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I T { S R O D Uc 3 I 0 1 {

,*no cr\)ss-prod.rict consti:uctj-on to" ,ron t{"*nu"* algebras has

recentl"y recelved. special attentLon, :art ly d.ue to A.Corares(tel l

&lscoveiy of the role it plays ln thp structure theory of type rrr

fact.' 'rg and tho successful generallzation of this e-Ltuatlon by

M.Tekcsaklrs duality theorem for crossed. prod"ucte of von llerunann

aLgebras by loce,]ly compact abelian autornorlphism groups t [gtil i .

H"land.stad ( [:gl ) has cbtained an irnportant char,acterizatior of

thoso von Neumarur algebras vihich are crossed procLucts by loca1ly

compact s,utomorphj.sxn groups. Tiloreover this resull; o- ni"ic::Cstad.

a*iongly lnd.icates that the 
iaction 

of the d.ual group on -tirc

crossed produst in i;he abelian case, should. be replaced, 
,*r 

g"*er-a]

by a cert:,in comod.u-i.e structure.

0i: the o'fher hand. the d.evelopnent cf the d.uali.ty. theory ('or

loca11y co::npact groups (see 0,2,?n- for references) ha.s led to

coirsld.er groups as objects of p. certain category of Hopf .- ,r ,)r !

i i rer.mann algeuras (I(atz algebras). I

thus it became clear that one poo:i' l-le ,'ray of extencling ,ihe
. ;

theorens of l ' i.Taicesaki. ( [6Oj) a;rd. l,i. landstad. ( [:A]) emct re"ar.:d

Tesnl'r;g about vre.r ;hts on crossecl prod.uets d.ue to T.Digerres ( lal ,

tgl)  1 J.- l .Sauvageot ( i5cJ) ,  and U,Haegerup ( i"?5jr[zg-] )  was j .n

the frane-wo.rk of comodules over i(atz algebras. Anotlrer I'ray }:.as becn

taken by J.S.l loberts ([4?j) ,  considering a d. i f ferent dual cbject

for e locaily cotnpitct group , :notivated. by superselection strr:cturg

ia particle physlcs ( se e [az] , [a3l , [e+J ) .
'rhe aim of this. paper j-s to pres;nt the d.uaiiiy. theoxy for

crcssed. proo.ucts of von lTeumairn algebras by groups a.nd grrrup d.uale

consid.ercd. ae Katz algebras. lTe have chosen a parallel preaei:teil;rcn

of botb casesr B$ announced. in {[i:J), as a first s1;ep i,;rvards t:

u n i f i e d ' t r e a t e n e : : . i ; a 8 c r o a s : d . p ; n d . u c t s b y K a t z t r 1 o c r b r a s ( i 5 4 ] )



-ff; r: .
,,:'rf1,:

T TI i "  

- -

The paper has four chapters, fr"om 0 to III .

Chapter 0 r contains rnainly ihe basic clefiniiions for 'uhe res* 
'

.  of the work. Especial ly tbere ls a careful di .scussion of the

J.nvarj-ance of e, v'reig;'rt rvith respect to an action ( gee fheorenr

Q"?'LZ) whj-c1r leads i;o a brief introd.uction to the d.uality t;reory :

:.,. for Kata elgebras arcl. rvell also serrre in $ fff nL,Z es an impor-
'  tant technical toal,

Ch.apter I  r  d.eals vr l th ect ions of grnups, Theorem I.2.4- extend.s
I l '[oTalcesakite d.lraS.ity theorem l',y rernov.tng iht': commutatil ', lty cond.itlr,:"
'  bn the groirp. uetng Li. lanclst i . ic lrs theorem i [ :e]) vre give (r.  1"3) a
t .

,:, short prcof of the sommrr.tatlon i;heol...ar fc r crossed prod"ucts i [nO] ,' f - -

* t

L9J)
0h.apter rJ- o is a par:al"lel to chapter r for act:lons of $r..oup

, d"ualso tlo d.ei 'r l- rTibh this case ne had- to prove an analogue (tlheorern

I I . 3 " 3 ) o f i . i . j , a n , 1 s t a d ' ? s t } r e o r e m ( [ : a ] ) a n d t o d , e v c 1 o p a s v r e ] ' 1

aDaJ"ogs of the prelinrinaries rvhich y/ere lroll k:rounrr in the case of

glSolip actiotrsn As r" by-pr.uduct i,re men'bion Proposit:Lon II .L"3 rvhich

l-s a rr(ultra)--i ' iealirt resrrlt in connection lvl.;.n ihe conjeciure (;*)

of P"tly:lard t [ail I .

In $ I I I .1 and $' I1I.? dual r"reight l :  on ctrcssed prod.ucts yi4

*gtrociuceC ancl in the case of group acriong vre recover the knol'nl
'  resu}ts ( t6C' [sJ'[gJ, [Ed , Lzr], r-?el ) . T]reoi:en rrr "r.,2 extencs a

reeult .of U.l{aagerup ( t25l ) froin t}:.e con:r,irr.tatil'e caric to 'che

geDeral case and was the rirain reason for tho search of an airprnpri-

ate d.efini i; ion of the :Lnva,riance of e welgjr.t with respect to an

action" In $ fl:L3 t]ae twiste.l ?lzurcherc-1 trreorem of ],i.Takesakj.
. l.- --'!. z r--.-! r 

I

(  L6CJ) and" T"Digernes ( [ ! t j )  is extendcd again by r:cnoving the 
;

eomntrtilt lvii l ' conrlltion g olrr p:roof seem$ to bc scnewhat sitnpler
!

e\retl in the coxnnuret-irve case o
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Tfe wcre Ied. to these

A.Conneg and. I{,Takesaki

we owe very much to ib.e

questicns by the etudy of the tyorlcs of

( [6], [f ] , [eo] ) . 0n i;he technical sid e

lcrovrler).13e of the preprinl;s of th* 'sorks

of U"I{aagerui' ( [24] ) and lfl.larid.stad ( [:41 , t]re raethod.e of whj.cir

are intensively used ln the preoent paper.

rn the final siage of our work on crossed" prod.ucro by groups

er:d. group <LuaLs rve have re ceived the preprints ( lttl , [A6_] ) r:f

U.I{aagerup vrhich alread.y contained. a (slightly c}ifferenl;) oonetr-;c*'

tlon of the cond.itional expectation P* (I"3.L)' and. 'cfie cunpu{;a*ion 
',

(by the saroe methocl.) of the dual weight on crossed. prod.ucts by ;
'groups. 3or the sake of conpletoness .ne h.ave includ.ec'1. :i-n the

9

-present papor (I ,3.4-. 'TII"5-"{) the p:roofs we have founct incepen-'

d.ent1y.

After submitting the arulorurcenent ( i53] ) of our lvorh, wc hnve

r:ebeive<l -i;he preprlnts of L{.landsta.tt ( [+Ol ) and Y.]Iairaga.m!- ( [43j]
vrhich contain the sane maj.n results a.$ thorre of Chapt,r:rs frfl.

Tfe gratefully acknowledge 'Lbe re,"';ipt of a letter of id"Lancls'bac.

( f39] ) containing a beautiful proof that any action of a groui-,

d.uaL is satr.. '. 'a'.ed (see iI.t.{..), rvirl}e rre }aaelv this fact onLy for

amenablc groups. Cottsequently, usirrg this proof of i,l.Land.stad., 1'.re

y{ere abte to remove the saturaticn concliti.o;:; on the action in

.some statenents (ccnrpare rvi'th [1.:]) snd to elmpiify soinc proofoo

Shairks ar€ also d.ue to prufessor H.Lep'bin rvho kinclly infor..neii

us abou-t the present state of reseeirch in connectlon with conjec*

ture (I"I) cf P.Eyrcarr]. en,L con$.w]1eated. us a copy of [4il "
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BA,SIC DETNITTTOILiS if;D AUXTLTTARY RESULTS.

s t. 4exitlrgg=rggg}lg

O"4-,L. Let I ' {  be a von l{ermann elgebra encl 1 be a i- :rma} i , ;eie,hi

I {  ( i .e .  on } . , ' l+) .  Fron the works of  F.co i lbes ( [ r r l , [  l r  J ) ,  u . ] iaege-

(tt'271; G.K,Tlecle::sen anC. l,{.talresa}:i (t ti67) we tinovr th.st fl:e ,s*,b-.-_

=' r rc  r , 'T ' f  '  .  *T1 is  a- r : . r t * rec,  r .no.  :  (V)  f t r f2  u  Fy ,  (V)  E>c,:  L *  "  " ' *  '  *

f  *  U 'y  such that  f {<  ( t  +  e) f  ,  f1 f (L  " r  e) f  ,  anc l  i

> :  ,  r l )  =  su ( ]< ; i  ,  f  >  ,'  f * \

is a farni l-y {rr}".-  c. I 'Tf,  sucir - i ;hab

x ,  L f  )  -  Z .<x ,  f  ) -  rI  u e  f

rn  rvhat  fo l lo i r l s  1 io  sha l l  repracc  the  subsc : : lp t  *6 i f l  t , y  f  € . f , .
I

lVe shaIJ 1: ' r 'noJ ar r lca -L.g noCti ] -er lhg. l -r ,  o- i  n -s - f  . (nor"n:- : l  "  serr i : ' iy. :  i " 'b, l l  .q u v  v r a v  r : f  v u L { ! q l  U i i U ' - / _  
J  

t / I  1 _ l +  r )  c J -  o  \  - r u .  I  r r r e _  
' , , J . J : . t { -

f aittifut ) ':;eifjirts ([4],Ie ],I gJ,lezl,lduJ,li 'fl,[s-rJ) 
" Tic oi: jec-be ii,:F;o*

- t r
cia. ie i  co T : ; .  1 ' ; l t i i i  iheory wi l l  be 4e::oieor os usr. i , !  j . ) - :1,  b;u f t
f  - -  - . ,  r  * - - r  -  l -  + . ,  ' 1 l  

- ' f i *  n ' y -  y - ;  
- ' . .  "  - T -

t "  e r i  i  T , ( :<* .x )  <  + ' , f ,  T f r f=n i f t f  L , r - ,Le f  . .  , (y?  , , . " I  ,  - f  ,  , I ,  aT , ,
w l

er  |  '  . ^ ' i r , r l ' l  )  f lnn i#q  r r ' i  r . r r ) . , ro  r r r i ' l ' l  ' na  Arnn. { -a . ' l  t ^ - -  F f  r . , :  - t { ,U' t  .  T i re  (mexina l )  Toni . ta  a l . . -eb: :a  rv i l I  be c lcnoted^ by ' \ .  f f  x  €  tc ,

ihen x, el?rcll, ' siands for i;he csnonj.csi i lrese of' ,r ln tire ii i i l.,e:,' i;

space I{,{,  , .vith. scelar prorirrr,. t  ( o. l- ,  \  '  '  
"  

' t  r  1-L
I  

1,u. scalar procluct (xTttrT = 
T 

( ir" ;{)  ,  : (r : tC. l {y : ' ; :  er. ' r  -r- . lc

rio'i:nal weigrrt is not senif inite cr faj.thi'ul, ti:e notiul.:rr thcory

r :e fe i .s  to  i ts  r :est i ' l c t ion to 'b i re  n .s . f .  par t  (seeL?{) i . l f i i ,e  su 'p5. 'c r : -h

p::ojeci ion of 
T 

r,vi l - l  bo clenoted e$ s(t5,)

more over , the::e

x €, !,,{-r-,

.L

: i  €  i ; T ' ,I

0.t"2.L:il i,: l. I,gI l,io.A !e gg!, rig.Utq-l+,

sg-L$b! sr r"{ sI4 k e A;. s.isq

3 )  < X  r r - 5 , @ 1 i )  =  s u p  1 X
t  : ] , -  i 1.'- = ...f

-algq-bqq, l-et. w be t) noY."i'!rl-
t * "

,  f 6 r i ( >  , x € (l, icsA){'
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Since t i re sei  t  fo i i  i  f  € f ' * l  is

ot ( i l  def ines a norroai ur"iJnt A

f- -f i l beredt

cn l, '1s A

* ] ro z . i  rh t
v r r v  5  , . : ) - *  s

enc., for

(5)  (T*1r ' ) "qgtnt ' '

as (irornr.al ) we ig;hts on $ Ai'X .

Jrctual^ly1 clrins 'br: i";he l-rorl l of G'K"Peclersen

j.t con be shoi.n 'bhat fo:: an;* norinal' viei.^h'u T

farr , i ly  t l , ] "*r  c i i1 s ' ;ch i j rat ,  fo: :  any no:: inal-

ve harre

and. H"Talcesalci .  (  [4dl) '

on 1,{ 'bhere :.s a

i-ieinht- v on elly IT ,
I

i

= (TJl f )c*a

tg C*'ty =
l r

ls well Jrncr,','t:

X^{r, @ ' 'y}
t-G- !

. f  ^-r  c- l - t . ' i  n  { - ' !  r r
!  \ , /J.  rJ ( , ' I  +V Ur-J,

] :  = . i@3 r x€Tfr+ ,  a *A ,  i te have (tY ( t))  :

( l + )  < x  r { o k }  =  4 l { , ' q > .

fherefare ?ie najr assuEl'e tirat f is a n's'f+ rielght eno then (4) s}:'ows

ithat g e'k anC A sgTee or the , ,v- 'dense , vT*k-io'rur iant ( tel i )
: . / - '

fi -subalEebra Tft* w t' of i,t 6A*
'  

- | 
. Tr .---=.. -'. ' J' - ,-^ ,rlt -- r.r .,,-\ *:h-*i f 'r ri '^.  0n ihe  o 'L i re ;  i i enc l ,  f  €  I ' r f  + i ' ' q |  *T ' s ;  - t f  ,  so  tha i ;  f  e l ' t

({t

e4> f " Of * ty " fhereforer fo:r: a'ly X € (116A)+ lve have

"  ! . . ^ 1 -  )  & f  l r . ^'  r ' . ,  r ? r  * q e k >  = ^ s u p { X r ( f c ? } c ) " q s - f e l V i ) }-  . d -  X  r  V " $ ' . 5 '  
f  n \  

"  ,  \ r \ d " * , / - \ v ' i

Q' 1rr
=  - s u P  / , X ,  ( f  " $ ; ) @ ( i : ' q ' " t ) ' ) '

f € j'"i1'
I

= -s t lP  <X t  f€ ' ] ' c>
f u ,\

.

n t 1  - t i , C  l (  !  - - , , - . , :  ^ - ^ !
t i ir ich ntcr.ins iha'b Y is q..] -"*i.pr,r61ion'r,o

By the t i teorern of  r i . i r . .1) i ' .C.eirsen end I ' i . r la i le 'sei l ' i  ( tqLfr?lop. 5,9 ) ,

/t\

i.b f ollc,vs ,chat ![ = i.r {f k o ffi

As.an obvj-our;  cgnsequel lce of  0"{ . .2 r /e no'be r iha' l ;  i f  {  is  another

vor: Neunann algchra and j-f t'f I ii .--+' li ' is f'r ncrrnal- rr -homcr-ior;:ii,isiit

-t-

then , fol. sny nc-firral *ei6ii ' 'c ql on l ' .{ ald any }c € Alt v{e have
I

S. sirnil.a::' result setn if irri ' i;e r;c'13ii 'Ls .([ 5]) .
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l/j. I

. 
i.fln

.  , i .  
l

n n  7  T E T " T T A .  L e tV a 4 a ) ,  U ) J i .

f f  the l - i r ieer rnepDinq
dsl#

i s  a  sequence $e l  o f 't  " n J  v 4

-4
x e.,

n ? n

n x e,., I Yy'e have 
"o 

€ t2

}v -con 'L lnu i ty  c f  f * ,

n nn l ' r rs l  l . : ,e i  nr -v : , i : (4r  rJv- , - , ;h 'L  91 IJ I  31Ig x  cTtut  ) i .V A,* k  _ ;  
t

3JF* * - . -> l  irx)

!.a II,

pro jecticn.s c ornnuting rvith

,  € n  T  s ( : )

then x e ?l?l sl- .+ ( x) '=
t '

*  t r ( l
x  en  x  4  l l i \ r  t , - .us  *n

t p  be
t *

hqS, e lileat
f  , /  c ' l . '  \  \*  

xa  " \  -a .v  r

Sggg! " 
rlhere

sueh that

Sir:ce *r, €

ancl , by the

In  pa : . t i cu la  r ,

t h e n  q ( x )  =  0  r
. l

Eggg€. i/e

restri .ct to

have

f.r , Tt'f,
i L l

w-c ontinu ou s

. .  /  . . \
I  \ ^ /

1I

ert94gji3

:( d'rtY, :r ) o

; I tT

T 
( *o") = r_( err) *-:p f*( s( x) ) r

on the other henc, *n 
" 

= |lz en ;12 f x r so tirai , by tire
nornal ity of y ,

=  sup  T (e . x )  =
l1

rf t-.e a

f * (  s (x)  )  <

and .1 ( vx) f or ali y *71.,1 ,

l . ioreove r ,  v/e

* w ,  f f i

= \ J

0.1./+. LEli l,r iA "(L461,[r11; . i,g:
n a ^ ] .  - -  - n ' 2  - L r ^ ^  .  , - -  ̂  - --w(r\,rr . i  c, J;..  ,  t i :e r . inear rnnDnircl

T h . * ! *

n n p n n ' l  r v a ' i  o h - F . !'or
I

* " *
f* ' lt't $ Y F-*:>

i,.i*c ont:-Lru oli c e:i-ben s ion

na)'  suppose i l :ar 
T 

j .s

i ;he case )( :  air  r  srb

"+ f 
'v-. )

I  
\ r - ' l

L ^  l t
i r L ,  L r . r r

a  n o s . f . u e i . g h t .
N/

€'Jc,  '  For eny
1.

-  (otb'  i  ;T,  ) . ,  = ( 'o. ,  ! ( : i*
=  (u t l  s r ( ra ) , f  

\ .  
=  ( ( ya )T

= (y ey I sir;r), 4
' i ;he rlecl;or func'; ionel

)'r

is e:ctenck;cl bv

:r ehl lre i;iren

.Ii r
' . . 1 ' -

" 'T'1'
t  , - f , ,  \

I  Dt,Ow.'+, :
t r l

t*)^ ..:'*1- o illl
"'5,' "r 

''tf
Thus f
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A. \ "5 ,  i . ,e t  i ; I  ,  N  be  von l ieunecn a lgc 'b :as '  l i i e  re fe r ;O i : :e

riolll( of U.flai:6eluir (iA+l) fili;ir.e no'bion cf g::g34*l Pglivrlg t?ij
/ { -  - !  / : ' 1  \

I {+ of  I  vor:  lTeun:rrrn algebra.  i lso f  o l - lcrr i r :E U"i la:83:rup (L?t j  )  r  
'cur

a1.-beretin3 sliSntly his tertninoi cSJr an !^Pglg!!i v.algg$ -r.e-.i,:';bS p: l'l+

if i,*i val.lzes j-r: F ivi l l  be en edii j.t jvl poslti 're-honolteneous naLlpi:rg

. - i

S : ii{-F -*-+- j,T't-. If N is a vor: l'Teunann sube lgebt'a of i,l r a Lqii,Ul1!-t!-i.

exoce.'ba'i; j .cr-r cf l:{ on }T vil l  be an ope,.ator val-ueC. wei.gh'L oll I ' i+

with valites fu] lT-" lviih the aC-ciit1cr:e1^ p::opel-i;r i

T ( a ' x ' x a )  = e , * ' i ( : ; ) a  2  a e l i  r  x € l ' . f +  e

/ rs j .n (Lnt l7. ,T,,  ={x e l {  ;  'J ' (x.*>;)  e i l+},  ?f t , r  = 1% Tt,n , 'n ' t ' i ;  ve
a*/L

d.er:o"be aiso i :y r I  t ] :e canonical  e; l 'Lct :s io i :  to 
- f ' I -  

l

The fcl- l -or,ving ouisi ;and:ing resul--b of U,Haage:ru1: C[ey],  Cor: .4.2)

t"s 'rhe na:i-ir -becbrr.:-cdi tocl i:: i.eali:r6 vit?i. \r,'ei3b.'bs orr ci:osse<i.

p::oii"ucts

. Tlllon;ii (t; "iieag:e:rup, Lt4j) . ire-r- N c l,{ hg y.Q}. iilu:qlg 9}i:f},J3-E

gl:+ l.i-t. T lg A i.i-i" 9-U:ljii:-!r:g.l 9.:flXiif-liiqi 9i: T'i lii j'T ' Lqi.

$L-\l il-.g"fi" :i'9j*:1b-? T o Y grl l'T r to {ll , ^y" T :r-IS. P-'so{" li-?iglllg

on I',! clnC

( ' i ) l r ' t ' T ( r . ) - { r T ( x )  r  x € N  ,  t e 1 3  '\ . 1  , ,  r  t ,  . ,  
)

( t i ;  [ n ( * 1 , ' ' i J )  '  1 1 ( T " t ' ) r o  =  [ l " f  r  1 . 1  1 . g  '  t G l ] ?  &

Fecel l  i ; i ra ' , ,  {Lr. ' ,  :  i l ,1-1 . fr}  ,o r i :  c lctro'bes t}r+ - l i "Cornesicoc;"cf *(L } l

ouf i"6.D[-trT1iTf] :C1i(I .38l r [ .0+1). Lei l : i  ,  A be r.on l ieurnan]:]  al . f ,e]: :ras

er:d. lel; Ld be a n"s":f. v/e:igi:.-r on .r\ * 1'hern the forinuia

L }

< s * x ) , f  )  =  < x , f s ' c u ' ) r  x € ( i ' i 6 i ) o  '  f  e  l 1 ' f , ,

*.ef  ipes a i :os nf  .  o i rc:a 'bolr  !a l -ued. l ' ;+ i .g l i ' ' r ,  i ' l i i  on ( i :16; i ) ' ! '  vr i th values
t i f

eFl'

' j .rr l;* )iav i.rr6 the ecici i r ' ioi:el- ' pi: 'o;reri;y

. d . .

Ei l ( ( r lb tn)  x  (uca '1 .n)1 = a+ ' : !n ' , (x )  : i  '  xe  (1 . ;6 ; i )+ ,o  e  i l ,

Fj;':f,1i:r) t? it.O 
. 

i r; a c:';:: ' j .r 'r; iotiaL elt-oectution) "



- r € " t"" ' ' ' " ' ' : : ' ' ' i i l , . ]*  I  io

For any k€ Al  ,  E5:  L{6A **  t , r  is  a v,r -co: : t inuous l lnear"
napping ena ,  using (0. t .2)  vre get

n f rCx l  = ,sup  r$ tx>  ,  xe ( t {6 . : t ) -F
k < c,"l 

i;l

Thls proce<lurg of "part iel-  ini ;cgr.at ion,,  (  or , 's l ice neppings,,)

was introducecl by .TnToniyam;r (  see t6+)) and is i rr : : t icr. la:: ly nsej lul .
i.n clealin.g ivi'uh ie'sor proclucts and. erossecl prod.ucts.

Using this netilocl, i:1ore precisely i.nitati-::g -i;he proof of. i let4,
Theo::em 2"1 ), 1,/e obtaiiybhg fol-lor-,rin..:

O"L,t.LillfLlA,( see at-so i64).!eg li , N , A be vgg ry,e,jri{Jg} q1f;giilg_p_,

.  l { c l , ' i  . g f g  r { e  H 6 A  - . J f

< X  r . f  € k )  =  0

- f,or. ggy y € hio ):':,]rJ9b .en!-1.hi1,?-tsg N gp.g *_o"1". g;5y 1c e A*, J,:gI

X  E  N 6 T

Xlgg{. Ey assunpi: lor:  iye have 4 -k,-. ' .$ ; ; ( , ( )  , . 1>=  0  fo : :  any  f  6 , ; i o ,
'  

1 twhlch annihi l .ates i {  and any k e A,* ,  
-b} :erefore n$(x) e i i  for

all- k G. -ll.*.

$upose li{ aets on the l l i l-be::t space , ' i  , i iT c, B(ii) , an6 consj.c-Lei

yr  € I I r  c,  B( i i ) "  Fo? any w 6 B( i I ) .  and any lc e A,* t ie have i' l

<  X ( y ' e i ; 1 )  , r g e ' 1 ; )  =  < . t { . ;  T ( . y ' ) @ r c }  =  < E i i ( r i )  , . f ( . ) . , , ) >  =

: -  - /  = ; rk - /  - r l  * - I  ) r  . \

v  
= < .  j $ [ : i ( , { )  l ,  ,  f  )  = 1 y r  I . I ( : i )  r . j , }  =

t  - f ( r - ' t  , - /  .  \ \=  < E ; ; ( X )  , T ( y ' . ) ) > =  { t {  , 1 ( i " ' . ) s  t ; }  =

=  ( ( y t e i { n ) X  r { - p @ k }  .
li 

,|

s i n c e  x ( y ' e 4 1 , )  ( y ' e T A ) l {  e  B ( i i )  @ A  o  i t  f o l i o r , ' r s  t h a t  x , , c i : . l -

nutes wi tn (yt  € / . r -1)  ,  Sincc yr  € l . : i r  was arbj- t : :ar3,  i . t r .  is  c lc; ; i .

t h . a t  X  c  l q F A  o  l # f

i ' {e shal-1 nedcl  the fo l l .owi. t :g r :esul t  , .1 'v}r ic i r .  is  a C: icci ;  <. :onseqi to i : lcr)
'  of ( lr,q7, Tl:corefi j . \ .c ) *



0o4.8, l'Elr!',iA. lg! T r Y

MJgH{ g3g l*.}- \ eiR , I

w['Yt": * ] it u

3gg.g€. Indeed. ,

oTn-"(o) = li" o

"1,(a) = h""t 1'(uatf ) , (+) a

;
a l r w  -  \

v l ; . ' ( u )  =  I  u

( u o l u ) e G r a p l t t Y J ; Y l

,vf --fn* t> -- - 'YT
u , { ^ ( t ' t L f ,  t L \ \ i  ' *  ' r Y

\  '  - . r \  f . * \  Yt f  (  r 'xJ -  a 'ry( Xul r  |v- l  db
l .. :

- 6

!g gng.S'

> 0 .  f h e n

&+

4+

',,Tei&lg o* 'lJ , Le.! u € 1t 1ro

- "+
G I i i  .

