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" 1

HomecmorphismStabil i ty -r: ConcorCan. :s and the Suspensicn

D. Bury helea and i l . .  -La,:hof

i
-r -4 :)

The canonical map f :  S" 
- * QS^' : .uduces the suspension homeo-

- n - l l r :
morphisrn n. (S--  

' )  *  r i+ l (S ' ) .  Th is  ma--  may be v iewed as a. rnap

e:O /Q .*n(On+l /Orr ) ,  * rhere 0r ,  is  the or ihugonal  group in  Rn.'  n '  n - l  n t ] '  n ' -  n

As we wi l i  shour ,  g  rnay be descr ibed as fo l1ows:  For  0 S- t  (  1 ,  1et

. \
po € O, be :otation by the angie t.n, and l"et R_ c O--, be the trans-' E  ! .  

, r t  n , r  
t  n * I

I ' r r - 1  "  \f o r r n a t i o n  I  r . i  D e f i n e  & : I X O  + 6  1 : r : '

t  o  Pr  )  

'  

"  

Yv ts 'v  Y '^  "  'n  "n*1  eY

.  \  ' r  
/' ' '  i  

i  I .

, l r ( t , t r )  =  R . o h X  l o R  .  ,  ' , r i h e r e  O  i s  c c ' ' n s i c i e r e . l ; s  a c t i n r ' r r n t h €  f i r s tY \- '  - - . /  - ' t  - -  _t  '  n

n-coord ina t is  o f  on* i  =  Rnx R.  Then r l l  inc iuces  a  map

{ r : I x o  / o - ,  * o  - / o  a n d ' i n { a c t a r n a u  r 1 . r : x ( o r r / o r r - r )  * o r r , - i l o -'  n '  i r - l  n * J . '  t ,  
. n _ l  r i

w'hich we wi i l .  - ;how:s the usual ideni; iJ icat i<;n. XS'-  
-  + g--.  g is the

a d j o i n - t o I  *  . " ' i :I
:

Now : i r r  o the; '  groups (or  : ' i -spacesj  act ing . ,n  R* a: rc l  conta in i ; :g ,

O- ,  such as Tog-  or  
'G*,  

the group of  homeor-nornhisrns of  Rt  a : rdn '  ^ n  n '

the space of  ; roper  homotooy equiva lences o{  
. tJ ' *  

respect ive iy ;  r r , r  a lso

defirres maps r. lr :  Z(Topo /f opn-, ) * Toprr+i,/Top* anrl

.tr: :(C /C , -l * ^ /r tmt
n .  n -1 .  

'  Gr+L/Gr r .  /Th is  i s  an  ab i ' , se  o I  : :o ta t ion  s - .nce  s t r i c fLy

spea.k ing  the  t=uo i : ' ^en t  - ,paces  O, - /On- l  ,  fo r .  exampls ,  a re  no i  Cef inec j . ) .

The ad joh t  p  then induces  homecmorph is r :s  g" .  :  r r . (Topr r ,  Topr r_ l )  -

. ' i + } ( T o F n + l , " o o , , ) a n < i s i . r n i 1 a , r i r f o r G n . S : ' n c e

a

' I



-z-

T . ( O - / O  , )  * . , ( O - , "  / O  )  i s  a n  i s o m o r p h i . s m  f o r  i (  Z n - 5 ,  i t  i s
1 '  n '  r r -  I  '  1 '  n+I '  n '

natu: :a l  to  conjecture that  the same holCs for  the other  spaces.  In

fact, siace the inclusion of Oo h G' inclucei ison:orphis:ns

. , r . (o* ,  o*  . ,  )  *  * , (c- - ,  G-  . ' )  fc r  i (  2r r*3 (see [9 ] ) ,  the resui t  ho lds
1 '  n  n - r  1 .  u  n - t '

{or G
n

In order tc.r pt 'ove a similar result for 1'dp,, i t  is natural io

consj .dcr  th ie  homotopy theoret ic  f -bre Fo. . l  o f  t l ie  rnap

Top , /O ,  *  T 'op--  f  O.^ ,  or  equiva ient l i ' the. inap Orr /Orr - I  *  Topn/Toprr -1.' I ] - L '  t } - 1  ' i : '  T ) -

Note that  V def ines a rnap g, l r - f  *Wr, , .  Novr  i r  [5  ]  i t  is  show:n

that  th is  f ibre i .s  Ct($"-1) ,  t i .e  g" .* j  o f  tcpolbgi " : r i  concorc lances or

rr- l
pseudo* is , r top ies c f  * " t t -1 .  Fur ih : r  i t  can be shqr : in  ihat  q  cor iesponcls

I

to  a  compos i t ion  c f  maps,  Ct ls t - t l  A  c t (s t - t  * ' r )  5  nc t (s " ) ,  rvhere
I

i l  is  f  -*  i 'X id,  and i  is  Zn-r  corrnected..  I  I' r l

Now Hatcher IZ] has s]rorvn for any .o*0.J, PL-manifold 
'Mn

I
- l ' n * . a

f , :  c"(wt"  1 *  c ' ( tv i ' "  x t )  is  v(n) connected, u ' i - 'e:  e r1(n+1) > v(*)

Lim 1(n) :  cci .  Thus iJ V(")  were suff ic ieni ly iarge ihe resrr l t
n

*qPn 
would fol lorv.  t rnfortun:r tely,  the be st : :csul t  lor V(")  so

is roughl y ni3. Expl ic i t ly

Theorgql_(A. Hatcher) :  / ,  ctqi ra";  *  c i ( l i tv  l )  is  at  least

( t -10/3 connecied..

(Hatcher rs  resu i ' .  i s  fo r  c " t (v l ,  bu t  fo r  n ) -  5  ,cp lq lu t l  o  C l (Nt ) ,

s e e  [ 1 ]  . )

i:

I

i

:

a

that

and

for

{ar
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conco rdances .
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out  that  by . rs ing Mor le t?s compar ison theorenr  [1 ]  to

!

topo1.>gi .ca l  ,o  smooth concordances we can not  on ly  i

irroblem buti also prove a sta': i1ity theorem for smooth

i

o  $ 1

.  s z

'  
Th"  s :c t ions of  th is  paPer are as fo l low-s

i ,

{ . '

The suspen*sign map: I t  is proveci thaLi rp:EOrr/On-l  *  O.r+t/O'

i s  the  usr ra l  homeomorph ism.  i  |  - . t .  r  r ' l -

, . .'''u.l$Lg 
an. fro€r

R%>resen. ia t ion of  C"(M)/C*(M) 3:_1J: r*ce of  sect ioq:  )  The f ib ie

is F and, in part icular, i t  is shovrn that i f  Mn i las a tr ivial
/  T L  

: - - - - - - - -  -

+ A
tangent  bundle then c"( , \ ( ) /c*(M) is  hrmc' topy equiva lent  to  the

- i , { / a i \ 4  - _ _ _ - , : - ,space -E 
n 

oi l iase poi:rt preservlng fiIaps of lvt/Erf{ into Frr.

Simi lar ly,  i t  i .s  shown that-  ct l iutxr ; /cdlrrrx i . )  = (nF**r)* /u* .

The stabi l i tv  map:  i i  is  shown that
+ . {

/ :  c" (.Nr) / c*(M) *

+  d -
C' (M X  i . ) /C* ( f v tX I )  co r responds  to  a  r r . ap  o f  sec t i ons .  Theo : :e rn . / i '

' . t . '

Proof  o{  T} ieoreTns ts  thrcuqh E:  Out . : ine of  the argument :  i f

t l :

$ g

s 4

MtC Int Dn, the:r C(lvt) c" c(P")

rrl c rnt rvln. rhen c jtrat/cf tnol

In part iculal, for \rt  = SnX Dk, **

v  r  f r r \  r <  / \ / \  -  n / t , r \ , / f ' l n n \
A  9 r . \ l v l / r  l v ^ t r v r /  -  v \ r ' / r / /  v \ ! g  / rr'., v

o tl"io,/atut, NIo = t u f - i n t D f
n

have

( 4 . 6 ) c jts" x o\7c jts'x L'k) A* cf {s" * on*,t ),/c 'd(s* * nk+I )

l = l *
n {,*o -s--* ,: k*r 

"ioo*,
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folds

$ S Inr rar j .ance under  k-equiva lence.

compact  k-e qui ra lent  mani fo ids,

i  <  k - 2 ,  k { (  ( r , , r r )

commutes. '  Fur ther  bv f  21,  - * .c ,Sf t "xDk1 = 0 for  i .< .  2n-4
1 U '

f  n  f  . , n  k  t .  n  
' k  

d .  n  k
Since C"(D") is ' , : r iv ia l ,  C"(S^ xD") -*  C;(S'">. ' .D") /Cf(s ' :x D")

' :
is  Zn-3 connected.  Thus (4.6 )  and Flatcher ts  resul t  shorvs the

s u s p e : : s i o n  m a p  g : T o p  / t o p - . ,  * Q T o p -  , , / T o p  i s  r o u g h l y'  ' n '  ' n - I  ' n + i . '  ^ ! 1

n+.1(n)/e o.r .rr. ln/{, con:rected (Theore;:n B). Theoreui E and

the resul t  o f  $3 g ive the s tabi l i ty  for  'Cd1lo i l  
i f r r "oren:  C)

'='

Theorems D an.d E g ive spectra. l  resr . r l ts  for :  k-connecied mani-

D t  n ;

i i  M'  
^  

and M,  
-  

are smooth
t i

d d
then n- .C*( tv t .  )  . *  n ' .C*(M-)  for

i  '  r '  i  z '

$6 Concordar rces  o .s  homology  theor r / :  Le t  K  t re  a  f in j . te  complex
- -  . : r L  -  - r

a n d ^ N . ( K ) b e a r e g u 1 a r n e i g h b o r h o o d ' o f K i n R i . L e t

c*(x) = rf,* ctlli-(x;;; ihen Lim i 
e+,, 

ctlsj^ *r, = jo{x),

.pher  u # is  thc spectrum i r r . )

S?  A lgeb ra i c  conse+ len :es  o f  t he  suspens ion  i so rno . rph i s rn .  As  was

first notecl by Iq,.rsa., Theorem B implies ?rtoOr, = 4rT'o:, e rrf ioRr.,

'  
w h e r e  t t . ( t . )  =  t r . ( * ) @ 2 ( I  / Z ) ,  i : :  a  r a n g e  r o u q h l v  i s n / 6  + n .  

i

Fur ther ,  under  incLusion in  Toprr+1,  the f i rs t ' factor  goes isornorphic-

al ly and the second, tr i .vial1y. Finalty 
".fToFr,= 

*lu,rt"Orrnr, .

[Here -1Topr ,  :s_the ant is 'ymmetr ic  par t  c i  # .1foprr ;  i rnder
i .  ' r ,  

/  r  0  \  
i '  ' n '

c o n j u g a t i o r r b y  
'  

)  . )  .

\ 0  
4 /  

;
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1.  Thc suspension map { r :EOn/On-I  ]  Orr+ i /O'

fl

w r i t e  x  =  ( x .  " . i , x  )  f o r  x .  s t - t c  * t .  L e t  e r ,  - .  ( 0 , . . . , 0 ,  1 )  e  R n
r - 1 .  i t ,  

,  
a

Fol lowi i rg  Steenrod I  i2 ] ,  def ine \ :So-r -  ( - " r r )  *  Or .  by le t t ing x  (x)

be the rotation'whic. ir is the idenii ty on points ort i iogonal tr both x and

e--, and rotates the gi.eat circle through x and e so as to carry 
"r,n ' . n

in to x .  In  coord inates,

x
1
t

.
x

[ * I

x
n

' computat ion g ives
+

.  ,  x  -  ,  s in  tn ,  ( i  -s  )s in  t r  cos tnr  xr rs in' n - I ' n '

defines a horneornorphisrn from the

l ( x )  =

Then L (x)er, =

rp( t , I (x) )en+t  =

I"icw $ extends

'suspension of

x. .F. n easy

( x -  i i n t n ,  . .. I

to -e and
n

st- l  to sn.

.  1 < a , 6 ( n - l

. , ?' t r r  
l ' cos" t t r ) .

