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Stability of Concorcan- 2s and the Suspensicn Homeomorphism

D. Burpnelea and R. Lashof

|
: ‘ n-1 o ,
The cz2nonical map ¢@:S -+ QS induces the suspension homeo-

E : n-1 n y ] i
morphism ‘w;(S ) =~ ‘ﬁ‘i+1(3 ). This may may be viewed as a map

. 5 > n
H > 1) ! wher 8 is the tho =8 % i .
@: On/on-l -@M(On_}“l/()n), where ()n is the orthcgonal group in R

As we will show, ¢ may be described as follows: For 0<£t<1, let

\
\

:pt ¢ O, be rotation by the angle tw, and lat Rt ¢ On-%-' be the trans-
& i, N . &
Sl 0 : ;
=i i
formation R o Define dul K O =0 ety
0 Py

U(t,h) = Rt° X LR s where On is considered as acting on the first
i Dl . et
n-cooxdinaius of R = R X R. Then ¢ induces a map

« e pi . . /‘ g
WIXOJU“I C)HﬂD mdmiwtam@ $:2(0, /O ;) =0 /O

. . -1 n .
which we will how s the usual identification. S == S . up isithe

adjoint of 4. ; b

. oy . : 2 d : e
Now :i>r othexr groups (or *-L«spaces) acting en R s and containiry
b : n
Q_, suchas Toon ok A€ g the group of homeomorphisms of R and
n g n

the space of proper homotopy equivalences of ¥~ respectively; ¥ also

defines maps U: Z{Top /To s T /To and
_ maps ¢: Z(Top /Top_ ) P/ ToP_

(G s t fThis i use of rotati 5- ictly
/Y I-J(C!]‘/Gn"ll Gn+l/c < This is an abuse of notation s‘nce strictly
speaking the cuotient spaces G /G , for example, are not defined).

n-1

. The adjoint ¢ then induces homeomorphisms ¢ :+ (Top ,Top laee

. il ES 1 n N=2
1t (Tep L Fep. Vi and simailazly for G . Since 2
n+l n ) n

o it



@) e O /0 ) dgian isomorphism for I<W2r=3, it is
(O / n- 1 1( n+1/ n) s o
natural to conjecture that the same holds for the other spaces. In
fact, since the inclusion of O  inG_ induces isomorphisms
4 O M=o (G ,G for i< 2n-3 [see Y, the result holds
ﬂ‘i(Oni D.*l l( n In“l) ( [9}},
for G . : &

n _ :

In order to prove a similar result for Tdp_ it is natural to
: Al

.
\

consider thie homotopy theoretic fibre Fr* ) of tha map
To O 1o Q7 or equivalently the man O /O = Top /To .
pn-l/ n-l pn/ n d A n_/ n-1 Py/ Ph-1
Note that ¢ defines a map ¢:¥ , = . Now in [ 6 ] it is shown
: n- 1 :
4 (ol Wil

Aiat . o o 3 :
thatithis fibre 12 € (S ), the group of topolo cal concordances or
) . n-1 ]
pseudo-isotopies of S . Purther it can be ahO\« ‘1 that @ correspon
\J S
. 0 5 t, n-1 n-1 | A it
to a composition of maps: C{S7 ) —g€> C(S X I)—> QC(S7), where

g is f-iX id, and A is 2n-3 connected. ‘

- : : = Lo ?
Now Hatcher [2] has shown for any compaﬁt PL-manifold M |
. Lot T e e . : i \
that §:C'(M j =~ C (M X1I) is v(n) connected, where v{n+l) > y(n
and Lim y{n) = co. Thus if v{v) were sufficiently large the result
n :
for '.‘L"opI~ would follow. Unfortunately, the best rcsult for y(n) so
far is roughly n/3. Explicitly
] \ i St ol
Theorem (A.Hatcher): @§:C (M) ~C ( By Sl atileact

(»~10)3 connected.

S N e _PL
(Hatcher's resul’ is for C -‘\Mn), butdor n 29800 N GV,

see [1] =

Q

D)



It turn¢ out that by ising Morlet's comparison theorem [ﬂ to
translate from topological ‘o smooth concordances we can not only 3

overcome this problemn but also prove a stability theorem for smooth

concordances.

" The s:ctions of this paper are as follows
.

§1 The suspension map: It is proved ?ha.t Lp:ZOn/On_l -'- On+1/on

is the usval homeomorphism. :
: & fi _mjiccn ovey ¢ M anc f‘DC” R
o d N
§2 Representation of C (M)/C (M) as a sace of secuons‘.\ The fibre

g ; . e : 2OURGE A
is F1 and, in particular, it is shown that if M has a trivial
i ) fe

£ L,
tangeut bundle then C (M)/Cd(M) is humctopy equivalent to the

W/ oM
space r Ly oi base porxt preservmv maps of \A/OM into- F

Similarly, it is shown t%at C (MX1I /C (\iXJ u'(@gq“ M/BM '

§3 The stability map: It is shown that a0 Ct(M)/Cd(M)

& Snd XL 3 i . ;
C (M X 7)/C (MXI] corresponds to a map of sections. Theorem 4,

§4 Proof of Theorems B through E: Ouilire of the argument: If

NV C T DE, ithen G = CIDUEXE («1) C,(M) = c(M)/C(Dy))

0 .
=M :
D: C Int 14". Then C \i\/C o /E'M, MO =M - Int Dél
n
6- k :
In particular, for M =S XD , we have

- A ¥
(4.6) cg(s“xmk)/c“snxr‘) 0, cg(s ‘/cogs ><D“+l)

kF i sripite
n+k % nik+1

k+1




- ‘ d k
commutes. Further by [2], WiCO (SHXD F=initfor i 2nsd

; ; Lo k 1ol k d <
Since CDTY is teivialCH (e kD> co(srxr) )/C (B’

is 2n-3 connected. Thus (4.6) and Hatcher's result shows the

suspexsion map ¢: Top /Topn‘ %Q’fopn,]/Topi is roughly
n Tl Stk T o

1

n+y(n)/2 or nin/b connected (Theorem B). Theorem B and

¥ N d “ 3
the result of §3 give the stability for 'C (M) (Theorem C).
\

s

Theorems D and E give spectral results for k-connecied mani-

folds. :
e
§5 Invariance under k-equivalence. If Ml and M, are smooth
: L
' , s e 70 d,
compact k-equivalent manifolds, then -rriC (Ml) o2 ‘n*iC, \MZ) for
1.2 k-2 ety il :
§6 Concordances as homology theory: ILet K he a finite complex

§7

and NTI(K) be a regular neighborhood of K in R s

Ct(K) = Lim Ct(N (K)): then Lim = Ct(SJ;\ ) e 3 (X),
n n j pty p
where ¥ is the spectrum {Fn} :

1

Algebraic consequentes of the suspension isomorphisin. As was

= 3 3 s : A Ll A i a‘rﬁ
first noted by Iqusa, Theorem B implies «w,Top = w.Too9d Top
: i n P e LB o

where . (x) = -rri(x)® Z{1/2), in a range roughly i<n/6 +n.

3

Further, under inclusion in Top 41
n

j a a
allyrand the second trivially. Hinally a Tepr =4 . Top ;
Y »k' 7 # it Pn. i+l En.—i-Z
a, e, : : A
(Here +, Top s the antisymmetric part of T.(Top ) under
3 n X i n
/1 0
: G TR N
conjugation by T
\ ¢ -1 :

the first-factor goes isomorphic-



1. The suspension map '\]U:ZOH/OH.,1 Thon-:-l/on

: e
el el o S E RN Let & = (0, i) e B

1

Write x = (x

: =5 )

Following Steenrod [ 12], define \:5 - (-en) ~ O_ by letting X ()
be the rotation which is the identity on points ortiogonal to both x and

‘e , and rotates the great circle through x and gt a8 to carry e '
n .

into: x. . In coerdinateis;

: =
Wi
alx) = p G s : lsa,ﬁf_n-»l
. Xn-.-l
) Rl

Then ) (x)e
n

H

x. 4n easy computation gives

1]

q;(t,)\(x))en+l (x1 sintw, ..., % sintw, (1 -xn)sm twcos tm, x sin tw +cos o)

Iiow | extends to o and definés a homeomorphism from the (reduced)

]l n
-suspension of S o S,



£ 5
§ 8, Aoplicetions to immersicns : Keefliger-Millet haV% shewn
for the topole giéal Stiefel manifold Vg ptEmbt(Rp, ) that
! 4
. > o - t
there 18 8 2n =« o connected mep : 3 ;
bs P - JA N Vn9p > G’n/(ln_p 2
We show for & somewhat largsr range that
A LA - a
R e WMo @ U gy
N, p i'n" Tn-p i n,p n,p
B d HE e g
and AL (VY \ =9t
gnd 3 ikt gngp) 1+2(vm+2 Yonkg ! Vn+2 i prEe e

b3

§ 9, Applications to sutomorphisms, concordances &nd nile
potencies : We shew that in stable range (which means "for:
the Postnicov k=th term with k ¢T(a) , T(n) being the,
gtabilisation fun@t’Oﬁ 1n tha apprupiste categoryW and
Y | o 3
localised &Way 2, A % 1) end A™ x S alets up
; : e & \ & 8 .
as product of A ama) ®hee ) e MAE (e ) ie hom obony
: b o h 3 g R D : \
equivalent to A(e...) and A(MxI)x A (MxI7) is hono~
topy equivalent (in stable rsnge and loculised away 2 )
e ’ S S o) >
to C(M x &) . Moreoyer, AT (Mg} & A (MW x 7)o Wy
N . 8
&lso show that A (M) ~ /J}M? X /J’(M .3 I) 4
2 : !
.Af(m) &*Af(m e s {(in stable rangs ond 1ocallsed away

P
2) o % We' menticn that Algiocs ) e&sn be theoretically
computed e&nd carries the topological properties of = M o
vhile ol x 1) is only & homptopy theoretical

invarient.