@

(nyLr. i l ,  Theorcn 3. '10) "@

. E
-  1#V a, f (a)  = \ - *\ . - l

ffh.e lnst cquivnlence is eS.ernentary. Bfi

Sor * irct lc:r  i : roof see i [eel,  L.,et i ' -nla {"3)"

end
- 1A* Y!

e lL4 i /  ,  tY

' 0.n1-9. L,et !i be a 1{0n' }terlnann

vi*ccin"i;fn1-loils Ld*'laltted functlon F

g,.sup G d,efij:e* a urique elenent

a.!"6ebra"

c'l.efineC'

( , x t r  r 1 t r r ) =  I < r t t l  , , f > l c ( t )  c . t  r { G I ; { o  '

t ,

F r 1 2 s r r - * F $ ( t ) € B ( H )
.

is an operator valtred funciion n then we shaLl say that f is

\

o.t.{ .O. I f  { t  is local}y conl:act

meh$ure on J) and

'By lirrsi.nrs tl:eorem, t}:e fwrctlon '{Z

1V*rrr€*surribl.e ( ::cspectively s*Irod,,5llrable oT s* -measu::ahte )

.  f i  - -  - 1respec'i; !, f if for arry compact sei C c (} anC for any

t irere e.xists a compact set i (  cC l iucir  i ;het l rc \ l ()  4L

ih.e rest.ric.tior: of Ir tc K is w*conii-nuous (rcspectively

n*crtnt:Lnlr.orls or s*-continuous) o

xp € I',t ai ir'*( c)

r-.,(uauo) , (*) e a t,f

flre.r any' norrr bou:rd"ed.

c,:'r a loca11Y comPtect

fi

k  €  L * ( G )

- a

spsce, p is a posit iv 'e i laclon
I i

i
I

lvi'cl:

g > 0

ano

* t h*{F-ii ir( t)li e "iRf i.s tiren

fit*er$urabl-e r,ri.th reepect to 
,a. 

a
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- 0.L.L'X. $g!g!*ggg ggq lgglgglggg. Usually we follorv the cument

teminology and notations 1n operator aigebras. Horvever, by tbe term

I,nJec^tio4 we abreviate ihe notion of faithful normal unit-preserving

.f -homomorphisr beiween von. Ner.manrr a16eb:as". th.e terns w-_tg"W_kiffi i

s-j,gJg_}gff mean respectively the ultra-vreak an<l the ultra-etrong

topology.

She synbol 4M stand,s for the unlt o f
Itr
t l r tand. also for the scalar subalgebra of

notes the id.ertlty autonorphisn of id . In

the subscript }l by a simpl"er one recalllng

ceting a positlon j"n tensor prod.ucts"

the von $er.u'ilann algebra &t

',vhiIe the symboL- irn cle-
ttt

sone situations rYe replace

M c or by a number j"ndi-

B(lI) j-s the algebra of all bouncled linear operators on a Hilber*t

s p a c e  ' H  o  :

' If u : G --.+ B(H) is a (continuous) unitazy represcntation of

the IocaIly corupact group G , then Ad. u : G -> Aut(3(Ii) ) denotcs

the corresponding (continuous) *-auioiaorptric representatlon of G

on 3(i I)  :

;  A d ( u ( t ) ) ( x )  =  u ( t ) x u ( t ) * ,  t e  s r x € B ( - i ) $

l , {oreover ,  for  any f  e  t [ (c)  we d.enote 
' : : . '

- a

u( f )  =  J  f ( t )  u ( t )  d r  €  B ( r r )  .

ny tt{x} rve denote the von Nerinann algebra generated by X anc

W 'c" l .*.{X} we denote the w-closed. l lnear span of X .

Given tlvo von Newrann algebras l'{ , N there iu p unique ,t' -lsomo;:-

p h l s m o f  i , i 6 N  o n t o  N A i {  w h i c h s e n d s  x g s , y  i n  y € 4 x 1 x G i v l  t

y € $ .  This strrrune'try isonorphis:n wi l l  be denotcd by.T '  I f  : ; ,cE(H)' ,

lTcS(K) , then we denote by .^, tbe unitary operator of i{€ K cntcr

K E H  w h i c h s e n d . s  { @ ?  i - n  - t  @ 1  ,  { e  t t  r ' l e K . F o r X c l t 6 ' : ' l
*,

w e . t h e n  h a v e  X  = : o f , o n - ' t  !

Sone other notatj-ons will appea.r on the way .
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Alsol  v ie shal- l  d"enoie
c

M q  =  { x e } , [ ; t ( x )  =

fn a nci 'e precise si i ;uei; ion, 8 r, .r i11
(!

on [f and i,?\ 'bire centrslizer of ihis a

Oo2*2  *  DE; in I IT fO l i .  Le t

,reii;irt t9 on LT rvill be
t

< t ( x ) , t + & i c
\ l

enc

an act ion of A

{ l i , . t , t }  ou  as  i n  a ,? .4 , .  A  no rna l

cal lecl \  - i . .vari : , ,nt i f

4-",,s {A .

senif inite

of

$ 2' gg!1gg:r=3!:g:igg:=g3]€!!g=ggg='::_p::gg=!:gggg!g .

'  
0 r2 .Ln Consj -der  a  i r ;p le  { r , t  ,  A , \ }  , ,vhere

\
f :

I 1,1 , A alte von fieurrtsnrr algebras ,
J

l-  \ ,  l rT --b i ; iFA is e nor;:aL K-i :o:rcncrphisnn , t i ({*) :

For any k € A#, anc any x e i l I  c lenote k,:c = e{G(:()), .  Then

. < k , x r f  )  =  < \ ( x ) ,  f  e . r g a n  f  e  i { * i . r

tbe nap Efi "t I I'l ;l :,, n'_9- k'x e i',,T is linear, ril-c ontinuous

nora € lt k ll . l.foreover :

l t  r t  . s( k " x ) '  =  l f ' - : ; *  f o r d n y  x € l , l  , k € A " ' r

,  k ' x

- " t
x t a ' 1 1  f  .

b e  e a l l e d

c i ;1on.

I

O.2 "4..  eI+ l€!  w* : l

^n 111? lTil.-an
Ulr  rJ ! .  a  - l . I f  \ ] ,  i l

b e a

x e.lJ , lc € A*.

ti.ec ornpos j.'l;ion

hg gs -rq

Vr'e i-tt:hi;

( ,  ( 1 r . x ) " ( 1 r ' x )  r {  > y z  <  l t l i { < x i : r ' , , l r " ' f ' ,

Egggi. I f  * * fto, i}: .en 'bire siateineni is ,:bvious.
I

L e t  x  € . T t v :  J i  e  A - *  a n c  k  =  l i r l ( " v )  b e  t h e  p o l a r
] ^

k n l l lhen, fol eny f e t{l , f €T r tve }iave

1 1 1  a ' t t .  \
4  ( l c " x ) ' ' ( k " : < )  ,  f

< . ( ( i i . x ) + e { r 1 ) t ( x )  ,  f  c o l c  }  =

.  Y  <  ( i k . x )F6 , r .  )  \ ( z ) .  r * f  6 l i r * t  >  € ,

0"2"1, Ll l . l l , i lA. Le.t  { l r ,A,\}

Ii -.4.:qO;q1an-b noi.r:a1 senif j.niie
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( ( r< ' r r ) n ( t r . x )

< (k , r )*(  tc .x)

<  ( t ' t  j " ( k " . x )

:€> x.r< e.Tt1 ar:c1

x i*F 1r":: clefines

s(T )

f  >' l? tkd/z4\(rfx) ,  f  @\r. j t>72
r>yz litrj l; 'z(Ii(x'x) , T <, 1'-,*171/2
r>Yz firrl iYz 4:r*x , y >rl2 tti. lf/2

\  i  i ' " " n

l . ; #

E

I

:

,

,

t

hence

t

Since

It

< (k .x )o( lc .x )  ,  f  > ' /? '

f  € l ,{ i  ,  f  <T, r.ves ar.bi.t ;rary, $Ie concLud.e

< ( t " * ) o ( t c . x ) , T r ' / '  €  i l  l s i l  < x + x  , T r t l ,

fol lov, 's thatr i f  y j .s \- inva:, iant, then

, f g

( r )

thr-rs

on

( 2 )

'olte map

o ty  i

::. q f.ir,

wlc:.r
li ( k ,:r).i ltT* ti k[ llx1 lt1 r

a b.rr-ind.ecl l inear opei;ato:i,

w?,lc)':c* = (  t , x ) ,  , * e7}., ,
ancl ti VIC i<) il < lt ir lt . Irenc e
tat:ion ffT" t A* *-+> l(lrr)

\,/g

^+-
U.L

have a cc'nbl 'ec-bive ( l ineer) reireser:*
' l : i ' r n  P c , r r . ' ^ J .  - q\ i L L v  j i c 1 i . ! L i U I - t  U p a C e  A O  .

O,2.t+, ti!"iT,iA. i,.et { i; i, t,tl-

\ -g:rq:a*iL qqL-]qL ggar!i-n''-te

] r^  r )q - ' i  r r  n  ) .Lo $ l l r_rr  ] -er ,.X;: .:..J' ;!i: v G (- '

F':t-lgil,-r g-1 lif " I!S.8
$'

G  l i $  o

T hs. e

'  
Eggg!.  Cleal : ly  ( {U -  s(T))T =.  oT ar :d. ,  by ({ ) ,

(k ' (etu -  o(T)))T = oy ,  ic  € A*r  'b l r .erefore (k ' ( { . r , r

l ;his r,tplies

s ( . r ) ) )  s (+ )
r l

I

I

j

nv t

,l i cl.-i-

\-' ,

k € I',o For ar)j/ f e [i.* , k e A* ve have

< t ( { n r  *  s ( T ) )  ( s ( T ) @ L A )  ,  f @ t i >  -  ( ( r r " ( a r , r  -  s ( T ) ) )  s ( . f )  ,  f ) = c
s o ' t h a t  t ( l u  -  s ( ? ) )  ( s ( y ) o { - o )  =  o ,  r r h i s  p r o v e s . t h a t

t ( s ( . r ) )  <  s ( T ) @ 4 . t  .

0n  the  o the r "  hand . r  pu t  e  =  ( s (y )G t1 )  - \ ( s (T ) )  . .  s lnce

< \ ( a l , , r  -  
" ( T ) )  ,  r 1  o t c l  = . . - ( r i i , i  -  s ( T , ) ) o { a  ,  1 1  o l ; }  -  o  ,

e  have  (  e  o  r y  I  3 i  )  :  0 ,  k  €  j+ . ,  $c  f i r a t  e (s ( .1 )e ,s ( l ; ) )  =

€ A; ,  anc hence

e  =  e ( s ( y ) o [ o ) e  = , Y o ( o ( T ) e s ( ] i ) ) e -  o _ r ] x'  
l r_  e \

t t t
Y Y

' l r

^

x eTt,
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A,2,5" LEiTlA. !e!  {rr , . l , \  }  F- gE" l : ]  0,ZoL" ggi ig i i  T gg g

S *l*.yeq;.rt fgrfgl Eeqfl"liilg- lgls$ cq L{ . Ig3. gJiZ :r,v e'ft1 t;tr
.t-

l i t , ; l  k  € A;;  i ! tg.  tave_

(y* to  LA) \ ( :c )c  f r * *n ,  ; 'o ( i c ' x )  "T iZy  
gsg

Y 
o'*

3 )  ( ( y * e  { . a )  \ ( : r ) , r 1 a l t }  -  4 } , * ( k " : ; ) r  " 1  }  '  '

tfqgf . By the $ -invc:'iance of Y 'le have
F = = ; ;  |  '

< t ( * f \ ( r , )  r { @ k }  =  < : i o : . ' r t f  > ( t a , l i }  < - . + o D

so f irat t(") oftry*v, and" conse,' i l- ien+;1y (y*t; 4-A):i(x) efr.1 * t,

T r r l t e . ( y o s r ' A ) t ( x )  =  a 4  8 2 . !  t u '  i e / *  v r i t h  
" j . ? ? t { e i .  

'

i  -  4 ) 7, lL -I : , ' r .  .q' . .  \r  " i  € j l -r  i r la lr :rve
J  =  L t L S z - 7 ' r t  ! J :  u t t . J  " d ,

1  u t ,  f r x r k  : "  =  4 .  b - l ; ; ( a j ) ,  f  ) ,  i  *  { ' 2 , i , 1 t ,

' l ;husl ut l i i lg i ;en:ad A,L'.2s 1;7o 8et

( r r . )  , { a j  r f  c b i r }  =  < : i l t a . )  , Y }  ,  i  * 4 , 2 , 9 u t 4 "

rn parbic.ti la::, cl-i ;f i(er) beloug t,c, 1Tt'[ , 3o t:rat

y*(k 'x)  -  n5((v*ep a-r , . )  (x))  =

- . ' l r .  - .1 {y^  \  ,  . rk f  -  \  - : . , . k , ,o  )= Eil( aa : " li;;( aZ, + rr',r'i a5 ) l.i,l'.- "ri 
, t

and. using ai;ain (zl)  we ob'cain ( i)"  f f i

J1"

l to  =  kko  j  G

Then 3'** k i---+ ko e A'* i-s en isonot'':ic in.roluti'on crr i;lle Rstlach

spece A* . llio-be ti:at

(ko)oe = ( i ' i * )o r  k € Arn a

tJIo :.rhu1l. j-ntL rrciucc 3 strotrger iro'i;:on of in\i i l :r: iance :

. 1
J I t lY/Ieie

;
,

* -ani; iautono::t i l t i  stt i  "

o6" Ccnsid.sr novi a quadrtri-' le { iti , .A , \

{ l l  ,  A  r t }  a r e  a s  i n  o , ? - , L '

j  ;  { * ; v I  i s  a n  i n v c : l ^ u ' c j . v e  ( i " i  =  i

y  k e A o d . c n o t e

0 " 2

t
J
L

! 'o::. an
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o ,Zn?"  DEFr l I rT rO lq .  Le t  {  N ,A , to i }  be  as  i n  0 .2 "6 .  A  no : :na l

semj-f ini'be weight 
T on lJ wilL be c.ailecl (S, j)-J,lyel:lant if it

is t -io.r""iani; ancl

( 5 )  < ( ; F e t u ) \ ( : r )  r f  @ k >  =  4 \ ( ; , ' ' )  ( x o , l n )  ,  \ e ( l c , ; ; ;
f  on any xt1 €T| 'n ,  and. any 

'k 
€ A; .  

.  
,

Ustng Lemna 0.2.) we see ihat both sid.es of (5) ar"e r,velL clef ined.

and.
g

.  - /  t 1 * - , f \  / - . - - r  \  - .  r r -  - . \ . . -  -  r - A  . t +a . \ 1 ; r - , 7 q x e , { 1 )  r 1 @  ( t c o l ; ' 2  =  ( ( l r o " y f x r y }  r, r t  |  
-  v  '  ' -  t  

I

I t  f o l - l ows 'b i ra t ,  i f  T  i s  ( t . j ) - i nva r ian t r  t hen  ( \ t  ho l cs  an i r

( ( l ; . x ) r l v r ) ,  =  ( "T i ( r . o . y )T )y  ,
. rvhich in turn rreBDF:t that 

:

x r x € 7 Z f , } c € , l u s

R ( \
Y" r r \o  \ f r ' ' . o \  r r  f  i' riLrf\ rL,/ itu1.\ i\ / t .it € d;v .

Theref rre 
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'

t
0"2.8. LEl,,ljrfil. Tf T ]S- (\, j )-:i.n.GIle.!!, lr.rel ffi+ : io --.r.,- - (IIrr)

.aF g g.pl!,1,a-c'bj.U r:e:}.TjspiLb3Lj.oq .Ql trlg .ggg.}_g;3;yg l:igi{il .rn-eq_t (A*, o).
' i

i

: I€) (t,  j  )- ir va:: i*o** ,

To be niore explicit, ive ini;r.od.uce ;he fclloirinn

0n2.9.  DEl l l i ' iTTfOl r i .  Le ' i ;  {  l t rL , t ,  j }  be as in  O nZ,6 anc ? be a

no::mal senj-fini-i;e neigilt on li{t " 
',,i/e sa;. that tfi} 

* * }:.gr.gg}. rfl:r?-T
serjtj!F-].j''q q{. l\q .4:vqj.li:,t,ry.9. jbIgSJ} ,s?qcq (A+,o) if, igq g.g3g- r\, ), o ,

( i) x.6'Ttu, .:=is ',i-. x €'n.f and li( tr. y;)T ll' < I i[lii tl;.:,, ltu, , ]i € A*,,
I

( i : i )  xJ  G' f ty .+  ( ( :c . r . )y  I  o t )T = ( "T I  ( r . t  y )y)y  k  €  Aro,

By conrl i t ion ( i) ,  fo:rnula (2) clef ines a bournCed. l inea:: n1;e:, : 'bc: i :
?|

ttlC r.: € B( Iir) , il.-'If;( L) {r '( ,\ l( k ll enci b;r ( ii) , Tf}(:,." -**t, ,.o',
T '  

- t '  '  "  * ' Y t - - ; ' - r ' r  r r ' ( ) ' l r  u 4 i u  '  
,  

' t  *  t t u i l : '  ' !  q

l fote also ti ial" if Tf):i-:; a i:ounc1eci rep:rcscni;ai;:!.on of 'r i.e j.r:rroiu'i; i .vo' l '

Banacir speoe qIn.ro), 'bhen, 
,rvi.-i;h tJ.:c sarre ai-[ jLlnetl-b es 1n tjrc r;roof
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Fem,:Lf+1.:Lfe" yerin:[. q ll" :i Yt] :S. :"?-

]gvplsjil.-yg 1gr:lg! i!39s. (A',o), IEg*

.e..q!pn-c-u:*.!*. :rT.ot:.t {tt[ }r;€f, sg T t

\ < u ' [ t " ; l  -  f " l @ ' A ) ( \ ( : r ) )  ,  * e ] t s ( y ) ' t e - i R  '

Xlggi". i ' , i l : - ' r . tout res-hrici ; ion of t} :L;8eneral i ty,  bu-i ;  r 'ennoui lcirr3 to

'i^;:h* assr-r.rnptio-r: t{.1.,,,,) = 4},..1 e nt r r/e Inay slllli-'ose ihat Y 
j's a Jl'"s"f "

r r e i g h t  ( u * *  ( 5 ) ) "

Cons:r-dcr the lef i; Il i l.te*b a1-gebr'c G{\ =??i tf frt * i1", assoc j *i;et1

to Y ' the crosec ."*':;; 
:'";::;; 

': '""*l:o;-:T; 
"'

. x

and. i; j :.e t 'rodular cpe::ator Aq = Sf S,," '  Th'cn

(?)  n, iC:)Qv c Ct,  V;( t , )*  = ' l r i ( to)  '  k  G i , .  '
I l

at:d. f o:' en"y - -T 1' '2 A*., we hav'ei 
t 

{:: \,/r}. r v, v

<: .o$f ''l.. t * iCv T . i L y \ i \ . r , ' . f  - , f  ( ' t ' - * ) f  =  ( ! n ' x ) * ) ' i  
a

= {,iu' **)* " 'V}trt*) (" ')y =V}(:t^) u,r "tf.

Since S? is the closure of i ' i ;s les;-b:j.ci; j.otr tc G.i, anc1 sj 't ' lce \f:|t l t:
t l

'Y[tt.I(ri") a::e boui:clecr v/e j"::fer tbet

:{cr,t | =':r}ir.u)s' { .
{ e nr:n(s*) #" VrI,t(  8 )

eF. 1g 0"2.6 el$ Y !e g. *gglg'L

h.aua{ef, rgr: .eigr'Gi-lgn 9*' i:lc-

t c ?!.l*l:+;qq 
.',ui';h -t:9. ry-*lt t :':.

Consj.cler no\r i  ^ l  € Don(Af ) ancl t  G loi :r(s*) '  Therr 
1 

G noin(l l t )  '

k ) {  e  Don(S* )  ,  t \ j t"
If

$. . . *1  €  non iSI , )  anr1 ,  us in$  (? )  ancr  ( '3 ) ,  l ve  ob te in
Y t  i

(*{4(r)1 loyt )T = 
:fi'._5iJ,l":jt]i= ($tT I' it i1:."' ')t"t t )t

-  ( S " T  I  c  # r ' - o \  b  \

: );I1, ";: ii;.': ,'= \ ' . \ , . , ,  t ;  . )3  I  \  
, r I .T  1 , ,
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k e A * ,

Don( Ac) ,
. l

r  so that

t r - \ ,  '  r . , i t r ,. l  - 'Jri( i;)srs, 1

ATq(1,).y t
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1 t r
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I
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/ \  
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a t
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< t - o [ t " l  ,  r ]
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the Lerrr,r-a. El
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I

J

i

I I

J

l

( e )

o'bta in

o ,

f he re fo re ,  f o r  any  
1€  

Don(Of  )  and  any
asr-+ k),1 e r;n(,i) and s{s4$:,>

orr equivalent ly,

I  € Dom(oF) =* q(1r)1 e

Thus t:)C r.l c onnute s wiih A y

"rr-|r *> o i* = ,t +* trli i.r eT,? r k € Ar.

0.2  " t t ,  LE l i r l -A . .  !e !  { t l r f , r t r  j  }  ?e  as  j -n  0 .2 .G tnc i  +  bc  a  nc  j , :1 f  -L

Sqrn$}rl-i.t.e- t:rg-lgil!. qn l,[ . r-P trs -l c . Lql4r],eci r:en:eFgli.:_l,j:=ql -of r::e
"-y * : ._*--1-;_-i; i;*- @_

jnvolu',:i-l-e Banry:l iJ-prigj. qA*,o)o tirer:. T 
j.S. \ -i i lvl:i.-:.is.

Eggg!.',:Je ha.re i;o shol,r i;ha-b, for any k € Al ,

for any 
" 

eTt, , k e A,t, - i ; irat is

vvir(h., .r) =

which jn turn gives

f or all f e tt. ri l i. is proves

( T * k ) " \  =  4 " A , 1 )  T
as (nornal) vieights on L{ .  . i

S jnce  (k . ( tU  -  s ( f ) ) )  s (T )  =  0  ,  us ing  Lenna  O. ' I  . 2 . r ve
- - l

< \ ( t i , , l  -  t (T ) ) '  T  @ ] i  )  =  1 ,  t r . ( 4 . t t  -  s ( . 1 ) ) ,  . 1  >  =

q ri .vfi ,, ) )y

= 'lr;( l:) aT .'i.
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?hus the et ir :sl i ty (9) fol loi , ;s by (t4e7, ?roposit icn 5.9) anci.  ih1e

R c."lTNn* 
, k>y

lnvariarrt

< 4. .,, i- .', .P
i r '  I

( iv) lbe &:J-qiuts lipr&:. :



a ) .

b )

c )

'l\

s( tg )  €  L ls
t

- a
\ / t ' r . ' ( = ) )
\ ) \  5 

t \  
i !  i ,  . /

$bs:e i.q e

ellc.i]- th.sj.
,  <$ ( : ; )  e

Fei*. ig e

git-eig" ;'-q g

such t.lte'c

-  . 3 5  - '

;
rp

iw ic*  i . r ) (E( : ) )
(a

vi-rlc nse qy ]-* j-nt-te:r: j.lnt

q @ k )  =
I

l1 .11.,.*cl-ers'e
. I '

no::r.-d.e nse

i
I

1- ? I;l
t .li e -c' !:==*V

l

t ( ; r ) . + 3 p k >' l
' i )

* x { " ( t )  ,  i e B i

d)

<, :< o{t ,

sulrse t D

*-s ' , rbal i rebra 3 of

q e l e )  t  x €
I

n-l 1>. r,nd.:'i ," Y :j-

. f  S , ' u  ,  , ' *  '
] : :  L r L  v  t

'ilirrit"qr,

B*, l i  e 3l i

k .  j  =  k J "

I

. c n { t

i r @ l : )  .
I

t ( ' , )  ,  t ( y )  e i T T * k)i r:r €. D

.4, ( y*e {o) =  < \ ( rF )  ( xe4 . r r )  ,
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'  
0.2.{/ ,1. Sone s-butcnents in t- l^, , l  sequel } ' r i l t  refer to the fcl lou:nE

S : L t u e T l - O n :

I  ls  a von i leunann ai6e'bra

t  :  A  * - *  I E *  i s  a  n o r n a l ' * - h c n o : r o l p l : j s n r ' t ( { A )  =  t n  @  4 - x

j I A *-+ A j.s an invol.t-rij-vc * -anti.urrrclilorphisn

an i r  t ,  j  e re  re la ted  i l ; , "

( j q : l  j ) ' \  = .  o t "  j  .

that  is  we pa; : t icu la : : ize ihe s i tuat : ' -on in  0 ,2,6 to ' ihe case H = A
, ' i

ancl l,re j.jn-Dose b corri;i-:i];i1-:.-l;;v cur:c1i';iot: f oi \ anC j .

0.2."15 . ,:'R0PC,SillIOiT . I$i- {- .q,\ , J } 'bg ,:lg. ;jj ') .2 .{1"4 gI9 }-qi, L'r Lt:

ii [p*-agr,p- ,"". -i]:-.r:iag9 lrq:'"rl-?"L F-ejjj.]SjJ;1U"9. ilg.i:nji pn A. $h€] Lil i8

,ie**Sltl. s:q
e.

A o = # " t A o '

R\

Hggi, I:€:t e trc; aL1. er::bj"' i;tar:y projec'bion in As . ?hetl.
-  T a  /  i /  \  \  

l - ' ?  
. f  \ .

t ( . i ( c ) )  =  -  ( j c o j ; 1 \ ( e ) )  =  L a e ; i ( e )  G

llhus, for ail)r x e ?ri-l anrl atly 1r e Al. ve :rave :(u

( j t e )  x  j ( e )  , r ^ r X l - 1 r 1 i )  ' = < \ ( j ( e )  x  J ( c ) )  , d  @ k >

( t " c l )  
< ( a . - , i e j ( e ) ) t ( x )  ( , ] . A @ j ( e ) )  ' @ @ k }

= <\(x) r  Lu @ 1.;(  j (  e ' , '  .  j (  e ) )>

=  / - x  r { a r } < j ( e ) ,  k }  .

$j.nce r{, :ls non*zeroe o(-^i) I O r 6o 'b}ra'b bhere exists ic €, Al ,

k  I  0 ,  v r i t h  { i ( { , , ,  *  s ( l , ^ } ) ) ,  k  }  =  0 ,  P ,y  l - r€ l l l l T ia  0 .2 .4  \?e  have
(\

s(r.r) e A\ , 
'birus, replaci-:::g e by {a s(w) ir: (t0), l ie ge'i l

/ - j ( . i . n - s ( u ) ) x  j ( t l * s ( u r ) )  r , * . r ) =  0  ,  x e f i t *  .

Tt fo} loi , , 's - ' i ;ha'u j({r ,  -  s(. . .r))  s(*) = o I  i"en :

{ { . i )  s ( ' . 0 )  = ' i ( s ( s * ) )  s ( " r )  "  -

I l o r * ; s t - tp r - r se  i ; ha i  s ( " . r ) t ' , tA .  f r r . e : :  bhc - ' : : e  ex i s1 ,s  ke  A+ ,  L *O t

yr i th  < j (s( r , ) )  ,  l t )  =  0  ,  and l t r : i r rg  a3;a in  ( tO)  ,  we 6;et
I
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thus

{112)

< i ( s ( . . r ) ) x i ( s ( , - ' ) )  r ( - d ) =  O  I  x f ? l t J  ,

and. uslng (t t)  r(Lz) we obtain s(ur) = 0 1 a conb:ad.ict ion"
/

Theref o:,e @ is faiihi 'ul.

