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ON INIERTWII\ ING DIU\TIONS

by ZOIA CEAUS€SCU in Buchoresi

I n t r o d u c t i o n .  L e t  T ,  T '  b y  t w o  c o n t r o c t i o n s  o n  t h e  H i l b e r t  s p o c e  H  o n d

H ' ,  ond  U ,  U 'be  the i r  i somet r i c  d i l o t i ons  on  K  ond  K ' ,  r espec i i ve l y .  Fo r  qn

operotor A€L(H'; H) (the spoce of ol l  bounded operotors from H' into H) intertwining

T ond T' ( i .e. TA=AT') let us col l  on i l lgri ,ar, irr ing di lot ion of,A ony operotor

B€L(K';  K) sot isfyins: Rna\H'= R, UB =uu' ono B(K'€ H')cK€H. l f ,  moreover,

B soi isf ies l lgl l  =i l  el l  i t  wi l l  be col led on exqcr interrwiningdi lor ion of A. l t  is

known thci for ony operotor A intertwining T ond'I '  there exisis ot leosi one exccr

in ter twin ins d i lor ion (see Th .2 .3 of  [SJt"  i

| n t h e p r e s e n t P q P e r w e o r e " o n * , n " d w i t h t h e p r o b l e m o f u n i q u e l r e s s o f

such on exoct intertwining di lot ion. We reduce this problem to the similqr problem

for the Hohn-Bonoch extensions of continuous functionqls on some cdequote quoiieni

spoces of proiective tensor produ"tr. d

our moin results ore contoined in seci ions 2 ond 3. Thus we give o cose 
t

in .which only  scolor  mul t ip le  of  isometr ic  or  co isometr ic  in te l twin ing opero iors  hove

exqct  in ier twin ing d i lo t ions (see Th.2. l )  onc!  shovr  thot  i f  on opero ior  in ter twin ing

two controctions hcs o uniqr,e exoct intertwining di loi ion, rhen ol l  f l .re operetors
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which qre "dominoted" ( in the sense of Definit ion 3.1) by i t  have the some ProPerty

(see Th.3.2) .  As on i l lus i ro t ive exomple,  in  ihe lost  sect ion.  on oppl icot ion of  the

obove theorem to Honkel operotors is given

I toke this opportunity to express my.qroti tude to Prof. C.Foiol, for mcn' '

helpful discussions. Also lthonk Pnof. B.Sz.-Nqgy for his useful remorks on the f irst

vejrsion of this pqper ;

\ r

l .  Let  K ond G be rwo Hi lbert  spoces. We shql l  denote by K1EG rhe

, -\ --6.< . t
: sub$poce of L(K;ii) con..isting of operotorsKwhich odmit o rePresentotion of the form

n
( l i  6  = {  t i @ 0 ,  ,  w h e r e  k . €  K ,  g i € G ,  l z i l n  t

F r I

tho t  i s ,

n

(2) 6(k) = F (0, k.) s; (k€ K)
I = t l l

- . . . ' . ' . . . . . . .

We sho l l  use  the , ro ta t i  on  l l " l l fo r  the  nuc leor  no lm on K@Gt

(3) l lGfir=,"f 
[?n-, l l t is, l l  

,  z =t- i t  r, ]

Also, the spoce K*@G endowed with this norm wil l  be denoted by )
i

K * @ G .
/l

An immecjiote result is expressed by ihe followirrg

,Lemmo 1 .1 .  L ru_ : ru tg"g  H o !  K  the  spoce * ' ' 9G cqn be  ident i f ied

(-1) 7; l*OH = o

Cn crccor.rnt of Lenrms l. l  we rnoy anci wil l  identify H*@G w.ith the

subspoce t- definecl by (a),of f<plr-;. ' 
"

wlirh, r'0g subspr:-ce L of i( "@O-co!g:&g--gl$osg 6e K*po frl-Iblsb-



-  3 -

-

- t \  -  A
we sholl denore by K*@G ond r-r*€G rhe completions of K*@G ond7 7 v

n"pG, respectivety.

Let us recoll some well 'known properties (see'[r11oi the completion of

prc,iective tensor product

(i) Every element 6 of K"$c is the sum of on obsoluiely convergent
i r

seneS:

t o o l
!

z=-oI,inn , qnd tt6th,r"rfEiik nll l lsnll , u=2 o,I@rJ 
I

n=O 
r '

(i i) The duol of **6 G is reolized qs rhe spoce L(G;K).
F

Also, we sholl consider operotors U on K, T on H ond 7 on G ond ossume

thot H is o subspoce of K invorioni for U*, nnd UJ H = Tf

V/e denote AV 
V, 

,r] rhe operoror on L(K;G), defined by

(5) lz, ul v = ZY - vu ror y€,1 (K;c)
L '  )  '

