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INTRODUCTION L :

'Ehe cross~product construction for von Neumann algebras has
recently received special attention, jartly due %o A.Commes(T61)
discovexry of the role it plays in the structure theoxry of type ITII
factors and the successful generalization of this situation by
M.Takesaki's duality theorem for crossed products of von Newnann
algebras by locallyvcompact abelian automorphism groups (EGOI) e
M.Landstad ( [38]) has obtained an important characterizesior of
those von Neumann elgebras which are srossed products by locally
compact asutomorphism groups. Morebvér this result ol M.lLendsted
glrongly indicates that the%action of the dual group on the
croased product in %the abelian cage, should be replaced in gecneral

v
by a certzin comodule siructure.

Or the ofher hand the'developﬁent of the dusality theory {or
locally coﬁpact groups (see 0,2.21 for references) hag led %o
considexr groups as objects of a certain category of Hopf. - run
" Heuvmann algelras (Katz algebras). | / . | i
Thus it became clear that one poscitle way of extending the
theorems of M.Takesaki ({60]) and M.Lands%ad ( [38]) and reiatsd
results about welzhts on crossed products due'to T,Digerreé ([8],
191) , J.-L.Sauvageot (£50]) , and U.Haagerup ( [25],{26)) el
the frame-work of comoduleé 6ver Katz algebras. Another way has been
teken by J.E.Roberts ([47)) , considering a different dual object
for a locally compact group , motivated by superselection structurs
in~particle physics (see [12],[23],124]).. :

The aim of this paper is to prescnt the duality. theoxy for
excssed products of von Neumann dglgebras by groups and group duals
congidered aé Katz algebres. We have choseﬁ a parellel pregentatl:
. of bYotib cases, as announced in ([53]), as a first glep fowards £

o ° . - : . - ™ 1
weified treatement as crogsad products by Kasz aliebras &LD4J)



II

The paper has four chapters, from 0 +to III ;

Chapter O , contains mainly the basic definitions for the res®
of the work. Egpecially there is a careful discussion of the
invariance of a weight with respect to an action (see Theorem
0.2.12) which leads to a brief introduction to the duelity theoxy
for Katz slgebras &1d will alsgo serxve in  § III.2.2 as an imporn.

tant technical tool.

Chapter I, deals with actlono of groups. Theorom *.2 1 exteands

‘ H Tokesaki's duality theorem ty removing the commutativity conditic:.

on the group. Using M.Lendstad's theorem ([38}) we give (I.2.2) =
ghort prcof of the commutation theo%am fcr crossed products (i@o],
N B |

.Chapter II , is 8 parallel to Chapter 1 for actions of group
duals‘ To dealﬂwzah 1%13 cage we had to prove an analogue (Theorem
16753 v;) of li.Landstad's theorem ([}81) and to develop as well
ana logs of the preliminaries which were well known in the case of
group actiong, As & by-product we mention Proposition IT.4.3 which
ig a "(ultra)-wesk" result in connection wivh %he conjecture (i)
ofmgnmﬂ(ﬁﬂ).

In § I1I.4 end § TII.7 dual weightc on crossed products axe

introduqed and in the case of group actions we recover the known
results ([60), [6),[9]}, [50], [25], (26]) . Theorem III.%1.2 extends a
result of U.Haagerup ([25)) from the commutative case 10 %he
general case and was the mein reasgon for the search of an appropri-
ate defiﬁibion of the invariance of a weipght with reapect to an
sction. in § 1.3 the tw1sted Plancherel theorem of M.Takesaki
([Cd}) and T.Digernes ({ﬁ]) ig extended zgain by romoving the
commutativity conditibn 3y our proof scems t0 be somewhat simpler

even in the commuuaﬁfxe case.



We were led to these questions by the study of the works of
A.Conmes and M.Takesaki (U6, 7], [60)). On the technical side
we owe very much to the knowledge of the preprints of the works
of U.Haageru: ([24] ) and M.Lendstad ( 38]) , the methods of which
are intensively used in the present paper

In the final stage of oﬁr work on crossed products by groups
and group duals we have received the re?rints (E?é],i?é]) of
U.Haagerup which slready contained a (slightly different) construc.
tion of the conditional expectation Po (I.3.1) and the computation
(Ey the same method) of the dual weight on crossed products by

i - groups. For the sake of completeness we have included in the
-pregent paper (1°3.1.,IIIei:i) the proofs we have found indepen-
dently.

Aftex submitting the announcement ({BE]) of our work, we have
received the preprinte of l.Llandstad ({Ad]) and Y.Nakagami (Eﬂif
which contain the same main results as thoue of Chaptlexs I,IT.

WQ gratefully aoxao.leawe the Iehdlpt of a letter of M;Landstad
({39]) containing a beautiful proof that any action of a grouy
dual is sativared (see II.1.1), while we knew this fact only for
amenable groups. Consequently, using this proof of M.Landstad, we
were able to remove the afura+1cn conditiou on the action ixn
some statements (compare with \ 5]) and to simplify some p*oofs,

Thanks are also due to professor H.Leptin who kindly infoirred

: us abouvt the present state of research in connection with conjec-

ture (H) cof P.Bymard end communicated us a copy of E4i}e
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BASIC DEFINITICHS AKD AUKILLTARY RBESULTS,

8§84, fuxilliary resulis

O.1L.1. Let M be a von Neumann zlgebra and,ﬁ» be a wormel weight

on M (i.e. on M+). From the works of F.Combes (L 21 [A‘I), U

rup ([Z?]), G.K.Pedersen and M.Takesaki ([#4]) we know that

.
() £ e FY sueh that fisé(i PENE | fgsé(i wre )ity and
(1) : <X ,4> = suo<x I oty

- = fekr

JT

and mopeover, there is. g family {fL}L&7<CZRT, such that
L

(2) ] ; 4{.X;L“> :_.Z-/%}(,:E.) ®

el

\

the
~filtered, f.e. : () T,,5, € Py, (W) 2>

< what LOl’OW” we shall veplace the subscript £€7%. by fsééf

We shall freely use the modular: theory of n.s.f.(normal ,semif

faithful) weights ([471,161,191,[23],[50,[441,{55]). The objects
¢ iaked (o spicin *his theory will be denobted, as usuali:
ne ¥ b T ~
{XGA -T\ X)<:+w} 7& Q 7&» C«f7ﬁrﬂ7} Hy s Si
U% « The (maximal) Tomita Jl gebra will be denoted bV‘ﬁi%. i

then Xy el cd stands for the cﬁnuniodL image of x . in:the Hilbes

#*

space ﬂ.,w1th scalar product (xelvy) \TLy‘x) the7}w irem Ghe
] i i
ormal weight is not semifinite or faithful, the modular theory

refers to its restriction to the n.s.f. part (seel4€]). Tne

O .2.LEMA, Let M,A be von Feumann algebras, 1et'%;?e g rox
weicht on ¥ and k € A;. Hhen
(%) : <k ,Lf@k> = sup € X o hele S s et
; 2 - T
= ‘

A~ Sl
support



o ™~ 2 1R . s i o o s Rl v %) L 3
Proof. Since the set 1L I®@k ; T&€L,J 18 £ ~Tiltered, the right
—— - ——— — v

Therefore we may assume that tp ig a n.s.f, weisht end then
that @k and ¥ agree on the w-dense U
]

% —subalgebra Tt @4 of NM&A.

(7]
| e 3 : |
L/}. (< e gy : 23 ‘-,;, i L‘p Y g e -‘;. - s SN :}1 CL:U .: = I-
@n e pther bowd, f € E‘l =L e T, & ipe W, Wl so dnal e “T
LY L

Ly
S, R s ) Y 5 s BONCAO = S R -r W + A =
o= 10§ J: € EL{, . Therefore, Ior any A € (M&A)" we have

v

w@!

H

e
5‘ T > sup <X , (f@ 1\’*)0(@5»@\7;{:/}

T FNe S N g 1
Q) 3 o G’_}:‘ G}L . L : .

whilech means Thal % 1s =AY ST AN U
Byt the theoren of t: h.Pedersen and M.Takesaki ([/15§y~”'0’3 S0 5y

1(} :EO}}\J.»EJ -::‘ba (j; -—{‘TQ - . :!‘

As an obvious cor;sequezzce of  0.4.2 'we note that if I 1 enouler

then , for suy normal weight ¥ on M and eny k € A_, we have

'

(5) (pok)e(TWoi,) = (¢

as (normal) weights on Ne&d .

N

L 1 Rt oy T N T - E R e o SO PEC R Y R O e D ;
hetually, owing *to the work of G.K.Pedersen and M.Takesakl (1461,

<y
2n
(@]
3
3
o
*.‘J
i 5
C‘u

S - AT ~ S % A i X5
it con be shown Gha nal xvo** hi <]o on. M <+there 1g a

$ols
(o5
fte

i = ) o> =t - R o ‘. P ma D) % . :
3 é‘“'l"}LGIC" . such that, for any normal weight ¢ oon any T,

we hava
: ) .\—:’-— T4l \ ;
(,i"? A = K AL
C" t e A.....T - @ i 5 .
: e

A s e R
A cimdlar resullt 1s wel



0.L.3. LEMIA, Let i be.a normal weisht on. M wamd. xe X = 0.
If the livear mappirg
#
. n‘f = P e & yx)
has & linear w-conbinuous exbtension to M, then xem;‘% and °f( ) ‘=

'
fxxs(:'fg). ‘

Proof. Thare is a sequence {ep} of projections commuting with =«
such that :

-7 ;
Xy > BT e a6 4 s0E)
_ a5 Vi
S'.‘J < JOTEN e I I 2 < 5 i ¥ "( _‘;"1 = ."a
ince e, €£nxe , we have e < n xen,cc/'f&i,, e ene7c‘7
and , by the w—co*l*‘ﬁr*aity e
2 ~r - 5 3 £
flbeea)in £ (e ) > £ CalE) .
1/ 1]
On the other handgd, e, X = -"2, e, X/2 s s So that ; by the
nornality of e
tplx) = supwle ) = £ (o( D))< oo, |
18>y
n

In particular, 1f x & ¢ Xz 0 and wilyx) L fopiall ;c’Tc(j-,,
then (f('sr) = el

: | :

: !

OJ .4, LEMMA.(T46],[35]). Let § be a rormal weight en M. For

i : | L
geach 6(3’2 the 1inegr manning f
fX Pl 3 ¥ b3 T(ﬁ‘
has a linesr w~continuous extension Lo M,

Proof. Ve may suppose that ¢ 1is a n.s.f.weight. Moreover, we may
restrict teo theiegses ixé=iabill . ayb 6(3;, « for any ye’]}ir we then
have

(vx) = (*.‘ % ) = {(a.b { D & <'n:&*.r’?:) : —
NI S = S - 3 =% Y i 2 o & ‘ \D S L4 )'J &7
L? ‘f‘ 'fc.r ‘T“" /(r/&r \f} o/ ‘f‘f
: = (bo v 8. (ya). ). = ((ya)ul o b, ). =
e s e g
” e
= S e o)
Ky “‘g{i T \r/T ®
Thus £ is extended by the vector functionzl . W
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5, Let M., N be vor Netmann elgebras. We rpeier ©o the
U Tl ey iy (rl' .']\- R 2 2NN ey vy 2 oDNTT (qf); P r‘f"f'“"]"r': TN E T
Baagerup (1241) :for the notlon or gxtended DOSITIVEe DAz
Y A : - e s T TTAarm e .~,, e Yy
a von Neumann algebra. Also Tollowing U.Haagerug (f 241, but
= . ! . ! s i ;. % Tl -t
ing slighily his terninology, an gperatox valued weieght on M

Ag in (QZQE}S'TET =S eeMy Mxx)e ?+f,'Tﬁj 17 T}M , but we
denote also by T +the canonical extension to 72? .

The i Jiowiﬁg outstanding vesult of U.Hazgerup ({2?3; Eor dh.d)
is “the main Sechnical tool in dealing with weights on crossed
products

TFTCx;a n}aégeru;,fgdm) net N <l gé.* » Neunann algebras

3£Z§ T be @ n.s.f. condibiopal exnecyaiion of M on ¥ . gor
ALy H.s.fe peishbs .y on By go®, el 2og .8 Weighus

(3 v = x) PR L - AR e R
: \: 5
11 [ s 100 I ¢ b TN
Tl \JDQJOL ¢ Do T), D e De L G
L 43) (o) 2 Do T)a, Lo s el vuy .
> T T } ST A tamnes ” 3
Recell 3n&“.{LJﬁl'lyf113Ai:€E2 denotes the A.Connes ooqycle@,])a
0.4 .6, D8FIHTPTON(E381,[64]7). et M , A be von Neumann algebras
nd let w be a n.s5.f. weight on A . Then the formule
'Q\('d( ‘V‘) o ->. i .\r S . X = ( :TE; A = f E ,\7}‘
SN g - X LW, AL «“*) 3 5 %
S . > ; sy q SR e L ran e a T o ,
deTines a nes.f. operator valued weight X, on (M®A)" with values
= ivi
im MY having the 2dditional property
(et ;) T (4@ ,)) = a 8,(%) 3 Xe (M®1) M
b0 ’\'\II < RN A‘_ A - ilL o= cd »_)-mﬁ - <A 1 f LD -y
7. S o - __:__’tu’, N I a eendditional = Ao ey ode 3 n)
L il 13, L e PO O < AR Taa condlcaena i NerdeeeiEaly 10N R

and
and.

o'l



T3t
qu [64’]

- was introduced by J.Tomiyame (

By ) .—.ksup B .

|
6]
©
=
i

Q
()
v
(—4-
’-Jo
o]
o
o
o
¢
=
rte
1)
[$3]
&)
i

Xe (M@ A"

13
ngs' )

donY ( or "“1106 mapp
) and is pertictlarly useful

in dealing with tensor products and crossed producis.

Using tiis method, more precisely

fheorem 2.4 ), we obtain the £ ollowinm

imitating the proof of

’:[6‘71 3

Ly 2 AT g k

O Lel LB see also [61]) dew Moo N S A be von Neumann ale ebras,

NCM egnd YeMB4A . If
; <k < @ k> = 0
for sny € M_ which annihilates N and for 7ol A +)
LAl Lf oLl LR s DU G B 00 16 e ‘L/\.--n:l it LICL AL OF 81’1}[ o e J"t:‘v:, .:;:KQ
X e N A
Proof. By assumption we have < B (K) ; af> = for any we i
pe

which annihilates ¥ and any k € A,
%
all aedl
) ~
Supose M acts on the Hilbert space

s therefore J{ R S

y'e N'e< B(H).:For any e € B(H), =and any ke A, we have :
- - i . P 7
<X(y'®J.A) ’T®k> i SL‘f'( > = L B(X ,«TL:;")}

o

'll\,(.x..> J

@D s o R By s

1t

i

v
i's
pry hviBiY e i « s
= <fﬂm( u]’( i )>- <,{ $ Lf(:}”‘) & It > =
= <(y'®’lzx)X » @ k> .
3 - t ﬁ A ) =% ¥ iy — . o - A "
Since X(y'e ﬁ) (y @’J.A)I{ €O B @ denadt Solows hat X rene
R e ik g -
muves with (y'@® ’LA) » Since y'e N' was arbitrary, it iz clear
that X € X &4 . &
We shail need the Tollowing result , which is a direct cons uenes
sof (10NN, Abeomen 5 A0 ),



s -‘ e 2 MOh
0.1.8., LEMMA. Let ¢ Y be nvg.f. weights on M , lek ue k Dbe

unitery end let heR , A >0 . Then

s A g ; il g4 oy ' L o
ﬂ—%o*i’(u) 2 }\l‘t U = «{(a) ::‘»)\ e.»;(uau et {’si) ac M :

gg; Indeed ,

nd

I

e w-"i(
q?ﬂ{@ = Xt <= @J?{u}aku
P sy Yi)e Grapll(%“f;Y)

"

. : ? o ‘ e ‘ ﬁ_' : y
(by 147, Theorem 3.10) &= ui}i’cﬁ‘f’ 7’21’,*& €Ty mme
g glm) =dyGa) 00 xeTe Thy

: = yle) =\ o) , D e
| : b

The last couivolence is elementary. U3

Foxr another proof sec (126], Lemma 4.3).

0,19, Let M be a von Newmann slgebdbra. Then any norm bounded
v-continuvous Mevalued function F defined ¢ a locally compact
| : defises & wnd b e W LAG)

group G defines & unique element xp € M@

. <:3{F ,oi-»féf: iy = S(.F(’L) ; e]v}lc('t) @.JF 3 Li'»({i‘ﬁ.f._ g Kied (&) .

’]
\

0.1.10. If L) is locally compact space, /u is a positive Radon

meagure on (2 and . i

ki '

Pt QLo ti—>P(t) € B(H)
is an operator valued function , then we shall say that P is
w-measurable (respectively s-measurable o g -measurable) with
respect to 4 if for any compact set ©C C L2 and for any £>0
there exists & compact set X < C such that /J(C NK)£¢e and
the restriction of P 4o K is w-continuous (rcspvectively
g-continuous or g -continuous) . ’

b 5 ; i ; T 2 g : :
By Lugin's theorem, the function L2 2t =>lP($)M e R ]

-

.5 then

meagurable with respect o /u ¢
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texmlnology-and notations in operator algetras. However, by the temm
‘injection we abreviate the notion of faithful normal unit-preserving
uhomomorphlsm between von Neumann algeb: as.,The terms w-topolney
s~topologx mean respectlvely the ultra-weak and the ultra-strong
topology. | : : _
: The symbol dn stands for the unit of.the von Neumann algebra M
end also for the scalar suba1gebra (6} gl dhlle fhe symbo iM de-
notes ihe identity automorphldm o N e T some.ultuatlons we replece
the_subscript M by a simpler one recalling M ,'or by a number indi-

cating a position in temsor producis.

