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9n b"est apprgxinaliog. in

vector -valued noras

1. It is well known that in a (real

sDace E the distance from an element x € E

fined by the fornula

or complex) normed linear

to a subsei  G of  E is de-

hrzv.J

A.Baeopoulos, G.Godini and I.Singer

s  €  G 1( 1 )

$ )

G )

and then to

literature

r e i n .

dist(x,G) = inr  { t t " -* t t
and .the elements of best approximation of x, by neans of the elements

of G, are, by definitiol, 
l:ho"e 

go€G (if qny), for which thj-s ilf is

a t ta ined ,  i . e .  f o r  *h i .U  .  ; . ,  . ^  ;  ;  . .

( 2 )  l l * - eo l l  =  i n r { l i * - g l l  f  se  cJ=  d i s t ( x ,G )  t

the set of al l  such elenents Bo is denoted by 9*t") (see €.g. [g] ot

[ro] r:
In mqny situAtions, there appears the necessity 

!o 
approximate

an element x of a linear space E, by means of the elements of a sub-

set G of X, sinultaneously in two (or more) given normsr sQJ l l ' l l l

and l l . l l2,  on B. One possible way of doing this, i"  to consider a

third norm ll.l l on E, which is a suitable combination of the norns

l l  l l  .  l l  l l
l l  .  l l l  and. l i . l l  2,  for  exanple ,

ll * il = rnax ( llx lly ll" lJz ) ( x e E ) r

f l * l l  =  l l " l l r  +  f l " l l2  (x€ E) ,

consider (1) and (2) for  th is nei , r  norml for  resul ts and
C

in this direct ion, see e.go [q.J,,q"d the i"eferences !]e;
i ' i .  :  

'  "

large number of. cases,
. :

howeverir..a4other aoproach, su&gg.F-f n a



ted by some problems of

aore naturallY. NamelY,

- 2 -

mathenatical economics(see €.8. I  B]) r  appears

following [ 1] , one can consider on E the t'norm"

\4rith values in the plane n2 (ryith its natqral partial ordering)rlefined' by

l " l  =  ( ) lx l l '  l l x l l r ) ( x e E )

(for the theory of norrns with yalaes in partially ordered l inear

spaces see €.g.  [ t ] l  and to calJ.  an elemetta EoiG an element of  best

vectorial approxinration of x, by mearrs of the elements of G, if

. there is no other g€G which gives a "str ict ly better"  approxiroa-

tion to x in the sense of the natrra] partial orrlering of R2 (we re-

ca l l  tha t  (d1rd2)*  ( f l r , [52 ]  i f  and  on ly  i f  bo th  o1(o2 ana prsp ,  ;

one'wr i tes (ua,a2).  ( l3r  r |z) ,  i f  (o l ,o2) <( | } 'Fz)  and (aarx2) /

/  ( [ } r_ , { }Z l l .  We sha l l  denote  rhe  se t  o f  a l l  sueh go€G Uy { (x )  ;

( 6 )

L C T

and l l . l l2

thus, Soetl*tx) if and only if tnere exists no el-ement geG such tnat

l"-e[= (ll"-ell1, l l"-sllrl < c ll"-eolir l l"-eollz) = l*-sol'

us observe that instead of tvro scalar-val-ued norms ll ' l l l

( : r ,  equivalent ly, instead of the norn (5) with values in

the plape R2, with its natural order) one can give a similar defi-

nit ion of ?I^(x) for the case of any (finite or infinite) nunber of
\t

s c a l a r - v a l u e d n o r n s ( o r r n o r e g e n e r a l l - y , f o r t h e c a s e o f n o r m s w i t h

values in any part ia l ly  ordered l inear space);  in part icularr  a usu-

al (scpler-"valued) norm is a norn lnrith values in ihe real line R' and

^ t/ 'fl

then Uf" l  reduces to the set Ji(x) def ined by (2) (note that
. u

1f t" l  = 9^(x) may also happen for t i ie vect  : -valuect ' ,Qrm (r) ,  nam.ely,

i n  the  par t i cu la r  case wnen i l ' l l l  =  l l ' l l 2  =  l l ' l f ) .

