ a
I

But hr@ he is ofthogonal on Dz*(0r@ {rJ)- , therefore
(3.10. ) (h1 @ h2, oZ. Oi @ 0) > = 0, for every o, . ,rr.

Because z is anizometry, Dz* = nba* and from (g.10.) we obtain that

(h, @ hz,' tr, @ o> = 0, for every u, e0rr, which means that hl = 0.

Using (3.8.), we deduce tiurthz= 0 and therefore V is unitary.
For x e.A, we have

therefore

(3. e. )

(3 .10)

(replacing A

. - . 1 1 .  )

( g, t 9.)or.o o^ft) V (\=r g,) =

= Dr* (9.o, ?,^ao) = V Dz,* 9.

( g, * 9,)u,, 
uf, 

Dzr (f-,, o o) =

kt fl,) = u (9,)*," ).n (fl") ,

for every h, , Urr,

which implies that

' .  \ f  -  f  I  a  A  a  ^  |

;":":::i:*i i*Jt,;, l*llr* )
Corollary 8.1. A is ( g. rf.i Tl-, Tr) - regular iff

l ' 9 . )  6  f e@) .' " t tDz !  l ) r '  / n1Ar "1

koof. First note that ir.7, is the operator constructbd as z,
d r l

by A ), then

D d r  =  D o * .
"L oL

Nov; the lemma follows from Lemma B. L. and Lemma 3.2.

4. We will analyse now the iterative constructiorr (see t ] ch.II
section 2 or ttl section B) of a (Tr, uz) - cID, in orcler to prove fhat the
relation (3.10) can be also iterated, and that [he presence of bhe representations
not difficult 0o handle. Let us start'rvith Hto) = Hr; f{o) = 1, and Bo= f.
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The first step consists in the following construction :

r€t H(l) = 
"ti' 

@ n, and B1 , K2 ,-- tr(t) defined by '- t

I B  \
81 = 

t"; J , where *1 , Kz *r*,

to find X, such that :

l l B l l l  (  1

", 
e rrr!1)urt

Br € I( g(',, yj-, )

(4 .1 .  )

The problem is

( 4 . 2 . )

where t l t '=

As in tel or

: )

we take f,
,|=Cr- De '

* Urr?

lll
q,
[g] ,

ctDtrou, = ot t' Bo

(4.3.) it is clear that C1 € I( 19")at,

there exists an extension of C, such that

,a

where C is a nsuitable'r extension of
1

defined by :

( 9r('' ) 4,vrtrj). 
using that,

B, fulfills (4.2.) (take

(k2 e KZ).

- \uz6z) ) '

l ,emma 4.1. A is (g , g" i  T,, T-) - regular i f fJ 1 ' r z  L  Z

( s, L, 
J ( g"'-'J n ( s" u.)

(4.5.) * t"ou, kr) = DBo u2 kz,

I?om (4.3: ) and (4. 5. ) we infer ttrai :

(4 .6 . )  C . ,  =  P^  V ,Wr
t tuT'r

the,conb:a.ction Cl r DB VZ(K/i

(4 :q .  )

Note that from

we deduce that
. 
O  = ( 1  D-1  "1  ^D^

bo

(4.4.  )

Proof. The construction made in relation5(3. 6. ) and (3. ?. ) can be rnade

for pvery factorization:let 7 i""rp. l,r/1 the operators ponstructed like Z in (8.6.)

for factorization Tr. fr 1""rp. B^.U,). Because U- is an isometry, Wcan be identifiedr  -  o  z '  z  " '
rr-ibh the unitary from lyor, onto (D" VZ$<Z)) , definedby :

o

Let ;9"n ,0r. * H, be the operator trn *r) = hl' @r € utrr'



4 = Iu".
(for the last equality see (9.11.)).

Now lemma follows from Corollary 8.1.

more precisely :

"r'=

Ttren :

( . r . t

such that

(4.e.  )  c

' i r_ r J _

- ps,.7 w. w 2* Lo". = Iu*
' l  l t

A =n

,*,72* t* = t: = yi:

Next steps consist in repeating the construction wiih the new objects;

by

(4.8. )  ("1 l l  Bnl l  g , l

I o, n" € r (rJn), vz)
tc) Bn € I ( g^r^, , g:', ), where

n

f) = 
(* ; *,: ) 

(e*rr x 
tn+r) 

-matrix)

we take also X = 
i 

o" 
. 