.B(H) is the algebra of all bounded linear opefators on a Hilbert
space ’H; oy <
Z'If u ¢ G—= B(H) is a (continuous) unitary represcntation of
the 1ocally cowuaot group ¢ g bhe R Ml s utenG ——b-Aut(B(F)) denotes

~

»the corresponulng {continuous) * - uuomorphlc rcnresentaulon of
on B(H) : : . | | : |
Ad(u(t)) () = w) xwt)™ , tet, xeBE)

Moreover, focr any £ e'Li(G) we denote

w(#) ='S 2() u(t) at c B(H)'.

By 4 ’Q{X} we denote the von Neumann algebra gene rated by X and

by -c.l. m;{K} we denote the w«closed linear gpan of 5

Given two von Neumann algebras M, N there is a wnique # -isomor-
- phishNe S WS onto. B W itk sedls % Sty dnd e x el
y € N . This symmetry isomorphism will be denoted by'c’-. It cEEl
NeB(K) , then we denote by ~ the unitary operatoxr of H® K onto

K®H which sends § @7 in = &f , §e¢H, 7€ K . For XeU&X

S
7

we then have X = ~oJomr

Some other notations will appear on the way .



M, A are von Neumann algebras ,

[ M —=F4L is a normal ® -homomorphism , §(4,,) =.1,,® ’lA .
ieL My

For any ke A_ and any x € M denote Xk-x = F‘lf(%(:c))., Then
p iil
Sl b e G850 L@ By iR e iy
th r mk %\ R R B 1Y . . s
the map Eye M3 Xiv—>k-x el is linear, w-continuous and of
norm £ Wkl . Yoreover
L w ® Ca] E
(el = K on fopriang. Jme il o loiedl
kox 0 for anj; el e
oL =g Lo Jr oL Avi $ 1{: *Q

M% = {X e M 5 %(X) = () /LA} L
In & more precise situation, § will be called an action of A4

on M and M(“ the centralizer of this action.

0.2.2, DEFINITION. Let 31,4,3} ve as in 0.2.4. 4 normal semifinite

weight ¢ on N will be called § -invarizpt if ;

0.2.3. LEMIA. Let {¥,4,8} be as in 0.2/. and let ¢ bea

o7
H
;ﬂ!o
b
=
G
=~
5 Y
W
=
o~
Sk
e
O
-4
2
% 3
W
fed
14y}
(0]
—~1
—
!...J-
>
lal

8
r.J
ot
o)
0]
},J
)
5y
C!
@)
]
’_
+
e
@
3

Fel o . - i Lo 3 o s 3 ¢
Proot, I8 x ¢ %‘f , then vhe stabtementv is abvious. 5

Let x 67},1, ., ke A and k= {kli(-v) be the polar decomposition

mt

Mg Then ifon any fe BT i< 4 , we have

«<(k~x)&(kox} e R
R
= < ((kﬁ{/\ ®,1-A>%_<X) 9 f&®k >

- (e IR0 rel i e



-9 .

= &(ley) (i), £ e 1l ‘3/2<?(:~:"""x) , T@ \kw‘,>1/2 <
é <(k-x) (k-x) , £ 72 fxi/ 28 (5x st IR D -

i
<Coxf () 4 2512 P < xx , g 512 g2

- henee
: . e 1/2 -
< (ko) (k-x) g2 = ltiell « 55, ‘f>1/2 .
s = it 4
Since f € Ve s L= $ 5 was arbitrary, we conclude
o D
< (k-x) (k-x) ¢ > L i <ﬂ‘f~ e 2 . B
It follows that, if ¢ is R ~invariant, ther
.('l) Bl == vom e and Nitew &
_ ¢ elt, and §(x D lecllizghe, ¥ &4,

" o SR g e s :
thus the map ¥ i—> k-x defines a bounded linear operator

(2 Tﬁf(k) X‘f = 1«:»5{)‘1, , X c«:ﬁif :

and {30 1{) h< Uil . Hence we have a contractive (linear) represen—

G Qﬂ_' — B(H. ) of sbhe Bansch space. A& .

T:A“" ; X e

‘77" X nr ; ao g & o 'S’ =y,
0.2.4, LENMA. Let {?.-x,.ﬂ-.,%} be 22 in 0.2:%. ans et o bea

e}
B O ien  Geeniirant S aaam et

SR e , s 0 X
% ~invarlant normal gemifinite weichs on M . Then

e s e

L

<%<a~~sx$)><«q>@wﬁ>, 2@k <<k«4mm-m¢>>>s@0 A5

),
that

)
)
(_M
e
Q.
C'

N =
Pain §
,.hl
=
1
v
N

i
Nl
Ry
N
n
P ot

%
N’
Q@
=

=
R
S
o
0
pw-
o
<
o

$(s(4)) & siped, .

On the other hand, put e = (s((ia)w'lA) »«%(_S(Lf;) o Sdince
Ve
(

L8y - s() o

v
i
AN
i
1_\

we have <L e y i ® S = Dy RlUe b e se Ghat e(,s(ti‘,f@ stik) ) = 0

k € A_, and hence
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0.2.5, IEMMA, ‘Lst IM,4,%F e as 1n 0.2.2, 2rd iet Lf
jany

o e IR SO A P D AL s
&x‘;x winvariant nornzl ‘semifinite weig

+ :
k € A, we have

Gre1y S el o, ¥ lex) e TE, and

@‘«

2) <(y e l,) %(K},w@}:> =Ly (kx)y o > %
A ; i

Proof. By the § ~invariance of @ we have ;
< e Bix) g Lf@k Sl X Lf”’><’lA g T ey ooty

2 ] s o sl
s0 that [(x) € e .. and consejuently (y & 'lﬁ) s (x) e 1§84 s

=
3
o
&)
~~
o
®
2
o7
N
KA
¥y
LA
1
jay]
o
§
Q0
L)

ps 5
+ dla, =~ iaz_; W.Luh J (3 77"‘(",@1& 5

-(3-) § j«’.\ - $ j :,l.’u-,’),ll?

({:‘) < 83 3 w & 1’: > = < ..J-,}»{\ 8’.;) % Li’ > $ J st ’1.,.2,574-.:

. oy . *
#n particular, all ;u”*\aj) belong to 77/27‘f , S0 taat

_n'{{ e N
¥ (k-x) = By el,) (x)) =
= Fn( v 1(3:((\ + j":.?kz’a ) o ".‘i‘kr a >
= Bylag Sy 8o/ ~H 3 UM 4 g

and using again (4) we obtain (3). &

Then A.3 Xk b 0 ¢ A 45 an isometric involution on the Banach
; ” ; *)

We shall introduce a stronger notlon ox 1rv4ﬂ*apno :
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0.2.7. DEFINITICH. Let { 1,4,%,i} be as in e

SRR

semlflnlte weight  on M will be called‘C%,j)~inva?iant if i%

is § -invariant and

(5) <(y{r®_iA>%(3) 3'.*?@1{\)' = 43(:’”’) (.X®'1A) 5 “‘i’@’)(k"’[j)}

for any x,y<£7?@,. and any "k € AT . 
[

) ¥

Using Lemma 0.2.5 we see that both sides of (5) are well def

and

i

<(§'ﬁf@ ’J.A)%(X) s ’-‘52 @k > <'yk<k X). 9 if > 3

1

<RFD) (xely) 4 @ (ko j) > <(:-y)vr,t§>‘> ;

ined

It fellows that, if g is (¥, j)-invariant, then (4, holds and

((1’- v rl yﬁr)o = (X ‘(1L 'y>:_r)uf ] X’y E’}/}‘f ¥ k c A"?l'

i

ans that

AN z X .
ﬁﬂ?(k)¢ = tﬂiKkp) s Bl g p

=t
-~
o
$t
¢]
oy
e
&
Ql.
w1
H
I3
o

- Therefore

0.2.8., LEMMA, If ¢ 15 0% J=invarisnt; sthen HN 1 S w(H
(

is a copv active renresentation of the iLvolutive Banach sdace

We shall see that this property characterizes the (®,j)-irvarisnce.

To be more explicit, we introduce she following : }

0.2.9. DEFINITION. Let {M,A,8,jF be as in 0.2.6 and @ De

normal semifinite weight on M . We say that‘}ff is a bounded renre-

sentation of the irnvolutive Banach space (At,o) if, for some M
Ciy txelbl = vivelc and W(k-x) 0, € Aikilixz, k

.. n“i (1? '_T! “v X Lf“‘f >
@EBEE A S RS S I R & W k

2 lr {r t/q;//‘_\) N ‘.ft (‘L J’)&,})r : ¥
By corndition (i), formula .(2) defines a bounded llnear onera

%/ e o 3 i H -

e o), “'srm,)( l2 Akl and by (41),% ,b_d’“ L (D)

=
C
<t
o
%)
i,..!
n
(e}
L

L Bt 1S ‘3"’ 3 S S e e
hat, vf Lﬂau a bourded represeniation of th

; 0 i
ITNSN NN anan }~ N Y aret ~i=1 g4-1- - (e 3
Banach space (A&, T then, with the same argument as in +the pro

S0y
e A
"'“%y?
s
= o
> .
tor
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of Lemmz 0.2.4, we obtain N (x\)) s(ui) & ’lA It follows that

»—x

(6) R

T . & A
C‘\‘f)) SRy :

There
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£ ol . ~ 44 Y11~ SO \ b Y o Fogy
Proof. Whitout rest riction of ths generality, butT rennouncing To

’ i S Teie @ we mav supvose.that ¢ 18 8 NeSeI
the assun gul(}f' \.‘;(.’..wj = ,LM fiy Laoe Wwe may suppose unav us

weight (see (6)).

and the modular cperator Ap= B8: . Then |
! :‘ i . ~t _,Q‘; i P¥r c Ry o s ket
7 W, () A il » WglB)T = WD) ok a il

oS ~ 7 i? s A wa Nave
apd for any ‘..f-?.(/;,li k. e A, we have

et
w2
N
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N/
1
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~
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s
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~
S
n
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'“{}I-i',(l’i \ (X )(};
i
Ry S
S3nce S, is the closure of its rest triction to C{T and sixice S (Xx)

L(
('3“(?’.((1{”) are bounded, we infer that

(8) kepou(ny) =¥ W)k € oalsy) , 8 ,'w}c__ﬂ; %00 < 8, £

Consider now v € Dom(zi\g?) and é e E}or’z(SLi.,). Then 1 G Dozn(o“,)

F‘

%7 ¢ Dom(SL) and, using (7) and (8), we obtain

(3

Y,

r
.

’ < 4 w 2y :‘
= Byl Til' PR
& o '\}’(1 O\ " 3\
::. (*J;i,‘”! \ 0‘;‘; ‘L‘f J { /;i,

(; O 4 ,~~<?‘: )
= (W) Lans ).
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Tlieretone, for any 7] € Dom(A‘f) and any ke A,

’swﬁﬁy7enm@§> and s%;%zzv = U GRSy 4

or, equivalently,

Y € Do*q(A Yo ”‘;»'3[3\_\)7 € DOL(AT) A, '35)(1‘)7 '31' )A

Thuu (3;" 1\
T<
3[ ‘
{f’(
COHQGQUVIE 'Jlt\/ §

(@ (L AL

for 2ny x € 72’

comm

utes with 4,

Llit

k) ¢

Tom
(:\-x)

‘1’ b)

lf

so that

J te‘ﬁ,kc—:A* .

A““ﬂ

«37 \») (w ,-(X)) = (‘\-0“ o E) )

pse

lr(l*;-x) = k~u’i€(x) yoluae Moy-kie A, el |
which in turn gives
<%w(g) ®k> = <kwl(x),
w.t(’ai~><),,
c Ckex, fewl>
U . !
= <s<f.> wr“)ea iz o
! :
for all f e M_. T0is proves the Lemma, |
0«2l IBMA, Tet 1M,4,%,5} be &8s in 0.2.6 znd & bea nomwal
gemiliimite wedoht on M , TF (TCE 18 3 bounded repressntation of the
'involui;ivé Banach gpace (A*,O), then & is § -invarziant.
Proof. We have to chow that, for any ke A: ’
(9 (Lf@k)c’% e o ek
as (normal) weights on M ., ‘\
Since (k-(4,, - s(®©))) s(y¢) = O, using Lemma 0.1.2.we obhain
) y ; I\i.l ‘-? Lf . =
<S(1M = "(‘f:’) ’ ‘1:’ @fde > - k‘('}-m = 5(‘{’)) v."f";’" = 0



= the other hands clearly, s((’a‘,\,s:‘;ﬁ) U\<1A,k>uﬂ,, D
s(y)
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~dence, g -infariant # .gubalgebra 01 - Remark that B 38 the

: . P - et £ o =
and the assertlon follows using bLemna 0.1 .5% and Lemmna O oo e
Thus, glven I & ot g k€ gy VO may write

%= S pe i Lamiiheg a0 le% .

rat is, s((y & LyeR) = wly) o heuce s((y @’ el ) = s((y® }{)JSL,

2 ) i & (] % '%‘
By the proof 0% ({461,Lemma e 2 Y, there 4= 4 net Ly, 5¢ M Lf_

analyvic clenerts such that

0 detonology
& Lt DOLOLT o i . < € “
s (:’L ) il i $ €
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sy e R ,«f'\)
= <~/b2 "“f>

,:: (btf ‘ Dy >L§‘
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% s Vese 0
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=

(by Lgmf:a 0L.2.00) <a‘f’l T, (k% g’ ,L/2<y ))A/ &y ‘f’

T

N

(ag | 3, e -'W‘T)A/ga‘f

._' : .. 7 1r
: <a‘i" S*ra“.‘)‘z’<“uﬂ.’**>

= (at‘,i aT>T<q'A’1:>
- da® , @><n,,k>

= xSk > 8> . A

‘l‘herefore the two wei@-hts appeari;zg in (9) agree on BC‘.W}‘R e
In particular (tf ®-kleR . ds senifinite.
Using aga:m Lemma C.2.40, we see that ((f @ k)eS  is invariant
with respect to The modular automorphism rmoun{trf'} of <’1.A,Z—*'.‘»\f ;
nus the equality (9) follows by ([461, Proposition 5.9) and this

proves che_ Lemma. B

!

1

!

|

i

: |
0.2,12, THSOREM. Tet M,A be. von Neumann aleebras, Nil—> U FA

2 X I v - : <3 hm hd > = v . i * Bk
be a normal w«-homomorphism such that R(4,,) =4,241, and jtA —> 4 be
Sicze Ol 1l Fe% s

n involutive #w-antiautoncrpnism .

Lot ‘f Be a3 normal LG.‘.ifiI"’Ce weishs on. M .

Then ©h Tollovwing assertiong are eauivalent @
men whe kel lclRE. 888 Glongrare equivalen :

space (A&-10> 5

(ida) %{S is @ bounded repwesentation of the dnwoluwedwe Bansch

space (A .0)

9

(iw)  the fol.l.ovflna: holds @




a)‘- S(Lf) & o

T R ce M +en :
b) %( oy (\- J = \q’._'s ‘:) :}""LJH\Q\*’—/ Vi ] X € “S<‘_‘,> 3 v C et 0y
, \
. 3 e
¢) there is a w-dense g)-invarisnt ¢-gubsleebrs B of Tz el

gich thap

+ +
<S(,‘) qu > = <:{®@A,LT®1€> g e D s e

d4) %here is (> =dense subset D of 7Z?L and

B T \]*—' —tar s st
1 is Y- @ﬂ‘r‘ gubget B of ke A s xoj=ke?
paere -;(‘) (':l nor S 15 oot U ;;J:‘ L 1'3_?} y J = X

»

such that

o DESEESaY .

x,7€¢ D, k&P ==» 3(x), '{:./)é'/??@k . gnd

<(y"2 1) 8(x) g k> = <Ry ) (zed,) 4@k > .

