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I  .  lntroduction

by

qnd l r ie Volugescu

.  The problem of foctorizotion cf o posit ive operof rrr volr,ed

function by meons of on operotor volued onolyt ic function is o cruciol point

in solving predict ion problems for stotionory process::s. At the begining,

Kolmogorou [9 ]  ,  U0]  gove h is  e legont  so lu i ion for  predic t ion problems for

stotionory univoriote processes (in the discret ccse) using the result oi Szegci

[17]  oUout  represento i ion f  ( t )  = l f tu i t l [2 .  o f  o  scolor  vo lued funcr i .on f  ( t ) i0

by meons ' - r f  o  scc lor  vq lued onoly t ic  funct ion q( l ) .

In o noturol otten:pt to build the predict ion theory foi. the

mul t ivor io te s tot ionory processes c iong the ! ines of  Kolmogorov 's  development ,

ioctorizotion theorems for operotor volued functions ore needed" For the r, r. tr i ;

vo lueC funct ions o ccmplete theory wos bui l t  in  succesive ly  popers,  begin ing

* ; th  Zos"h in [2+]  in  l94 l  ond st rongly  conr inu. , .  by WienerLZO],  i loobf2-1,

Wiener ond Mosor, l [2i l  ,LZZ), Helson ond Lowdensloger LO],LZl

ln  the predic t ion theoi 'y  o f  c  s to i ioncry processes wi th  in f in i te ly

mony components, foctorizotion theorems tor operotor voluea functions ore

necesiory " Such theorems oppeore,J ond we mention here the resulis of Devinctz

[ l ]ond LowCenslcg"rLt t l .  In  th is  cose new d i f f icu l t ies reJated to  ihe boundory

volues of  on oncly i ic  func i ion in  the uni t  d isc oppeor .

ln  the cqse of  bounded cnc ly t ic  fur rc i lons B.Sz.-Nogy ( r  d

C.Foiog l t l ,  I l ]  <r" . ia  these c i i f f icu i t ies by us ing the bounded ccnvergence

principle in ordcr to co;rstruct i l re boundor"y function in the Fotolr thecrem obcui
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non-tongentiol ly o.e. convergence (in strong sense) qnd consequentely, they

obtoined totolf sotisfoci 'ory fcrctorizotion theorems in i i ,e bounded cose. ln

foct, using the boundedness condit ion, the;z mcde cleor the proof of the foc-

tor izot ion theorem which oppeor  in  the work I i l ]o f  Lowdensloger .

But, os Lowdensloger points out in ihe some work, in predici ion

theory ony restr ici ion of boundedness is unnqturol, thus the efforts to mode

cleor  the proof  o f  Lowdensloger 's  theorem in i ts  fu i l  genero l i ty  ore ius i i f ied.

r H.l- ielson [SJproved o voriont of Lowdensloger's theorem, bui

under supp!ementory condit ions which olso ore unnoturoi condit ions for predict ion

theory.  R.G.Douglos [ : ]go""  on exomple which shows t t ro t  o  resul t  o f  Low. :ens loga

conlq ined in  I t t ] is  not  vo i id ,  but ,  os we sh, : i l  see :n  sect ion 5,  h is  "correct

Lowdensloger  theorem "  is  o lso not  wel l  su i ted in  predic t ion theory.

The o im'of  th is  poper  is  to  moke c leor  the Lowdensloger 's  theorem

in its ful l  generol i ty in order for to be use-ful in the predict ion theory. The

moin ideo of  the poper  is  to  use Noymork d i lc t ion theorem [ tS] in  order  to

construct not ihe boundory function for the L2 - bounded onolyt ic functions bui

the semi-spectro i  meosure whose the Poisson in tegro l  i t  is .  The d i f f icu l t ies in

constructior," l t t ' t" boundory function ore thus of the some noture os in construction

of  the der ivot ives (o.e.  in  s t rong sense)  for  the bounded vor io t ion posi t ive

operoior volued funct!ons

ln sect ion 3 we shol l  prove s Fotou theorem of  such o type.  ln

section 4 this theorem is use.r in the proof of foctorizotion theorem for semi-

spectrol meosure. In section 5 we shqll  use the fcctorizotion iheorem tc

evoluote the predict ion error operotor for o stotionqry process whoLe co'rqrionce

function is on cperotor volued pozit ive cir t ined function on the group of integers..

There ore not  but  technico l  compl icqt ions in  the cose of  coni i -

nuous stotionorv processes on the group oi reols. Bu't we hope thot the method

presenled frere con be used in more generol cc;es of dinumicol sysierns considered

for exomple ;" lr s J .

Finol ly ,  we woni  to  point  out  thr : t  in  porc le l  tc  Szeg6's  cnoly i ic
'  resul ts  onother  c loss icq i  resui t ,  o f  geometr ic  lype,  ncrmely the Wold decomposi t ion

p3]p ioy*a cn impor toni  ro le  in  the developmenf  of  predic i ion theory.  Begin ing



with Kolmogoro'rfs works to the Lowdensloger's, the ideo of Wold decomposit ion
I

, .  . .  .  t  ]was intimctely rarloted ond furnished effectiver contributions in prediction theorems.' t
. l

,  
'  

,  ,  . ' . , .  ,  
l ' .  

I  
r  .  :

2. Preliminories

In fhis section' we esfoblish the notofions

we sholl  use in thot fol lows.

il" i[]ar

Let$,be o seporobte Hi lberf  spoce ond.L ( t )  the spoce of  o l l

| i n e o r n b o u n d e d o p e r o f o r 5 o n t . W e s h o | | o d o p t t h e , t e r m i n o l o g y ^ o n c i n o t c i l o n

fror [ 9] ch.V, sec.' l  , concerning: ihe Hil l,err spoces t2 ( e), 
' t-2*{€) 

, H2 (S), etc.
t

Recoll  thot L-((;) is thr: Hilbert spoce of ,ol l  meosuroble functions

v defined on the unit circle T in the complex plone G with values in f such .

thot .

ond

: i - "

terminology, ,which

= # f]ir"t""rtt! dt
. There

7i

etements  v  in  t ' (6 )

such thc:

exists

ond the

o one - to - one correspondence between the
f  r l -  f ry  .?

sequences t"ol- , ok t with l\l",.tl '"r-o-  - €

+ e

, i t, V ikt' v (e  )  =  Le  er_  ,
'  - €  K

the convergence of  the ser ie  been in  the f2(€)-norm.

We hqve olso

+ &
, Y t ,

l lult-r2( e) 
= |looll-

The 'spoce  L , ( t )  i s  t he  subspoce  o f  t 2 ( t )  con to in ing  rhe
c

functions v in L'([) for which, in the obove correspondence, o,-.=' 0 for
2 - ) K

k <0. The spoce L:(€) is isometr ic isomorph to H'( t )  -  the Hi lbert  spoce

of al t  onolyt ic funct ions u def ined in ' l ie open uni t  d isc D ={ leC; l f l<{J
in the complex plone, wi th volues in f ;  for  which 

'  ,



4 t ,

i  4  
.  " t , .  