Note rhqr K-n@ G ond H*@c ore invorinnt for 
fZ, {rond 

in virrue ..,F

the condition T't '  = U*f H *e houu

f  1 l  r  r l

V, uJlH*€>o =V, tJIn'6>c
f 1

(where[2, rJ is defined on L(H;G) in the sonre woy 
", [ t ,  { 

is on L(K;G). The

f- jI l-- T *21operotors lz,rJ ond fz, uJ con be exrended conrinuously ro H]:; \c onu

*"9 
",  

respectively .
. '

Now, denoting

l
f r -  . . 1  . . . - 4  . \ *  l r  - r  - A  \ -(6) Ru =(Lz, uJ (K. gol) , n, =([2, rJ u.aoi

where fhe c losures are foken in  ihe spoces K"6G qnd r - l * t9c,  respect ive ly .'  Y  - v  - '

We shcll  consider the quotients modulo R.., ond 
\ 

of the nucleor nornls on f i$C

ond H*'$ G, respecf ively; thr-,s, if \f onqi 
f 

denote ihe cononicol epirnorpn;u.l
7r
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y, K*6G --+ (K"pc)r 'Ru, y, H*6G ---+ (n"p o

then

l lYr ,u )ll = ;nr"[ 6 +z,llr tG e K"@o) ona
q e R t )

llY t " 
I Il t;':t^ll:- *r,llv (ze H Q",,' 6r€ RT r

, i  .  '  Since, RU) 
\ r we infer thot

(n lly ( 6 il < l!,p rc ill ror ae n*go

)/R,

Lernmo 1  .2 .  ( i )  T l re  duo l  o f  the  Bonoch spoce (K tA G) /Rr , jL
7  u -

cengl!-g:liom@ :

f , i 1

4B€ L (c;H) :  UB = szt el  L(G;K)
L . ' J ;

(ii) Ib ar"f .f tf." g"t""h r (H"6 q / \ is isomerric-isomorphic
, -  7

to'the subspqqq-

t A t! L.(G;H) t ra=nzJ sr L(c;H)

Proof .  A{ ( i ) :  First ly,  let  us obsenre t l ,ot  {BeL(G;K):  UB=BZ} is

isometric-is,:morpfric to nj, where we denote Ot *j the orthogonol of R, i.e. j

n . {  = { r g  ( r * 6c ) ,  ,  l lR , ,  =  o l  .
, "U L' 17- I "U -.1

IndeeJ,  s ince L(G;K)  is  isometr ic- iso. iorphic  to  {K*6O) ' ,  for  ony
,/

B6L(G;K)  wi ih  the proper ty .UB=BZ there is  o  unique f  f rom (K*6G) 'wi th  the
v'

properiies .

( o )  ( k * 6 g ) = ( B g , k )  ( k € K , s € c )  o n d  ( b )  I I t f l = l l s l l  .

Bui, for this f snn"l for ony k € Kn g &G, vre clso ho'ze:

t - n
r(V, ul (k*5)s)) = (BZg, k) - (uBg, k) = I
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Since the set

t
r e o d i l v  f  l R . .  = 0

r u

(k*€ s) , \ € K, s € G] spans p., , it resulrs

Converseiy, for ony f € (KBG), with f ln, 
= O, rhere exisrs (since

L(G;K)<(K 
QOi')  

o unique Be L (G;K) sorisfyins condit ions (o),  (b) obove;
a

moreover, we hove

( ( u B - B Z ) g ,  k ) =  r ( f z ,  u ] t k * @ g ) )  = o  f o r o n y  k e K , s € G

Thus, the operator B hos olso the properfy UB+z. .

Now, stctement ( i) of the Lemmo results from the fol lowing generol focf:

l f  X i l '  q Bo?ir. ich sPoce ond Y is o subspoce of X, then the orthogonol yJof y is

isometric-isomorphic to the duo! of the quotient spoce x/y

Ad (i i) :  The proof is onologous to thoi of ( i) ,  due to the similor definir ion

for ' the spoce H*6G, ond rhus for  ( t -g  G)/ \  roo.

L e m m o  I  . 3 .  @ , r t s  o r e  e q u i v o l e r r t - ; .

(P,) For onv A€L(G;H) sotisfino the condition TA=AZ, lheE-exi$s-st-lesf one' l

exoct  in ter . iw i , !ng.  d i lor ion B €L(G;K)  of  .A.

(P) For onv 6€H"(i)G, we hove ilyrc )lt =ilyrc ll! -v-

Proof  .  F i rs t ,  we not ice lho i ,  on occount  of  Ler . . ,n  o 1.2,  (Pr)  is  equivo leni

I
;;, i t"r: ' ; r: ((H*€ q/\),rhere exisrs on ,,exrension,, ie uK*f,G)/Ru),f l

of  f  ( i .e .  Ty tB )  =  f f (a  )  fo r  o t  I  Z ,€  H*6c)  such rhor :
f

ll t ll = il f ll (or equivotenrty, l{T y ll =l{ ty 1y 1 .