®

S

, va amma 0.2.8

.
e

@

i
{(1ii)=2>(1) Dby Lemma 0.2.91, and an easy argument using Lenma0.2 .5,
q

tWivalent condibions (1),01i),(3ii) are satisfied, 'then

a) by Lemma 0.2.%;
b) by Lemma 0.2.10;
¢) obvious with B - = 77E? ;

: e R S I
d) obvious wita { ke A u Kol

r\
)
i
=
il
i

- "/
ort
S

) By a) we may assume that w is a n.s.f. weignt.
Using b)sc) and ({467 ,7roposition 5.9) we obtain the equality
(T & k)R =<4 ,,k> w , k& &, s0 that ¢ 1s ® ~ihvariant.
£

Then QC% is defimel and contractive (see (1),(2)) and using a)
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then by den-
ity for sny kel ke =k, sndfinglliy forany kK &€ 4, since

b e
- . 2 Sy G ) T . e %= ;
is the linear span ol ‘{k e A ;.ao,J--;L} o iR



0.2.13. CORCLT.ARY. Leb {r 3,37 Dbe as in 0.2.6 and let oy b

(g tH lJ )“‘ IY\VQ“-’ .-)Y‘J’- -;:‘ S .:fj‘ @ Vi u...'-y"u‘-tx.) \Jrl T’I e Thﬁn

[D«,-/:\_Daﬂt € M y gt

PfOOf Denote by Mac?( 1) the von leumann algebra of 2%2 ma-

trices over M . Then Maty(M) = M@ Mat,(C) and R, =S ai, isa

normnal #-homomorphism of Matz(ﬂ) inte Matg(M)‘é»A, which preserves

the units: ;

5

Cons.der also the balsnce

(@)
(“s
&
-

L weight B=0(g,9) on Mab1) (V67

Since Li,ﬂr are (8;j)-inveriant, a straightforver d CO"”UTLuiOn
shows +that 0 3a (%2,3)~inva:iaht. By Theoren Qezele i fellows
that %2 cemmtites with R v . :
 Denote u, = LDy : D¢l , t€R . Then ([61])

0 G 0 0 0 ) 0 O\]
=S ot TN ¢ 1)) =
% U O/ ir o) '

¥t
sk

o
Vg
(e
N’
o

L . e
Therefore %(ut) = @, doe. U, e P, 8

(O
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4 and leth w b
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A@;Ke)) g & k>

k > P
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24 we have
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: Seeadfalal) Silslo) ) e et o el s
thus

i
=

(12) | Hs@)) s(e)

and using (11),(22) we obtain s(w) = 0 , a contradiction.
Therefore w 1is faithful. :
If ee€ AS i ek dA‘, then there eyists ke 47 ok #_O " with

<le) , k=il and 20 - yislds

N

< jledeeile) vty = 0 WL e
‘which means that
ale) = jle) slw)

Therefore the only projections in A are the triv

5

izl oners

g}

©

This proves the proposition. =

0.2.16. COROLLARY. Let {2,%,3% be as in 0.2.14 znd let w,=

S “ N\ 0y 5 R ey - o . .
be two non-zero ([,])-invarisrt normal semifinite weishts on A .

e g Ao S 2 . . . N i NG
Then w,z are foilthful snd provertiosal, i.e. therelis NeB iz

XU‘.’ e

Proel. By Propesition 0.2,15 ;w ané T are fadthand o byt

[P
[®)
=
(.‘N
fra ]
Yoot

[be e ¢ 4 L el

o
&

il
It folleows that [D2: Dwl, = klt j velR , fogr some >0 4

and hence e an,

1

Qe 07 in s Gl a similar argument will be used for a chafuv

terization of dual weights on crossed products. In fact, our aim was
o extend the result of U.Haagerun (L2547, Thecrem %.7) from the com

mutative case o the general case and for tuis purpess we had to




“0E

find a definition for the invariance of a weight with respect 10 an
"gction" such that the fcllowing requirements be satisfied:

A reduces to the usual notion of invariant weight under group
sctions , when A correspo ds %o a group {see § 0.3) ;

= it”enﬁails %he commutation of the modulu, automorphism group
of ihe weight with the aotioﬁ S A

- it is preservcd unde: pagsage to balanced weights j

- any dual weight on @ crossed preduct is invariant under the

dual action (see § 11I.4).

In the £)cst version of (1531) we called "invariant" 18
<{Fe)¥a)(xed) );gaky =< (5@])) E)\W)) (aa 1) (WY%J>(&(Y))9‘\@QK
for any o & M 5 e M ;er AL'; ;

Although this definition works (at the level of the associated
Hilbert spaces), we rennounced to it in the present approach hecause

(Aﬂ )J) has not an obvious sense in M@ A .

In what follows viz specialize our objects-{M,A,E,j}‘ko more usual

oncde.

0.2.18. DEFINIT?IONS. A Hopf - von Neumana algebra (Y480 (A9SA) is
5 von Weumanh slgevra 4 together with an injection.%A: A e A RA
culled co-mult 1nlncat10n, wiich is co-agscciative
. y ; Q‘. . kS
(lA‘Q‘Q ‘.;A>0(5A = (%fx o lA)‘"QA °

-

By an.ggﬁgpn (A % on a von Neunann algebra M we mean an

injection §: M‘mﬁ»iiééﬁ such that

(_LT (G k/ Yo Rk (R inx)O% ]
g
alternatively, M 1is calieq an A comcdule. :
] =
it : : 1%
The gentraglizer of this action is ' M x'{t & = RNlx) = %o 1A}'.

An sutomorphiem w of M commutes with § if it is an A-comodule

1’!‘.‘&0-, j.-: Ce. T& o § o= ( T @ j-A.) % ©
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.Two actions %'l ,%2 cf Afl ’ A? respectively, on the same U
a"re",said to commute if N, @ 1,)%, = ‘(ila;lglt’)(Sz @ i1 8, .
Ir (4,%3,) is e Hopf - von Neumann a'gebra, then the predual

space A, of A Dbecomes a Banach algebra (L§7]) with multiplication

- defined by' G e NG T

<x,bEk> = <%,(x) ,h@k> , xeh, hlel.
If A _.is".’ci'c;—uco'rmnu'-zative, ii.'e; i R, is ijmnei?fic (%IA x‘EA) ;i then
~&, is comnmutative. . e -
- If there iz an action [: M —> M&L »f A on M, thengthe map
Ay x B 3 (k,x) > k-xe i "(see 0.2.,1) defines a2 left 4 -module
gtructure on M | |

heldmy s (x4 mie s, THReEss

A co-involutive Hopf - von Neuwnarn algebra ([5#1) (A@A,jﬁ} is a

Hépf'—- von Neumann algebra (A,%A) together with an involuiive * -anti
¢ i < P % = {
au‘c_omorphism Ui of A such that (jA® jA) \A = - X.A Jp e

8]

In this case, the Banach algebra A, with the invelution kit— k

(see 0.2.6) becomes an involutive Banach algebra.

0,2.19, DEFINITION. Let (A,%,j) be a co-involutive Hopf - von
Neumann algebrsz. A non-zero normal semifini+e weight w on A is

called leit Haar weicht if it is (8,j) - invariant,

By Corcllary 0.2.16 , the left Haar weight is faithful and unigue
up to multiplication with strictly positive constant-:.

We can alzo define the right Haar weisht ag a non-zero normal

gemifinite weight - on A .which is (%,3j) - invariant (N = -e%) .

It is easy to sce that <z = weoj .

The left Haar weight w commuies (L46]1) with the zight Hear weisht

(AJoj" .
This follows from Lemma 0.2.10 and the following more general

result :



w 22 =

0 2,20, IEHA. Let 1%&,.}?33 as in 0.2.124 and let w be a § -inva-

rient normal gemifinite weight on A ,Suppose thexe are given :

3 A—>A, 2 positive linear mapping ,
BE-P "wavA s 81 ﬂormal completely vogitive lineax manping,{%(iA):iA,,
such that
(B@1iy)] = Ret
Then

wojooi = e g

. Proof. P an arb¢urary k e AT ,<1¢A g ko="4", Then"for any

a-&~A+ we ‘have

s

il

<ok(a) ,wej> = L jlx(a))el, , w@ k>

i

<%GW@M).“»@E§

B s

<7 (jei)(Be1,)Ne) , wek>

<(1X®(JF»J)) NER-F IR ), w &k >

it

= <S((e)) , we (ke (323>

i

<ia) @1, ,we (ke (385))>

Ca,wei> . ®©

]

Following the texminology introduced in (1461) we put

Oo2.21.DmrIWITLON. A Katz algebras (Ad,J,w) 1is a co~involutive

Hopf - von Yeumann algebra (A,%,j) which has g left Haar weight

satisfying the (stronger) commutation relation

o4 4, :
< I o R
that is ;
jo%“,,c j = v,;f" R

‘We remark that the TaSL condltlon is aubtomatically satisfied in

the following two cases 3



SRy S b
4) if A dis commutative ( ther T, = i, , tER) ;

2) if A is cowcommutetive ( by Corollery 0.2.16, e is then

proportional to w) .

There are many ways to reformulate this definition, more precisely
the “inrariance condition . The aim of all these definitiong wag to
‘obtain a categoxry JE and a duality eguivalence funétor on J% such

A'}j% containg all locally compact groups among its objects ;

- the duality functor reduces %o the Pontrjagin duality for

commutative locally compact groups ;

- thé duality functor reduces to the Tamnaka duvality fcor crmpact

'grbups ‘ o
As & vesult of several mathematical efforts ({fL‘L[&B:Lz‘STLQQO‘L
[} 28 .[29 1[50 1.l 32 JLs2 L33 Ls6 1057 Llae Llsa 1ls2 J.Lor Jse ]

[EQ:LL [02] [03] L6‘ rGO]; we spologize for possitle omissions ),
gsuch a theoxry is now availabla iﬂ full generality in two peralal
works (L3 1 \-Jb} Jda6 1,07 1), : : : f ‘

e, e
0¢2e22¢ Pollowing the ideas of the above cited works, we now

o A . A i
sketch the construv.vion of the duanl Katz alpebra (},QAQ,LU} of a

i

s

given Katz algebra (ASsdpw )
" The von Neuvmann alvobra A is dofined by

A

A ’ISH“S~ A )‘y < B, ) ;

By tbe%-—lnvanance of ey tho map % & y !-—w‘» kx; (A & y) defines

& e i
& linear igometry V on H, @H, and it con be shown tha W=V i3z
. 7
W & A and

algo an isometry, so that W is unitary. Moreover ¥ & A

%\y) = W~ '(;‘;@ 1} W s g

i _ A '
Consider the unitary operator W m ol = s N ezndiiliiany fue formule



A

A A
g vy n‘
¥) =W (A”‘L> i ; o O TR
- S Jd s | . - > b A.
aelines a co-zssociative cc»multlpllcatlcn Boolom A
On the other hand, the Formula
..»-";' s A
;J(:?:)::wa Jos Y ek,
A A
doflnes an anuJUbJVQ'fndniJQU$O£OrDﬂ¢uﬂ J of A compatible with § ,

A A A g
Dnus {L,ggdr becoies a co-~involutbive Hopf - von Neumann algebra.

It can Ve shown that the correspondence 3
; ; s p E
Xt (30,

2 7
yives rise to a cloged antilinear o BOTTES T Inddl wl
; 42

Also, there iz & %~ gubalgebra D of L contained in ﬁﬂj which,

regarded as & subgel of Ay (gee Lemme 0.4.4) s 18 also an involutive

svbalgebrs of the invulﬁﬁive algebra A, and moreover ,
e . R ~
.Sa.'ﬁ]) “,Su,a' S\D = 0 o
Vith the algebraic operations iﬁherited from A, and the scalar product
iﬂherited from H,, o D becomes a left Hilbert algebra and the left
von Neumenn slgebra associated to it identifieg with A
The natural wéiguﬁ aesociated to this left 3lilbert algobwa dm1tno
a n.g.f. weight & on A which ig (%ga) - invariant, - |
 Ope {hus obtain the dua' Katz algebra (A,%,j,éz) of (ﬁgﬁ,j,au} ‘
Nd}e éLuo that ; with the alpgebraic opérations inhexrited from A
and %ﬁe_;amc gcala pr;duou s D 1is again a left Hilbery algebra and
vé gagocicted left von Neumonn algebra identifies with A s w being
ghé associated natural weight
- This "Tomita bi-algebra" structure on D is the nexve of the

9

duality theory and i1 makes almost obvious tke duslity *hnor m o namely

thet the second dual Katz a)gebra identifies wiith she original one :
A N AN 2\ g
ey N N AR .
(U5 gl F 0 R v B gl yo)

\»e

3 :1 Li()‘lg 1_471)

Por the details seec ([293,Y20],0541 [34]



0.2,23, DEPINITION, Let S: M —> M &L be an action cf the
Katz algebra {A,%A}JA,ﬂﬁé) en the von Neumann algebra M .
The von Leumann alg gebra

generated in M & B(H,) by

,% e : i 03
( 1\'1 ) EENATeR -L?ﬁi @ &8
&,
will be called the crossed product of M by the action B .
In this definition H, is the Hilbert space corresponding te the

>

Sbunﬁafd representation of (AgtuA; and CZE(HA) ig the dual
Xatz algebra .

The categoxry of Katz aTbGPT&S with appropriate morphisme will be

denoted by S

Ty the nesct Section we ghall apply these definitions to the

. o ’> 1 - ¥ g P .
objects of cnﬁ which correspond to locally compact groups and to

Lx

their dual oh) jects.

0 2.20. Hotes. The definition of § -invarisnt weighis (C.2.2) is

- .

the same as 4he usuel definition of "integrals" on ﬂop“ algebras
(L561) and the §-inveriance is the most ne’ural extension of the

invarience under group actions.

o
o
e
o]
O
=]
-
o
B
1)
e
o
c14
2
()
~
*
-t
o0
H
;.J
o
=t
oy
\J

In the context considered in this S
‘ N Ty
context of Katz elgebras (ow "ring grovps” ,Léﬂ
special situations forx vhlch the S -invarience is sulficicent. This

happens, for instance, in Assde cdsmenstonal casesaiBaN, 144 ) on

o

in the case of group actions (see 0.3.9). 1

While the construction of the dual Kaiz algebras given in 0.2.22

is olmost a weproduction of the ideas of the original woxks cited

L3 '\

there, our definition of (ng)mguvnfvvdveg as pregented in Theorem

0.2.12, hos some advantoges in comparison with the  sxions

.



~1

concerring the inverient weights, as presented in (I35)) and/or (161},
namely :

S it‘applies equally Ho weights on co-modrles ( that is, not only
to weights on the Hopf algebra itselfl)

- it does not coriain redundant requirements ;

- it does not mahe explicitely use of the ten cr product of the
1dentity‘autcmerpthm'with a *—antiautomorpb’sm , which has not an
vaious senge for vom Newmenn algebyasg .

The 1 undgueness of the "3 inveriant walght™ on & "ring sroup! (comp- -

re with Corollery 0.2.16).was agserted without proof by G.1 Kotz and
o

The asgertion " i1s feithful™ in Propogition ©.2.15 styrenchines

and generalizes the resuit of M Walter (LE6],Remark ca page Abe ).

Also, another rousult of M.Walter (L6613, T Frep ,pwu.ﬁﬂ?) cen be exten-
ded, namely mrf two § ~in vav1&1 o.‘,( £). weights which comute e

proportional,




pondivaviioial qndh b g o aiscibenilh anof uiadhOnll S SR Aol Vil it el v oS A P et ool oo s Jh il

Let G be a locally compact gxoup with neu+ral element e
left Haar meesure dg and modular funchion A&G ‘
Denote by COO(G) the set of continuous functions with compact

gupport on G |

0.3.4, The set O o(G) endowed with the scalar product from
LQ(G) and ultl the operations of multiplication and conjugation ,
(E9)(8) £(8) 7(s) )
: %(S) = é(S) beiad

|
|
!

EH

becomes a comautative Hilberxri algebdra.
The associsted modular operator and antiunitaz ry danvolution are
-~ i :
) ""% bt

SG é ? % : . ;:‘

‘ A | , .
The coxresponding (left and rlﬂh%) von Newnann a]ﬂebva is  LH(E)

Jre

acting on LE(G) by multiplication ,
‘ (££)s) = £(s) E(a) .
In particular,-ﬁw(G) is maximal abelian in B(L2(G)) .
LX(e)t = LG6) A
Tﬁe navural weight* corresponding to this Hilbert“algebra is de-

noted by /“G and called the left Haar weight on 'L“TG); Clearly .

Hobay - Ssloiide | Y HRRCOD

0.3.2. The set COO(G) _cndowed with the scalar product from
La(G) end with the operations of convolution zad involution ,

(éaf«»;)(s) g‘gm (t71a), g

.,:r-t' : R e

£(a) = a<~3> 1\;(:"*)

il

becomes & left Hilbert algedbra .



DR

The associated modular operator and antiunitary inveluvion are

(3. = B.(s) %(s) :
o ey BT

The corres.onding left von Neumann algebra is generated by the

left regulsr representation Nt g!mwvvk(gﬁ = B(Lz( i
(Me) d)(s) = &g e Tahi gan ;
and the corresponding right von Neumann algebra is generzted by the

right reguler representation e i G o g!wﬁwwg(g)éz B(LE(G)) :

(g(g)% ) = AAG(g)V2 £.88) s ke L)

Tn particular , putting .
06 =3 IS dgeh c—:B\L 2(6)) :
R(G) =TRiela) ;gcsd}ale(Gn ;

o have the commutation theoxem for the regular xeprese ubntlons,

3

BEEYT = R(G) 2

e

The natural weight corresgponding $o this lcoft Hilbert algebra i
denoted by wyg end called the Plancherel weight on LEG) e
} )
Yor any f € LL(G) we have A(f) € L(G) and
: i A P ) : 4 I
Mgk £) = Mg BBy RGO NG :
?OT any continuwous f & LK(G) and of positive type , that is
>(f) (¢)" , we have
we(f\(f)) £ el bavs

e 5 ; S ~
and for any 1< LM(G) we have A(f¥ %) ¢€ L(h) and
: ({f‘f : (v 2 <' ;
td(}()\(i.m we f)) = !f(s)\ ds = ll(f ve f)(e)" :

For any g €« G we have

(P
(2>
o
—~
an
G2
~
~
i
D.
o2
~~
o
e
£
2
e

The proof of these facis are direct applications o the



Do

deflnltlonc (see[ﬂG},Eﬁ%},l57T 13101)
' O 3 3¢ Lt ig clear dthat
B<,_,2(G>) R{L © , Ll = RANRG) , nil
The foimula A : ' 17 : “., L '
(W, EV(8,t) = C(o,8%) Cell (epor) , ot e
G § | . > b é b oy ; (e L) “ b
defines a witary operator WG ol LZ(G)25 L2(G) " Consider also %he
1 / o _ Sl it : :
unitary operator WG = Wa = A W£=A/'on LE(G)(@ Lg(G) o Then
g & 1(0) ‘:J““(ci,)’

(5% e ot = A
e tamniey: T, W

' 0.3.4. The object of the categoxry cﬁ%(g‘e O 2 23) COTYES )onding

3 et
RN

5%

to the locally compact group

{L(c‘x ,1, ,kx,/cgd e

where the G““mblblpllcatjon. LG : G) wwer (G)tw HJ(G) is defined
byA . S ek
that is 4 s - :

i ) :
(bt (o,8) = 2(to) ,,
and the involutive *’«(&Hbl)&HiOPOTyflSM I LG s L (&) s
defined by ' :