Let At(Mi) be ihe group of iomeomorphisms of M- wi?;h the
compact open topology and Ad(l\-) the gréup of Jiffeomorph“isms
of M with the Coa-tc:pology, f_‘:i%l_on oM (or n:-.ére gener"ally on ‘
a compact smooth submanifold 'Nnelc 8M). Then Morlet's com-
parison th.corem as elaborated in [1] states e is homotopy
equivalence)

Theorem (Morlet): At(M)/Ad(M) ~ P(Bn(M)), where I' denotes
the spacé of sectionsy SN == Bn(M), with C-0 topology qu'cjh that

A

s|oM = sgl8M (er s|N= solN and s|aM: azvx—«»Bnﬁl(aM)»«_Bn(zv;)'\

and s represents a smoothing diffeomorphic to M. The homotopy

equivalence is induccd by the differential,

Remark. Strictly speaking, A_d(M) is not a topological sﬁbgréup of
At(M), and At(M)/A d{M) should be thought of as the homotopy
theoretic fibre -of the_map. BAd(iM) - BAt(M) of the universal base
spaces. Actually Ain the proof of the abo?e theéfem one treats thé

iow A d : t
groups semi-simplicially so that A (M) is a subgroup of A'(M)

%
and the s.s. space At(M)/AM(M) is defined.

t’ 5
Now let C (M) be the group of topological concordances of M

d 4 1 200 o
and C (M) the group cf C concordances, fixed on M. I.e.,

C(M) = the group of automorphisms of M X I fixedin M X 0 w 8M X L.



aiff

't(\ \ .
P (M) =s a space of sections.

2. Represercationof C

(M)/C

Let M" be a smocth compact rmanifold, n > 5. Let P(M)

be the principa: ’I'opn bundle associated tv the tangent bundle of M.

Let B_= Top /O andlet B (M)=P(M) X B, the associated
n o’ n R o Top, ™

bundle with ‘ibre Top /O_ . o

e ,

By smoothing theory [7], the isotopy classes of smoothings of
(the topological manifold) M are in one-tu- one correspondence with

the homotopy classes of sections of Bn(M) wo et ‘M - Bn(M) be

s
0
a section in the homotopy cliss defined by the given smoothing of M.
If OM # §, then the given smocthing of 8M corresponds to a class

(6M) and we can assume that

: ' 15, 3
s | oM: 8M = 3 (M) |OM is of the form M e (aM) e (M) | 3M,
e =10 n n-1 n :

of sections 8M - B
- Tn-l

8N

where tO is in this latter.class, and j is the natur al map induce
. ‘ -
the obvious map Top "l/O
S Tn-
Mo d, : 3 e : !
Explicitly if P (M) is the associated principal O bundle ts the
2 7 \ pELBETD n
3 Jo il d -
tangent vector bundie, then we can take BM) = P (M) X Top . Then
O 1 :
n

J

o Topn/On.

- : - 4 :
Bu(M) = P(M)/On =P (M) X Top /O_ has the natural section
4 N il i ‘
» d, ’ . d/ /»-l
s eMissBEIMY X O /0 BTN T Ren O
0 o, ¥ n @ G

ST



(2.3) Fn - ED(M) L. ‘Bn(M)’ p [, )\ 1= [x,2(0)], with section
o Bn(M) - En(M); olx, b] = [x, o(b)]. .Wg may then describe
Ct(M)/Cd(M) as sections s: M - En(M) s.uch that pes = 5%
and s|8M = crsO]aM. '

Equivalently, taking the induced fibration over M D g

0‘.
¥ = ¥
I
SOLn(M) S E.n(l‘:I
l : p ! I o
M = BR(M)

¢ 1 5 Setiie
(24)  CM)/C (M) ~D(HE (M),

|
I

"“sections siM -~ s*E (M) such that s|OM = 5. | M, where
0 n . 0

— o - * =0 . o= . (°
Sy M STO En(M) is the induced section frém s

Remark 1. If the tangent vector bundle of M is trivial, then

| \ \/ 5
_ Ct(M)/Cq(M) & F;A/al i, where we write Z-ZA for the space of 2

base pointed maps of A in X with the C-0O topelogy,
(If M =g, M/aM = M u pt.). -

25 Fn is the bomotopy theoretic fibre of the map

.TOpn/On = TOpn+l/On+l
- : n ;
3. Naturality: Let N C Int M” be a compact smaoth sub-
manifold of codimension zero. Since he C(N) is fixed in ON X I

e x
it extends by the identity to h« C(M). Thus C(N)C C(M). Also



Then by Morlet's theorem we have, since Bn,l(MX I)=B , (M)XI
- S

(‘Bnﬂ(M) =PM) X B

)
Top nitl
n

(2.1) /et ~ T(B_, (M)X 1)

sections s:MXI~B_ (M)XI, with s|MX0 v dMXI = Sy

‘:M-=B (M) ~B
e n

Xid and
(M)X1; s

s|MX1:MX1 =B (M)X1 =B (M)
. n

n+l 0 +1

‘representing the given smoothing.

 To put ‘his another way, s is a path of sections of B_ . (M)

n+tl

beginning at s_. and ending in Bn(M) C Bn'l(M)' To exploit this we
aT

0
make some definitions: ., 'z iwe e A ZEutR R e paths»
= -

in Z beginning in X and ending in Y iwith the G-O topology). Then

wielet:
En 7 A(Bnﬂ : Bn’ Bn)
= R S
Fn L nll Bn)

We have the fibration

i ; pk o Sy
(R B o Bl

Let. o*:AI-?Sn o En be the cross-section of(h):1l -~ b, the constant

.
-
C' &

path. Now Topn acts on Bn, Bn+l and aence on En by

{en)(t) = g{ X ({t)). Further p and o commute with this action. Thus

if we let 'En(x\&) = P(M) X En’ we have the fibration

2ife) pn



&

1S1r\Xfor r<O ande‘rt"Oi Let

Al ' ;
Gn S (Bn+2’ Bn+i’ Bn-H.)
Z
= % .
Hn ,A (Bn+2’ : n-§~i)

We have the fibration
(2.6) H -G —&.B e el st =

Note that H_-x may be identified with QF
4

n+l
. 2 : .
‘Take a fixed retrazt p 11~ - Ropats with. r = 0. Then we have a
cross-section o ': B G , 0 {w)=woep. Top actsonG and B
“ntl DAY Tt : n n ntd

by (gu)(t, ) = g{u(t, r)) and g{w)(t) = g(w(t)). Further p and ¢, cornmute

with this action. Thus if we let & (M) = P(M) X “‘;Gn and
I 2 ’loon
B M) =B % B' ), we have the fibration
nt+i Top n+4
N
A .‘.. 3 o\ ___p I .
(2.7) H Gn(M/ S Bn+l (M)
"2

-~

We may then describe C (M X I)/C-d(MXI) as sections s:M - Gn(M)

such that ps = ¢ s_ and s]8M = g 50}8M where

=0 271
Wi 2o B . (M) _i':l__‘. IBI (M), o, induced by ¢.:B - BI
n+l n+l Ci) ! : 1" "l 1wl !
o (b):1 b the constant path. : |
@2 8) Agoin we may describe Ct(M X I)/Cd(MX I) as sections of the
ok i s i : 4 o
pul] back So l(G (M)) =~ M with fibre H = F o §18Ma sojazvi,

s the section induced fror e
0 3Ll m O"ZG"I 0



=10

*

P(N)C P(M) and sOEn(N)C SOEn(M) are bundle restrictions. Further,

* . s 5
8 eI‘(soEr(N)} extends to Eer(ngq(M)) by setiing s = 5 outside N.
1 X

Then

c'/cim) ~ T(sE ()

] i

Ct(M)/Cd(M) ~T(s*E (M))  commutes.

: ] t Jdr
Next we want a similar representation of C (MXI)/C (MX1I)

as a space of sections. Since C(MXI) = automorphisms of 4XI”

L
o R LW ‘ iy 2
fized on My IX0wd(MXI)X I and ; Bn+2(b/[XI )= Bn%—Z(M)XI we i

have:

& 5 s
(2.5) Ct(Mxx)/cd(MXI) ~T(B_ +2(1\«1)>< 12),

seetions &l MX 1= -BMZ(M)XIZ ézi‘.;h S[MXIX0 UB(MXI)XI =
|

; ; !
X id and ¢ RS (L=t i SN = M) XIX1;
s, % id" and s|MX1I MXTX1 z,|n:+l(m,x;><1 Bn+2(\4) IX1;
}
8qi M == l'-jn(l\ﬁ) - Bn+Z(M) represeniing the given smoothing.

|
It will be convenient to use polar coordinates in I~ so let
P

2
I-=[<1,1]X[0,1] and take coordinates (r,t), 0<t< !, r<1, where

2
(x,y) € I is of the form ((r-l)costm, 1+{1-1)sintx), Note that
C(MX1I) has as deformation retract the autcmorpnisms of MXI

L
fixeddfor 1< 0.

