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ABSTRACT

'  The bolomo,rphicatr"ly induced representations of a sinnply

eonnected solvable Lie grouprar is ing by Kostant 's quant iza-
a

t ion procedure f ron Hani l tonian G-epace-S,are studied.Our nain

resul t  g ives necessary and suff ic ient  conoi t ions for  such a

representat ion to be pr inaryrpr imary of  type Irresp.ect ively

iiredueible.It is shown further that the irr:educible unitary

representat ione eonstructed by th ie method are suf f in ient ly

many to separate the qleneqtq_ .9{ _9.. .
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INTRODUCTION

J1l this paper we are .going to investigate some inportant

proper t ies 'o f  the  ho lonorph ica l l y  induced representa t ions  o f

a s imply connected solvable Lie group which ar ise by Kostant 's

quant iza t ion  procedure .For  de ta i l s  concern ing  the  quant iza t ion

theory, the reader is ref ,erred ro [a]  and [rZJ'

Let G be a connected and simply connected Lie Sroup and

1et  (X ,  -  ;  be .  a  Han i l ton ian  G-apace. f , f  (L ro)  i s  a  coa l : ' l ex

l ine bundle wi th connect ion and invar iant  Herni t ian structure

over  X ,  we denote .by  /  =  [ f , ,o< ] : . t s  equ iva lence c lass  -  J \ (Xr "^ ,  )

s tends  fo r  the  se t  o f  a l l  equ iva lenee c lasses  f  = [ t , , .<J  whose

eurva ture  fonn is  o l .  The quant iza t ion  proeedure  assoc ia tes  to

a  p a i r  ( € , r )  c o n s i s t i n g  o f  a n  e l e m e n t  { ,  e  A ( X r d  )  a n d  a

G-invar iant  polar izat icn F of  the syrnplect ic raani fo ld (Xrc. :  )

an  equ iva lence c lass  o f  un i ta ry  representa t ione J te rE)  o f  G.

One of  the fundanental  quest ions one can raise about th is eon-

s t ruc t ion  is  to  f ind  ou t  f i r s t  to  what  ex ten t  i t  i s  indepen- .

dent of  the choice of  a polar izat ion and then to deternine the

s t ruc ture  o f  the  representa t ions  so  ob ta ineC. I t  i s  the  purpose

of  the  present  paper  to  answer  these ques t ions  in  the  spec ia l

caie of  a solvable Lie grouprwhere powerful  resul ts due to

Auslander-Kostant [r] bnd Pukanszky t [g], [ro] , [rr] ) are avai-

t t o t * ; r r r  

n a i n  r e s u l t  e s t a b l i s h e s  t h e  i n d ^ e p e n d e n c e  o f  f ,  
( 0 r p )

o f  the  cho ice  o f  a  "good"  po la r iza t ion  F  and,  w i r i ch  i s  more

inpor tan t rg ives  necessary  and su f f i c ienL cond i t i .ons  in  o rder

tha t  g f  g , r )  be  pr imaryrpr imary  o f  type  f  ,  
' respec t , i ve ly  i r re -

duc ib le . fn  par t ieuLar , th is  led  us  to  a  na tura l  ex tens ion  o f
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the Auslander-Koetant procedure for obtaining i r reducibl-e u-

ni tary representat ions,  by which we may associate to every

(no t  necessar i l y  in tegra l )  o rb i t  under  the  eoad jo in t  ac i , ion

o f  G a  se t  o f  i r reduc ib le  representa t ions .A l though our  con-

s t ruc t ion  can no t  a i rn  a t  a  comple te  paranet r i za t ion  o f  a l l

equ iva lenee c lasses  o f  i r reduc ib le  un i te r ry  representa t ions

(except ing the case of  a typ" I  group, when i t  a<lds nothing

to the or ig inal  construet ion of  Auslander end Kostant) . r  i t

y ie lds  a  fan i l y  o f  i r reduc ib le  u r i ta ry  representa t ions  / \ (G)

sat isfy ing the fol lowing conpleteness property:  each pr imi-

t ive ideal  of  the group C*-algeura C*(G) of  G is the kernel

o f  an  i r reduc ib le  represente t ion  in4(G) ,  when i t  i s  v iewed

as a  representa t ion  o f  c* (  o )  .  rn  par t i cu la r rA(  c )  cons t i tu -

tes a separat ing faroi ly of  uni tary i r red.ucible representat i -

ons for G. We show also that every equivalence elass of  i r re-

duc ib le  normal  representa t ions  is  a  nenber  o f  A(C) .

1. PRELIMINARIES

Tlrroughout th is paper G wi l l  denote a connected and sim-

ply eonneeted solvable Lie group t  e : - ts Lie algebra and o**

the dual  vector space of  
%r 

or which G aets by the coadjoint

representa t ion .