Indeer i .  i f  (P l )  ho l ,Js rhen,  in  v i r rue  o f  Lemmo' l  .2 ,  fo r  f  {  ( (H"6G) /R, ) '
l r l

rhere is Te UK 
-d, 

c) / R, ,), such thor ilT il= llr ll o,,a ?'y tn *Cn 
n) = r f (h"6i s)7 u

for 'of f  h€H cnd gGG. s ince, for  6 {  Hi$c there cre rhe represenrcr ions

Lr,,q



- 6 -

6 =e, hl  @ nn where thu: series Z,f ' , j -e,:"  is absolutely conversenr, ond
n g N  "  n € N  

r r

since f, T, y , Y , qre continuous, we olso hcve

' ,  f Y ( 6 ) = T V t f  l  r o r o l l  ? 5 Q r r * f r o .
: 7 r

The converse impl icot ion (ni)  +(n ' )  is ,  by Le.:rmo 1.2 even more obvious.
i  -  

Now, we ossume thot (Fi) holds. Let us rqke Gc€H*6c * i t t '  f (  
7 'd+ o.

The:"e exists f € ((H?ilOl ,/A-)t wirh rhe properries:' 7 r '

t t f  t l  = i l f  f  i l  =  1,  fy( (" )  = l l  f  (Gd l l  "
: -

For  th is  f  ih r . re ,ex is rs ,  occorc l ing  to  (P i ) ,7€  ( (K .6G) /RU) 'such tho t

F t . .  -  u / r

i l ' { t i  =l lr l l  = l  ond iY'.a) = rf  (6 ) ( '6 e H.O cl
t-

Thus, by (7),

i ly(z) l l  = Tyrc; I  i lTt  t tyc6o,\ t !  =t t  ytai l l l  < l t f  (6; l l  .

l f  Y(6) = 0 rhen, by ( . r ) ,  o 4 i lY (C") l l  < I t r f  (3; l l  = Q

Consequenrly, we obrqir, ll y i6)il = ll Y &) ll for c'tt 6 e H *6 G.
t

Let us now ossume thot l tY G)l l  = t l  Y G)[ for ol l  e€ H"6o.
. / /

This meons thai the coniinuous cenonicol epimorphisnr

* f  (H*6G) = (H 6 l  c ) / )  - - - -  ,E (H"6G). /R,  ,  =  y  (H '5c)t V = V r r r u t V

is on isometry. Therefore, we con identify(H*6 G)/R; with the subspbce
n - r

(H ' .9G) /R '  o f  {K "6G) , /R . .  .  Now,  the  i nnp l i co t i on  (n /=+ (e i )  f o l l ows  f rom
V U F U

the Hohn-Bonoch Theorem

. l t  is known thot i f  T is o coniroction on H, U qn isometric di lot ion of

T on l( ond Z on isometry on G, ihen ihe assert ion (F.,) of Lemmo 1.3 !s true' t '

r ' l
( . f  .  l sJ  Prop.  l l  2 ,2 . ) .  Thus  we hcve

The ore m 1 .1 ,  k l  T be o ccnlrcct ion gr.  H, U on isomeir ic di lot ion

.af T, snd Z o-n $e$etry---9jl- G.fts:1,
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tH$cl / tlz;J tH-g'olt-

is  t ineor cononicol ly isometr ic to the imoge of  H*6G in

(K.6G) / t\,uJ rr polt-

2 . In  the  seque l  we  sho l l  on l y  t reo t  t he  cose  cons ide red  i n  Thec rem l . l ;

thot is, T o contrqci ion on H, U on isometric di lqt ion of T on K, ond Z on isomeiry

o n  G .

"  R e m o r k  2 . 1  .  L e t  A € L ( G ; H )  s o t i s f y  T A  =  A Z . l n  o r d e r  t h o t  A  s h o u l d

hove o unique in ter twin ing d i lo t ion B€L(G;K)  'v i th  f /B l l=  l lA l  i t  is  necessory ond

suff ic ienr rhor rhe funcrionol f  € f f i*qG) / /Rl)) '  (where U.9q/ Ru is identi f ied

with (H-9Ol/ .*r ,  in v i r tue of  Theorem l . l ) ,  corresponding to A by:  fp(hleis)  -

= (Ag, h), hove o unique norm-preserving 
'extension 

to the spoce (K-6G) / AU" On

the other hond, o well-known consequence of the clossicol proof of the Hqhn-Bonsch