I f  e  €  A t  ,  e  / L t r ,  t h e n  t l : c r e . e x i s t s  k e  A +  r  l i l  O  r , v i t h

< j (e)  1 l i  )  = 0 ar:d ( ,10) y ie lc ls

<  j ( e )  x  j ( e )  r  a ) ' ; '  =  O  1  X  * T Z i l  ,

vrhich means ih.at

j ( e ) = j ( e ) s ( " r ) = 0 .

Th.erefore the on)-y projec-bions i :r  A are the tr ;viel  onesa

Thj-s proves th,,: propositj.on" ffi

0.2.t6, CCRLiLLT1RI'. !g! { _qrt, i l ' _bS gs :LI 0 "Z,iLt+ g4g }g}. .or r €

bq. t'''€ gar*4.g:'o- (t , i )-i,:virs-ier! i:srqlal. !9si"5.iriii9 xg;fl*I$. pr: A ,

Sggg a r E aig lq-ftAg!-L qi:ri p-ipi:or;1g5q1., i..g. .'r:.:j::ra. 3g \e r,i , tr>,o
such tha-b

t' A  -  Xc r r  r

$gC.! .  3y Proposi t ion 0"2.{-5 1&r.r  enc.  z are fa i f i : fL i l  ,  b, : r  Cor.oi l  .*

ry O ,?-.Li  , : te have 
r

f r r . r n * - l * €  A \  ,  t € T i  ,
and. using ai ;a ln Proposi ,o io i r  A,2. \5,  v/e ge- i ;

[ l r :  ] . o l *  G  f i  r  i e  
' l R  

.
v .

T t f o l i c w s j ; l i a t [ n = : l c . r l , o  =  \ i t  r  d € j R  , f a : : s o : : r e \ > 0 ,

anc i  hence T =\ r . - r .  Et

?.2.4,?n 
Tn S l.IJ"t" a s:i.ntj. l tar a:r:i j l t iLent ir i l l- be usect for a chai"uc-

'cer izat ion of  drral-  l re ig i : ts on crcssed" plocir :c i -s.  in fact ,  our c in i  . ,TaS

to e,rber id the resul t  of  i i . I i i iage::up ( l -? l ] ,  Thec:renl  1"?, \  f : :cr ; i i  the 3o$-

muta-bive uase to. t l ie ge::e::cl case and. fo:: 'birj-s j lul?pt,si, l ,re 1:"ai1 to
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find. a defi:rition for ihe j-n'rariqnce of a lveigirt viith respect io a;

lrAstlon" sueh that .i;be fcllorring requirenc;nts be satlsfied.:

, o i.t fed.ucec to the usual notioir nf invariant vrelght under group

actions u lvhen A correcponos to'  a 3l:ou.p (sec $ 0.3) 
' ;

- lt crrtalls the commutatj on of the rnoclula,r automorpirisrn group
. i  r l

: of the t+eig}rt vrith the ection t i

i - it ls presels"ed. unrle;" pa,ssage to balancerl weights i

i any duel vreight ol * crossed" prcdnct li ' invarianti und.er the

d .ua1  s .c ' ' " i on  ( see  $ : . : - r . t ) -  
i

In the f:l rst vel:sion of '([5'3]) \Ye call.ed Y 
rtinveriantrr if:

4 , { i n& { " ) t ( a , ) {> re t ) , ' 1 * } r>  =< { i } , , i * i ) ( t ( : f * ) )  ( ae ' 1 ' )  ( i ' t t  1 ) ( t ( x ) ) r  r l  6p i ( - :

*o{' -;.. - t.r ' 
J' '

5..o1 anY a € }1' , :t G i(t r lt e /u* "

Although .bhis clefini'uioir rvorlcs ( a'b 'i;he lev'ol. of the arisociatscl

I{il. i:ert spaces)n \{e ri}nnounced to"it :in the presetrt appl'oach hecause

ha,g no'b an obviousr sense in hI ffi A "

( 1 r o @ \ ) " \  ;  ( t a e  i o ) " t  i

altcr.rral;j.ve1yr j','i is calieu atr A concd.ilLe;"

A n a r r ' b o n r o r i r } r i s n t - o f . } 5 . g n N 9 e w i i 1 r \ i f i t i s a n A - c o n r o d . u i e

n r " p e  i . c n .  \ ' r Y =  ( v G '  j . A ) t  o

( h *  i l
- ; '  

fn rstrat  fo l lcr ' , , i3 rr ,  special ize our objects {1, ' i r ; r , , to i }  to more trs l . ra}

orreg.

c)oa.[g. Di]Fri',rrrrcl,is, A llopf * Ilsij ji,sls#g e}sg"blg ([48]) (r,ti.,r) is

n, voil Neuurann algoi-,ra A toge'Lher wi'bh an lniection tO; { 
---* 4 "$ A

cnIlet1 co-nult ipl lcat iono rv r ich is co*efssociatrve I  '

( ioeo tA b-\ A = (tr, ec io )"\1 c

Ligp of (nr\O) c,ri a von Nerlnann algeb::a H rre rliean an

lnjebtion t: L('-*-F" In 6 /r such i;hat
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"

. two actions S 4 , t r cf Aa , Ao respectively, on the sarne I'[
& b ' I ' A

are sald.  to coqgru'Lg i f  ( t ,  e i2) t2 = 
' (1r . r6 i l ( \ r  

o i4) t4 .  ' l
'I 

C C, .llr (- .L J.

If (Ar\) ls a Hopf - vor Neurnann al.gebrao. then the predual

space A* of A bocomee a Sanach aigebra (Lsil) with uulti.pl-lcation

defined by :
i

< x ,  h . k )  =  < \ 1 ( x )  ,  h e l c )  r  x € A

If A , ls 
'cb-corunu'i 

ative , t. e n lf \A j,s e;nnrne tric

--A* ls conmutativer : '

If, there ie an actj.on \ r },( --* 3,{ 6,;

\ .x  [4  s  (krx)  i - - rF k-x  e  ] , {  (see 0"2"{ . )

I

,  h rk  €  A* "
t\a

r S S \ ,( \ ^  * - * , . . , )  n  t h e n
J t J T

i
I

af A orl Ifi , 
'then the nap

Ccfines a left Jr.o-rnod.u1e

.structure on M ;

p ' ( k " x ) l a  r  \
=  I  l t r . l ( l - Y

\ - - . L ' j  X € I , {  ,  h r k € A *  o

A gg,-lnyo1"tfge gg-pg - gS N.e-Lt,'n+g..p plqebJp .([r+]) (A,tUo j, ) is t+

Hopf - vor Neurnann algebra (/rr-\O) together lvith an involuiive +*an'fi

eutomorphisnn jn of A euch that ( joe iA) \A =; \* ja o 
'

In thie car;e, the Sanach algebra A* with ihe involution kl---*" tro

(see 0.2.6) becone: an lnvolut ive Banach algebra.

0,2.19. DEFTNIIION. Let (Art,  j )  be a co-i .nvolut ive Hopf - von

Nerrrnann algebra. A non-zero nornal senifinite vreiglrt {$ oli A is

calle d. lef t- ggaJl \yqi.'!t j.f it 1s (\ , J ) - invarient .

By Corcllary {).2,'16 I the Left Haar vreight is faithful and. r:nlque

up to rou-ltiplication lvlth stric-bly positive constant',.

We can aleo define the lig$! $ag{ gg1.3!! as B Ron-z€?o nor:nal

eenifinite rvei&t -a on A . whlch is t(,; ) -' invariant (( = T"t ) .

It ls easy to sce ihai z = c{ o j .

gbg ]s-q! $eeI ss.if;b! il swess (li+e])

t^r" j .

$liis follorvs from lrenma 0"2.L0 and the folloling more

.

',viih the r-i rrh'i\ I{aar ure i c.l': *

result

general
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0.2.20" Ln[[,iA.. r-q! {A,tr;} lg. gg H 0"2.1-4 gn4 }g3. ", !g g \ -:3E-

-{te*,! gg,ru4 g-g$j,fiijjg gg.i*! oJr A .S*Upgog thg-fg. q-ig qr-tejn I

e( s $ "--p$ , g pgg:"t*ge }i"1eeg SgEpJ.ag '
at

f3:'A --+ A r e 5p"&} .c-orlp!e!91fi pg.gl-ilttg. iiltuurg 5'i-ep3:g' G(to)=Lxr,

-quq.h g3!

! t ^ t  a :  \  $  -  t - - - ,(B.@ 1A) ' \  =  t "s  ?

Then :

.  
q . ) c ' J o d  =  u J o i  G

I

.P rcq f .  3 i x  an  a rb i t ra ry  k  eA ' -  , (4^  ,  k>=  L  '  Then  fo r  any
v , J I

*
a € A- we :have

) .
a

*  { \ ( ; ( " < ( a ) ) )  ,  c r - r  @ k  }

' , v

-  1 ' J  ( j e j ) ( f i e i o ) \ ( , n )  ,  c r r @ k )

s , ' 4 , ( r j e ( i C ' i ) ) " ( i  @  i ) t { a )  ,  @  @ k  >

=  4 t ( j ( a ) ) ,  u :  @ ( k "  ( j P . j ) ) >

- . 1=  < i ( a )  e  L l  r  s  &  ( t c " ( i R i ) ) >

=  4 , a ,  t t J o j )  o  S  ;  :

I 'ollorirlng 'bhe terminolory irrtrrcduced. ln {t461) we put
i

. l

O"2,21".DUFINITI0}tr. A Y''-:4 gl#9ug (4,\ rJ, @ ) is a co-j"nvoLuiive

llopf * vorx i'ieunann algebra (Ar\,i) vri:.ich h:rs a left Haar weiglrt

$atlefying the ( stronger) conmrutaiion relatj-on

g..p"i = V-* ) + z'.o7u . t  * t  I  e  r '  u \  ,

that is

J . ,q i - t  
'  * t o '

(, 
'-troi = qt r t e T<- .

.:

!'tre renark that the lsst cond.rtlon i.s aul.,onaticail.y satisfied in

the folloling tvro cascs 3
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; u ,
L) if A is comnutati.ve ( then w* = i^' k j | ,  t € ' n R ) ;

'  r :  ,  l , j .

2) l f  A is co'-corr]ulutat ive ( by Comllery 0o2"L6, t l  "  5

proportional to at ) .

There are many 'rvays to reformul.ate tlris d.of{nitionr mol'e

the .in rsrisnce cond.ltion . fhe airu of al] these defirritiotts

is tlren

precisely

vlas to

ilow

of s!

The

A =

obtain a category Jt and. a d.r:.slity equivalence functor on 6* euein

that I

; aft contains ell Loca11y corapect groups a^mong its objects ;

tlre duality functor redrrees "60 tb.e Pontrjagj-n duallty for

'coxmutative locally compact groups ;

-- 'the d.uality functor reduces to the Tannalca du-ality fcr crnpac'c

gl3cupg .

As a resrrlt  of several mathema'bical efforts f[. t  ] , [*.{, ] , [* l  1,120 J,

[at j;[zs ],[tg J,[:o i,[:o ],[:t l,t::],t-'e ],[:r l,l+t ],[ru' 7,iir.i,[:,'r ],[i,. l,

[eo J,[et ] , lea j , ls:J,[el] , [eo ]r \ye apolosize for possit ]e orn: issi; . ' ,ns )o

euch a theory is novr available j.ir fu.Il gene::a}:Lty 1n t','io para.i al

wor l rs  ( [ :+1n[35 ] ; I te  1 , [ t?1)  "

Ao2,22n 3o1lowing the ldeas of the above ciied ivorksr ',. 'f€

slcetch the constru.:;i.on of the 0Jil,l. Y'93& *,tgqb-Ta (f ,$, 3,,f, i

given l iatz algebra (Ar\, i  s 'u ) .

von l{euaann algebra f is clefined 5y

n{w}cA*)} c" B(rliu)

Sy th.e t -invariance of w , the rnap x t5e Y t**il \(x) (4 $ y) clcfinel

* "iirir*r' isorrrctry V on i{*eII* e,ncl it can be show'n t}raj; 
'l{ * Vr j-c

4 *
elso ern j-sonetry, 6o that lli le runitatXr. I,toreover i'i c A 

-fl 
A and.

' '  '  
/\ .ryr,i '  :t

Consid.,sr tbe runitary operntor lY = f 
* * AJ Wo'*. Then 'tlie for.'mr"ila

. : - . . .
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4
* r - t  G + .a \ n /  =  i c  t x

J (X/  * :  d*  X-  JLu

defines a' inr.ri,lutiye .r -anti,automor?hisn t
fii'!-rrr ^ -l ,., (.u"nus -LAr\ , i  

!  be co: , res a co* i .nvolut ive l loof

tI; ca.n bc slto\./ it i . l iat the corresponrlence

xr,rb*.. =p ( ,i ( :f ) )*

? \

r l  l \  I r t
w '  L J  , l  

,

,\
x € A

x , e
,A

conps,tible wiih t ,

Nerunann algebra.

I

def:incs

cief ines a co-es$ocie-bi '"re cc.-*ult ipl icat i .cn t  on f  ,.:

0n the other hand.n the fcr:nula

A ,. t

o f A

- VO]I

ei.1.en rire to a closecl sntj.1:i-near operator S in H* n
AJ"so, thcrc is a *<* srrhargci)}a po rf  r , .  con,caj.ned in Tj rvhich,

-:r*g*r::detJ' as t,, eur,sel, of A* (see irer,rua o"&"4) o is also *rr invo.lutivc

,,aui"r*.-lgebra o:f the invclurlir,oe eJ-gebra A* anc moreoi.rer r
( t \ a
Po,l lp Dcr) t

ti: i"tl: the cllgebraic opcrat'i.oir.c inireritcd. from A..* and. tirc scalar proci*ct
:i.i:1ie:ri,"bed :il:'oin Hiu, e D becoi}es a, left l-Iirbert algebra ancl the left
von i'{eune.r:n nlg;ebra a:rscciatcd. to it icie:rtlfies r,ri-i;h f s

fhe naturai wei-gi;'c aesoc:iated. to this lefl; i i i.,,be.r t algcbra
a n,sofo r',rej"ghli ,* on i rvlr.ich 1s ($ri) - i.rrrarJ.ant.
- One tiruu obtain the aira. I{atz algebra (f ,.{ 13, ,.X ) of (AoS r ij r .or ); .  : .

l''io ie a]'so thet , t'rith th.e n]-gebraic operations inlr"crj.tecl fr.oin A
atlcl' the offnc scalar pr';duc1; e I ls a6a:ln a left l i i lbert algebra and
f'tr: sssoc:Lnte d. left von Neruna:rn algebra ideniifie s lrlth A r k being
'';Jrc a,s,$ocia'i;c11" na-i;uraL weight.

. . Tiri-s trtoiui.ta bl*algebrart r:tructure on D j.s the nesye of ilre
, : '

rtucllittr' *heo:ry ai:d. 1,o'rriake*q a,Imost obvious iL: $:pJitg iltp-g-gq$l , nenely
*hat th.e ses,snd di,r.ai I(atz e,'f 6cbra id*yrti.fles v,ith bhe ori.ginal one :

( f  ,q  ,  f  ,  *  r
. I'or th,e ce larl:; sec ([a:li,\-ati],i-si:l,h+l 

"[;dul,iolrIlr{) "

/ \ i - 1 .
S l l . . q rv  t D  L /

t

' ?  ( 4 .  ,  t  ,  j  r i - o )

\*
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.,;i:J il
' ' |  .'  

) r
t : :,'i:

,  A;2,23" $ntrI l : i IT:[0]T. Let

Kats algebra (A ,tA r J1 r *;1 )

The rron lieumann algciira

, 1 1

generaied. in 1'I 6 3(Iia ) b)"

( \  r . .  r
o  ($1 /

w111 be called ik. Snq-ASgg

In this d-efj-nj.tion iln
'dt.

' '  '". ., -

e'dandard" represen"Lation of

n ' t ' \ 1 r l 5 i ^ ' ? :  n T
@ _ n -

is the Hilbe:r'b ,spacs corl'espoiiciing to li:,e

(4" t*r^ )  and t c I l ( I i ,  )  is ihe ctuai
t \ -  J ,

I(a'r,r" algeilrn',el i'rith appropl' j,.afu> morphiein,t ivi}l

apply tirese definitions 'bo *he

{,o J.oce.J"ly coinpoi;-h Sroups end. tcr

t ;  t r f i * p i d

cn, the Yon

6 * .  b e

iicunann

an act ion cf

algebra M a

the

* E A

,e,\ A

l1- ,1 F.17

na:rd.

the acticn t .

l{at,'a algebra o

the eatcg;crY of
'lr zr

denoted" by JL c

.Ln the r:e:'lt Sectio:: v;e elirali

objects of dg 'shicl* cor:rcspotri}

tireir'd.uel clb,j ect,r "
I

0"2 "24^ $gngg.  The def i r r i t : i -on c f  t  - j -nve i r j 'ant  weig! 'cs  (C"2 ' : )  is

the seme as the usrral d.efinition of rrj-ntegral.$rr r:tl Jiol'tf al"gebras

(tf6l) ancr. the t-invlriance is the ruos'6 ne1rral extensiorr of *1te

Jntrariapce u1<ler gror:-p act:i-ons

In the context consicered. in t l r is f  ect ion, in part ic ir lar in t l :e

con1exi; of l(etr e.lgeb:ras (or tt:r. ' i;:g grou.pstl ,I.35'J), there are sone

speciai- si'buations for ', 'rhich the t-inr"ariarlce j.s s*fficiei:t ' This

finii;e*d-Lncnsrcual- cases ( [331 r['4;'# ]) orl

J .n  the caoe of  grou- ] . )  a .c t ions (sce 0.3 '$)"

t/iri le the con.s,r::uction cf tl:e clual ](ata algebrae given in 0 "2'2'?^

is almost a l-'epro,ir.rc'bion of the iclear-l of the original vrorl:s cited'

tirere, oit:. defurj.tj-.* of (t,"i)*invs:::i.si] 'coI &$ prcsenteci iri lheor:en

0u?,112* i:.1,S sono ari.'rantlggs :i.n contpA:'j-son vr'r'tir tire +::iornr:
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corcerr'5-ng "rh*'inrrariant vreights, i]"s prcscnted. in ([eS]) and/or ([afl),

nanctr.y i

,, o J,t applies equally to weights ori, co-trod.r'1es ( ttret is, not only

to r:,reightc on the liopf algchra ii;seif) ;

, - it d"oes ;ro,b coniein rechueclant requir'ernentg i

, * tt d.oes irot n:}.: explicite3.y use of ihe tensor prtrduc'c of the
'tdentj.ty eutornlrphiuin 'srith 

a +-antiautcnoqph':n e which has not ail

. tbe uniq.tre::ess cf *he $in.ve:'ian"b vi":ighttr cll a rlring ijl:{ruptt (coinp" -

, 
* wibh Co:."ollary 0*2.16) was a,sse::-bed" irl j"thori. 'b proof by G.T Katz and.

l:.I "lainc:i::iarr 
(l-frS lig ,i lage ilO3) 8 i

The as$,:r t : lon rrcrJ j^s fsr l 'ch.frr l t r  i . rr  Iropcsit ion 0,2"1-5 strcnghtne s
.  - \

nnd. generu,l j-ze s tb.e resu.i.t of 1,{.\ ' ia.}ter: (L6:6lr 'Ter:.,rt i 'k oh [..ci{j, i  
4fB ) -

Aleo e irnol;ire l: r{:slrlt c.f },/ l" lVaf i:e:* (If i6i rT.1of " 3,, p,r1" 4Sf ) cg be clc'cct:*

d.ed.o nzun*l-I,, ally tvro E-j.nvarian't norJo(:f). wc:lghts wli ich corrronte t,re

pr:oportioria.l <,



* 2 ' ( d

$ 3. 4ellqnfl -q{-srsups -ss4-eslrqi}e*qf,*erqup-dua.1s.
t -

Iret G be a locally compact gi'oup rvith neutral elemen'b e ,

Left-Haar rnea.rure ci.g and :norJuler functj.on An 
'.

\r

Dcnote by Coo(G) the set of continu.ous firnctlons vrith compact

ruppor"b on G €

On3.L, The set Coo(G) endoi 'red. wj-th the scaLar prod.uct frrom
r^!

I"(G) and ii it ir the operatioi:s of mrrl.tiplicqtJ.on anC. eonjuga'bion ,

L  . ,  . ,  ! ,  \  a , , /  \\ E ' T ) ( e )  '  t ( s ) f i . s )  r
a,  r  Fai f  c )  :  l f  c r l> ( s /  =  g t s /  )

becomes a coir"icutative l{i lberb a}gebra. ,
'' The assocj"ated. moclular operator and antiunltarly in'',"olution are

t

4 t T
J C i  =  t  a

-C>3

Tho come$poncling (left a:rcl rlght) rron Neumarur a3-gebra is ],--(C)

actrng on t*(G) bv 
ililil"':'";r"l 4r"l .

a|

In part icuJ.ar, l*(c) is naxirnal abelian rn B(lc(G)) ,

L* (G) t  =  r * (s )  '

The nalural lveigt'+ corre€Jpond,ing 'fo this llii-bert algebra is d.e-

noted by H^ and. called. the left l laar vreight on L*(G)" CIearJ,;y' t-  / \ r
I'

# ^ ( f )  s  1 f ( s ) d s  ,  f € I , * ( * ) *  .
/  t r -  

, ,  

t

A.3.2o The set Coo(G) cr:d.ovred wit i r  th: seaiar product fr trrn

L'(G) end vritb the operatioi:.s of conirolution snd involation ,

( t o " 7 ) ( s )  =  
\ { ( t l  1 ( i ; - 1 s ) a t

,'F " ' 
d#

g t { * )  :  
A c ( * ) - i { ( * - * 1 )

becones a lefi; i l i lbert algebra .

A n l  =  q
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The assoclated modular operator and antlunii;ary involution are

t^c{  )  = an(s)  f  ts l
. c@

(JG i  )  = Ao( s )- ' tz { t  s-1) c

The corres.,ond"ing -reft von Neu.,rnann algebra i.s 6enera'fed. b;r tlte

le : f t  regular  sspreser i ;a . t ion \  I  G g}  g  l * *e '  l (e)  *  3(12(C)) ,

( \ ( e ) t ) ( s )  =  t ( e - l * - )  ,  { e i ' z i c )  '

and the col:.T'lspor:d"i.ng right 'lon Neunann algei.rra is gener';ted by the

] " l t gh t  reg ; r r . I . a r r€p l :C Ieen ta t i on  ? ,  
Ga  g$ . * * : ' ! (S )e  B (L ' (G) )  ,

( g ( s ) 4 l t * )  -  z t * { s ) ' / z f , " g )  ,  q  c  t z ( G )  '
:

In pari;j.c'ula.r r Putti":'rg :

r , ( G )  * r i i l - \ t e l ;  s € ' c l t 3 ( L 2 ( e ) )  ?

R ( G )  * f i { e ; ( a )  $ € c J ' * l ' i ( r z ( G ) )  '

lve }:ave the coinnutatj-on theoren fo:: the regular represent,$tions,

'  
l ( c ) u  =  n ( G )

The nattr.nr.l trei.g5t coxrespond-ing to tiris lcft }Ii lbert.algebrr' :is

denoted by r.d* and. celleci the ?lencherel werglt-b on L(G) '

I 'or any f e tI '(a) rve ::ave \tri e l '(G) and'

\ {*uxrr)  = l teulot , r r ,  ,  ) tef . l  = \ ( r i ' *  '

Iror an;r colltinuous f €, Lt(G) and of ilositive, type n tha'b is

\ t*t  € l( ' i )+ r we hat 'e

*c ( t r ( r t J  =  f (e )  '

and- for arry'  f  e t t(G) vre i iave \( f{{  i<f) 6 I ,(G)+ an4

r -  / r l f  - = ' k
( , ( , G ( \ ( t $ d * = f ) )  : :  

! f  f t u ) 1 2  d . s  =  r r 1 1 i n , r f ) ( e ) ' *  .

'  .  . , -  i

F o x ' a n Y  $ € $  w e h e v e

(^.,G o Ad(A( e) ) = A 6( u) rot* o '

Tbe pr.iof ni th.** faits a::c clirecT applica,tj"ons o:f *he
. . ,
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ci.eflnitions ( see trg6l ,ff{J ,i5'2J, [Cr;J ) "

n . ? - ? .  T * ' i g  c l e a r  t h a tv a ) o / a  * v  * p . v & v q *  s f f s v

B(tz( s) ) = {d { ii-t ci = {f {. l*tc) , R(G)J. .

The forrlula ,
'  ' ,  '  

t - - -  L  .  ,  ,( l ' { G [ ) ( s , t )  
:  

r ' , ( s n s t i  t , e t ' z ( G x G ) ,  s , " c  €  G '

defines a .'rrritary ln*"ator ,',I,' orr t.,Z(c) 6 t2(G) " conside:: aJ.so ihe
tr

, / t  t u , : ;  : s .  9 -  ) -r , s  r v r F  + 1 1  f  a  \  F i -  r . a - l ^ \nnitarg cperator itt* = fiC s !^' w$'-^, ott tr(c) Ei :",2(c) . Tlen
: .  

A ,  :

lv* € T,*(c) @ r(G)" , ft 'c € r(6;) ?r* L*(ff) ,;

0o-'Jn4" t lhe object of the category ** f ,3ee f)  "2,23) cc, l :reslConding

to the local ly conpact group h is 
: '

g = { r ,*qc)  ,  Lc n l rg ,yc ' ' r  ,

where the co*rnultlplication LG : i,*:c) -*r* d,?(G) A'd"'(c) is d.efir:eci

by

I

tha'b ls
( " q ( f ) ) ( s , t )  =  f ( t s )  ?

ur.u *rr* involutive * -,1"*t)autonorplrj-sm lcn ; :,-'(c) *-t- T,'*(G) is
\t

1

,  r ( c )  I
l t

tlefined by

tha'b i-s

\r tr

.  uF-

,  f  c l t - ( c )  v

( k c ( f ) ) ( s )
V n

=  f ( r ' )  =  f ( s * * )

0o3.5 .  The Cua l  ob jec t  o f  g  in  J t  t s

A . : .    ( h F

L " . ( f )  =  i i f ( f  @ r G ) i ' . r c  ,  f  r i i - ( c )  r

kG( f)

The (Lnrk..)-invariance of ilt follotis by the le:ft j.trvariance of'  u '  t i '  /  u

tbe'Haar lneasure d.g . 
- :

Note that g is a cotirirrutative Kat,z algcbra " An;y cornrnutative

Katz algebra comespond.s''to a rrnique 1.oca11;' cornpact group (l-5'i l) .

t \ - c \ . " 1
g  = t I ( C - ) '  \ G ,  j G  r * C f  |  :
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wlrere tl*'-. co-nuliiplicatian tG r L(C) *> i,(G)61(G) is d.efi-aed. by

( \  ,  r  , , r { i  ,  -  r  \  r . r  
'

.  \ r , (x)  = 1Tr. , '  tx6r Ln) l l t r :  r  x € L(G) t- t r '  | t '  -  
\ t -  l J

'  
" : '  

t  ' "

S  f i r * r \  -  \ r * t  "  \ r * \
a f l _ \ A \ t 5 J l  / \ \ J 5 l - € t  r \ \ 6 1  trJ

and. the lnvoh*i;ive rk -antialj.tcracrphism j6 : L(G) -+ L(G) is

trn particular

deflned by

Js(x) s t* ** 3*
,

*n particular:

:

r  x € 1 ( O )  t

: . ' ,  i * ( \ (  a l  I  E \ (  e- '1)  "

Th* !t*rig)-in'rai:iance 
r:f *dG ts easiiy verified using Theoren

Q , 2 . L 2 0
:/\

Ilote thet fi is a co-,cornitiutati're Katz algebra, 1rr triarticular ive

haVe (t)n o jn * tsln , ;\ny co*Coln$tUtAtive Katz algebra is the dUal
G t r

ohject of a unique locaJ. l-y c,: inpact Sroup {L651)"

^fr

Oo3.6o fne pred.ue].  spa,cc t*(G) of  the eo- involut lve l lopf  -  t {o11.