(eal@a): = He) = 2 J
The (igskg)-inveriance of /”G follows by the left invarisnce of
thQ:Haar'measure ag . ;
Note that G is a commutative Xetz algcbra o Any commuta%ive

br i &y . 7
hatz,algebra corresponds to a unique locally compact_-l LB R

O 3 50 The aua1 objeet ol G in ik

= { L(F) 9'%(} 5 JC 9“’(;} s



have'aL‘ojG

object of a'hrienp loca 33 compact group (LE51).
0.3a6@ The predual space L (G) of the co-involutive Hopf - von
- Neumann algebra (Lfkﬁ) y b kG} has an irvolutive algebra gtructu-
re' (see 0.2.18) , namely j ;
' ol e 9 Hsie e T, -;i
Y i ..I""'-” ’ i i :
1?{,\‘. = l(gﬂS g k € LQ(G) °
It is easy to see that
8 o
o N
(9 i) : Wie ey
thug the involutive algebra siructure on Li(G) = ﬁ”(G)* is inherited
from T(G) e the identification of &k € L(@) with A(F®) € u&).

i

0 3 7 The predwdl gpace of t

i

I

H

algebva (-U(G) 9 QG $ JG)

structure (see 0u2s ]d) is denoted by A(G)

alpebie of C

2 L

> L(GYSLIC)

where ths co-multiplication ‘%G : L(G) ==
[alx) = W ":;ta?s; )
G GIYR TG (26 2
in perticular
S = Ma) s Mg
gnd the involutive ¥ -antisutomorphism Jg
~defined by
= N 3 A
in particular J
‘ ’ ;=i
dalite)) = adieh)
The (%uﬂjg! nvariance of wg 1is vasil
002&12@
Note that G is a co-commutative Katz

e

is defined by

®

% é i(G)

)

03
2

BlG) “5mle)  is

x € L(G) s
@
v verified using Theorem

algebra, in particulax we

ny cawcommutati§e Katz algebra is the dual

2

8 bk“lﬂVOlUtlve hopf -~ von Neumann

with the corresponding involutive algebra

and called the Evmard




o

For h,k € A(G) and é}e Cool@) we have

1

<EM 5 B> = CRAED) ",“h@ k>

s

<§%cs) As)6Ms) ds 4 n O k>

= R

<S§(s)<)\(s) - k>)\(s) gsr e i

i

< A k( )é)
where we have denoted

K(s) <Neee aesiebiia 8 & G; y

Co

Then h( ) is a continwous I -function, 'Hk(v)Hwé!\kﬁA(G) "and

we have
G’ N o G 3 > 4 . ;.
‘waa(k)é = ‘G<k> </\<é>> T (_}-Mé‘nw(}” ANy =
= k(-3 g
: thefefore ' - :
s ?H;di(k) = ie(s) & T CC) e

|

We shall identify k € A(G) with the corresponding function
k(+) € (G) . Then the involutive algebra structure on L({G) colinw

cideg with th“t inherited from I (G) : -

h-k = hk aeis Daliien 0ED .

P e Japvitple plte .
Indeed, o :
T (mek)(8) = <M8) , hek> =<Y((s)) , hEK> =
: ' ;<>ug MSS,h@k>a n(s) k(s) ¥ ,
N gl = < ;jG(MS))w, Tt sy
= ;;Z-E;) £

st

O N T

Foxr the properties of fthe Eymard algcbra we refex to B L.



0.3.8, Let M be a von Neumenn algebre.

|81

Consider a w-continucus represeniation = : G —> Aut(M) by
% —automorphisms of i , Then « is asufomatically g* -continuous.

For any v € M the function g\;—-—-@-u?‘(x)’ defines (0.4.9) an
eléement (,(x) € ME L(G) . The injection 2 M —> M BLT(G) is
fhen en action (0.2.18) of G on M . = '

Conversely, conzider an e L W e e ot G Son i,
A standard aspproximate unit argument 5{%’%3,&3?}) besed on. the
equality . ) . s . | _

h-(k-x) = (k%h)}ex , =xel., hkelil@,
shows that there is a unique w-continuous w -a2utomorphic representa-
tion w ¢ G == Aut(M) such that L =L, .For details see ([437).

(}Qmaze(‘113.531'1'1.‘.1;;:'5 we shall identify the actions of G on M with
'ﬁhe w-continuous = -autcmorphic representations of G on ”M .

.{?siven an action &« ¢ G~ Aut(iM) of G on M we shall also
need %he injection . o et ® 1T(G) » defined by (i 1(X))(g)

oa'“i-. o™
x@(g(EZ)’gCG,X‘EPJo . : ; E 1

~

Fox an action. ® : G —> Aut(lf) of G on M end a n.s.ft.
weizht w on I it‘is ~agy to see that _ |
¢ isg Lx-invariant — “f""‘g ol e g €G
e WG (b“,}:G)«invariant
e tf is L&.minvariant )
thus the (ug(,kG)wim'ariance of 4 ig just the usual ;“—invariance.
Algo, given an action o : G —> Aut(M) of & on M, the
cmssed.product _M XL&G (0.2:‘23) is equal 1o the usual crogsed

px*oduct. Mx G ([601) , being the von Neumann algebra generated in

ME B(L2(6)) by L (M) and Ay @ L) .




The foxrmula
. ST 2
:«G(z.) = Wg (o2 @ e Wa : X <€ B(L_ @
defines an action L, of & on B(L2(G)) end we have

L_(}

=

D

Using the commutation Ltheoreta L(G)' R(G) , We getb
5 1 L o v
B(12(6)) ¢ = x(a) .
0.3.9¢ Acecording to the égéne:cal definitidn of an action (002,18)9

A ;
‘an ectlon of G on a von Neumana algebra M is en injection

g~ M & L(G) such that (j.mﬁ?:?@)% = (S @ ::G)%, and the

crogsed product (0.2.23) M ng is the von Neumann algebra generated

in M@ B(LA(G)) by [OO and 2,8 T ((‘)
. The fommulas \ v

Sl = el . remeTa
) e e d) M, aielERIRIO o

4 i : ok A S g
define the actions ¥ , 3 of G cn B(LY(G)) .

.Using the commu'ta'tioﬁ ﬂmo's?-e‘m T e I e soit de easl

sec that

i

_ B2 ¢ = 1% é(>?<c>§¥a. .
Indeed, if x x € B(Lz"”)) and %G(X)ﬂ-f x @ 1 , then for aay vectors
é Y s sy ¢ 12(G) we have -' »
e ({cy (=@ .L)(*;"*v)) (= 01)(§fw) Rip (70 A5
which yiclds 2 : i :
(Yi‘ﬁl?) (u'?;‘*]) 5% gj,’7 € Lo(E) :

where

2e) = | gony® ot =fgoyaTo a8 L gy e PO
0,340, IF G dgicammatbative end "G ds the Pontrjagin duzl group

then the Fourier - Plancherel iscmorphism identifies the objects



oD

- A A‘ :
((6) R s dg remg) emd (W&, 155 g o pg)

the corresponding actions and the corresponding crossed prcducts,.

s



AL rT“”T DU%LTZ THROREL FOR CROSSED PRODUCTS.

Lew . W B(1)  bela sen P“wmunp algebra, G be a locally compact

0]
=
o
3

3
&)
=
or
2

G i Aut(ﬁ) be .an action of G eom M , which wieclds
< . « ¢ P noe
The ingeetdon ¢ t M == MBL (G) defined by

(%ﬁ(x))(t) = o m}(x) M e R e

: _ |

Suppose there is e unitary representation G 3% b—o= u(t)e B(H

=4

- which implements the action ot , 1c K (3) = b uin) | o iale
x € M , Denote by U the unitary operator on EE@SLZ(G) defined by :
W) = w(e) §(5) ted, &el(6,H0)

Then: sUie B(H)Y @ 'L (&) and putting ;

1

~

CL o SR ek S A e

is a % -aubton “WLMTLOf ML

s
e (k~5£>::ﬁmfmf, feI?CG).

N
~
L&
t
)
~~
i
™~
A
—~
L2
Y
-
:":
n
—
=Y
“e

PROPCS AT e SR R : - 2
Tl ol POSITION. For any action ot 3+ G —» Aut(M) of G on ¥

we have

- TT o

t depend on Lue Hilbert space on

1

v 4 AT - £ 117 e b bk e e - fa 3 B
which M - acts , we may assume M < B(H) such that the ‘action of  is

o acunibany pepresentation of G on . H o as abovelsege en

e
o - = -
§ 1,2.(6) below)s. Then elearly



o, R

36 -

Also , it is easy to verify that

c Yo
(o, ® 2a(g(%)))e B

]
D
o
N
i
&5
&
4559
=
N
(¥4
N
<t
s
~’
~
ck
M
(D]
~

bn U@L (¢) amd using this fact we ge

= e R - o rfregte S ey LO : !
A2 TPEORUSTRICN & Tor “an P action T = cAut(M) et 5 €6 - el

wehdg ‘
(M & Ley) ‘ £
fetel

 Proof. Indeed, for X € ML (G) we have :

e

A

Y e (M@ L (e)¥%"S e (o, @ 23Q(E)) X =X
Ei "'a- < —1 3
<> (i, @ A (£))) 677 (¥) =B (%)

<« 01 e el

<> X € @@((” ®1G)': L.O((I‘;D ’

P

. ' . o e S b T g
since clearly (M &L (G)) = e L, $

Let us record two more results which are essentially the same

aE T2,

S htD

(a) For Xe M@l kG) we have

(b)) diet N Db a von Neumann sgubalpebipa of M and x € M . Then :

Lplx) e NS L(G) =—=>» xel.,

4

We shall nobt use these result

631
5]
!
d_
=5
4]
0
®
o)
&
(4]
b

, 50 we omit their

(easy) proofs .



For an asction ot ¢ G —3 Aut(ll) of G on M c B(H) we consider

" the crossed productd

which is the ven Neumann algebra generated in

B WeEhe)

e, (00) e M@ B G0N and 1 ® L(G) .

There is an action

UK = (1@ fa)mcofl Wiy@W.y 4 XZEF,
ST

Pors nE By wes havies FE T ifcand.only 3f

' S ‘
Xel, e (IBB(LY(E))el:) N{1, 8]’

1l

(HBRL(E)) @1y) N (AW BLY )
= MB (L7 Syt
: LY o 2 ~ %G : ‘
= i ® (,’Z‘:(»L (Ll))) & ".‘LG [iese
=0 AR LwC G) @ flc_ . !

Thus

(1) TER L y o)

and in‘pauticulan

o L,(I‘.ﬂ?) (<o it o 1

-4

N

‘“:

Thers & il ) = z,d(?l)e‘;a ‘C and obviously S (/}.? ® L{G)Y)

(&)
0]
~ i‘

3
ot
o
(Gl
U

(@m7831(ﬁ)) & L(G) . oS0 mhaT RN)'e N @G tindilicice s N he

1o an“action

i

o

(™

& =Sl ¢ Wime N B L(E)



tl
e
ey
X
(o
15
}‘Jo
o
::)J
=
1Y)
@]
a4
}..J
',.J
oF
;:3.4
D
[N
=
0
—~t
a
(@]
<
-4
)
3
O
4
@

. ,‘ < ."
or G on N

Consider also the action
A =@ Ade of G “on P=Me&BL (G))..
By T.1.2. we have o (M) < P and clearly 1,® L(G)< P~ , thus
) NP i
There is an injection v (G) D L b im Qe P of

in P and we have

.

4 fa ¥ ~, - - '_OO
(a) ﬁt(v(z,\ o V(Ad(%(t))(f}) 5 L e g foe BlE)

A1l the svove resulits are well known ([251,[3S]),

9

The following theovem is our first extension of M.Takesaki's

duality theorem (L60}, Theorem 4.5 ) to tbc case of arbitrary locally

jo
b
=]

i

T.2.4, THEOREM, L2t o : G —3 Aut{l) ¢ an action of G

M KMG)}%EG is w~igomornhic to M & B(LZ(G)).

Proof. 7Vith 4he abuve introduced nobtations we define an injection

S G e ':Jf) L(% I Age W), X ER,

If Xe€EN, then L& P® by (3) , thus LB__,l(‘:f:) = el

If e L UG en 0 e casy G
verify that

o 5 A
W(@.M @l S vle s

3 ) K} A {4
Therefore , using T.1.2 and the ﬂe inition of NxgG , we gev

: w = A
WPy = WRIn , 1,017 CR{‘:-’\(\T) 1,810} = W x, G
: v

and this proves the theoren . B



— T

n

.._.r e
Moreover , it is easy to verify that JL™% +ranciorms the second

>

A
dual scifilon ' o (=1 & e iiolt NG o (I, @) e [0 Ce U e dual

action of Q: (see § T1.2 ) , into the achion o<€>gdg o1 Gl on
M@ B(L2(G))

We remark that Theorem Y.2.1. is in Ffact a partiecuwlar case of
‘Theorem II.3.4 below . However, +the "eeneration pars" . which iz +he

hgwdi pamt tan I, B sl then brdvial hene

®

With the same notations as. before, we now contirue +the
interrupted by Theorem I.2.1., in order to obtain simple proois for
bwo known results which we nee? in the sequel.

Since

B (C) = (Ade (t)) e 108G " e o

) ~ i .
fop . we i (6)  and for x €. 1(8) , hence For all ix.e BCLACG) )iyl 2

+h

ollows that S - commutes with B , i.e. S‘w(gt =B, i
t € G (see also § II.3.1 below). We infer +thas
X % (‘A 7Y JS - o . P e b4 *-‘)B o T
E : )—t)< (< I ] Gy Gl 3 X = == %(.n-) E & @ 11((}) «
Thus , by restriction we obtain

ai et AR g 6 s,
P

@y @
D

annaetdon S P e PG L(G): of o P

Using (18 oL (Bl wand T g 2 . we ceit

ke e @R P i miteens BEEY i

Te2o2ll (BROBOSTIITON (M Landstad LS8N, Top any setiion ot sl ez At

S

of G on M we have
G S &
<
_L«(T!) = (M G )
o\ . .
Yhere ol n et Ghicwdual aehiiion of e

discussion

P
Y



There is a natural unitary representation u : G —> N , namely

and it is easy to see thet

(6) eeuou"ﬁ‘!.

R
ft
=
2
7N
(&
—
ct
\‘l
R4
N
g
R

’ teG,

which means that the action =« of G on M is implemented via a

in the crossed product M X G . On the otvher hand it is clear that :

€75 e DE(E)) = wbhie s iy T Eee

O

This anticommutation relation is the main idea or the outstanding
theorem 6f M.Tandstad (1381, Theorem 1 : stated below as Theorenms
BeSe5. and 1.3.4,) , which wé now use in order bto obtainsa simple

. proof of the following result due to T.Digernes :

1.2.3. THEOREM (T.Digernes 3 D). For any sction o :1G—= Aut(l)

‘of G on M we have

natns it ot

L e s 2 e
Mex Gt YIS B P B % B
Proof. With the same notations as before, we have seen that there
. o B £ — 2 A : g,
is an action  § P -En.D B LGy of G “on PG and a unitary re-

3 (oy €2, which are relabed by €)%

By M.Landstad's theorem ({3871, Theoren 4 ; see I.3.7 below)

presentation v ¢+ G —>=NC?P

follows that PP is generated by (D'qu~ L)y Gece (5)) and u{G)
|
1)

o9

€ G}‘ s ‘Dence pf - § o i3

0

It is clear that this result is equivalent to the general commuta-.

L

tion theorem for crossed products due to M.Takesaki ([60]) and %o

P .Digernes ([F1



N

on

. S 3. The conditional ¢xpectation P, and the characterizatio
of crossed products by actions of G.
Let N be a von Neumann algebra. The Plancherel weight W
: ; 128
L(G) yields a n.s.f. operator valued weight B, C on (W& L(e))"

N

with values in N’ , namely (0.4.6) :
Wa S i
- < By G, 'w> < "Y@W Ny X~e} (N L(G))" , el
: | -
\~ ) 7 T s PR i :
I.3.1. PROVOSITION.(see alsol26] {%SJJQ Q0P515ga an zetion
X E i A : :
[: N —~>NWBLG) of G 'on N and assume bhere is a unitary
representation u ¢ G ~> N such that
i) N@ls)) u(t) @ A(t) s teG .
Then the formula
N e ] e
(2) 20D = Pole) = BAR(D) U, BaEEt
defines a n.s.7, conditional cexpeclabion P 05 Sl ian .N% and
(3) PG(?(f)> = f<e> QW
fop any cop iruous Fune blonwith compcet cnpoont B en - Giosien
Chab-lul L e 0y
Proof. [t is clean that PG is normal, :aithful, additive an
positive~homogeneous. Also, for x e N and Ta e N% we have
™ * , ﬁwG/‘ o i
LG(a xa) = By (Sla 2a 1)
-q‘wG//r*,,-\%/ / 20
= By ({8 @ 1) ¥(x) (a®1))
(€3] %
W
= a By (8(x))
§ *
= a RG(X) e
For any cort aneus funckion £ with compect suvpert and of
e '-_ famr m i \ I"! e
positiv QJ?G\HKL*OL any « € /e hav

N

-
x



ma;zf.

LRLuE)) > = <N (u(E) Ly ew>

i

sup < \ £(t) (u(t) ® X(t)) dt ,v Ok >
kéwG : ;

sup < \VE(E) wCue) MGy ay k>
kst

]

< §H pae) ey a6, wg >

i

£(e) y(u(e))
S ey Mt et

This proves (3) and the semifiniteness of Po .

We shall now prove, in a number of steps, that PG(X) = (N%)+

for all x €Nt .

>

i) et Y N, be actionsof G on N , M respectively, and
N2 Su , P J
assume there is an ‘njection W N ~=> M such that

S = (Weiye Ry .