Theorem is thot o functionol f  ( (H"qq,/RU)' of norm I hss c unique norm-i)reserving

extension to  (K*6G)/RV i f  on only  i f  ior  ony A/n"$O,

suTt&' I r i,t - t t, - i x' l, e (E $ e) / RuJ = ; n { [ i i", i/t * Pe fra )' a, € ft/'$ A Ry] 
i
i
I

(Here,  os in  the 5ec1. , ,e1,  we set  [=yfd for  A€ K"6G).  Hence,  we ec,s i ly  in fer

the fo l lowing suf f ic ient  ond necessory condi t ion for  thof  on A€ L(G;H),  [ !x l l  =  1,
\

sot is fy ing TA = AZ hove o uniq, .e  exoct  in ter twin ing d i lo t ion :

Fo r  ony  €>0  ond  fo r  ony  2 .6  (K*&G) \ (H"6G)  the re  ex i s r  6+ ,4 :c l -1 "6G
f / '

sotisfying

(B) A , ' a t l ^ . a

116, *7,^ l1 i l \-Zf + I Zz+Zi I f tu{ rt,  ' , ir) * € .
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Remork 2.2.  Let  us q lso note thot ,  s lnce .o  l ineqr  bounded funct ionol

normgon q closed proper subspoce hos several l ineor continuous extensions on the

whole spoce oi norm g'> q,. i t  fol lows eosity:

For onv A € L(G;H) iniertwining. T -gd

@.

estobl ish the fo l lowing

Th'eorem ?.1 .  Let  T be o controct ion on o Hi lber t  spoce t l  ond X on

ing with T. f_bge X hos o unique
.  , - c l -  I

exact commutir:{j_lj ib.;cn if ond only if X .

Proof. Firstl ossume thot X is isometry or coisomctry. Then X or X* hos

c r-,nique exoct di lotfon relct ing to T or Tf respectir,ely (see [S], erop.10.B). But

it  is eosy fo show thot on operotor X commuting with o controction T hos o unique

exoct di lot ion i f  ond only i f  so hos XF(noturol ly in retot ic, , r  to TF).

Now, crssume thot X hos a unique exqct 
fyloticn 

. Let X,=.VR be the

polor decomposi t ion of  X,  where R is i ts obsolufe volue ond V l t rn i ,  on isometry.

Since X double-commutes with T, the self-oclloint op"rorol. R commutes with T, too.

D e n o r e  H 0 = K e r R  = K e r X ,  H l  = i . * ,  f i = T l H i ,  n .  = R i H .  ( i  = 0 , 1 ) .  O b v i -

ously H. is invoriont for T. ond R. ( i  = 0rl).  Let us consider foi" R., o spectrol' l l t  I

represenfction

Ea

Denoting for q f ixed

we cbtoin. the deco:npci ' t ions

Z there qre severol non exoct

E ;  H t  o n d  H ,  
, 2  

=  ( l  -  E l ) H 1

' i l  =  T l , i @ T t , 2

* t , ,  ( i  =  1 , 2 ) .  T h e n ,  i h e

Rr = 
,{,i 

r

/ e J o , t [ ,ut t l ,  
I

H t  =  H r , r @ H r , 2  '  R t  =  R l , r @ R r , 2  ,

where  R l , i  =  t * . , , , * ,  l n r , '  cnc l  T r , i  =  P r i , , .T l
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.

isometr ic di lot ion of T.,  on K, 
,Y"r-"t t  

wi l l  be qf the form U, = Ul, ' l  @U1,2 '

.  =Vu? .  H, . .  .  A lso,  s incewhere  U l r i  o tu  the  i somet r i c  d i l o t i ons  o f  T i  on  K l r ,  
1 t2 ,o  t , t  r r l

f f  * r r , ,  l l  <1,  rhere ex isr  (c f .  Remork 2.2)  o l  leost  iwo d is t inct  commut ing d i lc t ions

of R., ' ,  on K,, - l t  of norm 1. Theretfor. '  sinc€ the orthogonol sum of the di lot ions
I t ,  t t .

of R., ,  ond Rt -2 i ,  o di lot ion of R, , i t  results thot R't hos ot leost trvo dist inct
I  t , l  I  t '

exoct di lot ions on K.,

Deno t= r  V . ,  =V lH l  ,  X l  =x f  H t  S ince  X  ondR commute  v r i t hT i  r ' r ' e

l\

hovc VrTl = TVI Lut Vr, Kl-K be qn exoct dilqtion of V., (where K is the

spoce of isomerric dilorion U of T) oncl let ff i , ft l  be distinct exoct dilctions of R, .