I{er.unann algebra (la*l , LG * kG} it** an ln-rclutive algebre gt'ructu''

re (eee 0,2.1,8)  ,  nrunelY I  ,
i i ' t i

h o k  E  l c i r s h  e  h r k € I , * ( G )  ,  ;  I

k t  ;  k + (  ,  k e r , t ( c )  .

I t  1s easy to see bhat
^

w f G t i , l  3  \ t F l  ,  k c l a ( G )  )
luG '

tirue .the inyolutj-l.c eiJ-gebra str,rcture on I,t(C) * L*(G)* ls inheritetl
. ^

f ron i ,(c) * ia t tro identi f icat: ion cf k e t t(G) with \(ki{)  e L(G).

O "3.7" The pled.u.al space of' ti:e co*involutive liopf - vorl J{eurnann

al"gebra (f(G) , tS , Jg) , w"itb th.g corresi?cnd.lng lnvolutj-ve algebra

' '  '  '  '  'e 0.2'18) is d.crroted by A(a) and calfed . t lq $igglgStlfU0tUfe ( SC el.It)Ie''t IIY

e,}fishr* or G
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. 1'or hrlc € A(G) and. ! e Coo(tl) rve ha;ve
j  -  

'  - z  r -  \ r l r  , r  - r
\  t r ' / r \ q / ,  u  )  =  <  \ G ( I ( { ) ) ,  h e  k  >

,  
- I

. \ ( ' f=  <  \  t ( s )  A ( s ) b \ ( s )  d s  ,  h  @

,

I

I

I'
holie d.enoted.

t -
k (  e )

* . 1 b r u l c l ( r )  ,  r c > \ ( s )  d s

= d l t i r f  )$) ,  r r>

=  a \ ( s )  ,  k )  D

k >

,  h )

i

H s \ r t  .
!

=  ( I ( k ( "  ) t ) ) t  g

k ( s )  c

to ql*t' l)

t'rhore' vle

Then

lve 
.have

'  - . t ' , ,

therefore

k(. ) is a contj-nlrous l,--function, llk( " )11"" < !l irlloq*; and

.  , ' , . :

t t r t i l l .  =  ( r . ) . ( f ) )
" ' " ' ' ' t * J G  ' t ' ' t L t G

t

' .

= k( - )  e  1 ,* (c)

1 r >  3  < X ( s )  o  k ' >  ' '

Eynard. algctrra we refe:n

i

( \ A
r . -  ,  -  t Y ,
\ v  v t  l - \

^ l l -  t  1 1 . ,

wn
t{

. l

Tfo .shaIl iden'bify k € A(G) vrj-th lne correspond.ing functic'n

tr(:)  €, L*(G) .  Then t ire involu' t ive algebra structure on Jl(G) coin*

o*cles vrith thet inheri.ted. frorn -@r
L ( n \

w )  i

'  
=  ( ( l ( u - l ) i *  r

I'or the properties of tlre a
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0,3.8" let 1{ 'ce a von li ieunarul a).gebra'
' 

coneid'er a vr-conti'nucus z'epiesentation {: e :+ Aut(ti) b}'

& -autonorphisms of h1 , Then d is eutoneilcally s*-continuou's.

3or any :r € M the fu:nction g i----*-*;1{*) d.efines (0.'[.9) an

eLbraent r-".(x) e ltB t*(G) , fhe injeci;ioi. u*r L[ --+ ]'{ A l,*(G} :"s

*hen esr  act j .on (0 .?. {8)  o f  I  on i I  .  ' " :

equality

cn:iid.er *l u"iriot. a : I[ **> ]t 6 L*( G) of g on M.

A standard. apprcr,nate unit  argument i tql :r f  5?]) based' rrn th€

a

5 " ( k - x )  3  ( k * h ) ' x  r  x e  € M  ,  h u k € L - * ( G )  !

ehovrs that there is e uniqu€ vr-con,tinuous _'*"-autonroxphic 
representa-

tlon a( ; G -*,+' Aut(t{) such that L = Loc "fot details see ([43i1 .

Coneequen-L'Ly, Yfe shali. lclentlfy the ections of g on 11 with

*he w*continuous * -eutcmor?hic Tepresentations of G on l'1 c

fiiveg an actron s( 3 0 *-+-Aut(if) of G on }t Yre shal1 also

: l e e d . , c h e i n j e c t i o n , ' - o : M - : ' I , I f t I * ( G ) o e f i n e d ' b y ( u - n ( x ) ) ( e )st-*$ ( - J - - .  s (

* o < - ( x )  ,  B d  S  ,  l i €  ] , 1  o I

i r6

tr,or an actj-on o( : G :)- *lut(H) of g on M anC a R.s.f. .i i
i i
i

ve'i.:&t t-p on }it , it is ".rsy to see that
t

t 9  i s  L - - i n v a r i e n t  : e >  t r , d -  =  q  ,  g € G
I t ( , - 1 6 l

=FF T is (i-< rk*)-invariant

-*=+ T 1* a *invariant '

thus the (k rkO)-ii lrvarience of 
T 

is just the usual i*-inval:iance'

.0.1$o, givon r:n action o: 
: 

O * Arrt(l,{) of g, on L{ r the

cro,sged p:ud.uct l i i  xOG (0.a. 'a3) is equal 1o the usual cp'ssed'

p:roduct i'Ir xo. G ( [6O-t; , bei-ng the von ]Ieurnann algebra generated' 1n

x { 6 s ( t z ( G ) )  b y  t * ( ( } ' { )  a n d "  4 : , t & r ( G ) .
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:

. nne fo:mula

,  u n ( x )  =  t d t x s , r . ) f r c  ,  x c B ( r z ( c ) )  ,
4

deflncs en actlon Vr:. of g on B(t'(G)) end. rve have\.r

l - t .- s  "Ad . I  '

Uslrlg the cormuutation iheopern L(0)t = R(G) , vre Bet

" r L  
L n

B( r ' (G ) )  \ x
:.

. \ t ^ \
= J ' t t  t i ,  o

0o3.9"  Accord ing to  the genera l  def in i i ion of  a .n  act lon (0 .2. { "8) ,
I'an actlon of S, on a t'on Neumari"tr algebra }dI ls o:r inJec'cion

t r  :J *+ M 6l(G) sucb that (*r"oto)\,  = (-t  q+ iG)\ a.n, i .  the

cros$ed px'rrd.uct (Q 
"2"23) u t*d is tire von I{euuann algebra gcnerated.

ln I,[ 6 B(r,z(G) ) by \(r{l zurd. Aun @ 1,*(G) ,

The fo:mulas

t*{x) = *f qx e {L) t?c r N e B(r,z(c) )

t [ f * l  =  i ' { c ( x c t t ) t , i d  ?  x e n ( r , z ( G ) )

def ine the act ions Sc ,  -S[  of  e cn i i ( i ,2(G))  .
' .

.Usfng the uornmutat j .on f ,heoi*e f l  f , (*) '  s I f(G) ,  i , t  is eas] t ,

see that
", t^ 

q\rk

t s (12(c ) ) "G =  r ,o " (c )  =  B( ; .2 (c ) ) "G .

Inc leed,  i f  x  €  B( lz i$) )  and tG(x)  = x8 { .  ,  then for  any ve i 'bors
( 

L2( G) \?e havo\ , " l n T , . l *  
: :  r y .( lTc(\er. i ' ) [ (*oar e)( ,?e.1))  =.  ((x cp i - ) ( t  ef l l  t ' l ; (1s f  )  ,

vrhicir ytei-ds

( x r * 1 7 ) = ( t x { ! 7 )  r  4 , 1 € 1 2 ( G )  ?
where

f (e)  = \ t (s t ) f f i  o*  - \ ' r r ' i ) ' . t ' (^ - t t )  o t  ?  Yr^ l '  G 1,2(c)  .
J  I  

t r  
: J l t ' / J \  i '  I

/\
0"3"L0. If G ls coinril*&tj-vo and. C is the Pontrjagin d.ual 8rol-rp

'then the ^l'ou::ier' - l lancherel- r$oi:iorphl-sn ldcn'blfi.cs the objco"bs



( L ( G )  o  $ c  ,  i s

*T correspond.ing actions

"  a l' )'t

, **) anri (i,*(t) , Lt

and tbe cCIrrespond.ing

1:. r -  r r ,c ' lr .'u , fe, ,,
crpssed" prcd.ucte.
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i  T  f t u l n  r ' ! T n -Io ii'lil:: i'.l.HriT DU.\LITI ':]flOlEr'r' fOR CROSSED ?RODUCTS"

$ 1. Sleli=.i lgtigg

:

Let l i t  c iJ(I : i )  be a von }Icurn;,nn alEebra, G be a local ly compact

Sroup and- cv.: S **p> Au'b(li l) be an aci;icrn of G on LT , r'.rhi-ch yieJ,d.s:

the injectj.rin Lo, r ILt *"> Ir,i 6 Il"(G) d.ef j.ned. b{ t

(  r  / " \ \ / l - \  ' - .  ^ .  ( v " i
.  t l " o < ( x r ) ( i i j : c { * _ L ( x )  ,  t € G r x € B , l  . i

I

Supi;ose ' i ;he: .e is e uni tar :y :epr,esen,ca-bion G.>'b J-* l+-  u(- i ; )€ B( i { )

r, 'rhj.cb. im;;)-c:;t icr:ts t i:.c lction col , ioe" o<_r(:;) :; u(t) x u( u)r " t € G ,

x € Ii . Da:roie by U the ur:ri ' l , i ::y cLre::&tor on l i 6 i,z(C) d.ef' j ::eC by I

( u { ) ( t ; )  =  u ( i ; ) { C t l ,  r €  G ,  | u r , 2 ( c , u )  o
rhcn B( ii) & rf ( c ), 

.,:ou :]:: 
",1,,*

0 * ( x ) = u ' . , ' i u  ,  l { 6 L " " ( G ) ,
:

i t  j :s cirri} '  ' l ;o ve::if iy t irat An is e r.-irul;onorpir.: isrn 'of 
I,{6t""(G) ai:clr

G  ( v f t , / ' . , , )  -  t " , ( : < )  r  x € I , f  t  A n ( r - . - o l )  -  4 - . , . 6 1 f  ,  f  € t * ( G )  3- o ( r * ^ \ v  - L i /  v u < \ - - )  7  r ' r  \ ; 1 r  ,  - o ( \  - i 1

.As e. c.ons.( jLtoi:ce or this : :ernarl i  t re gei

T.t "'l " .i),t )i)C:ifTtiOi{. I-o.l gqZ .ag!.igl c/, i G --*- Aut(}.,i) p.L G g, ti

I?e have

Ii{

Trr parbi-c',:l-:::'

i , {  6  ts ( i ,2 (c )  )  *  ? , { . , . - ( r i ) , ,1 i {  e  B(12(c ) * ,

l lggi . '€ ' j .ncc'bi ie s ' l - ;a ienent c l -ocs;  nc ' ' . ;  c ' l .cpenC on the H1l i re: : t  rpnlce on

r,'rhich iJ acts r ., ie ney as$ui;l€ i l .I c lr(i"i) sl icl l ' i ;hat 'Lire ec'bicn o( is

j -mpl-el tente d b;r  6.  urr i^ ' i ;a. .cy '  l represen'bct ion of  .  G on I I  as abcve(see c.S.

S  T . 2 . ( 5 )  b c l - o i ; ) ,  i i r h r n  c l e a r r l - ; "

t . ' t  to l '*(c) = 0*(i ;6 , ,*(c)) *t t{6l l)  ,  {M e r," ' tc) } " m
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'  q l

: . ) o  
$

Also r it is easY to -rerifY that

, n o e A c . ( 3 ( t ) ) ) " 0 o  =  0 * "  ( i l , i @ ^ t 1 ( S ( i ) ) )  '  t e  G ,
\

on M 6 t (G) and us j-ng 'this fact we get

I.{1 .2. PR0POSI'IICiI. I9I 3,g/- gg.!iq1 s( : G --+ Aut(ln) 9f C on l{

wg h.eye : ^ ^r-.. 04' e Ade
( F ' 1  G L * ( G ) )  

'  =  k ( l ' I ) .

Eggg{. Ind.eed., f or X € l 't 6 f(G) we have :

\ r  {  ( I ,T  ad*Cc))" (6 ' i \d-5 q=p ( .<*  o ,  Ad. (q( t ) ) )  X = X
l 1 . $ \ . . -  

q _  _  \  _  , .  ( ,  J

: ' D . t

+ ( i l , l  @ oa(s(,u)))  0; ' (x)  = CIJ ' (x)

.  ^ .  . | 1

€> s.-'(x) € l i i  €) tG
* -  \ r

4+  " f  € .0  ( l , t  e  1 . . )  =  l , ( l j )  ,
afa ( '  \ r

r !^ i ' -  I  Ad-e
'  r r  ( l , t  *  ; * 1  6 " 1 r  i ' l  J  r a  &  L ^  o  * X

s ince  c lea : : I }  \ rv r  rc ! '  !  r . . ' . r . J  =  l r l  
u

I ret us record. twc ruore lesul is which are essential ly the same

a s  T . { . 2 "  i

, (a) g9g x € id 6 f(c) Yi9. ilgYg I

x e r- , . tLl)  4*+ (  t*  @ i*)(x) = ( iu P tc)(x) .

(b) ig! l{ !e e y,gg l!-e:lrqnl S$SleSlre qr 11 @ x € lrl ' &3 :

u * ( x ) e  N & t * ( G )  * - + "  x e } t r .

sle shalL not use these results in the sequel r so lve onii their

(easy)  proofs  .
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$ 2. Ti:e-egrl.r-iy-!-l:Qgl9it.

For an action o( s G *+b- Aut(lii) of G or'r. I',{ c. B(I{) r/e conbid"er

i :he cro,sse61. pr-oduct

I ' t  =  L { t G
:

vrh-'rch is bhe vc'n lVeumann alnebre scner.atecl iJr

p = 1,.{ 6 .B( r,21ei )

} r - t  t  { T t r \  r -  
o d '  

; l  A  R ^  T . / / 1  \u.,r  ?\ , . ,7 .*-  l i i  g I ' - (G) ancl  tm @ L(G)

Tlle:,,.e 
' is 

an cction

E  =  i u " e l \ g  :  P  * - ; *  P A  L ( G )
j"rl h'T

of G cn P d"cf ined by

t r i r t  -  f , ' r - " 6 l r r ; ) ( ; r @ { i ) ( r r , r @ f c ) ,  X  €  } .  .
.  

\ \ r \ /  a r . J , . ,

3o:* X e P vre have X € Pt i*f ancl cnly if

x@{. i i  € ( l i6  u(Lz( G) )  @rrc)  n { ,  " r ! i&l ' /c} '

=  ( r i 6B (12 (G) )e {G)  n  ( 3 ( i { )  5 { , , r . } - ' )

=  1 , 1  6 ( ( r ( i - , 2 ( c ) ) 6 ' 4 c t  n [ l i f  ] ' )
' )  t^

t n  7 .  /  n t . 2 r , .  \  \  \ t  G  - -  ,=  i . J @ ( 5 ( L ' ( G ) ) )  o * t c

.r E t*/ c.\ ra ,1:  : , I  I d  . l J  \ v / ,  w  * f :  .

Thus

( r )

and in pa; ' t i .c t i lar :

s-.
(2).  r-*(1,!)  c P' n i{  ?

t . . ( i ' i ) )  =  r * ( l { )s ' i .G and obveously  \  (ao, t  6  l (c i ) )  c

( { t , i  6 l r (c) )  0 . i  L(G)  :  $o t } :e 'b  \ (N)  c  l :T  6 ; , (c)  ar i {1  i leree t  res ' i ; r j .c t ; '

1 ;o  an act i .on
/\ s. Io< ={ Iw t  i ' ; i  . * . - * -  } I  6L(Ci )

c-
t't R t;r )G rc€/ ^ \- H  =  L l  r 5 | \ U l



A
of d on ltr = [t x-.G which we ca,1"L !]p d.ual aclicn of o( c

.(

Consider 'als.o ihe ect ion
. / r

r l  - 'c< s  Ad.e of  G on ? = l l l  6  B( t ' (G))  '
r t  J  '  

R

By I  "L.zr  
t rve l :ave r"*( l , l )  c ?B anC clear l ;7 {nn E t(G) C'  Pt ' ,  ihus

n
N c . P ' -  r

0 6 -  -

There  i s  an . i : i j ec i i cn  v  r  i i ' (G )D  f  l * ->  { l . f  s f  €P  o f  l 1C)

( 7 )

J"n ? and we heve

( 4 )

I

$ 1 ( v ( r , )  =  v ( 0 1 ( S ( t ) X r ) ) ,  t  €  G ,  f  €  f t c l

and. 1et

Ai- l  the €,rove re sults are ivel l  knorvn (tZf] , [38f ) ,
iy

fhe follor,uing theoren is r:ur fi-rst e::tcnsion of 1'. '{.Takesallj-ts

d.ual i ty iheorern ([6C], Thco:ren 4,5 ) to ihe c.ase of arbih'ary local ly

compact  groups

L,2o4", TIIEORAI'I" !Q,! "c I 
G *-> Au'b(Ii) !e g31 egljk* 99. G .99 *l

A be i.ts -4U-11 act-i,pn " !\q4.
a '

(m x  -G)  x^  .  i s  .x  - i sono i : r 'h ic  to  I :  'S  B( i , ' (G) )  .
\ - -  € (  .  c r ' ,

Proof , i l ith ' ';he abuve rni;roducea notations we <i.efine an injec'bi-on

T f ( x )  =  ( 1 u @ , i l u - - n ( x ) ( t , . u e l , l * )  r  x e  P .
R- l  

r l l  \ r

I f  x  €  1 1 ,  i h e n  x  €  P ( 3  l y  i 1 ) ,  b h u s  r , ^ * n ( x )  =  x @  t 6  a n c

V t x i  = & ( x )  .  
t t - '

I f  f  e  f (C)  ,  t i ren i t  is  easy (see €.g"  S 1I  .3 .L .  beLbr ,v)  i lo

verify that

=  ' I - @ f
-rTf (a.r,,n I f )

Ther,efore ,  using l 'o\nZ a:rc} ihe Cefini t ion of w**d I  w€ get
b

,  \p6L*(c) }  =  l r  xndY(r:) = lir(G{r , tr,{ GL*(c)}) = f,{f;.qu;

by

and. this pro\res -bire ttiecreri. . $&



* 3 9 €

n t  n T  a  n a T a t: / . v r  v v  v  v J -  ,

-4uer1 ,action n

act ion  o f  e  (see
a

I r  6 B(r , ' (c) )  .

lTe remark that -Theorern 1,o2"4.o is  in  fact  a  par t ic6 la : :  co$e of

Theor'em rr,1"/l- trelorv n llowever, the ttgene::aiion.pa::,;"rwhrcl.1 is .t;he

hard. part in f f  , i .4 ,  is rather i ; r iv ial  h-ele.

With "bhe sane t:ota'bions as- before, v/e no\v ccntr iu.e the Clsct:ssion

l ir terruptecl by Theoren I.2,L,t  j -n orcle::  'bo obtain cetrpi-e pt,oofs fo;:

two knol',rn i:esults i,uiilch rve neei in flre sequel.

Since

\ . ( * a ( g ( t ) ( x ) )  =  ( n d ( S ( t ) )  @  i G ) ( \ * ( > : ) ) 4 - a  4
u u \ 4 ,

i 'b is easy to vcrify tha'b tlI--t -brarr;icrms tire second.

i o Acl.g) of G cn (i,,1 .v,.C; r*6 , t.eo .i;i:e d_ua-L

$ ff  .2 ) ,  into the act ion o( @ ,.C$ of G on

r -

f or ); € t, '"Ccl arid. for x e t(G) , bence for al_l >: G,

f o} lor ' ; 's " i ; lat t  comrnutes with B ,  ineo \,1,3t- = (si  e

t e G (see also S II . ,J. /L beior,r) .  i : , re infer i ;ha*

X e pt + Bt(X) € ?t,  . i , -e G ; X e pB =+ \ ( : t)  e

Thr-rs ,  by restr ict j .on we obtain

. ar a( tir':n ft , G --e- Aut(lt ) of G 0n

an action t : pc*o p3d l,( o) of 6 on

Us lng ;  ( t )  ,  (2 )  ,  ( f )  anc l  f  , L ,? - "  we  Se t

q(u) c tqt  -  (p3f = (" t) .4 = (Li  6 r ' -Cclrxer/rd-5

and. t-hercfore

1' i ? f T , ' - r ' c ) )  - j ' J :
- \ * '  \ ' . / 1  t  , - v

. \ ( \
l.C. r' \ cll .t.'

a
? ' '  $  I , (G)  *

=  P o ( L { )

( 5 )

The f ir . 's 'b equalrty is a result  due

seperertely for further r.eference :

I .2 "2 " PR0POSIt l ' I0l l  (  l i .Loi:cistsd. , [58] )  ,  lc: :  sn:;

9'f G _o4 LT p.e_ bgvs

r,".( t i ) ( l i {  x *G)d

C I c ( .

L.(( t[)
s.

r r S
! !

the dr-ril1 acl-;i.on

.Sr

.,,ll

, "(11t\ r  )  o

tO 11.L::ndstail ivhj-ch r,, ie ste'bcr

o( LS

ac'f " i .6n

r r r h a n a
JI{ J.j.-\/ -r v

x:G*; - lu- i ; ( l : )



- 4 0 s

There is a natural unitary represeniation u : G ---> ]',T , nauely

u ( t )  = t r n e l ( t )  n  i e G ,

ena i t  is  easy to see that 

ru 

:
( 6 )  L < . d r o { t l r , * ( t r )  =  A d ( u ( t ) ) l u * ( l r )  ,  t € c ,

which neans that the aciion d of G on lf is inplementei- vi-a u

ln the crossed" proCr-ict l,'l x*G . On i;he other hand. it is eiear -i;hat i

( 7 )  . ,  t ( u ( t ) )  = ' u ( t ) e \ ( t )  ,  t € c .
. -

'  
This aniicommutaiicn reiation is tire main id.ea or" tb.e outstand.ing

theorem 6f I',{"I,endsi,-a,l ([38], fheorera t ; stated. belovr as fhecrens

Iu3,3.  End"  I .3 .4 . ) ,  r , . ih ieh r , re  now usc in  ord.e: :  to  cbta in  a  s iurp le

. p::oo:fl of the follorvi-ng resuit- due to T.Iigernes ;

I"2,1" TIIS0HEI,{ (T.Digernes , i  3I ) .  Ip- i  gl ly gst jgg o( :G... .+. Aut(},{)

of G on lri we irave

c , ^ r r . r x o A c l e
! , { x * G  =  ( M E B ( t ' ( u ) ) )  J  ,

Efgg{" ,Yj. th the sene notat ions as before, we have seen that there

i s a n a c t i o n t : P G . - ' ' P n 6 L ( G ) o f e o n ? G a n d " a u n i t a r y

preseniat ion u :  G ---+- w c pf i  ( ty (7)) ,  r ' rhich- are lelated by (?),

B.r l r l"Land.s'bad. 's theoren (t581, ! i :eoren {- ;  see L. i , l  bel-ow) i t

f  oLlor,vs that 
"g 

is generated by (pS)t " = 1-. .( l i )  (  see (5) )  anc, u(c) =
I

* { tnre\ ( . r )  ;  I  €  G}  ,  i r .ence Po = N .  f f i l

f t  is ciear i ;hat l ;his result  is equivalent to the general comriuta-.

t ion theo::em for crossccl proclucts dr. le to [{ . [a]resaki ( [6o]) and. io

T .D ige : rnes  ( tg  l ) .



q 4 l ' -

:  s  3 .

i  '  
- ) ,

i . .l ret  1{  be. a von lVeumann aLgebra.

t (  G)  y ie ld .s  a  n .  s . f  .  ope : :a to r  va lued.

w i th  va l -ues  in  N*  ,  namely  (0 .4 . ,6 )  :
I

X , a i / @ ( r ^ >' l L r

I

1

,  x .€ ,  ( lT6 t (G) )+  ,  . r , q lT i
I

'Iri:e Piancherel-
a,ra

;ra'i r.rh* T-. v- -I{

PG i.s normal, .  ai thful,

f o r  x € I ' t r ' t ' a n d  a e l l t
u ) f l

El , r * ($ (a 'xa  r )

lt) n

E n " ( ( f  e  t )  \ ( x )  ( a e { - ) )

!!c cge$i!:gr3l srsgslslieg Pc g*i !.:c ebgreslsr:aclis!
of c: i rossec nt :o<i .ucts by act ' ions of  G"= =  : : = = = = = =

w^
. < Eli.*(X) r "i )

I *t "4-. PRCr''OSTTIO1rI. ( see
'1

\ , i ' d * > I J A L ( c )  p l  d

rveight @G on

o n  ( l T  6  L ( G ) ) { '

I
I

- r l  - n . l - i  r l ng i j  ' ' U  U  I U l ;

Fenr 'Rs l cn l ;a t i  on  uJ . v - . ! .

/ 1 \

llhet I&. f-sssle.
l ) \
\ - /

clef ines a t r : f
r :  a  u  a 4  a

3 )

Eggg€. r t  is c lear

p os it ive-hoii) otjene ou s .

gg N anq gsp!s"g. :Lbe3.e" i-e, "e._g-Ut!el:x
: G *+" lT guch ti:at

t ( u ( t ) )  =  u ( r ) @  \ ( . b )  t  t  e  G  .

-*+
x € 1 \ '  ,

. 4 .

N crr i{s

9i1 G

q'n-d

Po(v( f )  )

f.or gu :j_9L!.ii,'JoUS EgLc_llgrr yEI!