:  . , . . . ,  r " .  , . : . :  l :  r  " ,

.  l t u l f  , , 2 , - \  =  s u p  
- - r :  

\  l l u ( r e  , i l '  d t  1 6.  , r  . ' H  ( t  )  o - . r . l . n  t  
r r  \

' 9

vio the correspondence
,

: F c r o

u().) = po trooo --* uiuit; = 
- "iktoo ,

'  r  " ' . .  . .  ;

The funclions u( l) onct u(. i5 q5e olso connected by Poisson's
'  : .

. formulo :

'  :  t r ?  - : "

, it. | (tt'- .
u(re") = 

;n ) 
er{t-r) u ("'t) d, c

o

)' t

P-(t) = ----l:I-*
r' ' ll/rcosll* rz

' 1

: .
We hove o lso the genero l ized Fqtou th*crem: u( l )  tends o.e.

i +  i I
to  d"" )  s t rongly  ( in t )  os ]  tends to  e"  non- tongeni io l ly  wi th  respect  io  ihe

. t
uni t  c i rc le  t

An L(6)  -  uo lued semi-spectrc l  neos. ' r€  on ' l l is  p  mop F def ined

on the fomily of Sorel sets g of ' l l '  with volues bounded operotors,on $ such thot
. l

for  ony q€€ ,  a  4(F(c ' )4 ,4)  is  o  pos i t lve Bore i  meosure on t f '  The semi-
a ' - - - \ !

spectrol  meosure E is spectrol  i f  E(qn A2) = 'E(61)E(6) for  ony Borel  sets i

(i'1 , Q...

A celebroted diloiion theorem of M./..Noymcrk soys thot for
'  r  / r - . \

ony.  L( t )  -  vo lued semi-spectrc l 'mecsure F on 'F there ex i is t  o  F l i lber t  spoce K,

o bounded operotor V from t intofi ,  ond o LK) - volued spectrol me,rsure E

on ll such thot for on:r Borel jet (' we have

Y

F(g-)  = v*E(<r)v .
' ? a

We shol l  col l  such c t r ip let  fK,V,f  ]  o spectrql  d i lot ion oi  F.

t ,. t
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.  : . t .  1

To cny spectrot meosure E on Twe con ottach the spectroi scqle E(t), o <t s 2' i ; ,

such thot the integrol with respect to E of coniinuous scolqr volued functions on| '

$t is the Lebesque Stielt ies integrol with respeci to the posit ive (proiection ,rol,;ed)
. ' l

functiori  E(r). l f  we denote F(t) = VxE11;rr ' then F(t) is o posit ive L(€) '  voiued , '  l
. . t  '  - '  :  :  

"function on' l la ond we con integrote continuous scolor volued functions in Lebesque-
: -
S t i e | t i e s ' s e n s e w i t h ' r e s p e c t t a F ( t ) . W e h o v e

I
2 7 2 r '

o l  o

- Recoll thoi there exists tr one-to-one corresponcience between

the set of unitory operotors on K ond L(€') - volued spectrol:ft€osuf€s onllt

given bv

un = !"intae1r1, (n e z),

.  ond between L( t )  -  vo lued semi-spectro l  meosure onTqnd L( t )  -  vo luec i  l

positive mops on the group V of integers given by

?o t^,
R ( n ) =  \ u " " d F ( t ) ,  ( n e Z )

.  : '  J
o

| f f K , V , E ] i s o s p e c t r o l . J i l o t i o n o f F r h e n f K , u , U ] i s . ,

unitory di lct ion of R in the sense thot

. Y n

R(n) = V*tf V, (n e 4

, n . " ' * : 3 r t o i n c o n d i t i o n s o f m i n i m o | i i y | i k e i

1 /  n  .  I
3 =  VG'v€  j

' - e

the spectrol (or unitory) di lot ion is unior.rely'determined up to o unitority which ,

conserve the operotor V. ln this poper ol l  considered di lot ion wil l . .be supposed'

m i n i m o l .

,An importcint speciol cose is the semi-spectrol nreosure oitoched

to o contraction T on [. A very known B.Sz.-Nogy theorern soys thai the mop

R defined os
I
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R(n) =

n  > o

n = o

n  ( o

rs posrtrve c let in i ie on Z. Since here R(o) = l r 'we hove V\ = |  for  ony

unitory diloiion LK, u, u] of R. Thus V is on isomerric embeding of f, in

K. lt P is the orthogonol proiecl' ion of K onto t (considered os o subspoce of

K with the.isometric embeding V) fhen we hove

{l

In order for cr. 'n L(E) - volued semi-spectrol meosure onnll ' to

be the semi-spectrol meosure ottoched to'o controci ion T on't i t , is necessory

ond  su f f i c i en t  t ho t  i t  hos  o  spec r ro l  d i l o r i on lK , t / ,U ]  r v i t h  vxv  =  l ond  t
(os V € )  to  be semi- invqr iont  for  U,  i  .e .

VFrJn V = (V*uV)n,  {ne Z)

This speciol cose ond some others results conected with Sz.-Nlogy-
r .  l -Foio' chorocterist ic function wil l  be discussed in o seporote paper.

F ( a ) =  P E ( s ' ) l € ,
F ( t )  =  P r ( t ) l e
R(n)  =  Tn = PUn 16

2
3. Fctou theorern for L-

Let  now t ,  f  ,
defined on D

, tt]n Borel set)

( o < t ] €  2 r )* " ?

1: . ,

t r t t-  bounded ono ly t i c  func t ions

function G}( f )
.  F '  .  I

ro  t  g lven  Dy

be two seporoble Hilbert spoces. Consider o

whosb volues qre bounded l ineor operotors from $

i i
1 2  1 \ @(r\)  "

@L being bounded l ineor operoiors

convergent weokly, strongly, or in

ser ies.

from f, to F. The series

norm, vrhich omounts to

is supposed io be

the some for power

eo

Y t-
#, 1^ @k



Let us suppogermoreover ,  thot  ic r  cny o€€ we

- 2 2 c 2

# Jue1,." ' t)o[l* d'* Y' l lol lg ,
o

have

r ,  @ (A) i' , 2
b e c n L  -

semL5pectrcl  meosure F' . ,en

(3 .2  ) SUP

o  - . r <  I

or  equiva lent ly  ,

b'e

(3 .3  )

ond Ex

r{:y v -- v2- i

i s  the  spec t rq l  meosure  o f  the  mul t ip l i cq t ion  by  e  j !  L - ( f ) .