A    A A

Then, since X., = VIRI ,  ?r i l i  ona Vrnl cre exoct di loi icns of X, on K' But, by

. hyporhesis X hos o unique exoct dilqiion ond then so hos X., . Thus Srfii = 0',fti

From this, ,in"" 0., is qn isometry (see [S], frop. lO.B), we infen thqt il ' "= fi",

which.implies H., ={oj.Thus, we hove R, = I onC consequently X is o port icl - iso-

metry 
i

D e n o t e  H l = K e 1 X * ,  H i  = X H l  o n d T ' .  = T l H ;  ( i  = 0 , ' l ) .  S i n c e X  ' j ; ' u b i e

commutes wi;h T, i t  resutts thqt the spoces H' ,  Hi ore invqriont for T '  Now, let us

consider th.e fol lowing deromposit ions of H ond T, resf ' 'ct ively. '

H  =  H o  @ H a  -  H !  @ q  ,  o n d  T  = L @ \  - T ' , @ r ;

Then, rhe i.sometric dilorion of T on K is of the form U = UO@ Ul = U6@ Ui '
\ , 1

where U. ,  Ui  qre isometr ic  d i lo t ions o i  T. l  T1 on the sPaces <" '=VUnH. l

rl =Vun Hj ,.
I  t t70 |  \ l

Note thoi X =
o

operotor ond X.

d i lo t icns of  X i  ,

= 0,  l ) ,  respect ivelY.

* | no (,Ho--+ Hi ) = o,

T .  =  T 1  X :  ( i  =  0 , 1 ) . L e t
r r l

c f  n o r m  I  { i  =  0 r i ) :

(: l-1.,*+Hi) is an unitcrry

( i  =Oul)  be in ier twining

X r  =  *  [  n ,

Xi t K.*> K:
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'.\ ,t\ 2)
Then,  X '@Xl  

' is  
an exoct  d i iq t ion of  X on K.  By Remork 2.2 for  XO there ex is t

ot leosi two dist inct iniertwining di lot ions of norm 
' l  

,  But, since X hos o unique

exoct di lot ion, we f inol ly infer thot HO = {oi ( i .u. X is art isometry) or H[ = [oJ

( i . e . X i s q c c i s o m e t r y )

3. We introduce the fol lowing definit ion for cont.-rct ions on Hilbert spoces:

i . ,  De f  i n i t i on  3 .1  .  Le t  A , ,  ,  A2€  L (H , t ;  H r )  be  two  con t roc t i ons .  We soy

thct A, flornqck-dominot5:-s- A., if for some posiiive constonts C, C' we hove:
i - L

(e) ll Da h li 1 cll nr_r,il ond I tar"-n,)hll < c' floo.t ll- .r2 ,. . |  ,  . l

for of l  h € Hl. Here D^ , Dr. ore the defect operotors of A., ,  42, i .e.

t  
^ l  

.  " ' 2  
:

DA .  =  ( l -A :  A . ) '  ( ;  * -  1 ,2 ) .
I

controctions A., , A2€ L(Hl, H2),

(i ,,, 1 o2),

Remurk 3 .  I  .  Let  us in t roduce,  for  the

ihe fol lowing isometries:

/4. \ Hz

A.= l  
' \ :  

H ' - * (T )
i  l . '  I  I\,'n,/ fuA.  l ,  

I

DA. Ht ( i  = 1,2) Then, condi t ions (9) of  Def in i t ion 3.1 ore ploinly
I

Hz

@

4
such thct

qr
wt,*re JJ^ =

A.
l r

equ ivo len t  iq  the  fo l low ing :

\
The bxists a bounded operotor

, 1 2

K :  @
fr

A t

(1 0)
/n'\ /,i

K l o  I  
- \ o  

/  f o r  c l l  h 2 € Hrl crnd A2 = KA, .
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Remork  3 .2  "  We note  tho t ,  i f  H l  ond H,  co inc ide ,  then the

equivolence relotion for controctions on H, defined by:

At Hornock-dominotes Ar. , cnd A, Hornock-dominotes A,

coincides with the Horncck-equivolence os defined in 4 , p.362.

f'Ar fa by

((n*

L e m m o

z, ll ̂ ll = ll A2ll

3 . I  .  Let A' ,  An € L(G;H) bc, two ')perotors intertwining
t /- -

= 1,  ond such thot  A. ,  Hurnc,ck-dominofes A" .  Then,
L

116 ilr- R.- FAI G ) < € (for some 't > 0 ond Z€ H6o l

impl ies

R e F ^  ( 7 ) <  R e F ^  ( 6 )  + 2 5 ( l l  K l l  2 - '
Ar o2

(. i  is the be:unded operotor sotisfying (10), which exists by

Proo f  .  Le t  Z€  H*6  G  be  such  thq t :

llrllr- Re Fo G) I t
,  . l

for some 6 > 0 There exists q representotion of B ,

E =>. h,1@ nn ,
n € N  

r i  i l

R e m o r k  3 . 1 . )

so)'