!be! u(f) > c.

f / c ' \  f l

c_cTp.:c! ftugpglf f st'c ir

.t-'l^ ^ .l-
L/-tId U

A l s o ,

Pg( ao:ca ) =

aCili'clve and.

we. ]rave

For enl i  continuous

posi ' i ; ive type end for

u',n

=. o* n""(t(x))

= a*  ln(x)  a

funct- cn f  rvi 'uh conrprct

any y € 1T:, uie irave

stippo::t aao of

;
]J . tJ) r-

Pil(")  = l*( :r)  = Ei{*( t(x))

atso  t?61, [S8 l )  "  CcJs i i ,q r

c oi :d i t ional  exDcc i , -at iou P.. of
LT



A A- .tE

1  P  (  r r f f \ \
\  *  a l \  v \ - . / . / , Y >

\  e .  r  r  . .X ( t ) )  d t  r {  o  } :

I ( r )  d t  ,  k >

) ( t i  a t  ,  -G  )

this proves (7) and the semj-fj"ni"beness of PG e

shal1 nov.r prove, in a nunber oi steps, thai Pa(x) e'  ( tFf '

f o r . a l l  x € N + .  :

( 1) ret \,N , \,., be actions of A on N , In ::espectively, and

assume there is 
'an 

*njecti.on tf : i{ *-> 1t such that

\ * t " Y  =  ( T - e i * ) ' \ ' u  '

s

) )

Then, for any

, < r$$(:r))

]r

r f

=  a \ r i x )  ,

= < djc"l ,
= <cJr( F[c * I

$o that

( 4 )

0n the oi;her hand, for

\.,,,
x e  N t ' 4 3 = ; >

,Ln
\;

a r )\r

/  + \

u ( t

=  < t ( u ( f  ) )  , y  e o ,
c

= sup  <  \  r ( t )  (u
k * * G  J

= . s u p  
" \ t c i ) Y (k € , G  J

. l
f r-  <  )  r ( i ) 1 ( u ( t ) )

I

=  f ( e ) y ( u ( e ) )

= { f ( * ) t g ,  f >

e 1{+ and- any tg e lrf we have

= < (t fo io)Sr,( :c),  T @ -G)

(T"\f)on{^/G >

T"V,
r  { >

r$src x> ) =v( rljt x) ) :r € i'I+ .

any x € i{ we have

x a N  a n d .  \ r t * )  = x e t G

e Y(" )e  Yqi r ; and' (tfo i*)\t,( x) =ti( x) o t*

e> Y(x) ciY( i i ) and t ,*0r( x) ) =Tf( x) .4



i

therefore
' : vt*Etu,

and., using the uniclueness

posit ive eienents 11,?4J,

: 4 3 -

e N(r,) e {v(n) n ritr l

t .
- 'Ji(li) n t,ibli

.of the spcctral resolr,r t ion of extenclecl

{.5, ) .  i " i ;  f  ol lorvs tha-b

tr( (fN)*),= Kciv]l n ql,ltiitr-t

Suppose nou that P}| has the cles:1.: ,cd" prope::ty, i"eo pH takos, T I

i ts  va lues i : r  ( l ,T ' ) I ' t ; ' r . ' Ihen 'b i re  sane is 'orue fo l  r [  "  : ind.e i , l ,  us inS- i

(4) e.nd (5),  for any x e i ' l*  l {e then 6,;et I

r . r '  D  - -  S ' - -  t " ,
tr(p[(x)) = r[G(:;)) n trrcFl n tifr ir+ =lir(rri lu)*)

( 5 )

and. hence

( i i )  L e t  \ :  i T  * > I i

assumc. thst I I  ac'bs on

d.efi-nition of an ac'bion

tirre ciiargram il

an act lon of

spsce i{  ,  }{

tr|r:rr h.a're t]re

/a
G on .] 'T ancl

- Tr/ 1.\  T1.rr {-}b  ! \  r ) . /  e  . r . I e

f o1 l- oi','i.n$ c or,tnuta-

@  L ( c )  b e

the li i. lbert

of i  .C l  r  1ve

\
N  @  r ( G )

I
I
\y

B(K)b s( i ,2(c)  )  e

l\

I
\ l

.t,
13( K) 6 B( L2( G) )

t @ i . ^

r r ( u /
i , ,  @ t^

J\ tr

Thuse the d.iscussj.on ln (i) shoi,,,s thar it- i.s suff ic ieni { - n

. q . '

prove that PG teLces its values i.n (1{')* .only :f or

1 T  =  B ( t i ) . 6 8 ( r 2 ( c ) )  a n c r  \ = i K s l i c

( i i . i )  Any g*-neas;urable f r :nct ion (see 0.L. t0)

G x  G )  ( s , r )  ! * - -> -  X (s r r )  c  l r (K )

C . C  a

i  \  i l  x( .s, r ) l !  ' -  dr<ls
. .

. l

such thai;



4,; :

B(K)  6  B(r2(e)  by

b

d.efi-nes an operator

-  r l  \( x  t  l r )  =
I

riie shall conpute
t ' )

(  e  l ' (e  x  G, I )  we

4 , 7 ,  1 2 ( e , i { ) .dr:"ls( x ( s , r )d ( r )  I  7 ( s ) )

X C

\ \

( i r s \n l t x )  €  B (K)EB(1 ,2 (c ) )61 ,1c ; "  Fo r  any

have i

( ( i r * \ c x x ) 1  l l  l

I
i
i

:  ( (are' , ' { lCxer*)(rx€ivn) 4 I  I  I

( (xerc)({TC@rvo)t  |  ( { i is ' ' rc)  I  )

C f

\  \  
( x (so r ) ( ( t s@wc) { ) ( r ,  "  )  I  ( (4 -K@, , lG) { l t * , "  ) )  d . rds

= !  
[  \  

( x (s , * ) (  (4x& t /G l { lC r , t )  I  ( t t *@y]G) { lC . , t ) )  c l . rdsd t

f  r ' r  i  ,  t= ! \  \  CxCu, " ) i ( r , r t )  i  ( ( " , s t ) )  d rcsd i ;
t ,

=  \ l \ r " cu , " ) { (= ,=u - ' t i , )  |  ( ( s , t ) )  d rdsc r t

(  r r  n  t  , r  I
= \  5 l  c*co,r- l 'u)1(r- tu,o-{ t j  |  ( t " , r ) )  A*(r-1s) c i -rdsd-t

any k € t (e) I  .  A(G) there is  e vector  0 e i2(C) snch

l d '  r t h a t i s  t

( 6 )

Now3 for

tbat k

Q )

If

$ r t

( B )

k ( r )  = < \ ( " )  ,  k )

then t =

*"r * k

) t -"1 *

g q r-]'t ) 0  ( t )  d t
\

K

=  ( \ ( r ) 0  [  g )  =

)  ,  t ( s , t )  = 0 ( t ) f ( s ) ,
get

A ,  - L  \ .  i
a,-(i sl cLT(s

u t

x(s,r-1"u),7("-ts) I  '1(s)) ir(

) .
* .1  €  L* (Gr l ( )  ,
l

€ Gr and. {D9 -
I

< ( i x g \ * ) t ; r
I  C r

=  \ \  (
J J

1 @ g  €

.  Bv  (6 )

k >  -

r2qc x

and ( 7)

5 k(r)  C!+t"- t . )  (x(s,r- ts)T("- t=>17(s)) c.s) dr

= < \ ( r l o k )

f  G r{(c) is .given byrvhere



us ing  ag ;a i r :  (B) ,  l le  ge t

;  ( .  Pc(x) ,  -T )  :  < ( i r  @\GXx) |  *1* -c )

f  4  n \
\  r , v  / r

( { t r )

I

J sup .4( : i . , .  @ \- ) (x)  s e '  @ k >
'  l r Z t t r  . '  v  

IJ! = w,.l

r t r
I
I

- \  r - \  r -  s .  ,
T - s u p  4 i i r j  r  l i
i  k < u ^.  i  

- - -  
G

r  < \ t f )  ,  - c ' )  J
:

\?e 'bake no l ' , ' a  pa : : " r ; i cu lan  X,  na :mel ; i ,  fo t  an  erb i t ' r :a : .y  f : i : , c r1

i .  t ' , ? - ( r ,  t r \  t r  n a . - - i n n
1 -  -  \ . " r , . , 1  , , i i l a  =  { -  I  \ 1 r G  C e ; - i n e

x ( s o : : )  =  ( " 1 { C * l ) { ( s ) e  p , ! K )  ,  s n r € G  o

) )
Tt : ' i -s cl-ea:r i ;hat t i rc resir i . 'bir-rg X € 1l( i i )  @ l(f , ' (G)) = 1-t(L4(t, l i ))  is

the one^cl j .r ' :er:sirni i l  1:roject i-on onto thc space spa::neC by 4 6
, t r  t  - .  -  1Jn tl l is oc^.:e H{r ha'le :

.  r ( r )  =  IA . . ( : : - l ' s )  { { t " )  i " i ( s ) )  t *=J=) t  . f ;U  i . s  =  (h , ,  r r * ) ( :  ) ,

' b h u s  . t  = h r h * , , , , r h e ' r e  n e r , l - ( t l )  1 1 : ( s ) = ( { ( s ) l 1 ( s ) )  r  s € G ,

. l r .d  # f , i r , ' r , ; ' re  invo l . , . : ' l ; ien in  t , t (c )  ,  #( , , ;  = .1- (* - t )  h(u- t )  ,  s  €  G .
\,7

But j . r :  t -h is c{rse j . 'u is kno- ' ;n:  (0"3.?,)  i i :a- , ;  < ) , ( f  )  ,  -C} j .s

equa l ' i ;o  i ; i re  " fo : :naL \ .a lue"  o f  f  in  e  e  G .  Thus  o  f l ca  ( r .L ] ) . . re

i.rrf.er tha'b, fo.i., X gi.,ren by ({-t),

' f

( 4 ? )  <  P ^ ( x )  ,  u * 7 ) =  f ( e )  = J A , . ( e )  ( : i ( s , r ) , 1 ( s )  l 7 ( s ) )  d s  .

On the o'3ircl jrai.: ' i ,  i i l)/ $'*-nessur.'rt)l€ por;:-"bive funci;ion

ciof ir ies sn e:";tenilcri. pos:i. i, j-ve el-ei. ie::-i; I '  e (ts(K) 6 f"(C))* by

( : - i )  1 ' . r ' , , u , , 1 \  =  
5 1 i r ( s ) 7 t r , ) l f ( s ) ' )  

c l s  ,  , {  e  r , 2 1 c , t ( )  .



(46  )

* 4 6

fhus , for any X" 6iven by (tt) t

( 4 4 )  
' P G ( X ) = F  

w h e r e  F ( s ) = A * ( s ) X ( s , s )  '  s € G  '

so that

(45 )  pc ( ' : )  e  (B r i ( )6  L * (G) )+  =  ( (E ( r i )  B ( r , ,2 (c ) ) ) i x@scr *

for any posi. ' r ; ive f ini te rank operato: X 6 B(f. ,2(CrK)).

Slnce any posi i i ' re, operator tn 3(t2( QrK"t )  can be obtainec as

the suprenum of en increasing nei of posii;ive finii;e rank operaroP$r

the ncrmality cf PG enteils iirat (/r.5) hoLds for any X € (3(r,2(c rK))+

Tiils cotnpletes the p:i:r:of af i;he prroposiiion. ffi

T .7 ,2.  The ouly  t : :ouble i i r ' ; ; t i t t ing ( t2)  fo : :  o ther  Xts  i .s  to  '

establ ish i ;hat,  for i ;he func'ci .ot i  f  given'by (9),  the equati ty

< X f l  , c , . r * )  =  f ( e )

st i l l -  ho l rLs.  Th is  is  the casc,  for  ins iance,  i . f  f  is  a  cont inuous
n

Ira*f unct ion and, , i  t f  ;  7n O ( C. 3" A ) .

In parbicular,  i f  I '1 C, F(K) is a von N'eunann algebra and.

Gx  G )  ( so r )  t * *  +  . { ( s , , ' )  c '  i , i

is a s{-con;ir iucus funct ion yi i 'c ir  conpcct supp,ori ;  in boih" vai iables,

ther t i te eorresponcl ing ogr,rator X belongs 'bo l{  6 B(t"(G) and.

the co::respondLing funct ion f  ls contjnuous v'r i ih conpac{; support.

There:fore, i-f ;{ > 0 rre }ravc \(f ) > 0 by (S)r the e<1ualiiry- (46)

hold.s and r.re I'ei;

( L D  ( p c ( x ) ) ( s )  =  A ^ ( s ) x ( s , s )  ,  s e G . .

lYe shall use t}:is remark in $ TTl ,3,7"
. , .  *

fhe lasl pa:: i ;  of the proof of I . i "L is equlval-ent to ihe proof

of the fol iovri .ng equal^i ty

( "4 )  ( f  e - * ) , ( i , '  e \o )  =  ( ,1  "  a , , , )e  u - r *  ,  T  
e  ( i . ' i  6  " ( c ) ) :l \ , a i ; r \ r l i r r u l

rvhere Bo, stsnds for ihe anpi lairon cf i l i  i rr to ir  6 L(G) .
rvi

I

I

I
l
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. fn pa"ticirl-ar tiris yie"'-d.s i;he follorvina "r,veak" invariar:ce p?o-

per ty  o f  *G

(trg) (k @ dc) " \c '= t(  e ) dc, t k  € ' t (o ) ;  .  A (c )

wh ich  cen  be  eas i l y  ve r j . f i ed .  us ing  (Vq ,  5 .9 ) .
'

The cond-j- 'oicnal expectat ion p,.  is the nain technical 'bool- usei.
, -

in the prcof of the follor,vil ig tbeo,.:en of Tri,Landst-ad I
i

T  7  7 .  r ^ r  ?  '  F z n - l r
Lo) o) r .r-rrr:i0Rli{ (ij.LencsiaCrl-}b'-l) " i*ii }T .-lS g 1'"o_i1 &-WH,IL qi.Le}:'g- _ - ; -

gug ese989. Il;..-re.. t"Q. g:t gsi-tpr \ : i'I -e. l'l 6 L(G) !g G sn ltl e''ii

g. gp;.:jqg isp::-g.q-?g!gi.lg!, Ll I G .--*' li ,such that
r - 2 .  z  t ; * .
\ ( u ( ' b ) )  % :  u ( t ) € i A ( ' i ; )  ,  t € i " .  o

rFhatl  } i  i  s: r . ,a:^ia'r". ' r+{ar ' l  t l - .r  t , t t  t t . t- t(1 rr/  G\ .
-L{ rv j.: ' **;*_;*=:.:.:i :"_rl .l r ;1::*y 

v.\ v ,/

N  = 3 { r , S  1 ; 1 . . . r i=  v L l  j ;  I  u \ , ; l j  .

Yle shall nn'l; rep?ove her.e this Theorem. l ie just nentiotr tnat the

main idea of  thc procf  ( t58])  j .s  e l i5oi .ous version of  i ;he fo l - io i ru i isrE

fornu la
_ -t-

+. - '{ fT'
\ ,  ,  d  q  t t L T )  .

L a
LT

?r ' r r  th ec' ; ion of  G ,  - ; [  sLq g*: | i :  i i  ! I -?:S. is gI  eojgcn\ r i l '+ i :61,(r ; )U,y (:li-i.

A

o,f G q]: 1l pjjii g. glfisj:I :g:::1lt-+:.,.q.tt tl u I G -*+ l'i S:*i 
'+$!

( 2 0 )  t ( u ( ' , ; ) )  =  u ( i ) @ l C t l  ,  t e c .
' t

Tn _ELiS. q,?-xg, , ii fg r-+gg"T.c.tplt-lg- g.-f& )i x.{G , gi,_q_fg li = l:i* i:nd a(

r  1g i r to lenen'ceC v ia u G

E-ggg{,([38]).  f- i  N = l i l  x. .G n t i ren the clesi: .ec conciLrsio:rs f  oi l -cr, i

f r q n  $  T . 2 , ( r ) ,  f . 2 . ( 6 ) ,  T , ? . ( 7 ) "

c l s ' h id  .  cha : .ac - te r : i zes 'dhe  von

cclucts by act ions of G .

L..T ikjl:ary: g].j€-hr,A I'i ig

of ;r.l.otlr.e: von l:ler,:neinn a'1.i,:njrr:::

C  ,  ,  , t "  " 4  '
= \  P"(  a  u(  t )  )  u( ' i ; ' - -  )  i

J V

Gnr4r ' . ^  a ' l  s ln  d -ue  " ;o  l . i .Lan

c: l  ar : is j -ng as crossed. p: :

?3i.i ( i, i  .I,cnclsieC, [S e] i " n

.'r i.-oh tl i-e cr:csgeC r): 'cdt:c't

v
4

The ne:;'i; i;h

rnann a.lge'ri

T 7 tt  t . ' " I j -nn
J . a / , t  a - f  c  r - l i r v

lsoilc:: r:1lrc

Neu

i k -
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conversely r the action Ad. u of G 0n N 
"es'i;r.icts 

to an

actlon c<' of G on M = wt (oy (2O)) and. the injeeiion
.jf. , ll __+- li 6 B(r26C1,r

defined. by

,  c u { ( * )  =  u " t ( ; ) u  e  x € N . -

wi:.ere U e n 6 iI(C) is 'bhe uniEerir cperato:: lefined. by the funciion

t t+ u(t) ,  has th+: properti .es

,l . *

ther,ef.o:ce, takj:ng lnto account Theorer:r T"3,3. and the d.efinitiou
r)

of n{ LG , it fcilol',,s that

tfCtvl = ld x,. c 
:

and. th js ploves ihe theoren. @

'l?e hal-e presenteC ihe proof of this Thecrer.r for i ire paralell with

'h?rr :  n{- ' } ran nonf,g cf  ihe present paper,  especial ly because i t  r ,vas ouru u \ .  v  v r r v j  t / e l  v e  v &  u r : !  I , i  v v v r j  u  l g i } J g l  t  u J l j u v  f c : l .  L J  L . / g t

sour.se in si ,nl l -ar si tua'uions ( see a.Z:L: I  TI_12.4-. ,  T.I . j . t ! - .  ) .  
I

i
I . r . 5 .  S ince  the re  i s  an  ac t i o r :  \G  o f  e  ( \n  3 (L2 (G) )  such  tha t
n  E ^

B(tz(G))-G = L*(G) an,J.a uni 'cary representat ion I :  G --> B(L2(G))- \ -  \ - t /  \ - /  . J  L - } , t  v l v . r v s v + v t l  / t i  v  
- - _ ; r r . r \ !  

\ u l . /

a j

such that (  20) holds, i i  i , ,Lloivs i l ret B(Lz( G) ) . i  s x - isono:phic to

the cross'ed. prod.uct ir""(cl t.q,al G and. there is a n.s.f . ,:oncLitional

ex?eci ;a i ion PG of  B( tz(c)  )  on i fCc l .
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fI. Tim SECOIID DUAITIY T;LIt)t.,'11{ lrop npoilQir,.il trT)1r-!TTr,,,1nv { . . - . J \ . ,  r  v L i  v ; ! v v ; u f , J . t ,  . t .  . r - t  s r l / U r w . , i - ; J  o

I { ^  P r ' p l i r n i n r . r ' , i n ar J  r  o  l : ' : - r : : ! l ! J : ! q . : r ( ; P G

r ,et L{ c 3(I ' i )  be a vci l  }Teunann algebra, G be a loerl l - ;r  ccnpact

Sroup and. \ , l',{ --> },rl 6 L(G) be sn ac-i;lon og 0 on L{ c

fr't.t. pRopOsrtrON" For glx gg:;lgn \ r l, jr *e. L{ @ t(G) crf A
o-q ill gnq g.Liy X e t,{ 6' L(G) wp* Lia.r€ , ;

x € \ (r{) <:+ ( inr @ \*)tx) : (\ e i.G)(l i) ..

Egg:! . (L i .Lencsiac1, t59]) .  n i r :ce (  j . r rc l \G)\  :  ( \  e jG)\  bt :e -oa5i ;
'  r t -  g t t  is  t r iv ia l  .  rn orcer to prov(:  i ;he part  r ,4* , , ,  cOnsid.gr:

i ; he  ac ' b i ons  i i {@Sc  and -  t , , *U  o f  A  on  B ( r r ) 6 i : 1 i 2 (e ) )  an i
reca l l  i ;ha t ,  fo r  X  €  B( t r )  6  u (L2(o) ,

(  iu@\c)(x)  =  ( r i j6  i? ; ) (x@4-G)({ i i@ ! i^  )
( i l i s r \ i cxx)  =  ( { i i@lyc) (x r } {G11t ro ; i [ )  G

r f  x  e  t ( i , i ) '  c  B ( i i )6n (12 (c ) ) ,  r l ren  i i  e \ [ ) ( x )  €  t (g ) ,  6  r j iG )
s i r :cer" for  .an 'y  ' ;  e  i , , l  ,

c'f,
( (  j . l r G \ G ) ( r i ) )  ( \ ( : r ) @  4 c )  =

: lfffI|I;i:i|llllll'Illilf|;c 
4 {':'

= lilll:ll il, i;:x:,:l l:;; ;:ll;::3l
= i;,. ;-ll,".1 l;)l:;,I 

)(tiie ;*)('* o:'q{,, e'ir)

Theref  o : :e  iU@\C res i r lc t , -s  to  au ac, ; ion t  r  :  \ ( i , )  , *> \ ( l l )  ,6  t i  i i )

o f  6  o n  $ ( i : i ) ' .  0 n  t h e  o - i ; h e r  i r c n a ,  u ' ( " i ; )  = , r i ' { o y ( t )  e  \ ( 1 , , ) ' i n r : i

\ ' ( t i ' ( ' b ) )  =  uo ( t )  a  \ ( t )  ,  ' u  €  G .  t sy  l :T .Lan i . c ' ra< i . t s  ' bhc t r rem (sce  T . j i " ) ' )

"  i t  fc l . l -or* is  'b i ra 'L '  t ( l r l '  -T t { . \ ( i i ; ,  y t '  
' ,  

, , ,Cal }  .
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: '

s o w c a n s i d e r  x € L i 6 L ( G )  ,  ( i t r i $ t ' G ) ( : t )  =  ( \ e i ^ x x )

that  X connutes wi th  u ' (G) .  I f  y  e  ( \ ( l t )  r ;Br  ihen y

( { "uewn) (Y6r -G) ( / r , r8? [ )  :  r&16  r

,
t

. i t i .s cl-ear

e  \ ( 1 1 1  t  a n c r

thus

xYO tG =

(  Y@'J -G) (  X@rG)
I

fX@ {C ,

, $o  t ha t  Xy  -  JX  "  s i nce  t ( r , { ) ' =gd ( t ( l r ; ' ;E f  r  u r ( c ) } ,  i t  f o l t o l v s

t h a r  x €  ( 8 ( r 1 ) ' ) o  =  t ( i { )  .  E !

I

G .  r r .q inn  T ,er r .ggv  !  v u r - r f )  s v . . ! - ,  ! !  

;

:
,le are very gratofi:l

I

( [39] ) i;ire above I
j

sl ibalnehra of l,{ such. COROLLA}?Y"

c  i r  6  L (G)

a von iTeunann

.  . l  l I rJ i r

!s.
l . f
&1,

Let

n n , l

-'17
I I

Ssee€ " EY
I f  $(x)  E tT

Proposit lon

x e  I T 4*+ t ( ;  i r  6 i (c)  o

'assunpt ionr  t  :est r ic ts  to  an act ion \N of  A on i l  r

6i (c)  ,  inen ( : .e$*)8(x)  =  ( t  e  i ) \ (x )  =  Gr i  
"  

r ) l i ( ; ; )  ana

J I . 4 . { - n  y i e 3 - d . s  t ( x ) e \ * ( i r )  = S ( } i )  e  t h u s  x €  N . & t

fn tlie foll-oiri-ng prolcsition ive use 'i; ire notaij-ons inh:od.uced" in

(A.2,18,,  A,3.7,) : 'or the act ion t '  of thg }Iopf-"ron l teurnann aigebre
/\
f i  = t(C.) r)r  BI and the p::edual space a(c) of L(G) ,

rn a f i . rst versi,r : :  of this paper (cr, [5{) ' , , re have obtaj-: :eci t}re

resul - t  o f  Proposi i lon ITo{ .1 .  on ly  for  amenabl  e

ff  o{-"4" belorv anC t ire resul-t  of i { .Leptir i  (LQe17,

to  I l .Land,s taC for  conmuuic : t ing us in  h i -e  le t ter

prerrntecr proof for the general cBSer

I ! , q  * 2 ,

Jrh-qt I (N)
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r r t z  E n ^ D ^ ; J ! T C i l . f ; c r : a l g o g t j - o n t r 1 . 1  - > L { 6 , L ( G )  n g  C  c r n* * a t a r l a  ! i i v t v

1,1 uT Ut" x € i'{ we- }re.ve.

x  6  { L { t . *  i , k  u  A ( G ) }

EIgg{.  }enot , :  I \ i  =G,{etCl .*}  .  By fT.4- ,2.  i t  is  suf f ic ient  ic

show tha t  [ i ($ )  c  N 6  t (G)  and.  ther t  $ (x )  e  H 6  L(G)"
" Fo: any tg € i'1* ii.rurich annj-liiletes N ancl any hrk € ;(G) 'r,e ilave" l r f

< t ( x )  , g @ h )  =  ( , h - x  r € 5 ,  =  O  ,|  - l

< \ ( 1 1 . x )  1 q @ h )  =  { , ( n k ) . x  r . p )  =  0  ,I r
' i -hus  t (x l  €  r  @ r - , (G)  and S( t , : : )  €  i r  6  L (c ) ,  by  the  : :esu l t  o f

J. fo,liJtena ( 0. { "7.) .

Tn't f .e ceie i i {  " .  L(G) ,  t  =tC , t}re g_oUgg:Qti :g r.U) of p.r,) ; ; ,rrar i

(13,4J, t l  " \ j )  says t l :e t

f x ) x  €  f f i " "  w  f g l " g e ;  x e  L ( G )

wlr ich.  is  s 'b longe::  than l l l * , r t ,7. .  l ,h. i le the conjecture ( l l )  is  t r - .uc for-  _  v  -  -  -  -  -  -  \  - -  /

auenable g l "oups ( i "e"  A(G) has en approx" lna 'b , - :  ur : i t  " t4e l ) ,  ue io  not
: l)

knorv if i i j.s u:ne or not foi arbj-tl 'a:..ir Erriuprj. ' i ' ie m.en-bion- tha1;

Corol le:ry '  l1-.5 of '  Y") laicagani (L431) asseris i ; 'hat conjectu:e ( l l )  :u

t:ne . l t t  'bi :c ge,:or-t l -  ' )ese bu'b3 unfo: i ;r :natcly, i?e have not und-e:: 's ' 'dooti-

i ts  proof

II"/i..4. L.Eii{;l. i,,-gt $: I;'T ---> }il .S t(C) hS. il ggjdo.]] Sj. 0 !n i-;:"

Jlge -#;i >; e l'i *1.3 gnx f ,k € x(l;) , boljf f.::ig-l-t9lq. lj,ith g!;l-Lgj

Sglts!* r Ji jg:re :
c ' - ' l  

" x ) @ , \ ( i ' o ; t )( { )  \ ( { . r i @ t r ( . . ) ) \ ( * r . } r - x ) a * ( s ) - a c 1 s  = ( t e
J l i j . Lr

wherc f (i) = f(g'b) gIS ld€ lir-netrg-l is_ irigcl:jf.;oorl:n.!h*. i./-j5trq-rl

}.qgx.