( reduced)

x x ^
, d A Pos -'iTl-

' n



* 8* ApBlj"*ntions tr: i.mn'leqsicns r iiaefliger*Millet havr.r shcirn
o"*i 'qoa*-----*

for" the tapol.ogica)- *t ieft : l  sranifolu o:ro=Embt(RP, nnl that
;

6r*re is m ?n * F * 'j conneeted nep : V: * -'' Cr^/"'nrp - '  vn' ' "ta-P e

Viln show fr:r {* sor:rev'ri:at, larger renge thet :

#ue v|,ol v f ,enr or,*o 6 'ir: ( vl,p , ol,n )

a*d o|e ul,,o, u*,0) **1*r(ul*, 
I p+2 , vloz , F+2 ) "

$ I * A$**s-q$. q*g-l* *gg3s ggp$gg.g-e .qqnqp 4?I,q g e .,g,sq-tt i 1;

p.g5q;1g3"gg : Tfe show tlret in stablc rense (whicit 01e8hs $f6'rir:

the i )ostnj-*ov k*t i :  tern vr i th k gf t lx)  ,  f ( r r )  beirqq thp.,

etabi l ieat ioy;  fune f ion in the apprupiate cste.gory) end

'  r . - f t ' - l  ,  + \  -  r  r  / * " * ' 1  
' 1  '

loc* l - ised'alre; ,  1e Att i t  x I )  enC A{bi"-*  x S*) opl i ta up

a s  p r o d u c t  * f  S a (  c n . )  x ' " ( " . 0 ) , v l i r e c o  A a ( o . . )  i s  h o n o l o p y

ec t ru i r "e len ' f  to  f ' ( " . , )  and * ,a ( l , f  x  I )  x  As( l , t  x  12)  i s  ho i loJ

topy  equ i , ,e len t  ( in  s tcbLe r6nge arnd  l "ocar i -sec  awe;  2  )  
'

te C(Ir { : r  l - )  o } forery*rn A*(at  x 1} .  -  as( i , t  x  r7)  .  '  ' {e;

&dso nhow .r,hat, ){' tw) * }dtml x }r{ ua * r) ,
. /  - ?  2

l*l (m) "* JJ (b{ x I- )
.a

2) 
" 

YIe Hielxticn that

cornputed *; 'rd cs.,:.cie s

vrh: i le C(t{  x 1}

inrrar isnt ,

,- 4  -
J

) ' l

( in st,abla rengs .1nd loealised away

A ( " . . "  )  s e n  b e  t h e o r e t i c a i - I Y

t ,he topologicel  propert ies of  M ,

is only s hornrrto,l4t iheoretical
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Let gtir,rr) be ihe group of i ,omeomorphisms of lvt with the
.i

compact  open tcporogy anr l  A-(N )  t t re  group of  ._ : i f feomorphisms
' t

of lv{ u' i th the c@-t'pology, l i* l  on arvl (or n:,ore general ly on-T-_

t I

.  
a  compact  smooth submani f ,o ld  N"- 'C AM).  Then Mor le t r$ corn_

1 par ison t l . :c rem as e laborated in  [1J s tates (  ro  is  homotopy

r lggjg- (Moriet):  atqvl7ed1:vr;  ̂y r( .B._(M)), where r denores.  
n ,  

t r .

the space of  sect ions s  I  fu f  *  B*(M),  * i th  C_O topology o. , .c l  thatn '
I  ^ .  -s faM =  so f  0M (o t  s f x  =  so lN  i r rd ,  s j  a iu :  a t v f  *  B r r_ l (a lu t ;  *  Bn (^ { ) ) ,

'  and s fepreseats a smooth ing d i f feomorphic  to  M.  The homotopy

equiva ience is  induccd by the Ci f ferent ia l .

4gma'rk .  s t r ic t l -v  speaking,  ad(vt )  is  not  a  topologica l  subg"o.p or  

'

t 1 n
A-(Nt) ,  and A ' (M)/Ao(vt )  should be thought  of  as the homotopy

'  

,  
theoret ic  f ibre of  the map.  nadi fv f ;  *  gat (U)  of  the univcrsa l  base

spaces '  Actual ly  in  : i r "  p"oof  o f  the abov-e rn"oru*  one t rears the

groups sern i -s impl ic ia l iy  so that  *d(ruCI  is  a  subgroup of  e t (v)

and ' the s .  s .  space atgrvr lTadlv ;  is  def ined.

I
Now let  c- iM)  be the group of  topologica l  concorcances of  M

^
and  c * (M)  the  g rouo  c f  cco  conco r4ances ,  f i xed  on  aM.  I .  e . ,

c ( M )  =  t h e  g r o u p  o f  a u t o r n c r p i r i s m s  o f  r v x l  f i x e 4 i n  M x  0  u r E l v I X i .

t
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I

' I

I.  . f r , n  A : + l
2,  Represer :dat ion of  c" ' t (M)/c ' ' - ' - (M) -s .s  a space of  sect ions.  i

n
T  ^ r  a r t ^  r - ,  -  L t.  .Leu a/r be a smo.th compact rnanifold, n 2 5. Let p(M)

i
be the. principa: Topn bundle associated to the tangent bundle of M.

Let  8" ,  =  top. /O_ ancl  le t  n . ( , 'v t )  =  P(M) _X B ,  the associated
r^ r: n L ,1.o pr,, n-

bunctle .vith f ibre Tc,p /A '  j
- I i '  

n

I ,

"  By smooth ing theory [? . ] ,  t ] re  isotopy c lasses of .  smooth ings of

( the topologica l  mani foLd)  M are jn  cne- i . r ,one ccrrespondence wi ih

the homotopy c lasse.s of  sect ions of  Bn(M).  Let  sO:  Iv f  *  Brr ( \ f )  be

a sect j .on j .n  the honaotopy c l ; rss def ined by the g iven smooth ing of  M.

I f  AM f  f l ,  t i ren f . i re  Ei )ven smocth ing of  AM corresponds to  a c la .ss

o{  sect ions 0M *  Brr* l (AM) and 've can.as, ;u :ne iha i l

s. ,Jau:EM-* . : - r (n)  la . rx  is  o f  rhe form 0M 
t0*B-- r (aM) 

l -n . . , { lu t )  iarut ,u .  n '  ' t  n _ 1 .  ,  I

rvhere ,0 is in this latter. c1ass, a:rc1 j  is the natlr a1 map induced b1.

the  obv ious  r r : . ap  top .  ' " , f  
O  ,  *  Top  /O' 1 ) - l '  n - .  I  ' n '  : 1

Explicit ly i{ pd(vr) is lhe associated p:incipal o' bunole ta the

tangent vector buni ' i .e, then we can take P(tv{) = po(Vt) X. Top Th.en.  
o n  

- n

B*(M) = p(M),/o-. = pd(lur) x rop*lo- has ihe natural secLicnn  .  
on  

.n .  n

s ^ : M = p d ( l t )  x  a  i o  * p d . : t u t )  x  r o p  / c'  
On n' n On 

'n' n

, ]

t '



i

;. ..

( e . 3 )  F , r *  n r r ( l r )  P  ' , 8 - ( M ) , p [ * , l , J  =  [ * , i . ( 0 ) j ,  w i t h  s e c t i o n

cr; Brr(M) * Err(i."-{), o-[x, b] = [*, o(b)]. we ma.y then <iescribe
1 - r 7

c"(M)/c*(M) as sect ions s:  tut  *  En(M) such that po s = s0
r  I  r .  -  2  - ,a n d  s J S M =  6 s ^ f a l t .

U '

Equivalently, taking the inducerl f ibration over M b,; ,0,.

L = F *
I r

siE lM) -*, l*,u "i ' Jii;
f  ' t l

M ____r. B*(M)

. + r 1
tz. .+) c.(u)/c"(v) ror(s[ r in(M)), 

'  
,  

,

sect ions s: M * sfrnrr(vt) such that s latui  = Fn |  0M, where

3^:  M -*  r tE ' (NI)  . is  the induced.  sect ior r  f rom t rs . ,  .u  e * v . r  & r v r r * o o  

. .

5g.?3-:u. u the tangent vector bundle of M is triviar, then.
+  A 

r .  -M/ar4  __AC"(M)/C' (M) *  
" r ,  ,  lv r rere vre.wr i te  ; .A for  the space of  a

-b?se p_olnted maps of  A in  X wi th  the C-O toporogy.

( f  0 M  =  f i  , M 7 ' 0 M  =  M , * . ,  p t . ) .

2.- to is the homotopy theoretic i ibre or t l ie map

ToPrrlor, * Topn*I/ on+t

3. Natural i ty: Let .xttc Int Mn be a cornpaci srr)(,oth sub-

mani fo ld  of  codimension zero.  s ince ne c(N)  is  f l<ed in  a l i  x  i

i t  extends by the idenrfty ro t , :  c(M). Thus c(| i )  c c(M). Arso



Then by  Mor le t ts  theorern  we have,  s ince

( e . . ( M ) = p ( M )  x  8 . . )'  n + 1 '  '  n + t '
r o p' n

T A
(z.r) c"(M)/c*(M) d r(B-*' (tvi) x t)

, r , ,  (vrxr)  =

- 8 -

n  / r r \ r z ron*1 \rYr/ ' \ I '

A M X I = l O X i d . a n d

* Brr(M) * Brr+r (M)

B

!.

sections s: M X I * Brr+1 (tut) xI, witlr^ s Ivx o w

s l v t x r :MX l  *  t r r r (M)x t  . *  Bn+ i ( r ' r ) x r ;  so :  M

' represent ing the g iven smooth ing.

To put . 'h is  ancther  way,  s  is  a  path of  sect ions o i  Brr+t (M)

begi:rrr ing at 
"0 

and enciing in Brr(tut)C Bn-i(M). To exploit this we
I

ma.ke  some ie f i n i t i ons :  i f  X ,Y  C  t , . * " . t " t  I y (Z ;X ,Y )  be  pa ths  
:

. 'n  Z beginni .ng in  X and ending in  Yl iwi th  the C-Otopology) .  
'Then

we  le t :

Err  = A(Frr* l  I  Bn '  B. )

Fr, = i ' (B"+i; * '  B,,)

1{e have the f i ' rrat i .on

1 D

n . Z \  F  - : - $ E  ' . 8  ,n n n

L e t  a : . 8  " t '  S  b e  t h e' ; i ' ,  n  t l

path. Now '1'op,.., acls on B

if qre let Err(lv{) = p(tv0 X
T o p' t l

p ( x ) =  x ( $ )  .

c r o s s - s e c ' ; i o r .  a ( l ) : i * b ,  t h e c o n s t a . n t  
-  

. :

.  B ancl hence on E bv
n '  n * I  n  

- t  ' : :

( g x ) ( t ) = g ( r ( t ) ) . F . u : ' t h e r p a n d 0 c o r n m u t e r v j . t h t h i s a c t i c t l . T n u s

Err, we have the f ibration : ' ,
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i s i n  X  { o r  r ( 0  a n c l i : r  y  { c r  t = 0 ,  1 .  l , e t

Gr, = Az(Brr+z; Rn+{,tsrr+r)

li = Az(:
s 

- -n 
; '  tBn+Zi  * 'Brr+ j . ) '

* We have the f ibration

( 2 . 6 )  H r r * o r r &  
" r l * r .  

,  p (  p ) =  F l r = 0 . :

Note thai H noay be identif ieci with eFi l  n*I
'  'Take 

a f ixe.d xet ra: t  p  : I2  *  po ints  wi th  r  =  0.  Then we

c rcss -sec t i o r r  c r , :  B l r ,  *  G-  ,  , . ( r )  =  c , r  op .  Top  ac ts  on  G4  1 \ + L  n  Z ' ' '  
-  r -  - n

by (gp)(t,  r) * S(F' '( t ,  r)) and g(r)(t) = S(r(t)).  Furtt: .er p and c,
! ( .

with ihis action. Thus i-f  . 'e let Gn(M) = p(M) x f c- ana
r ' T o o r !

Brr* ,  ( lv r ;  *  n(u x  B_t , , )  ,  rve have the f ibrar t " ; "
. Top' n* 1.,

- ( 2 . 7 )  
H  + e  f M )  P -  B I  / r u r )I  .  -  

n  
-n. - ' - ,  

+* .  "n + l  \^ t . l  . .