Some results on the elenents of best approxination by elernents

of convex sets in arbitrary l inear spaces endolved. vrith a vector-va-

lued norm and, *ot"  general ly,  on convex vector ia l  bpt imizat ion,

.  have been given in [Z] , [ i ] .  fn t ; re present paper we siral ]  consider,

.  seneral iz in.g (1),  a nevlr  not ion of  t 'd istancet '  for  the case of  norms

( 5 )
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no

(  see

\ - t - l ;

* l =* J

longer be a point, but

defini t ion 1 befow).

will be the set

s)

and we

( B )

= INI, {f l l"-sl l1,l l*-el lz}le e c}cn2

[*-eo!= tl l"-soll '  l lx-go1t21€D]sr 1x,G) i

and only i-f

'  

below in the sense of  the natural  part ia l  ord 'er  of  Rz ( i .e. ,  there

ex is ts  q ,eRz such tha t  q<a fo r  a l l  a€A) .  We sha l1  d 'enote  by  A the

/
closure of A in the usual topology of R-. ' .t.' '

shall sav that
. 2

Def in i t ion  1 .  Le t  ACRZ and '  l -e t  p€R ' . ' , ' /e

p € mF A i f  the fo l lov,r ing two condi t ions are sat isf ied:  "" ' " : '

with values in n2. lVe shall- derive this from a new notion of the

"infimum" of any set AcRz, which I,Mill

set in the plane R2, denotdd bY INF A

Then our new ttdistance", generaliztng

DIST (x,G) = INF {["-al f  se

shall have go € %(x)
; .rl
I I

of .course, i-n general, DIST (x,G) may also contain el-ements..9f the

form llt [*-g't, whcre {*J c G.
n -+oo

In the present paper we shall give qone results on the' ele-

ments of fNF A, for those sets ACR2 which have a certain prtperty

of generalized convexity, which we shall call "property (C)". When

G is a convex'subset of  E,  the sets (7) need not be convex,but they

will have property (C) and therefore we shalt be- able to derive

from our theoreas on INF A the. results of t2 ] on best veetorial ap-

proximation by elenents of convex sets G.

The proofs of the results on IltrF A and of their applications

to best vectorial approximation by convex sets (andr more generall-yt

to convex vector ia l  opt in izat ion),  
"vhich 

are noi  g iven herer &s wel l

as some additional- resuits on INF A, for sets ACn2 which d.o not

have property (C),  wi l l  be given e' l  se ' 'a"here LZl .

2.'oVe shall assr.irne, without any special menti-on, that all
' 2

sets A C R- occuging in the sequel are non-empty anci bounded. frcjm



10. There exists

2 a . p € f .
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n o  a € A  s u c h  t h a t  a ( P .

Let us observe that such a definit ion can

)
replace Rt by any partially ordered topological

define a related notion of "infinum" of a set ACR2 (or, more gene-

rally, of a set a in a partially ordered linear space with a "unit

element,,e),  by conserving to and urodifying concl i t ion 20 as fol lows:

Z'.  For each €>O there exits an element aeA such that
\ o

a < p  *  t z ,  ( v r h e r e  e  =  ( 1 r 1 )  i n  R 2 ) .

6bviously, in general this latter definit ion yields a larger

set than the one obtained fron 10 and. 20. The results which we shall-

give below for the sets fNF A def-i.ned by lo and 20 remain also va-

l id,  wi th 
"q"y 

modif icat ions,  i f  we. use 10 and 2'  ,  Other rnodi f ica-

tions of 20, 2t are also possible, but we shall not consider then

nere.

Qne can show that for  any ACR2 (of  course, sat i r fy ing the as-

sumptions mentioned before deflnit ion 1) r fNF A / q.

Dually, one can also define, i* an obvious.wqy, the set

. 2
SUp AcR' and the results which we shall give belovr for fNF Ar ad-.

rnit dual results for SUP A. We believe that these concepts and re-

sults may be also of int,erest for other applieations of the theory

of part ia l ly  ordered spaces.