E g g g i . r i ' i r e  r ' u . r : c t i o n  s r * > ' ( t e \ ( g ) ) S { r " r ' l ( . x ) A G ( r f ) - 1  r - s i i , . . ' - c o i : b j - *
' t ,

nuor-ls at:11 iras conpac'r; suppcr-b si"nce .-f"k = 0 ou'bsl,le o.f the sei;
f,)

|  -  ^ \ ,  .  - n(supp f  ) (supp 1 l )^ ' ' .  lherer f .o lc  t l ie  r - r : tegrs l  r ru i rear ing  in  ( { - )  i s  l c6- i -

sJ see 'i;he discussj.cn in Ltilj,"
' : 1 1 '



52

represenis an elenent of i l l

for eny . ec € 1{* 3rrd. an;r h- i

( {  e \ t  g)  )  t  i  * r .1c.x)  as(  s)-1 dg

t lne and

Then,

- (< . \
J

!1.- v,,l .

A( G) vre have :

. q Q s  t r }  = '' l

@

E

i c
=  \  <  ( / r o l ( s ) ) t  ( * r . k . r )

-  :  
: 5 * \ { * r ' k ' x ) , T e s h >

, f e h )

, a  , ' - \ - targ\ u, .t

^  |  t - tag( g) og

a -
\,t R

=5
t rr  =  
\  

< o h . . g f . k . x  r f )  A s ( E ) - ' c . s

< t ( x )  ,  T €  $ ( h r ) - k > a * ( s ) - t  d s

=  { \ ( , r )  ,T  @ 5  * (hd ) . ka * ( s ) "1  ds

The nei,v iateg::e1 that appeared. is legitine in A(G) viith. its

{r(A(c)rL(G))-topclog;y and. : :epre sents an etement, say; b e A(G) " 
r .r ie

compute it as f'olLows : for t € G TrJe have

b ( t ) = < \ ( t ) , b )  = z \ r i ' )  ( - ( n i ) . k a ^ ( s ) a  '=( ) . ( * r , ,  
\  * ( h f ) - kAG(s ) - "  c . s  >

'  = !  . lc* i  ,  *Gj '*r  au{s)- i  as

=  (  h ( , r * )
n= 

I  
h (s r )  f ( s i )  t r ( r )Ae(s ) - ,  dE

=  ( \ " ( E l  r ( e ) a * ( e ) - l  t s )  k ( i )

I  =  < l ( f A ; t )  ,  h ) h ( i )  ,

therefo::e b = (tr( f  4,; t)  ,  1r) k and we nay coni inue our f i :st

chatn- of equelitres r,vii;h

,  , / .  =  < \ ( " ) , T @ k > < \ ( f a l t ) ,  i r )  =
r - 4=  4  k . x , T >  < \ ( r . s [ t ) ,  h >  =

=  ( ( k . x )  @  ) . ( f a ; t ) ,  ?  o  h  >- \ r l -

and thj.s'!:roves the l.ernrne. ffi



u ft ,5 " CoROI,L.AEY. LJ}3 E

Ivl . IgF epr x € IJ an* g.v

al , l  .  k  e A(c) .  Wr

o 5 . 3 -

i€-U t;
nrr :  h l r ra

-"s" tr/f

! l  l -  |

i
' I

l ! f r ' r / n \{er !\ rr I

lT.tr: n i''!tr:

I

' 1

I

eei ion G 0?'r.be aa: f t T

k € ,

f , i - - > u 6 r ( c )

sf

A
ection cf G

( 2 )  ( k . x ) @ n s  €  c o l o n ; { { a , n e \ t s ) ; $ q n " r " x )  ;  g €  G ,  h €

SSgg{" ind.eed., Lenna Tf o{../+. shorvs rhat

( r )  ( k - x ) e \ ( f o c l ) e c , t " n . { ( ' r , y r @ h ( s ) ) t ( n - i r " x )  ;  6  €  G  ,  h €  A ( G ) }

for. any x e L{ and. an;i krf € A(C) , both functions with conpect

support* By the reguia: i ty prope:.tJ.es of A{G) (t*f l ,  1.2 ) ,  }ve see

chat there is an epproxir lte unit { r', o[t]r* r for r,{(c) with

ff u A(G) functions with corrlract suppor"i;. 'Ihen the net {l(f, o[t)}rur

is vr-(:cnve'. '3eni to {c ,  thus using (}) r  we get (2) for k € A(c)

wlth conpact suppori" Slnce the funct i .xs k e A(G) ivl th conpect

support are (no::m) dense jn A(G) ( ir{ ] ,  i .Z6) r rr€ eei (A) fcr

A(G)3 , "

Jr,1 "6 u PROI'0SITI0]'{.

l Y t . I g g n g  x e l d

In part icr-r1ar

x @ 4 G . t l { t ( , 1 ( G ) . : s

qe

(+)

( 5 )

( 6 )

bq a.q

) 1 "4:, ,1 @ L(G)]

B( i,2( G) )1 ,
. !

n n l i T T n " a f . d .q u u  - L J  a  L  e . /  a  ,

atr  act icn

-:rn,i \r i2
4 ' .  k

n T i :

'tyr ritl- - -^
r ) l . : : l \ . / + :

M 6 L(G)  =3{X,1 i r1  ,  ' r r i  6  L(G)}

i l r  6 B(12(c)) = g{\1u; , {r,,1 6

Eggg5" lhe : :eLai; ion (a) fol lo '*s fron f f  ,e,g.

then ( r1)  : )  (5)  :P(6)  .  E i r

Tlre ne;rt  resul. ' l ;  inproves Co::ol la::y I f  .Ln?.

rI .L,7 " PpOPOSft'fClI, k)j $ : i, l -€p 11 6 L(G) Ee

grt l;1 , 1q!, il he qrr rqA l[g]itg-Hj ejhal1gpiq gt i,r

t(x) € i l 6 L(i i) **:Jlr x e t{ r

Eree{. rr
e l1* rvhich

B(: ; )  e l I  6 L(G) ,  thcn for any hrk e ; i (G) ancl  i lor :  Fr;r

ar:niirila''i;es ii we htveT
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- . t

S(t 'x )  €  1 'T 6 r , (e)  t ' ) ' "bhe resul 'b 'o f '  J 'Tomiyeraa

rr . t"5.  we get (a 'x) e T 
* i  tE 6 r(c) ,  that is

T'r tl .4 - we eonclud.e x € lI ' ffiL l r t  a J  t  Y r v

F

tht"ts

using

uslng

= 0 9

(c"t ,7) "' k . x €
t t l h 6 h
l j rv rr  t

lI , ancl

I
I
I
I

I ' t
I  v ,

. l
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(r tl
8  4 r

by Stul

: G --+ Aut(P)

have

i lr  6 L(G) ,

* 5 5 -

3!g=9gelilu=lSggige'

For 'an aetion X

the crossed. product

which is the von Neunenn

P

c ar 6 L(G) and.

there is ai action

: lI -->. rr 6 r( c) of
' \ i

,\
G o n

NT

algebra generaied. i:r
n

, 3  M  6 ' , 8 ( t 4 ( G ) )
I

an,t 6 rF/] ) \

elear ly
- :

*e(
v

I

I

/ :

i

t a r

\  = d l x  :
/\

x..G ',vhic
o

a napping

\(u) €. F'( n Ir .

= \(l''{) ?pg 1. _o}Ji.y.slv ,
o { t ( N ) - I { r t € G r a n d -

r  f n -  6e \ J - \ : l f  r a y
U llil

hence o(

gI
f t

G ' o n  N = I . J l

e now deflne

nay be useful to reacl

B(  12(  G)  )

G -*> Aut(ii)

h we cai"l ihg ciuaL acr: ion of t  .

v : P --+" P & r(c) by

clefinltio:r of V on rhe C.{eslan

l l 6 r , (G )68 (L2 (c ) )
Iv.}

r r l 6 r i ( L ' ( c ) ) 61 (G)
I

^v
l d6B ( i , , 2 ( c ) )& r , ( c )

the
(l l-n\

I t

J D

u 6

V

inn al ( ^. .. *)

i"n@('":iG ' 'tt/;)

also e unitar l '

I

I

e( = 1", €t .Ad.- I U

I

o f  G  on  ?  andwe

( r )

in particular

( 2 )  
:

t

Theref ore o< * ' t(  i t )  ). 1 "

4m @ (G) r  so that

an act ion

of

s7(x) = ({ lr@ i, ic)(,t i ,@ -)( (E e j.c)(x) )(tr, i6.-)({r i ,r@ i;) ,  x

U w'e consid.er

t @ / - \ \
I J  \ \ r l l  =

rest r ic i .s

d D

h . o i  a t ' ,

there l :epresen'i;aticn of G jn ? :



u : G s t

fI.2.0. LEI',f i{A.

5 ; -

t - - -  > u( t )  = { r r  @ e(t )  e P
lrl J

v ; P *> ? 6',r.,(c) is an aet ion n f
/a
G o n

g3g} qog hav? 3

/  e \
\ . ' t  I

( 4 )

Erpg{. ft  is

tr'or x € l.{

vG(x )  )

N C

V ( u ( t ) )  =  u (  t ) @

cLe;r that V is

o  t ( x )  e  \ ( r : )  c  p

.-Vr

\ t t )  ,  t

an injec bi.on.

and. vre b.a-;g

)

e G  I

' I

I
I

;
I
I
I
I
I
I
i' I

I

!

= ({lu @Uc)({l, io  ̂,)( (t o i .  )t(:c) )(4-,,, ,e ^,)({tr@;;)

V( t r , ,e r )  -  ( { l i@!v . ) ( ' t l i o ' . , ) ( (8  e io ) ( { " ,6 f ) ) ( { i l@-) ( t " ,e  ; ' i } )

= ({u@-'#G)(/r '_t s f8 t6)(1,, @ ;?;)

=  t l , l@f* tc  t

s ince  r , f i f@tc . ) r r rc  =  \ * t r )  =  f@tG.

[ ' ]re above conputaiions prove (]) .  lTe prove (4)

v ( tueg( t ) )  =  ( r r l , , l s i7g) ( { r - re^ , ) ( ( \o ic ) ( { . re3( t ) ) ) ( t t r6 ,^ ' ) ( { r , ieu [ )

(1*o i 'rc)(4,r e^,)(tu @ ll-G@ S ( t) )(t l to-X{r,r @il;)

.  =  ( t ue t rn ) ( {H@3( t )a t * ) ( t } , 61 , ' I [ )
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f o r  t € G .

I f  " ' l - . 6 ,  we  ge t

i I .4.6. vJe see that

thus V is ind.eed. an

-

groupq.

I l  oA .rr .
A
G

ivl anlt \

[IIEORIi\1. .!g[ t:

b.-e 3ts .eggf act j.gn.

rrr ----> li a L(c)

-L 1L \; rL

be an act ion of G o n

(lJ x\A) xa G :ji *-r-sonorphic- ig 1..{ 6 B(f,2(C)) -\ s

!1gg€o'vrle use the above introd.uced. notai;ions. As j.n the p::oof

To3,4nt vre consiclerbhe unitary operator. U € :  6 f*(C) a"f i r ,ud

the function t r--+- u(t) , v/e d.efine eil injection 
i

t [ ,  P - - - + P d B ( l 2 ( c ) )

by

T E c x l  =  u " v ( x )  u  , .  x € P ,
and we verfy that \(x) = u*(, ' i)  for X e N c Pv (uy(J)) and. i ;nat

of

h . r

\ f ( u ( t ) )  = { - . . : e \ ( r r )

Thus,  us ing  a iso

"$tp) = YC'f i {n ,  { l , i@R(c*) =?L[""( i ,T) ,  {u@r(G[- = ] i  xo*G

. errd tiri; proves the theorenr" EE

= rn rs f ( t )€ \ ( t )

since vrc(f  ( t)@1,.)rvff  = t lCS(t))  :  g(t)  s X(r) ,
' 

It is now a:: easy matter to verify the cona.ition

'  ( i p@tc )oV =  (V  o  in ) "V

on t(L{) , tM@L*(c) and. { i ,r @ R(G) " using

thls cond.j-tion is satisfied. on tbe whole P ,
' 4

a c t i o n c f  G  o n  ? . f ,
t,

t\

Due t,o i is structure, ' ;he act ion rsi '  of G on ? - l , {  6- B(L'(G))

could be denoted as \  o \e ' :nd cal led the convolut ion of the
f i \ - . \ ' )

act ionr:  b -rnd. tG of  G on f f i  and B(t ' (G)) ,  respec'bive1-- , ' , ,

It is the analogue of the tensor product of two ections of G 
t.

f l ,e fo l lo lz ing t i reoren is our seconcl  e:<iension'of  L l .Takesakirs

.  r e  s X loual lry theorern ([60],  4.5) io the case of arbitrary lcc.sl ty conpaci
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More*ver,

gse.L egti:s
/\

aetion of t

Usi.ns ({ ) ,

\ ( tut)

Consld.e:: X

or

sj.nce \G

( 5 )

Thus , by res'ur ict ion we

an ac'blcn s( :

^'t +-^ ; *
U U l,/{l J-l-!

\at

G *a> .. l ' , ' i i (F')

get

ii 1s
A
\ ( -

(  r : a ^ .

easy -ic veri.fy i;hat t'Ji-l iransforms
- * t , : )  o f  A  on  l l r * *G1 * tc  ,  i .e .

S T"2")  r  in t 'o  the act ion V of .  A

g e G - .

ii le rernark thai; we cor-rid. fi.rst prove i;hat PV = N (see aT..2.3 bl-

Low) ancl tb.en r lheoren 1l: .2"1. woulcl  fol lorv at once fron I ,1*4 and-

I f .2 .0 .  On t l r is  way i t  is  a lso poss ib l -e  to  ar , 'o id .  ihe use of  i f "e .6 .1

since i . , l :e::e is ancrher (: :auher i ;eClous) proor that V is an act ion
t\

o f  G  o n  P .

V/e now. putsue tne par:e).el l  r ' ; i th $ f  n2, b;r d. iscussing ' i ;h.e relat icns

betvieen < ancL \/ " It is no nore 'br:.r.e tha'{; they connute, sluce
i l - \

V(s^ . (u (  b )  )  )  =  { rns? (s ts - * ) *  X (s ts * l ) ,_ gr._ .1,,1 J _"

(<^  e  i ^ ) (  V ( , , r ( t ) )  =  t i r oq (e i ; s * t )  *  \C t l  o' 
et U' ' .i'ri.

However, usi::5 (r+) and" i;he fect -i;hat o(o. is impLenented
tf

i t  is easy to see tha'c t

F'
X € p', *t+ o{""(X) € pV

t)

a f
L'!

-Vo n v
i

i
I
I

(2 )  ,  (3 )  r , ' i e

( \ g i c ) ( x )  =

rr "t *{
*t4

TIe staiq sept::ately

* ( i , , ,e\o)(x;

i c  c r n n m c ' J n i n  B y4 V  U r j ' : i r i : - V  V r  4 \ /  4

t (u)  =

the f i : :s i  eclua)- i ty i

.  i t  fol l -ows that x€q(l , t) .Therefore

r '.Vrc(
\ r -  )  t

the second

the dual

o n  l , { 6 8 ( L 2 ( c ) ) .

by  u (e )  '



on l'{ we have
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For an/

t(r"r)
' 4

qrrt ,r*0F

r1ual  act lon of  \  .

\ r L,{ --*!,{ 6 t(c) e f C

where

( 6 )

Therefore

vi.a v in

that

/  n \
\ t )

!Ys

T,I .z. i  ,

have

is thc\

fn c,.d.er to stll l pursue ii:.e paralell r'rit ir $ i.2, lt is now

necessary to i*rtroduce the enalogue of the unitary Sraplementation

of a group of * -autor:rorpirisns and" to : ;ove a clual ve::sicn of

Land"Stad"!s t i ' .ecrenx (I .1.5).  Hovrever, i t  seeas preferable to d. lscuss

these topics seperaiely:n S A:.J and. io continue he::e the la;. j -b

part of the analogy with S lo?t assurqing some fanl l ia,: i t ; ' '  with S Tf, ,

Wiih i;he nctations introd.uceir in ,he present Secticr e there is

a natural- injection 't : lr-(C) --*r-i i  , ::anely v(f) * {ul 6 f

f e r--(G
@ ,  ^ .,  (G) .  f t  is  easy to  see 'bhatf e t--(G). Tt is easy to see 'bhat (ve iG)(,vG) = { i , , i  @ l i IG

irnplenerts the aciion ( iM@\GlN r N --> N 6 L(G) of A

Since ( ir,, et*) \ = (\ e i*)t r we have

t

n n

ihus v

1{ ir

(8o i *N(x)  =  (v6  iG) ( t?G) ' r  1$( : r )co  { * )  (vcp  ic ) ( ;Tc)

'u', 'e nal say that the actj-on

tl-ie crossed. proouct l. 'T x- G. \

< r ( v ( f ) )  =  v ( o a ( S ( t ) ) f )

TIIDCREI:I. 8gr an;f {c.tion

X ( : L ' l  .

1s lmpienen-teC

hanc i t  is cler:r

$ qf G on. I',

0n ihe other

J - a f a
U E L T

*7t rr,{ jJ\ Lr I

-@,, ^ \
l r  \ U / o

t\
r 1 A n l r
u  u t a

^+

,

6t :  l l

l '1  x*G = ( l { t r

E:gg€, l l i tn the sane notai ions as

is an actlon o\ i G '-+- rrut-(l'v) of

v : fCcl --> IT c- Pv (iry (])) ir-hich

l I .3 .7 .  be lourn l t  fc l l -c r is  tha i ;  PV

(see  C j l l  and  v ( i . , * ( c ) )  =  t * r  €  L * (G)

-  \ * \ . ,
t s ( r , ' (G) ) )  *

h a J " n n a  r : r aLr (7 I  U l - t t  t  l ' J i J  J id  V  l t  Dq;  i711

. * v
\ -  on  ! '  rnc i  en  ln  j cc

are  re la tc i  
'oy  (  7 )  .  Ey

i  q  o.cnr : r -ntod hrr  /  PV)o* p  t t v ^ r ' v l  
q r  s v u  v J  \  r  , /  -

.. .-\z
, hence ir* = iI . ffi

a

"ihei: 'biie:'e

ti"on

The oien

$ r ' : \
q \ r  i l



, :
t ^

_ D l l o t '

.d,s theoven L.2.j. eoruespond.s to the connutetion theorep. for

crossed. proCuc'i;s by G ,r the above fheoren IT.2n5. shoul<]" correspond.
,A

to a cominutation itreorsm for crossed. prod.ucts oy G . This is inCeed 
"

the case end the corresponding comnntation theorern was found j-nd.epen-

dently by ir{,Lard.sied. (W07, 'fi:eoren i).

/

!

: :M1:::_
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S 7. Tbg sqr4lriel=i s;paaleliqu Qn cEG lbe qbeicqlsrizelia!
v

, .\,j g{ qrqggeq. piQssetg qy eqlique n€ ci-
I

| 
-'.".-

. \ ' ' . 1

Consider a von l{eunann algebra N and. an lnjection
i :

. r r  .  T€l  ^ 'v . ,.r \ \i,l ----+ .L{

o€t

of L (G) intb N " fhen 
'

v@i*  r  C" (c )  6 t (G)  - * ,  116t (c )
' , l l

" .  t -  . .  I  & -  I, : .s also an i i ' ject ion and. ,  since Wr. € t-(G)sL:"1) r  wo Eayl clrnsider

tiie unitary operator

Wr ,  =  ( vo i c ) ( iY* )  e  NeL(Gr \

and vre na;v ci.eiine an injection

'  
\",,. IT 6 L(G)

t - , ,D Y t
{

F,rr t r )  = ' ,vJF(x e { .g)  t r r r .  c  x c t f

The proper'ty ( ln s t*;Sn = 
_ 

(8* o i2 )\c cf \G r4eans that

( r ,v^  s  , ,  , ) (L t r$* ) ( , r /c@tu) ( roe  ̂ , ) ( { te  , ' I ; ) ( ,1 [e t r )  e  to  @ 3(  t2 ( ' ,  x  ; t )  ) .'  t r  2 "  ' !  U  2"  'L  L

rTrnnn. : ' l  . : J - in r  th is  f 'e la i iOn by  v@i .@i  . , ^  on . { -, L !  u r r e $ u  v 4 r i e  v r l i s  I  v l s  v l v f i  u  _  _ Z  _  _ j  t  V y U  t i \ ;  U

(vJ . ' , .o4- i ) ( t r ;  e - ) ( ; . -9 ta ) ( t .n "@-) ( t r reu [ ) ( ' , '  ]e { - )  e  {u  b  ts ( i . ,2 (cx  G)  ) ,-  v . ,  2  i ' i  \  , '  i i  I \ j  \ , - - '  :  2 '  

,
v'hi-ch i.n , ' ;urn neens i;hat

( irueS*)t,, = (t,, ea ic)'Sv .

fTt l - r r  c  ^h- '  i  n i r -n 1- i  nvr  a,  -  r€ l  n .
.  r . u .L {D  t  aL rJ  4 r :dvvu r r , , *  v  i  t r  tG i  - - ->  i {  de f i ngs  l n  AC i iOn  \ - ,  O f

//\ 
v

'G 
on lil , TIe then say that \r, is impl-enerltecl via v .

:

Ior  i -ns 'bance, \*  is  inpl-enenieo. v j .e the in jeci ; i .on
LT

1,
.r!n

$
\)

i G  !  L * ( G ) e f  - - r F f e  f ( f , 2 ( C ) )  ,
q" lir '
\ ^  i s  inp lenent "6  ' { ia ' the  in jec t ion\r

t  t ' " (c)3 f  F-*---* Ie l ( t2(c))

an.c1 any action 8 of A olt l,{ is inpl-enented" ii i the crossed.

pro. luct  u l  x*Q (  sec $ : f  .2. (6)  )  "
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!Tn3.4- o LIll l:{A. 9onsid.er: qrj eclict < I G --> Aut(N) og G on N

a-+C a4 inrjg:-1;ioq v : II(c) "-*- N $Jch I?,At

( t )  < * ( v ( r ) ) * v ( t a ( t ( t ) ) f ) ,  t e  G , f € r : ' t c ; .

Thsg,

( i )  t v " { ,  =  ( u r r e i g ) " \ , ,  ,  t € G  ,  i . n e . \ - -  c o n r u t e s  q l r i :  o (  ;

( i i )  n j u . - 1 ( . r ( f ) % = t q @ f  ,  f  s r , * ( c ) .
"  c ( _ ,  v

Sggg{, ( i )  I t -  is easy to veri fy iha' i ;

SG(Ad(g ( t ) ) ( x ) )  =  ( - t c r (g ( t ) ) .e i c ) i . t iG (x ) )  ,  ' i €  G  ,  .

for x e t*(C) and. for x € L(Ci) * ther"efore the sane is tr:;e for

att x e B( r-,2( c) ) " Thj.s nearls r;iiat lyc (g (,;) 8{c) '.,' '/f (g ( t;*o a*)

eonrnutes iv i th x @ LG . fo: :  any xeB( i ,z(e))  ,  that  1s

r { . " (Ad (e ( t ) )e inxw f i )  €  { c ' e l ( c )  .'  - J '  "  l r "  U '  t r

Usin6  ihe  as ; t 'np t ion  anc l  app l .y ing  here  v@i . .  r  we ge t

%'(  o t  @ i c ) (w" i )  e  4 i r  @ L (G)  .

this in turn eni;a j-lE, tirat lYrr- (x*e i*)(',"f1 commutes rviih <5(x) A{C l

for any x e i l n vrhicir yic)-d.s

E r r ( < r ( : r ) ) = ( " < r e i * ) ( \ , r ( : ; ) )  r  x € N  .

( i i ;  tr 'or t e 1,""(c) , . : :note by r e f iGr{G) c, f-(G) @ L-(G) ihe

f unc bi-cn

I ' ( s , t )  =  f ( s t )  ,  s r t  e  G  r

, )r i l l i 'ch 
4 € L'(GxG) ?/e have

(u "6uoo+ l (s , t )  =  f ( tX(s , t )  =  ( ( rc* t ) t ) (s , t )  ,
so that

wf, n vio = tc@f .
\r

Ap;ctr ying here v e i* yre get

}Y. , :  ( ( r re , iG)( ;?) ) ' , ' / r ,  =  t i {  @ f  G

$i, tce F j .s def ined by t i :e funct iorr

G s ro r----i> Acl(g (t) )r € rftG)

I
1 .



1. 1
,  \ '

, ,  C 2
" v ) -

' '  ' : '  '  and. v -r(v(f  ))  ls d.ef ined. by the funct ion
o(

, we see thatv { r q  v

o ( + v

,  wbich entai ls the desired. cor:cluslon. gg

, i

II .1"2. PROP0"qIfION. 9ogsld.ei gg] g-cjlo+ oa I G -*> Aui(i 'T) gA G

_og .I 
qn4 as.slllte ther.e is ap iniec.bign v : l*(C) --"F-i{ g*g* _*.ha!

/ r  \( 4 )  x 1 ( v ( f ) ) - . v ( A c l ( S ( t ) ) f  t  ,  t € G , f € L * ( G )  o .

3 n
= \ * t ( t , ) d . t  1  x 6 N + ,Qs( x)

Then tqq Lgr..a!-Le

\ 1 )

dgf ines g g.g.l. qonclit- j-gna-1 e:fpecratj-on Q,- -A{ $ en }lo( -ei}{-\r

f  . :  I

i  l ' - ,  t  + A =  t a  I
J - t  i - C l l U J . I : r l l .  t

r i : : i G

lr l us:

+ \ . /  n  1 . \
V l \  r ^  |  r . - t

I

i  . i - L  a + -
. !-  VII .J lJ

\

a! a

n(5

I

cd
L (

rui

I

1r l

l r

oru

,

1 S

+ \

^ 1 " : r

O.^(v( f  ) )  = f  I  r ( t )  d. i )  4] , r  ,  r '  €G )

Egggg.( [7] , [26], fse1;.  r t  j -s c lear ' . ;hat e. ,  j "s n
LT

add.ltive, positive:.honoEeneous and,.
': 

ec( a*xa ) = a* ag( *)- u ,- x 
-e'-N+

For any f € f-(G)+ ana for any k s f i*U c. Lt(c)
( ' cr
\ < , t a ( t ( i ) ) f  ,  1c )d . t  = \ \ r 1s ; )  n ( s )  c l sd . t  =  r l r c
J  J  J J  J

thus, for any 
T 

€ 1T; 1re get

C (

)  a<. (v( f  ) )  '  T> r r . t  =  
) * ' t -n- (S( t ) r )  ,  y )  a : ;

. c
=  \ < l d ( e ( i ) f  t 1 4 / o  v )  a t

J ) l

= ( \  rCr l  o t )  (  { r l '  T>

.  
fh is proves \5) and' the semif  in i tness cf  QG r

Due to the lef i  invar iance of  l laar"  neesure,  i 'b is

o(g(qc(x)  ) -=  Qu(x)  ,  x  €  N+r  g  € G.  I ls ing the ut : i .qucrness of  ihe spea-" : : i : i

resoluiion of e:;' i;end.ed. po.sil:-ve elenqn'bs (Vt/J, L "5 
'.j 

, '!ve j-nf ei ' ic:-;

al l  spectraL project ions of Q^(r.)  are"(-- invariant,  i  eo that
| J 6



- ' C t* \rt

c ond.it iCInal e:{peciation

. - l' f L  , >  |  , r  T . 1 7 i  )  '  | 7 1 r l l : 6 / ' , !
^ L .  J  L a )  & v ;  - G  a  + . a , * v v u

oPe::ator ' ' la1ueC . 'e i3 l i t

Qn by. the sane general
v

. , the l{aar wei,;hb fCp^
d,$ on (t 'T 6 i I(c))-

---t
x  e  l { '

t.

l{eunrenn algeb::c end" aSs,r'.e . { -1 - ' , , r  a

on N ang gI in;jqqi,iorj

:-
Q 6 ( x ) e  ( t l o ) o .  & l

We can derive the

nethod vihi.ch was usf;
oo-

on L (  G) y ie id.s an

with valr:es j :r  ET o nanely (c.1"6) !