*

have a

.  _ I
ano lJ

n n+1

cornmute

we may then clBscr ibe c ' ( .v x r) /cd(rvrxr)  as sect ions s:  M -*  Gn(I" f )

sucir that ps = al s0 and s J afrf = u,ol 
"O I 

aU, where
' 9^  r -

M -0* Bn+I(v) 
nl  

* nl , ,  {v),  nl  induced by qi:Brr. , . t  *  B r, ,+t,
cr, (U): I -" U the constant path. ,

(2 .  s )  Ag; in  we may descr ibe  c t1 i , , r  x r ) /cd1uxr l  as  secr io r :s  o f  the

pu lJback  
"6" i (c r r ( tv t ; ;  

^ - :u t  w i th f ib r "  Ho=eFr r+ i  ,  s f  a l t *Fo lau ,

FO the sect ion induceC from oZoI.=0



p(N) c p(M) and s[Eo(N)c
. *

s e t r { s ^ E  ( N ! )  e x t e n c i s  t o' u  n '
Then

:  _ i . 0 _

*
s^E_( tv t )  a re  bund le  res t r i c t ions .  Fur ther ,

U n '

t  *r(sf;un(t, l  by seti ing s = F0 outs.ide N.

;  r (s[e-(na))  commutes.

representat ion of  ct l tutx r ; /cd(rrax i i

)
C ( I d X I )  , =  a u t o m o r p h i s m s  o f  ] J X I -

/ r '
r - 7 )

a n d  B  . ^ ( t u t x I - )  =  B r + Z ( M ) X i -  w e
.  n + z '

ro. r (s[En(N)]

rl
f

ctlw;TcdqNy
rl

ctlnr;7cd1vr;

Next we want a similar

as a space of  sect ions.  S i r ice

f i xed  on  l v f . : . iX0  vO( l v IX I )  X  i

have:

f  . l  )  
t '

(2.5)  C"(Mxr) ic*(r , rx i )  x  r ( ts , r+z(M)Xi") ,

sect ions s:  MXt ' - -  urr*r{ .v i )x lz # i r r -  = i ; r , rxrX0 u.ra( tuf  xI )x i  =
, i r

r 0  x  j " d '  and  s l v r x i x t  :  l v fX rX i  *  
l n+ r ( l r ) x11 t  

*  B r r+z (M)X rX l ;
t i

s0i  M *  Fn( I / )  *  Br .+z(M) represer l t in8 the g iven srnooth ing. '

I' i ,
I t  w i l l  be con ' . ,en ient  to  use polar  co lor . l inates :n  IZ so le t

7
t f  =  [ - 1 ,  ] ] x  i 0 ,  i ]  a n d  t a k e  c o o r d i n a t e s  ( " ,  t ) ,  0 < t  < -  l ,  r ( .  l ,  r v h e i e

)
( x ,  y )  e  I "  i s  o f  t he  fo rm ( ( t -1 )cos  tn , ,  i + { r  - l ) s i n t ' ; r ) .  No ie  tha t

6( fv f  XI )  has as d.eformat j .on ret ract  the automorprr isms of  ITf  XIZ

{ i x e d  f o r  r S 0 .

Now s '  is  a  Z-d isc of  sect icns of  tsr r . , . r ( l / )  r .vr th  s  = sO for  r . i  , i

and  r v i ' ch  s  i n  B r r+ l (M)  fo r  t ;  0 ,  L .  Fo r  X  g  y  gZ ,  1e t

Z  : ' ,
A - (Z ;X ,Y )  be  the  space  o f  maps  p  o f  I "  i n to  Z  such  tha t  t h t  image

\



. ;

- 1 3 -

3 . The Stability lvfap .

De f i ne  . s iE .  *  g  bv  o { t r ' ) ( f  , t )  =  + ( t ,  r  ( t ) ) .  Thenn n

gl{-:F_ * f{-.  = CII-, is the map defined in the introduction.
" n n n n + t

p ? =  o l o p_ I

cro p( )r) = at(r(o)) = constant path at l(o) e BrrC Brr+t

pq( I ) i t)  = {(t,  I  (0)) = constant path at \  (0)

c) I commutes with the action to 
"opn

d )  g o f =  c ^ o c .'  '  -  . - z  - 1  '

(s.r i  Here I  induce s qiEn(M) *  Go(M) wirh

F . 9-,^ V1
n n

I t'Er(i{) 
,  -e ;cn(M)

P l  
[ n

n',{Lt 
91 . sI *, {rur)

c a )

" b )

Fur ther ,  g iven  s :M *

we get gs:M - G f lvl) r ir i th
n

with ps =

E
--h

(rt
L '

D G I S = ( r o D o s =
t l
t

commuting

s ^  a n d  
' s  

I A M  =
u l

G (M)
n '

t ?
t l

P l  l " z
.  ? l

T
R- t,rrl"n*1 \" ' /

En(M)

En(Ml

l to l l "
B (M)

n '

aso I au

. lr lo  t0  an<1 9s JDlv i  =  gas '  =  r 'o l  *0.



:
t. /v

i t ; .  :

' ;fltemark 4. tf the t;rngent vector bundle
f,--

,r rr / nr*r
c'(Mxt)/c*(vtx:)  c (nL*r)" ' /  "^". .

o f M i s

'  . . t

.  ' i ,  '

' (

' h

tr ivial,  
'  

k

-12.

I .

Onthe other  l . tand,  apply ing Remark I  to  MXI instead of  M, .  we

rrave ct(rurxl;rrcdluxr) nv q^y"I/a(Mx I) = 
",,]l"i 

ut' 
. It is easy-  \ - ' - '  - /  - n * I  

.

to  check f rom our  def in i t ions that  these t rvo representat ions c3rrespond

-u (M/aM) ^. u/au
under the adjoinl identif ication tni T 9lr+i

f . A

.5.  C"(Vxl) /C"( . r r txI)  o f (sf fo ' fCrr( l l ) )  is  natural  wi th respect to

@.q,:,:r

*m

l
!

(iri

#&,.

.lP:r .
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I
I

[ - t , i  ] x  [ o , t  ] l
i

I .  e .  w 'e  con juga te  hX

is  def ined by y( r ,  t )  =

Dcf in i t ion.  / ( f t )  =

i  w i r "h  id , ,X  y  ,  where  y :  [0 , i  ] x  [0 , t  j - '
M

( i * -1 , cas  t "n ,  t  : '  { r *1 )s in tT r )  .

'
I  - l

i : ' - . X y ' h X I o i d . , X 1  
-

rY"I I\4

h = i< ier : t i ry  for  r  s .0 ,  / (h)  extent is  to  a l l  c f  MXIXIRemarks .  S ince

by mait ing F(tt) * idenii t ir  orrtsi ie the hal.f  disc.

Since h is  a  product  r :car  r  -  0 ,  1 ,  / (h)  is  srnooth

We now comgute tbe *"f\erential,  D/{l t  in term.s of

neecl  the d i f ferent ia l .  o f  y :

_ l

R . " D h X l o R .  ,  a n d
t t

i f  h  is  smooth.

Dh.

0

n ( r - l  )

- 1
R

t

have:

co r re s  ponds

l a  ^ \

\ J  ,  . 1 .

Firs t  we

i

X;
-  s in  t r

( '  o  
\ " o n " r " ' , ( '  

o ' \ - '

\ .  n i r - r  
' - \ o  

o ( * - r ) r l

( r r ( r -1 i )  commutes  w i th  Dh  X  l ,  we

:.

. Then D/(h) =

l r  o  \
* f l
I  t =

\  o  r ( r - r ) f

\  { c a s  

t r

i  
-  

\srn tn

Dr i  =  
/  

cos tn

\  , , , , , . ,

- n { : -  i i s i n t n

: r ' ( r - i i cos  t t i cos tn

i

.  Since

I:
i

, ,

i d x

. + ' l t 1 1

Tb"llqg_-A. fl: C" itt)/C'(ivr) *' C'(tvtx i)/C*(lotx t)

the map of sect ions e: r(sf i inniN{)) -* o{{r l-Grr(u)) of
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(3 .  ? . )  q  def ines a map of  f ibrat ions;  i .  e .  a  commutat ive d iagram

F f - - - - - - - r *H  = f , }F . ,  "
n. n n+r
' l
l r
.t {

"J' i t*t 
*Q n"["r-"-(*)

- ; '  - , '  i

l '  |  : :  - \ \
r  +  "  r :

\  *  =  M  
,  

n - : - - u

t - '
. l { - '

! -ur iher ,pzTls l -" ( t " t ) )  * r (uJ" iC-1u;) ,  the rect ions s wi th " larvr=Eolau
:

Nezt v.re sh.o.v that t ir is map E of sections corresponds tc' the map
C r

/ :  C(tvt)  *  C(tv lxt)  un<ler lhe di f ierent ia l .  , .  
'

F i . rst  we may assurne cur concoru.rr .* i ,  i ' . :  M x I  *  M x I ,
i l

nJ l,t x 0 u 0M X I = idenrity, also sarisfy It j r 'A x [O, r ] = identity and

u J l a x [ l - e  ,  t ] =  h t x  i d ,  h l  (  A ( M ) .  I . e .  t h l u  s u t  s p a c e  o f  s u c h  c c n -  '  r :

corclanccs is a r . leformat ion retract .  i. . . ' . . 1

l h e  
r n a n  g  i s  e s s e r r i i a l l y  h  *  h . x 1 :  ( M x  I i ' . ( l  - , ( M X t ) X I ,  e x c e p t

tha t  hX l  i s  no t  t he  i den t i t y  on  a (MXI )X I .  l n  o rde r  t o  co r rec t  t i r i s  anc

a 1 s o t o r r r a k e / ( t , l s r r . o o t h w h e n h i s s n r o o t h . $ e v i e w M X i X I a s i n t h e

p ic tu re  be lo rv  ( s :e  [  4  ]

r :

Ttrue

[ 0 ,  r ] *>1"o,rl

[ 0 ,  1 ][ 0 ,  t ]
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+ 
t^or*tThus it  is natura.l  to usr-" the notation C:$.t)/(

U '

'  
Now f rom the rnap of  bundles ;

I

r { n + A '
^  u r ^  r ' a  ^ a  I(, tr-,' / ?& t, (i\4) X C"(Dt) -.h

,( col*)
l l l
i l f
l l  rt t  ,

*
r l n * r 1 n !

c*(n") -+ c'{n' l  ,x - co(Dn)
/- drnn\
v \ y J

I

we se'e that we have a l :o:notopy f ibration

^ . * n ! ' ) . \ \ h h. Since D;'/AD;. ' .:7r 
u/0N4.r:7n"/aD" iu a i:.omoropy

sce that M/aM r {i i . l0rzoM) n, D*/aDt, where lvi0 = luL -

"I. M/ah,{ o --ol/uol :< r,M.o/arot .n n n

Hence cjtu)rcodii,r) * ctqr,r;/cd(*i I ru/a"t

a homotopy equivalenca. Thus t ire difreren.t ial i 'duces

t .  r t ' .  d  _ tu to /a l tc;(\{)/ci(:r,rt ; F 
iY^ /urYr

f,:r ct(u) I
Go(ld)

cd(r:")1.

ctllt;Tcdivr;

I

I
I

cf 1o";7c 
u(ot)

(q. z) cjtr,,r)/cnn{rt) -.b ctql",i;7cd4rury 4 ct1n"17co(o'),

since ct(D^) = c*(;:"i . x cd(it) is cont.ractible
cd(Dl)

e quiva.lence we

rnt of - Thus

n
4 r  u"/al t- s l s

n

( 4 . i 1 )

^ / a ? \ -  v l \ . \  -U(r \JC C(; \ t ) .  S imi lar ly ,  we have a

Givcn Nnc lnt  , , - ln,  i f  we t :ke oJ;  NtC M*c Dt,  then (4.  l ) ,  (4" z) ,

(q .Z j  a re  na tu ra l

natural hornotopy

$/ .  r .  t  the inc lus ion

e qu:i.vz lence



4.  Proof  c , f  Theorems B through E.  . .

Assume that the tangent vector bundle of M is tr ivial and 1et

- n -  -  - - 1 1  _  t -  n  . 1  ' A  f  ArL c Int tvi rhen by naruratiry c"(ur')7'c-(D;') * c"(rut;/c*lrvr;

Dl/sDl M/aM
6 F '

{ '  . r r

C-(D") . is  corr t ract ibte by the Alexancier t r jck {see IZ]) ,
r -  :  / '  ' '

*  C: (M) is  a  homotopy equiva iencel  iu -  - - - i r  
,  , :

; 1 6  -

t

i X i o d  , t .  d -  n .

u  
,  i i  i

d  i i
Taking the associated bundle to  C*(M) "

iil 
"**,* ct(rur) x cd(Dn) +

F
n

l l { o = M

n

tl
- Int D--- to ':he

V

i " :

under the rr*ap Vi/av -- oj/ani which collapse.ts.::,, ,

b a s e  p o i n t  ( s e e  R e r n a r k s  1 ,  2 , 3 ) .

