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.A,bstract rr

Using some recent results coneerning the tine:optjmal

f e e d b a e k c o n t r o l ( r 2 ] - t + ] , l r r l , [ r a J ) i t i s p r o v e d t h a t f o r

some linear control oystems (for exampleo for scalar control

eystems of dirnension less than four or whose matrix hae only

reaL eigenvalues, etc.).a t ine-optinal feedback control using

a etate est inator can be constructed'
'''

L. fhe statexoent of thq Problem

$le consider the Finput-outputr control -systen defined by:

( 1  . 1 )

( 1 . 2 )

$ t = A x + B u  , ; a n n ,

I  =  C x ,  Y€  Rm

ft

u € u c n r

and the eogtrgl sPace , Un satisfYwhere the matrices Ar Br C

the following conditions:
t\

(L.7) u c R" is- 3-tsnvex act nolyhedron whiglr contains the

origin. Q q,RP.-in i ts intg?ior;

A.B) ie eomoletely_ control lahLe ( i . .e. ranlc(B.AF . . An-Sr( 1 . 4 )

( 1 . 5 )

( 1 . 1 )

eince

(A.C*)  is  conq:gt re lv  obeelvable ( i .e .  - ( t ' - 'C)  is

conpletely egntrbl lable; C* denotes the transpose of C.

since in nany cases the state variable, xr of the syet,em

cannot be trobserverfs (anc therefore, Fueasured'tf ) and

the information
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about the Etate of the syetem is given by the

ey'et,em .1)-(1.2) is eontroLled by using a

( 1 .6 )

( r

| . u * = A x + B u ( r )
l m - J r x r { r u \ L '

( 1 . ?  )  {
I  dz = Az + KC*1*-r1 + nu(t )
LAE

# = d : r + B u

$ ? =  A r * +  K ( y - r i z ) : *
,

X s 0 x

output, Yr the'

tstate estlxoator" ( [[i[}

l-rde L(nn, nl)where the natrix K€ L(Rnr3} i ie chosen euch that

ls stabLe, (i.e. it has onr.y eigenvalues witl negative reaL part).

fhe etate estinator (L.6) worke as followe: for artry

(meaeurable) control,  u(.  )  t  [0, -o) '4 Ur the output y(t)  is

neaeured at eaeh moment lTzO and, i f  we denote by ( Y*( ' lxr0),

Y,!( . ;xro)) the solut ion through (x'o) of the syeteni

then the eomponent Vr(t;x,O) is an nestinaten of the etate

9*tt ;xro), of the syetem at the monent t ,  '  Due to the fact

that the natr ix A-Kc* iu etablerthe est imate V"tt ;xro) (wtr ieh

can be eomputed from (1.?)) ie a8 FeLogen aa i t  is desired * i 'o

the etate, Y*tt;xrO) afte,r a suffieiently large interval'

a state est inator (1.?) ie indispensable for the controL

of the systen when inetead of an open loop eontrol,  u( ') : [or*)*U'

: ,  feedback eontrol,  v(.) :  Rtr '  Ur is used. Since *1" etate x

of the system ie not available, one ean:nst eompute the inputt

v(x), and therefore, uoi4g the estimate, z, of the gtate Nt one

ean use instead of v(x) the input v(z) '

T h e j p r o c e s s o f c o n t , r o l . 3 . i n g t h e o y s t e m b y u s i n g a n o b e e r v e r

(state estinator) is therefore described by the differential'
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' f

l *  = A x + s v ( z )
I ctt

( 1 . 8 )  {
I  a" = Az + Kcx(x -  t l  + gv(z)
LaT 

- 'La' I 'Lv \

. T h e a i m o f g u e h a r e g u l a t o r i s t o e t e e r e v e r y e t a t e o f t h e

system rtcLoseF to the origin - the equilibruiun state of the

systen - &a fast as Possible'
'In 

the elassical engeneering eontrol ?freory the fol'l'owing

- -  ,  r  O.1 r
sJ, inear regulatorn is ueed ([8])r

f

I E +  = A x - B t . , z
( 1 . 9  )  {1-" ' 

l  g" '[ - Kc*- Br,)z
L a f  

= K c x + ( . ,

eomesponding to a linear feedback control:

( 1 . 1 0 )  v ( z )  3 - L z

syotemi

yhere, the rnatrix L,€t(frRP) ie chosen sueh tlat a - BL ie

a etable matrix.

t h o u g h v e r y , s i n p l e a n d e a s y t o h a n d l e , t h e l i n e a r r e g u l a t o r

(1.9_) has the disadvantage that for initial states far away

from the origin, the constraint v(z)e u will not be oatisfied

any more.

In wha? fbllows we study the possibiLity to use a Bang-l]eng

regul-ator of the type (1.t) where, instead of the linear'-

f-edback (1.10) one uses the time'-oPtiual feedback contnol

v( . ) t  GCnn .  U of  the '  system (1 '1) '  Such a regulator  wi l l

allways eornply to the control constraint v(z)e U elrdr Inoreovert

as it is proved in the next seetion, it destroys the perturbations

in a tine close to the mininal- of19:r Hovrever, the strong disccn-

t i n u i t y o f t h e t i n e - o p t i r a a l f e e d b a c k c o n t r o l B a k e s t h i s p o s s i . b ] . e

only for a eertain class bf eontro] systems'
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glre problen Ee are considering in whst fsllows nFy bG

stated as followe I find ttre egnditlons under 1|'hic4, tlut triug-

ootinaL observer-feedbaek control- -(1.,8) stqbilizes the sylttpP

Blre nain result of this paper states that the tine-optinaL

observer-feedback control deseribed above stabilizes the systern

when the optinal feedbaek control has the property that the

optinal. trajectories coincide with the Filippov solutions.

" ?. The*time-optinaL feedbaek eontrol- for linear ssstetns 'ind

Filiopov solutions

Se say tbat a measurabl-e BsPr u(.) : [0rt t1 -r lJ is an

x €nnadmiseible eont:-cl yith respeet to the initial state

if the solution $(. ;x) through x of the syoteml

r:fv( 2 . 1 )  f f i  = A x + B u ( t )

verif ies the condit ionsl frtt ;x) = 0 for 16[O,tr) and Yn(tr;x]

r $ i .we saY aleo that

in the tine t.,.

note by Q'klthe TeaghabiLitz eet at, . For each t'7 Q we de
I

the, monent t, that is, the set of all etates x€Rn nhich cen

be eteered to the origin in a tine t1:(t. l le denote alss by

c = (J Rft l  t  of  the evstem (1.1).
tEo

The foltrowing facte are wel]. lmown from the now elaeeical

textbooks in Control theory t l ]  ,  [9] ete'  i

l. For arq' t > O , the reachability set .P(t) i" a eompact

eonvex neighborhood of 
, 
the origin and tlre nap t r-i Rtk\ ie

etrietly increasing with respect to the set ineLusion and

continuoue in the Ponpeiu-Hauedorff topoLogy of the compact

subsets of Roi

u ( . L ste-e re x to th-e grigin J? e Rn
. .

1.)-(1,,2) in a t ine close to the nininal pne'
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2. fhe control labil i ty set, GCRnr of the system (1'1) is a

eonvex, open neiglrborhood of the origin; C=* if A ls stable;

For any x€G there exists a unique optinaS- eontrol t

u*( . ) r [OrT(x) ]  U whlch s teers  x  to  the or ig in  in  the

nininal t ime, t(x) TtQi moreoverr u*( ')  is a piecewise const-

ant rnap, takes values only in the set Y of the vertiges of

the polyhedron u and eatisfles the nfiaxinun Frinciple;

The mininal-t ine funetion, t(") i  G -R* ,  is eontinuous;

t h e r e e x i s t s a u n i q u e 1 y d e f i n e d n a p v ( . ) l ' c ; U 8 u e h t h a t

for an;r x€G, the unique optinal trajeetory f i t ' ;x): fOrt(x) l*O

corresponding.to x ie a claseieal- (Carathdodory) eoiution

of the differential sYstem:

$ t  = A x + B v ( x )

4 .