( i i )  F o r  o n y  o e  6 ,  @ ,  a )  o  i e n d s  o . e .  t o  ( \ 6  o )  ( * ' t ) when A

tends to 
" i t

non- tongent io l ly  wi th  respect  to  the uni i  c i rc le  ond

(i ) Fo l rt(r), u@, r:l
V6 is  c  bo, rndeci  operotor  f rom f  . in to Lz( f )  ver i fy ing Vgt  c  L ' ( f ) ,

i + r ? T
@(r* ' t )o  =h  t  r r { r -u ) (V"o) (s )ds

Eilqk"il} < t'4'no-il!

where M is o constont independent of c.

Such o iunct ion wi l l  be co l led L2 -  bounded onoly t ! :  funct ion

ond  w i f  l  be  deno ted  by  the  t r ; p le t  l e ,T ,  6 } (A ) ] .

Let us remork thof i f  {gO1I is o sequence of bounded onerctors

f rom f  to  F which ver i f ies (3.3)  then (3"1 )  def ines o n Lr  -  bounded cnoly t ic

f u n c t i o n  \ 8 , 7 ,  @ ( A ) ] .  I n d e e d ,  f o r  o n y  o  e t  w e  h o v e

11F*,s_"L = p^f il @k. rlr " (r-r]r )'t/z[Euro "n:J'/\o

f o r  n ) m  > e < .

]-15=9!!LL. (Fotou iype theorem). Let{e,

bounded qno ly t i c  func t ign  on  D.

( q ) .  T h e r e  e x i s t s  o n  L ( [ )  -  v q l u e d

nll 'such thot :

where

(3 .+ 1



(b) tf F_i:_or*, 1(€) - volued_sjni-spectrol m:osure.on'F

which admits o sEecrrol ,: i lotiot of the form LL'(F),, y, ExJ where V is o

bounded operqtor from f,, inro t2S) verify i?q , 
V F,c Li (f) rn, f* i, tt 

"
s,oectrol meqsure cf the multiplicoiion by 

'u't 
on L'(S) .:hen the Poisson

ero

/-
o

llvo"[lro, = n""illzs, = Lil@k.il;

operotor from f into L2F) onC cleorly

meosrr re o i  the mul t ip l ico l ion by 
" ' t  

in

cr in 'jf we put

= u6t(o-) ug

I
2 t r r "
U  r ?

\ P (t-s) (Vo)(e' ')cs
)  r '
9

def ingl  onL? -  boundTl onolyr ic fynci ion 
{E, T,  GD(a)}  srch thor i f  FO

ond V6tr ore qs in the point (o), then F = Fgr V = V@.

- 8

integrol

(3.s I

be, ' the Toylor

Since for ony

.t'

l a .-ve con dertne

@ 1r.it) o

tlggf* (o) Let
a€

I
2rr

@ ( a )  = I l o O u
o

series of the L2

o€ q *s [ iq, ,€
rr

r _ ' )

LJ@k.,ilf
o

the func l ion vo

? r
vo(e")  =

l f  we put

-  bounded onoly i ic  funct ions 
f t @  ( a ) 1 .

" '  
l lo i t? , ,

t" t'* fl by

"ikr6Dk 
o

V61g = vo we hove

,  { t

oqt'
L'ff).

6<t

Thus-Vg is o bounded

Lqt Ex be the spectrql

if for cny borelion set

, 2  n ,
L  t r , .-r

Then

F6(c)
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, .

:

we obioin on L(f) '- vclued semi-spectrol meosur€ F onrFsuch thot L'Cl,
V6, E*] is 

1 
specfrol dilotio" for F6 . Since for,g.ny- o,6t,the;f,rnction

uo(A) =@(A)o from HzF) hos v.  os o bou,:dory l imi t ,  c leor ly ol l  ossert i ; " rs
' ,

, l

(b) Let F de on l '(€) - vqlued semi-spectrol 'meosure onIP

os in (b). For o < t we hove :
r /
I

,  2 T  . . 2  . 2  .  2  2

. 'y, l lh t n,(t-sxvo)(s)dsll ,,o, 
= llu"lt ,2*,4llvll lt"l l ,o < : < . 1 " -  o  L - f r )  L  r ; , , f  i

i ?
Then is  c leqr  thot  the Pois jon in tegro l  (3 .5 )def ines on L ' -  bounded onoly t ic

f u n c t i o n [ g , r , @ ( ^ ) } s u c h t h q t i f F @ , V @ o r e o s i n p o i n t ( . . r i , w e ! 1 o v e

F = F € 0 ,  V = V @ .
i

The proof of the theorem is complete.
I_ l

-BEMABK_1_. lf there exists o 0 - Lebesque mecsure set GaTsuch
i +

fhot  for  ony tS,c ond ony o€8, (V@.o) (e")  exists os o rodiof  l imi t  of
'@(re")o, t l ' ,en @(A) tends strongly to o bounded operotor 6D("") fro,n S, into

t

T os J" f r , :nds non-tongent io l ly  to e ' t .  This hapens for exompte whenlt ,  f ,@(A)l
i . -' -

is  o bounded onolyt ic funct ion (cf  .  ' [9J 
,  chcip.V, sec.2).

In such c cose we hove

. (V, d (ui') = @("it) o o , e .

' o n d

!ryL3= There exist L2 -

no  (s t rong ly  o .e " )  rod iq l  l im i t .  l ndeed ,

bounded cnolyt ic function defined qs

g-S0- = CD (uit)n 6l i"t,) sf rongly  o;e.

I

t t - | I l "  .  l . | |DOUndeo Ono ly t rc  iunc t rons  wntcn  nove
c  2  ' r  ?

l e r  tn - ,  c ,6D(a) i  be  ihe  L-  -

i

( A e D ) ,@  ( r ) f  =  f  ( l )



_ 1 0_  t v

. .  s  l l

l f  @ (r" ' t )  hosstrongly rqdiol  l imi t  o.e.  then there exists o 0 -  Lebesgue
,  ; r

meossre set c^rcfo,2lrJ such thot;for any t f d, f (re") hove radiol l imit
4

i  F  .  t  t Z  |  .  |  . r  rfor  every f  in H-,  which is - impossible.

We'remork that foi this @(ir), the semi-spectrol meosure
A

ottoched F6 is the semi-spectrol meosure of the shift  operotor on Hl, ond

V@ is the usuol embeding of H2 inro L2 .