Now s-is a 2-disc of sections of B___(M) with s = s, for r=?
Ta -

and with s in Bn-‘-l(M) for ti=u0; 1 iRor il le WG Z ) et

2
A (Z;X,Y) be the space of maps u of I into Z such that the image



= )3

3. Tﬁe Stability Map
Define ¢:E_ -G by @(7\)(3‘, t) = ¢{t, N (r]). Then

¢a) @|F:F -H =QF is the map defined in the introduction.
¥a "n n n

+1

b) pe= ¢ °p |
e pln) = 01(7\(0):) = constant path at \(0) e Bn; Bn%l

p¢£X )it) = blt, x{0)) = con-stant path‘ at .X (0) .

c) ¢ commutes with the action to Topn :

d) gos = g, 00, .

(3.1} Here ¢ induces cp:En(M) -’-Gn(-M) with

s k]
n

n n
p : lp
oo T i
B (M) B (M) commuting

n n+l

Further, given s:M - En(M) Wwithi ps = 5o and s|o0M = USOIBM y

: 4 A
En(M) > un(M)

84.
Pl |7 Pl |02

M % BB o M)

(
80 0”1_‘ ntl

we get os: M ~ G (M) with pps = o-lo pes = .ylo SO and :ps]BI\«i = oS
n

0

T

2

S

o



o Ao
£

7 A

; i‘fﬁRemark 4. If the tangent vector bundle of M is trivial,

M/5M

:ct(sz)/cd(Mx:) r @F )

On the other liand, applying Remark 1 to MXI instead of M, we

: ; MXI1/8(MX1 Z(M/oM
have Ct(MXI)/Cd(MXI)NF il ) = F ( _/. )

n+l il ITRES S

to check from our definitions that these two representations correspond

Z(M/oM
under the adjcin! identification F o =QF e :
; : feen n+l i o

e a bl :
5. Ct(MXI}/C (MXI) ~ I"(sé‘crf‘Gh(M)) is natural with respect to

\

3o St 0"
N'C v (see Remark 3).



S

~
I.e. we conjugate h¥! with idMXy , where ¥:[0,11%[0,1]-[-1,1]%X[0,1]

is defined by ¥(r,t) = ({r~1)costn, 1 » (r-1)sintw) .
IJ(‘*ﬁm’tion‘. glhliz 14 M yah X 3‘ id \(ml .
Befinbion.  BRS o

S i 0, g(h) extends to all of MXIXI

Remaxrks. Since h = ident

by making @(h) = idenvity cuiside the half disc

t pear r=0,1, @) is smooth if h is smooth.

Since h 1is a product

We now compute the differentizl D#(h) in terms of Dh. First we
need the differential of v: - A ‘0
Z 4
Dy = costw s lysintr },/-*oé tw -sintw i 0
i
7 pod ’g
sintw w(z-L}costn /  \sin tr cos tm 0 w(r-1)
I \ 1 Oysdhmbisi g _.
, Then D@(h} = R, °*DhX1e R, . Since
PRt 'nwl\/ 0 w(x-1),
i
I 0 4
= id X ( '} commutes with Dh X 1, we have
0 w(r-1)
- L 0 e 1)““1 ]
(3-3) Dg(h) = R eDhX 1sR =, and

- g S d
Theorem A, §:C {M)/C (M) = C {:\fxx)/c (MX1) corresponds to

e ions ¢: I'(s¥(E (M) = I'ls* ¢*CG { P
the map of sections ¢: I'( 0 ﬂ(\&)) Tlde lcn\M)) of (3.2)



Fdge

" Thus

(3.2) 9 defines a map of fibrations; i.e. a commutative diagram

@ :
B Y -y
Fn‘ hn Fn-H
v ‘ %
% %o %
E (M) — G_ (M
SO n( ; SO 0-1 n( ) ; :
! \4 iy > Y\] -'___,_\\
N M = M s 5 V
; e b
Further g I‘(s;Ln(M)) = r(ngTGm(M)): the rections s with s| oM =‘_s-0] oM
Next we show that this map ¢ of sections corresponds to the map
. o ! : ;
g:C(M) = C(MXT1) under the differential.
, i : .
First we may assume cur conco:c‘dance}’/s.f LML == NI, o

|
il ;
h|MX0 WLIMXI = identity, also satisiy a|M X [0, €] = identity and

e »
h|MX[l~e,1] = 1, X id, h1 ¢ A(M). I.e. the subsrace of such con- Gy

1

-

|
: ] 3 i !
cordances is a deformation retract. ‘
: 1’. ‘ " .
The map @ is essentially h = hX1l:(M>I)<I - (MXI)XI, except
that hX1 is not the identity on 8(MXI)XI. In order to correct this ané

also to make @(h) suooth when h is smooth we view MXIXI as in the

picture below (s2e [ 4 ])

A

(0,1]




N d : i
Thus it is natural to use the notation C{'(M)/C (M) for Ct(M) o (Dn)‘,
3 i e 0 (g)e d :
: S G ()
Now from the map of bundles .
- i ' d t d
D) = e i~ ol
Cd(m)
n i t !
Sm i~ ol e oY ¢ (0™/co?)
cd(oh)
we see that we have a homotopy fibration
i d, i g 3 ey x
(+.2)  culw/cien - caa/cte - cipt/cion),
t n, skl Iy v ,‘d e h - A
since C(I n) = C(D K@ (Jn) is contractible.
cYpn) |
Sinerei; BB foE Wi o B e e b oot saialion
Since D, g 7 M/eMT is a homotopy equivalence we

4 B0 S 6T ;

see that M/8M =~ {M /M) D /8D", where W= Dél s Thus
B 20 s :

f D /8D M" /oM
e ~ F Ko e
n n n
: : 0
T2 S ol e disdsisid . Mo/ga M ]
Hence CO(M)/ C; (M) = C(M)/C (M) = Fn /e Fn _/8M is

a homotopy equivalence. Thus the differential induces

0
LY I Bk d i aN
(4.2) Co/C ) R " e

. n SanEes TSP ey ol i o) % ;
Given NOC Int M ., if we tike D - N C M CD , thea (4.4} (4. 2),
(4.3} are natural w.r.t the inclucion C(N)c C(M). Sumilarly, we have a

natural homotopy equivzlence
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)

.4. Proof of Theorems B through E.
Assume that the tangent vector bundle of M is trivial and let
1 t A cioal t d
I C Int M". Then by naturality C (0)/co) ~ c vy/c )

n n y
‘DQ_ /aDe by M/BM : ! 8 n ¥ _\'ﬂ
Fn i under the map M/d“/i - D, /Cr}.lg which collapse»sv__

' n -
MO = M -~ Int DE to *he base point (see Remarks 1, 2, 3).

\ ‘Iffuzther, Mnc: Int Dn, then C(D;)C C(Mn)f;ﬁ; C(Dn). Now C(D;)-wt

: : ; . n N : : '
is a deformation retract of C(D'), by uniqueness of collars. Let

CO(M) = C(M)/(,(Den) and let \g: C(M) - CO(M) be the quotient map. Then.

o ; s . 2 . .
- C(M) . C() X C(M)g—-—iw C(O(lV'i) X C{D"Y) is a homotopy e-uivalence. |

e A D e e ; . s . L
Since C(D") is contractible by the Alexander trick [cee 2n,

t : i
C (M) - CS(M) is a homotopy equivalence.

; 3 fed
N § Taking the associated bundle to Cd(i‘\”«‘ ool do) Ct(M) X Cd(Dn) -
: . d N d_n
it T BT et C, (M) = cC /o))y
d t d &, (ol L LanTy
SHM)/C (D) = Ccly X ST e X ety
| cd(n?) cYm)
a t
N
Co M) - ‘CO(M)

we see from the commutativity of the above that we have 2 ho notory

{ibration

d t i s
(4.1) Co(M) = C (M) =~ Gy 3 c(p%)

. cding)
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t..n kel
(4.8) wict(snx D) w.C (sr‘x SRR f
d*i o : d*
@
k & k41
4 o b . Q ,
LT ERY B g

commutes; and for i< 2n-4, d_ is an isomorphism and for i< 2n-3, d.*
is surjective.
Remark. The above argurnent shows that (4.8) holds for k> 0. However,

: t.n B
as remarked in the introdnction C (§) = Fn is a homotopy equivalence

and it is not difficult to show the diagram comimutes for k = 0.

Thus, since § is yintk) connected, we get that ¢ is in{(y(n+k), 2n-3)

k K i o :
connected, ¢ :Q Fn-!-k QQYHFn-i-kH' Tzxing k s‘ufflc.muntly 1arge so that
: A : k. k+l :
y(n+k) > 2n-3, and letting r = ntk, we get that ¢:Q Eer F"-H is 2n-3

connected, and hence that ¢: Fr o QFr+l is 2n-3+k = r+n-3 connected.