5:

( 2 . 2 1

.  Ho reover ,  v (O)  =  O€U,  and  fo r  any  x€G\ [OJr  v (x )  €V '

The nap v(.) is eaLled the tigq-,oPtingl feedback eont{o}

o f  t he  syo tem (1 .1 ) .

The fact that v(' ) is diseontinuous nakes the optinal

trajectories to be elaesical solutions of the gight-hand si'de

discontinuous differential whereas for such eYstens

given by Fi l ippov in [ l ] ,the natural concept of solution is that

Def i+i . t ign 2.1 ( [  5] )

Let f t IxG RxRn "-+ Rn be a negsurablg. bo*ndgd ma

lhqt {efines the {ifferentia} svsten:

*t  = r( t ,x)

A  s r a p  Y  ( . ) l [ t o r t t ]  c t ip., eal"Ied a TiliPPov

( 2 , 5 )

i f  ir

\t

Lsolut ion of lhe svsteq (2'

(a.4) $f i t  i  € r(t ,  Y (t)  )

where:

absolutelY coqljnlrgus 8+g

8 o  € r on [ to , t1J
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n np( t ,x )  =  {  ^ l  LuJo & r ( t ,Bd(x) r  E)
,  

,  
d>d fr . ,_"

t

:

I
I

i

beins the closed conve+-hu}l s e t  M '  i l- . / (s) tF* _
radius

of the

Ireb-esgpe neasure of ttp'. set E and B;(x) the ball of

J eentered a!--- x.

For thie concept of soLutisnl A.F. Filippov has proved in

I I J trre analpgpuo of all fundamental resulte in the Theorlr of

ordinary Differential Equationel exietence, uniqueness, contirtu-

ouo dependence on parameters and initial data, etc"Very sirnple

examples show that the classical solution is il l betiaved for

discontinuous right-hand side differential equations. For examplet

if we know that a systen (2.5) hae a classical solution through

eaeh point and if we perturb the system then we eannot state

even the existence of (classical) solutione for the nes s;lstem'

H. Hermes, in r71 , was the first to remark that in order

that the opt,inal trajeetories of a eontrol eystem to have a "goods

behavior with respeet to so!0€ sOrt of perturbations of the

feedback system (2.D lt is necessary that they were also Fil"ippot

eol,ut ions of (2.2).  rn [?] rre def ined the concept of nstabi l i tSr

to measurementgs for a differential system of the forn (2'3) an&

proved that if the systen adnits a classical solution which is

not e Filippov eolution then the systen is not stabLe to

measur€ment.

L a t e r o n , i n | 2 J t P . B r u n o v s k t ' f o u n d a n e c t : s a r y a n d

sufficient condition for the optinal trajectoriee' to coincid'e

with the Tilippov solutlone of the system {2'2) in the ease

n = p = !  ;  in [ ]J ne proved that the systems (2'2) tnat have

this property are etable in a eertain sense to s!0a11 perturbations

of the right-hand side'
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I n [ + ] i t i s p r o v e d t h a t i f t h e t i n e . o p t i n a l f e e d b a c k

control for the oystens in which p : 1 defines a regular

eptheeis in the eeR'e of Boltyanskii 1 [ ]1 r [fOl ) with an

additional transversality condition then the optinal trajectories

coincide with the Filippov solutlong of (2'2)' fn [ffl and [fZ]

that this happens if n( 5 or if the matrix A
it, is proved that tnt.s rrspperr;r '* *\- r

has onlY reail eigenvalu€$r

tine-opti8a'I obPerve r-fgedlrack'controlt

Definit,ion 7.,1

that a system of t-he form (l'' i.s e time timal

oFs.erverrfe-ed'La-qk' eontrol fol(1'1) if v( ' ) l9 - U

' -lII *Il

tjpe-,optinal fged'bae-k. contro'l € (1''1) and K€ t({tn"l

hat A - KC* i'e s etable natrix'

The possibility of construction of a time-optinal

or any other kind of observer is given by the existence

.pole: assignement. ,t algoritrrs, . In what follows we need

foLlowing sBecial resullt 
. '-.