..  Let us summorise some knoarn focts qbout bounded onolyt ic

funct i r .ns (c f  .  [ t9J,  ch.V.)  os fo l lowA :

An L2 - bounded onolyt ic functibounded onolyt ic fun_ct ion 
[ t ,  f ,  O(A) ]  i trc t ion  I bounded

i f  ond only i f  l -h8ie errsts o bounded oper @a fror t2,(€,)  into L2L: F)
i

such thot e'
l r  .  |  |  r  ^  

c

i i  Q is o bounded operotor from L:
;{o l8 

- "9
, ( 6 )  i n t o  L i  (

' r f
inlg- Li (f) such

rhgl_ 
"intQ 

= Q"int, rh"n tb:fg_glrr, o bound"d onoli tt, S, €,  @ta  l l
s u c h  i h o l . @ *  =  Q .

t
The L- - bounded

col ' led inner i f  i t  is bounde.d ond
?

L-  -  bounded onoly t ic
1i

outer function i f  :

func t ion l€ , t ,  €Ef  a lJ  w i i l  be

V " t n t u o g  = r l g l .
; t r D +

As in the bounded cose we

onolyt ic funct ion 
l t  ,

the correspcnding 69+

f ,  6 D ( A ) 3  w i l l  b e
i s  sn isometry .  The

2
col lec i  L-  -  bounded

con show ihot : ?

(i) ler every f2 - leg1lga oure r  i unc r ion  { t  ,T ,O( f r )  } we hove

;
[ } ( r ) t  = T  f o r o l l  l € D n  

'

c
( i i )_4g-  L '  -  bounded onoly t ic  funct ion which is  s imul toneously  inner

S"d_gt"r, ir " 
,"lt"ry .

we soy  rhar  rhe  f  -  bornaed ono ly i i c  fu r rc r ion l t ,  T ,  o (a)J

hos  o  sco lo r  n ru l t ip le  i f  :here  ex is rs  o  sco lo r  func i . i cn  d t^ )+ ;  in  rhe
)

Hordy  c loss  H '  ond q  conf rqc t ive  ono ly t i c  func t ion  l f  ,  6  ,92{a) l  such rho t



-  l l  -

?
PjgP=qg!€N-f* lf dim [ = dit f = n 1oa, then every L" -

:  bounded gnolyt ic funct ion 
| t , tr ,  @tZ) ]  :""h thot @( A) is invert ible

for ot leost one i j! E, hot Lr"ol* *ulIg-:..

L g f = :  L e t  { e ; !  o n d  [ f ; l 1 i  
=  i ,  . . .  n )  b e  t h e  o r t h o n o r m o l

boses in  t  ond inT.  the corre.6.ondins rnct r ix  9( l )  = [e i , (a !  t i ,  i=

I  . e .

I

g  t i (  r )  =  (@ (2  )e i '  f i )

Let rd (e ) = [g r1t f  ) ]  U" the olsebroic .rdioint of O (A ).  Since @ (, i  )

is  inver t ib le  for  o t  leqst  one I  in  D,  we l iove d(^)  =  detLOt i ( , : . ! *0 ,

ond

( 3 . 0  1  .  c 0 ( , l . )  9 ( a )  =  0 ( a ) * l  ( a )  =  d ( i ) r n ,

where In  is  the uni t  mqtr ix  o f  order  n.

'  
Obv ious l y  9 ; ; (1 )  o re  func t i ons  i n  H2 , t J , , (a )  c re  func t i ons

in H2/n-1 ,  ond d(a) is ,^ n\/n o, *0, p)0, is in N.ir l"r inno closs,

us ing  o  u ; ' e l l  kno rvn  theo rem o f  F .  ond  R .  Nevon l i nno  (C f . [ aJ ,  pcg .16 ) ,  r ' e

h o v e  t d i i ( f )  = , , i (  ) . ) / v , , ( 1 ) ,  d ( l ) = , ( r ) / u (  x ) ,  w h e r e  u . . ,  , ' i i .  u ,  v  q r e

funcf ic : rs  i . ,  H- .

Le? us cqnsider f,= u 
fr=f "ii, 

:.,nd f,,i 
= {/uil, ,t"= Y/r.

We hove J . .  u . .  V  u . .
( r ) , , = q = L  a n d  C - o o : F ' lr t  x  u

l f  we ,Jenoie by 
{ ,  

= 
f , , i r , .  

ond Ji  
; [ . r , i ,  

tu"  obtc in. f rom (3. .6.)  thcr

rr 
5 
=#; i/ J,ir^rl/ , cnd t,,,^) = 

i 5,1,^,, 5r^r =; Si;;

(e.z 1 L{i( ^f Lo,i(^t = Lo,i(^tr[A,,,^,J = 5,'^, ," .



i t  results thot'  
[S,,,^)] [e,,r ar] =Ln,i(^{L{,,^,J = 5r ̂)r",

qnd that the onolyt ic operotor volued funcr ion 
{  f ,  E ,  Atet  }

defined by

- 1 2

Atr) r ,  =  f  S, , t r r .  ( i  =  r .  . . .  n)
l E r l  I

is o controit ive onolit ic funciion.

i ' lenc" 5 ta) i, o scolor multiple for rhe L2 - bounded

funcr ion{€  ,O,  g (A)J .

4. Foctorizotions

ln fhis section we sholl  prove the voriont needed in predici ion

theory of the Lowdensloger fociorizotion theorem. ,As in the bounded cose [tqJ,

we shot l  begin wi th  the fo l lowing

- gEgLggLgJJ_!. tet {t , r, @re )j jr{ [t, ]r, E(r ) ] _he_
) 

------

two L-  -  bounded q lo ly t ic  f rnct . io  F@,-:-

F61 ihe corresponCing se"ni-specirol meosure. Suppose ihot
-I

( a . r )  F g < F @

rhe ihere  ex is ts  o  cont roc t ive  ono ly t i c  func t ion  \Yr ,T ,  @Z(2) |  s_1 '_ch  tho t- - t  
.

@ r a )  = @ z ( A t s r ( a )  i A e D )  i
l

l f  i n  ( a . t  )  t h e ' e q u o l i t y  s i g n  h o l d s ,  t h e n  @ 2 ( A )  i ,  i n n . r .

I t_ moreover,  E( f  )  is  ouiei" ,  then @2(a) is o ul l tory constoni  funct ion.

gp=gf .Def ine  X f rom (n .11  in to  { (F)  os  fo l lows:  pu t  f i r s t l y  fo r

ony anulyt ic pcl incrniol  p ond o € t

* fVg lo  =  pV@o

We hove



-  t J

.  S ince €Et( l )  is .ou ier ,  i i  is  c lear  thot  X con be dei ined os a
, ) ,

.  controcl ion from Liff l)  into L;ff i  ond cleorly

x " i t = " i t x

The proof  works fur ther . ,xoct l , /  os in  the bounded cose (c f ,  [ tg j ,

chop .V ,  sec .4 ,  p rop .4 .  I  ) .

l !g$!!3. (Lowde'nsloger,'S..-Nogiy, Foio; foctorizotion theorem).

lut F be on L(6) - volued semi-spectrol meosure on_-F ond [.K, V, fJ its.

minimol specirol  d i lo i ion.  There exists on L2 -  bounded oufer funct ion

t€,  f t ,  @t ( l  ) ]  wi th the fo l lowing propert ies :

i i) , ,, F@t 
,

( i i)  For every other L2

l lrvo "ll '4Wl = (ub Inf2 vro, q! =

2 t ! , 2 2 t r )
= t 1., {"' ')[ a{rr{t)", .L . 