" Letting s = n-2 we have:

4.9) o F_ =QF . is r+s-1 connected when 2s+1 < )i

¥From the map of exact sequences

(-Q; -in gl v - e . \{
Tr(:;(Or-H./o:c) TriTopr+l/lopr wi(Topr{-l/fOpr’ Or-!-l_/or) L

lqo Bt % Z

10 o/ Ol =y (OB ST b =2 \op il e iR

using that ¢: Or+l/or = (C“'-Z/O ) is 2r-1 connect:d and that

r+l

'n'i(Topr\H/Topr, Or+1/or) & -r:i_l(,‘Fr), we get that



e,
- -t

(4.4)

s A d Med
CO(MXI)/CO(MM) ~ (m“n

0
\M/0M

+1/

Further, frcm the commutativity of the diagram
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' 0
d,_n t a d M/om M /oM
¢y x o'y -~ cloeacten S e -l
Sl 3
g g L ¢
v dyen t A M/oM YooY
C'(MXI) =X CH(D"XI) = C(MXD)/CT(MXI) — @F__) s rem T
cd{mx1)
we ;;et ; y e
| g
t d JanT NG ol
g AT
(4. 5) CO(M)/CO(M) =R
e i g | P
; o O)
t ol ek M /oM
y T ~ | Wohe 15 .
CO(I\4XI)/CO (MX1) =~ (QFD_%_l) | LOﬁlmu*es
In particular, take M = SnXDk, then M/BM 22 Skv Sn}/k and
0 Jid ool |
M /8M = S . Thus from (4.5) we have: ; i
|
e i - | B3
: ) k+] “&
€y G
o % S
: d L .
Now by [2], 17iC0(SnXDk) =0 for 4 <zhsd UAleolsinde C (DT Juis
contractible, rriC.'fSnX Dk

(4.7)

and surjective for i<2n-3

t k :
)ﬁviCO(SnXD ), all i. Hence

toin k St k. d k .
-n'iC (5" XD )~ n‘i((..,(;(b XD )/CO(S X D7) ‘is ar: isomorphism fo

i<2n-4

r



d ' a '
Theorem C. a) ¢:Ct(M)/C (M) -G (MXI)/GTEAXI) s -1
comnected, .2s+l £ y(n).

i

b) yf:Cd(M) - C (MXI) is s-2 connected, 2s+l = v{n).

29555 g :
I¥f M is an arbitrary k-1 connected compact smooth manifeld,
Al ~ "
v,(C,‘) (M)).= 0 for i < 2k-3, and k& n-4 if OM is not 1-connected, by
" ’

Theorem 3.1' of [Z]. ‘

L ¢ n :
Theorern D. Il.et M be an k-connected compact smooth manifold.

Then

d
0

t

a) 1ri(th(M))ﬂﬁTi(CO(M),C (M}) for i<2k-3, and k<n-4 if oM

not 1-connected.

i :
) vi(Ct(M)) = ﬁi(T(ngn(M)),FD /SD 5 e e ol
if &M not l-connected. .
. : g
, t t i M /aM, ~
o) It surther/ Mo C Int D, n,(C*(14)) = (G4 (M) O (M) = (F / )i :

3< 2k-3, and k<n-4 if M not l1-connected.

! M)

o

B
M)). =1 (v

i‘iﬂi(Ct(I\fi)/Cd()«i), chintes iy, S

t
Proof. 'rri(C (M)) == wi(C

Tius a) and b) foliow using (2.4) and Remark 1. ¢} follows from {(4.3).

n n s :
¥ M C Int D is a k-connected compact manifold, note that

Sl 20 :
dim{M , M) € n-k-1, and so from (4. 5) and Theorem Ot
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@ TOpr+l/TOp1‘ -G Topﬂaz/Toer is :inf(rts,2x-1) lconnected, 2541 < y{wa

Theorem B. ; S : i

o 1 C\ n oy : ’
ol e 'ﬂi(Topr%—l/ r=§~l’r0pr/0r) Ti—f—l(TOD ‘/Or+2 Topr+l/or+1)

i ol 2

is surjective for i< r+s and injective for i< rts, 2s+l < y(x).

. . / L . « ot . b
B o m(Top_, ., Topr) wiH(Topr‘{’Z/Toer) is surjective for

i<r+s and injective for i< r+s, 2s+l< in(y(), 2e-1).

Next we use Theorem A together with Theorem B to get results in

1
‘ d e
the stability of C (M). st

Lemmatd. 9. ' lLetop.:E. —~ B be fibrations with fibexr: F., i= 1,2
- sezenl ‘ i

and let ¢:E_ - .E2 be a map of firrations over the identity. Let

1

o ‘
54:B = El be a section. ILet (B, A) be a simplicial pair of dim n and

I“(Ei) ' the space of sections s:B = Ei such tr‘;at s|A = Hisfostin= 1

"0
and sjAchoso fes dimnZ. Then if g -0}'?? is n+k connected,

-

1
(o): I‘(El) ~ I'(E.) is k-connetted.’

gt e
~

Proof. We nzed to consider homotopy clusses of sections' .s" of

- - HG i b - .
idX p,iSIXE, ~S*X B sach that s|* XBu S XA =1aXs, (or idXges).
1 1 9 X ) B,

% 5 s sdx E, is the same as the fibre of

oince the fibrecfofsidiX or 5

Fl - FZ’ a section s:SqX B -~ SqX EZ lifts to'a section of s x El if

gin' < k+n. The lift is unique up :o homotopy if g+n < k+n.

Thus we have;




5. Invariance under k-equivalence
n n

In [3], Hatcher proves that if M ! and M? are compact k-equivalent

PL manifolds, then rriC pi (Ml) = wisz(MZ) for i<< k. In this section we
demounstrate a similar result for the smooth categor.y.

Let M" be a smcoth compact ma.nifold and let € bc a smooth {recfcor
bundle over M, and D = D({ ) the associated disc bundle. Now
_Cd(M) @ COO(MXI,MXI; mod M X 0 v M X 1), and the function space is con«»-‘
tractible to thc; idéntity raap. rlence we 'have a map from Cd(M) to smooth
bundle maps of D(S ) X T the identity over M X0 u 3M X I. This last maps
intc Ad(DXI; modDXOU(DlaM)Xi). .

Now tiere is a map Vi Ad(DX I;modD X050 D]?M X D~ Cd(D); e
by using a coli.a.r neighborhood of the sphere bundle S =S(€) inD(E ), we
may identily D X I with itself in such a way that SXIw DX 1 is identified
with DX 1 and the collar of SX 0 in DX 0 is identified with S'X L In
fact, we may assume h e .Ad(D;(I; mod D X OVD] OMXI) satisfies
hi(collar S)X I= (h{S X I)X identity on the cc'lar parameter. Thus as in
section 3, conjugate h]S alG T, ;Nhere the last factor is the collax parametér,

- 11

-1
using essentially vy " |[-1,2]%X [0,17, as.in the diagram below.

D'e) Dle)

collar collar
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o
\

Fheoorm 5. Lec M C Int D", Then it M s kcernceicd

d,
o

d : :
a) ﬁ:Cé(M)/C M) -a«_c;:(sz)/co (MX1) is k+s connected, 2s+l < y(n).
b) @ Ct(M) -%Ct(MXI) is inf(k+s, 2k-3) connected, 2s+l < y(n), and

k< n-4 if Y'BM not l-connected.




al

i
son .

|

n :
Theorem F. Let M~ be a siooth compact manitold and € a smooth

vector bundle over M, then P i n"iC (M) ~ :-riC(D(E )} is an isomorphism
for i £ s-3, 2s+l < y{n).
¥ E i

: 1 2 :
Now suppose Ml and Mz are two k-equivalent smooth compact

i
i

ranifolds. Let Ni' i= 1; 2 he the regular neighborhoods of the k-skeletons

of Mi. Then n'i(C(Ni)) - wi(C(Mi)) ig an ﬁomorphisfm i

‘

k<n-4 by Theorern 3. 1! of {2].
n2+S :
Now embed N2 ine R s 8 sufficiently large. Let v he the

norwmal bundle. Then if s is sufficiently large, the hormoto equivalence
P 3 =

Nl - N? is hemotopic to an embedding of Nl in Int D(vz). If v, is

the normal bundle of N, in Int F‘-{vz ), we have D(v. ) ¢ Int D{VZ ) B hen

4

again by Theorem 3.1! of [2], wiG(D(vl)) =~ TriC(D_(VZ)) for' 1 < kg,

k<un_ +s-4, Thus using Theorem F we have:
& $

2
eS| n i S
Theorem G. Let Ml 7 MZ be k-equivalent smooth compact mani-
. d Sl S O '
dolds. Then -.riC (Ml) & 'rriC (MZ) for i< inf(k-2,s-3), k< n, -4,
. o

-

25+l < y(n],), ji=1,2.