. ,, If further, Mtc Inr Dn, then c(DJ) c c(vtny c c(nn;. Now c(D;) i,

is  a deformat ion retract  of  c(D"),  t ry , , r . i joerress of  col lars.  Let  ,

cg(L{) = c(M)/c(Dl) and. let 
'g: 

c(M) i c'(M) be rne quotient rnap. T!,.en,,
it'. ,.l

c(vrf $ c(r ' l ,) x c(M)+ricCI{M) x c(D1, is a homoropy e,iuivalenge. ..,

Since

c'(rur)

\ . r a
I

ct(rr,t)

we see  f rom the

{ibration

f a  t \

:'

commutativity of

^uL ,. cd(D") w*h ribrb cftra) = cf iul/cd(nl)) ,co(u) '  . : ' :  I  
'  i ,  J

r l d i r

colrurl/co(o") * ctlir.r; -x cd1::"i, 

"6;., 
,cd1::'i 

*F c'(u)"{*t c4(p")

il -l
cjtr,,t -]& J;r*

j r  :  :

the above tJ:at u-e have a ho.noto6y

: i

i r

i ' :
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( 4 . 8 ) ,,r.ct1st><

a.,.1
1

"n\*o

ou) +-:*. ',rctis** pk*')

l u *
I

.,,.RkJ'l*nn,

commutes ;  and  fo r  i 1 .Zn -4 ,  do  i s  an

- t

1s s iu rJec t lve .

Remaik.  The above ar(urnent

as remarkecl ir l  the introcl ' :ct ion Ct6St1 *

and i. t . ! .s not diff icult to si iow the cl iagram

E

i g o m o r p h i s m  a n d  f o r  i g Z n * 3  ,  d . .
,li

shor .vs tnat  (4 .8)  ho ids for  k)  0 .  F lowever ,

Thus, s ince i  i^s yf t : t "k)  connected, we get that  g is inf(y(na.k),  ?n-3)

conne( ' ted. ,  I  :nkl+k *n**tL+k+1. T; i< ing 
:  

suf f ic ient ty Large so that

y(n+k) > Zn-3; and lettins r = n*lt, we get t irat E,ekT" * nk+lFr+l is Zn-3

connected, and. hence that g:  Fr *  QF"+l  is  2n-3*k = r-Fn-3 connected..

-  
Let t ing s  = n-2.  we have:

(4.  9)  g ;  F"  *  Q F"+l  is  r+s -  i  connected

From the map o ' :  exact  seqr lences

* n i (o"+ , /  or )  + r iTop"* l  / rop"  *

F is a hornotopy equi.vaience
n

c o m : r r u r . t e s f o r  k = 0 .

I

when 2s*1  S V( r ) .

oi (ToP"ot /Top" ,  or+I  /or i  J -*

l- [ -
t i+t (orn 

z/a"+t) 
* rr*, (roeror/"oornr) * r i+t (tovrrr iToprut, cr+,,/o"+:)

usi r :g  tha i  q :Or+/O" *  (C"+ 
Z/Or+i  

i "  ? :y- I  connectcC and t l ia t

* i (ToP"+1/Top",  o"+1/o")  = 
" i_ t ( r " ) ,  

we ger  thar

J*
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' n

(+.q) c j(r'rx l)lcf 1vx r) * (o F,,or)M"/

.  Further, frcrn the commutativity of ' the diagram

ct(vr) ,X cd(pt) 4 ct1l,a;7cd1la1 3" t 
v'/aru + *r'lo/avt

c*(M) II  i  
n l

f i l  f i l  q l  r l  :
t  l ,  .  , ' l  " , ; nn ,  { ,  r ^ , , , i * x .

c'1rut*r)_r. * _. cd(ptxr) * c'qu*r1/cd(rurxi) -g* (nLor)M/aM * (o1r*r)M,taltat '
co(tr, lxr) 

. ,  . : . ,  :":: ,
L

we get '  : l  r i
. n t r - !

(4.s) cjtul/cf r*r i #",/aM' ' r,,,
r l :' t ' .  , l /  , ,  l e  ,  i :
{ '  o '  ' '  I  n l

_ t -  d .  d  i  . v " / a l u f
co ( t " t x I ) /C ; (MXI )  p  f  L * r ) " ^  1 ' " -  commutes .

' : . ; 1 ,

n 1
u" /au = S" .  Thus f rom (4.5)  we i ravet  I  I  ,

t l

1 1 , , "r- i ^k ^n/-:<
In part icul ; i r ' ,  take M = S"xD^, therr M/AM s 5--v S-- '  

--  
and

t .  .
a

c't(snx?ury"i{r"*o\ -f" 
"J(1"*ou:'tl lciqs"x 

Dk+r) , n

l - i l ' J
, - r  i  .  l -' l i v

, k -  @  - k + l
I t - T '  +  O ' - ' - i i -'  *n*k*

d  n  L  ^ t r_n*k ,Now by  Iz ] ,  r .C i (S"xD ' - )  =  Q fo r  i  <Zn-4 .  A lso  s ince  C- (D- - ' - - )  i s

cont rac t ib le ,  * .c t15*x  pk)  =  
" .c j i s t *oo) ,  

a l t  i .  l i ence

(4.7j , ,rrctqstxn\ * o..1co{s"x okl7co*ta"* 1.k1 ,  i"  ar:  isomorphis:-a for

i  SZn-4 and surject ive ior i  !Zn-3

| :".
: !  i

l :

'  
lr : ' i
t , .

] !  r. t  
)'  j '  , i

i  , 1 ., : : . :
' ! I
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+  d  + .  ,  d

Theg-rem 9. a") f i :cE(:v.1/c*(M) 
* c '(MXi)/c*( l" ixI)  ig s-1

connected, .Zs*1 3 ,, 'V(tt).

I
!

- z L '  i
' l

.
'  i  -  i .  z  r  \

s  -Z  '  
connected ,  2s* I  5  '1 ' (n l '

. . :

connectecl  compact smooth manifold,  
-)* . .

b) l, cd(rtr) '* cd(ux r) is

l f  Mt is an arbitrarY k-I

4 , ,
n.(Cr:( lot} ,*  O for i  < Zk-3,  and k I  n-4 i {  D}vt '  is  not  1-connected'  by

, i  '

T h e o r e r r r  3 . l t  o f  [ Z ] .  
!  '  '

Theorern D.
#

Then

Let Mn be an k-connected compact srnooth manifold.

a) , , .(ct(rut)) * l r i (cJ(rur),  Cf(M)) for i  3zk-3, and' k (n-4 i f  atvf

not  I  -coru]e< ted.

i ) )  . , ,  {ctf tut;1 n: n.(trqsfrrr(vr)), t :" /uo')  ,  i  S' 'k-3 '  and ks '-4
p l  , . , i \ "  t . ' - r r  . ' i r -  .  0  r

i f  AM. noi  l -connected.  ,  n
t  i  d .  , -  M ' /aM, ,

c) l f  further Mtt C Ini Dn. tt .(C'(t 'X)) *" i(C;(M),"t)O=(tvt)) =ttr(F,, 
- '  

) ''  i '

lS  Zk-3,  and k (n-4 i f  0M nc2t  1-corurected"

Progf . ,,.(ct(rury * 
".1c j(r"r)) = 

"' 
(c;1'"'1' c jtvf l \

*rrr(ct(na1/cd1l"ti, cf1n";7co(o')), is zk'3'

Tl- , .us a)  andb)  fo l iow us.ng (2.+)  and Remark 1.  c)  i :o l lows f rorn (+ '3) '

I f  MtC Int Dn is a k-connected, compact manifci ld, note that

n
dimt l ru ,  a lv t )  (  n-k-1,  a .nd so f rorn (4 '5)  and Theorem D:

1+:

)



Theorem B .

Thus we i:ave:

- z Q -

is  i : r f ( r+s,Zr* l ) .  connected.,  2s* l  < y(r) , r ;

€

:  , ; l  
, l

. . :  l : ' . .

' r i J '

@ :  T o p  , .  / T o t t'  ' r + r '  ' 3 * e Tbp, +-z/Top r+L

i t : '

I

a ) 9 : r r . ( T o P r , f l / o l u ' , T o P " / o " ) * ' i + 1 ( T o p * z / o " + z ; T o v " r 1 / o " + t )

i s  sur ject ive for  i  (  r *s  and in ject ive for  i  (  r *s ,  Zs* l  S V( t ) .

b) 9o: n.(Toe"or/Toe-) - '  , r . .*r(roe"or/toe-*r) is surject ive for
i

i { r * s a n d i n j e c t i v e f o r o , . ( r * s , 2 s * 1 3 i d ( 1 i : . ) , Z r - 1 ) .

. '
Nex t  we use Theorem A together  w i th  Theorem B to  ge t  resu l ts  in

'  
^ d , - - .  |  , i  

'  
,  :

the stabj.l i ty cf C*iM) I 
i

-Len"r IB-_5*2..  Let  p. :E.  *  B be f ibrat ions wirh f iber Fi ,  i= ! ,2
' i

and let g: El * E? be a n:ap of f f . .rat iorru orr"l  the identity. Let
I

s^ :B  o  E ,  be  a  sec t i on .  J ,e t  (g ,a )  be  a  s imp i . c ia l  pa i r  o f  d im  n  and
U  I  I 'i i

f  (8 . )  t i re  space o f  sec t ions  s :  B  *  .E .  such t i l .a t  s lA  =  s^  le  fo r  i  =  l-  1 -  1  i  |  0 ,
, l

a i : d  S j A = g o s ^  f c : . '  L = 2 .  T h e n i f  g : F ,  * ! - ;  i s  r r * 1 <  c o n n e c t e d . ,u  r  i r
r ' / , ^ \ . T  -  L - a ^ * * ^ x + ^ r  

I

. . :  
- \ y l . - ' ( E f ) * r ( E z )  i s k - c o n n e d t e d .  

I  
:

'  
., ,c" l

L:"Sj .  We need to cc 'nsid.er homotopy cJ.r"sses bf  sect ions s.  of

i d ' X  p , r s 9 x  e -  * S Q x  B  s , r c h  t h a t  s l *  x B * - ,  - s 9 x A  =  i c i X  s , . ,  ( o "  i d > (- 1  
1  C  

r -

i i  S ince  the  f i b re  o f  i d  X  p :SQx  B .  *  51X  E^  i s  t } ; e  same as  the  f i b re  o f

a f i

F ,  *  F - ,  a  s e c t i o n  s :  S Y X  B  *  S q x  p -  i i f t s  t o  a  s e c t i o n  o f  S 9 x  t r  i r
r l z ' z - 1

r . q*n 5 k*n. The j.ifi is unique up ;d homotopy {f q*n ( k+n.