! 
ip("' ')\- atr, t(t)o, % 

=
o r

= N6,t ol' u@, o, oL = llp ve., "1'rrrr,l

I

I

(i i) For every other l '  - bour,:iec onc',ytic fun'ctions 
\E 

, t, @ie 11
for  wh ich  F  )7Fg we hove o lso  08 . , ,  t@ .  :  i

- lg_efgeSff:- (i) ond (i i) deiermine the outer function_s}.,ta)

up to o constont unitory foctor from the left. !n order thot equcrlity holdr_*_

(i) it is nicgsrry ond srff ici

n  Uk*=  o
n=o

oo
.  r /

be sotisf ieci, where X- = -Y^-|. n=o
corresponding to the :pectrol measure_E.

Frcoi .  Let

<>o oo

K * = @ u ? , . @ n  u k ,
o r n - o r

UnV€, ond I,J is the unljory operotor on K



r - l a

be the Wold decomposition of the isom.ty 
^U* 

= U lK* ond denote by P

the orthogonol proiection of .K* onto 9u'F.' . Let V1 be the bcunded

operotor from € into L'F1) obtoined by conrpcsing rhe operoror pv'with
* -  , ,  ?  2 , rg  r .the usuol  isonnorf ism berween _Q r 'F ' t  ond L"f i , ) .  c leorty V1€ c 'L,  Fl) .

Let us put for ony borel set f c 'll"

" 
Fl(a) = vl E"(o-)vr i

where Ex is  the spectro l  meosure of  the mulr ip l icot ion by u i 'on L2F1) .

Then F, ,  is  on L( t )  -  vo lued semi-spectrc l  meosure on ' l i ' v rh ich t ro ,  [ r2d1) ,vr , rJ
cs o spectrol di lqt ion. From Theorem l, point (b) i t  results thqt ther] exists on
?

L '  -  bounded  ono ly t i c  f unc t i on  l € ,T ,  @t (1 . ) l  such  rho t  F ,  =  t@r ,  V t=V@,

Since PU = UP it results eosi! thot

= tlql

polynominol p we hove :

= li p(u)vq.,tt'Xr,lirp(u)va{[2 =

\ /  i n t . .  F

.y" " u@r

t . u .  @ t ( A )  i s  o u r e r .

For  ony  ono ly t i c
' :

|  - .  )
\ t p  ( " ' ' ) l ' a (F ( t ) o .  o )  ̂
J '  E

u2  f  "  i + r r2d (F . ( t ) c .  o )= l [  pVto l l  iz " t= , )  
=  

)  lp( "  , r  - \ ,  ] \ , /s ,  ! , i€

where we denote6 rr xF1 the Fou:'ie!'represeniotion of 
_€ry, 

onto l-2fr.1).

Clnor ly  then

f .

\ t oe"ll 2.i(r(,)o, o\r>r 
! I ot""i l2arr* , 

(t)o, o)
' I

hofds for: ony tr igonometric polinomiol p, T.hus , ,  r*n;

Let now{t,  tr ,  @(A) !  n" cnorher L'  -  bounded ono.lyr ic

func l ion  such tho i  F  ) 'F^  .  For  c  ond oe  I  r ry : ]  hV >, F@ . For ony pol inomiol  p,  ond oe f ,  vre hove :

2= llp(u)Pvo( = ilry,n{u)evdtlz*,, = ll nxy,**1lif,l ..



i l

:
l i
l i

t 5

Y (p(U)Vo) = RV6 o

for  ony onoly t ic  po l inorn io l  p ,  o1d o€t .

Cleorty YU = 
"lNY 

ond

I

' ) * - 2

llpvg "liitttrl 
= (pv' o, pv@ o)126) = (vA lnl' v*o' o5 =

= 1yp(u)uqlft = [ypp(U)v.6..* llpp(u)vatf. =

)= llpv0r oll-l2(f 
r) 

=

= 
Iiot""l l2 

atru (t)o, o) * 
If 

ol*")l trtttoo, o) = l[n(u)veli2

Thus we con . define the controction Y frcm 5Q into L]61 bX

vt fut<*).4 yu?'d* = R "intyrl. n "inttie) = lol

. l t  resul ts thot  Y = YP. Then for ony onolyt ic pol inomiol  p we have
. :

f )

I Iatuit) l2a tr6{t)o, o) = ll nvgo[l'rrd) =

= l[ p(u)Pvo lF = il pfr n';, il? 2,6,,

= 
J toe"ll '  o tt@, i ' t)o' o) '

Cleorly then

!  l r t"" l l ' , t r@(t)o, b 
* ! lot"" l l2 a(F@,(t)o, o)

for ony trigonometric poiinomicl p ond o g t , hence fO < ,@, ,

Lef  nowl€,  f t ' ,  @i  (A)1 be qn L2 -  bounded ouier
J

funct ion,w'nich sot isf ies ( i )  ond ( i i ) .  The,.  Fg{ =F@, ond preceding

propos i t ion  shows tho t  @1ia)=26.o(a t  w i t l r  c .  un i io ty  cperc to r  Z  f rom

t ' i ,o Ft.



l 6

I t  is  c leor thof  F = FFr.  i f  ond only iF pV = V, . fhus i f
oo _ ,{rt

ond onty i f  f  uK = {o j  .  .1
O - r - b J '

I  The proof of the theorem is complete.

t l  ^' r  
. 2

COROL,ARRY. Anv L-=:==::g [=O!Sry= 4ry L- - bounded onolytic funcricn { t , F, @oounded onolyt ic funct icn
- yr ic  funcr icn  \e  ,  F ,  @te) !