Let us observe that our definit ion of INF A is different frorn

that of inf A occurring i: ' . the theory of partially ordered spaces.

t '

Namely, we recall that inf A is the unique element m€R' with the
2

fo l lov.r ing tvro properf ies:  i )  m< a for  a1l  a€A; i i )  for  each p€F. '
)

such tha t  p (a  fo r  a l l  a€Ar  w€ have p<ra .  Thus ,  i f  ACR- ,  then

m (m m \ ,,Vfrgf l! I  -  \ u l t u 2 /  t

/ / . \ \  ^ (  |  t  .  -  .  )  , -  ^ (  l  '  \  
' )

\> t  u , t -  in f {a t l  {a 'a t )  e  Af  ,  *2= in f  la t  l (a t ,  ar )  €  i t l .

be also given if we

space. One can also
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In the sequel we shall- aiso use m1,m2 and the constantu Ty[Z

defined by

(10) Tt = inr{Llru,.,*r)e f }, Tz = inrt62l,*r,6r) eI } t

here (as well as in the sequel) we adopt the convention inf{ulaefil =

= * &, Note that, clearlyr m1( trI ( inf ttr l  (at,nr) € A l (the l-at ' ter

can be also + oo ) and., duallyr-m Z< trZ< inf t", | :"1, u2) t ol.

.  Definit ion 2. Y{e shal-l  say that a set AcRz has proQerty (c),

i f  for  each a/ ,  a ' l€A and each \  vr i1h g <\< 1 there exists an ele-

ment a€A sucir  that

a < \ a ,  +  ( t - \ ) a , / .

)
Fo.r example, every. convex set AcR'has property (C) and the

s

closure. T of any set A with property (C) also has this property.

tr\rrthermore, aS we have already mentioned in $ 1r for any convex

subset G of  E,  the (not necessar i ly  convex) set  (7)  has property (C),

. ' rn our f i rst  theorem we d'escr ibe rNF A'  for  acn2 having pro-

perty (C), by determining its j-ntersections wit,h the vertical and

hor izontal  l ines in the plane R2, i .€. ,  the sets l l -  at INF A and
v1

,'irnrNF A, where

( 1 1 )

( 1 2 ) ,

(r7)

oJr= { tn 'n2)en2

,{r= {to, ,v2) e n2

G o o < p f  + o o ) ,

( - o o  a P 2 < + & ) .

and let

- o o  1 P 2 < + o o |

- oo < p1< +oo]

2
Theoren-L.  Let  ACR4 be a set  vr i th  proper ty  (C)

-oo  <p -  {  f  @.  Then- j -

,
(14) D-.'nrllF' vl:.

(arr ra2)€Aienq

(a l ,n2)e , \ ]  ana

a

Q E- - oo< Pt-< *l

a nft*.,p2) I Tz<pz< inr{ar l ,*r, ar}e^['.C Pr = *r

I  P '  in r {a r l tu 'a r )  e  A ,  a r<nr } )  =

u={  =  (n ' in r {e r l tn1 ,6r }e [ ] )  <  (n1 ,+@)

(p1,m2) 3g frfn1(intt",
g E* 6a'nf inf {at

tg n <nf7r

(p1 ,m2l  e  a

(n1 , *2 )  S  A

i f  i n f  [ a 1  I  ( ? 1 , * 2 )  e  a ] . o r ( * € ,
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]vhe, l :e (n1,n2) .  (Pr,+e) means that p^< *oO.

hold ( i
Eqr Dj'nil{F A th,e dual formulae

P2

dices 1 and 2 and the firqt and second coordinates are-interc ed, ) ,

Note  tha t  t f  T t  
=  *Q  o r  i n f tu t l f  a l ' n2 )€A ]=  *oo ,  then  (14 )

adnits some obvious simpli f icat ions. Let us.also observe that i t  is

only the part *I< Pl( 3l 
where the assumpt:ion +ira'b A has property

(C) cannot be omitted.
2' C1early, from theorem I it follows that for ACR- with ploper-

( C ) ,  I N F  A  i s  c l o s e d .

nay aLso happen that \ 
= 

fL 
(or m, = 

Til, but then, neces-

^2,= fz 
(respectively , *f TL) and rNF A = Irvl2r vihere .

(r5) ' . .  ,  r r  = {  (%:p2) € Tl f r{  pz {  inr{ar l  f  * ,  ,ar}  eo} } ,
.  -  - l  - (  l  r ,  r  z  r ?  )  

"  

'

(16) ' rz = t(p' mr)€o ltrr( pr( inrt"rlf al 'm2) n o\ J ; 
:

clear ly,  in th is case I tnf ,  is  the point  (mtrmt) .  In the sequel  we

shal l 'exclude this s inrple case, i .e. ,  we shal l  assume that ^t<Tt

(and ̂ z< Tz) .