Them, for any x € N*  and any t & Mif_ we have

il

e J 4 ‘ :
» <P‘égxi:(x)) y g > = <JyA(x)) ,qew >

it

= (Wei)¥(x) ,4 ®w>

it

1t

< Pg(x) ’ Lf"r}—r >

i1

N
<D erge.
so that

@y - Pie(x)) =WPlx)) , xew,

On the other hand, for ahy x € N we have

%N . I~ : ’
el ==y e X and %N(x)zxc«b’LG

8]

<> W(x)e W) =nd (Waiylylx) M(x)el,

< WE) WA and $ Q) N @ 1g

-



e
i '( : ,SM
= W e WAy
therefore :

W

By 1
G N = W) an ™

and, using the uniqueness-of the upCCL al resolution of exterded
ositive elements ([24], 1.5.). it follows +thatb
: H

‘ S : e "’"“T“:
G20 Yo HTy = EH A aciyt

| :
Suppose now that Pé hag. the «desired property, .c. PG tak

o
@]
6]

Al v CRA e : : o
s valives s C Y. Then +he same is brue To PE . nndeéds nsing
(4) and (5), Sorieny.  x e Y we then get
s 2 /1§H i Wuﬁ at
Qf(PG(x), ¢ ip? H(V)) ) A t(ﬁf((g i
and hence Sies o0
s : [,
Pg(x) G
i i . - ---“ 2, - . ZN -
(ii) Let - R ¢ ¥ —> N @ L(G) be an action of G ‘en - ¥ and
assume, that N acts on the Hilbert space X , N < B(X). By the

J

. )
definition of an action ofi .G we bthon have the following commuta-
- § O

tive diagram

Y

B(K) BBL(G)) > BX)BP
' ja® ¥
i€ G

Y
9

Thus, the diseussdoni¥in (1) shows! that® it ist gulific 10 &o

._._.._

-~

0 i = (i ‘{_ i
prove that P, takes 1ts values in (M ) eonly fom

W AN RN ) e S = e ® S

(ii1) Any g-neasurable forotion (see 0.1.10)
Gx G> (8,7) b= U(g,7) € B(X)
such thab

- r. 0 X
~\-S | X(sy,2)0c drds < oo
N

}
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defines an operator X € B(K) & (LZCG) by
(Xé\y) = S\& (X(s,7)8(x) | 7{5)) dedled o ity 75 it

We shall compute (iK@)%- WX) e B(K)@B(Lg(G))é L(G). For any
¢ e 12(G x G,7) we have i '

(e SEe 1 £y =

= (L@ W)X (10004 1 4)

It

((xer)(Apew,) | (geiy) L)

i

(§ @magengée, ) | (gen)iis,-)) ads

(6).

S& (X(sgﬁ;")((’lK@"«-‘/G)(,L)Cr,t) | (1 @7)0)(s, 1)) drdsay
&( (e, ) (o =) (el sl |

\ (s
W ¢

Now, for any k ¢ L(G): C A(G) there is a vector e LE(G) such

i

')A

) (z,es™ ) | £Cs,%)) dardsds

i

=

i
59 ’
K (s,r"]s)é( ~lg ""v‘vc)Al' C(é,%j)Aé(r“ié)- drdsdf

(7 e ) e - e Vo8 av .
If « € 12(G,K) , then ¢ = 7@9 £ TG R EE) ¢ Gt =9(*~:)7(s)s
8,0 € G, and wé': 'u)7 ® %k « By (6) and (7) we ge’b

2 @R Wivg o =
K G 7

t!

Sg (X(s,r"q‘s)'y(r"is) \-‘7(5)) k(r) AG(r—is) drds

1}

(&) { xo) (o™ s tameo | 960 a8 a

i

N,

where £ € LQ(G) 15 gnven Dy
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@) . Elents = Szﬁ.&“—Lk) @ (% ’5)7(3"18)\f7(s)) dis oy

4 0 :
If X € (B(R) @ BLe)))Y , then (8) shows that ML) >0 and

using again (8), we get
<<1K @ )(1) , w, ® @ >

sup <(d 1@ BTy cq7® o

ARGED) iy >

- Y

2]

(10) ' |

= S8up
| il |
6

(41) e = Gl HGaye BEY R snie e
T~ 9 e ey ".' o o < o WY 4 R r2 o = LSy
It is clear {tnat the resul L.LI. e l)( 1';) & g( L (:)) = L)(L J’;l.\._,)
the one- ﬂlhfpr“’“ 1L projection onto the space spanned by & .

A&
(ERTE N o -
In this case we have

I

N , s | oy . 5
CE(r) = Szﬁﬁ(r el (% s) | 7(u)) (g\. “s )| 7(r “8)) ds = (ha:h“

&y

n
ang *?is e imyelison e L (G) o H <g)

Rug o ithils case 16 s owe (0.3, 2 ) shab <kaf) 3 U s

(&)
3
=}
r-l
=
<
o3}
‘_‘
(&
D
o
ot
ki
-
B
(©)]
N
w2
L]
3
]
o
6]
b
r
O
&
N
]
o

equal to th

=S
i

dnfer whal. for X given by (44 ),

et

(1.2) £ PLX) , > = E(e) :S/,‘x,ﬂ(s) (2(s,s}(s) [ 7¢a)) 2s .

defines anextended nositive element B e (BlXype L)) by

(1%) e g czv<s>7<s>l.7<s>'> a5 , qe o

thish e et where Ilélﬂ(G) ? H(O\‘: (%(?)3’7(5 e e SO
S



- g
Bhus , foranmy X aiven by (11) ,

R ‘PG(X) = where  Bls) = AlR) S ey BNERG Y

AL e s 2
for any positive finite rank opsrator X € B(L(G,;K)).

!...Jn
)
e
ct
[$)
k 5

rank operators,:
~ R \4

g il 3 . ¢ S
the normality ¢f P, entails that (150 holds for any X € (BOL (G;E, )
T

This complzetes the proof of the propositvion. &

1.2.2. The oully trouble in writbilpe ¢i2) Tor othergfls o5 0

stablish that, for the iebion given‘by (9 Gl alit
establish that, T fapction £ givensby (9), Ghetegualinty

(i6) <>\<(> t‘i""’r&}” = f(e)

143]
}...5.
-
}.._l
b.)
o
*..I
(o)}
0
=
1oy2
r_l
‘
}.J
U‘
C-J_.
=
)
2@
(4b]
C
h
(@]
3
;..J
(2
n
Gt
48]
=
®
O
-t
}"f 3
b
}.J »
n
QO
(@]
O
53
ctf
}_ 1
=
<
O
o
n

Lo =function and ,\(f = O (b( B A :
In particuler, if M c B(K) is a von Neumenn algebra and

GXG 3 (s,7) fp—>> Ls,>) e N

0
ther the corresponding orvrator X belongs to M @ B(L(G) and
the correspording function £ dis cornbtinuous with compvact support.

3 [/

Therefore, if X = 0 we have A(f) = O by (8), the equality (4&)

holds and we gev
D) (Pe(X))(8) = Agle) X(sys) , s €G.,

¥e shiall use this Temark in § 171 ,5.5.

v

The' last part of the proct of I1.5.4 s edquivalent to thesproof - -

of the following eaquality
, N\ . 4 S e +

where a, stands for the ampliation of M into M ® L(G) .
Vi <




: In particulaer this yie ds the following "weak" invariance pro-

(19) (kow)e S, = Ke)w, , ¥eIe) ca®

which cen be easily verified using ([46], 509}

.The conditional expectation PG is the main technical tool used
in the proof of the following theorem of M.Landstad ;
i

-

e e z 0 o e G : -
I.3.3. THEOREM (M.Landstac & Lo8 Let N. be a von Neumann aleebrs

. A i
-1 S e ErAars S % : TR T e 1 o
and assume il g Ho e gpblqg_EE:Jﬁ-—e>Bs@bL(G) ol s G on.  Haesand
SaunEs R e e semba i o a0 G e I Sl bhia

QW) - it @ ) o e

‘ : 9 i
Then N is genmerated by N~ and uw(G)

e PP s i be o S n et a o vt

W TS

We shall not reprove here this Theorenm. We Jjust mention that the

o e 7 RO S o e
gin dicea i ‘the Dross ([38]) is a . rigorous version of the followine
formula :
D Sy e : m't‘ !
Sl lG\ DGR il e A a € P .
G

The next thecrem, also due to MNM.Landsvad, characterizes the von
Neumann algebras arising as crossed prcducts by actions of G .

T 2 iEeRn T (M, Lendssaan 138 4 e Houianh ol ohen A0S
wi=dsenorpiiec Srithrivhe ‘erorced prouduct il apnother yon Teuma anTelig g
b" o foYe Rrvis] i (@ £ and vl AF Hlhave A o, N T 7 @ | X

2 dn (AC 10 9_:.. T $ S b d‘.;‘\} 4:..(_._“7 S RY (; ':)_ Cand (Gl LTS ai YRz Y AR NG
A o - . -
of. .G on N =nd aiunib=ry recrosentetion u ¢ G &> N sueh &hav
A~ % =) " el
(20) NGt = sulErels) e
In this case , N 1is #-~isomorphic with MxX G , where ¥ =N ard o£
Ll = = . Llaiey o g
ig dnvlemented via U .

sl o e M;§<G , then the desired conclusions follow



Conversely , the action Adu of G on N restricts Ho an

geibilon o Yol Gosen s Mo = N% (by~(20)) and the injection

X

defined by
ey U Uy oyven,

=
>
D
e
D
=l
m
]
o]
@l
[
-8
o)
[
0
ck
st
»
o
(3]
(I
¢f
[05)
o
ed
(]
9]
[¢)]
i3
1
ct
O
3
o
()
Hy
b

ned by the funmection

P o (e ;e S M) ol & et

3 - % : .
whereiore, taking dnto account Theorem I.3%.3. and the defini-:ioa

D)

£ o
O.L avi xﬁ

G , it follows that
)

and this proves the theorem. m

M %, G

i

Vie have presented the proof of this Theorem for the paralell with

the other parts of the present paper, especially because it was our

r#
(@)
(=
3
(@]
o
{-o
i
65}
=
S
fate
r..l
[ab)
3
n
(%)
ct
[
o)
cF
bt
O
)
w
~

§)]
(&)

Se

Igzoie 9113.2.’1.0’ II.BQ‘EI”D)Q
|

=y - 3 o /. - ‘
T.2.5: Since there is an aotloﬁ_'%G’ of . G fen 3(L2(G)) such that
2 |

~
B(Lz(u>) L e andr A unitary representation A: G — 3(L
suel. chot (20) holids, it ivw1leows thas B(Lg(G)) is x -isomowphic to

: ) = 3 5 i
the crossed product Ir (G) xAdX G and there is g n.s.f. conditioral

expectation Pl o BULACE) Fapnr (a0,
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IT. THY SECOND DUALITY THBORSM FOR CROSSED PROD WG IS,

§ ‘i Preliminaries.
Le I < B(H) be a von Neumann algebra, G be a locally compact

P : A
group and N : M —> M B L(G) be en action of G' on M .,

II.1.4. PROPOSITION. For any achion R M —= B & L(G) of

@)

on - M and any Xe M & L(G) we have

he R gt (imc’:“’%@x:{) = (R @ i)
Prost. (1. Lendstad, [39]). sine <7“[O‘3P>q\s = (Ve J)% thie pae
" =>" is trivial. In order to prove he part M2l ", consider

- e = ° A
the actions 1}1@3%: and i.,.® %G— of -G { on® BEDIE JJ(LJ“‘(H, and
3 E)

(
(1H®% )@

(@8 (X)) = (A®T, ) (Xe1,)(1

I

If X € $00)' < MB@BLA(E)), ther (1 6¥N(X) € SN B L(®)
since, - for any <te M ,-

(@800 B@e1y) -
(hy;@ ,,fo@-,‘)(aw@ »,J&,(:qu)(a;; o)y @)

i1

3

CICL/SIC C LI (ERT-2 . m CICY )
(@ T)(X @1 (] @ 1 )¥%0))(4, @ 3%)
<'l};1®"'7G)(<(5 @ 1(}/ (2))(Ze1 )4, @: ,C)

= (A @V (e V() N (Xe 1) (1, @77)

= (4,,@:’.:G>u; C)(S( )@ 1) (1@ (X1, )( L, @)
B(ery) ((1488)(0)).

1]

i

Therefore iH®5§G restricts to an action §' : ROU'-=RNONIB L)

> .
oV NC e SR GV 0n the oiher Bamd at ) :flmci:)c\)(t) e RO and

SN

SIEEEGEY RN Yo /\('t;) y T € G, By M.Landstad's theorem (see T.5.7)

)

Dy

"it fellows that %”7)‘ "n{{_g( )”)‘ .» U‘(@} .



-

I\Tow consider X e M & L(G) , {iﬂ,@g i (%@lﬁ,( % is clear
. - e ; sl
that X commutes V“th a¥ee ). IE e i)Y then Z’ét%(U)' and

(i @WG)(Y@;'}

M
thus %

YI® 1G = (K@ig)(i'ébiﬂ)
I e ®1)(1,, ®W (YD1, )(1, @zg)

.

= (1&g

= (@) (18R XN @l ) (3, ®T0)
1y @Y @ 1NN Te 1)1, @)
(1@ T ) (T@ 1T @ L.)(X)) (A, W)
(d-:,-@'N_)(Y@ ) (1*\'@’% >< ))f*Y\W@w]G)
(L@ )(Te1,)(1, ® M}( (&L ) (A @, ) (A W)

= (Y@L )(Ee1y)
/

-

#

i

i

so that XY'= £ . Simce SO0 =RYECHHY , u(e)}, it follows

tHat X € (SQD =800

In 2 first versior of this paper (m.Eij) we have obtained the
result of Wro»oa:t“on IT.A.1. only for amensble G , using Lemms
IT.1.4, below and the result of H.Leptin ([42]). 7e are very gratefrl
to M.Landstad for communic-ting us in his letter (L39]) the above

prefOﬁto proof for the general case.

II.QQEO CCROLLARY, Let N bDbe a von Neumann subalgebra of M such

wat SN C u® He)and xe M . Then
ZefNr === S e e de )

T
1

=

on

)

e 8

If $(x) € NBL(G) , then (4 @S )8x) = (Y& 1)8(x) = ®I§®1,>%<3:) oo
ields ¥(x) € [p(F) =S(N) , thus xe N . @

Proof. By -assumption,§ restricts ‘o an action %N of

1ds

Rrovesition 114 i
In the following prorosition we use the notaticns introduced in

A e Rt e 5 3 -
(0.2.48., 0.3.7.) 2or the action § of the Hopf-von Neumann alzebra

of T(&)

[¢¥)
iz
i
($)
(@7
o
13
—t
[9)]
lie]
j&)
o
(¢
=
P
(&P
N

A S
= DG ior M and bhe



logy.

Broof, The fupetien "1-%»(QG?X(@))§;(mka«x)
e : &
nuous and has compact support since fak = 0 ou
: )
i Sk : :
(supp £){supp k)™*. Therefore the integral appear

SRR
agle) . s
todder of the

el LA )

IT.1.3. PROPCSITICN, For any setion S: M —= MBI(G) of & on

M and any x € M we have
xe Rixxz; xena)} .

Eggggo Denotsz N :”3{{A(G)cx}'. Baps TEL . 2s ditviciisuidicientanto
~show. thel S € W@ L(C) =#nd that S(x) € 1 @ LlE).

For any y € My which anrihilates N and any h,k*e a(G) we have

<S5, ‘f@ > = <h.x,=.f‘>. = 0 y
<lle-x) ,Li’@b.>‘ = <& (hk)-x wkp e
hus S(x) € TS L(G) and (k%) € ¥ @ L(G)Y ", oy the result of
Jolendgepa s (Ond. ).

In tte cese H LG :‘EG s Ghesconjocture A H) of P.E-mand
(t@i],leﬁﬁ) saye that
(1) e A Y Tof any x e ey
which is St“Oﬁ“P“ than TT.1.%. While the conjecture (H)-is true forp
amenable groups (i.e. A(G) has en ap imate unit 93l we do no

: 5)
know 4f 46 Js wrue or'met for anbitvary groups. Velmchtion that
Corollar* 4,5 of Y.Wakagani ([43]) asserts that éonjecture (i) as
truccinthe aeser 2l wase bus, unfortubhately, we hayve not undershiood
its ‘proof.

TT.1.4, DEMMA. et Q¢ M —> NM&L(C) be an achion of & on M.
For eny 'x e M and any f,k€ AEL) , both functions with éoww;cg
support, we have :

: -1 el
(1) { aye N E0aym™ & = (=ne Azagh
where T (%) = f(gbt) and the intesral is undersiood in the w-topo-

WoCc OB



time and represents an element of M® L(G).

<S(i®)\(g)>‘8(gf-k-x) AG(g)"i dg ;@ @h™> =

= S <(’l®)\.(g\)g(mf'1{'$) ,tf@h> Aﬁ(g)"n“ dg = ;
2 o >
22 - olr.w) e =iy o
= S . g(g.a. 2\ ‘{) ] kr ®gh> AG\L) d‘g =
s S L g tokex 5 9> A;‘:(S)’-S— dg = ‘
. i }
|
= S =Nl ., Lf@ L“(1?3:5)',1«:'>Ap(g)"*‘ dg =
.._.‘ % Y "‘1 ‘ | 3
= <3,y @ Sg(mm%(g) dg | . ’

The new integral that appeared is legitime in A(G) with its
o (A(G),L{G))-topclogy and reprecsents an elsument, say, b & A(G)., e

conmpute it as follows : for +t € G we have -

BlL) = <A, b = EN(E) 5 S g(h:f)v}f.AG(g)JL dg >

1]

S<)\(t> ) g(h_‘f)'}c> AG(g)-1 dg

dg

i

R CORACOR VG

i

2 - i
(Ynce) 2ta) agter™ ae) e

-4
<AMEAGT) , > R(2)

Al

S i '-'l 1 -
therefore b =< \(f AG ) » > k and we may continue our Tirst

chain of equalities with

o= <R(X) 4o kDS R R

=<k»;\r,uf> <)\(an1>,?1> =
Lyl Meagh seens

o5
=
o
ok
o)
fO J
w

| o

proves the lemns, &
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% & = e SO | g 3 o~
IT.1.5. COROLLARY, Let 9: M —=>M® L(G) be an gction of G on

M, Forany x€ M and aay k e A(G) we have.