L.1.  s iven B € i  rG(g)  denotes the isot ropy subgroup of

G at  g  wi th  respect  to  the coadjo in t  act ion,  f r (A)  i ts  L ie

algebra, Xg = G.g the orbit  of g under G and *g t 'he

G-invariant 2-forn on XU inouced by the Z-cocycle -dg on

%.  S ince  the  iden t i t y  conponen t  C(S)o  o f  G(g l  i s  s imp ly

eonnected,  there ex is ts  a  un ique character  Xf  on C(S)o
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such that U*f  = zt i  i 'S lg(S) ;  i ts  kernel  Q, is a normal sub-

group o f  G(g) .

r$e shal l  d,enote by {  (e}  tne set of  a l l  .subgroups f  of

G ( g )  c o n t a i n i n g  G ( S ) .  . F o r  f  € g ( g }  w e  p u t  f c  =  { o .  e C ( S ) '  ;

X*(xtro- ' t r  t )  = I  for  any t re f  .  This def in i t ion makes aense

s ince ,  G(S) /G(e )o  be ing  abe l i an  (e f  .  [A ] ,  p .492)  ,  t he  co inuu-

ta tor  subgroup [c(s) ,c(g[  o f  G(g) ,  is  conta j .ned.  in  G(g) .  ,

Note also that f"  ie the inverse inage in G(e) of the cen-

r  t ra l izer  o f  f /A-  in  G(  d /q-  .
6 5

Let  ,A(d denote the set  o f  a t1  f  e  f , (A l  such that

f  /Q,  is  abel ian,  and *  * r * rU)  t t re  subset  o f  those f  e
. 6

4 (g )  w i th  the  proper ty  tha t  f /QR is  a  max imal  a te l ian
()

e u b g r o u p  o f  G ( d / Q U , f t  i s  e a s i l y  s e e n  t h a t  4 ( d  = t  f  e f ( d ;

f  c F " . l  a n d  4 * u * ( B ) = { r . f ( i l ;  F =  f " } .

Given f  e I  (d we denote by F the set of  a l l  uni ta-

ry e.haracters X on f which extends Xo .
6

r.2.' LEIrfiulA.

t i l  g - r e t =  { r e  l ( e ) ;  F * # }
( i i )  Let  f  ,  f  

'e .v l (e)  and suppose that  l -c  l - ' .Th"r ,
-

every Xe f can be extended to a character {  e f '  .

Proof. tet f  e {(e) .Assume f irst that f  * * and

choose  x  € f  ,  r f  d ,  e  r  , t hen '  %u$ ]^o t1 ' )  =  X (xb . , r 'T - ' )  = ]

fo r  a l l  t r  €  f  ,  henee  ae f -e  .There fo r ,  [ c  f ' *  1  tha t  i s

l -  e r4(s) ,

Converse ly ,  le t  us  suppose f  €  o4(g) .  Cons ider  the  ee t

F ( r  )  o f  a l l  p a i r s  ( f '  r x ' )  w i t r r  S '  e f ( d ,  f '  c  f  a n d
lAr

X! e f  
'  

,  endowed with the fo l lowing order ing:  (  Y'rX'  )  2.

l f " r x " )  i r  f ' c  f "  a n d  x " l r ' = X ' . O b v i o u s l y ,  F t r )  i e  t o -
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t a 1 l y  o r d e r e d  a n d ,  s i n c e  t h e  p a i r  ( G ( g ) .  ,  X o )  b e l o n g s  t o  i t ,v 6

nonvoid.  There exists then a maxinal  e lement (  l - r ,  f*)  in

F(  f  ) .  We asser t  tha t  f  *  
=  f  ,wh ich  wou ld  be  su f f i c ien t

for  concluding the proof of  the f i rst  statenent in our lemma.

rndeed, assuming the contrary, one can find an c( € r such

that u< # fn.  Then, the oubgroup r '  of  r  generated by

r B and o( is str ict ly larger than F* .  Now let  p de-
note the oroer of  the i raage of  o(  in. the quot ient  group

.  C(g) /  f  ^  and choose t  €0  to  be  a  p - roo t  o f  the  complex

number  (o f  nodurus  r )  um(  c (p)  i f  p  i s  f in i te ,  o r  t  =  I
o therw ise .  Then,  us ing  the  fac t  tha t  X .UGy o- , t r r )  =  1  fo r
any T € f*  ,  i t  is  easi ly seen that the fornnula

x i t x u n y  =  x * ( x ) t n  ,  f  € f - ,  ,  n e z  t
makes sense 

'and 
d,ef inee a character x '  on r '  which extends {.

This contradicts the nraximali ty of (  fh, { ,n) r

A sinir-sr argurnent can be used to prove the assert ion ( i i  )  .
Ano the r  wey  i s  to  p i ck  an  7L€ f ,w t r i ch  su re l y  ex i s t s  by  ( i )  ,
and to  observe that  x . ( i l r )  is  t r iv ia l  on g(e)o ,  hence i t
csn be v iewed as a character  o f  f /G( i lo .  But  th i .s  is  a .  sub-
Sroup of  the f ree abel ian group f , /G(do,  hence we !1ay ex_
tend the above character to a character of f , /G(g) o ,whieh
l i ' f ts back to r '  and gives a eharacter I  on r '  .  Final ly,
X' 

'= 
9,r l  is the desire<l extension of X .