By theoren 1,  for  each P1 with * l (p l ' [ ,  the set  Df. , r t i ] lF A

i s  the  s ing le  po in t  (p1 ,  i -n r {u r l f  a r ruz)  e  n ,  o r<pr }  )ea2 
ta"d  

the-

refore, ir the next theorem lve shal1 consider the real-valued func-
l .

t ion f  d'ef ined by 

(n- -a^,!  c A- a- L. < p-( x-,  ) .  

'

( 1 7 )  f ( p r ) = i n f { " ,  l ( & r , 8 c ) e a , a l ( p r }  
( o r  - r  u L" f _  L  z . t  J - '  I

In terms of the function fi theorem 1 yields that INF A =

= f ( f )U I ,U12 ,  where  f f f )CR2 i s  the  g ra -h  o f  f  a : - ' r ' I , , , I ,  a re  the

gets  (15) ,  (16) ;  i f  nr< [1r  these three sets  are pa i rwise d is jo in-u.

The-orem- 2. Let ACR2 be a set rrrith-propertf (C) and with

*f< /f . Th-en lhe function f de.f:-ned by (17) is convex (hence conli-

n u o u s ) @ .

r l /e .gote that  t t  (Z<+@ (respect ivc ly  ,  [1<+x) ,  
then f , *y ,V i l r i

g I I{F [ ' -(r :espectivctVr( l :_rnr)e I ] IF A) and t] ierefore, in these casbs

in which the

& - -
t/J

It

sarily,
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it is natural to extend. the definition of f by putting f (na) =,TZ

(respectively, f  ( t l  = *2). Then the funct ion f  extended in this

way will sti1l remain convex, continuous and non-.increasing. Ilom

theorem l and from this remark it follovrs, in particul-ar, that if

[ z=  in r  {uz l (o1  ,a r )€n}c4g t r r  
=  in f  t " ,  l (a1 ,n2)  €A}  and i f  bo th

[tt{2.4&t 
then INF A i-s e]--Jher an arc or a point

Theorem J above permits to reduce the computation of IIIF A n
. . l l l

n f(na tp2) e t'l*r-" pf. 
7,tj, 

to the computation of the infimum of a

eertain set of .scalars (or, alterna'i; ive1y, of a functionai bn a sub-

se! of A, since a, may be also regarded as a functional on

AA{ (al ,u2) e n2lur-(  pf t  I  .  The fol lowing theorem gives another "sca-

lar izat ior" ,  of  ' rKuhn-Tucker type" {see [2]) ,  for  the problen of
2 l  t

finding II\]F A n {(n, ,p2) € R-l*t. pr. 
/r I ,

Theorem 1. Let ACRZ be a set  wi th propegty (C) and with

*1< trr'
a number

Then for everv (p- .p^) g lt lF A vrith m, < p, < X. there exists
v *  

-

\  * i t ir  O<tr<r (dependin.q-on (R'nr)) such *uhat

.  .  r .  I

trpl * (1-X) plz = i" i  { \rr* ( l-tr)url ("1,u2) e a}.

The follorving partial converse is inmediate: If ACR2 (not

necessar i ly  wi th property (C))  and (n 'Rr)  a f  and i f  there exists\

v r i th  o< t r<  r  such tha t  we have (18) ,  then (11 ,12)€  r l iF  A ;  as  shovm

by simple exarnples,  here the assunpt ion (11 ,12)e I  car*ot  be omit teo

5. Now we shall qhow how the above 
"o".rir" 

can be applied to

cbtain again the resul ts of  IZ]  on best vector ia l  approxirnat ion.