(o ,n 2), where 6n is a f 'suitable,, extension of then  . .  o n - l  n

contractioo Co r o"n_, uz (Kz)- 4 Urr, defined by

oo"rr-, uz = Dtr(n-l) Bn-l (n >, 2),

,  for  every n7t2.

, then the representations

Ttre same argument as in the first step shows that such a ttsuitablert extension always

exis ts .  Notealsobhat  Da, ' ,  =  f l  a \  ( (n+1)*1rr* i ;  -matr ix ) ,  forevery n2tL,, . r  \ o  d I  )  
r

therefore (4.9.) implies ttrat :

coDBo-ruz =

Lemma 4.2.

-a
Xrr-1 = Cn-1 DB , @ >/ 2).- 

n-2

(1)  0c* = 0C.
(2) If a = co p':''D" u" ( K")-

n

n r @

(?')
n

t t . @ " "  @  0 T - ,  B n ' K 2 ' - - " f )
- _

n - nmes

w h e r e X r r , K 2  d r  2 r .  ( n 7 z )
' 1

(4. r.o. )



(1)

1  
a A-  I l l  . -

fqj*') and' /gt-' ) are equivalent, (n>. t).
\ . l ,  I  . ? t  l n  r r " r  \ - a  I  e f  a  r ,  I,J\. \ Drnt' Vt ) .n1|2a1 ' Ua J

, DB UZ (KZ)- F---'f 7" bY
n n-r

*n(o" Ub kr) = DB kz, *, ?Kz, n 77 !
-n "n-1

then :

Ito" urk, ll 
2 = nvru tlz - llBnuz oril ' = llt<rll 

2 -
. n

f l"n-, urkrl lz - f ixnu, trl l  
2 = l lr.r l l  2 - l leo-r vzkznz -

- [ 6oo"o 
.Luzkz'!|, 

2 = tlkzll z - ll nr-rurkr il' - ltrno"n_rurkl

= llkzll 
2 - ll s,r_ruekzllz - fiorrtn-r) Bn-1 k2 ll 2 =

ll *rlt 2 - llBr,-ruzb !12 - llno-rt,ll 2 * llrrF-r) Br,-1 kz ll' =

= lf o* urllz -., ll rn-, vrurll 2 * ll 
"o-ruro, 

il 2 =
"n-1

=[o"n-, o, ll 
''

/ \
l k  e  K . ,  n  2 z I  ]
\ z z t \

Therefore M is an isometry with dense range, tliat is an unitary
n

*' 7r L), Using (4.10), we infer that

(4.1L) Co = Co_l Mr,_, (n 27 2),

therefore

^ 2  r  1 1  n t  _ r  _  A  -  M  M *  0 * -  =  D 2 : .'ai - t 3t, 
'- 

"o "n 
- r a T1 

-n-1 "'n"'n-,r tn-l - 
"6i-r'

( n 2 7 2 ) ,

Proof.

Define M
n



l

- r b -

which implies thr."i 0.* = n^
- n  - r i r  ,  f r 7 t 2 .

(2)

, we have that :

ac
n

L r e - u ^ ) =  0  - '
.  .  n z,  __R € og_uz (Kz) = er ,  (D6 Du, 6r)- )  o

n n n - n _ 1

@ De V2(K2)- = Qo ( R(Brr_t u2)) @ Qr, @c oo uz (K2)l e
n

@ o" u2 (K2)- = e' tfl.(Bo_r- ur) , (n >4L').
n

It is easy now to deduce from (4.L2.) that

a- € I(fP-'-')- , (?!*tl ), which proves rhe remma.n \'rz 'R(B;u"1 ' \le lgr{u^,,u*1

Define Qnt oeo o"o-16r) '--- t 
"o 

. by

(4.12. ) Q,@6 Do kr) = o" kz, kz€ Kz, n 7t L .'n "n-1 t 
o

Then :

'  l l  D n ^ k 2 l t z  = n k z t l  2  -  l l p n k z n 2  =  [ k 2  l t  
,  - n n r _ r t < r l l  2

n

- tl 6rrD"n 
_rorrr' 

= ', o"o_, uril ' - ll Ao o"rr_, o, {l 2 

:

- ll D6o Dno_, kz'll ', 
k, G Kz, n

Ttrerefore Q' is unitary.