Fn
(, nrn*(x) ,' 1''l

and rve reobtai-n .i1 u.J

g v01

o f G

< r ( v ( f ) )  =  v ( A d ( S ( t ) X )  ,

tT l l rayr  1I  i  q 4rAr1 6,al l . l :o i  Jr : r  
' t rd ^-  i  - - f  r@( f i \  \  .j:g .::a i:;:*:s:t=:r- -l'l g-gg v(J-r \Lr/I ;

I

r , ,  N  = A { r t * ' r  v ( i - , * t c ) ) }

Eg-gg.i . .Consid"er a fundanentsl syste.r { , tr} ,  o, of conpac'b nelgh-
L S !

bor l  ood"s of  e € G artC choose the coat inuous func'bions fL on G

t € G n f € f,*ccl .

f r 2 -  0  r  s u p y  f r -

For any * ffi*n anc for eny c

support h on G r i lo shall show

c
1r \  + 1-;- \  di ;' L  I  J * L \ u , /

onti l ' "rous funeti

i;hat i

The lntegra)- appearing in (a) is legit ime since ihe fu.nctr 'on

5.ntegrate is ' ,v-coni1nucus anC has eompact support ,  nemely

h Ad( l (g ) ) fL  =  o  fo r  s  , f  (sup i )  i r ) . (supp f r ) l t .

"Ci l tc t$

T> -  - (x  ,T* f lc)

Qs( x)

TT ̂ 4 -1^ nliS0REi', '1, Let I 'T be* & e  J  a . /  a  r r .

i .s gn i lcticn o( ; G **)'Aut(Il)

v r l,'*(c) *p N such that

such ihat
I

ih the sense of w-topology.

I

i

, t
rn

r i r ' u r ,  1 . , \ \
! . \ T  \ f , '  d \ ' \ )  )  ,

l r  . - I
(2(

- A  .  , E T
L  '  b +  4  a

^ v l  , r r i ' l - h  n  n n n o n  " l -
Vr.l 'Jl I i / l ' I  \/ \JlrI lu(XL; v

thusr i l le r :1:,n'b hanC sj.J,e x (41 ls an elenent of C,{ni*,
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and. (4) shows thet x.v(h) € fr{ru" , .r(t''(G) )} . since the conti::uous

:lunctions with conpaci support are w-dense in f,'tcl

is w-dense j:: N , the theoren follows frorn (4) .

and since Ttt..'{,6

In order to prove (4) put a = x.v(1.) and renarlc that i

i n l l  ,5 ouCf(e)) i ,  dg = 4 * in r-(c) and. .  ac((Ad(,\(E))fr-) = rN

Thus

."od,,, for an.y y € 
llo r w€ have

c v
a  =  

\  a  a6 (v (aa ( \1g ) ) f r ) )  v (aa ( I ( s ) ) fo )  ds

= a l (Q*te  v(ad( \1s) ) f r ) )  -  a  r , r " , (v (  r . i ( \ (s ) ) fL) ) )  v (Ac i ( \ (g)x i  )  ,y lc ig=

sincc ,a(! (.))rr- I, = o fot F # :tf, . 
':

FOf eaCh v ,z  i?(n\*  , -  
n  

.Ok  €  t  ( G ) *  C  L ' ( G )  \ ! ' e  h : r r e

r  . r .  v  i< \ ouC>.(e) ) (Ad-(S (s)fu. fr  )  ds , k

e . v li= J < A d ( \ ( e ) )  ( A d ( S ( s ) f r . f r )  ,  k l d e  =

= [ [  t  r " ' - t t= )  r  r t - t s )  k ( t )  d tc lg  =-  
J J  

- 1 , \ c :  v e l  - L \ -  c ) /  r r \ v /

f  f  \  r - l r \  r ,  - r L= r  \  f i (g- 's)  r r (s)  k( t )  d,gcl t  = ( f "a '  f r  ) (s)  l l  i . l l , r
J J  9 - "

so that
' . . C V

l l  " (  \ , la (Xs))  (A i (S(" ) ) fu ,  f " )  os)  i i

Cn the othe:: hanc, given g > 0 . r'or "largel' r- € f we have

2s o vf"  :+.  (  (x . (a)  a)(<s(a)  a)"  ;  "y  > < t -2 l6t i t .
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Using ihe Schwartz ir:equality 3

sre get

( { )

o n  L t .

'To sholv that II is rf -iscnror:phic to

t ion

l< xr , Y >i < Y(rr* )'lzy(r"Yyl?

t .  \  Qs (a .v (Ad( i ( s )XL) )  v ( la ( \ ( s ) f r )  c i s- J

- t
I  E ! ' t t r *  r r  ) (s )  ds

'Thj.s proves (4) and the theorem. f f i

\

. The follor, 'y, 'ng ihco:ern charac't;erizes ihe ';on I{e

ar is ing .as  c rossed.  p rcCuc is  by  ac i i : .ns  o f  A  .

unar-n aigebras

a  ,  Y > l  €

TT ? ': rnrmOllElf,. A von lTeunann alqebla 1'I is rt-isono:r:prric ',i:i-th.*J-r , /  c1-o l - ; ! rv !u i : j "  j l  j *v_: :  : * j5 ' :11* j  l i l j ! l

lglrS. g,ggggg !sg}!-g-! of ?fothef :rJ! 1legqgfg gl-qelr'g bX aq q.q-Liog of. G

A{" ap4 .q}].X lf !+erq i-El gE p9!1on $( ! Q -p Au'b(}i) 9l c o-n }T

'  e ( * ( v ( r ) )  - v ( A d ( S ( t ) X )  ,  t e . G  !  r e  l ' " ( c ) .

nrrr l  er )  in jon*- l  nn r r  .  f ,?  C) - -x .  N c l t rnh *h: r r :  .v , r s  u J r  i r i . t v v v - * 3 1  Y  .  u  \ u /  -  L r  
! j Y j .  v r . r e ,  ."- . , * i isp v :  L*(G) - ->N glgt

4 . .
.4n tlig ggfi9 , 1{ r-.g * --lggnglpLre. qith },{ x^G , lvcere ftl = I'{ - ana \ ,.- s
j€ .Uurlprngni;ed" v.:j: :'' , .

,\
! fqg{, f f  N = l ' , t  xoG , then the d.esired conclusions fol tow from
= = = = =  b

,  I I . 2 . ( 5 ) ,  I f  . - " ( 6 ) ,  T f  " 2 . ( ? ) "
^t

Conve::se1y, we def ine lJ = Nq anc. rve cons j-d.er the ection S = t -,
j

o f  6 ' o o  I T .  B y  T I , t , I . ( i )  ,  \  . o * o u * n s  i : r i i h  < ,  s o  t n a t  \ ( l f ) c .

VIW L(G) and.  \  rest r ic ts  to  an act ion,  s t i l . l  d"enoted tV ' t  o  o f  d

l J  x  n  -  r " a  d o ' i ' i n p  n ? 1  i n - i o r . -. : r  ^ c . u  t  r i v  l l v +  4 } r v  q r f  s 4 t J v v

$

V: IT - - ->  r {  6 'B(12(G))

by
rJ[ (:r) = *i 

""r.-a 
(xI iv' r x € N ,

vrirere i $re rroall, Wv = (v o j-G)(l' ln) e l{ 6, L( G) .

.|



,
i
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i 3or lc € l,f - llo( we have

V(x) = 'i ' .,:"*_r(x) w

- 6 7  -

,,  = wf (xets) l i r ,  =E(t,) p

whiLe, 'by l \ .7.1.( i i ) ,  for f  € ta" '(G) we have

V(v( f ) )  = wf ,u. - r (v( f ) )  wv = 4N.s f .  ,  '
r ' o (

. flt]rereforer taking into account Theoren f,I.j,, and- the definiiron
11,

of ['1 x- G . it folloivs that
\

t f lul =\;(G{i{* , v(Ltc))}) =fi.{\(r{) , rMs f '(c)} = i,r **d

end 'this proves. the ttreore$. W

I.1 , .3,5.  Sj-nce there is  an act ion AdS of  G on B(f2(C))  srrch

that B( Lz(c) )AcA = t( G) and. an in jection iG : r,.( G) , -+'. l,i. t2( c) )

such that ( l-) holds, i t  fol lcws tha' i ;  B(r,z(G)) is *- i .sori:orphic to

t ] le crossed prod.uct L(G) x$ e and. there is a r.s.f  .  coi:ci t lcnel
$G

)
expec.taticn QG of B( L'( c) ) cn i-,( c) .

I
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!!-fiT,J!ifs Oi,i CROSSSD FRODUCTS"

bv qq!.:q!q ef G .

:

Let d( i  G -*> Aut( l , f)  be an act ion of a local ly conpact i : : :oup G

)n a von lTeurann algebre l ,T and. 
T 

be a r, .s"f .  rr€ight cn l ,{ .

{'he d.ual r' ielght q olr ; ',1 &G wes construcred. by }{.Takesa};i ([C{ol)

l .Digernes ( i  S lr l  g ' j )  
en. j .  J.-L.,Sauvag;eot ( [5-ol) by neans of l i i lbert

r1"geb::as. Then U.I iaagerup ([a+];  has showecl that there is a unique

r.s"f  n cpsrotor ' , ralr :ed- ivei ir i r t  P of tr f  ,x<G on l .{  such ihat Y 
= 

T. P

lor any n.s.f  o i ' re i6i i t  !n ILT and. Lf"Lanclst-acl ( [3S] has ea?l ici tely

;onstrr,-rctc'e the orbcund-ecl palt" of PG . ,
We have cr , .nst :sucted " the whole"  ! , .  (  $  T. ,1 .L ;  and.  a l -sc  U. l taagerup

t.r

.f"6.l) and we sli:ri i Cefine 
- L'-- ? -q
\ by T 

= 
T 

o"o. - '  ?G and stud"y the vaiues'

! f  i l  orr sone part icuiar elenents as r,vel l  as i ts mociulsr autornorphism
I

;r?oup, lvhich ;-n tura entai' '  )
l.s that T is inCeeo lhe duai wergirt of 

?
rs o:: i5i .nal ly def ined, j -n ([6o], t  e 1,[sa1;, i

Tlre saa.e resul i  n:C alread.y been obtained b; '  L ' , I ' ia.rgerup {2A11 . 
i

'oi, the salte of conpleteness ,,ye shal1 jnclude 'bhe proofs w}:icn ive i
. j

lounii

0n';he cth.er hano, lffe shall prove that the d.ual weights on li l xoG

me exactly t i re n"s.f  e weights on 1,1 x<G which are j .nvariant -  in an

rlpropriate scnse - with respeci i  to t l :e Cual act ion e of A .  This

rxtencis for arbi i lar:y locel iy conpoct groups t i re resul. t  gf U.Tlaa3ie::up

t l ,€70 l i :aoren j ,?") in bhe eominutat ive case, r ,vhich in fact s ' . :38ested.

rs t i re gener:ei. j -zat j-sn.

}E

en act ion

dI.l\r l.r\, l  U

S 'l " lugl ugiggta a! n  T t n c a A f i p!a+qq!s

I(

Iret ( :

!uai- act ion

r  
' r  

/ r * \

l rutt l . l  , l  De

or1 l.{ x,. G

G -*a*

.r'f n

n-{) G  o n  } r t  ,  \ = Q  b e  t h e

u ( g )  =  t M e , \ ( , s )  €  t , i x " . G



? a
- l n v G

g €  c  .  Reca l t  iha t  (  g  f .2 . (? )  )  :

! ( u ( e ) )  =  u ( s ) e  \ C s l ,  s €  G

consid.er  a  n .sof .  weigh. t  g  on I1 , {  "  By $ f , } " r I .  and $ rozoz,
I  - -

there is I  ] l .s. i .  cond.i t ional expectat:ron PG of l f  >! G on u.,  (L{),

so that (t24b ive nay d.efine a n.s.f . weighi 6 on 1,,[ x-. G as fol].o:;,s

Q c x l  =  y ( r ; t t l * t x ) ) )  o ' U  e  ( I i r  * * ' * r * .
. t l r u

. [he lveight q is celled. the CuaL iveip:ht of tp ^
|  -  l -

I f \  f  :  q -+ L{ ls a w-continuous funct ion with cornpact suppori ,

.  
then' rve nay define an ele,rren-i ;  Af u l{  e' t(G) by

nr  =  5 , ' , , s )6 \ r s . i )  , i a( 4 )

a n d " ,  i f  A f  = O  1 v / €  h a v e

(2 )  4 * ,& )  =  r (e ) ,
Indeed , for any t1 e lf| we have

a r ; i (Ar ) ,  1  >  = ,  A t ,  T  6 -c )

0n the other hand , for ihe same functicn f Trqe Cefrne an el_erien;

Tf € l,i xo* G by

r( r )  , r f  =  
) r . r . ( f ( s ) ) u ( s ) d s

( recal l  ' f .hat  u(e) = {1{ e\(S))  ancl  i f  Tf  }  C ,  we n,3ve

(4 )  PG(ur )  =  u . . ( r (e ) )  
'  

o



- ? 0 b

T r r r l o o , l  v t l ' n . e l r p
& & 9 V V * t  r i v  r : u  r  v

\ ( r r )  =  5  t (  r -o ( r (s ) )  u (s ) )  d6

lo  that ,  t ts ing (2)  we Bet

Pc(Tr) = l f t1, t ; ( f , t t f ) )  = r ,"r( f (e))  u(e) = e."( f (e)) .

Tt fol-Lor.is i;irat I 
'

: 5 )  6 ( r , )  = . r ( l ( e ) )' i '  |  
-  r '  l -

lor any v,t-conbinucus funciion f ; G -*r" if wiih coinpact suppc,rt

lnd. such tiiat T*" ? O .
$

r fn what fcllovis rre shall identify I'1 with r-,. (t '1) = (lJ x*G)t.

tn  addi i ion to  prev ious noter i ions we shal l  f r :ee ly  use the usual

ro ta t i ons  c f  i he  re la t i ve  ncd ,u l -a r  thea ry  ( t6  ] , [ f  ] ) -

Thus FG i i  e n,sof " concl i i : -onal e), :peciat j .on of i i  x"(G on l , f  r  f  .
l s  a n o s . f o  r v e i g h t  o n  1 , {  a n d  T = T o P G  .  I t  f ' o l l o l r s  f r o n r  t l i e  r v o : k ' '

: f  U.Haagerup ( fL+7,  Co:o l l  arSr  4 .?-  )  tnat  ;

q Y'  
v*( ;<)  = $t(x)

N 4-'

, rTtu(s)) = oT'T "o* (u(s>;[nt ff i ; , oTi,
N ^ 4

Y l t f  ' ( - .  .  /  . . [ . - /  \  - ?
F  t -  |  3  |=  ( i t  v  i u ( 8 , ' J L U t Y " o g , '  t  t T J o

q,G;_ .i{-
: 9 )  $ ; ' i  f i ( u ( s ) ) = a * ( a ) " u ( s )  r  8 e G , t e R ,

tiren (E) ano (9) wii l  en-i;ai l

On the other hana, by the relat ive nod.uler bl leory ( ig ] ,  o:2) ,

I
I

, Q ) , 11 € lI , t 6Tl r

and. r,ve shell show that

({.o j



.fu ? -- :t-(ar l  C, f { l t ; r l  =ac{s)- t { 'C"Csl  x  u(s)*)  ,  x€(} , rdc)o,  s€c"

But

-  r  \ / r r \  -  (  r - . . - t  \ f P  ( - t  r  / r r \  , - / - f l( i  "ds ) (x )  =  (T "o* ) (PG(x ) )  =  T (u (e )  PG(x )  u (s ) '  )  ,  .

A* (s ) - tT (u (e )  x  u (s )o )  =  an (a ) - tT ( rq (u (s )  x  u (s f  )  ,
;

so that (tt) foll-ows once we prove "L-hat

. \
(L2)  pc(u(s )  x  u (s ) *  )  =  a* ( r )  n (s )  pc( t { )  u (s ) *  ,  x€  ( r { {G)+ ,  6  e  G.

This property of PG , wirich corresponCs to ihe prcperty (O,e:)

of urc , ls proved. by the follor,ving conputatj.on wlth 1 
e ivi|

4Pc (u (s )  x  u ( s ) - )  ,  {  )  :

. rrr.tL,L. . 'r iaoRsl't ([ 6oi,l S ] , lf4,i l ,6f) . oj o.: c -> Au'b(: '; i '=

Aq act-io* c{. G _on i,{ en{ € be_ q n,s-.f . :.'{q-}.{:g! on Lf , !he:r the

d.ua1 v,'grah-l

e  = , - f  o  , *4  o  Pn
l l t / r L r

is  i ;he uni-oue n.s, f  .  r . ie i i : i r t  on , r ,T x G w:- tn the l :ooe*t ies :
o( r.B- **

Concerung (9) r w€ renark that , b'y (0.1,8; , it ts equivalent to

(i) fg en,{ 'r-gsgirrSptg*li:nclj.ql f i ff ;p },.{ wilt Agngac!
c ! r i : 1n^Y .+  : n ' 1  c r r n l r  # ' , - . a i -  m  \  n
a ; l 4 v l / v l -  U  J I - u  l J u L r i I  U I I ( : I  L r  J - . c  +  \ J  t

' t v .

,  r f  ( T r )  =  r y ( i ( e ) )I  a .  l .

( 5 )
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, t  . . ' \(i1) &S g.g; :r € lI o I € G , t eTR I

( 6 ) sit 
"*t 

*l I = uo (r[(:r) )

(40)  v { i t , ,  @ ) \ ts ) )  =  ao(a) i t  ( t , ,e } (s ) )  r .o i [ r ' ( ,1 .< - )  :  ug j * : ,

Eggg{ .  By ihe abov'e ,  q ,has 'she required" propert igs.
!

$j*ce L{ } /kG is 6enerated. by r"*( l ' i )  snd. { t t  @ L(G) ,  {5} anC (tO;
, r -eornple-bely d.ei;erninc ibe ncCular au-boncrpn.sn-Broup of T e whi le (: ;)

,leterar*.red the values of T on z ,v*cense Q-.:  - invariani ,r ' -sunelse-

bra o,f l,t lnc r so ihaj; i i:.e uniq';eness follcris b7 the theo;enr. of G.K.

Pedersgnranc l  i ' . { "Takesel i : i .  ( t4e7,  . ' iopoo.r t tcn 5"9.  ) ,  Sf ,

We shall sey that a n"$nfo rveight on I,{ x"(G i.s i4ggligi* ly;Ljh
z \  , \  . . \

ggeg_gc't jS" -!jlg gJgJ -q!.Li:.g A of G orr t{ }kG if lt is (v. , j*)

in-,.Afj.ant ( See 0, ?" ? r Ou 2. L2) "

The fol.l.oiving theorem extend.s the tneo;em of U"ilaagerup ([.25]t

*heoren 3"?) frora the conmrr"bati're ease to i;he gencral caseo

III.I"2" T}iIOF"TIJ. i..-.:i a/. : G' *-">, Au-L(:i) hg _eg ggli-Q-g g.t G gS 1,1.

ghgp.tk .{ggf j,eJ*1g!g g.B. iil {i G g#. q{ad,;ry ;[4g.n,"rs"f. 
'n';ei.1ih-!s on

.(

&1 x,.G giig.g -alg ]rygligg! u+W.I jbg 4qAl eg.},3c,Jr A gf e g 16 N.. G.

Blgqf " i. 'oi any st-conti.nuous iunciion ivii i l . compac i eupport

f  r G - - - > L {  a n d a n y  k € A ( G )  v / e h a v e ;  
!

{43 i

(14)

where

(m  t *r *f , To'f{ t

k 'Tf  l f f  I

d4 11 - j1 b:-

rs(e)  =  ac(s) - ' l  r (s* l ) *  ,  (k f ) te)  =  lc (a)  f (g)  ,  E €  G .

ALso, for riny ttro s+-contj-nuous funct-i,ons rvith compect suppori

f l r f e : 0 - r > ' t r { , v e  h a v e

(45 )



'  
-  7 3 *, d

r
rrhare (fa re rr)(e) = 

\ rn(s) r*{e-le) ee , I  € 0 .

These forrauias follow d.irect13' fron d.efinitj.ons.

Using - j-n an obvior.rs liray - th.eoreu A,,2,4.2, Sheorein IILt.tr and.

folmulae (13) , ('14) , (1"5; , it is str,alghtforwerd to venlfy that.

any dual weight on MX-G '  tA r \ls ( "< , j*) invarj-ant,
'  a l ,

Conversel l i ,  1et  Y be a Rosnf"  ' iveight 0n Mx"(G , invariant wii;h
; .xo. G end consid.er an ertri,-

11 >1,G. By Corr l lary 0.2,{.J
c(

A

t  nY: niJ 1 e (tr i  1 G)d s ro ( l , i )  (uy $ r, 'e"z) ,
'  . . ,  a .  . .

3y the  work  o f  A"Connes ( [6 ] ,  Th6orbrne  L ,2 ,4 ) ,  th r ' re  i s  a  u i : lque

t l .B. fn weight v on M such that :
I

*.lrl.'t.,

respec-b i;o the d.ual action Q of A on M

trary d.ual ( hence lnvariant ) 'ire ight A on
I

vre have

end uslng the
: . . .

so *n** Y= ? .
I

[his prcYes the Theorem,

[Dy :oT l *  =  r ; * t [ : :Y ;  r {1 * )

result of U.iiaagerup 11247, Corollary

[ n Y , n ] J 1  = [ o t : n l p l  1  ,

,  t € B  ,

4 " 2 ) r  w s  g e t

i  r n  )
'
i
i i
l i

t l
l l
i
L
i l
t l
i r
l '
!

ffi
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'. rl
8  2  T ) r r n ' l  r r r c - i : r 1 n 1 : q  a ? 1  n t n . : q n , . i  ' a z , n d " n ' { : q  h : r '  = n l - *  n r q  n f  ^
u  L .  , r v * I . l t r U i . )  U . : - r  U !  ' J J ( ] ' J \ : ,  J !  J L i - : \ :  i . r r )  

" , t  
t f  .

'  I r e t  t l

be the d"ual

Consid.er

there J.s a

so tha'r (by

fol1or.ls i

We have not

iTe just reaark

we sti.IL have

tsy the

t r c ! fa : G p a *  |

ld ---> S{ 6 t(c) be an action

action of G on l.iI xoA .
a

a  n .sn f  r  r i o ig? r t  T  on  I t I .  Jy  $  T I ,1 ,Z .  anC 3  TJ ,Z  "2 . ,

r l .s. f  .  ccnd.i t ioneL expectarion qG of i l  x*G on \( i i )  ,

[,4*]) we .ney c.efine a ,r.,*.f * y/Bigi:t 
1 cn ll xXt as

f  txi  = 1(\-1(ac(x) ) x e (1,{

t\

of G olt l,f and. lei o<
(\- n

*t?) * '

The r,veiaht ; is called. ihe cluaL r,veii:bt of tf .
l . _ - ,

an. enalogue oi '  Theorern 1l l . l1,,L./L. fol  this si tuat ion,

that ,  by the genei l t l  resu l t  o f  U. i iaagerup 112+3 1 4.2 ) ,

* i
L i ^  v

( t )  u ' i ( \ i (x))  " .  \ (qr i (x))  ,  t  €l l r  ,  x € L' l  ,
r * -  * - ' l  S z I - -  I  \( 2 )  L o T : l i J u = \ ( L D T , l 1 J 1 )  , t e E ,

for any ri.Gif . velEhts- T r Y oil !.{ . ' lYe also rnenij-on tnstr if T is

\ *invar:-ant , then 
"[ 

acts as an id.eni;ity on tlt @ f( c) .

0n the o' i ;hei.  hand, th: condit ional e:rpectat ion a6 being clearly

in.rariant wrth respeci i,-o the dual actioi: "1 ., it follovis that any dual

weight is inva:: lant with respect ' i ;o ihe clueL aetionr

If Y is any < -inve:riant rr,$"f r wei8ht on ir xa0 ano. ir q is

any dual weight (autonaticallT o< -j:rvarian'i;) on I' i x*0 , then i.t is

easy to  verr fy  tha ' ;  [ : iY t  Di l t  is  a lso s(* invar j -an i ,  thus

[uYt  t f l .u  a ( i i  * \0)*  = \ ( r , i )  (by S !T.2.2 )  .

wor l c  o f  .AnConnes  ( t6 l r  Thdo i :dne  \ .2 .+  )  ,  
- i , he le  i s ' a  un ique

v,rei5hi; y oo l,{ sttcir that

lJ e lR ,

-  l r - -

I nt r ].11, = \-lthY ; .,i{'l.b)



,F,,..i

arril usins (2) we get

f n Y r  o i l t  =  [ o ?  r  r f 1 5 ,  i r  € ] R ,

so tha t  X  = i  .
, t

,Tb.usr th'e safite proof as in the connutative case 1p511 f'heoren 1..?)
' , . , , i , '

^ yield.s bhe folli:r'iing

: ' ? a-III 
.ZoL. [iEOR3.l,{. I+et \ I i,;l *-+ M 6 t(C) be_ gp acgicg qI G

11

on M . [hen the dugl r,'reigh.tg on l,{x*G are g}rgg_tly lhe n"g.{ lipi.Ehtsa

_on M xo G wh_lgn are j.ggLAien! iryLqes lire -d"ual actig \ ol, G ABu
4

I d x o c ,
- t

,t

, / ;



n tG l o

$ r. lbe-4ucliry-lbeqre.!.

tet o( i  G -> Aut(:{) te an action of G on }l ,  \  =l be the

aual action of e on U.ac and. n = t = f, be t i : .e second. d.ual

ac t ion  o f  G on  ( l , t  Le)  x*  e  (see $  I .2  ,  S  I f  .2 ) "
'

We ldentify (L,t xo C) x,. t witb it 6' B(1,2(c) ) as 1n: fheo:'em f .Z"\.

fhenr as w'e have ai-read.y noted., ihe seco.d. d.ua1 ac'bion O is givea b7:

r  . l 3 e  
= o s s A c ( g ( g ) ) r  8 € G .