Leqpp 1.?

L S

1 S

or linear

of some

the

i-ets
lorrFnl conp]gtely.,c"ntrol]able 

pair-(A'C) ther 'e exie-ps

t h e r e a l c o n s t a n t s e . \ > 0 s g c h t h S t J o r
ol7 o there

exist,p a natrix -SE L(Rn' RnLqlich that:

I exp (*-rc') t ll 5

ll l-rc'll< " 
r{"

( 3 . 1 )

( 5 , 2 )

Proof:
#

t j - ! *P(-o( t ) ,  t , 2 , .Q

Se consider the Positive integer

rank(crd c,  te i  lzc ' .  '  r  td l " - Ic)  = nr then we def ine

-  \  ,  d  ,  j  =  1121. .  r ;  i t  i s  easy  to  see n 'ow
b Y  A  j  

= , - J ( r  I  . J  ! t - t . .

rank( tl.r-t* )-1c, t \r-l* )-1c' '  '  '  t l ' t-** )-1c)= n o

r sueh that

) . , ,

that

),
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sirere

coluwts of
-l

I = X - r

- 8

we may C^eflne the

the natrix

?' sueh that

I

invertible X =  eo l ( x } r x2 r . r '  
" r r )

x :  =  ( X .  r - A # ) - 1 g r .  ,  j
* j  ' - - r j  - j

n , cej being

na trix

-  1 r ? 1 . .

C. We define now

e o i ( C o  , C p  r . .  '' 1  - 2

the following mat'riees:
*

C e ) = C Z -  a n d
n

K = - y L ,  L = d , i a e ( l i l  l r r r .  l r r r ' '

. I! ts easy to see

:f iJ(-l = f * cit = d-

l u e s  h o ,  l r - t " ]r l -  -z

canonical fonn. The estinates (' '1)

fron the construction'

and (5.il follow directlY

C o n c e r $ i n g t h e p e r f o r n a n c e o f a t i m e o p t i n a l o b g e r v e r -

feedback controlr so prove the fol'lowing reeult:

t A. Br--g that deffPe_lhe irt t-out ut contrcl

t h ;  J C [ . r a  f  Y + c z r  a n d h e n c e
' a t . *

CKt and therefore A:'KC" hae the eigenva-

I o , being a natrix in the diagonal
tn

j \

L ,1 ) - ( t . 2 )  ga t i the conditions ( L . - ( l-. 4) and-l"qt

suooose ihat the Fil-ipErov solution'q of ( 2 . 2 eoineide wi lh

the, t ipe-optinal treieejories of (2'1) '

T t r e n . . f o l a n y e 1 6 T o a n 4 q + v ' e o n p a c l s u b s e l s o c G

therg exis'g. g natr ix K€ t(u}r*t)  sat igfr ing (?'1) an-d (3'3)

gucfr

. , anv {i}ippo-v sg}g'tion ( Y ( ' lx' o) n

,Y ( . l x ro ) )  ! , n roue r r  ( x 'Q )  o f  ' ( 1 ' 8 )  ve r i f i e s :

6 .
( r .3) I  I  ( t ;x ,o)  l i  <  e f o t  t> rT (x )  +

ete

Proof :

Since the uininal-tine functiont

continuousr for 67 Q and the compact

exists $> O such that for  anY xrY€

T ( . ) t G  - " r  R +  t

subeet Goc O

Go satiefYing

is

there

i l " - y i l<S
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(5 .4 )  [ ( y )  <