Let G be a convex set in a l inear space E endovred vrith two
'  r r  r t  -  r t  l lnorms,  l l . l l t  and l l . l l2  and te t  xe E. ' l /e  shal l  denote by d is t t  and

dist,  the corresponding oistances and bySlf" l  ana f l3ix) the set of
1 , .

all elements of besi a;rproxiir.ation of x by means of the elements of

G,  in  the norns l l  . l i - r  and l l ' l l2  respect ive ly .  Let

(rB)
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A = 
{( l lx-g11r,  l lx-e| |2)  l '  c

Then, by (9) and (10) '

(20) *t  = inr{ i lx-ei l i ls u G}- distr(x,G) ,  mz = dis

(21) /r=inf {}'* ll"-e*tlrl{*r,}.*, *:tll"-e'llz 
=

(zz) trr='nr { ri" ll"-sr,llz l{sr,}cc, #f ll"-e,'llr =

tr\rrthermorer the other bxpressions occurrlng l-n

(zz) inr{nr l t*r ,  ar) eu} = :-r ,r{ lF-sl l r l*uSc"l}  = ututrt" ,3}(x)) '

1z+) inr{u, ( a ' , a r )  €  A , ursprl= inr{i l*-ellzl*.o, l l"-ell1< nr},

= i,.r{llx-*llrl s e Ffrt"l} = diut, t*,{t*) ) ,(z i l  in f {ar I  C"r ,mr)  e A]

and the obvious dual to (24).

We recall the main result of [Z] ot best vectorial approxlaa-

t ion  (12J ,  theorem 2 .1) :  For  every  c  €R =  ( -oo ,  +oo)  sa t is fy i rE

126)
:

we have

(27) %tx) n{v ( x ) .

I n o r d e r t o d e d u c e t h i s t h e o r e n f r o n t h e o r e m l a b o v e , t h e f o l -

lorving obvious observation is used: r/e have SoeU*t") if and only

i f  ( t l*-eol lr ,  11,.-Eol lr l  eDtl*-eot lrnrT'TF A' Now, the inclusion c in (27)
oO i l  I

follov,rs imnediately by considering the various cases occurring in

(14) and taking into account (20)-Qi l .  To prove the opposi te in-

(19 )
t 2

€ G J C R * .

t r ( x r G )  r

d i s t r ( x , G ) ] ,

d i s t ,  ( x ,G)  ! .

(14)  are

d is t r (x ,G)  {  c  (  c l i s ta1x , { tx )  ) ,

1 . .  , ,  r  a Ze n l l lx -v l l1="1 = Ybn{y€El l l " -v l l1  <"1

crusion,  ret  go€ 3An{yeElrrx-yt l1<c I  
(x) ,  i 'e '2 to € Gr l l " -eo l [< "  

and

)
tc J .

t v l  t

J- , l .  ^n
u t l g r t

- n , l  I
d,f ru \

-  , i ;  ^
_  L I I D

then, using (2L), it follcv'is

[*-eoll1 = c ana ll*-sollz =
we €et

20), ( zl5(l i-;-soil '  i lx-g.i lr) e

t r ( x , G i  ( " {  d t ,  
t h e n ,  b Y  ( 1 4 1

l l"-gollz = inr{ll"-sltlc e. c, ll"-ellr<
case 13.  r f  l l * -so l l r>a i " t r i *

t h a t  c ( / f .  l d o r , v r i f  d i s t t ( x ' G )  =  c t

=  r f  i s f . ^ r * - Q l ( : < ) ) ,  l v h ^ n c e ,  b y  ( 1 4 )
-  L t I i l  t 2  \ ^  f  ,  

G t ,

€ II\TF A. On the othe-' hand , if n-''

aha {24),  (c, l lx-gol l r }  e r l l r  A.  Hence, s ince t l l " -Sol l '  l l  * -gol l r l  4
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( (c r l l * -go l l z ) ,  where  1111- - 'o l l1 ,  l l " -so l l  2 )eL ,  we ob ta in  l f  * -eo l l r  =  c

and (l lx-g.11r, l lx-g.l lr) erNF A.

Case 20. r f l l x - g . l l  z  
=  d i s t r ( x ,G ) , ^ 2 ,

then g e 
'J' l (x) , vrhence rusin$" o -  -  G '

T r  - l - l i o  ; i c * l - ,  ( 1  \ - nJ_t --'7 J- J-;!t \r J D U \ zf I r;^ ,t -V 
I

n-)@ 
ar

a
t ion  o f  a l - l  se ts  in  R 'o f  t ,he  fo rn  (T) .  o r ,  one can ask ,  how to  ex-

tend La vector  -  va lcrec l  io f  r  s  the inec l tz .a l i ty

(  i 0 ) ' l i ^ + / . "  r . ,  ^ \ . -  . ] j  ^ + l - .  r a \  L  A ; ^ + t - -  . r \L r r $ r , \ * L - ^ 2  I i l \  L r J S L ( x 1  r G /  +  o a s r .  1 x 2 r G i  I

arso (26) , ll "-eoll1 < c < inrllx-s llrl *. ! frf "l] < Ji*-sollr, :o il*-soll1= .