Note that if £ is the trivial line buﬁdle, 1 e. D(&E )= MXI,
CpiC{M) ~ C(MXI) is homo»m[.)ic to the stabilization map @. In fact, the
map C(M) - smooth bundle maps of D( €)X 1, the identity over
MX0 © 8MXL, is the product map. g = gXidI. But in *his case p =@, up
to an obvious deforma‘cion.(

Next observe that if & and n are two vector bundles over: M,

then pulling n back over D(E},

\

" commutes up te horotopy. . |

T
Thus if n° is an inverse of then £#8®n =1 and is
e ; G ol r+s Peas !

A

e CTee ! rts : .
homotopic to the stobilization map #:C{M) =~ C{LIXD ).  Simce ﬂ(* is

an isomcrphism on Tl’iC(M), i<<d, p . ‘iginjectiveand ' p is epi if
g x> n o

p g ok ’
i<<n. Likewise GCID(g )) —= C(D(¢ ®n)) —L= C(D(ED 7 B ) =
i 7 . ; ot o
C{D(e)XD ) induces an isomorphism on ., i<< ntr, and hence p
is injective and hence an isomorphism for i << a. Hence

P

; :-rriC(M) c “w,C{D(e)) is an izomorphism for i<<n. Thus we have

[ roved



o TS

: C’ L p % t g - K = : \
In. fact, .Tl’p 0 (K) l;lm [s" A Kn, £ n] L;.lm Trp-{«n(lnA <) f}:p(K,.

‘Since gvp(h) is an hgmology theory, it follows from Theorem H
et t/d J PN t./d t/d g R
that T CO (S7 n R) 2 i (:O (K). Now éfo (s" A K) =

g(Nq(SJ A K))/c(f(l\rn(sJ A K)). But by Theorem D,

s t z j T \x\m e t' j '(—' d" j ] “ i :
wic (Nn(S A K)o~ .,icc,(Nn(s A K))/JO(NH(S AK)) for 1<< 2j§-5, for

Lim C
n

la,:::ge. Hence if we let C’L(K) = Lim CL(Nn(K)), we have:
n

’

’ B
Theorem I. Lim v . STA K)o :';7; 198
sopemal Limn o GBI = 700

: t,n T : L% t
Remark. Since ¥ . = C(8'), 8 ) = him o ) = Limir ¥ €05 ) =
g o= G5, Fs0) = Limon B )= Lime CYST)

Bodon . G (ST
n P ' ‘ 5
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6. Concordances as a homology theoi‘y
Let K be a finite complex.' Then for n sufficiently large, K embeds
in §°. Let Nn = Nn(K) be a regular neighborhocd of K in - Again for

n sufficiently large Nn(K) is independent of the embedding. Now by (4. 3)

0
d FI\« /ew.
DRy OV n

* A % :
n-1 ' ‘Kn-»l the Spaéler-

0
: But Nn/BN ~ ZK

* n
Whitehead dual of K in Sn; S S - Int Nn(K). In faiet, if we let

n-1 3
D =g D;‘ : Denc, Int N ¢ 537, then KI;*" e Tat P o
NY/oN = DP/k* = TK® . Further, it is standard that K =~ K
. n-1 el n-1 n
~and Nn+l (K) = Nn(;{) XilaThus We na;re:
e St 1 S |
5 me gt el A i

and by (4. 5) the commutative diagram

t d iy
(6.2) CO('Nn)/CO(Nn) T

| ﬁl ‘ : l¢ ’t |
o S o o

t e d
N /C -1- - oW
Co( 1_1_1_1)/ O (T\n’]‘l) \Sdr

~ Let 94 be the spectrum {T«‘n} Write  for the suspension spectrum

t/a e Bk o
o i vo(l"n(K))/C0 (Nn(h))-

b e 2
of K and KX for {Kn'} ey
n

Then by Spanier-Whitehead Duality, [11], K is the dual spectrum of X and

/a |
(K) = EEP(K)-

t
. Theorem H. T C
——— e p. .0
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g B Hn) is & wair of the above groups or F-spaces such that
> ‘

H!C H_, we let xn{H/.H‘) be such that ¢: (Hn/'H

§o 1 A,
n=1"’ Hn/Hn—l)

=1 / H \ . + ." 2 )
(9] (Hn/Hn_l),Q(hn, Hn—l’) is n + )\n(h/H ) connected.

Note that
TN e 1Y 41
ey a) o n(H/h) = cimf n(H),xn(rI)ﬁ 1)

b) A (H) 2 inf(n (HY),x_(1/E))

¥rom Theorem B and our introductory remarks we have for example

NodE = fi-a T o @ i ter | G :
n oa n

xn(H/H') > (yln-1)-3)/2 for PL /o or Topﬁ/On

Thus \_ for the other groups or pairs can be determined by {7.1).
ao

Alidovdotefthee™ Ko HET) Sy (H) and 3\ l(jLI/H') > xn(H/Hl).

n+l |
We consider the linear ulancfrmatzonu of R™
I’n-k 0 t
Tk = > ;
Bt e
Let Ty be t: ¢ involution on z—! given by conjugation with I‘}_ Note that
™,

on  H L i.e., conjugation by( \ leaves H invariant

o/

rom the fikration H_C ~H _/H ¢ the following !
From the fikration Hn Hn+l n+1/hn we get the following two

and 72]‘}1.11: 'rl on Hn

2

) A , . :

exzact sequences as soon as we notice that Tv_ induces the identity on
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7. Algebraic con:zquences of suspension isomozrphism
The main result of th"s section was first noted by Iguqa BlE e
used our Theorem C but we will use Theorem B directly.

Properties of Z(1/2) modules: Let (M,+) be a commusative Z(1/2)

module M with an involution =:M = M; i.e. r is a Z(l/2) morphism

with *rz = identity. Then

a) MKI‘AS@Ma, where " -m{ eM] )= e iand Ma:'{XEM!T(X):-}&}.

b)  Let £: (M yT,) = (M_,+,) be a morphism of Z(1/2) modules with
1 g -

1)

involution; i.e. f: Ml - M_ is a Z(I/Z morphism and ¢ f = f’rl. Then

2 Z
(Ml)(; MZ : f(Mla)(: M; and f = f o
a4 i . ' -
c) diet == Mi i M:H'l ”MHZ S ARG o an exact sequence of

S I

7(1/2)-modules s ch that each Mi Fio o e e e £, is a morphism "
i

of Z({1/2)-moduics with involution. Then

5 T
3 i S i1 5
- e ] o s - N A -t
M M e
T a i
£ a £ &
-~ M - s M
i i+1 i
are exact.
Notation. Lt :}‘i(X) = ‘F:‘i(X)®Z(l/Z)

Now let Hn be any one of the groups or H spaces O ,PL oG
iy A2

- O (H ’H) is n+ )\ ()

Teth 3 (EoE h that : /1
e n( ) e suc @ Hn/‘{ i

n-1

‘connected.
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woince T, T andiHencews , 7 & commute) T.T. is-an involution,

A J i) 1
3 T satisfies (v =7 and
Further i o‘n Hn+l atisfies ( lT?_.)* T) g 20
}H St ]H = 1‘7!}’.*1 =~r, on H . Hence we have the exact sequence
n n 20N 1 n
oL e R R
i n i n+l i nEl o nf i-1Yn
S+e .
where T, © is the symmetric part under T Erom (7.3) and (775)
1 : 5
we must have for the anti-symmetric part
(7.8) : '{ralz(m e S e
i s G o i i 1 1=]. " 3
Also from (7.7), (7. 4) and (7.3) we get
8 s a
1 12 2
o AL ey I 2 i of
i) i (“n-f-l/Hn) o ( In'{-l/ n) 9 'x.ri L A l/H

and from (7.7), (7.2) and (7.3) we get

(7.10) o Dpi e e e e /H ) ® 'fral(H /H)
T3 n+l! " n i nl n+l 1
; ) U al
sition 7.11. o = iyl
Proposition 7.11 B*_gf)a,<~ Tl n-{-l/H s (R i

Proof. ¢:H /H1 - Q(H

= /ﬂn-.kl) is given by:

n+2

)
= d

‘ -1. -1
e[h]{t) = [Rt° hsd e R, ] = [Rto h X lQRt ef = %1]

Now ¢ may be factored as:

~

? : ‘ q
. —raeeta [\ e
e Hm’-l/Hn Al ) D L SELD
where q is the homotopy equivalence () )(t) = [ » t)], and
il et ~
al(t chXle R X1, ; p =
e[nl(t) = T}‘len o Py %
5 H -,* Bl - s L)) = 1) I »
Bed n+2 'Hn-i-l) Hn+l p(: (t)) L Bt



" s

/ ; Py A 1 go 5y
s -t he -3 5 ! -1 I)
(7. 2) 3 (er) Ti(HnH). R (Hne%l/z n) i Tri.,i(ﬁ} n’
e BRG]
(7.3) 0 - o (Hm.l/Hn) ———-»m:iﬂl (Hn) -0,

where s_,a, i=1,2 are the symmetric and anti-symmetric parts of
i1 :

Wit respeetiion T .
G 1

Sincelrs en B leaves H fixed; we gef i
1 n";"l ¢ 5 n -’.\ p -~
’ A il Gl { o :
e - It — o 1 T} e E 5
o e, L e
. a1 o ) '
e 5 (Hzri-l) s (HIJ.M_/Hn) O

, 2
Proposition 1. 6. o :Tr'(Hn.§.1/I‘I

B3 1

n

2 Pl T 2w b LA T R
Proo_{.
a) Feor he H RO‘T(h)XIOR.mleROToh}{llo‘]‘ulosp;l
o s £ SN e "

; e L
B3 il L

i

and the result follows from the definition of o.