1 , 3 .  L e t  ( X r . . ,  )  U e  a  l l a n i l t o n i a n  S * s p a c e .

wel l -determined G-orbi t  (XU, -g) in o2\ and

a  f - e , / ( g )  s u c h  t h a t  ( X r . ^ r )  i s  i o o n o r p h i c  t o

where X r 
= G/ f and qr is the G_invariant

i n d u c e d  b y  t h e  2 - c o c y c l e  - d g  o n  % .  F u r t h e r ,

t h a t  A ( x r a )  /  #  i f  a n c t o n t y i " f  f  l *  (

f t  covers a

there exiet ,s

( X ;  ,  * r  )  ,
2-forn on X,-

w e  r e c a l l

[+ ] ,  ?heorem
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5,7 ,1)  and i f  th is  i s  the  case each t ,  e  A tX,  - )  a r ises  f rom

a eharacter x,  € f  .Fina1ly,  every G-invar iant  polar iza-

t ion  F  on  (X , .^ ,  )  eones  f rom a  po la r iza t ion .  + .  a t  g  ( fo r

t h i s  l a t t e r  n o t i o n ,  s e e  
' [ f ] ,  

D e f i n i t i o n  f . 4 , 1 ) .

Fix now an /  e A(x, .  t  @r) which ar ises f rom a charac-
4

ter  f  e f -  and a  po la r isa t ion  F  on  (xa  r * r )  wh ich  coaes

from a polar izet ion - fL et  -  g .  Assume in addi t ion that &- is

pos i t i ve  a r rd  sa t is f ies  the  pukanszky  cond i t ion  (see [ r ] ,  Def i -

n i t i o n s  T . 4 . 4  a n d  I .  5 . 1 )  .  T h e n  . t h e  u n i t a r y  r e p r e s e n t a t i o n  f  ( , r 1

a s s o c i a t e d  t o ' t h e s e  d a t s  b y  K o s t a n t ' s  p r o c e d u r e  ( c f .  [ r z J )  i s

equivalent to the holomorphicel ly induced repr€sentat ion

f (s ,  X  r f t  )  wh ich  is  de f ined as  fo l tows

Let 0 = ' fz n % and let  Do be the 'analyt ic 
suirg: .oup cor-

responding to A .  , fe form

it is closed (as ror.ows r:: ;;;:'r::rr"l:ri" ;:.:;':-:-il.-
re e.xists a unique character ,L on D1- which extends x and

sat is f ies  drL= zn: - .  g l0 i  th is  las t  asser t ion can be eaei ly

checked by argunents similar to those in the proof of propo-

s i t i on  r .5 .10  in  [ r ] .  Deno te  by  d (Dr ) ,  a (c )  t r re  modu la r  fun -

e t i ons  o f  D f  and  G respec t i ve l y ,  and  le t  +  =  a (Dr  ) /  A  (G) .

Consider  fur ther  the space X(C;Dr)  o f  a l l ' cont inuous func_

tions V on c, with conpact suppcrt modulo D. ,  sat isfying

*  ( a d )  =  
4 r u )  . 1 ( a )  .  f o r  a  e  G  a n c l  d e D .  .  T h e r e  e x i s t s  a

pos i t i ve  G- inva r ian t  l i nea r  func t i ona l  on  X (G;D  ) ,  un ique  _

up to a mult ipl icat ive constant, which we elenote here 1k r_+
A
Yczo;f (a)di .  consider now al l  c*- funct ions T on G, wi th
eo$paet support

( i )  g ( a d )

( i i )  x ' Y

w h e r e  ( x . c 1 ) . ( a )  =

nodulo D,-  ,  which ver i fy l

= "1{o) - r  4ru  }L /ze(u) ,  a  €  G,
=  ( - 2 n  i  ( g , x )

fu  V(a.exp tx )

+ L /2  $ (x )  ) .1  ,

de D'-  i

x e '&.  ,

and one extends
I

I t=O r'or x e ot
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i t  by l ineari ty for * * %o , and rXx) stands for the

traee of the operator int luceci by ad x on %n/& + E. '  .

This spac'e of functions has I rrorrtr given by

(  i i i )  i l  . f  t l '  =  & l . tca)  f  aAI  J G / D I , r . _ _ ,

and we le t  t€ (g ,  x  , f t  )  denote  i t s  courp le t ion .  F ina l l y  we

def ine  f  (g ,  x  , f t  j  as '  be ing  t t - -  representa t ion  o f  G on

th is  H i lber t  space by  le f t  t rans la t ions ,

Note that  . f  (g ,  L  , fu  )  
"  

is  a  subrepresentat ion of

representat ion of G induced by the characteruL on

T h e  l a t t e r  w i l l  b e  d e n o t e d  b y  i n d ( t , G ) ,

1.4 .  fhere  is  another  way fc r  ob ta in ing  representa t ions

ot '  G s ta r t ing  w i th  a  func t ionaf ,  ge€,  due to  ausLander

and Kostant,  which i .nvolves crucial ly the s iackey l i t t le group

nethod. .  i l |e  sha l r  b r ie f l y  rev iew i t ,  fo l low ing  e lose ly  vergne,s

exposi tory paper [ i : ]  ]

L e t  N = f G , g J ,  t r . = f , % r " t j  r  g . ? l * ,  f  =  g l + L ; 1 e t
! {  ;  G(f)  be the isotropy subgroup of  G at  f  ,  G act ing

on f ln,  r rL = o| f f )  be the Lie algebra of  &I  and m = g |* t - .
Denote by xf  the unique character of  the s impry connected

group N( f  )  whose d i f f .e rq r t ia l  i s  Zn i .  f  la ( f  l  and  by Qf

the  ident i t y  component  o f  Ker  Xr .  Then Qf is normal in M,
in part icular in the ident i ty component so of  M ,  and

Mo/Qf is s imply eonnecred. and ni lpotent.  The funct ional  n €

"rn!  v€f i r ishes on 
7t .= ker(r  f  re(r))  and becomes a funct ional

on the Lie algebra ff i/ob of Mo/Qt , giving riee by the

the

D r ,

Ki r i l l ov  cons t ruc t ion  to  an  imeduc ib le

on of Mo/Qf which. when r"egardeo as a

wi l l  be d.enoted 
fo 

f  o)  .

un:" tary repreeentat j ._

represen. ta t ion  o f  Mo
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$tow let us denote by R(g) tne set of a1t unitary re_
presentat ions c  o f  G(  e)  such that  c  l , ; (  A)  o  is  a  mul t ip le

of  *  
f .  