Because 6  =C p
n -o - 

DB Uz (K2)

Using this, we infer that :
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5. Proof of Theorem 1.1.

the

A ,

(1) Since

sequence {g 1 rt>, L ,
n J

so (using lemma 3.l-.

B satisfies (4. S. ), (n 77 tl, taking B ihe strong limit of
n
it is easy toprove that B is a ( go, {; T1, U2) - eID for'

(a)) B is a ( 9i, Yo ' Tt, TZ) - CID for A.

(2) LetA be (g,,qt Tj_, rz)-regular; using l-emma 4.1. we obtain

rhar (g.,)ql J (gl-')9,6 r,r, which means by (8.t. ) t1"t $i*')r^u DAu"K)- t (9,) Dq* .
Ttre application of Thr:orew 2.L. shows that the onlY C, such that B, sabisfies (4.2.)

is 6l = arnoA Uz6zf . Therefore U 
aI 

= ,"i and Lemrtra 4.2. impiies that

1rJ')ar, o D o. u" (r^)- 6 (9.)s.;

Theorem 2.1. sirows agair n* i, is unique such thab B, saiisfies

(4.8.) for n = 2. BV induction, 6rr t, unique such that Brrsatisfies (4.8.).and therefore

A has an unique (9r, fr t ,fFZ) - CD.

Conversely, if A has an unique (9r,92 TrF) - CID , then

a  = r a Pcl = 
"r"oUu, tKzf 

, therefore (by Theorem 2,L.)

I rJq) \ f
t Y  |  -  o

lllris condition implies (by Lemma 4.L.) that A is

Ttre lheorem is completely proved.

( s.)*
L)rX-1

( &,9i; TrIr) - regular.

: Corallary 5.1. .U 9. ang| 9a

tions of4, then A @!qgg_ ( 9, , ga i T1,

Tf ' A gg A'T, is resular.

Proof. Use a similar argument as in the proof

Corollary 5.2. (isl) A has ?n unique (TtTz)

factorizations T-'A or A'T^ is rc;ulqr.
i -

S l g g l . T a k e p , = C a n d  3 i ' C t l  
- - +  ^ I x j

0 = 1,2) and aPPIY CorollarY 5.1-

are two non-disioint factorial replese4fa-

T ) - CID iff one of the factorizations, '

of Corol lary 2.1.

CID iff one of the

< 9,(u;)

6. We give now some applications to the case of a pair of comrnuting

contractions. Fix the follorving notations . Let ,I, ,Z € { Cffl be a pair of commutinl

contractions,O. a C - algebra, !:fi, *t f(tr] a representabion of 'A" such thab

r '
ti n [y tn)J', (i= L,2). FrornAnclo,s theorem tt] , the pair ttr, tr] alwavs
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has a minimal ir.;metric dilation fU., , Oo l , U. e {G<),
!  !  a J  J

f-tefinition 6.1. A minimal isometric dilation
I

namely {Ur, U" I , is called f - adequate if there exists
.  I  A J

such that H is an invariant subspace for ? , ( g )H = f.

( i  =  1 ,2 ) .

of {Tr, rzJ on K
a.representabion g: P.*> I tx)

and vre lietJ',$ = r,z).

-Theorem 
6.1.

minimal isometric dilation.

minimal isometric dilation iff

1) The pair {T-, T^ I alwavs has a p - adequate
- ! a - -

2) the pair {t-,  T^i t 's an unique p - adequate
...........'........................._ t r z/--

{tr, 'rI
rizations

( 9 @ 9 )  e ( r n . q )  6  ( g c a g ) e r r . r i
3) If g is a factor representation, then the pair

has an unique g - adequate mini,
g -

T. . T^ or T^. T. is regular
L Z l J L

Proof.  (1)  Because Tr€ I (Tt ,  T1) n I  ( f , f  )we can appty

Tlreorem 1.1. (a) to find a )?,g ; T1, T1) - CID for Tr. Ttris means that if U1€ tiXrt

is the minimal isomeLric dilation of i'r, then there exists a contraction f, e f {f<rt

such thar frrur=urir, nni, = TzpH ana f, €lf-t@J I wrre"e g'-' is definedby
(1.1. ). Now U, € 7 (fr2, ir) n I1gPt, grol and we apply again Theorem 1. t-. (a)

to find" (g(l g@ tTz, Tz) -ay for ur. rhis means that u tre X.,fit tr t:"_
minimal isometric dilation, of 

f , tf,utt there exists an unique isometry ffre I tftrl

such that no.,fr, - u, pKr , frrfr, =frrfr, and fir, 
[ ,.,1(fu]', (see fsJ,

Proposition lt. A;.