N

: 31 s
¥ hive , R o B X R = Rpo sl Xlior i Lie
b) or e Hn-.'-l ; ’Ta( )X Pt P't T3 il T, R,
. s ihn s Sl s
= T3° Rt°n><.l°Rt °T3
But 2
{ In-l O
-1
T = ) o
3 g Tl
-]
C 1

is homotopic to Tl by a homotopy leaving H invariant,
; n+l

"
ar

i



by (7.14),

S

Yoz
nﬂ*l’ 71 e

and

Lemma 7.16: If for some i < inf(ntl +‘xn{H),n+ A
815 - k :
H +1/Hn) # 0, then for all j> i, 'n',(H) 0
{ v 8 S:lz Sl i
Proof. By (7.12), . o H/H ) #0 implies T (H
s
By(7.13), ’tTiI( ) ge 1Ar( H) is a monomorphism, and vl(.‘-f) 70,
On the other hand, Sle JE S :,.2 /H
e other han 4 el n vy nJZ *1+1
) 7
mi+l(}ﬂ 05 ete
Also we note
(@17

Since -r,?',(o)': 0 for

1

Propo Sition 7.18:

i# 3.7 mod8 we have:

lZ 12 & e
g om e e e e 0 for 1 2 a2
Sl s ‘i
b) T (On) o~ 171(0) and T (G ﬁTri(G) for i< 2n-3.
Proc_)_g. ,

a) follows from (7.16) and the fact that

b) follows from (7.13).

Since Qi(G/Top) %‘-i(c-/PL) =

L}

Propesition 7 LU9.

(G) =

r~ =
7\2-.0)— A

]

Qi fors 4.5

s

"12 .2
3 / = G 1
@) my G0 Tep Jl/TOP Jimem =G +1/ oo
i < ini(2n-2,n+1 %'.:\n(Top)).
252 S4 >
b o (Toanrl/ToPn) T L (PLm"l/PLn> R

n-3.

l/PL ) =

All the resuvirs (7.2) through (7.16) hold for pairs (Hr’ Hr‘l)

0 moi4 we have:

for
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S TR T e h T e T S e
1 ¢ - ?

: 5 i
Tl(n)X Pk e s 'rl(h)oh :

]

polh] R

13

=1 B R e -
Hence 'rl(p";[h]) = hwrl(h) 5 (pe[h]) Sos T el = g,

proving the proposition.

: 8
1 - . 5 (il 12 E k -
Cozollary 7.12. For i< nd 1'+ )\n(h), Byt (x—InH/Hn) s

A : e
-n"i_l(Hn) is trivial.
= 2 / g | : s
Byi(@.7), 8*.‘ﬂ'i ‘Hn+l Hn) e (Hn). Butiifs o, is

312 &y
surjective onto w. ' ", Image 9,.C -ﬁ'i‘l(Hn) Bvi(@ 1)

Proof_.

4

Corollanly 75813, For i< nt ‘An(H) we have the exact sequence

0 - Sl(H) - SI(H ) - 812(}1 ‘ /H ) = 0
Al e e

L i 727 / i
7.14 e I/ E o :
il P \pn r{,n-l) s (Hn+l/H11) :

<

)

e
T SO =& JE 5l
gl i n’ {nwl) vi+i( n+l/ n) { ot
32 / al ’ / }
&l R == SED H
Pet ™y ( n n—l) Tin Vel P
are surjective for i¢ n+ )‘n(H) and injective for i < n-1 41X n(H)
; a ity :
o i &2 & 2y
Proof. From (7.6), ? sends T Topzr W Ty and
i e , : e
R . The result then follows using (7.9) and (7.10).
i i+l S B
ay ' 'a-z / (’P* ,‘ i a
Corollary 7.15. =« (H ) == ZIE AR i { I
e T ( n) : “i+l( nti’ Tnf ”ridi‘.%\HnJ.-B/LI
ai{ .
. hl O ; 4 sl o i
Ty "n-!—Z) is surjective for i< n + ’\n+l(H) znd injective for
/
tign-l+X (£2) - : - O i

ntl - il



2o iBor i2tinilfn=3 s nit X HEep):
i

r\\:j

a) e e 'rr Top @ ”r Top_, whexe under the inclusion in Top
¥
Lo o “ntl
!

the first factor goes iscinorphically and the second trivially., Fuzther,

a.l al
i v To ’
U T T ,
it
A . a1 ; Hshes
b) 1" Top / Y wiTcp/O(’ﬁ wi Topn/O_n, where under the inclusion
An &t oD /O , the first factor goes isomorphically and the sscond
“atl Tl = ¢ Sk
) z a
5 Ca.l cl
trivially. Further g @l miw (T O ;
ey e S 1( Opn/ n' i+l( Opn+2/ n+.2)
a a a
l ) 1 / ;
e oA 2 (.I) - [ 3
¢) Top 0 e . “Top /G, and ,

e :J..1 a
'Qi ICTOP(Sn ) = T op /O E‘}r ,Lop /O ’

\

The same results hold for FL, .
da

Proof. ¥ z
A & ay & .
e 7.0 aar, 0B 0O, and T Cf =200 by (1. .18b) .
i'm iTm s ! i ;
o RBEC '
T is trivi 1 s ]
g T On+1 is trivial by (7. 8)
a a :
1 s i 5
% —0 = O by (7. 15)
2 ; i
AbEy A 12 gyt T Fae
or 5. T S o~ ~ T ¢ <l H
Now by (7.182), . Trionﬂ/on e @ TO L G e
B O Siems L : ‘ « :
for i< 2=l i Beaen Jodt mi© = 7.5 is split surjective; i.e., there
ol i e
n : n 1
is 2 == such it = =298 [iisebf 2, (see
i a map p:S On+1 uchithat oS On+1 is of degree 2, (see
ay 3.1
[12]). Hencew . O =0 for i£2a-2 or % 'O =0 for i< 2n
i-1 "n = i n
A F1 -1
For n even ?.’_O Broap O e Q s o Q’_Sn for i < 2n-3
in it Tnt2 it2 i
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A

S .
el m. I(Gn/Topj) chri(G/Top) for i< inf(Zn-3, 0+ Kn(Top))
1 N {

l(gn/an) ~#(G/PL) for i<inf(2n-3,n+ ) (PL)

d) w “{Top )= 7 [Top) for i< inf(n+ )\h(Top), 2n-3)_\‘

C(PL ) > % (PL) for i< inf(m+ n (PL), 2a-3)
. n i n ;

P

Proof.

i

a) follows from (7.16) and b) follows from a) and (7.18a).

4
v

. ¢) and dj Jollow from a) and b) and (7.13).

7

Propesition (, 40.

¥12
lanl \' ~ P >
(Topﬁl/lopn,on_ﬂ/on, ™, HEE H/PL OL+1/O for

Slz

)

i inf(2n-3,2 + X (top)) - »"

S : : _
Tl A : = o
b) ™ (fopn/On) j-vri(Top/O) for i < inf(2n-3,n + .\n(top)) ’

P =47 for i< inf(2n-3,n +\ (PL)) .
(% ln/on) i(PL/O)‘ or i< inf(2n-3,n + )\D\l L))

iz : ;
: A 12, %
Proof. By (7.18a), 7. (Qnﬂ/Gn, onﬂ/on) = o‘ for 3 i ns .

From this and (7.192) we get a).  b) follows froiu a) and (753
_ e
TBheamennuds (i Borv <2n-3, TriOn =y QLG -rri On’ where under

the inclusion in On+1’ the first factor £oi isomorphically and the second

: ay aj a 0 for n odd
trivaally., SHanthers m @R ¢ 0O ang “m @) e
. o itZ2 nt2 i n A D=1
k 'rriS for n even

The same result bolds for &
n



.
i. e. multiplication by Z is an isomo phism. If X is homotopy commutative,

sg is X and K, X is abeliar .
e |

Now suppese T:X - X is an H-map such that ':'2 ci@identityr@Then

‘ T4 induces an atitomurphism of -rr'i(X) of order 2. Hence

R = )

= (X
4 ;

b T R

1

Proposition 7.21. Let X be a homotoby cominutative CW weak group,

and 7:X = X an H-map with ‘rz_ ~ 1_. Then there exists CW complexes

X
s a : ; s a

¥~ and X~ and a homotopy equivalence h: X XX - X(Z) such that

s Y s Sugee Caasl Bl Sl
h,=h,®%k,, h*:'n'i(,\ )= T (), n*."n'i(X ) Bt (X).