ObviouslYt

6, =6( 5 . 5 J

( 5 . ? )

veri f ies:

( 5 . 8 )

( 7 . 9 )

- 9 -

T(x )  +  6

we can take '0 < g .and se denote I

+ *"* [ t {*} l  xe Go}

Aeeording to theorem f in []l ' for 6L

existe Jto such that for any zoe RG) anc

tsapr t .  t . ) l for 'o1 Rn that  sat is f ies l

(5.6)  l l  Q r t l  i l<  J  8r€ '  on [o '  oo) '

any FiliPPov eolutiont Yt( .12o)  ,  through zo

, E ) o  t h e r e

any Inessurable

of the, eysteml

$ ? = o ,+ Bv(z) +  
{ ( t )

ll I"tt;zn) ll ( t tz f o r  X  >z !  ( ro )

. - .  "  |  ?

, 1 1 e d e n o t e  a = l A l l  ,  L  = m s x { [ n " I l u e u f  ,
: A

F o r c o n t i n u i t y r e a s o n s ' i t i s e a s y t o s e e t h a t f o r S > O

and the compaet subset GoC G there erists 
'6"'Q 

such that:

t elorbJ , x € Go. Y{e take To o 16 '

L e t e , k ) o b e t h e c o n s t a n t s a s e o c i a t e d t o t h e c o n p l e t e l J r

controlLable pair (l- rc) by lenme 7'2'

since o{Pexp Go(tl o as. d + * for ar4r positive

lnteger p and any t > 0 it fol-lows that for c'k 15 '0+o

a n d t h e c o m p a c t s u b e e t , G o c G t h e r e e x i s t s c / > o s u c r l t h a t :

(1 .LO)  ( cdn+s )ko4n- lexp ( -o f t ) l l  *11  <J  fo r  t  ) .Ga  and  xGGo

( r .11 )  ko . t - } * "p ( -o f t ) [ x l l  
"0 t z  

fo r  t 7 '6o  and  x€Go

Let K€L(RInrf) be the matr i 'x correopondirng to (A"'C)

and oC> O that  sat is f ies  (3 '10)  an i '  {1 '11)  accord ing io
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lenma 5.2 .

.  I . o t  t o € G n  a n d  t Y t ' i x o ' o ) ' V ( ' i x o ' O ) )  b e  a F i l - i p p a v

aoLution through (xorg) of tbe eysten (t' '8)' It follows tiiat

9 (. ixoro) is a Filippov solution through xo of the systenl

:
(5'12) $+ = Ax + Bv(Y tt ;xo'o)

According to lenna 4 in [ 5 I r there exiete an in]eerable

uapr 'X () r  [or oo;

a n d  X ( " ) e A Y ( s ; x o r O )  + B U  f o r  8 € [ o ' o o )  a n d t h e r e f o r e

there existe a measurable napt w( '  )  : [o '  *)  ""- ' f  BU ( w(e) = X(s)*

- A 9 (s ;xo, O) ) euch thatt

( r .L l )  P ( t ;xor  o)  = xo * l [  lY  ( r ;xono)  +  w(s) l  as
0

hence g (. ;xorO) is a cLassical solut ion of the systeml

g* = Ax + w(t) . From the variaton of the cgnstants fornula

dt
L t  f ouows  thn t  :  I  ( t ; xo ,0 )  c  exp ( tA )xo  -  

I  
exp (  ( t - s lA )w(s lde

and therefore, since w(e) e BU for s e[0, 'c l) ,  we havel

15.1-4) il y (t;xoro) - xoll-{ " ' 
-u 

,-- ' (rx"l| + t ' /$exp(at)-1) 't) ' '  o

On the other hand''r from (1'8) it follows that the nap

f  , . t xo) : [0 , * l  -  f ,  g iven  bY:

i 5 , r r l -  T  , t ; ou )  =  Y  t t ; xo ro )  rF  9 ( t ; xo ' 0 )

is the aol,ution through -xo of the oystemt

(5.t6r $t = (a - Kcn)x

and therefore , from (5'2) it folLows thatl

( 9 . 1 ? ) l l  
f  

t t ; xo )  l l (  kdn - lexp ( -o ( t ) l l "o i l '  f o r l V O ,  x o €  G " "