Star t ingwi th  a  represerr ta t ion r  e  R-(d one can ob-

tain a representat ion of c in the forrowing manner. O:re

forn f i rs t  the representat ion c  @ yo(m) of  the d i reet  pro-

duct  G(g)  *Mo anrr  one observr  t l ia t  i t  fac tor izes to  a  re-
presentat ion (  c  e  .po(rn)  )^  o f  the eroul  % 

= G(g) .M,  ,
which is just the stabi l iaer of go(n). f io in lr . t  ,  and that
(  oe  fo ( ro ) ) ^ l l t o  i s  a  nu l t i p le  o f  f o (m1 .  One  cons ide rs

t h e n  t h e  r e p r " e s e n t a t i o n  Z  ( c  )  =  i n d ( (  c e f o ( n ) ) ^ ,  M ) .  I t
l i f ts  to  a  representat ion c(  c) -  o f  the semi-d i reet  pro i luc t

H xs$.  Before proceeding we recal l  that ,  accord ing to  t r ]
(Proposi t ion f  I f  .  2 .2  and Theorem f  I f  . , .  I  )  ,  the imeducib le  re_
presentat ion f ( f )  o f  N,  assoc iated by the Ki r i l lov  procedu-

re  t9  f  €+ t * ,  has  a  canon ica l  ex tens ion  t ( f )  t o  H  xuN .
Now, by forning the tensor product r  (  b )" e rz(f  )  we get a
representat ion of M *sN which is tr iv iar on lh* kernel of
the canonieal nap of M xsN onto K = l,{.N and hence drops
d o w n  t o  a  r e p r e s e n t a t i o n  o f  K  ;  w e  c a l l  i t  (  s (  c ) ,  e , ( f ) ) ^ .

Note that  K is  the s tab i l izer  o f  f ( f )  €  f r  in  c  and the
r e s t r i c t i o n  o f  (  t (  c  ) ' @  r ( f  ) ) "  t o  N  i s  a  n u l t i p l e  c f

gtf  ) .  fhe f inal.  step of this constnrt ion is to take cr( a) =
=  ind ( (  c  (6 -  ) '  I  e ( f  ) )  ,G) ,  ob ta in ing  thus  a  un i ta ry  rep resen*
ta t ion  o f  G.  .

the crucial  fact  about f i (  o-  )

fu1  inopeet ion  o f  i t s  cons t ruc t ion

theory [g] ,  is  that  the conmuting

c and ,T (  <r )  are algebraical ly

,  which fo] lows by a care-

j.n the l ight of the |, iaekey

r ings of  the representat ions

isornorph ic ,  so  tha t  n (  a  )
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is prinary if and only if .- is primary and when both are

pr inary they have the same type snd one is i r reducible i f

and on ly ' i f  the  o ther  i s  a lso ,

A.. THE MAIN RESUTT

As i t  was expia ined 1r) ,  ,^ .€  un i tary  representat ions of

G arising by the quantizat ion procedure from l lamil tonian

G-spaees ean also be viewed as arising by the device of holo-

norphic induction. rn these terms, the answer to the problen

of  detern in lng the s t ructune of  such a representat ion is  set -
t led by the fol lowing result .

2.I, THEOREM. Ler g e %*, f e .*(d*_Sg{ *Lgf__.
(]f=j l :  equivalenee class of the representation p(g;xrk)

does not dep.end on the choice of  the posi t ive strongly admis-

sible_polar izat ion fz.  at  g I  accordingly,  i t  wi l l  l :e denoted

.

( 2 )  f  ( g , X l  i s  p r i n a a r y if and only if f "" = t- ; when

t 'h i "  i "  sor  _ ! (erL )  is  o f  type I  i f  and only  i f  f  is  o f
f in i te  index in  f  

c .
%+_

( r )  f  (erX )  is  i r reduc ibte i f  and only  i f  fe
or equivalent ly f" - f I when this is 

"", lfg;
nal if and only if

x , )

t l  / \
v h  I  o ,max ' -  "
is nor-

kj  
Iocal ly closed in o,.n and the

cohomology class [ * * - ]e  H ' ( xg , tR )  i s  ra t i ona l .

( 4 )  L e t  f ' e - : 4 ( e )  b e s u e h t h a t  f  c r / and le t

be an extension of  X .  fhen

f ( s , X  )
v

where .2 stands fc

cr  I : r  ' /  r  )nf (s ,  x"S ) d v

:  the pul1 back of  the charactery of  the
abel ian group f ' / l  ,  and, c i t  is  the Haar measure on tire
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character group (  r ' /  r  )^ .