-E,E-?ié’ Consider [K’X(Z‘,]s’ Tesp. [K’X(Z)}a' the homotopy classes
Q€ [K,X(Z)] such that «+a = @, resp. te = -~a. Note that

= s 52 R, X ,.1, We show that [»% ! ]

[K,X(Z)] K, (2)]8@ XK, (2)a e show that [ (2)]S and { ’X(Z)“a

are representable functors. Now the wedge axiom Is obvious. So consider
maps f:A =X, giA -~ L of base pointed connected CW complexes, andlet

K U L be the double mapping cylinder. We need to show that if in the com-
A

mutative dic.jram! "

r : f ~
;A,X(Z)]S M[K ]

Xl

% %
g ‘i

fL,X



N

2. a) and b) foliow from (7.1 3d), (7.20b), (7.8) and (7.15).

il -1 -1
c) follows frem the fact that Topn/TopY-l__' =50 T xBElET )

= Top /’I‘opv1 = Sn-1 is homotopic to the identity
n n-

where On/on- 1

(see [6]).

1

¢ AN
Now we may apply the same analysis to the block groups PLn or

= : ge ise i iiaee e :
Topn, using the fact that I Ln+1/PLn=—‘ Topn-%l/TOPn = Gn+l/Gn for
n > 5, to get:
: : ' S S A al ~ 2
Theorem K. a) For i <2n-2, TriTopn ‘2 TriTopéB il Topn ¢ wiere
ay 0 for n odd
¥ NS
T ol SERL 1
i i wi' Si™*, n even

oy -

A Ao S RO B U . ‘ 5
b) w.Top ~7.Top is split surjective with kernel ',
i n i n i

e

A O
Jpn/ n

for i< inf(2n-3,n + )\n(Top)

The same results hola for PLn .

Finally we note that all the above algebraic ;plittings correspond to
geometric splittings at-the loop spéce level. This will follow fro’m general
considerations on involutions of topolagical groups and Fi-spaces:.

Let X b= a weak group (i.e. satisfying the group n.xioﬁs up to
'homotopy). L ssumie also that X 1is a connected CW complex. Let X(Z) _

be. X localized away from 2. Then X(Z) is also a weak group. Further

any connected base pointed CW complex K, [K,X, )] is a local “-group;
, ( :

2

e



v : _ ' ‘ '--39_

2

4, For any CW complex Y with involution 1., @ Tliﬂ&Y = 0
and K)Z splits. | ‘
\ 0 )
Thus for example we have:
; s a s s : a a
7.10 o~ X ; o i~ ’
( ) (QOTOpn)(Z) BT e T_rj.X TrH_lTopn, T{‘iX T Too,
s
g hess, X == 2 (O T i
Further, (-OLOPHNZ) ( OrOPNZ) is
inf(2n-4,n+ \ n(Top) -1 connected.
N s . S s L a a
o l t E =~ , =t et vt D, o o
(7.11) @, Top“/O ,)\ ) %oaRT, e X rﬁfzio‘?n/on ! T, ,Top
S 1 2,_,, 2 ’
Furthew, X (QO iopn/On)(Z_} (QO Top/ O)(Z) is

- inf(2n-5, n + kn(Top)n 2

2) connected.

¢

O



»d

~ we are given & [K,"X(Z)]S and Be [L'X(Z)}“ such that f o= g B,

; GO < o b e = = ]
thel'l there exists ye¢ [K \XI L'X(Z)]s with o gV=@ and LY B

Similarly for [ 'X(Z)]a' /
%

K o

Now obviously there exists Yy € [K\AJL, X(Z)] with v

F)3 1
o - B. Let y= E(Yl + ‘T‘Yl). (Recall that multiplication by 2 is an
is hisml. ) The = and L* = L* B i e =
L T e R e e

£
Likewi‘:se = B. A similar argument using y = z(y, -»'r\{l) works "
for & .\,X S ik e
) | o
: .S A ’ s
Thus'therz exist X [and "X {isuch ghat' [ ’X(Z)]s =t et lieaind
= = a} l = %4 =
[,'fx(Z)]a e L YHenee [ ’X(Z)] [ 'X(ZJ)]SQB[ 2 (2)]a
o * ¢
s )o a2 XX ettt s e Xy
‘ /
: i a B O s a
such that h:[K, X" XX7] = [K,X(Z)] satisfies h = h_ (‘r) b

|

S i a . i i : :
Rem~rks. 1. X and X are unique up to homotopy equivalence.

|

2.7 is homotopic to the identityj in X

if and only if X°

{2)

is trivial. Hence T is homotopic to the identity on X(?) if and only if
. {2 :

o is the identity on -n-i(X), adliti,

3. - M Y is'an H-space and 7 ¥ ~ Y is an H-map with

1
2

T :alY ;o thiem B induces 91-1 on QY. I Y is the homotopy type of

a CW complex then the component Q-’)Y cf th="base point in' QY is the

homeiopy type of a CW com-plex X satisfying the hypothesis of (7.19).

: e e S Sy n 2
Hen.ce R X {QOY)(Z) exists and h, =h, @ h, .
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d in d, o+l il
we see that 'lTiCE (DP,D ) = 'n'iCE (T o ,Dm ) is an isomorphism for

i<s~2, 2s +1 < yn), and surjectiv. for i = g-2. Hence

(8.2) CImt(Dp, D CImt(Dp+l, Dnﬂ) is inf(2r-p-3,s-2) connected,

t t

, r . Py - , !
Now wiCIm (DF D) = Wi+p(vn+l, p+1’Vn, p) . Hence we have:
t t
e mil iy e 2

jSntlptiin p Ji-l(vn+2,p+2’vn+l,p+l)

inf(2n-3, s+p-2) connected, 2s+l < yin)

On the other hand, by Haefliger-Millet [10] it is known that
t
g -G /G is 2n-p-3 connected. Hence the above givec informa-.
n, p n n-p :
. v{r)-1 ;
tiors when s+p-2 > 2n-p-3 or s> 2n-2p-5, or a i 2 4n-2p-5 or

y(n) > 4(n-p) - 9. _ :

Now applying essentially the same argument as in section 7, we get:

a -
. A rt ~ 4 / l "t i 3 = i
(8.4) wi(\ ot p) o TTiG/Gn“P ® (Vn’ p)

i

for i< inf(2n-3,s+p-2), 2s4) < y(n)

Fosthes, m S 3 gt )
R e S nt+2, pr2’

a

Remark. 7.G /G ~ % G/G D ) 1(G ) for i< 2n-3. Hence for
—— i n “n-p i n-p i n
Wl o 7’ T
TR, 0 i

St 4

171 (Vn D) R T'fi (Gn) &

T m sn-l , N even

More generally, one has



8. ;Application tc Jmmersions

Given M C N, let CE(M,N) be the space of proper embeddings
of MXI in NXI, the inclusion in M X 0 wdN XI. Similarly, let
C.Im(M, N) be the space of Aproper immersions of MXI in NXI, ithe
incusion on M+ 0 w 8MXI. Then. in [8], we have éhown tha%::

d

(8.1) g5 (DP D"

d : o '
) = CIm (DP, Dn) = Gl (Dp, Dn) is & homotopy

fibration. : i
. i } .

Using the same construction as in sectior 3, we have the cormnmutative

diagram

e o - g v
b R e (?Imd(Dp,Dn)} e ol

+1 _n+l 1, ptl _n+l
e Y

s
) =~ CImQ(Dp n.l)

) =~ CInlt(Dp+l D)
15 ; -
|

O /e

n-p’ “n' "n-p

Now 'rriCImd(Dp, o

wiCImd(D

d e bl
triCIm (iDp #D '} is an isomorphism for i< Zn=p-3,

/O

= { =
) wi-f-p\on’{-l Tri-}-porﬁ-l/on and
n

S | P
P ; i Hence TriCImd(DV-,D ) -~

D O

5 (
) “&+p+von+2/ s

From the fibrations

: d d
P e cHD s CEbpE D

fwee,

4, n-p-1 i d, mt f ntl,
C (Sn p-1,, P 2) - C (D*ﬁl) b1 CEd(DPTl, n 1)

Cd(Sn“p-l

)



§§ 9.

All spaces we work with in this pesragraph ere gssumed to

be localised zwey 2, i.e. their homotopy groups ere 2(2) mo-=

)

dules, We elso denote by 4, the k-th » Postnicow term. in the
: . s
1f. 3 1scn honotopysiconnutative. | J-~space -end %o X-2X
an involution we have seen in §§ 7 that X decomposes ss

r;\ :
bE O RSO

o+
o
D
=

entlsymme tvic, ve'sp, symmetrig factors,

For e menifold i which belongs to] one of the geometr
(o () r‘/ : /! e
categories iff | /L, Jop iwe denote by (M) = { the bigeet

integer k so thet C(M) —> C(M x I) isia k-homotopy equiva~
|

e € . 3 Y 5
lence } &nd by (M) = { the bigest qFﬁager k so thet
8 ’ | / b

4C(M x DT ) C(M X Lt ol s g (k ~ s) -~ homotopy equivelencs

For 8 = Ok e & B, AeRially o TN S0 2. A=l /5
: [y
Vo od A .,-') el Eal
for f and Top and () » S o AR ST