(2Y. (kex) @ doue celam;{(émﬁ}a(g))g(h=::ox) ;g€ G, he A(G)} ;

(B) "l ®>\(*’A Lec. LneL("lPl@M’“,)%(nwwg)

ws

el  he A(G)}

:ri‘ér any x € ¥ and any k,f € A(G) , both functioné W:l*ch cempaét
supportg, By the regulazfity oroperties of A(G) ([,2,:11; 562 ) y We see
‘:-nat there 1s an approxirate unit {I’L AEQ}LEI' for LG wibtk
£f_ € A(G) functions with corpact support. Then the net ‘{3\03t
is w-convewzent to 1, » thus using (3) , we get (2) for k € A(G)
with compact support. Since the functivns %k € A(G) with compact
support are (norm) dense in A(G) (L1, 3.26) , we get (2) for
all k€ A(G). ® o ’

SR B NO”“O ITION, Let R: M —> M @L(G) be

.on M . For any x e M we have

(4) ’ x@1g é:ff{{‘g( AG).x )M, 1

In particular

(5) Me e =Ri%0n , 1,8 ne)} :

Broof. The zelabion (L) 'follows from T1.4.5, and BT A.5,. erd

The next result improves Corollary IT.2.Z2.

: o - = ol ”~\

I1.4.7. FPOROSIRION,. et S M~ MB.L(G) bean action of &

on Moy 1 & Dbe any von Neumann gubalszebra of M and x € M.Then
%(}:) € 1 & -J(\J;‘ e X o&e Y =

) T DA e Lo ey

(O LG ) 2nd don Sy

t
bt
]
(@)
o
=N
©
I3
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&
T
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<%(k‘}:) :"‘f@ i e

- % g AT N S e i
thus S(k-x) € ¥ & L(G) by the result of

using IT.1.5, we get (k-x)® 1, €

using I1.1.3, we conclude x € N

P

<

Dy

0

b

J . Tomiyama (0.1.7). Then,

o
&l
liet
~
G2

&) , that is k-x € N , and

,;A




i e N
For an action S: M —= M B L(G) of G
the crossed product

: Nif \B oA
: ?« i XgG

which is ‘the von Neumann algebra generated in

P

t
=
@
td

~
ot

~
(o9}

S

. {"'
by 3D CHBLG) and 1, B IYG6).

There is an action

{

« = iy @ M5 G = Aub(D)

-of G on P and we clearly have

e -
Ly y P = MBLG)
in particular
G S N EE P e .

v

we consider

Therefore cxt("&(?.f}) = () . and s obviously , “t(q‘ﬁ ® T(E)) "

1y © LG 5 so:that o(t(N) =N, t€ G, and hence o restrict

an action

A
S = o(lN : G -2 Aut(ll)

A
of G'on N =M X%G which we call the dusl action of % 5

We now define a mapping WV : P —> P & L{G) by

v(X) = ('LM®‘:JG)('LM®N}((‘q} @ ig)(E) (1 e (L@
It may be useful Yo rezd the definition of W on the
i
B(L7(6))

e 2 —
M & B(L7(G)) s > M@ L{G)

=
D
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e
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: e A
I0,2.0, LEWMA, V: P ~—>P@L(G) 43s an action of G on P

and we have

ee

(3) ' N CP et
(4) V(L)) = >\\ G) ’ teG .,

Proof. Tt :is elecr that V' 1s an . injection.:

—_——— L=

For x e M 5 (x) e 'S(?.-E) c. P and we have

I . N o 2ot

= (AW (lye~((L, “3’%@33( ¢) >(’va® ~)( ~,,®‘S/'§)
= (iruigﬁ‘fle”!é"’é()*(%(x)@’lG)(’in Wy~ ]G)
= S(x)el, .

since N(x) € MB L(G) and for any y € M, t € G , we have -

(1B, ~ T T @) @1, )Ly @y ~iTF) :
s y@('\,ﬁJGNa,yG(}\(U)@fLG)f;GNw(";) _
= ¥ & (Hg ~(AB @A)~ 1Y)
= 7 ® (UAME)®N))Tg)
= y® NEIN-XK TR

For. £ € L'(G) , 1y®f =1, @ L°(G) ©€P and we have :"
O & e @mxsmﬁ)(a”@ DICIEIICIEY )
= (1@ (1 @~M(1, 01, @) (1, ®~)(1, @77)
= ("lM@‘a‘JG)(’lM@J;®’LG)(QM®V‘IG) :
Ay enely 5 35
 since Wé_(f@’iG)?q’G = %G(f) = fel, . | ria

The above conputations vrove (3) . We prove (4) :

V(L,0e(5))

il

(1 @)1y 8 (R © 1)L ©3(5))) (1, @ ~) (1, @,n}
= (QTFQHG><)1.“T@"‘\( 11® @g('L>\/\’L1 @&~ )(HI "G)

i
N
t.S
berad
=y
@
G)
N
N
-
P‘—J
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CAETEA)
ct
N
&
]
~/
N
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0 x
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e

= Lee(t)eNs)
siﬁce \ZIG(g(t)@”LG)Ylg = %f,}(git}) = g(‘b)®){(‘5) .

It is now a: easy matter to verify the condition

;i (ip®gG)"v = (V @ iG)"V

x i
on [(M) , 1,®L7(G) and 4, ® R(G) . Using IT.A.6. we see that
this copdition is satisfied on the whole P , thus V is indecd an

5 N
agtbiontof G on" P oW
\ : . :
& = A — ks .
Due %o its sbructure, che action % of G on B = N® B(L2 G)
9 J

could e denoted as %*‘SG ~nd called the convolution of the
A .
actions: & and $G of" & on M .and B(Lz(G)), respectively,

It dis the analogue of the tensor product of two gctions of G .

Tre following theorem is our second extension of M.Takesaki's
duality theorem (160], 4.5) to the case of arbitrary loeally compact

groups.

) . : 2 ‘ 3 o
IIO20’L. T}EORE?{. Let %: LI R ?l (R_’! L(G) :Q.g 9}’}; acvicn 9—;" G :?-{}:

A 7 - ey MR 2o (IR e
i - and N be its dual action. Then

: S . f
(2 xgE)%g G is #-isomorphic So M B BT RE))

Proof. We use the above introduced notstions. 4s in the proo

_____ faoh
. 3 x : — 00, e i
I.3.4., we consider the unitary operator U € 2 &@ L (G) defined by

the function <t 4+ u(t) , we define an injection

SEGAD) ety B GBS 66

by

R0 e i TGO e (AORPSRE JO -
and we verify thet WHHE) =L (X) ifor el oV (by(3)) and thaet
T Aen(E) Eor H e .

Thue samsinsdaliso TTA 06, we gotb
WE) =WRF, 1,020 =R, 'LN@L(G)} = N €

.and tnis proves the theorem. &3



' A ST R, g . =
Morecver, it is easy to verify that WL~ =~ f{ransforms the second
3 N A A A 4 =
dual action N (= i®y;) of G on (MxgG) ¥4 & » i.e. the dual
fetion of N (sec 8ali2:)iy imto theisctinn. N ofs & on MBB(LE(G)).

We remark thet we could first prove that PV =J (see TT.2.5 be="
low) and thern Theorem IT.2.1. would follow at once from I.3.4 and

1.2.0:.0n0thic Woveib+is alsorpossible.bor avoid. the use of I «6u,

£

n

since there is another (rather tedious) proof that VWV 1s an action
A

oG von R,
We now pursuerthe parslell with § I.2, by discussing the relations

bebween et rand My, It ismo more tpus ’mc”: they commute, since

W (ot

N
S
TN
ek
AT
e
{

1,9¢(g ctg” )@f\( Sho &

1

i : : e
(%, @ ) V(u(5)) = 1®@¢leta™ ) @ Mb) .

However, using (4) and the fact that o, is implemented by u(g) ,
: : ) >
it is easy to see thatb

i s e PV e St e

Dhas , by restriction we obtain

: : 7,6 \Y%
“an acktion «: G —>Aut(P") of G on P c

Using (1) , (2) , (3) we get

R S (PN Ve
Consider X € U & L(C—) with V(X) = X @1, . Then
(1 ® ) (1@ ((§ @ 1)@ ey @ ‘?Ig) = el

or

1

(%@iG)(X) (1,;@~)(1,, @ ,n)( @’LG)(L,®"}G)(LT® ~)

<j7.cﬁ. )

1

1

since S‘G is symmetric. By II.A.1. it follows thab XeJ(M) . Therefore
(5) ’ Sl oS GRS

We state separately the first equality
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tion Rt M —=M&L(G) cf
on M we have
e 3
A,
M) = (MxG)
5 S
»” A 5
where X is the dual action of N.
In coder to still pursue the Daralell Wl LhetS Ic2, it is now

N

G

necessary to iabtroduce the analogue of the unitary 1m01em ntation

-of “a zsroup i of

S

Landstad's thscren (I.3.3). Howev

A i
o s

these topice separately In §
part of the znslogy with § I.2, a
ne

With the retatio introduced

i1
tl

a natural injection

- oD i ! - :
fel (G). It is easy to see that
implements Lae action (lNI@%GjN

Sin'ce_ (iM@%%G)%
(6) <SmG>%<x>

Therefbre

I

we

s O e

that

(7

«5 and to continue

L(G) =1 ,

er, it scems prefew
here th
ssuning some familiszity

.
150k

vhe present Secbvlen,

- (4
v

3

N
)

______ ns

is.an sction «: G ->-Aut(?v)

v s O e
1190 e vociliom, b el criss Ghat

(sece (5)) sme il (e EM

~

as

£L

Qx

e

%
Wi

* —automorphisms and to ~-rove a dual version of

th

2o
Pe]

able to discuss



As Theorem I.2.3. corresponds to the commu

5. Should correspond

&)
=]
4
-4
&
[\
8
U

¢crossed products by G , the above Theor
L3 . o ; £ A L3 L3 3
to a comnutation Theorem for crossed produets oy G . This is indeed

the case and the corresponding commutation theorem was found indepen-

dently by M.Lendstad ([40], Theoren 5).




Bl e
§ 3. The conditionsl cxpectation Q. an
B s e e SR B ) el et ol e S R i e e e e e e e e e

e e Dl m»——-.._._—.__—..— e o s e ' s
R fnan vt s buusuinna e e oo —_—_———_===

/

Consider a von Neumann albebra N and an injection
: oo N >
v : I (G) == N

o '
e L&) dnto N, Plich

»

vei, (G @L(G) —-—-—gvzq@z.(c—)

“is also amirjection and , since Wﬂ €L (G)G&L ) , we mayiconsiﬁer

the unitary operator

Wv = (v@iG)(WG) € NSL(G)

and we may define an injection

St >N & L(G)
B i : |
e Ceeit ) PR
The property (i eSO S0, 8. of S. mneame that
{ . BG T Ee G
¥ 2o ..? o5
Tranclaling This' relation.by v®12®¢9 y We get
(W, @15 {1y @~ (T 215 (1, @~)(1 @ gl el @ B(IS(E% G)),
which in turn means that
g - Bk
Thus, any injection v : I'(G) —s ¥ defines an action ESV, of

on N , We then say that %} is implemented via v .

(P>

For instance, R

~’e.—> - - k3 5 o - o
%G'ls implemented wvia' the injection
' oo - Y 2
Xa : L(G)a f v £ (L°(G))
on M is implemented in the crossed

M XqG (see SRR a2 (a0



ono*, (i) It de‘easy To verify thas

o X Lw(G-) and for x € L(G) s therefore the same is trie for
all x e ML LGN means that W, (g(j:’)@i ) .~J (g( ) @fLG)
conmutes with x@ 1. for any X&B(LZ(G)) ; that is

T

e Wy
‘WGe(Ad(g(t))Cﬁ J.G)(v"/G) € ’LG ® L(G)
Using the assvmplbion and aprlying here v®@i. 5 we get
A ¥
‘ : * A
'] . “/ (= = T (Al

; i : H# e
This in turn entails that W -(«, @1,)(W ) commutes with <X (x)@1,

for any: Jxies I, gwihaich yilel ds

o :
Sl 1) = i@ S iareion s S cars

|
|
. o o2 oL oo o !
(ii) For -f£ € L-(G) , venote by P el (ExGlc L (6@ L (&) the
Tuncbion :
‘(S,t) = f(St) ) S,t (=] G’ o
. &
With é € L°(GXGE) we have :
K, T | C L i 4
(RIS, 8) = 2(B)E(s,t) = ((Ag@D)E)(s,t)
so that
Wg PV
Applying here v@iG we getb
((v@ G)(L‘)) "J = le® S5
Since F is defined by thé function

G5 b = Q@((\»(t))“ )




~ 7

et
and L. 1(v(")) is defined by the function

G ot Fw%’“t(v(f‘)) & v’(z‘ld(g(‘b))f) & W,
we see that
- v(E = v m)
'Loc“i( ) G)(

" which entails the desired corclusion. i

IT.3.2. PROPOSITION. Consider an action o : G —3= Aut(N) of G

on YN and assume there is an injection v : L'G) —s N such thatb
(D Fd oo (Rl el ) o e hieie it e TRlEN
. t §
Thensiie: fonmula
. o -
=y CQQx) = S%t(:f) Gl b~
defines 2 n.s.f. conditional expectation Qe of - i ton e gnd
B, e B S <S BGe) ity o, o, e e

————

" Proof. ([?ﬁ][25] f53]/. Itdis clear ,hat %C ig mormal.,. fadthfuly

: addltlve, positive-~-homogeneous and

S 55 P e ) =y R = i e it T.}‘
QG(a*xa) S QG(X>_8 3 mTeEE - adeiEaE
= y: - ¥ o0 1 n
For any f € e Sue for any k€ L =) , we have

S<Ad(g(t))f ik >at :ESf(S'fJ) k(s) dsét = (Sf koo E AN
thus, for any v € NI we get '

S < (v()) , «f> dt :S<v< Wg )y ‘1’> at

T

S<<.A ol i ,-T'oxf§> dt

]

) 20o)ian) Saghmes

This proves (%) and the semifinitness of QG .

f-te

Due to the left invariance of Haar measure, it is clear that

'«g(QG(X))-z Q,G_CX) v xelll, 2eG, Using the unicusnsss of “he gpecim-i
resolution. of extended positive elements ([241, 2.5 J, we infer thas

all spectral projections of (QG(X) areu%~invariant-, co that



S

QG<X) € (TTM)

We can derive the conditicnal expectation QG by the same general
method which was use in § I.3 for P. . Indeed , the Haar weight M
x _ = /G
o0 F] : 3 S YT, G’ AT BN 799, AN\ T
on L (G) yields an operator valued weight EN on (Ne& L (G))
with values in N' , namely (0.4.6) :
/RG ~ 4 ~r A 2 ) ._..,_oc' 4 —
CLE (X, D> SRL X ,-«r®/x,&> v X E(NRL (G)) ,ﬂfe:* .
{
and we reobtain QG by
< &g = Y '\“+
QG(‘C) oo J\q (L«- ;L\ {> X & N ps
3

1000 3. THEOREM. Let N Dbe a von Neumann algebra and assune tho

is an action o : G —3>Aut(N) of G on N and an injection
e 3 1
v : L (G) —»= N such that
; o,
qﬁt(v(f)) = V(Ad(g t))¢ . e e G

m -r 3 & - rm Tw
Phen ™ T " i zenerated by W and "W (G)) =

TQ{ o=
N -’3{{ b WiGE QG))} %

Proof..Consider a fundamental syste {‘T}léz of compact neigh-
bOﬂa ods of e € G and choose the continuocus furcitions Ly en G
.such thagv

¢

f.2 0 , supc fees W f)_(t) G5 e s el

For any :cé?ﬂQ‘ and for any continuous function with compact

G ,

Suppert O on G , we shall show that

(#)  xv(r) = lin S%u o £a(h(2))5,0) V(ACK(e))E, ) ds
Le] -

ih the serse of w-topolog s

The integral appearing in (4) is legitime sirce the function we

integrate is w-continuous and has compact support , namely
{ : S e
e Ad(};g))? = 0. for g ¢ (supp h)-{supp e
; .o oo,
Thus, Hhe righi handé side in (4) dis an element of‘jl{ﬁd ST



i

and (4) shows that x.v(h) e {R,{I‘T“ s v(Lw(G))} . Since the continuous

/ e M L
ort are w-dense in L (G) and since m

Sunctions with compact su )
= G

e}
s

o

is w-dense in N , the theorem follows from (4) .
Ir; order to prove (4) put. a = x.v(::) and remark that :
SAd()\(g))E‘_ dg = g .:'m L&) and QG(v(Ad(Mg))f,_) =4y in ¥ .
 Thus | -
| a = \a QG(VCA@()\(@))f ) v<Ad<x<g>>f ) dg

and " for any v £ _k s we have

: S (cz v(Ad(‘( ))fL,‘) v(Ad\ (g )')}t' b i oA S

= S(QG(a v(aa(h(g) ,_)) — ai) G‘.G(V(.Ad()\(g))fl_))) v(Aa(A ()DL, ) ,y>dz=
<

= < (] &ol2) = &) < (v(aah(82)2,)) a8) W(aa(NE,) 5y > a5
= SS < (etgla) - a) v(Ad(Q(8))AAQ(8)E, - AM(e)IF,) 5 > dsdg =

L)}

i

SV2<<s<S<a> - a) v {aa0(e)) (aag(en %) ae) ,y > &

Hh
r<

=40 for s & .VE .
1
(

since Ad(g (s) I

"For each k e Lw(G): Gaalyn0G)..: e howve

<{ sane) oo, ) a8 , k> -

= §<sathen) <Aa<3<s>f,%1> et
=A§ rue e 257 ) o) @ =

(E,# = Yy el

-

.-r & i
i 53 £,(g7"s) £,(g) k(t) dgdt

soibhiat.