;
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5. Jm'ar*iance under k-equivalence

- - t r  -  . , n z  . ,  . .In  [ : ] ,  Hatchei  proves that  iJ  \ { '  and \ iZ"  aracompact  k-equiva lent

PL mani fo lds,  then *r "  O' (Mt)  *  n ' .Cpl1vr)  for  i  << k .  In  th is  sect ion -ve

Lemonstrate a s imi lar  resul t  for  the smooth category

,  Let  Mn be a smcoth compact  mani io ld  and le t  f  be a smooth vector

burrdle over M, and p = D(f, ) t ire associated disc bundle. Now

rl
C-(M) C C*(MXI,  MXI;  mod h{  X 0 r - . r  Stv t  X I ) ,  and the funct ion space is  con*.

n  n d ,tractible to the i.<Lenii ty r..rap. Hence 'n/e have a map f:."om C (M) to smooth

bundle maps of  D( t  )  X I .  the iaent i ty  over  MX 0 U A}4X I .  Th is  laet  maps
j

intc A*(D X I; mod D x o ., (D I alt) x l).

i ' i o w  t i : c r e  i s  a  r n a p  ! : a o ( O x I . ; m o d D  X  0 ' , . - , D J A r ' " t x  t )  *  C d ( n ) ;  i . e ,
j

by usi:rg a col- iar nei.ghbor:rood of the sphere bundle : = S( ( ) in D( 6 ), we

T"t 
identi.fy D X I viith itself j:i such a l,r/ay that S X i r-' D X I is icieni.ified

w ' i t h  D X 1  a n d t h e c o l l a r c f  S X 0  i n  D X 0  i s i d e n t i f i . e d w i t h  S X I .  I n

. ;  d .
t ac t ,  we  may  assunre  h  e  .A " (DXI ;  rnod  D  X  0 . rO laUX l ;  sa t i s f i es

.f

h l ( co i l a r  S )  X  i  =  (h iS  X  I )  X  i den t i . t y  on  the  cc r l a r  pa ra i r re te r .  ?hus  as  i n

sect ion " r ,  conjugate n lS X I  X I ,  where the last  factor  is  the co l la l  pararneter ,

- t .
us ing  essen t i a l . i y  y  

-  
l t - 1 , ' l ]  X  [0 ,  1 ' ! ,  aq . i n  t he  d iag ram be iow .

D i e  ) D ( e )

l*-.--

col lar
\o-1+v'

col lar



-zz-

ih-ggligg1*E. l,ei lult C Int Dn. Then if M is k-ccyrnected

a) /: cjtn,r),/couiru,) * cj iuxl;/coc(nxi) is k*s connected, zs-i-1 S v(').

b) f i t  C'(r"r) - 'ct(naxl) is inf(k,,s ,zk-3) cor:necred, z1+t S y(n), and

k S n*4 i f  bU not  I  *connected.

f - 1

i>" '
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' :  

I
Theorem l '  l '€ t  Mn be a s t . ,ooth compact  mani io ld  and € a smooth i

n \ t 6 r . n  i \ i f  * i r o -  ^ / h . . ^  ! 1  Ivector  bundLe over  M,  then p-  . :1r .C(} , t )  *  r .C(D(e ) )  is  an isomorphism'e { . :  t  .  i

f o r  i  S  s -3 ,  Zs* t  < .  V (n ) .  
i

,  l{ow duppose *;t and *: '  are two k-eqrrivalent smorrth compact

mani fo lds '  Let  Ni ,  i  =  ! r2  be the regular  ne ighborhoods of  the k-skeletons

of  M. '  Then r r , (c(N.11 * '  n . (c{Mi) )  is  an iscn,orphisnr  io t  i  sk-2,1  1 '  .  L "  i

k 3 n - 4  b y  T h e o r e r a  i .  i . r  o f  i z ] .  
,

Now embed N, in Rtz*t ,  * su{f icientry 1arge. J,et v }re t}re4

non:ral bundle. Then if  s is surTici.ently large, th.e homotopy equivalence

N, *  N^ is  hcmoiopic  to  an embedding of  N,  in  In t  D(  v^  ) .  U v .  j .sL ( .

the nornrat  bundle of  Nt in Int  n i r r ) ,  we have o(vl  )  c.  r ' t  r (vu ) .  Then

aga in  by  The. re rn  3 . I '  o f  [Z ] ,  n .C(D( r t ) )  o  ' , rC :1O1r r ) )  fo r  i  (  l :_ :2 ,

k S r ; r ,  *  s-4.  Thus usi : . ,g Theorem F, we h",ru:L

Theorem G.  Le t  * . t t ,  ^on?  L^  . r -  ̂  - . - :'  - I  '  I f iZ be k-equivalent srrrooth con:pact rnani-

* fo lc ls .  Then , r .Cdi t t ,  )  .=  n.Cdqvr)  for  i  <  in f (k-2,  s-3) ,  k  {  n i -4 ,l  l '  1

Z s * l  5 i y ( t , ) ,  j = I , 2 .
J



Note ghat if f is the trivial

p:C(tvI)  ' *  C(tvtxI)  is  homot*pic te

*"1 C(M) -," smooth bundle :rlaPs

fuIX0 ,-r 8MXI, is the product map

to an obvious deformaiion.

Next observe that i f  & and 11

then pul l ing q back over  D(g ) ,

-24 -

D ( € ) = M x I ,

J .

map p.  In  fact ,  the

identity ovet

in this case p = f i ,  up

line b'.rndle, i. c"

the stabil izaticn

o f  D ( g )  X  I ,  t h e

s. .+ s.X id- . But- I

are two vector bundles over M,

c(M)"\ 
ionoer* 

n)\ c (o(e +.,r ))

comrirutes up to horrotopy. 
, I

Thus i {  'qs is an inverse of  € ' ,  then t  Srr  = I  an<l  n is
.  :  , * ' l  

-  ^ r - + g  e r ^ u  P g O  s  . ' "

homotopic  to  the s t rb i l izat ion map / :  C( f r ' f )  *  C( : r IXOr ' |sr .  S i r r : .e  /  ,  is.  , *

an isornorphisrn on n.C(M),  i  ( (  n ,  p  .  is  i : r ject ive and p is  ep i  i f
i  .  . e *  

I
P^ p,

i  ( (  n .  L ikewise C{D(S ) )  - -L  C(D(e CI ' r  ) )  - '+-"  C( i . t (e0 q Su }  =

* 4 q

C(O(e )  X  D ' ' " )  i nduces  an  j . so rao rph i sm on : r . ,  i  ( (  n * r ,  and  hence  p -' r l

is  in ject ive and her .ce an isomorphism for  i  ( (  r r .  Hence

r i (( n. Thus we havep . ;n ' .C ( l t )  c  
' " t

1  rove; t



'Since SOtx) is an hdrnolo'gy theory, it ' follovrs frorn Tireorem H

rhar op+j 6 t/aqsj ̂  K) ,,, 'p e j/d1r1. Now djlotr: ^ K) =
* i . q i

t im c;(N' . , (s '  a K)) /c;(Nn(sJ ^ I ( ) ) .  Bur by rheorem D,

,,rcttNr,(d ̂  K)) * ,,.crliNrr(si ,., K))/c0d(N,r(sin, x)) ror i<< zi-s, for ;

large. Hence if we let ' f*(ta) = tp Ct(Nn(K)), lye hi,.ve:

r.i* ,,0*j f,'(rin K) o -#o{x).

'  t/d
' ) o t

In fact, rr (o n (X) = l,im
D ' w n

l . ; - ,
/ '
I

t  ,F ) = Lirn n Ctist) =
p+n'  n '  n  p*n \  /

Theorem I .

RuTlIk. S jrrce 3.
n

n l s

Lim n_fl"C'(S").
D Y

^tr^[r  / - f  ,^ 0t= U (D J, J^(ii J = .!-rm
t r .  n

-i
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\ i

6' .  Concordances as a homology theory

Let K' be a f inite cornplex. Then for n suff iciently large, K embed.s

i:r Sn. Let Jr[- = N (K) be a regular neighborhoc-d, of K in Sn. Again for- n n '

n suJficiently large N*(K) is independent of ihe embedding. Now by (+.1)
0 . "

+ ' {  *N/aX *  *
c ; (Nni /c ; (Nn)  -  t ; '  3ut  N" /ax . ,  tn ; ; - t  ,  I ( ; - ,  the spanier-

'Whitehead d.ual of K in Sn; i .  e. Ko , = St 
" 

ir . t  N (K). In fact, i f  rve let
n - I  n '

Dt= s t  -  ln tn l  ,  o . tc  rn t  N csn,  then *r r* - ,c  In tDn and
c , e I

*0/r*  = rrn /n* ,  r r  ; I ( :  . ' ,  Further,  i t  is  sta;rdard that 
" t  i I  

= i iJt " n - l  - . - - n - 1  

,  
,

and N . .  (N) = N (x)  x r .  Thus we have:
n * l '  '  n '

( 6 .  1 )

:
and by (a. s) the

( 6 . 2 )

.  I -e t  $  b*  t t "
J,

.  \ / '  a  (

OI Ia ano i\ Ior t

*
K '

\  - c  
I i

l  - - t  ,
n' 11

. l

J i r  - - o *  ;u r a E i  a r r r  
I

u * *
n

l -
I
(tt t.n, )

c jtN,)/c odtw

r:cmmutative

c jrru"l/c jtN

F I
t .

"J(*"*i)/cod

t -
l l

' : . . r

f l , . t  \ -
\ - '  . . t  -

. ^ J .  l
l l  I  f

s p e c t r u m  i \ i .  
' * " t r "

. _ t / a
n;] Ler 6o' 

-{x) 
=

i l

*  r r - .
n . !  n r

K K
? r  ? 1 + l

.  i l . E
n-r i.

t '

1. '  -
/ t  for  the suspensicn spectrurn

+ A
i . i nn  C  l ( r '  ( x ) ) / ^  * ' - '  / r r \ \

n  u '  1 1 '  " '  t o l r r r t \ r : i / '

Then by Spanier-Wni tehead Dual i fy ,  I t t ] ,  
"k* ; ,  ihe dr- ra1 spectrum of  Kand

t /d
n 
rE o' (K) .r Sntx) .Theorem H.

l ' ;

, . 1

,'
I



_ 2 9 _

]J (Hn, H;) is a i 'air of the abcve groups or FT-$p.ces such that

Hic .H , we let rniH/H,) be such t} : .at p,(Hr./Hrr-r,  ni lHi-r)  - l

(a(Ho/Hr,_1) ,O{ i i ' /H;_1))  is  n  + L, r (H/H' )  connecteC,

. Note that

a) r n(HlH') 
> inr(x,.(H), xn(i{ ' )+ i)

'  (2. .r)

{)- t  
n . - -  

/  t  , \ I 1 \ - - l  - '  . t

B and our  jn t roductory rcmarks we ha.ve for  example

( H i = n - 3 f o r o  o r G  
/  

o

n' ' .:. ..rt n

,r(H/H')
o l

e other  groups or  pa i rs  can be oete, : : in i : re , i  t 'y  (? .1) .
I

that  i r ,+I( I { )  > rn(H) and \nr. t ( ' * l i rH')  Z Lrr( t - i /H') .

e r t l:e l jnear iransfrmations of Rn 
i '

!' / t  
o  \  |

= [  
' n - k  

I  i,  - [  
I '  I'  

\ o  - \ - /  i\ K r

nvolut ion on H,  g iven by conjugat ion wi th  ' I , - .  Note that
. L  t a  n  \  K

e. ,  cor : j r rga t ion  t r  ( ! -1 ,  
t  

)  
leave,  H '  invar ianr

\ o  - l /
o n H  Y  /

l l

f ibrati , 'a HoC Hn+l * Hrr+i/H' rve gei rhe {ol lorving two

as soon as we noiice that T-, indr:r:es the i. ie.nti ty on
4

b)  \  _ (H)'  n '

! ' rom Theoyem B

I
n

\.  ^ r '

Thus \ for the
n

Also note th

'We 
consic le :

Tr-
' I \

Let T. be tl v inr
,K

? ^  o n  ! I  . r ,  i . e .(. n+I

anci t^ l t i  = T. c
a ' n I

Fr:orn th.e fi

e: : . lct  sequences a

(r
n \ ^

t?-l

I

i

th

t e

]  J -L .

r*{Ho*, ) i



7.  A lgebra ic  con j .?  ouences  c f  suspens ion  isornorph ism

The main re.rul i  of  th is sect ion was f i rst  noteci  by Igusa [5] .  He

used our  Theorem C but  we w iL l  use  Theorem B d i rec t l y .

b,,t, t) be a commutative Z()rt)

module M with an invoh.rt ion r.:M * M; i .  e.

t

with r" = identitv. Then

- s t
a)  M s M" S M*,  where ]y f "  -  {xe Ml  r (x)  =

- e B -

r  is  a Z( lk)  morphism

M :
I

a  r '&
lv;..