We are going to break the proof of  the theorem ir i to se-
veral  lem&as. Before stat ing then, 1et us make a few prel i_

mLnary  coaments .  I ' i r s t  we denote  c (grX)  =  ind(  t r ! {g )  )  and

not ice  tha t  an  immedia te  app l i ca t ion  o f  the  b lackey  subgroup

theorem t5 l  ensures  us  tha t  6 : ( .9 ,  x ,  )  e  g (g) .  Thus ,  s ta r t -

ing  w i th  6 -  =  r (g t  x  )  we may fo rn  as  in  r .4  the  represen-

t a t i o n s  t ( c )  a n d  r t c  $  a r r d  G  r e s p e c t i v e l y ,

? h e y  w , 1 1  b e  d e n o t e d  i n  w h a t  f o r l o w s  b y  r ( g ,  x  ) ,  r e s p e c t i -

v e l y  f i  ( g r X ) ,

2.2. LE&{lt ' iA.

zat ion &- at  g

For  any  poo i t i ve  s t rong ly  adn iss ib le  po la r i_

( 9 ,  x  ,  f " ) i s  equ iva len t  to  %(e  ,  X  j .

, Proof. The proof can be achieved along the r ines of the

technique deveropped by Ausrander and Kost*nt  in i  r  ]  ,  chap-

te r .  f r r r  by  look ing  c loee ly  a t  the  cons t ruc t ion  o f  bo th  these
' representa t ions  and us ing  essent ia l l y  the  independence o f  po-

la r iza t ion  in  the  n i lpo ten t  case,  to  wh ich  the  genera l  case
ean 'be  reduced.  For  the  conven ience o f  the  reader  $ /e  sha l l
eketch below the arguments in nore d.etai l .

The no ta t ion  be ing  as  in  1 .4 ,  le t  k  =  *  +  ?L  be  the
t 1 *  a l g e b r a  o f ' K  -  M . N ,  k  =  g l & ,  M , -  =  M o  f  a n d  K .  =
= Mr 'N.  I t  i s  e lear  tha t  Mo.Mf  cM*c  M and Ko =  f fo .  *  -  Kr

:  f u  
=  * * ' *  q  K .  u e i n g  t h e  f a c t  t h a t  M o f l G ( e )  =  c ( B ) o  ( s e e

[ r : ] r  2 , 2 - 7 ) t  t h e  r e s u l t s  i n  [ r ] ,  r r . l  a n d  a l s o  s i m i l a r  a r g u -
nents ,  one proves  tha t  Kr (k )  =  f  .  l i ( f  )  and there  ex is ts  a
unique character  xv on Kr(k)  such that  x u l f  = x and
X*l t r ( r )  -  Xr.  I rote a lso that  &.c&, (cf .  t f ]  ,  Thieoren f I .
2 ' l )  a n d  D o ' K r  ( n .  =  D o ' r  =  D r  .  ' f f e  m a y  f o r m  t h e r e f o r e ,  f o l -
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, *

Iowing the scheue given in l . ) ,  the holomorphical ly induced
representa t ion  

f  
(k ,  Xkr f . )  o f  Kr  .  t sy  an  , , , induet ion  in

s tageef !  a rgument  (see [2 ] ,  p ropos i t ion  4 .7 . j )  one sees .  tha t
y ( s '  x  r f " )  v ,  i n d ( f  ( k , x k , € ) , g )  :  i n d ( i n d ( . f  ( k ,  x k , f z ) , K ) , G ) .
lhe f i rst reduction step is thus achieved and we have ro prove
now that  fK = ind(  g  (k ,  Xkr f .  )  r 'K)  is  equ: . :a lent  to
(  r (g ,  x  ) ' €  t ( f ) ) ^ .  rn  tu "n ,  t h i s  amoun ts  to  show tha t  the
pu1l back pY,. of .p,, to ir,{ x NJ K  J K  s
are  equ iva len t  representa t ions .

' [e shal l  now proceed. by rooking inore closely at g =
= 'p (k r  x  k r fL ) ,  t r y ing  to  desc r ibe  i t  i n  a  more  conven ien t
way. lYe notice f i rst that L{rIn) = r.N(f )  and then we put
x ^ = x k . A s  i n  [ r ] ,  r r . 2 ,  l e t  \ = A o n o r & r = f t n r * o r T u = f e n , n t t ,
0"=€tntn ano n]  ,  D3 be the analyt ic  subgroups correspon-

ding to  dn ,0 ,  respect ive ly ,  t rur thern^- -  -2  -2

= n3.r  
" . .u renark that Dl  = o1.*,r ,  

t="r i  

: : : " : ; , ; ,  : :  :* : '
nected. Now f * extends to a welr determir.*e 

'characte*Lm 
on

l f  sat is fy ing d" l *  =  z" i i - * loz  and a lso x t  extends to  the
charaeter 

I t  on (trre sinpry connected group) nl given by
d  n t r  =  Z r i ' t l 0n  .  These  be ing  se t t l ed  ,  we  may  cons ide r  the
holoaorphica l ly  inducea representat ions 

!n= g( f  ,  x f  ,Lr )  o f
N and 9r= g (*:  x mrf4) of r ,{ ,-  , .Now f,  r i f ts to a representa-
t ion 9.- of Mr *"N and y,,  ,which is . iust g(r) ,  extends to
the representat ion Jr(f  )  -  t( f  ) f  n{rx.}tr  .  Arguin* 

"" 
in [ f  J,

I I f  .4 .1  (  see a lso [a ]  ,  Cf rap.  Vf  f  f  ,  $4 )  one c&n see that  the
pul l  back gv of f  to Mr * 

"N 
ie equivalent to f ;  @ Ar({).