)

1§ 2ak(en Caagenz E) el < (e .
On the other ha.rm, given g >0 , for» "large" L€ I we have

: ; A R * SEp
s € V% = <(c><s(a) - a;(o(S(a} Sl qu> <05 /ﬁ.«i/” 5
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Using the Schwartz 1requall.,J $ :

l<xr , ¥ale vy n? <« v i@ i

we get ' :
da - v [ ’

V< {agtaviaaiene ) viaaet )y as - 2 , ¢ >l =

égS(fL%«fL)(s) d i liell =

'This proves (4) and the theorem.

\
The following theorem characterizes the von Neumann algebras
- - - - -~ A
arising as cro diproducts by cetinms o G .
II.5.4, THEOREY., A von Nesumann slegebra N  1s w-isomorphic with

=)

¥

A
fee crossed prodict of another von Heumann glecbra by an ‘gctilon of G

~

if and only if there is an action ot G —» Aut(N) of G on N

gnd an injection v : L (G) —» N such tha’s

(1) e ((1E) = v(Aag (8L, teG , fe e,
L B : A Ll b T
In this case 4 ¥ is wx-isomorphic with M x G , where M = N and

5 |5
|

implemented via v .

}gg_g_gg.’ T Nl XS@ s Uhen the desired conclusions follow from
P2l ), T edEe), TT2( 7).

Conversely, we define M = N* and we_é consider the action 3§ ;%v
of @ den N, B II‘.B (i ', S commutes with « , so thab %tM)c

Y
M& L(G) and § restricts to an action, still denoted oy% :

A
loy
o M, ;
To show that ¥ is # ~isonorphic Lo x%é‘ , we deTine an injec—
hion: ‘ : .
W: ¥ ——s I &B(L (G))
by
Wi(w) = W:y 2 (x) W : xel,

wliere - we vocall s W = (v&i')('.'JG) € N® L(G) .




e
For xelf = N¥® we have
W (x) = ?‘7:."0(-1 () W =W
Whiie,'by TCH B RIS PR e T e ﬁutG) we have
RUCCHES WRCCHR R MR

o U (O

Therefore, tvaking into account Theorem II.3.5 and the definition

of M xs'c? , it follows that

W =WRLT, w(XEND =R{NCD , 18 L@ = 1% 8

b

& 5 5 Ly 0 - Sk i
and this proves, the theorem. B : : e |

3 i -D :

IT,5.5., Since there is an acktion Adg of G on B(L™(G)) such
that B(LZ(G))Adf = L&) andian injeetien iG : ﬁmZG) -a»?qL2(G))
, 2 /

such that (1) holds, it follews that B(L(G)) is x -isomorphic %o

it A , ; R
the crossed product L(G) x8 G. .ahd there 13 a n.S.f. conditional
~
\I a

expectation QG of B(LZ(G)) on LW(G) .

|

e RN A



ITI, DTJALITY FOR WEIGHTS ON CROSSED PRODUCTS.

8 4. Dual weigbis o

Let e 3 G -—> Aut{}) ©be an action of a locally compact sroup G

n & von Neumann algebra M and i be a n.s.f. weisht on M .

‘1lgebras. Then U.Haagerup ([24]) has showsd that th is a unique
1,8.L. operator valued weight P of M X G on M such that f’:«fc D

Tor.any n.s.f. weight on M &nd M.Landstad ([381) has explicitely
onstructed the "bounded part" of P

WeALa"e constructed "the whole' PG ( § I.3.1 ; and alsoc U.Haagerup
26Y) and we shall d fine Lf by ﬁ’ Tc4,“1e P, and sbudy thé values
il (p ON some par ‘i ular elements as well as its modular automorphism

eSae 5 3 : AT e n 2
Toup, wnich in turn entails tha?d ¢ 1s indeed the duaL We* nt ox f

s originally defined in ([60],L & 1,I50]).

The same result kod already been obtained by J.Heagerup’([ZQ]).
‘or the sake of completeness we shall include bthe proofs which we
‘ouné independently. I

On <the cther hand, we shall prove that the dual weights on M X,

e eiactly'the D.Sef. weights on M X G which are invariant - in an
zpﬁropriate soense - with respsct ﬁo the dual action « of G . This

Nal

bends Tor arbitrary locally compact groups the result of U.laagerup

[25], Theorem 3.7.) in the commutative case, which in fact suggested

- - . x
peneralization. : : :

iy

C“l

3 %
! S ; ool 3 A s
et « 3 G —> dut(}) be an action of G on M , § =« Dbe the

. P G 5 !
Waite sction of -G Wenm M x @ and oput. uls)

i
*’i
}/
A
a
El
m
-t
X
]




B..€ G Reeall “chat (1§ 102,67
Mue)) =ug)e Ag) , ged.

Consider a n.s.f. weight © on Mo Byt Swl.s e S I.2.2.

there 1s a n.s.r. conditional expectation P 

, : G
so that ([24]) we may define a n.s.f. weight f? on Mx G -as follows

of 3Mix G ‘on . (MY,

PO sl (P (T, X e et

The weight Z‘f is called the dual weisht of $ .

Ifs £ ¢+ G == M is a w-~continuous furgtlon with compact support,

then we may define an elemenv /lf (= M}$>L(G) by
(1) Ag = §<l< e \g) d
andy ; df /\f =0 4, we have
Yoo s wG :
(2) B = g(e)
Indeed 3 fov anJ 9 € H+ we have
—%I(Aj) T-/ ~<TA ﬁ’®‘0‘>

sup <§f (g)r‘bx g2)) Gz « s @ T

i

k<woG ;
= sup <§Lf<f<g>>X<a> el >

:<X(L_fo f).‘ . wG> |

(D

)

V  _=. (tf £)(

-

H

“(e) ~f5’ :

On the other hand , for the same functier -f we define an elenens®

Tf €N G by

84
)i T =\ g(5(e)) u(e) dg
(recall that ulg) :31_,,,&,@)\& and if T. > O, we have
R RNy
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1

Indeed, we have

VI = § S, 28 uled)

= | (L (2e)) u(g))e Ale) de
20 that, using (2) we get

T e
‘ PG(Tf> = "—'(de\}><éﬂ¢f)) = L“(L-\uj) nle) = L abtlen)
- 1t follows that
o G (D) =4 (2(e))

o any .chontlruous Tunction £ 3 G —= M with counpact suppcrt

e

md such that Tp >0

t In what follows we shall identify M with ¢ (M) = (¥ gKG)

3

[n additior to previous notations we shall Ireely use the usual

1otations of the relative modular theory (L6 1,09 1).

i

§

e

Thus Pg is a n.g.f. conditionalvexpeetabion: of Mx G
; ; i : 3
Ishlar . s ,0 . welghtvor M and §;:1T<)PG . It follows from the work
kil UQHnagorup ([7415 Corollary 4.2 ) Hhst w
6) t“) = Q’_b(x) A e e
e [(/‘\/ ,~] ] : R
: = g & € i
7 lCeem) s Dudy Loc&fmx ) BiDellASE ge G, b
On the other hand, by the relative modular theory 19 ], g2 )
§ e e [ D
' P EeCEta)) = oy e (ulg) (s, Gew ) “T-]t

i

e
; i

and we shall show that

b()(m ; T 4= :
0 o e &z uls) e

N
(818]
N
S
i

Fhen (8) ard (9) w111 entail

el

: & e ,
(‘G‘O:‘_ 'L<LC )) = Ag‘\{;)lv ’m(@) D{\‘TOD‘(Q') S DLF]

: <u<g>>[}a<~\fc«g> t Dl
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Conoerningv(9) , we remark that , by (0.1.8) ;, it is equivalent %o

_(M) (Lf/:&g)(x) :dﬁG(_g)”i Ci:(u(g) Yol e Xe (MxG)", gEG;
But ‘ ‘
(T30 = (o )(PED)) =g (u(e) Pe(X) ulg)) -

1

=N~ B a - - e 7 ; g
Ag(e)™ Flale) X u(el) = Ag(e)™ ¢ (Pelule) X ule)) :
so that (21) follows once we prove that

' SR : * ' &
12y Bulule) Toulg)i )t ACe) ule) BLT) ulp), RelxG) | ot

ropenty  (03.2)

kcj

This property of PG y Which corresvonds to the

of o , is proved by the following compubation with « € W :
S % {
<PG(u(g) Houle) - a >
. ‘ 3 3 .
= <R(u(g) X u(e) ) , gowy™>

= < (@)X XD (utsTe M) syouw,>

1!

<O, (g 2a0a(e))) © (W= Aa(A(2))) >

it

<L), (gesdule))e wg> Aglad)

< P(X) LfoAd(li(éE))> Aclg) S '

11

C o S al = o 2
Z AG\';:‘)) U(U> PG(A) u\o) ) L’ > ®

: MTTTTY TR i Q 45" 1 i N =
11740, smonay (L6061 T8 I [816L 1260y a)ion i s o HntlalBre
an . achipn o WG on WS sand ? began.s.r JMeeieht lopi ol Thcn e

g5t supdele ML sl B e st on . M X G i the Dol e

s <y v Syt LSBT Cal : & S e
(i) for any w-continuous function £ : G ~—> M with compact

support and such tiatd Tf =0

(5) i - () = gete))



(11) tor 2oy ze€el ,c€e G, telw,
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L, & (x))

‘@}\{5)) R A ( )id fii”” >\( )‘; i ([n(“’OC{ } . le.}t/' 3

Since M %G 1is generated by Lﬂ{?’} and 1, @ G):, (6 and (10)
comple tely determine the modular automorphism 1 _group oL Tf' s Swhited(5)
determines the values of ?{ on =2 w-dense G”.g —-invariant x -subalge-
bra of M x G , so that the unigueness follows by the theoren of G.X.

- . 3 i | - o 3 r~
Peaersgﬂ ‘and M,Takeseki ([[;’ tPnoponitilens 5,9 )i @&

Ve shall sey that a n.s.f. weight on M X, G dg invexiant with
: . ‘ - A ~ & . . /) A «
respect to the dual action o« of G on Mx G if it'is (o ,js)

invariant (see Osu"(' 2000
The following theorem extends the theorem of U.Haagerup (L25],

Theoren 3.7) from the commutative case fo the general case.

IIT.2.2. THEOREM. Lot o : G == Aut(ll) be

v &) o s

P G on M,

|
i h

s
(oh)
O
ct
}de
O
[

fhen the duel weishts on M X G are exactly the n.s.I. weighis on
L)
EOR I . A
M> G which are invarient under the dual action x of G on MNX G.

of. For any s =continuous fzmotio*_z' with compacs support

T :G—~—>M and any k & A(G) we have :

(13) (T.) = Tk A

H

L]

: : i f_i,‘
: ‘g'g‘ ’ -1 ] vy ook s " 2

where I'(g) =aAas(g)" " £(g™") , (kf){g) = kg) £(g) , g €C .
Also, for any *two s -continuons functions with compact support
£, : @ =3 1 , we have

fﬁ-g 2 : s <

m

(45) - - Te Te T anERE
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whaTe (.fi% fz)(g) = S T (e) fg(s"lg) dg. , ‘giEe B

D
i

These formulas follow directly from definitions.
Using - in an obvious way - Theorem 0.2,12 , Theorem III.2.1 and

formulas (43) , (14) , (45) , it ig straightforward to verify that.

iy , s ; '
any dua) weight on M x G is (x ,JG) - invariant,

: % | AR 4 ; : ;
Conversely, let N be a n.s.t. weight on M %X,G , invariant with

) k : s A A A ; 3 S

regpect to the dual action « of G on MX, G and consider an arbi~
trary dual (hence invariant) weight f.;f on M X G, By Corollary 0,2.13

we have
. A

[oY¥: DF], € (Mx " = o () (by § I.z.2).

R

By the work of A.Connes (LA, Théoréme 1.2.4), there is a wiique

n.s.f. weight y on M such that

[oy:dply = o THIDY: 031y o nem s

{

and using the result of U.Haagémp ([3‘7], Corollary 4.2), we “ge%;

IoY: o%], =[py: 0], , tem ,

80 that ”‘f:(}’f :
This proves the Theo:c'em° X



= T4 =

e . o % A ‘ ' ; : =
Let St M —= M@L(G) be an action of G on M  and let =3
5 A '
be the dual action of G on M ng A
Consider a n.s.f. weight ¥ on Mo 2y 8 Tlshadnrand S dloe iy,

there is a n.s.f. conditional expectation 4, of MXx
’ X

so that (by[R4]) we nay define a n.g.f. weight TF on M x¢G as
follows : ‘ ‘ ' w0
Cort _,_’} ey B U . Q +
"f(X) :*'“f(% *("%G<X>) $ X e (M x-‘%-;?} .

.. N * - a s
The weight i is called the dual weizht of ¢ .

We have not an analogue of Theorem III.AA. Tor this sitwation.

We Jjust remark that, by the genersl result of U.Haagerup CEeYY, w2 ),

(1) | L@\m = (=) i eElR, Tel,
(2) [D«y p3l, =S(Moy: ¢l , tem,

0T any n.S.t. weights ¥,Y on M . We also mention that, if w is

P

- » & L - OO
N ~invariant , then (rz acts as an identity on &W L (G).

On the other hand, the conditional expectation QG being clearly
invariant with respect to the dual action « , it follows that any dual

weight is invariant with respect to Tthe dual action,

~ S
£ VY is sny « -inveriant n.s.f. weight on M XG and 11 g IS
. ra)
any dual weight (automatically e« -invariant) on M x%G cohhen it ds
easy to verify that [DY: Dﬁd is also « ~invariant, thus

Io¥: 0], e (@ “SROD oy § 1122 )

By the work of A.Connes ([61, T™éoréme 2.2.4 ) , “here is ‘a unique

N.s.f. weight 'Y on M such that

Joraemal - S (fo¥ onda o vemy
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~axd using (2) we get

‘ ToY: D'Tf]t = {Dfr: Dzﬂt pel G AETR
so that "i’:'«f e

Thus, the same proof as in the commutative case (EZSj, Theorem 257

.yields the following

, Al A
"III.2.1. THEOREM, Let N & ¥ —> M®I(G) be an action of G

reeamasans [t

: A
on «M op Thens She dualoweichbsiones M #qG 2re exactly the n.g8.L weights
o . o Be P ] s 3 r T A &
on ¥ x%G which are fimyemiont under’ thieli dualwaction § of G on
Mx. G,



§ 3. The duality theorem.

om M, R -2

o'
)
G
)
0]

Let ¢ 3 G —=> Aut‘”) be an action

0
% = A A
dual action of' G on M %xc ang Moy =

’-—J

be the second dua
action of G on (M %XGB)g‘a See 3 Ti2 S SEITL2)n

We identify (Mx,G)x,G with M@ B(I%(C)) as in Theorem 1.2.1.
Then, as we have already noted, the second dual achion (G is given Dy:

- i g‘\
\ Bl Adle (g) i oert &

" Consider a n.s.f. weight Lf on = M Ehen Q; is a n.s.f. weight on
7 t ra =y '2'1
M x,G .and its dual weight ﬁ» Issa negefo weisght 'om M@ B(L (G)).
T

On the otler hand, let Tr denote the cancnical trace on B(Lg(G}),

: R D
tive self-adjoint operator on L7(G) , we may

l..Jo

Since AG is g Posi

consider the derived weight =, . 0w B(Le(G)) ([461,54) and then

the tensor product weight $ @ mr on M @3B(L2(G)). Furthermore,
a6

consider the unitary element U, € MS L (G) . t€R , defined by

the function ' R S0 e e

G o= Ue) = [D(W*cmg) : DTJt € u .
Then it is easy to verify (seel 9 1) that
U:% b—m—> Uy
is a unitéry cocyele with respect to ¢ ® Tgﬁ in the sense of ([ 61,
G

L.2.4) and we denote by (ﬁ»@!Tgﬁ )U the corresponding derived

) G
weignt ([ 61, 4.2.4.), which is a n.s.f. weight on M ® B(L2(G)).
We shall show that
2

(1) : "f = (Lf®TrélG)U 3

or equivalently, we shall prove :

s

£ L of a9 loeally

,——:----..-_-——--__-—.mk.

s, TKEORE' For any action o ¢ G —>> Auv

p

- o -7 o oyl = " e =2 Qe
compact grovp G on a von Neumsnn alzebra M. giand any nos.f. welsht
¥ A

pon M ,'we have : i

s e

En [D?{: il S R
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In the case of commutative groups’ G , this result was obtained by
M,Takesaki ([60],7mz0rem 6,7) and T.Digernes (L9 1,Theorem #.2). Our
. broof of Theorem ITI.3.1. avoids the use of Hilbert algebras and ,
even in the commutative case, seems to e so*wewnab smpler thar the

proofs in L6014, 9 1,

" The 1idea of the proof is to compute beth sides oz equaW ity (1) *‘ov

elements ¥ € (M @ B(L (G)))'* defined by s*—contmuous M-valued
kernels with compact support, to establish that the two weights in (4)
comnute and then to apply the theorem of G.K.Pedersen and ¥.Talesaki

‘(L#é],ﬂ:c“os* Soni ot

m.