The pair {ilr, firi which is an isomeLric dilation for"o{Tr, trj

contains a minimal isometric dilation {U.,, U. | . on the space o = 
Y 

ti 6i Ul.

It is clear that no . $g' '- ' f i \tJ', *,"""to"", 'r i^nr T =(tr*,)r-):=Z ,t*"'r"*
that {ur, U, 

} 
tr y - adequate. 

' ' ' *

(2) I€t [Ur-, U, ] O"_ r f - adequate minimal isometric

rfilation (on K) for t"r, TrJ and let *, = 
-V ul (H). The minimality conciition

implies that H is invariat for Ur* and therefore K, is reduciirg for Ur. Denote

V1 = Url 
K., 

and V, = n*rUr tra, r tnur V, is a minimal isometric dilation for T, -

and , up to an isomorphism of dilations (see t ] ch. I, section 4.L. for definition),

we can consider that V, e { (Kr) is the Itstandardt' minimal isometric dilation describ<

in section l-. I*t ? be the representation which appear in the definition of the fact that

{Ur, UrJ is g - adequate. Then K, is invariant for ? andbecause V, (. 
ft|lrrt4'

we have (up to an isomorphism) tbat ? 
= 

9'*) (see L.1). This implies that V, is a 
I

( g, 9 , T1, T1) - CID for TZ, and, by Theorem 1. 1. (a), tha[ 
lUr, 

V, , F 7 is
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unitrary equivalent to the I - adequate minimal isometric dilation obtained from {Ur,Ur,

g,ti (see the second part of (1)) . Because thei faetorization Vr'V, is always

regular (see tgl , ch. VII, Proposition 3.2. (b) ) , the uniqueness problem for a

i - adequate minimal isometric dilation of {tr, fr}is solved by the uniqueness of Vr.

so we can apply Theorem 1.1. (b) in order to get the conclusion.

(3) iS a consequence of (2).

Ttre theorem is completely pro.red. 
i

Corollary 6.1. A pair 
{tr, 

trl of commuting contractions has an

unique minimal unitary dilations

regular.

iff one of the factorizations Tr .Tz  g  Tz 'T r  i s

Proof. Apply theorem ii.1. (c) for ,& = C and f :

Remark 6.1. Tnis corollaty was comunicated to us

c a) ,-' fi*ef (u).

by Professor C.

Foiaq in connection bo t3]

T. Ando proved in lzJ that if Ti, Tz, T^ are contractions
J

on H such that T, do.ubly commutes with T, and T, and T, commutes with Tr, then

the system {tr, TZ, trJ has an unitary dilation. Using bhe techniques of fZJ '

one can prove the following more general result, which we present here as a conse-

quence of the techniques involved in Theorem 6.l-.
: 

Corollarlr 6.2. I€t {tr, 
tr, {SrJ.,ua(be contractions on H such thal

S- doubly commutes with T, and T, , for every 6, c,!L , T, commuteq rvith T, and bhe

system { S-Jr"o has reAular unitarv dilation (see t9] , ch.I, f ,f.

Shen the sysbem {t-, 
,r, {S{-{-enJ has an unitary dilation.

Proof. Let ,A be the C't - algebra generated by { 5-Jn164 and

g the identiolrepresentation of .& on H. Making the same construction as in ihe

proof of Theorem 6.1. (1), we obtain the system l}r,|, {i-}u,.ri on Kr, where

,r, X(Kr) is the minimal isometric dilation of Tr, fl, it a dilation of. T, rvhich

commutes wiLh U, and doubly commutes with

5- = I  @ S." lo"@ $lar ,@.. . . . Co, e r/L ,

It is easy bo see (using for exemple the condition (9.L2) from t9] ch.I) that

t / t
system l5-lr.O has a regular unitary dilation. The proposition 9.2. ch.I of

fi.nishes the proof.

fhe

tel
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