6o?0 satisfYing
From (5 "r4) and

(1 .9 )  we  have :

(5.I7 ) i t  fol lows that for
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( r .18)  [  VtGaixo, . ) -xo l l ( rdn- ]e*p( -d6") l lxo1+ 
! , ([xolt +

*  V i lexp(a4)  -  1) .

I f  we take of > O satisfying (5;tQ) and. (5.11)r w€ havel

(r.19) l l  V ( 6,;x", o) - xo l l  < 0

and,  us ing (5 .4) ,  i t  fOlLows:

( 3 . 2 0 )  T ( V ( 6 o ; x o , o ) ) (  t ( x o t  + 6

. Further on, eince I ( ' ixoro) is

0 e Rn of the sYstenl

$t = Aa + Bv(z) - KC

!

a Filippov eolution

f rom (5 .1 )  and  (5 .16 )

*t  l  
( t ;xo)

through

( , , ? L ,
*f tt;*")
l i l l l  ,and since ll rc*ll < llA - Kc.li t

i t  fol lows:

(7,22) l l  rc ' f  ( t ixol  l l  < f  c ofn+ a)t  / - lexp(- dt) i lxol l  for r .2ooxe6o

and tf oC) O satisfies (5'10) then

eat is f ies :

( r , 2 i l  l l  { t t l f i < J  r o r t > 6 "

According to theorem 1 in [ 5 J r for arrqy *o€ &o t any

Fi l ippov so lu t ion ,  V ( .  ixorO) ,  o f  { l ' z1)  ver i f ies i

( 5 . 2 $  l l  V ( t ; x o , 0 ) l l  < € Z z  f o r  t > z t ( x o ) + 6

(aecord ing  to  (5 .20 ) ,  T (xo )  +  6  >  T (  Y  (  6 ' ; xo 'o ) ) '

On the other hand, since Vo{Z and' S < E from (3' 11)

anc (3,tn i t  foLlows' that i l  
I  t t ixo) l i< Qn< t/z fsr

t  Zs(xo )  +67td 7 6o and thereforet  i l  I  ( t ;xoro)  l l  <

[  . t p  t t ; xo ,0 )  V  t t i xo ,o ) l l  +  l lY t t l xo ,o ) [  <  l l  ]  t t ; xo ) i l +

+ l tV t t l xoro)  l l  <€  fo r  t> t ( *o )  +6  and the  theorem is

conpletelY Proved.

t t t ) = -
I
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Renark 1.4

t } r e p r o o f o f t h e t h e o r e m d o e s n o t e u g g e s t , u n f o r t u n a t e l y '

uethode to estinate the constant "( 
( and therefore the matrix

K whlch defines ttre observer ) when the iladnigsibLe error"'

t>o , the nd.ela)rs , 6>0 r and the compact subset Goc G-

are given.

Inp rac t i ca lapp l i ca t i onsoneehoseg .no rma l l y thebes t

p o s s i b l e s t a t c i e e t i m a t o r ( 1 . 8 ) w i t h r e e p e c t t o s o m e o t h e r

eriter,:.a than the nathenatical notivatione in theorem 5'5 sueh

as sone teehnologi*al constraints, the, eomputing facilit ies at

h a n d , e t e . . T h e t h e o r e m a b o v e s u g g e t s t h e f a c t t h a t g u e h a

r e g u l a t o r w i l l s t a b i l i z e t h e s y s t e m f o r t h e i n i t i a l s t a t e s i n