L .

s
t* i + l  s
- ' '  1  r ,  \ , f- '- i-t.2

t d
t ;  - ! l  a

-;J-; 1"1
1 +  /

' t

. : , \ / . .

i i 'are exa.ct .

t_rlotarion. Lzt { i .1x; =

Norv let H- be any

Let )t (t-t) be such rhat
n ' . '

connected.

: i :

I

b)  Let  f :  ( tv t ; , "1)  *  (Mr, r r )  be a rnr : : rph ism r f  Z, ( t /z)  rncduLes wj . ih

involuti.oni i. e. f: M, * tuta is 
7 

Z$/Z) morphism and -rrf. = tr. . Then

{(M;)e.}Szu , r(Mla) c M: and r ', r] e ia . 
, 

:

c)  r ,c t  -o-Mi  jL  
* i * ,  

f in l  
- * inz -4r  . .  ! :e  anexact  sequerrce of

l

7(Vz)-rnodules s' 'cJr that each Mi has an invi l , . t ion arrd f i  is a mo::pir ism

crf Z(l/Z)-toC,uics with involution. Then
s

I
c

*  -  . F  M . : .
1 f  l '

{'.4-1  a
..--.rr )-, I

r t  *

er(x) & z0/z)

'
o n e  o f  t h e  g r o u p s  o r  H - s p a c e s

p : H / H  * Q ( i I  . / r i )  i s
n' n- 1 rr,* I n'
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.S ince TI ,TZ and herrc*  , '1 ,  TZ-  commute,  r l re  is  an involuLion.

Fu r the r t  
l rZ  

o1 r  Hn+ t  sa t i s f i es  ( " r r r ) *  =  r ,  
*  

and

. r L r ?  l H r r =  " Z t t l H o =  
r r ! ; ! o = ' r ' ,  o n  H n .  H e n c e  w e  l r a v e  t h e  e x a c t  s e q u e n c e

s l  s l  " ' r 1  
?  s l

(7 ,r) * * i ' (Ho) * r i  
- 

(Hn+l) * * i  
^ "(Hrr+t /Hn) -* n'o 

' ,  
(H") . ' r

r d le re  r r t t t  i s  t he  sy r r :m* t : r : c  pa r i  unc le r  , l rZ .  F rom (? .3 )  ana  (2 .  S )
1  _  t / .

we mr, rs t  have for  the ant i -syrnmetr !c  par t

(?.q) 
'.rltz(lr,ri. i 

/H) h, oft{rr,r*r) @.,r1]1(Hr)

A l s o  f r o m  ( ? . ? ) ,  ( ' i . 4 )  a n c t  ( 2 . 3 )  w e  g e t

9 t  s t t  d ' 1
( ? . 9 )  ' , t .  t ( i ^ i  

/ u  I  o  r '  
L L t "  / r -  \  n '  - ' -  L r - '  / "  r

.  I  n+ I /nn)  
o '  n ' i  \ " t -+ I / t 'n /  ke  T .  lHr r . i -1 /Hn)  ,

and  f rom (7 .7 ) ,  (7 .2 )  anC (? .  5 )  v rc  ge t

5 2  S l z  a r

\  ,  
(2.  io)  - i " (*rr* I  /H,.)  = r i 'o(Hrr+r / r r r r )  @ r i ' ( " r rnr iH,.)

. F'g-poglo. jr-l!. 0 * e u.' f i(Ho* r/ H) * 'lt (*r.n, )

Prgof . 9: Hrr+1/H,, n (nnrr/Hn+t ) i" given by:
I

s t r 'X t )  =  [R to  hx  ro  R ;1 j  =  [R to  h  x  1 "  o ; t "  i r - l  x  r ]

Now E  may  be  fac to red  as :

9:  Hrr . i . l / I { r ,  L  r \ (Hrr+2,  * ,  Hrr+ l )  {  
"  f r  (Hn+z/Hrr+ l ) ,

rvhere q is  the homotopy equiva lence q(X ) ( t )  =  [  L  { t ) ] ,  and

?trr l( t l  = Rto h x r.R; i r- lx t .  Then E*?* = p*i* :

ptA(Ho+2,* ,  Hrr*r) * Hn+t ,  p(tr  ( t))  * t  (1).  But



( 7  . z )

(? .  3 )

a)  For  h,  Hrr+ ' ,  Rto

and the result fol lows

b)  For  h o Hrr+ ' ,  R

But

horhotopic to

T r =

T
I

by a homotopy leaving li invariant.
n*i

&'s  
,  I  AJ  a l  

r , -o * -r.'{urr.r/urr) :." ",r_i 
(Hrr) -" o ,

!
rnhe re .  s . r& . r  i =  L ,Z  a re  the  qymrne t r i c  and  an t i - symmet r i e  pa rLs

1 1

with respcct  to  ' r . .
1

Since r,  on H .  r  leaves H_ f lxed, rve get i  \I  n * l  n.  
. ' ' . . :

^^ .  s1  s1
( ? . 4 )  * + . f H I - - t  t f l +  

\ *  
) ' t "  / r r \  A

1 i. ,r i 
* -i (*n+rJ * Ti (Ho+t1Hrr) *'r i-I(Hrr)

a r t u A r " :
( ? . 5 )  o - * * l l ( H . . ) - : - " . . * I ( t t  / H ) * o  '

1  ' n ' i ' I '  ' i  r " n + l / " n /

A , \ 'ploposir ion ?.  5.  9 : . i . (Hr,  
+t /Tt , . )  

*  *r*r("r ,  
+.2/Hn+t)  

sat isf ies
i i - - ' * ' ,

a )  @ T -  s T  r \
' : k  

I { {  7 r Y p r ' s  
t  D )  Q * ' Z *  =  " ; *  9 *  '

-' ,,,.lt (*,.) -* *. (H,r+r) * 'r:'(*rrr-r/r*rr) E 
*ir{n) 

*

Proof  .

. , r r ( h )  X  I  o o r - t " -  R t  T ? o  h x  I " . T ; i  R ;

- 1  - t
=  T Z o R r o h X I o O r - o T Z  ,

from the defini l ion of E.
i  - , ,  : . 1  _ I

t o  " e ( f  ) : x  t  "  O ; '  ' ,  R t o  T 3 o  h  x  1 ' ' T ; "  O J '

T 3 o  R r o i r  X . 1 o  * ,  
t  

"  t r  
t

Arr-L

,:,
; 1 "

i,

1

i, :,,

- 1

1 s
i . r
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L e r n l n a ? . 1 6 :  $  f o r s o m e  i  S i n f ( n + l  + \ - . ( H ) , n * L  
' f h f f

' '  
t I \ - - l '  

- -  , .  
n * I  

\ * L l  l ,

s u  t
. r . 'o(Hrr+ 

r / l ln)  f  o,  then for al l  jz  i ,  * ' {H) i  o.

proof . .  Ey (7.r?) ,  
" r ' t ' , i * , r*  , : /n^) i /  o r*pu"u 

"r l r t r r r ro,  )  /  o.
-  s ,  

t  -

By (2.13) ,  , r .  ^ (Hrr* r )  *  # .o{ i l )  is  a  monomorphism, and r r - (H)  /  o .

on the other hancl, 
"r l t ' {"rr, r/Hn) = 

".r i l t fFrr+z/Hr+r) o, 1r.14), and
, t ,  / + + \  |  ^r r . * r ( H )  1 0 ,  e t c .

Also  t  / e  no ie

(7  .  L7 )  A l l  t he  res r j r . s  (7  .Z )  t h rough  (? .  16 )  ho ld  fo r  pa i r s  (Hn ,  H ; ) .

A ,
Dlnce  n ' r (O)=  0  fo r  i  - f  l .  ?  mod  B  we  have :

I

I
l

,
I

a)

. b )

a)

r /tn\

,.;

Sjopos i t ; on  7 .  18

" l ? . .  s r  u
o' .  

' " tor . *  
t /on)  = * i ' " tcnr r /or r )  = .0  for  i  <  zn-z

s r  s t
o ' . ' i o , r )  *  t , { o )  anc t  o - . t [ c , r )  = * . ( c )  f o r  i  <  Zn -3 .

a)

b)

I:eeI.
foLlo'.vs frorn

fol lo'ws from

(?.  16)  anc l  the facr  that

i t  i  a l
\ r .  i J / .

Since *.1C/top) . , ,  * . (C/p.r-)  = 0 for  i  I  0

P r o p o r i r r o r ,  7  . I g .

m o l 4

I

we

f i . i
1 n

$ t  z

, 
t'{orr*r,/G*, 

Toprr,-r/toer) = .,rr"t z 
tcnrr/c , ,PL r r+ l /PLo)  

=  o  fo r

i  S  in i (zn-2 ,  n* t  + : ._ (Top) ) .
s r  r  

n '

b )  , r ] t ' ( too  '  sd)
. * - - r r11 / tuor r )  =  * io " le l r ro r / I 'Ln)  =  0  fo r

i < inf(n + tr rr(T.,c.p'1, Zn-3)
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.  \  | ;
. e r .  r  I  - l  I  - l

p ' F l h l  ;  R , o  h X 1 " R .  
- o [  -  

X i  =  T " o h X ] o T " ' o h ' X lr r z z
. - l  - l

- /.^1 v ,t o L - rz . r! \=  T . t r r , ^ L  r t  n I  =  T , t l l l o n
l '  I . -

- t  '  - l
/  N f r  1 \  r  / r  \ - r  f  t l ' r  1 \ - l

Hence , r "  (pE lh  l )  =  ho  - r ,  (h )  =  (pELhJ)  So r ,  . ,9  0 . , .9 . ,  =  -A  h.  
1  \ r I r - - J /  -  

I  
. . - '  ,  

l , i a  " *  y > k  -  - *  y *  t

prov ing  the  propos i t ion .  i ' : t t

S r  " t

Coru!3"141?.  For  i (  n- i .  I  +  ) . r r (d ,  Eu! .n .  "1 i i r . * r /Hrr )

a  r r r  \1r.  ,  (H ) is t r iv ial
i - I '  n '

s

tro-or. By l7.T), a*:-nlt '(*,r* r/H) 
-" rrr j l ,  (Hr,). Bur i f  e,s is

'  s t l  a l
or.rr jective onto r 'r .  

'  * 
,  Image a* c rr--t,  (Hr.) by (?. 1 1) .

99:glk11_!!. For i < n + irr(H) we have the exact seguence

s l  9 1  s ' r z
0 * r r . " ( H  )  4  ^ / r r  \  - r .  r . ' " ( H  . . / t t )  *  O .

i .  . - - t i ,  " i  t ^ ' n+ l t  L  n f l  n ,

e {.: .,:t 
t (*J*,n_r) * ,.;,T("*r /^,.,),

e*: .r: i1n,r/i.*,r-,) + *rl l  turrn r/H), and.

l , emrna  7  .14

a r e  s u r j e c t i v e f o r  i <  n *

l ^  ,  \

! 1 r o o l .  . r r o l : :  t / . b / ,
s l z  s r z

t i  *  t i+r

,u2{Ho/r-ro_, )
d-1

L  t - -  f - -  t
T  l H  l Y t  I
" : r i  \ - - - r t /  " - , '

a r . t  l a l 4  l t

i
^  / r  r \

} .n(H) and in ject ive for  i  S r-  1 + i

,  
a l  a 2  ^ z '  a i

?, i  tsnos - i  *  t i+ i  '  t i  *  t i+ l

a
x

, ' :
1 , .

t H l

an(1

The  resu l t  t hen  fo l l ows  us ing  ( i . 9 )  a . rd  (7 .  l 0 ) .
2

gg:glery-lilJ. olt {"r,) r -r-1 (* n./*,, 
', b*L 

*l3i*-*r/*,..r)
? r

nin i ( " r r * r )  is  s t r . r iect ive tor  i  S t t - f  \ r r+t ( } I )  : rno in ject ive for

i  Sn- l  +  I r r+1( I { )
^ l l

i i l ;  r .  n 1  r / i - l  * . , ' , l
l t  ,  \ . '
.  r  i t

1 i
U l i , r  l , ;  i

- *  j :  r : l i i . , :  r " - r r
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\  A  -  n  -  e i 1 - " '
a )  t .Top -  =  i r ' , Top@ ? r .  

tTop_ ,  
r vhe :e  u rde r  t he  i nc lus ion  i n  ?op  , ;  !-  n t }

'  1  _ : n  i  '  t  - t i

the f irst factor goes is(,rrrc;rphica1ly, and the second tr i l ' ial ly. F'ui;t trer,
& 1  d l

n. 
'" 

Top .c rr. . ' .  Top
1 - r  - n  

l t l  ' n - " L

. l a , A . . e l

b)  i i . top- /o - -  . -  t ,Tcpv"o@ r r . t t "o  p  /o ,  vhere  under  the  inc lus ic . , r r' i ' n ' n i " i - - ' n ' - q ' .

in  tooror /or r* l  ,  rh"  f i rs t  factor  goes isomorphica i lv  ar rd.  the second

.  6 r . .  a l
t r iv ia l ly .  Fu: : ther  n.  i - ( top /O )  . /  T i - . . i  ( to^  / r ' ,  \

i - I  '  -  - ' n '  
n '  i + I  '  ?n+? /  "n+Z l '  '  i

. a t i l l a l  ,
c )  n .  