I f , i th  th is  descr ip t ion of  f r  a t  hand ,  1et  us re turn to
the representat ion p;  .  r t  is  c lear ly  equivarent  to  the re  -
presentat ion ina( f  ,&r  x"N) .  A d i rect  computat ion which in_

a n d  a ( g r x ) "  6 . r ( f )
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volves wri t ing down expl ici tely the comesponding Hi lbert

spsce$ and finding out the appropriate intertwining opera-

tor ,  ehows that ind( g*r@ . '2r(f  )  ,  M xrN) is equivarent to

f i l  *  t( f  )  ,  where f ! ,  srands for the pu1l baek of fu =

ind(g. ,  M)  to  M xuN .  Consequent ly  ,  f i (  is  equivaLent

to gi ln*otr l  .

Recal l ing that our aidi  was to establ ish the equivalence

between pY- and c(gr X,IUW t( f  )  we ere lef t  to ver i fy thatJ K

f  U is  equiva lent  to  ' r (gr f  )  .  ?o th is  end i t  suf f ic ; :s  to
prove that ind (g, ,  M*) is equivalent to ( <r( g, x ) e fo (n) )^
which wi l l  be our concern in the sequel,

using the fact that IIr/n? is isomorphic to Mo/Do ,
which is easi ly seen , one can check that g^ vrhen restr ic-

ted to Mo is equivarent to .po(n) .  Furthernore ,  eince

[uo ' rJ  c  fMo, l " l * (n ) ]  c  Qf  (c f  .  [ z ] rchap.v r r r  ,  p ropos i t ion  4 .7 ) ,
i t  is not di f f icult  to see that e. I  r  is a nult iple of 2c .
these two remarks ensure us that fz when rifteo to F * uMo
can be viewed as a representat ion of the direct prod.uct I-x.M" ,
in  which ease i t  is  equiva lent  to  X e po(n)  .  At  th is  no_
ment  ,  1e t  us  cons ide r  the  rep resen ta t i on  i nd (  a@fo( rn ) ,  G(e )  x  Mo
I t  is  c lear ly  equiva lent  to  <- tgrX)ego(m) ,  hence i t  is  a
representat ion of  the eenai -d i reet ,  product  G(g)  *  *Mo too

and , in that case , 
'  
i t  is equivalent to ind ( x,e fo(m) ,  G( g )x" Mo )

Final ly ,  this last representat ion is in turn equivalent to
the pu l l  back of  ind(  g .  ,  %) 

to  G(g)x"Mo ,  whi te
q ( g r x l o g o ( r n )  i s  t h e  p u l r  b a c k  o f  (  c ( g , x ) @ f o ( m ) ) ^  t o

the same group. Thris eompietes the prcof of our lemma.
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2.7 . r,EMMA.

and only if l-ec

the representat ion a ( r r x . )  i s pri.mary if

c a s e ,  c r ( & r X  )  i s

of type I if and only if f  is of f ini te index in f-c.
I

P r o o f '  L e t  u s  d e n o t e  L =  i n d (  x ,  r e )  a n d  6 : :  a ( g r x ;  )  =

= ind(  t  ,G(g)  ) .  I *Ye not ice f i rs t  that  t  ,  x  and c  are t r i -

vial  on Qg , hence t,hey drop i  . . i r  end define the representa-

t ions fr  '  i  and + of the groups v/ee ,  i "rnu, and

r  G(  g ) /Q*  respec t ive ly .  How re /eo  is  jus t  the  s teb i l i zer  o f
A

.  x  i n  G(g ) , /Q .  ,  r / eo ' i s  abe l i an  (hence  o f  t ype  r )  a 'd
, . * 6 a - v
^  when red t r i c ted  to  r /e* ,  wh ich ' i s  eent ra l  in  re /a

ie a rnult iple of i ,  .  These 

-i-"." 

uo.r.;- ; ;  ;-;  ,r-"";: 

'

8'1 in [8J and to infer from il.: is (more exaetly from its

proof) tnat tne commuting rings of A and c  r y  i n d (  r "  , 0 ( g )  )

are algebraieal ly isornorphic. .  Therer 'ore,  . I  and r  are

pr inary in the same t ime andr i f  so, they are of"  the aame type.

'  The key  s tep  o f  the  present  p roo f  i s  to  observe  now tha t ,

under the assunpt ion fcc = f  .  f /A= t  ;  I  /q ,&  is  p rec ise ly  the  cenfer

o f  re /Qu I  henee we are  j .n  a  poe i t ion  to  epp ly  p ropcs i t ion

1.1 in tg l  and to infer f rom thie that  A, is pr i rnary,  and

that i t  is  of '  type r  i f  and only i f  r  is  of  f in i te index

i n  r  e .

fo complete the proof of the remma it  now suff ices to

show that A" is not pr imary i f  F aa 
I  f  .  Assu,ne therefore

that  r  is .s t r ic t ly  conta ined in  rec.  i rur ther ,  note that

rcec rc  and that  r "c /eo is  abel ian,  hence by Leuma L.z
"A 

-g

rce f  6 .  Moreover, the 
"uX 

remna ensurea us that x e f
extends to  a  character  

I ,a  r ' " * ,  Then i t  is  nere ly  a  mat ter
of  rout ine to  prov{  that

- r . When this is the
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where

t e r  9 e

racter

^ ^  1 @
i n d (  ) 6 ,  r c e )  v  \ -  l . J  a c

i stando ror tn- o"itf ;.(#^r"' rcc :, the
(  rec/  l -  )^,  qnd dv is the Haar measdre on

group (  r"e/  f  )^ .  r t  fo l lows further that

charac-

the cha-

^ ind(

Since obviously

va lent  to  l r r81.