¥

% %
Consider a s™continucus function
GX G 2 (syr) b—23s X(sz,r) e N

with compact support and such that the corresponding element

Pz
(]

Xe ¥ B(LE(G)) (see § I.3) be positive. It is then easy Lo st

that Slcisdle e foriall gic G4

o8

——— 3

ITI.3.2. LEMMA. In the above conditi-ns we have

-’:F(X) = X p (xg('X(g,g)))AG@) "

_——==

Prom. We have / ,

-

where (see § T11.3.2) QG is the n.s.f. conditiornal expectation o

M@ D(L (G)) on M X, G defined by :

(T = §(x, 0 405(e))) (1) a8, - ¥ € B L.
We may assume that ¥ < B(H) and that there is a unitary represen-
Gatien u ¢ G2 B{H) such that o( =4dGulgd)) 5 8e G o

Then, for any g,5 € G and any £ € L (G.u , we have



o=

(e, © 23(3 (8)2)(2)) § )(a) =
((u(g) e ¢ () X (ule) ® g( St e

= w(e) Ag(e)/? (Hu(e) @ ¢ (s ) (e
= u(g) A (a)/2 { 2Cs5,2)((al8) e ¢ ()1 X2) &
* “(@g X(sg,r) w(slE(rs™) dr

4 ; 5
m@.cg)&ag«czc( sg,re)) (Y ar

V)Y 2a(8) (¢, (X(se,re) )E(x)]¢(s)) ardsds .

N\ o 3
@han-iidey e fumeiliion & ¢ G —> I defiined by =
£(t) = 3mc‘t,g<x<m;;g>m@<g> dei gy g

It 1s a chont ous Ffunctvion with compact support and, with the

notation T, as in § T4 .00, e hawe &

16 3\ s (Ksemenbilbce)) arasas
dhere ore ‘ :
(Qu(X)E lé) = (sl E) & e To(em)
which ﬁeaﬁs chagaell o= 0, and :
) = T a0 AEMDERE) T £

B0l os neing . JI0A (3) end  ([461,3.0), we geth:

'H

¢ (X) = (%)

1

€F<Tf>

it

§(£(e))
¢(§ 2ce) o (Res8)) a5 )

{

1

§y e85y 2g(8) 6 o B
O



: a® 79 =
. The computation of (‘i ® Tr, )y (X) is a little more difficuls.
5 o
There is a8 n.s.f. conditional expectation PG of B(Lz(G)) on
e e £ 2 S0, |
L {G) (§ I.3.5) and we have the (lef:) Haor weight Po on (&),

=

Therefore ([29]) we =zet 2 n.s.f. welight /uG_cPG on B(Lg(G)).
I:T.2.3. LEMMA, Je have

TI‘ G f/JGOPG

as Wel"bﬁ% on B(L (G)).
|
- Proof, Consider X € 8(12’“))+ defined by a continuous ¥ernel

-

GX G > (s,r) s S (WL ,
with compact support. By § I.%.2 it follows thadb PG(K) € L°(G) ena
C(X) (b) o= G(g) A( sg) ] g €& G ?

P

(/HGO P(})(X) = '3 r( )g>AG(g) du o
On the other hand, A, X is defined by the. kernol

@Q X)(b,r) = LXG(S)'X(s,r)' ,»“s,r &, G

and, usiog ([45] Ch. IX , § 8 , Bx. 49(c) ) , we get

’l‘rAG(X) = S X(g,8) Agle) dg .

Thefefoxe,/uchPG and Tgﬁ .agree on the linear span A4 of the
: G

n 4 S, 4 5o s ; ' 3
elements X e B(L(G))Y which are def’ned by continuous kernels

with compact support. It is clear that A is a w-dense 4« -subalsebrs

of " B(L(E)). Since - | -
° r‘-[‘r ; ’ ) : " - 5
T, 6 (1) = Alb yaTit . teR
A -b’ i e G ’ 4 3
: TI‘A(‘ _
it follows that A is (Yt ¥ ~ invariant.

. e ooy : iy i
Moreover, since AAG € L (G} ‘and PG- 1s 8 condibions) expectaiion

2 = s 2 ;
B(L=(8)) on Like » Which is ccmmutative, we have :



Sy -it i < %
EG(AG“ X A (D ’ X € B(L°(G))
\J (o3
Therefore ,”G" P. 1is invariant with respect 4o the modular automor-
phism group of TrA ¥
G

Using the Jﬁorem of G. F“edersen end M.Takesaki ([46]1, 5.9), we

get the desired ecquality ., B

of M® B(L(G)) on MBDL(G) , obiained via the actio %G = ia,{@%
7> 4 = -

of G on M®B (G) < Sk o (et B T B 5 O K ) S
I11.3.4, LEMMA., We have b

% .°‘P = ik
(T@/”u) G4 ® I}'\G

; : ~
as weights on M & RB(L(G)).

Proof, By lLesma III.3.3. the two weights agree on m‘f® ’m‘l‘r
nnnnn ; | 0
G

2} . Wy B % & Tr,
. - G

The modular automorphism group Y. = W-b @ (Aét 4 AGr
Ome 1 a8 v '. } N 3 NI \ o = J" 1 O“ S 1 3 L
connutes wit %G g 1.8 %G T, (\;t® lG) %G JUsing SV E 500

<

e
0

we see that T, commutes with PG . Finally, e fe
i v" a d. T :’ef T.‘ ™ P“ i : "‘. ’a i -‘—.
invariant and the ore (Lf@/uu)o o is o, invariant
Thus the Lemma follows v-~ing again ([46]1,5.9).
Ve remark that the sbove proof shows that

2
MBB(L(G)) _ . B(L2(G))
Fe =iy @ By

in the sense defined by U.Haagerup ([2%],Theorem 5.5 ). hy

Vclearly U

|
|
|
|

llow, U = {U+ TteTR c M® L (G) is also a unitary cocycle with res-

v U

! : : e
pect o ‘ch_e n.s.f, weight ¥ @M, on Me&L (&) , so that we may

consider the derived weight (Lf@)/JG)U envaiEI e (el oy,
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® III 55 a5 F LEF’?U-Q W__g ha‘ (3

('-f‘@ T:A )U = (L?@ﬁG}UeP”

Proof. This follows from Leraa III.7.4 , using the result of

U.Haagerup ([2471,4.2) and the uniqueness of the derived weight

corresponding to 2 given cocycle ([6],1.2.4 ), B

| x . §
The action o : G —== Aut(l) defines a #-aviomorphism Z = ©

g Son -,-w . * -‘- ‘. > T § — o i
of M@L (G) , as was vointed out in § I.A. If we regard an clement

- SO, o oo 3
xe E®L (G) as an M-valued L -function gt 'x(g) , then

o

(z,(x))(g) =¢Kg(X{5)) sy B E€G..
We recall thati ‘

£3) - Y U'b(g) Z[D("TOdg) : Df«fd]+ sy -BEG 4, teER.
TII.3.6, LEMHA. We have _ o Sl

i

(Li @/JG)U.

/ ’ -
{ kf @/J G) o "C“ b
> ; D R = ‘
as weishts on M® L (&).

Proof. Indeed; using the opiginal construction of A.Connesl coocyeics

to verify <hat

oty e )o‘z“):D(bé ) U PR
Jis e 2Pt~ |

From Lemmas IIT.3.5. and IIT.%,6. we infer that
L . 'n : 3 ) \ g—' S - _
(P) ('—"®FJ-I‘AG>U_ *((‘]’@/4(}/ ‘-«) TG

as weights on M & B(LZ(G)).

VWie are now able to compute (%)8'T%AH>U () :




,ﬁ., 5 — i P + EERT ; S
ITI.3.7. LEMMA. For any X € (M ® B(L(G)))" defined by a $*-conti-

nuous comnaectiy suncorted M-~valued kernel

GX G2 (9,7) b= Ils,r)e M
we have i -

(qot Dy (0 = { gl (e,80) 84(8) a5 .

Proof. Indeed, using (4) and § I.3.2., we ge*

(“f ®Tr, )y (X) = (4@ gz (P
S‘r“a@nw))xg)) dg

{4 (g(Bal0EM) @

| (= (ag(2)x(e,8))) dg
S‘f("-‘g(iﬁ( %")))AG( Sl

it

Y

1

i

e

. Our next objective is to show that 'Jf commutes with (ci»o:o TrA )U 5
: G

- ” > A» M K . Y 3 2
d.€. That "f 1s lnvariant with respect to the modular automorphism

group of "f® I )U "

In order to Simplify “bhe notations we shalli d-note : /

(g & Ir, )y
g = 2 |
V_,c(g) .—Aét(p*) Ut<b) e M ‘ s g€6G, teR,

We » call that
By =g @ 4Ag(5) € aus( @ 33%(e)) , ged .

Also, there is a n.s.f. conditicnsl expectation QG' of M® B(La(G))

on MxX G defined by (see § II.3.2.)

e = (g0 a , e @drari@n?



£ =

I17.3.8. 1EMMA. With the above notztions , we have :
e | i A
(6) Qee T = Ty Qg sy, T E€R,

ITI.3.9. GOROLLARY. ¢ gommibes with (4@ T, Iy o
T 3 G_

Proof of Corollary II11.3.9. Using (5) and (8) we get

fowy =§-Qgovy = (%:“GT:)"QG:?T"QG:? e SR
since ff is clearly GTG ——invaz?iant, B
Egggf_vgizgggnjg:ggééééé We first remark that
7 . ) Lf - + N . = < * . Cer ‘T 2/ 1
G - - T (X) =V (v @ 1)(X)) vy, X €HdBINHG) .

For e Lw(G) " '1M @ e ’la’I L () UB B(LE(G)) and we have
(8) T (1@ 1) : V(@ oL ), @L))Vr = V, (1, @5 = 4, ® £
B Bl G TR T e e g 7
) — D oD R . '
since Vt e ML (G) and L (G) 1is commutative.
Por el vizie ()< M® B(Lg((})) and , owing to (3) and
%o 8§ ITI.1A4.(6), we get

(T L () = (Vy, (710 15305, () Vi(8) |

]

T(8) Ty (5, (0)(8)) Voe)

i

f . ~r o Y
(=4

ipaeee,
T Bt o (2))
b g—-'l

]

-1 e T
:xp,% cr:fo of  fot_4x))
o v o )

1

=« _y (@hCx))
STapias

i1

TACHEIINES
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(U’,,_(L (x)))(e) y B8 E€G,
thus
(9 Tl () = Ti(e ()

: of 2 %
T{ly @ X (8) =V, (@i )(1,e)(e))) vy
(10) =0 (e M,

On the other hand, for each r € G ,

1]

(4@ Mel )V V) = Viler) Volz)

)it

LK

: "\4_
Ut(gr} ey

i

2g() e ([atq o)+ D)

~

The last equelity is justified as follows. By the "chain rule" ([6],

Te2d ) s we oet Ll o A e
[D(W’“ i f"‘* )] [ ¢ (o) 'thl. = LDigaec,,) DT]L

fhus
Upler) Uule) = [Dlyow )+ Dipow ],

and , using ey
Uler) Up(x)™ = [D(( ve) onc ) : D(ee)]
,=M;1(‘[D(wa<g> : th]ti | "
o = (L ([DCgewy) + D4l ()
Comhlnlnb (10) ard (11) we infer
‘\ Ty e AE) =aga) T yeks >>L<£mf vg) + Dgl)

and finally , owiug to § IIT.1.1.(10) , we'obtain

(22) T (4@ Ma)) = vr (e MNg))



-'Si"nce Mx G =’3’\.{L (e, 1y @ L(G)}, the relations (9) and (12)
| entall the’ flrst conclusion (5) of the Lemma. o '

S::.nce Mx G C (M & B(TZ(G))) s The same relat*ons (9) and ('1'3)

BN

show that \
(43) (RBgow)(X) = (T, 2 B)(X)  for XeMXE .
" Using (8) we see that (13) elso holds for X € 1,@I(G). But(§I.1.1)

E@B@%m)=GQMxG,1M@anﬁ

and therefore (13) holds for any Lensd _B(Lz(f“y). Thig in tN.n .

“entails the other ccnclusion (6) of the Lemnma, ﬁ

Proof of Theoxem II11.3.2. Ve ehall construct a w-deuse ft inva=

e LSO N o o oot el ity S o o S o2 A
et e et b oo evelior i sy eeiipesmloceelimi Qe e gesareriiad

riant % =gubaigebra 43 5

B <M, otz ) S BRI
. T 2g’U 1 L

on which (Lr@TrA )U and Lf are equal.
G- i

Poithisg el wes con s:.de

i ot

¥ = {X & M 5B(L2(G)) 3 X dis defined by a §" ~continuon.s
sompactly supported M-valued kermel

GxG 3 (g,7) —>X(s, € ¥ |,

ek,
i

{ S e B(L‘?(u)) 3 8 is defined by a continuous compactly
. supported scalar valued kezxael

Code s (8,1) l——> D(S,l”) } >

r

the set of s*-continuous functions W : GXGi—3 i

W -
 such that ‘n’(s pif discunitary for all  s,xie G

For each S € 39 e Cw % e—")’}w c M , we defime .an operatox

_ ¥ V(S,W,x) ¢ E o 11L& BIAEY

by the keimel ‘ ' -
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Then Y% is defined by the kernel

i(:{*) ’:‘J(r,s)* Loyiare G,

¥ =
X (e, 0 = ‘I(:.f',;s);fr = Slrya) ot g

fhug X :-\”Y*Y is defined by the kexrmel

X(s,7) = | ¥¥(s,h) Y(n,r) dn
= § 5(h,8) s(n,1) 75" W(n,9)" Wn,x) <" Hx) an ,

T,ate G

i In parvicular
: : G
Mggg) p o el & anied el el BiE B

and, using Lemma III.3.7, we get

(Lf ® TrAG}U(X)
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Therefore, for any S € ‘:)‘7 W e 7;J R 67’;'1,, we have

X ( Y <) Y(S,J X) € m+ é.T )
At Tag'U
Now let '¥ be the face ([ 3], [1'5]) £ EF (ot of (ME &3B(1° (G))) )

gnerated by the set
{x*(s,w,x) ¥(S,W,x) ; SeF:, welld, x ¢ n‘f Fa

Since T12¥ 18 & face of (M @ B(LE(e)N? containing
(Lr@T

this set; it follows that :T‘ o= %(T@'T )U

The linear span of (3: is a facial - subalgebra R of E (see
£3], Proiaosition AFI ), '

o Pt ]

Thus 673;1._5_ a ';v—sub.alg’:ebra of m(Lf Glg o .

Simce Rne o, and’ R is the linear span of its positive part,
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Lemma III. 2 2 end Lemma i 3 7 show that (\fs’TAG)U' and i}f are
equal on @ . e

Ty e Wi Aeminenivy W (s,7) =1y for eny s,r € G , then
?E(S,Wo,x) = (flM@S} b«(xf sioarohesSE . Xé??;f.

i Owing to ?roposi’cion I.1.1, wz infer that the * -subalg:bra §3 is
‘we-dense in M ® B(L(G))

Ak

Recell %hat the modular automorphism group 1o, ¥ . of {y4®Tr
. &7 taR i o

is given by . _
| o‘t(x) = ¥y vy ®1G>(x)> Vi st s LET (5

where 7, € M® L (G) end
)
Vt(g) Ait(g) [D(&fa« i Dhglb ,2eG, teR .
Borany Sef . e W s B e'/} vhe operator Y = Y(S,‘!,X)
is deflned by e keornel

-4 5
Y(s,r) — (e W(s,,r) € r(x: o BeThe BT

ond, for any t €W s the opemtor e 'Y) also belongs to x s being

def._med by‘the kernel
(T (0)(5,2) = S(8,2) Ty() 5103, 0 3(< () Vo)
= 5(8,7) Vy(8) wL(H(a, 1)) ¥ (x) Vy(x) TL(L ) ¥, (2"

i
|
-
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= St(s r) Nt(s T) o« (4¢(T))

where St € jf i ew are defined by

(s ) = LSS ) B e, PG
‘,‘..’I(s,r) = Vt(s) Q‘t\d(s, 2 ,t(r) T o e e
Thusg , :
T (X(5,7,7)) = x(s‘f,wf, T e

It follows that the %-subalgebra R iz w-invarisnt .
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s ‘ : ; ;
and ‘f agree on the w-dense £Tt—1nvarlant

Thexrefore (Lf’ 2 TTAG)U
tQSI;béigebra B of ud B'(i‘?(é‘)) and, since they commute by Corolla=-
o G5 6 B o o Pl s et (46T, Propes
gition 5.9) shows that they are equal as n.é,f. welghts on
M & B(1°(c)) .

This proves the Theorem.

Recall that there is a n.s.f. condiiional expectation QG» of
B(LQ(G)) cn L{G} (see § II.3.5) and we have the Plancherel weight

W, on L(G) . A particular case of Theorem III.3.1 is the »oliowing

reiiaem e

TITE 3510 D CORBLIARY. . We have.

' e
ag weights on B(L(G)).

.+ The results III.3.3 end III.3.10 are dusl to each other. ey

could be regarded ag "Plancherel theorems" for G .

'
{

Lemma ITI.3.3 is a particular case of a du~l vergion of Theorem
ITT.3.1. Concerning such a theorem we just-mention, without proof,
~ ?

that if we start with an rotion § of G on M and with a (R ,3,)-

invaciant n.s.f. weight G on M , then

Az

Lf _= ‘T % TrAG.

Lo d

e TR .
as weights on M @ B(L2(C)) T (M SORX
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