' Top  
o  t ,  oo  0  , i r .  ' r op  

, /C  ,  an r i'  1  ' i l  I  n  i  ' n  n '
-  .  , r  ^ T c p r . . n - I ,  3 l  & 1  ,i l r . - ,  C'" t ($ 

'  ' )  o oi  
' ropn/ 

o '  s r i - ' lTopr._t /orr_ 
i

The same resul ts holcr  ror  FL, .  1

Proof  .
S t  -  c -

1 . *roo = r;t or. s ,,rit orr, and 
"rtt 

a; * *io by (?. I g o) .

" 1  
a r

*i 
-O,, * r i  On+l is tr ivial by (?, B),

r . r t to, ,  = ' l ton+z by (?" rul  .

Now by (2. ta: ,) ,  f .st  o,  * .o"*r/o '  o r l t?onrr/o '  o r i ton+I,u "r1\
for  i3  1"n-2.  For  n oac i ,  f .< ; . r+ l  *  f iSt  is  sp l i t  sur ject ive;  i .e . , .

is a map p: So * On+l such i;hat 5n -L* On+l * Stt is of degree Z,
3 1  e

t l z ] ) .  I { e n c e r r l f r o r r = o  f o r  i ( z n - ?  o r  r r . t t o r r - o  i o :  i S Z n - 3 ,

For n even * .^  . {  : '  . !  , " ) .  , r r *1 o +.sr t - t  ,o t  i *1  Zn*3.- - -  " i "n  -  
" i+z"n+z "  -  

i .+2"  l

o ,

t he re

l o o ^



\  . J . '

S r

c)  
" ; t (c , r /Ton. . , )  

* f . (c1t "p)  for  i (  inr (2n-3,n+ x , r (Ton))

s .
,  * . '1c_/ r ' ' r ,_1 *#, (Gi rL)  for  i  ! in f (zn-3,n+ \  (pL)

i ' n '  r L '  i '  n '

s r  '

d )  , r . ' (Top  )  o  ? . { r ' op )  f o r  i  - !  i n f (n  *  \ : ( rop )  ,Zn -3 )'  i  '  ' n '  i '  '  ' - n '
:

S 1
. ' , ' (FL  )  *  i ' - (p t  )  f .o : :  i  S  in f (n  +  \_ (pL) ,  zn-3)" i  \ " - n ,  -  ' i r - -  t  ' -  

n .

l

iProof ' 
a' -.,,!-

a)  fo l lows f rorn (2.  i6)  ana b)  fo l l .ows f rom a)  a; rd (?.  t8a)  ,

c)  and d i  :c l low f ro .n a)  and b)  and (7.  13) .

- 3 4 -

ro r

t '  
'  

: . :

..:

i

. . , . ' .  l .  E

a)

b)

W..
S r  r

n. '  " (Topn+ 
I /Topo, 

orr*  
r lorr)

iS inf(Zn-3,  i :  + } .*( tof))  .

S 1

n. 
' ( toprr/o,r) *#.(rop/o) for

s r  r
L  a  r ^ =  |' Y  T f .  ( Y l ,  , . /

1 nt-r_

I
I
t .

i  <  in f (Zn-3,  n

r r r , n / n \ ' -
L - J J  t  \ - '  . r / \ J  I  -

f r n f l n

1 -

t ,  t  \' r i  . \  t [Op,  ]

"  ) ' ; . '

s l  -  ,  -  A  
-  ' '  l  - ' ' :

n. 
- 

(trl.^/ O-) ,, i .(PL/O) for i S inf (2n-3, r 'r * tr i nr \1
I  n  n .  1 \ - - , v l  

. ^ v -  r r  
,  J t \ . u l l  

,

s r  -  

1 (  j

Prog{ .  By  i7 .  lBa) ,  
" * . f  

' { c - *  
. , /G^ ,  o -+r /o - )  =  o  fo r  i ' !  zn- l .

+ . t  . r r .  - L  r r r l  L L  
-  

t  f i

,  From thiq and (?.  t9a.)  rve get a).  b)  fo l lorvs f : . :nr  a)  and (?.13) ;

Tko lem J .  i .  For  i  <  ?n-3 ,  * . ,O-  ;  i ,O"  
" l tO- ,  

where  under
1 n ; 1 n '

the inc lus ion in  On+1,  ihe f i rs t  iactor  goes isomorphica l ly  anc i  the seconci

:: trivially. Further, ,r1to * ,r.11 o and .,r.lt o ". i 
o for-n odd

.  1  n  L t L  r a + L  1  n  l ! ( . n - l r ^ - - _:  '  | ' l I : D  l o f  n  e v e n
( r

The same resu.l. l  hc,lds for i i
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i .e .  mul t ip l icat ion by 2 is  an isomo phism. IJ  X is  hQmotoPy commutat ive,

so is  Xr- ,  and [K,  Xr" , ,  ]  is  abel ia :  .
\ L )  \ G /

.  Norv suppose T:x *I is an H-map such that 'r-" g identity. Then

t

Tg induces an airtomurphism of ttr(X) of order 2. i{ence

' tr{x) : 'o.(x) 
e)= ",r,(x12y) * .'f {x) e "'1(x)'

3i.ory*t iol. ! .JrL. Let X be a homotopy cominutative C'W weak group,

and  r iX  * .X  an  l { -map  w i th  ,2  =  l  : . .  Then  the re  ex i s t s  CW comp lexes
J t '  

o . -

Xs and Xa and a ho. : ro topy equiva lence h:X"  X X* -oXtr , ,  such that
\ L )

h* = rr l . .e r l  ,  r ' "* t , , r . (xt)  *  t ; (x),  rr ] : t r . (x")  =" '3(x)

p r o o f  .  C o n s i d s r  I l < ,  X r , . ] ^ ,  r e s p .  I K ,  X r r , , ] . ,  t h e  h o r n o t o o y  c l a s s e s
( /  l  

- s  
\ " /  ' 1

a e  [KrXr r r ]  such tha t  ' r r -  =  d t  resP.  - fa  =  -a .  Ncre  tha t
\ 4 ) '

[K ,x12 \ l  =  [K ,x r r t J *  e  [K ,x1 " ' , ] ^ .  we  s i ]ow  tha t  [  ,X ( r ]1 "  anc l  [  , x ( r ) ] t
l L ] '  l / J - s  

-  
\ r ) " a  

'  \ 4 / "

r  4re representable functors.  Now the ' , r redge ax iom is  obv iou.s .  So consider

ma .ps  f :A  *  K ,  g :A  *  L  o f  base  po in ted  connec tec l  CW comp lexes ,  and ' Ie t

K U L be the double mapping cyl inder. 
'We 

need to shorv that i f  in the com-

A

mutative di.:..sram:
, 1 *

IA ,  Xr " r l ^  * - : -  [K ,  ) i r r l ) .
'  

\ t ) s  \ G / D,"1 lrt
L , ,

n



\ ^.:

- - 1  Q -

l

i
I

I

z. a) ald b) fol-:.rw from (?. )d ) ,  (? .  zob ) ,  (? .8 )  ana  (2 .  t  s ) .

where oo/urr_, '* Toprr/Top"-tr *

c) follovrs {rc,m the fact t}at Toprr/Toprr-i o St-1

So- 
I 

is homotopic to

x  Bc(s t -1 ) ,

the identity

v

Now w'e ma'j" apply the same anal;rsis to t i :e block grouPs PL or
n

av 4., 
't?v 

. r, t N

Top  ,  us ins  the  fac t  t ha t  I I L  . , / p t  =  f Jp  . , / f 6p  &  G  , , /C  fo r- - ' n '  -  -  e  n t l . '  n  ' n ' l ' I '  ' n  n f l '  n

n  I  5 ,  t o  ge t l

A  ^ '  A  3 r t -

T h e o r e m  K .  a )  F o r  i  <  Z n - : ' ,  ? - T o p - , '  i i T o p @  a ,  t T o p -  
,  r v h e r e

___*r____ _ 
1 -a 1 - l 

-n

- & 1 ^ .  f 0  f o r n o d d'  r . F /  I  \  , . 1  it i  t o P n  =  
l 1  - . , _ l  - -  ,

I  ; '  
t * i 5 ^ ^ ' ,  

n e v e n

i
r 1  , t -  n . i -  

t l -  
t ^

b)  r .Top  ' '  i r .Top  i s  sp l i t  su r j ec t i ve  w i th  ke rneL  r . ' Top  /O_'  i  ' n  i  ' n  1  ' n  n

fo r  i  < ,  i n { (Zn -3 ,n  *  X - (Top)' - 1 1 \ ' - - r - l

The same : :esul ts  ho ld.  for  PL

( s e e  [ 6 ] ) .
. !

:

- l r

F inal ly  vze nc. , te  that  a i l  the above a lgebraic  spl i t t ings correspond io

geometr i .c  sp l i t t ings at ' lhe 1oop space leveL.  l ih is  wi l l  fo l low f rom gerrera l

cons ioe ra i i ons  on  i nvo lu t i ons  o f  t opo lc ,g i ca l  g roups  and  F i - spaces : .
. :
Let  X b, i  a ' f feak group ( i .  e .  sat is fy ing the g ioup ax ioms up to

homotopy) .  Assunie a lso ihat  X is  a  connecter j  C1V ;ompLex.  Let  Xr , ,
\z)

be X local ized ar ' ;ay f rom ?.  Then Xr" ,  is  a lso a w'eak group.  l 'ur the. r
.  \ d l

any  connec ted  base  po in ted  CT f  con :p lex  K ,  [K ,X r , , ]  i s  a  l oca f  i - g roup ;
\ L l

t l '



' i

, j

4. For an1, C1f 
'comirlex

-' a

- - n . 1  t o  - v \  
e n l i f  c ,c l r r \ '  w 'o  

1 ' (z )  
e t / ' rLv  '

:  - 3 9 _

7 ) 7
Y with j :rvolution 1. ,  Sl"T, :O"Y * O-Y,

: -  I

!

1 0 )

( ? .  1  1 )

Thug for example we h"1": ., :

(goroprr)(z) o Xs X xa, oi* = .";lToPo, ,rrxao 
".f,, 

tolrr. i

.  Further, xs * (no: 'opo) 
e)* 

(noToe),r,  is

inf (zu-.4, n + I rr(Toe) 
-.i connected.

\
\  1  .  

? 4

(nfropr, /or,)iz) = Xs X xa, rr*u = trip ro,_yo/o,r' or*t =.*i l..zToP,r'
. c , 2 , 2 :

Further:, .i(" * (s:f rop ,/ o^) (r) 
* (Qf rop i o) p1 is

inf (Zn-5,  n *  I .^(Top)-  e)  connected.
n '  

a  I
' ' l

,

o
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we are given a e [K, 'x(z) ] ,  and p u [ ] ,  *(r) ] ,  such thert  f*o = g*F,

thenthere exists V. [X \ - ,  L,Xrr , ,J^ wi th , { ' r r \  = o and r lV = e.