( a  F t

\ o  ' : '
con be uniquely iocrorized into the form

6 ) ( e )  =  @ i ( ^ ) @ e ( 2 )

where  {€ , f r ,  @"(e)J  i s  on  L2  -  bounded ourer  funcr ion ,  ond{d1, f ,@;  { ; ) }
is  on inner funct ion.

gIg"J: lf F6 is the L(e) - volued semi-spectrol meosure onT oloched
to{€, . f ,  €D(a) i  then from Th.eorem 2 therr  exisrs on L2 -  bounded ourer
func t ion t€ ,  , ' t ,  @u(A)  ]  w i th  p roper t ies  ( i )  qnd ( i i ) .  Hence F@ = O@.,  .
Thus , .  by  v i r tue  c f  Propos i t ion  2  there  ex is ts  on  inner  func t ion  \h ,  f  ,@i (  f  ) l
such thot

@t a;  =  @i(  a)@"(a)  (  A€ D)

T l  .  a  .Th,-r foctorizoi ion is unique in the sense that i f

@ ( r t = @ i ( a ) 8 ' " ( r )  r  ( a c u )

i s  ony  foc to r i zo t i on  w i th  $o rne  ou te r . f unc t i on  8 ' ^ (X )  ond  i nne r  f unc t i on@. . (e ) ,- g

ond with some interrnediory rpo""t ' ' r ,  then there exists o unitory operotor Z from

F1  ioF '1  such  i ho t

@'u tz )  =  7@" ( l )  ond  @j t ; t  )  =  (D i  ( a )  z '  t ,  (  l e D )_  . .  
I

l
This fo l lovrs  f rom Proposi t ion J .

.  l t  con hoppen thaf  in  Theorem ,  
\  

=  {0J We odmit  rhe

nu f  f  f u r r c t i on  os  on  ou re r  f unc r ion  o i  t he  f i om {  t  , \ 0 } ,  @(1 )  =  O} - .  l r  r esu l t s

f rom rhe rheorem rhor ,  in  rh is  cqse,  i f  {€  ,T,  @(a) \  i ,  on 12,-  Uornaua

cna ly t i c  f unc f i on  such  :ho t  F  7  F . * ,  i hen '@ i s  l l i e  nu l l  f unc t i on .  I n  p red i c t i on

theory i t  is importqnt to decide in terms of the serni-specfrol meosuir F when

f i  is  or  not  l0  J  .  The foct  t l io t  there ore no L2 -  bounded onoly t ic  funct ion

"under"  F is ,  however ,  o  chqrac ier izot ion o;  f t  =  
l01,  but  o  too vqgue one.
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Similorly os' !n the bcunded cqse we con give o suff icient

I condit ion for f i  /  [0 ] 
'which 

becornes necessory too in the scolor ccse ond

in certoin j inite dimensionol coses

Define the Borel meosure cn T

t

T l r r ( o )  
= ( F ( n ) o ,  o )  ( o e € ) .

Let d 
tr"= * 

hodt + d X.o be rhe Lebesgue decompo:irion

of d;-n^ with respect to Lebesgue meosure dt.
l "

IS!B$=3= Tl,e following osse,. ' ions ore equivqtent :

( i )  t " r3  " " i r q  
h  e  L t (d t ) ,  hD  0  such  thq t  f o r  ony  o€  t  ,  [ q [=  l ,

h  ( h .  c . e .  o n d

f
( 4 . 2 \  

] l o g  
h ( t ) d t  >  - c E

( i i )  The L2 - bounded outer funcrion \e ,  trr ,  6D1 (a)1 onoched
t

to  F qs in  Theorem 2 odmi ts  scolor"  mui t ' r l : ie .
j

( i ! i )  @ L' -  roundt:d onolyt ic funct ion[t , f l ,mta; j

which odmi ts  scqlor  mul t ip le  such ihqt

F @ *

'  
l i  one of  the equivo lent  asser t ions ( i )  -  ( i i i )  ho lds then d im S =

t .  F '

,  =  o r m  j - 1 .

p=f.={: ( i)  +(i i) .  From (4..2 ) i t  results t l 'crt there exists o scqlqr
n  )  , r , )

ou te r  f unc t l on  d t  a  11 '  5 r : ch  thc t l d l l '  =  h  o .e .  Fc r  ony  ono ly t i c  po l ynomino l

p  ond  o  E t  we  hove

u ( -  n2-  1 ?F,C ,  i l , '2 t  ,  i t ,P .?  '  I  
^  t

l l  d, Ro tttzq) = 
2r, ( l). ("")1 | n(e")f l lo/l d, = 

zo flo(u") 1lh(t)rtcltdt
b l " t  

' t  ' ' .  '  ' r  ' r  t ' r  
J l "  

' '

" ? I i  2  T r  2
. :  # I lot"tt)f 

- 'notr)0, 
-. Jln{"it)f 

'{ar{i)q, 
o) =

o . o

2 1 1 2 2
r  i + ' -  \  . r  , . . \ .

. = J ln(u")l d(E(t) vo, Vo) = l[ p (u)v" l l  .
o



. i  l g

. l

. r t A ,' Thus iwe con defirre the contraction Al from J(* inro {(E) fy
3 l

A1P(u)vo  =  Pd lo
' ,

! r -
Cleorly ArU = 

"t tAl ,  rhus
I

i
I
' i

A' l^r\ E n " intA,q g n " 'n, L2+(t) = tol(-
' h ) z O  

n V O  
' ' ,  

n 7 / O
1 -

2 , n l
But K* = Li€l @ n u,5(*, hen'ce AI = A,t, where p is rhe

f r  > tO

, i

,  proiect ion f , . :mfi* onto LiFt).  Let {Fl,  t ,  Al(})  }  be rhe confrocrive
onolytic function corresponding to A.1 .

" l

1 1 \  -  A  r . \ r r n  / i \  rD e n o r i n g ;  b y  *  \ ^ i  =  e r , (  A ) € D ' ( A )  q  o n d  u o ( i )  = ( f } 1  ( r ) o ,
I  "  

?  2  o .  l '  ' - . A '  
^

ond consider ing H'($),  , '€ l )  ident i f ied wirh Lt+(e),  t t*F),  respecr ively,  we
h c v e :  ,  .

A , Cw  = A ,  - A p \ / _ -  A \ /  - \. o  I  o  0 l t n o  =  A l t ' o  =  O l o .

,t^
.  I  A  ,  ^  \ u r  L, A  ' A ' i r ) e l ( A )  q = { t ^ ) o ,  a e e . H e n c e

|  |  l .
. . ,1._. .  ,_. . - -_-*-_"-  :  - - - - .  . .  .

A,t,rr)E(^) = d(.r)1,- r "  - €

Mul"tiplyns by f}t ( )) from the left yields

c( A l ( I ) h -  e , r l A , t r D O , ( t )  = o ,  (  e €  D ) .
l

Since @, ( f  )  is  outer we hqve @l e)t  =T, so we con,r iude

thqt

* . . '

t
Thus the L-

@,t r )Ao ( r l  =  s , , (a )h (  2 e o f

-  bounded ouier funci ion 
\ t , f r ,  GDr( 1)1 admits o scolor mult ip le.