A1so, from (2L) ,  go€9?f 
" l  

and. iA1 ,  we get Tl< " 
(distr tx,gf i (x) ) .

Hence,, by(14)anap5)( l lx-s,. ,111 , l l  "-s^Jl2) 
€ IvF A vrhenerei Tt<(, vrrhi le j f

(<+co ) , then( i lx . -^g_" l l r ' ,  t rx  -e i l i1  
- (Tt ,#^ i .  rNFA,which cc^pl - t l l  t t re  y toct t "

trbom (2)) 
-and 

thf obse:rv{t ion made after (10) i t  fcj l lorss

^ i  ^ +  r - ,  Q 4- t o  u - r . 1 " :  J  
G
3 {*1 I . ' lve note that if for

v = a
/.1 |

* r ^ ^ *
u.ttd, t

7- '  < dist  (xr ' ! ' ; (x)) .  lTe note that  i f  for  everv c sr :e.h +.hat r-  < c <A l  - - . : . ' - ' - G  
0 I -  -

n )(c l is t - ,  (x,9[(x)) ,  the r ight  hand side of  (27) is non-enpty,  then al-

readr y,  = d is t r f  " ,9f r tx)  ) .  ( rndeed,  i f  Tt  "  
<c '<distat" ,9f r (x)  ) ,  and

t I 1  /  
/ v \  n , .  Q 2  / - , \  

r :

soc 56n{yenl l l " -v l l r<c1(x) ,  s ie  '5 'En{yer l i lx -v l l r< . ' r (x ) r  t } ren,  bv (27) . , . .

so,sje{(x) ana l l*-eol l l=c, l l *-s l l l t=c'  .  But then, by (}4),  l l *-gol lz"=
= l f " -e j l fZ  = *2.  S ince c  <c ' ,  th is  cont rad ic ts . the def in i t ion of

f i ( * )  ) .
4. There appears tne problem, itol to extend in a

some r,r re11 k:rov, t r  propert ies (see 
" .s. [g])  

of  the numbers

case o f  vec io r -va lued.  norns ,  i .€ . ,  to  the  se ts  (T) .  For

we want to extencl the inplications

( 2 8 )  G , C  G , . ,  - ? ^ i  n * t - -  . a  \ : . r i  o * t v  r 1  \
I  I  

u r D  U a - - - l  - 1  l  y '  \ t L >  t  \ . a . 1 u 2 , l  1

Gs) Gt.Qc. , t?.' G,, =
I  I - J

Q  i t ; t  l i n e  a r  s u b e f , t c . . n
wher-yfene results" ir,  i ;his direction vri l l  be qiven in i  A 1

L " J .

q n n a  l n n r is : ryv

then i t  is  necessary to dcf ine f i rst  a sui table part ia l  order rela*

t ion V ,  respect ively a surt ,able iopology, at  least  fo i  the col lec-

n  ^ + , r n ^ - lr rq, u ur ciJ vv cxJ

(1 )  to  the

srLcXl l ly-L g 
,  J-L

'1- f . ' |al lote" After thrs oaper has been conot etcor therc
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paper of L.Cesari and },i.B.SuryanaraYs&r "Existence theorens for

pareto optimizat ion ih'  Banacb spaces" (Bu}l .Amer. l iath.Soc.B2(1976) t

306-308), i. which thg authors introduce, for a dlfferent problem'

the notions of weak and strong Pareto extremum of a set A in a Ba-
6

nach space Z vrith a closed convex cone. For z = R', with the natu-

ra1 posi t ive cone, the set of  a l l  these Pareto extrema coincides

but there

pef  .

[ '2 ]

I i ]

tq l

Lrl

I o ]
[z]

is no othep

. : . .

': '

with our fNF A (since in n2 the weak and norm topologies coincide),

overlapping of that paper with our present pa-
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