'Cons j .c ler  
a  D.snf  r  w€ight  T on 1.4"  Then q is  e  i r .sof  r  v {€ ight  on

M x*G .and. i ts cluai weight fr  is 3 n"6.f  .  vreight on l , I  6 B(r,2(c)),

0n t i : .e oi i 'er hand.n let Tr d.enote the canrnical trace on R(1,2(c))"

S incc A( ,  is  a  pos i i ; lve se i f -ad. jo in t  operator  on t2(C)  ,  $ /e  nayL'
. o

consider the c"eri.veci, r,veight t%* -on B(t '(c)) $.+61,s2+; ano then

the tensor. p::od.uct'  v;gight f * f%* on DI 6 B(f.,2(C)). Irurthermore,
\r

un i i a ry  e lemen t  U t  .  t i  6  t  (G)  .  t  €8 ,  de f j : red  by

-!

G E s l-..-, '+ u*(s) = [.D(rg "x*). : lf l* e i.i

Sben i . t  is  essy to  ver . i fy  ( "n* f  3  ] l  that

U , * t * - ? U t
:

is a unitary cocycle rvi th respect io T @ Tr,.^ in the sense of ( [6],
\.I

4".e"4) and rve clenote by (T * T%^)u the corresponding d"erlved.

.ch is uor. s .f . weight or: L{ 6 B( 12( c) ) .

lVe shall shcw thet

(/r ) E = (T* t * * ru
or3 equivalentiyr we shall prove !

fI1.r,t. flitOiEl./i. &I agy ggSl-Ag or :' G --->

c.onsid.er the

the funciion

*ry$ &r-evr G .eg
? on I t {  , 'we have i
l *

( 2 \

a von Neun&nn aiqeb:a lur i  .
. J

Aui;(i,f) g| e IeqsUX

grd egy g.g.i. l,'{Q iflj,!

t o { :  D ( 1 c r r ) 3 1
: I

Y A

v

'b €]i i
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fn the case of cou,;nutatlve groups G , thls result was obtained" by

M.Takesaic i  ( f6O1, lheorem 6,7)  anc l  T. l i .gernes ( t?  ] rTheorem 4.2) ,  .ur

proqf of Theoren fff .JnL, avoids the use of li i l.bert algebras and_ ,

even in ih.e connuie.t ive caser'seens to ie sou.ewhat sirapler thar,the

p r o o f s  i n [ 6 o 7 , f  g  ] "

The td.ea of i;he irroof is to conpuie bcth sid.es of erquaflt;r ({-) tol

elenents X e ( lJ 6 ts(t2(G)))+ d.ef inea by s{-continuous },{-vatueo

kerneLs vr: tb compact support,  to esiabl ish thatthe'bvro weig,": . is ix (r f)

commute and then io apply the theoren of G.K.?eclersen and. Li . faireseki

( l 46J ,P rocos i t : -on  5 ,9 )

f
if )f

Consider a sLconi:-nucl ls funci iorr -

G t ( s r r )  r y  X ( s , r ) e  [ , i

with conpect support and- such that the correspcnding e.lenent
- a

X €  ln  @ B(L ' (G) )  ( see  $  1 .1 )  be  pos i t i ve .  T t  i s  i hen  easy  to  see

that  X(g,e)  e  L I+ for  a l l  g  €  c  _

I]I,7 ,2 . LBI'j}.,IA ' abo'tle 1 a  r ' \ n r l  1  i -  r . Y l  -  l r r a ha-tre :rp !!e.
r r \  f
L ) * \

r,

Brgqf . I,'/e

f;r
irave

#

T

T (*s( x( a, s) ) ) ao( a) de

= T"  Qc

where (see $ f f  .1.?) QC ls the n.sof " condit ional et{pectat ion of
a

L{ 6 B(L'(c)) on- ly1 >!G clef ined by :

€. (r ,r  6 3( L2( G) ) ) i  .

$Ie rnay assune that lrl c ts(iI) and. *.;hat there i-s a unitary repres€:1.-

t a t i o n  u  I  G - - - t  B ( i I )  s u c h t h a t  ( - = A c i ( u ( g ) )  r  g € c  r ,
- 6

Then, for any Ers € G anc any 4 € r. ,z(cr l l )o we irave !  .



a ?B

( s ) *e  g ( s f  ) t  : ( s s )

u * ( l ( s ) ) ) ( x ) )  * : C " l
=  ( ( u ( s )  o  g  ( e ) )  x

- 1 1

= u(e)Ac(s )Y? ( : i (u

= u(s i !  x tsg,r )  u(sf f  t ** - t )  ar
:

o fo ,s ) !  
" (a )  

x (es r r$ )  u (s f { t " l  d r3

=a6(s) l  " .*(x(  sa,r"€t)  )  I  C*) tu

(((<u e

= u(e)  ac(s)72 S tCu* , r ) ( (e(g)*e g  (a) "  )  f  l f  r l  &r

i

{ - } r r r  r
U I l U  U

t5

' F t r n n

S  T T T
. J  { J . J

uncti .on
' f

=  \ d *
. ) u

tinu or-t s

as in

rc ( '= ) i \ .

Conside:.  the f

f( r')

It is a rr*con

notei ion T"o
I

( r f  t  i {  )

Ther,ef ore

f  f  I . f -  , (5)  anc" (L+61 ,3 "L)  ,  we get  :

*  r  - . , ,  ?  r  . - .  / ' a r \  \

T  ( x )  :  T (qG(x ) )

t

(aG(xX i f  )  =555a*(s)  (x , " (x (ss , rB) )* to ; ldcs l )  drdsds .

O 
T 

L{ d.efi-::ed- by :

\ \  f  \  -

[ i p t ; ) ) A * ( s ) d g  n  t € q

'i;j-or:. ivj.th conpact support and", r,vith

n t - \ .

" L , ( 1 )  ,  w e  h a v e  ;  
- -

i .< " " (x (se , rE)  ) { t " l [1  t  "> ;  
c rdsds  .

(q*(x) t  l *  )  : :  ( r r*  |  { )  i  {  e  r ,2(c,H) ,

n'hj-ch means that To ? 0 arnd

Final ly, usi-ng

in (Itt x.. c)+

d s )

o"g . E[

the

QG(x) =' [f
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.  Th.e couputat ion of ( . . '@ [br )r ,  (X) is a l i t t le nore dff icr: l i "
)  " G v

there is a n.s"f .  condit ional e:rpectarion ?G of S(L2(O) ) on

ftcl ( S T.1.i ) and. we have the (left) l iaer weight F n on .1c) "
Therefore ( th+h we set  a i i .sofr  Treisht  

fe "re , ;  u{r icc)) .

I';I.3.3. LEL!',{A. iYe have

*%o = 
f co ?G

n
a s l.r%i,q}:ts on B( L'( G) ) .

SgC€.  Co: :s ider  ) :  €  B( f ,2(C))*  aef ineC by a
l

G x G e (sr r )  l - ->  X(sor)  e .  t ,

with conpact support.  By $ f .3,2 i t  fol loivs that

PG(x) (s)  -  ao(r)  x(s,e) ,  I

so ihat

( f *"  Pc)(x)  = 5 *C6rB)zr*(a)  c is  .

hana, AC X is ctcfined. by the kernel

( A C  X ) ( s , r , )  =  A n ( s )  X ( s r r )  ,  
t " , r  

e  G

-t

;
, l

I
eont inuous kernef

PG(j i )  e L-(G)+anct"

c l r ,

0n the other

J- r -;-)
,  u e J n ,

and. ,  us ing ( td5 l  ,  ch.  rx ,  $  B,  xx .  +9(c)  )  ,  r1 ,e  get

.  Tr" (x) = \  . ' rro"-o"
oG.^ /  

=  
J  , t t g 'g )  a \6 (s )  d "g  .

Theiefort, 
fG " PG and. *%* agree on the linear span A of the

eieurents x e F,(1,2(c))* whj.ch are d.ef: .ned. by ,continuous kelnels

with compact support" f t  is clear that A is a v-dense +<-subalne?,.ra
a

o f  B ( L ' ( G ) ) .  S i n c e
rlu..

v* ̂ * 
{r) = at* 

".aatt
n%,^

tt follorvs that A is gt G -
i +

l l loreover, since Aio * t*(c)
c

of ' B(L'( G) ) 0n 
"'"C 

Cl , ',r,hich

invarisni.

and. Pn_ is a cond.itionel expectei;ior:
TI

is con,nutative, l?e have I



- B O I

Pc( x)

respect

4

,  x  € B(r , t (c))*  .

to the nod.uler autorqor-

tJ6B( i ,2(c))  - .
G

ln tbe sense d.ef inecl by U.Haage::up

I {ow'  U -{ i " i r t *e,*c l I  6

pect to the r..s.f r w€ight

consider the de:iveo rvei-eht

shovrs that

im @ rf( l,2( c> I

(  t?+1, theorern ! . !  ) .

t f (c)  1s atso a

T @,1lC on t{ 6

(  g elc)u on

ur.ri'i;ary cocycle

f(c)  ,  $o that

L r 6  r * ( c )  ( [ 6 ] ,

vrith res-

we ..may
4 - , 2 . 4  ) .

q$

FG(AAI xo[it) =a[t rntx)o;1* =

[herefore 
/g. 

Pg is jnvariant with

phisrr group of t%* , .

Using the i l^.eorern of G"K.Ped.ersen end ir l .Takesaki ( t+67r. j .g),  q/e

get the d.esireC equal:ty" . U!

Shere is also a n,s.fo cond.i tronal e,ypectat ion
/r

o f  M E B ( t ' ( c ) )  o n  H 6 I f ( G ) ,  o b i a i n e d . g l a , . t h e

of t on I{ 6 B( 1,2( c) ) as in $ r. j  ,L, ( i . i i )  ,

T'TI *3 ,4 . LE}.$IIA. iVe Favg

{,1 *,/*)." FG = T I t%* 
,. ^

gg vq lFbE ot l.{ 6 R( L'( G) ) .

Elggi. By l,e,nma lII r.3. the trvo rveights agree on TIt*@'Tlt* .1 t%^

Tne r,rodular autoino:,prisn sroup F- = oT t (o}t . o;t*) of - T e, tL*
t

cornnntes iv j . t i r  \ *  ,  : , . * .  \n .  t ,  =  ( r r t  @ ic) ,Sn .  Us ing S I ,7 , (4)

we see that vt. .  comnutes wi i ,-h PG , Ir inal ly,  
i  c, /c is clearly rt-

J.nvariant ancl ihelef ore ( 
T t,f *) 

' PG is v*-i:rrr-ariant.

fhus the Leuma f ol lowd r - ing again (+6'1,I .9) .  ts

l',le renar.k that tfre ebove proof

a

D _ ? t f  6  B(L ' (c )  )
L d  -  I A

\r tr

a c i i o n  \ G  =  i n o e \ . ,
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. TTT z q LEl.flilA. 7e hare-  * + 4  a l  . / .  _

: (T @ r1l")u = ( "tr e/c)i; " ps

es v{ergg-E 9n },1 6 B(tz(*)) "

Eggg{ .  Th is  fo l iov is  f rom Lema f f f . j . l l - ,  us i : rg  the resuk of
t f  l t ) l l  , .  ^ \U.Haagerup lLZq 1r4.2) anC the uniquene;s of ihe d.erived. r ,veight

corresponding io  e  g iven cocyc le  ( t6  Jr4. .2 . t+  ) .  f f i
' l

The action < : G ---+- Aut(:.T) d.ef ines s +-autcnorpirisr:r Z. = 0., n

of l,{ 6 inc) , as was pointed oui; in S f.,!. ff vre regard an ui""un*,

x € Ll 6 t*(G) as an },I-velued. L"'-funciio:: g F-> x(g) 3 tl".en
.)

( a ( x ) ) ( s )  = * s ( x ( s ) )  ,  s € G  r i

l'ile recall that .
( . 7 )  

.  u r ( a ) = [ r : ( T ' * s ) : r . f l 1  r - B € G  ,  t € a t .

III.,,5o lrEl,fr,lA. i?e h.ave

,  ( . f  e / rc)u  = (T * /  G)  .  zn|  |  \ r ' . , . .  I  I
gs rrefqhts g4 l:rl 6 i*(e )r

Efgg€" Tr:C.eec, usi:rg the orlginel constrr lc i ion af A.Connesr cocycie:

( [6 ] ,  $  t .2  )  r r .  t ] ie  l l : fS-boundary condi i ior .s  ( tg  ]  r2 .2  ) ,  i t  j ^s  easy

to ve::ify ;hat
?  - - t

[oCtT * /n) "  2 . .  )  :  D( t  @lc i l t  =  uo '  t  €B "  wr

Sron Lenmas fTl:. 3 .5. and. fIf .3 ,6. vre jni'er that

( 4 )  ( T t t % o ) u  =  ( ( . 1  e  f c ) . z n ) . P c
as rreigi : ts on l '1 G B(tt(G)).  ,  

'

'J le are nov able to conpute (T e Tir^)-u (X) !
l * G "



: If ]'o1,7. irEtf,tA. For anX .,{ € (}i 6 B(L2(G)))+ +ef ined. 'ov e sr-conii-

$uo-Ug co-tpec-tl.-r Ef33,pcrteg i,{-'ral-gg$ kernel.

G x  G a (sr : : )  r - -+-  X(sr r )  e  id

we have

= If (".*(auts)x(er,s))) d.s
f / r * '=  \ f  ( " _ ( ) i ( 6 1 6 ) ) ) a 6 ( s )  d g  .  E r
e r 6

1  . |  * - o c r u
d

i.en' th.at q is jnvarient with respect to the moC"ular automorphisrn
l - '

grou l  o f  (T** * * r ,  .

In order to siinplify ihe noiaticns we shaLr d...noi,e :
( .( @ T=o" )g

v t = $ t  ' t i  € .  A u t ( M 6 e ( i Z ( c ) ) )  ,  t e T t ,

I

I
t . . - ' ,

I

I

I
I
i

' r r ' / t - \  
' i +  

. \  -  f i f ,  -  r t  ]  
:

, t \ D t = A [ " ( S ) U t ( f ) € f ' t  r  S e G r t e T R ,

iVe recal l  that

A -  = o ( -  @  A d ( p ( s ) ) < A u t ( t T E  l.  I ' s  I  . . , J ) ) < A u t ( l T 6 t s ( 1 , 2 ( c ) ) )  r  B € c

Also, there is a n.6.f  n cond.i t lcnal expecta'uion Q,G of 
'  

L,I  6, B(1,2(C))

on I . f  xo,G d.ef inecl b;r (see $ I I .1.2.) I

q * ( x ) = l n * t " > c r s  ,  x e  ( r , . 1  6 e ( 1 2 ( c ) ) ) *

ano

d/ ta

l + ' ' -  T o Q " ,
l l - \ r



-  
. ' j  

'

o B 3 -

r rT. r .8. . Tith tire above fgt_atlgnE , S.gs :

I
I

t i
LEI'fr'fA

r * l

tt"o

t

( 5 )

(  6 )

-F
l l

l f  v  n  Y +
rrl ^g( u v

Y t  =  V t " Q G

i  € l R  I

' b € 3 ' -
Q G o

QG

,

viith
x

If'I "i .9 , COROLLA:Y. q c orrr.;ttgS

Eggg€=gl=99:gli g:eIII*l:?: us ing
o r t  =  o l . Q e  ,

( . f  e tr^ )r ,  .
I  ? G U

and (6) vie get

€ f R ,

i  € n  t

.)

,  x e I i 6 B ( I . ' ( G ) 1  .
r)

c H 6 B(L'(G)) anC ',,;e iie',re

= V-(4tu'*f lVi = {.0,, @ f i

t i )

+u

\

a:ud" therefore
* .^., n - rH if ., r., N ' X
*  o  t f *  =  

' F -  
Q , r  o V +  =  ( 1 1  . * . ' . )  o  u d , -  =  { o Q n  =  t l

.  I  l J  |  
- u  U _  

- l  '  L :  I  \ ' r  I

.  c r  ) -
since q is clearly St - invariant" g

Elgg€=g!=!g=gg=Ill:Z:pu lTe first remaric that

( 7 )

F o r  f  e f C c l  , { M e f € t M @ t * ( G )

f )  = v*((o-[o rs)({ru@f ))v;

since Vt € l.{ 6 fCcl and" fiCl is crrnmutative.

3on x  € ! l  ,  k* (x)  €  h{ ( i , { )  c  }J6 E{ i ,z (G))  and 1 owing to : ( } )  end

to  $  I I f  . ' l  . L . (6 ) ' ,  v ie  ge t

(qr t ( t - " . (x))Xs)  = (vt  f  i r [e  i * . ) ( r - . . (x)) )  v iXs)



ir
' t

,  r g 4 _

p

rP
= (s ; (  r - * (x ) ) ) (e )

,v

-  . -  ,  \ \  * l
st( 

"". 
(':) ) = o'i( r-o ( :c) ;

F o r  e j €  G ,  { } , n e \ ( g )  e  { i , r @ L ( c ) c  t t i 6 8 ( # ( G ) )  a n d  w e  h a v e

(ro) = v t  ( {n  @ \cgt )  u ;

=  ( { l *6  \cs : }  (A i ( . i ' i * \ ts f  11v*) )  v i

On the oiher hand., for eacLl r e G ,

( (Ad. ( { .&reI (s) " ) (v t )  u ; ) ( r )  =  vr (sr1  v* t * f

({4 ) = As(s) l t  u*(sr)  ur{r iu

= ac(s) i t (u*t [ lC1 "o<*) :  of ] . . , ) ) (r)  .

The last equal i ty is just j . f ied. as fol lol i rsr By ihe "chaj. : :  ru1e" (f61,

L "2 .1 )  ,  t?e get
J
I

r  S € G  t

thus

( e )

t

[p(T " *so) ,  n(T. *r) ]* f t< T- *r)  I  DTJI = irr ;T,,*s") ,  or]*

thus

u* ( r r )  u . ( r ) *  =  [ l (T '<g - )  ,  p (T"n " I t

and. ,  .us in$ ( t  l ,  2. j  )  ,
)

u x ( a r )  U r ( r ) *  = [ i ( ( T , o * ) o * " )  ,  D ( T  * r i l t

= ",.;t t [D(T .",*) : ly11)

( h ( [ o ( T " * s ) : o { r ) ) ( r ) .  .

Cornbining ({C) ancl (11-) re infer

s- t ( {M e t r (e l )  =Ac(s) i t ( t l ,6 \ te l )  k( [ r (T '*s)  ,  n f l1)

end f inaLly  ,  o l i i rg  to  $  TTf  , { -J . ( {O)  ,  we ohta in .

t{2) ir i ({1,n * \(s)) = o[tru, e \(s)) '  \
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:

- Slnce BT xdG ='4,{L4(M)

6hta11 the flrst conclusion (5) of the lernna.
6 / . )

Since } f  x4G C (M6 B( l ' (G))) ' "  n tbe sgJne relat l , .ns (9)  and tez)

(e3) (6s" vt)(x) = (Ft - F*ltxl  for r € L{ &c r

ehow that

1tI = the set of s?-continuous fufigNi,ons T{ : G x G H} !I

such that Y{(srr) is ui : i tary for alJ. s 'r  6 G .

F o r e a e h  s € f  ,  W c ' c v " ' $ ,* e /3." * N r we d.efine an oPerator
. lt

. av. 1>

Y  s  Y ( S r T i r x ) G ' f t u  c l i G ; 3 ( l ' ( G ) )

by' the kelYlel

Y(s , r )  , -  s (s r r )  l ' , ' ( s ' r )  d  f , i t , l  '  s r r  €  I  o

, {i,{ @ L(G*, tb.e reletions (9) and (ta)
:,)

'  Ueing (B) we eree that (43) also hol-ds for X € 4M@1,*(G)" But($I"{-.{ .)

uE B(r,,z(c)) = {{{},{ xnG , t${ g InG))}
|  . ' . ,

and therefore (43) holds for any X e lvl  6' ts( iz(c' l ) .  this in , turn

entails the other ccncluslon (5) of the lrerrnsn H 
!

3fqef,_qf_!beqf?4_Ill.3"X. Y'le shall construct a, w-d.e"rrse :i*.-inva*
I

riant lo -subai.gebra 63 ?

f {  c ' f t L ( T @ r % c ) u  c  $ 6 8 ! 1 2 ( c ) )  ,

on whicb ( T e S%^ )U and q ere equal.
r - G

So this e:rL vc ccnsid.er :

g ',  { x € },{ 6B(r2(G)) ; x is defi.ned by a s+-continuu.r

compactly supported }I-vaiued. ke:nel

.  c x q E ( s , r ) t - > X ( s r r ) e . U l  )

, ( p _ , .
"  J  = t  S e 3( t ' (u) )  ;  S is  def ined by a ccr t inuouo conpact ly

e.upported. scalar vaiued. kernel
_ ' )

G x G  e  ( s r r )  r * * P  s ( s . r r )  €  t  !  ,
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r$

[hen Y* ie defined. by the ke:mel

. { .
Tbus X = Y*Y is defiired. by i;he keynel

X(e , r )  =  J  v " {s ,h )  Y (h , r )  dh

", 5 i l i ln s(h,ri ,<-lt=.) ff(h,s)* i{(h,"i *-}r"l dr' ,
. \ ,

r ? s  €  G  .

In pari;j.cuiar
- { i l i ,

s B )  =  t J t s ( l r , g 1 1 2 d h ) o ( - | C * " * l  t  B r .  c ,x ( 8
6

and.,  using f . ,emma I I I "  3"7i  u*.  gut '

(
(T  *  r%olutx)  =  

]  T  
(ou(x(eoe)) )a*(s)  ds

i y (x*x-) 55 ir(h,e)l 2 airos
'  I  J q )

,Thbre fore ,  fo r  an l r  Se Y,  w e?)J  r  x€ f t * ,  .+ le ,have 
, r

* l
r*(s,tT.x) y(sri ' / ,x) e Tft"1reTa^)i i  ,

|  . ^ G  v

$ow Let Y uu the face (t 3 1 ,l*ty gfl E* (ru.! of (1,{,As(r.,2(c) ) )+)
g;nerated. by the set

{ r * (s , r i ' r x )  y (s ,y /ox )  ;  s  €  Y  . ,  w  E? i }  r  x  €  f t r }  .

$Lnce *if**rooru ls a face of (ei @ r(r,2(c) ) )+ containins

this set, ii; follows that Y c Tfti Env

T h e } j - n e a r s p a n o f  V  i s a f a c i a l  & I  s u b a l g e b r a  G  o f  E  ( e e e

t  S ] ,  Pnrpcsi t ion L.3 )  .

$hus G ig e r-subg,.litelrg o"{ TTtq 6 r%o)u .

^  .A^  l l

$ince 0l c tfl , and' $5 j..s the linear spen of lts pooitive pari;,
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: .  .  -

trernms III . 3.7 show tbatlenna

gqBal

I f

I I I .3 .2  end
?a

9 3  0 5 o

t then

* 3T'

0wlng to ?ropoeltlon I.:1.!.r Trf? lnfer that the

vr-densq in 3,{ 6 B(12(G)) .

Recell ',;l.at the nod.ular automorphisn group {cra} te-fi, of

ls given by

f t (x) = Yt t tvf  e ln)(x)) v;

Wo u ?f ru d.efined by \( s r r) ",

Y (S rWorx )  =  ( t ,  e , s )  t - , . ( x )

!.f * *r*,u s*s q es,

for any snr  e  G

,  $ e  3  ,

* *subalg rbra 8 i €

( r* *%*h

t  € B

p  8 r r € G  ,

rubere 'it a :,1 6 I*(G) and. ir

v r ( c )  =  ̂ t * ( s )  [D (1 . xu )  :  01111  , i  I  e  G  ,  r  eT ,  s

For  any  S  €  Y ,  W €  W,  *  u1 t ,  t hs  ope ra to r  Y  =  T (S , iY , x )

te defineC by the kernel
- 1' Y ( s r r )  

=  S ( s r r )  l Y ( s r r ) . ; - - - ( x ) '

&ndr for any t € E, , the operetor yriY) also belongs to € 1 bei-ng

defined. by the kenrel
. f q - 4

( r r (Y) ) (snr )  =  s(sr r )  v r (s l  c - l ty r (o , r ) )  r i - l ( *  l f  " r i  
v* ( r ) '

=  s(s , r )  v r (s)  . t l tu f  s r r ) )  v t { " ) "  v* ( r )  r l t  
"  fC=l l  v , ( r ) *

|{,
F s[(s,r) rvf(s,r) . ' ,, l f"[t"l l

. : . .
W  t n  f  - . q

w h e r e  S ;  €  T ,  l V ?  e W  a r e  d e f i n e d  b y

,  g r r e  G  ,  t e ' R  ,s (  s ,  r )
. 4 *

V * ( s )  v { t i Y ( s , r ) )  Y , ( r ) "  ,  s r r e  G  ,  t e i R  .

Ihus ,
rP tP .P

. e  l r - t l a  r r r  - \ \  r t l c r l  i r l !  e l l * \ \  J ..  v + r Y ( S r w r x ) )  e  Y ( S ; , U ' { , r 1 ( x ) )  ,  t

It follows tirat ihe * -sr,tuf Sebre E ij, $-t-rnItre113

Y

.  S i ( s , r )  =
rP

T l { ( s ' r )  =

a

-IR 
.
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Bberefor* ( g & Tr^ )r, a."U G agree on the w-rl.ense f*-inveriant
:  .  

I  a G  u '  
.  

I  
-  l ' ,

. 6 ' ' . )

* *subalge'ora 0t of 11 6? lf(t'(G)) andn since thsy eommute by Corolia-

ry III  ,3.9, the t ireo:rsn of G"K"PecLersea and &i.takesakl G+6J, ?ropo- ,
t

sJ"t lon 5"9) shols thst they are equal as n. i :" f"  weights on
,)

! 1  €  3 ( t ' ( c ) )  .

This prol/es the fheoren" EX

Reeal- i  that t i rev* is f l ,  r1os,f" condit ional expectat ion Qe of
lt

B(L ' (G))  cn i (G)  (see $ r : "3"5)-  and. ' * re  have ihe PLaachere l  v /e ight

.dG on I(G) '  A part icr:r , l"ar case of Theoren l l i .3o| '  ls the : 'ol lowing

III " 3 "LA. COtrt0Llr[RY " ]'fe ]:;tve

* L *  * d G o Q G  I

f)

-es" gg;"sbIg gl B(t'(G) ) "

, , .s,  The resul is i rr"3"3 ei id" 1rr"3.10 &re dual to each other. Tl iey

eoulcl be regaraea ae rrPlancherel theoremsrr for G 
i

lema II I .3.3 ls a part icular case of a d.u". l  ' re;sion of fheoren 
i  I

I f I .3 ,L .  Concern l t rg  such e theorem y/e just 'ment ion,  . r r i ihout  prcof  ,  l
that l f  we start  rvj- th Bir i r ; t ion t  of e on lr  and with a (\  rJc)- 

i

invafi.ant rl.s.f. weight L:{ on M , then

N
L F  = . t @  T f .
f l A n

as weist:.ts on l,t 6 B(t ?( c) ) trn xlG) 
"tc .

N
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