( i i )  =+( i i i )  is  obvious

( i i i )  = t ( i ) .  L e t  
{  f  ,  t ,  A ( a ) }  U u  o  c o n i r o c r i v e  o n o l y r i c  f u n c r i o n



@ (a) Aj r) = tt ^)r,,
For ony,oncly t ic  po lynomio l  p

. l

i
I

o) ,7r
' l

.  f  hus we hove the fol lowing resulfs which in predict ion tr. ' ;cry
t .  . lw o 5 f l r 5 t | i , p r o V e d b y W i e n e r o n d M c s q n i i n L z l J .

1 9

l ^ A

ona d(l) in l-{r such rhor

a(^D( ^)= fir.1r,

we hove

2 t
f ,

)  tpt -  d(F(t )o,
o

.l (F@ (t)o, o) =

e Eond o

2 r
( )

)  l p l -
o

2 t ^
f  t , . l  - )  2  . . 2= Jfet"'') | d(Ex(r)v@e, v@o) = [nv6 oll r2rfl = l[pv@ "ll *f wlo

I

= lf o( r@(a).llnz = ,ut *iupr,"it;g1,"t';o 11t 0, ).
;  o ( r < l  ' "

| 7r",(r"i\ A(r"i ')@('.u";oll 'o, =2 t  s u p  *  l l l F-  a  - . .  a
o < r < l  o

i t t .

,  2 t  ' -  . . . 2  ,  2 T  2 *  2
!  (  r ;="jll, z; J 1nr,"i'l At"'\llr"rlt' =# 

i'lnt"i')l t&"")llilofet

I t  resul ts

o . e  .  o n d

r'1t; -=al0- .
dt

(t

thqt for ony trigpnomefric polynomiol p we hove

It or2 a(r(t)o, o) > Iwtt lJl '  ar-11oq2 .
l l  we put h = t$ l2 ihen we hove h e

f  ,  , , \ ,
J 

los h(t)dt ) - ca .

ln c,ose dim f, <-o it is known

lir this cose the qssertion (i) is

f - r

] 
los clet Lr'(tU

thot o "e. th+:'e exisfs

equivolen't io

- \

I
1

Egg!!Uy. Let F be an L(g) - volued semirspegtral nleosur: !n S
dim 6 <8. Then the fol lowing oraequ.ivolent :where



c(i) J '.n aut lr'(t)J at

l i i t  .There exisrs on L2 - bounded ouie. func-lon 
{t  ,  T1, Glr (e)J

such thof dim f, = din F1 , ond F 2 Fn
, \,lrr. 

J

Pfoqf . lt results from Theorem 3 ond Proposition l.

l
, , I j f

i

5. Predict ion ,: iror operotor formulo

; . i
l .  

' '  

a ,It is known thot the prediction theory for stotionory p!"ocesses

consists esseniiol ly in the study of theirs covorionce or correlotion functions,

which ore s'elor volued in the cose of simple .procusser, motrix vqlued in the

cose of f inite mult ivoriote processes, ond (why not ?) operotor volued in the

cose of inf inite voriote processes. ln ol l  the iosses, the sto+ionority condir ions

imply thqt these functions ore posit ive definite mops on the bose group (in

generol of t ime, bur con be ond others)

$/e suppose here thot the bose group is the group Z,of integers

qnd construct o geometriccl model for predict ion. bosed on q posit ive definite

function R on Z with vir lues l :ounded operotors on o seporoble Hilbert spoce t .
j

Recol l  thot  on l - (€) , -  vo lued posi t ive def in i te  funct ion R on V
.  t -  i . ^

i s  o  mop  k - -R(k )  f rom z  i n fo  L ( t ) ' ' such  i l r o t  f o r  ony  f i n i t e  s i s rem to l , o2 , . . . kn \

in  Z c , f id  ony or  ,  . .  ,  o  in  t  we hove' l

= 3 \
, lr-,(R 

(ki - k.)c., o.) )- A
l ,  l _ l

Using Noymork di lqt ion theorem *L dudu.u thot there exists

the t r ip le t [ .K,  U,  UJ,X -  o  Hi lber t  spoce,  V -  o  bounded operotor  f rom{,

inro.K, ond U o unitory operotor on K, such thot

, t 1 \ * < : ; i
V . l . /  t t  |  ^  

.

\  -  Vu"vg( \ ' '  
-e

( n e Z )

l f  E is  the (LK)  -  vo lued)  spectrq l  meosure of  Ux then F '= VIEV
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is on L(6) - volued semi-spectrol meosure on i[ond.we hqve

z[r
R(n)  =  l " - in tan l r )

From the unicity port of the Noymork di lot ion theorem it resulis

t h o t R , U , E , F q r e i n o n o n e - t o - o n e c o r r e s p o n d e n c e

We sholl  col l  o geometriqql model for the predici ion theory of
'o 

(possible) stotionory processes with covqri:nce function R, ony tr iplet[K,VrUJ

which i t  re lq ted wi th  R by (5.1 ) .  We shol l  not  formulote in  deto i ls  rhe complere
t

problem of predici ion !r this context (this wil l  be do in'; ,  sepqrqte poper), but

we sholl  construct the predict ion error operotor qnd opply fqctorizqtion theorem

for to evoluote i t .

Lei us put

t1, r

= Vukvg , JvI,, =

I

. l

.JVTn

c &*rt

_.€

It  we denote by

, o o

and

n
- &

P
n

Jvtn '
. l

fhe orthogonol proiection of^K

' :
( i , k ,n  e  z )

hove :

We hove./vf
n

onto tlvt then

(5.2 . )

unP, ui - p, . ui+n
K K+N

ub{ =jt*n

For cny integer n

(unvr . Pn-lu\t, unvg

= 1uuvf, Unvg) - (r.|\r,

* (Fn-lunvf,  R _,unvg)

o n d  f  ,  g  € €  w e

n
-  Pn- lU"Vg)  =

Pn_,unvs) - (pn-tunvf, '

= (unvf, unvn) - (unvf,

I

I
!
I
I
i

n
U"Vg) +

P , UnVo) =
n - l

= 1un-kvf, un-kvg) - qun-kvr, p(n_t 
)-r un-kvs; =

u= 
... = 1un-kvf - t(n-o)-,un-kvf, un-kvg - p(n-L)-tUn-kvn).
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Thus we. con define tire operotor G on 6 by

( 5 . 3 )  -  ( G f , s )  = ( U n V f  - p , U n V f , U n v g - p , U n V g )
n - l  n - l

-' ..

qnd G does not depencr of n. :

We hove 
ir : 2

(s.4 ) (Gf, f) = l lunvf - pn_.,u,nvrl l  = l l ' , / f  - p_lvf I 
r

I

Thus G is o posi t ive operotor on E, so col led predict ion error

operotor (wi th log l ,  see L2l t ,  o i toched' to th" s iot ionory pro""r ,  which hos R i
i l .r ionce funcfion

From (5.a ) it results thot

2
(5.5 ) (Gf , t, =r:$ [vr - p(u*)vrl l

' o

where9^ is  the set  o f  o l l  onoly t ic  po l inomio ls  p whi : .h  ver i f ies p(o)  = 0.o