Let o Tobe theimvelutaon on  A(M x T) resp. ﬂ\ﬂ T )

defined by conjugation with id, x {>I Faals1 20 sl 0

Lemme 9.1 : &) Tha inclusion AS(xl) < A(MxI) < (1)

g L 3 ; AT A
has 8 natursl {(with respect to inclusions N €M  homotopy

; - e EER
invers pSZC(M,*9A (M % L)
2 ~
2 g R 0
b) S(ixI) ~ * and A%uxI) =~ A{uxI)
Proof : &) Let O : SZA(M) —>4(M x I) be the natursl

map defined by <O o M xI—MxI 0'(h) (mqt):(ht(m), it



= - - I . Y ot 18 lV LY v 5
'“ion/on-l Wi( n.p’ n-1,p-1' il n,p m-l, p—l) (i( Bl )
i o n-l
SRV e (Emb(Rl,R ) = w.5
in; 1
is an isomorphism. Thus «, " O /O coniie MR eane G SieRaNdiTie ot
i n nep i o
; Sl :
summand of 1, V , and
1 s P
Aoy a i
1.t 1 t d
(8.5) RN
LR o iy 1 Pis et datn
Hence we have:
: S R e ELoe e el v
- Theorem L. (V. ) =G /G @, (V. ,V foxr
o) in “n-p JE SO D
i< imf(2n=3,sitp=2), n2shkl < yin). Further
a g .
et d 1 t d )
/ o A\ VAT '
e (\n, p’ Vn, p) “14;2 ( D2 pEEYT e, p+2)




defined by conjugation with 1d, =M ldI Gelegriy - @ 4is ho=
motopic to T defined teking M x I dnstead M),
Theorem. 9,2 ¢ 1) Thewme is & naturel (with recpegit Lo
: ) n
inclusions (v® < #™)) homotopy equivelence :
¢ ¥ - ﬁ’i re S nr - ‘S,Af 2\
C(M x 1), —> A (M x 1) e () B R
k : k k
o k& B0
= 8l . = 2 ;
2) AT (M x I), - o TRl TYS Y is &
: k k
+ 117 ¥ e - gy N 5 A It Nt R T\n' ? 'F/'n A/ e 141 <
neturel (with respect tc inclusions N~ <& M) nomotopy squive~
: ) 0 & g (0 .
lence for k £ Y(M) hence A"(M x I), —> A(M x I)k ieifor
k (). : & 3
Proof: Consider the principal fibration
B 1) e e % T s VA MEx B) rwith dnwedution T omk A(MRIS)
end C(M x I) - end A(M x I). The maps ere 1J equivarient,
sensequentely this principel fibration decomposes as pEsduet. of
the followdmg principals fibratiions,
_ - . 8
s 2 1S T -
A (?7{ 1 ) R \/ (I\(I X )""“""‘ & (u’.{ X I)
|
2 ; -:a 3] . o
e gne PR=
K TP a0 T ) s 1)
{ »
: By w2 S s = Gl T
By Lemma 9.1 we know ISR e T e O 1R R
S . = g
hae Jo matural honotopy dntercs henece 1 has , consequentely
8 5 2 S : :
CR @l B e B . B S I e 1) 1e 8 paturel homote
cquivzlence,
et & e thestmimielinyvo. ution on Gy 5 einee
T I : J ; foniks f‘-sf"‘, o
el gl e i saeduignniont, o9 5 O (B =
r A S - o .'3,,:._.:\
’.:'\,(M)k > @ (Mx L)h" G(M x I)k nd ¢ :C" (i 5Es (mXT)



and et T
:hmt

induced on

wt

ly the fibretion

S /oie). (0

- 44

.Q A (i)

te' the involution on defined by T lh,) =W
2 t t

As ¢ is equivarient we ‘have glso an involution
the homofopy theoresticel fiber Fs &nd cons ntonie
Fe —$2401) — A(M x 1) factor as product

eapal fibre 3

tions

SRS T

and
a‘ 2 r a & S ; 3
’ _.F - (Q A(Pi))b‘ —> A('(L“/l A I)

. y ~ 8 . . HYC . 5 )
Notice that  (S24())° = * , sinee the involution induced

— . B i . - B = 3 s - \:," s
by o n o K, 2 nenl is given by ’Z;(,»c,) = and B e AT

.r" 1 o .S(w‘ AT \')1“-8 3@
is A(E) module congequentely g AENE X L) =lUE - 18 @

‘ : U e e bl :
homotopy equivelence. As the coumpesite JU .2 s identaty . Wi

_ : ; .
b R T the inclusion from the gymmetiric part respeclivel]

S wf?/( v
the prowc tion on the symmetri paft‘aip group~homorphisms, - we
obtein the commutative diegram B

g ps s .
el e o o
T i T
8 ] 2 ko k) e
AY (M T) Co Al e )
which concludes our ststement &s soon es we idenitify A\Lk}§'>330
o, AQl % 1) —sC).

‘b), follows straightforward simply omgerving ihet :
C2A(8) > A(M x I) ig = homotopy eauivalence (actuelly en s.s
jsomorphism if we use &n appropiate definicion of §2 leor s, o

. : D e :
complexes) ond agsin cobeerving thes (3ZA(M))” =¥ ; hence
: 5 % v e i i
Bl ) =% hence, AN x L) REe e
¥ f‘—’1 o) A fnx . 2 3 N RF b
Tet @ the dinvolution on *A(M' -I%)" snd C(M zVI)




with the up-li

ST
JiO(C (MxI™)

is en 1°omorph

A (PL.--.L ) ’

rie exact sequence, Since
= é
2 E ; " k
)=0 then UL (A{MxI™)) — ﬁ:
end Propecition 9.2 18 proved,

; i g S e A
Bropogidion O v IR ik i (ind ), & (&xl)k’ AT (Ml )k
Proof, Consider the diagrem
s 2 1 o g o
Ak(hz R R e I) et L ST N o i)k
{5 o l
gy 5 ’ 2 D s 2 o 2
(M x T°) —22 >0 x I°), —P2—4%(u x ) Cal 4 x 19),
First notice that f2p¢.il induces for nomoiopy the group~-
homemerphism x —» x + . T, (x) where 7T, is the involution
= 3 ’J(S A ,,; 1"2\ ; 2
hpduieed by, T o de e ?AA(M e d»(i (1 2 ) e
neve T Cx) =%,  hence X —» 2%, Since the homotopy groups ere
v
1 > e S :
Z(g) modules p29¢°11 induces 150 Lb,phl . for all homdiopy
hroups hente it is & homotopy equivalence,
Next we show the same is true for P ¢ .L2 = Gl
Actua ly is immsdiate thet &), ies injective uging the Jngo bty
= . '\‘ .‘ L . - _: 3 -
of  (pye@eiy) . To show that) is surjective chocse
ETI A 3 3 Tr o e : ¢ ¢;J) (v)=
T (AT (N 1)) and lyé'W;(C Mx I ’k) with {bq0 V) e,
GEE (n ) () = 0we iind iz e T A (M x ”’)) ith - deaal=y,
2 % k 2
hence Wbzl = % Tiomat,. det ot (p2)%<{y) and let
= (@ oig)y (B) ; cleard (y-3") = ¢ and (py 1), G5y I=x
Y- = \P 911 S S lo Heanaling pz* N = = o ang 1)1.‘:;/ A b B
hence we reduced to the previous case,

pL'ﬁ tng »

ocether~ all

these Y‘(Jsuits Wi e QQ—IQL‘s;



are homotopy equivalen‘es.
) By W S - :
Soimce” ¢ (M x I)ka' snd ETM = ;)u ~ (M x l)y
Bl AN T
the naturel meps AT(M!x I) —> BAT(M x T° ) epidf EE ey WY e
B 2 s :
A" (M x I )k x AT(lx 1), erehomotopy equmvalenoes@

To finish the proof of 2), consider the commutstive disgram:®

sk a:

Himise 1) it e L)

e, S

A% x T) —> BA% (M x I

10)
—~rt

Sinceli is & k~homotopy equivelence, in ordsr to sh

ur‘(w SR

PSS

~he same about l5 y it euffices: 0 U cneelk kst

it

<A “(M x I°) is a (k - 1) ~ homotory equivalence which ‘is
' 5 Sl e
eguiveleat to YA (N X ITT-SA R CMEC G Y Hls e sk 2 -honotopy
: & P Ry S o an Bl I B e
equivalence", ... which is equivalént fto "AT(M x I.)=4 "(M x I )

[y

induces an isom.rphism for o

1A
4

Consicézr the diagrem

whose up-line is & fTibrstion snd =11 arrows equivariant with
respect to iae involutions iriduced by T Q
We obigin the followirg ciagrem of groups
~s ~ 3
—_— - I e 8 . wk LT, ~a Koy« 2o
Y ARG s T s oo ) s TG TR R e T e e T e
di ‘JA(M X 1) @ 3 Y o) ¢

£y 1‘7
— G s Sy AN
T ol e ¢
5 G¢



N\
a5y

e

It is not hard to see using the seame kind of erguments
[

presented gbove that

I Thelsirdectivity dnathe homotopy eatepory of
7 o PJ &

(JM) — j&(}.ﬁ)k

2) The nulity in the homotopy category of

e ; -
Bl o Ty o Gl
N

\ |

%) The homoiopy equivelence

oD

¥ie o M 3
(M) = /\(W “wubzﬁ(m x I))k‘

are squivelent.

N ! | 5 1
With the notutions of Burgheles-~Lashof~-Rothenberg 2
| ;
|

.« o - 3 . oR I\ i N " .
consider the nilpotenges /V(M) 5 Yesp. !l A M) 5% whieh

accour'in'ihs ‘natural decompositions
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