6 o m e n e i g h b o r h o o d , o f t h e o r i g i n w h e n a n a d n i i s i b ] ' e e r r o P ' t > 0

and an adnissible deLay, 6>0 t are gi-ven'

A more suitable result fron this point of

followingi

Ttreore!q-5gz

view ie the

or
K€t( f ' f l  that

atisf ieq .1 )  and .2) q4q_g-s a c t n e i g @

originr Goc Gr sucht lhat fo-r af\v xo€ Oor a4v Jilippov

g.sr ls j io+ thqough (xo lo)  ,  (Y( ' ixo 'o i '  V( ' ixo 'o) ) '  o f  (1 '9 I

qati.sf ies tt lg -estinPtion'(5' 5) '

PJqgrl

F o r e v e r g : S r T 2 o s t e d e f i n e t h e r e a i n u m b e r l
'  (  

htv) - T(x) l  '  x 'J €.Er(o) '
( 5 , 2 i l  t J ( € n r )  =  e u P t .

where 6"to) and Ert*) denote the closed ba1lc of

n  '  - - I  ^ r  n  d 1  t i v e l Y '
and I centered at 0 and x r€spec'

r .Er t * l  I

radius r
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glnce the ninfunal-tine function, T(' ): O;+ R* , ie

e o n t i n u o u s ,  f o r e a e h  r > 0 ,  t h e n a p  0 * t r ) ( ' $ ; r )  i s

. non-decreasing and li.n i, (0 rr) c Q u" 0 \ 0. From (5.25\

i t  is  obvioue that  for  any $>0, the rnap r  t . -+ r .d(Qrr)  is

r Dofr-decreasing too.

For  Any  r )  O we denote  e( r )  E  nax  I f t " l  I  *eE" tO l ] .

Aecording to theorem t in [ 57., for e. , s(r) , 0 there existb

ffe rr)> o such that for any measurable nap t[):for.,o)-+
' ,  that  sat ief ies $.6) ,  for  arqr  zreR'(s(r) )  r  arry Fi l ippov

solut ion, Y(.;rn) ,  through %a of the system (r.7 ) sat isf iee
L

the est inat ion (5 .8)o

O b v i o u s l y ,  f o r a r l y f i x e d  € ) 0 ,  t h e r n a p  r  * t ( € r r )

L s r i o r r - L n c r e a s i n g a n d { o r a n y f i x e d  r ) 0 ,  l i n J t e  , t l  =  0

as € \ o.

Let 6 , t, o be fixed; for any r> O we define nbw

0 t*i € (or oc1 bv

( 3 . 2 7 t  0 t * l  =  
" " p { 0  l - ( 0 , r ) < 6 J

and ro€ (0r  eJ by:

(z.zsr- ro = u,rp {"> o I  e tr)  < t  }

From the propert les above of the funetion (J\)(".)  i t  ie,

n 0 t"o1< t ard 4= J,t ,  {obvious thst r") O. We denote 'V 
o 

=

From conti.nuity reasons and the propertiee of the funetione

(r) (. , . ) and f,t. , . ) it .8oLlows that for the eonstants ar tt

k,  c )  0, def ined in the proof of theorem 5.7 there exist

r r ( r o  a n d  6  1 < 6  s u c h t h a t l

( 5 . 2 a )  - - , ( " n  * x / $ ( e x p ( " 6 t 1  - r l < T o n
o ?

(3 ,2 i l  ( ccCn  +  a )ko (n - I " xp ( -d6 r ) r ,  {  do  <  d f  t , r r )

( r .7o )  ko (n - lexp ( -  d6  t ) r ,  (  0  on
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It follows iruirediatel-v now that for any x € Oo !3

the statement in theprem 5.5 holds and therefore the

5., is conpletely proved'

Qsr-o-!1qlL::!.

B _ ( o ) ,^ 1

theorem

Let us eonsider the, system 1.1)-(1. 2) in th-e- -c-! !ee

U = [ - 1 r + 1  1  r  r r : { 3  o i f  n 7 then the nat. -x A wlrich Qe:f!4gg

(1.1) has only real eigenvaluee.

r Then the statements in the lhqorelns and 9. hold.