From (5.3 )  i t  resul ts  ihot  G = 0 i f  ond only  i f

. / v l _ , - " ? . . .  ' = J L l  = I L = M t  = " . . :  = K ,

t h u s i f o n d o n l y i f R i s t h e c o v q r i o n c e i u n c i i o n o f o @

The predici ion error operotor G depends only..of the posit ive

definite furtct ion R q' ld not of the port icular choosen georneir icol model. More

precisely, for, R on,. j  R' two L(t) , 'espectively L(g') - volued p.,5i1iue function

on Zrond G respeciively G' the correspohding predict ion error operotors, i f

there exists o unitory operotor X from $ onto $' such t i ,ot XR(n) = R'(n)X,

n  €  Z ,  t hen  XG =  G 'X .

ln fo-:t G depends only.of the so colled innovoiio-n port of

the process. Indeed let Q denotes the orthogonol proiection ofK ontoJvl,--

ond P = | - Q. Since M. reduces U we hove

P r t Q = Q P n = Q

O ( l  - P n )  = 0



A A- t J

( l  - P ) P = P ( l  - P ) = l - P -' n n ' n

P P  P  = P  -  P ( l  -  P  ) P  - P  -  ( l  -  P  ) P  = P  P
n n ' n ' n

Then we hove . ..

2 2 2
(5 .6 )  l l t t  -  P  t ) v f l !  

= l l p ( t  -P_ l ) v f l t  = l f i t  -P - , rPVf  l l

, 2
=ll pvr - P .Pvf Il .

- l

Denoie Y' = K, V' -  PV, l) '  = UlX, .  Then the tr iplet lX' ,V', t l ' l

is o geometricol model for pr*Ciction of o certoin process with the covorionce

iunctie'r R'(n) = V'xU'nV' - the innovotion process of ihe init icl  one.

We hove
'  i  

, v \  t , , . , r , !

/uyn = VU'k, = lunrK = p Vuk =.etr4"n .
- - g  - 6

Thus i
I

P , K  =  P P K
n ' n -

i . e .
'- ' .-- '_. '- ' ' " . ' ' .

i c z t  P ' P = P P P = P P\ J . .  , l  ,  
n  n  n

Using (5.6 )  ond (5.7 )  we obtc in

(5.8 )  (c ' f ,  f )  = l lv ' f  - .P '_ lV' f  l l  = l lv? -  P_lVf  I l  = (Gf,  f )  ,

t-Thus the prediction error operotor is the some for both pro"erser.

Let F, F' be the L(t) - virlued senii-spectrcl meosure of R,

R" respecr ive ty ,  ond { t  ,  T1 '  @. ' (a ) j ' '  t€  '  f  l '  
,@i (a) }  be  the  L2  -

bounded outer functions ottach.ed to F respectively F', os in Theorem 2. Since

A u,*lK; c. n ,*:t * c."M,_-- ,

, l

I

. l

i

i

i t  results thot
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O,€

4 u ' " k ; = t u 3  . 'n

T I F ' FThus F '  = .Fm, Since c leor ly  F '< F i t  resul ts ,  ogoin f rom Theorem 2,  thot
v,

C / r t r ? ^t @ ' l =  t @  
r '  

|  ' e  '

( 5 . e )  F l  < F @ , € t

From (5 .5  ) ,  (5 .8  )ond  (5 .9  )  i t  r esu l r s :

2  . 2
(Gf, f) = i{ itvi - ntuxlvrl * = ilf "[ lt-ot""ll- a(r(,)r, r)^,>

p e ?  " N  n e P - '  6'  o  '  - o

2tr 2
>,W Jl t  

-  p(" ' ' ) l  a(F*,(r)r ;  rh =
'  - o  o

2Ir ^

;: ["* j '1'-' '""r1'tlrur,rit"r'r ilf, dt ;

= {(v@ ro(") il; = ( @t (o)* @' (o)f, tL

qnd

(Gf, f) = inf l l  V'f - : iU'x)V'f f l  =
p .9

o

.  c .  . . . 2
= inr \ tr - p(u")l a1r,1t;r, 0 (.
pu9o ,

"\
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Summing up we hove

l[EPj$!. Ler R be on L(€) - vqlued pos.itive defite function

o\ Z, G the prediction error gperotoj of R ond F the semi-spectrql mgqsur;.
' . a r 2

of R. l f  i€ ,  f  , ,  6Dr(A)1 is the Lz- beunded outer funct ion ot toched to F
l l

rts in Theurem 2, then we hove

o = GDr (o)* €1,| (o)

ln predict ion theory i t  is imporiont to decide in ierms of R

or of i ts semi-spectrol n:eosure F, when G is or is not equol to 0 qnd in cose

G / 0 to compuie i t .  Theorem 4 gives o solution to this probl.,nn vio the

foctorizqtion Theorem 2. We ren,r 'rk th.,;  from the predict ion iheory point of

view, the ossumption F = F", in Theorem 2 is not esseniiol,  the only impoi ' ,oni

th ing being io  dec i " {e when ( f }1( f )  is .or  is  no i  the nul l  funct ion.  Let  us remork

in th is  context ,  tho i  the exomple presented b) 'R.G.Douglos in  [3 ]shows only

thot, in inf inite dimensionol cose, the closeness of the operctor function F to 0

is noi relevont to the foci thot in Theorern 2 we have F - F@ 
l. 

The closeness

to 0 remoins relevont to the fqciorobil i ty of F i f  we meon by " foctorobil i ty

of F " fhe foct thot ihe function @', ( e) which oppeor in Theorem 2 is n,-; the

nul l  funct ion.  As we o l reody remorked,  on ly  ih is  k ind of  foctorqbi l i ty  is  re levont

in  predic t ion theory.  Wi th th is  k ind of  foc,crur i l i ;7 ,  Lowdensloger 's  in i t iT l  i 'esu l t

[  |  remoins vo l icJ  in  h is  fu l l  senero l i ty  .  j  
i

i rppose now dim Q <a. Using Theorem 4 ond Corolo.rY to i

the Theorem 3, we con prove thoi i f  F is on L(€) - valued semi-spectrol meosure

on T,qnd G its predict ion error operotor, then G is invert ible (ful l  ronk process)

i f  cnd only i f  fos det I  a* t)  l  -  Iv __. 
L_a,_J 

e L.(ct)

ond lve hove

f  , . r . r  l
a"i l-o f \t/ l ar

L d i  J
det [GJ = exp

2 E
I f ,

2 r ,  ) ' o g
o

which is  t l re  i -esul t

sec t i on  4 .

of  Wiener  ond Mcsani  [Z i ]  rnent ioned, in  the lost  por t  o f
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