I

For two operotors Al, A2€ L(G;H), intertwining T 'ond Z, denote by

tO, , , 
O, 

the functionols ( (H" 
€ 

c) / RU)' ,

respe('t ively, qnd by FAI

r lto, 
l  
*r ='orl *r = o

isometric - isomorphism

, F^ the funct ionols
n2

, which correspond tc'

€" , /R, j ,gu j ,

corresponding

€ (H*6 G) ;
7T

to A., ond 42,

sotisfying

virtue of the

T ond

with



l l  sn,l - I ll1'p-*lln"ll < llaltut t.lle

'(-
Since F^ (h_ @nn) = (A,en, hn) ( i  =,1 ,2) ,  ond since FO. ore cont inuous i t

^ i  n -  i. -
results thct the series

,  n 6 N
ond '

i

I
I

Consequently,

Zfiln"tt - ZRe (A,sn, hn) 1z€

hn) 4 * ,nr l l2  -  ry  f l  A,s"  -  i l l '  l ln" [ , (n € N)

= t llroll2

\  I  
t o , , " ,  = E ( A i s n , r , )

; f f i "n n € N

Now let us notice thotlet  us nof lce tnor '  i

\ ,lllt,n" - ot il ' , t il,r - R e ( A i  n n , ' n ) = i l l l ^  ^  " l  
l l  

= + [ n n , ' - i l l
, [f;r, sn J li

.  r  -  n" lh ' n /L) 
(" g N) . since A,, Hornock-dominqreswhere t" = 

Tq1- 
ond i' =!o 

I
A, in virtue of Relnork 3..| ,we olso hove

llArn" - qll " - Jf rrA,n. i, ll 
'<ll,ril' 

I A,n, - q ll'

4
There lfore,

Re (A.,sn , hn) - Re iArsn ,

Whence,

u" 0o,,6) -  *u ro, (6) 1( i l  r l l  2 -  1) E * i l f ,n, . ,  -  { l t ' l l r " i l  
-

t )A f t h " i l -Re (A , *n , r , . 1  1z€ ( l l  r l l  '  - r ) .
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We moy now stote ond prove our rnoin theorem concerning the uniqueness

of  exoct  in ter twin ing d i lo t ion.

T.heorem 3.  I  .  Let  A,  ,  An€ L(G;H) be operotors wi th  the prope, t ies:

.

TA, = ArZ, TAt = ArZ, Jl Alll = l1Rrll = l, A, Hornock-ciominotes A, .
I I L L

Then,  i f  A,  hos o unique exoct  in ter twin ing d i l - t ion so hos Ar .

defined by A sotisfies conciit ion (B), then the functionol fAS ((H x C)/Rr)' definecj

by A' otso sotisfies it. 
z

Assume thot for 6) o ond Z €.(K"$cl-ti{"6 G) we hove

t

( r )  Lz r * t r i l<At r -z l l  * l l  t z * t l l  <Re ro  ( f ' ,  * '& r t * t
^ r l

'  for some 2,, ,  Zr€ H*6G. since nV t l  * f i f  rc)f i  = l i  y {A511 for ol l

6 e H*6O, there exists 6'eR-, such thqt
f

116, rZ,+7'l lr< l l1{a,n6.)!l+ t '= l l i '  * a' l! .+ t '

Deno te  Z ;  =  GZ*G '  ond  no te  thq t

llE * e;!l =llZ, o azll ond ,o.(*, *Z;l = uo, ("i, * dr) .
I t

\
Then,  f rom ( l  l )  we recd i l y  in fe r  r  rq t

l lzr * z)il,

Consequent ly ,  i r ,  v i r tue o i  Lemmo 3.  I  ,  i t  fo l i  ' . .vs

* " o o . |  ( 6 , + 6 1 1  1 o u o o ,  ( 7 , + T l r ) + 2 t ( l l x t f z  - t )

or, equil 'olentty,
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^  I  t >  ,  i F  \  2R e f o . \ 6 , + 6 )  l  R e f ^  ( 6 r +  ? r , , ) +A l '  I  t  A 2 '  |  - Z '

Whence it  results thot f ^ sqtisf ies the condit ion

26 ,  (

u"2
f r  o  , ,  t  o  , ,  t  a

l l \ -Z I l  +  l l  e ,+6 ! l '2

the fol lowing rnore generol

ftKlt2 - r) ,

+ 2 t U I K i l z  -  t ) -

Hornock-dominate s A'2

resul t :  I

T  heorem 3.2 .  Let  T,  T '  be two controct ions on the f ' l i lber t  spocer : : - i

ond H' ,  respe-ctively" ,\ i ,creover let A' ,  A1€ L(H' ; H) sotisfy the condit ions:

T A r  =  A I T ' ,  T A 2  =  A l ' ,  l i A r f i  =  f f a r l l  =  i

i_h-"-. j l  A., l los,: i ;niqure exoct intertwining dl lot 'rons so hos A,r.
L

Thus, we con ,conclude thot f^ sotisf ies (8) too.
"t2

I
As'o corollcry of the previcr.rs thborem we hwe

Incleed, denoting sy Z the isometric di lot ion

Th.2.3)  thotony exdct  rn ter twin ing d i lo i ion of  A.  ( i

in ter twin ing d i lc t ion of  ihe operotors B.  = A;Pn,  ( i

Ar

of T' i t  is known

=  i , 2 )  i s  ob to ined

= | ,2) interivrr ining

r 1
(see l5J ,

os exoct

T  o n d  Z .

4 .

fet  U,  tJ '

i i ve l y .

L1i T,

be the i r

T h e o r e m  4 . 1 .  L u L B t ,

fJBr l i  = l lBz l l  = t ,  UBi = Biu',

Y be two contrcct ions on the Hi lber t  spoce :J  ond H' r 'ond

minimql isomeiric di lqf ions on the spoces K ond Kf , respec-

P B .  ( l - P ' ) = 0  ( i  =
I

Hcrneck-dcminstes

1 ,2) wlrere.  P=P, .  P'+.  -'  r 1  '  
' H '

n

"2'Bt

gl ' i l9t  A,  ,  Ao€ L(H' ; t - l )  be the cperotors A, = PB. lH'  ( i  = 1,2)
I  d  t  t l

Ilff_t' Br ,.' o^::.tj:':1}l!:g .lt!g of A.,, B, is an exocr inierrwinins

{i:n--:l Azi ! in ter twin ing d i lo t ion for  A. r ,oreover/ if Bt ilthlgl:* :x9ct
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is B^ for A.,r._ z____ z

Proof . First, by hypothesis we observe ' l :ot PB. = O,t ' '  qnd A. is

in ter twin ing T :nd T ' .  Thus,  B,  i t  on in ter twin ing d i lo t ion of  A.  ( i  =  l r2) .

Now, in order to prove thot Ll, is on exoct intertwining di lot ion for A,

if Bl is so for A' it suffices to show thot ll Arll = I

Cleorly, we hove (by definit ion of A") l lA2ll Z 1 .

For tl,e converse inequolity we observe thct, since E, Hornock-dcminbf'rs

s? i.e. l lDr r. ' l l  1cl l  o* r. ' l l  ond l l tor-n,)k' i l  < c' f f  or.t ' f f  with c,
L  ' l  - l

C ' > 0 , w e h q v e f o r h ' G H '

fl{r-e)art','ll < l/tr-rla,/,'ff + ff tr-n) (Bz-Br)h'l{<ilDArh'll * ff tnr-0,)r'"ll

< lDo,h'l/ * c' l lDsrh'l l  I ( l + c' l f oo'n'#

ond therefore,

. . ,
l l  D ^  h , ! l  = i l D ^  t , ' l l 2 n  i l  t r  

t i  t  ?  ?  n  ' ' f l 2
t ,  n2 , ,  , t  -Br" t t  l ,  ' ' -P)Bzh' l l  "1 (C^ + ( l+C')-)  l l  Da.,h ' l l  -  =

2
= c" Jloo..t'/f , for ony h' € H'

'  
Since fla.,1| 

= t, we inf :r from this inequolity thot ffnrff 
= t ,oo, thus B, is on

exoct  in ter twin ing d i lo t ion of  A,

The qbove relotion with the fol lowing one:

fl tar-n,)n 'll 1 ff iar-a, )h'll 1 c' il Dsr h' ll 1 c' /l onr ^' il' (h'€ r-{')

meon thot A., Hsrnock-dominotes A' Now the second sfotenient of this theorei ' ,

con be obto ined by referr ing tc  Theorem 3.2.

Lemmo 4 .1 . !91 Br , Bz L(K';K), l lBt l l  =ll szff = I -bS-d-tt ' . 'gjgll

'8 .  =  B^ @ S.  where 51 ore s i r ic i  contr . rc t ions ( i  =  i ,2) .  Then B.r  ,  B,  Hornack-
l v l -

- ion , ina te  eoch o iher .
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Proof  .  Consider  the decomposi t ion K '  = K16)  Kl  for  which 
'1

BlPk, ,  =  B"Py,  = Bn ond S.  = B.Pp, ,  =  B.( i -Po,  )  ,
. l l \ n Z N n U .  l l l \ l l ' f . n t '

. u v l v
. . i

ond note thot

ll or.o'll 2 =( ll k6 ll' - il80k6 /12) *(ilui il t - llsiki l/ 1
I

>llkiilz - ilsiki Il'> 1t-Ys;thil ki il2.
\

(Here kl = P*l k' , ki = PK, k'.)
v t t o l , l

whence; ,by tokins c = mox 
f A llstlf) 

7 
, (- lls2 ll 1- 

'J it ronows
L

i l  **i k'l l < c$o*, L'ff ror on k'€. K'.