and denotes the ident i ty operator in the standard n-di-

mensional Hi lbert spaee r w€ obtain that A" ,  when restr ictecl

to r cc 
,  is eguivalent to 1'rrrw i l  ,  where R ie the regu-

lar representation of the abelian group f ."/ f and. il

stands for i ts pul l  bbck to '  
f  "c .  Bearing in mind the fact

that ree/ r  is not tr iv ial  ,  i t  ie now fair ly clear that

^ ,  can be spt i t  in to  d is jo in t  par ts ,

2.4.  LEMS4A.

if and only if

T h e  r e p r e s e n t a t i o n  a ( g r [ )  i s  i r r e d u c i b l e

r -  r c .

Proof.  The argurnents in the preceding proof show us that

c  =  o -  (g ,  *  )  i s  i rueduc ib le  i f  and  on ly  i f  X  i s  so ,  Appty -

ing  to  fu  =  ind , (x  ,  rc )  a  c r i te r ion  fo r  i r rec luc ib i l i t y  o f

I t laekey  (  [6 ] ,Theorem 6 ' )  we ge t  tha t  h  i s  i ryeduc ib re  when

and only when y" I X for every c< e l- 
c r I* , where Xq ie

the  eharac ter  o f  f  g iven  by  X* (X)  =  2c(o<- '7 ' ^<)  ,  t r€ f - .

By the very def in i t ion of  re ,  th is happens or,ry in the ex-

trem.e si tuat ion when f-= f  e .

i nd ( / ,  r cc )  ,  t - c )  =  [ *  i nd (  1 .  
j  

,  i - c )  d  y '  .u(f "yn" 
L '

i nd (  L i  ,  f  " )  res t r i e ted  , , )  f  ec  i e  equ i -

t  ,  where n is the inclex of f  cc in , 'c
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/r'e

2 . 5 .

be

LEM1{,A. tet l- 'E*4{g) be euch that

- \

l -  c f - l  and letr+
r ' an extension of K . Then

'  6t s-tx)

{roof.  As we heve

ind( {  ;

hence ,  by  induc ing  to  G(g)

d /  .

s in i lar  s i tuat , ion ,

d.c
t

des i red  fo rmula .

r G
s \

"(r
alre

f - ' )  o

r(8, X. ' ' l  )'/r)"

ady seen in a

[o x' ' j
J ( r ' '  ) n
, we set .:-

' ,  2.6.  These preparat ives enabre us to wr i te down in s few
l ines the proof of  the theorem. ?he central  r6re , i .n the proof
is  p layed by 'Lernma 2 .2  wh ich  no t  on ly  g ives  us  a t  once the
f i rst  c la inr  of  the theoren ,  but  arso ent i t re ua to reprace
in  the  rena in ing  asser t ions  

f , (g r , f r  ]  by  tc (g ,  X)  .
As we have elready not iced at  the enrr  of  sect ion r . .4 ,

t h e  e o m n u t i n g  r i n g s  o f  v i ( g r x , )  a n d  a ( g , x  )  a r e  i s o m o r p h i c ,
Combining this wi th Lemma 2.7 r  we get the second c. l  a i rn of
the  theorenn and a lso  the  f i rs t  agser t ion  in  (5 ) .  To  conp le te
t h e  p r o o f  o f  ( i l  ,  a s s u m e  t h a t  g ( g , X )  i s  i r y e d u c i b ] e .  T h e n
o w i n g  t o  L 7 J ,  P r o p o s i t i o n  , F . D  ,  g ( g r 1 )  i s  n o r u a l  i f  a n d  o n _
ly i f  *U is tocalty closed in {
ry rr 

"g 
rs locaIly closed in 

{ -^rt C{V>cfr.at /*ute tncler, *r€(g
ufr icfr  rae observed by pukansaky ( t9l  rp,465) ,  csn be renhr.n_rephra-,  cgn be
sed by requir ing that the cohoraoro6y crass L%r€ l t2(xg,rR) is
ra t i ona l .

Finally , .it is on-]-y a natter of routine to verii.y that
the deconposi t ion g iven by Lemna 2.5 passes over  a l l  the eteps
whieh are invo lved in  the const ruct ion descr ibed in  1 .4 and
y ie lds ur t inate ly  the last  asser t ion of  the theorem.
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5 . CONSEQUNIiCES

vi le sharl  turn now our attent ion to the irreducible uni_
tary  representat ions which ar ise by the method d iseussed
above.  r t  wour .d  be in terest ing to  character ize co l rect ive ly
these i r reduc ib le  representat ions for  an arb i t r .ary  

"or r r rur*Lie group, but so far we have not suecee,led in obtaining
sucr . r  a  reeul t .  rnsteadr  w€ shal l  co l lec t  here s '&e reeul ts

\whieh may give an idea about the. size of this fani. ly of
repregentat ions.

.  3 . r .  F i rs t  o f  a l r  we shar l  set t re  t i :e  quest ion of  d ,e ter_
min ing when two sueh representat ions are equi rarent .