Proof:

Aceording to the theorems proved in [ffl anA [fZ) , the

tine-optinal feedback control for the oye+'eme described above

definee a regular synthesis in the sense of Boltyanskii ([1] , lfO]]

On the othef hand, the theorems proved in [+] state that for

euch a system the Fi l ippov solut ions of (2.2) coineide'with

the optlnatr trajectories ano- therefore the hypolhs€l'is of theareu

3.7 is  sat is f ied.  .

gorollarXr 1.7

I.,e! Ug-consider the -system (1.1)-(1L2) in the .qgs,-e--n,3 p. s.

interseets cnl.'r that enaDace

for argr verter Y'

whieh comesoonds

A

= 2 a4d thg potryhedron J c..IF and . the.-$atrix. A - arg sllcq Jh,at

for a vertex v of U the 1ar cone corresponding to Y r

Ao =fI . R2 l < X

1-.atggg!-gljtggvqlue. Then the stat-eegglq in the theoreme 1-'5--And-

*L-he14'.
, rrgggi

According to the theorem

the F i l ippov so lu t ions of  (2 .2)

trajectories and therefore the

sat ie f ied.

rBv

e i

Bv '
i-A

of

t o i

u] ,
ts

proved in I z]

eoineide with

tgrrotheeis oh

, for such systeme

the optinal

the theoren 5.3 is
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Rensrk 5.8

Srom the: point of vlew of the theory of ordinary Dlfferen-

-tia} Bquations,, the property in the theorem 5'9 nqy be int'€r?reted

aE folLowsi the f i rst eomponent, Y t '  1xor0) '  of the solut ion

through (xorO) of (1.18) is a Filippov solution through xo of

the differentlaL sYstemi

(5.1L, * t  = Ax + tsv(x+ l t . txo))

where Y (.  ixo) is def ined by (3.15), which is obtained fron
J t ,

(2,2) b,;i, adding to the, argusent of v(. ) the [perturbatiohil

f 
(.;*o)." fhis pertu:;bation is pro&ueed by the faet that one

cannot obgerve the etste x and onLy the output y is available"

Ttrug, the properties in theoreme 7.7 and 5.5 nay be

interpreted as t'stabiLity to observationsfr of the differential

e y s t e m  ( 2 . 2 ) .

The property call.ed I'stability to measurementsil introduced

by II. Hermes iII [ ? ] meane, for the s&me eysteu, that the clessi-

eal solutions (when they exist) of the perturbed systemol

(5.r2) $t = A(x+ f  t t l  I  
+ Bvtx+ f  t t l  I

ar€ trclogetr to the optinal trajectories'

t l e n c e , t h e e t a b i l . i t y t o m e a s u r e m e n t s a g s u m e s

of observing and therefore of measuring the statet

the problem studied in ttris paper where the state

meagured.

on the other, hand, the prope.rty of stabilitJr to $egsurement$

d o e s n o t s a y a n y t h i n g a b o u t t h e F i l i p p o v s o l u t i o n s o f t h e

I perturbed system (3.71) (or (5.r2)) whiclr  nay dif fer frono the

AnAa o. l  *  harrcrh -  fon the un 
'  

r tenr  (  2 .  2)
classical oneo, although, for the unperturbed sFs

these solut ions coincide '

ihe possibiS"itY

in contr@gt to

cannot be
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} b o m t h i g p o i n t o f v i e r t h e n s t a b i l i t y f l s t u d i e d i n L x l

and in this paper is, apparentlyr more natural' It would be'

t h o u g h , i n t g r e s t i n g , t o f i n d a d e e p e r r e l a t i o n s h i p b e t w e e n t h e

two kinds of stability of the so}utions of the d,ifferentia}

systen (2.2) at tbe perturbations'of the rtght-hand eide'
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