I , Thererore, we hqve l/ tar-n' )u'll I ll sr s, ll ll kill < c' /l or.o'll ond qtso
i "  I

) ,  , r ?  ,  t  - - 2

fiD" k, li - =ll k,ll - _ 11 Boki ll- -llszki il 
- =

, ,  oz r r .

. ) .
= Ilo^ a,ll ' * { l l slki l i - l ls2ki l l) (l l srr.i l l + lls2ki l l)t '  o l  l l

KllDr.o'll 
' + ff s,-s, ff(ll s, ll * lts2 ll) tl ,i l l ' ,- t  o l  r .

-  
_  r . .

hence ll orrk' [l 4 ," ll o*.,k'lf for oll k' € K where, a' , , c ore constqnts;

Thus B, Hornqck-domlnqies B^,
t t

By symmetry 82 olso Hornock-dominotes B., ,

Jheorem 4.1 crd Lemrna 4.1 hove the fo l lowing

C o r o l l o r y  + . 1 .  L e j  B . ' ,  8 2 € L ( K ' ; K )  b e  t w o - o p g l t g r s . - g t i n - L e r n g 4 . l ,
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: l l t g f " g _ U  o n d  U ' o n d  s u c h  t h o t :  B . ( K ' Q H ' ) c f  O F l  ( i  =  1 , 2 ) .  T h e n ,  B l  ' t  o 1

exoct  in ter twin ing d i lo t ion of  At  = t rBr i l - l ' ,  i f  qnd only  i f -  B,  is  on e>toc i

intertwining cl.! lot ion of A2 = PHB2li l '  ;  rnoreover, B, is the unique intelt i l t f i_

d i lo t ion for  A. ,  i f -  ond only  i f  8 , ,  is  so fcr  Ao.

In virtue of Theorerns 2 crnd 5 of l2J, we olso hove ihe fol l .wing corol lory

r )
of Theorem 4.1,  concerning fhe Honkel  operotors 

' "

o r o l l o  r y  + . 2 .  L e t  F ,  F 2 e (  ( t , 7 )  ( t , {  -  s e p o r o b l e  l - i i l b e r t

'spoces) hove lhe properties

| | r , l l  =  l lF2 i l  =  I

F. , ( t )  =  Fr( i )  whene' ,er , " . * ' [ l l r . ,  ( t ) i l  , l l  F2( t )4> 1 -  0  for  some f ixed F,

0  <  e { 1

Then,  i f  one  o f  these func i ions  is  o  rn in i func i ion  fo r  i t s  Ho lke l  .oRere io r ,

then so is the oiher. Moreover, i f  one of ther' i  is ihe unique minifunction_gl_j l :

Honkel operotor so is the other.

P r c .  f .  L e t  u s  s e t

f u = T l t :  m o x l i l F r ( t ) t l  ,  i l n 2  ( t l l l  >  I  - 0 j  L Z ( t ) ,  o n a

{ n = } [ r , r n o x { [ F 1 ( t ) l l  ,  1 1 F 2 i t ) l i  J  <  l - 0 ]  t z ( t )

where /  is  the chorocter is i ic  funct ion.  then L2(  1)  i ,  the or thogonol  sum t? 'G )  = ' f .Af ,
I

crd the spoces X"  ,  K, rore invor ionf  for  the op*rofor  Uxie i t )  :  * i * ,
,) -^

Also,  not ice thcr t  the operotors Bi f  =  F i  f  ( f  t ;  L^( . f ' , ,  i  =  l ,2J con be wr i i ten

B I  =  B o @ S i ,  w h e r e  B o  =  B l P a o  c n d  S i  =  B i ( , 1 - ? s o ) ,  ( . i  =  1 , 2 ) ,  w i t h  l l s i i {  e  I .

Now,  Coro l  l o . y  a .2 .  f o l l ows  o t  once  by  Coro l l c r y  4 .1 .
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Foot - nofes

1)  This  reduct ion o l reody wqs done in  some more or . less.por : t icu lor  csses

(see for instonce t6l )

2) i "@i. ,  denotes^the operoror f lom l(  = Ko@ K',  to K = K;@Ki given

by rhe motrix ( [" fl't 

I

3)  This  coro l lory  con be o lso obto ined os o consequence of  Theorerns 1 '3  rnd

3 .1  o f  [ 1 l