L e t  & (  g )  =  {  ( e ,  X ) i  g  e  c g , *  a n d  , *  f  f o r  s o m e
r  e  -4  r ' )  l  and  re t  , t (G)  be  the  subse t  o f  t he  un i ta rymax .  - ,

dual  a  o f  G ,  eons is t ing of  ar1 representat ions of  t i . *  
l

form g( g, X ).  Standard arguments ensure us that,  for A: 6 crr*
f , e - {  ( p . )  q f i d  r y  " 4 r  

o i = w " ,

i - - ' m a x . , e i )  a n d  x i .  r i  ,  i  =  L r z ,  o n e  h a s  g ( g '  x r )
= f ( g a , i l 2 ) i r a n d o n 1 y i f 8 2 = " - 1 . 8 1 a n d a ( g 1 , X L ) *

. ' (gl  ,  x7) for some I €G. rn turn, according to Theorem .1, i

i n  [a ] ,  t he  l as t  cond i t i on  ean  be  rephrased  ; "  , " r r " * " , - -  

'  
,

r ,  f l  
"  

l r"-1 is of f ini te index in both rr and a Fzu-l
and there exists d e *(er) such that xr l  ianu Fr"_t-= ,1= xr"ol l -1f taFz"- l .  

. -

we are thus red to intro,luce the foirowing equivarence
relat ion on * ,  (otr )  t  (g l ,  xr) , - ,  (e* xr)  i f  there exists
a €G such that  gz = a-1,  g l  ,  Ft f la [ - ra- l  is  of  f in i te
index in both tr, and 

" 
f-rn-l ,  and *rl  fr. f l" f_n"-t =' x 7 /  r . n " f z r - t .  r '  r  u 1

r l

; , ;
. . ;

i j

r t  is now cr-ear that the map which assoeiates to any



4roof .  Accord ing to  proposi t ion A,  $1 in  t l ) ,  i f  f r

is an |quivalence class of i ryedi:cible norrnal represenLa-

t ions of  q  ,  i t  is  quas i -equiva lent  to  one of  the form. 
"4\sg(s ,  1 )  w i th  1  e  c (g j " ,  t *  l oca r l y  e tosed  in  <3 . *  and

h*]  ra t ional .  choose now an arb i t rary  F *  4*r* (s) .  rn

v iew o f  Lemma 1 .2 ,  we  can  f i n< l  a .  c t ra rae te r  X . f  such  tha t
X  f  C tS l "  =  

I  .  Then ,  tak ing  in to  accoun t  tha t  l 7g (e )c  i s

f i n i t e  and  app ly ing  2 .1 .  (4 )  we  ge t

f  ( 3 , \ )  = ; *

Now fheorem 1 in tet i-;:*':'::';ij::-". 1. n.,.u,
y  (S ,  

1 )  i s  p r imary  o f  t ype  I ,  wh i l e  Z . l . (7 )  ensu res  us

that  the components  in  the above d. i rect  sum deconposi t ion

are i r redueib le .  r t  fo l lows that  f  (e  r l t )  is  a  mul t ip le  o f

f  ( S r X . )  a n d  t h u s  . t  =  g ( g ,  / c  ) .

I

( g , A )  e  g ,  (  g )  t h e  r e p r e s e n t a t i o n

to a b i jec t ion of  the quot ient  set

A  ( c ) .

7,2.  PR0POSrTrON.

equiva lence c l -asses of

o f  G . T h e n  
, 0

c -4,( c) .norm

7.5.  PRoPOSrrrON.

f ( e , x )  g i v e o  r i s e

A( otr) = ;{ (A)/,* ont,o

denote  the  se t  o f  a l l
/\

Let Gnorm

irredueible normal representat ions

@iates to any r;  €

Af C) t f re kernel .  Ker.  t  nt% of the
% *  v \ \ J , ,

cor respond ing  represen-

ta t ion  o f C*(c )  i s  a  su r jec t i on  o f A(c)  on to  i i ru  se t
Prin c'e( G) of  a l l  p r i -n i t i ve  idea ls  o f  C* iG) .

Proof .  Le t

o f  Propos i t ion

such that J :

J  be  a  p r im i t i ve  idea l  in  C+(C)"  fn  v iew

4  i n  [ r o ] ,  t he re  ex i s t  ge%n  and  1 .oG l *
Keraxrc)  f  (9 ,  'L  ) .  Now p iek a i -e  , } f *u*{g)  end

Au"! lU )-6 b
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t+
then a character  X I  f  w l " r ich ektends ,L .  By A.1.  (4)  we

'  3(s,  T)  = I l . r - ,s)*  r f  
(  B,x. i  ioo c

But p(gr 
t)  is pr imary, hence homogeneou*. Then, accor-.,

ding to  Lemma 1.9 in  tn l  '  J  =  Kera*(c)  f  (e ,x .y)  for  ar -
m o s t  a l . L  J  e  (  r / G \ g ) e ) ^ . ' . -

5 .4 .  COR0LLARY.  f f  a  €G and a  I  L ,  there  ex is ts  f r€

A ( C )  r y u c h  r h a t  n  ( a )  I  f  ,

This can be inferrred from the prebeding proposi t ion by
imitat ing the way in which pukanszky deduees in [ r r ]  the

corr:l lary on p. lZO from Theorem l.
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