. _ ' _ _ , A ( . J - s
Simi lar ty for  [  ,X12iJ,

/

Now obviously there exists V'  e [X u L,  Xtrr ]  wi th r , f ,V,  = o,

rs  I  
r  A  \4 )

,LYZ = F. Let \  =;(V, + 
"yt) .  

(R.ecal l  that  rnul t ip l icat ion by 2 is an

isomorphism. ) Then ry = y and ,iv * Jx',t/rr J=*,r\t/z= ,Tar, = o.
{ < l

Likervi .se u"y *  F.  A s i rn i l .ar  argument usi 'g y = 
l (y,  

- ty l )  works'

f o r  [  , X r r , ] ^ .  i
\r'i 4 

/ r,'

'T 'hus 
ther. ' :  :x ist  Xs and Xa such that [  ,X12;J" = [  ,Xs]  and

[ , x r " r ] ^ = [ , x u ] .  H e n c e  t  
a /  1 - r  r /  T  o f  L  1  -

\ u l a  
' A  J '  r r r t r l l ; s  L  r ^ 1 2 1 J - t  , n ( Z ) J r - L ' ^ ( ? ) r t

[ , : ' - u j o  [ , x t ]  =  [ , x "  x x t ]  ;  
" o r r d  t h e r e  e x i s t s  h : X s  x x a  N  x .

I  
. -QJ

such tnat h:  [K, ; { :s x X*]  -* .  [K,  Xrr , , ]  sat isf ies h *  = f r l  O ha
l r - l  1  

' *  " t t <  *  " { t '

l r

*Sry" tk . .  f  .  Xs and Xa are unique up to  i {omotopy cquiva lence.
: ' " l l

2.  ,  "  
is  LrJrnotopic  to  the ioent i ty  bn Xfr t  i f  anC only  i f  Xa

I  .  r - ,
is  t r iv ia l .  Hence t  is  homotopic to the iden{ i ty on xr. ,  i f  and only i f

..r is t}re identity on .triX), all i . j  ;

3 .  I {  Y  is  an  H-space and r r :Y  *  Y  is  an  H- rnap rv i th

(.

" l  
o  I y  ,  t hen  

"1  
i nduces  Q : r ,  on  AY.  I J  Y  i s  t he -ho rno topy  t ype  o f  .

a C1Y co.rrplex !he:: the cornpcnent ACY cf th*: base point in AY is the

bomc iopy  t y i re  o f  a  c \ {  co rnp lex  x  sa t i s l y i ng  the  hypo rhes i s  o f  (? .19 ) .

Hence  h :xs  x  xa  : :  l n  v l  - :. r  -  \ . ,0  , , (Z)  ex is ts  and h*  = f r i  O f r i  .



v/e see that  f i .CEdfDp.  Dn)  -*  - ,  ̂ -dr -  D*I  ^n*1
,  

,o  tu-  r  u  /  *  r r .GE 
- { I  - '  - ,  

D-- '  
-  

)  is  an isonrorphj .srn for

i  <  s-2,  Zs *  I  < .  V(n) ,  and sur ject iv-  for  i  =  s-2.  Hence

(8.  z) f n ' t

c1:nt{Dp,Dn) *,  clmt(pe+1, i*+1; iu inf(zr. .p-3, s-?) connecred,

Zs*l .  S v(n).

'  
Now r,..cJ*t/^P .,,nr - - (vt .rrt  

) Hence we have:i  
' " '  \ "  t  Y  I  -  

" i +o ,  t n * I ,  
p * l ,  

t n ,  
p .

l a  ^ \  , - - t  ,  - t  t(u ' r l  ' j (u r r+r ,  p* i , t { ,  o )  
*  * j * r (u in r ,  p+2, {+r ,  p*1)  i .

in f - (4n-3,  s*p-Z)  connected,  Zs+l  < v(n)

on the other  hand,  by Haef l iger-Mi l le t  I to ]  i t  is  lc rown that

t j ,  
n  

*  Go' " r r -o  is  zn-1: -3 connected.  Hence the above g ive l  in forma-

i ior:r when s * p- 2 > Zn-p-3 or s ) Zn- Zp-So or J(l): l-

y ( ' t  > a ( ' , - p ) - g .

:  Nou'  apply ing.essent ia l ly  the same argument  as in  sect ion ?,

.(8.4) *r{r'1, o) 
= #rclo,,-o * "lt ({, o)

fo r  i  L  in f (Zn-3 ,  s*p-Z) ,  Zs4- i  1  V(n i

Further ,  f i .Itr{ ^l o ,,},(t,"
r  n r p i +  2  \  ' 1 1 + 2

I

-4L*

g e t :we

\
p+ e'

Remark .  * .o  /o
l n n - P

i  (  2 n - p - 3 ,

* *.c/c

a r + ? r '
t t .  

' ( v '  
)  =  t t .  

' ( G  
)  =

I  n . p '  I  n '

a r
_  _  C I  T r ,  

* (G  
)  f o r  i  {  Zn -3 .  Hence  fo rn -p  1  n '

,  n o d d

^I l-  I' )  ,  n even

l '
[ " ,

More genera l ly ,  one has
t -



B. Appl icat ion io  l rnmers ions '

Given M C'  N,  1et  CE(M, N)  be the space of  proper  e: 'nbeddings

o f  M X I  i n  N X I ,  i h e i n c l u s i o n i n  M X 0 u , l D ! ' - X I .  S i m i l a r l y ,  l e t

CIm(tv t ,N)  be the space of  proper  imrnepsione of  MXI in  NXI ,  the

incusion on M+0 ur8 lv{XI .  Then in  [8 ] ,  \ r ,e  have shown that :

cEd(Dp, Dt) .o C l*d1np, Dt) * C I*I(DP, Dt) is a homotopy

t ,  . f ibration.

Using the same construct j .on as

( 8 .  1 )

- 4 0 -

we have the cornmutative

/
J U
j

in  sect ion 3,

d iagram

crd(Dp, D1 -.. trr*d1on, D')' ,J"' cr*\np, D')

i l , l l
l  l  i t  I

cEd(np*1,  o t t l1  *  crmdloP*! ' ,on* l )  *  c lmt(oo* t ,  Dt* l )
i l ,
l l

Now 
"r.clnd(nl, ot) = ri*o(o,r+r/on-0, or/o"j-p) = *i*porr*r/o,, and

I ;
, r -c lmd(oP-*1,  Dt*1) = r i+p*r(o"*r /on+l) .  l ier ice n.c l :n*(Dn.,  Dt)  *

n.ctmd(nPnl,  o**t)  is  an isornorphism for i  I  ln-p-3.

From the f ibrat ions

i

t  ! . -

cdlst-P*t * oo*t) -* cd(pt) d

n-| .2
>(  D . '  - )

I' I

I
I

Y
d  n * 1*  c - ( D " ' ' )  *

I
{

6d1sn-P- l

cEd(Dp, Dn)

I
I

crdinP+t , ot*t )
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i

A

$ $  g .

c+.

1 . rDeces we work rv i th in t i : is  peregrcph ere r :ssumecl to

lge- - i . / i? . [ -3 ,  ioeo  t i re i r  honro topy  group$ ere  Z(* )  $o . *

e elso r lcnote by Xk the k*th ,  Postnicov t ,c: :m in t i re

l '  decon i :os j - t ion  o f  X  "  I
X  is  e ] r  horoo topy  comnute t ive ,  i : r -epace enc i  ? :  X- -vX

t i i : ion  v re  have seet l  in  $$  7  the t  X  decomposes Ds

Xs the  en t is ; lm,ne t : : j . c^  r ' :uO.  synn3t r ip  fac tc rs ,

r  s manif , ; lc l  ;d which beiong-* to c: le af  the geonet: : ic
O, ̂ -. m- r';- . ,

es Oi. f t '  t  
' / 'L,  ' /  

op 'yve Cenote by I  f ' ( f t I )  = [  tne L ' igcet
d, rJ

k so that C( i \ ' i )  : - -v C( i , i  x  I )  l_si  .e k- t ioniotopy ec$r iv*-
l l

ani by i  ( l t )  -  {  t i ic  b iges'L i i i r ' . .cger k so thet
. h - 1

)  -y*  C(} l l  x  l ,s l  x  r )  is  a  Ik  
*  

lu)  
-  homctopy ec l r ive len

o ,1 ,  , . o  i i  ]  ,  Ac tua l l y  - { * (1 , { )  l >5 t r , , 1 l  > . ,  (n  *  \ c  , / ' t
r .

.anci jtc,p anc {' 1l,t) >/ 5t lr)

t  Z  be the invc ln1; ion on A( i , {  x  I )  r rsp.  i t i , l  
"  

I )

b y  c o n j u g a t i c ' ; :  w i t h  i o *  x  f / ,  i :  [ - ] r 1 ]  =  I * L ^ 1 , f ]

+
U r

A1

'be 
kff]

. ' ,
uuJ_c s. \ 'V

Pos tn i - so

ff

an inr ro l

A

X ..X'- :t

Fo

categor i .

i  n * a  a o r .

l ence  ]

C ( t t  x  I s

fot' s =
/'\ ^

for' ? (,
Le

def irre d

f t t )  =  -

Lemma 9"1  i .  B)  tna  inc l ' : s ion  3 ,s1 I ' t : i l )  c i i ( i i l : : f  )  c  C( i . { )

! ' rao a natural  ( rv i t i r  re sne ct  to incl-ue. ions t lnc i , f  honoropy

i n v e r s  p s : C ( i i l ;  * + A s ( i ; i  x  I )

b) lu( lut*r)  *  *  ano ?o{,r"r)  = A(I ,{xr)

Proc f  :  D )  Le t  f r :  f 7  n ( : ,1 )  * rA (M x  I )  be  thc  ne tu ra l

S ( h )  ( m , t ) - ( h . ( m ) r  t )nap Cefineo by S' ' ( i r)  :  i r [  x I  +l / i  x I



- 4 2 -

n.a  /o  ,  = ' , , . (vd  . . rd .  - )  - " r . (v j  - ,q l  . ,  -  . , i *n ' . , (v j  . , ,
1  n '  r - l  r ' ' t l r p " n - 1 r p - l /  

" i t ' r t , P ' ' n - 1 r y - .  L  . . r ,

a.  .  I  i 1  ^ n _ l= n. (vj ., ) - r. (Emb(R., R^^)) .+ n.s
l ' l l r l '  1 -  I

a t  & r  a l

i s  an isomorphism. Thus nr 'Orr /on*p o * r 'Dr- , .  =  * i  
'G '  

is

a l  - - t
sumrnand of  n .  

-V-  
,  and

r  n r p

& q { . a l & r +

(s. 5) "ltu,l, o * 'ltG,,o "it iv,l, o .,1, o)"

,i. )

a d i rect

Hence vre h,avel

- -  Theore in  L .

'.':: -
, ^ .  *  & t  +  

_ -d  i  .
? . ( l t '  )  o . t r . G  / G  @ n . . ' ' ( v '  , v  i  f o r" i ' n r p '  i - n ' - n - p  i  ' n r P '  n r P '

i S i n f ( z n - 3 , s * ? - z ) ,  ? s * 1  (  v { r ) .  F u r t h e r :

. i  ' i

. - , i '

,,lt (uj, o,t:, n) * "r1, ({nr, p+z'v'l z, p+z) :

I
I

I

,  . !

, . f

l

l

.tD

i



clefinecl

uo top ic

- 46-

conjuga' i ; ion rv i th ic1,  x f  x id l  (c leer iy

" f  < lef ineo tai : i .ng &t x I  instetrd I i ) '

a '  i s  h o -

The oren 9 "2 : 1)  Thcre  ie  e .  n* tu re l  (v i i th  : :espec t  to

i r rclusions (Nnc i ' . tn l l  homotopy equi .ve lence ;

Frr r

t,o

c ( [ i  x  -L )k

*  f  ( M ) .

:*". rt(ry * r)r
a

6o ( r',{ x r'- ),
A

i +  ( snu(n i  x  r )Z )k  i s  a

for  k

ne turai (vii tlt

lenee for k

k  ( t u l ) .

2 )  / t u ( t t  x  r ) g

re sp+ ct, tc j.rrclirr:.ons

{  f ( i , l )  he. , lce A8( l , l  x

Nn c. I/rn ) honoicpy e qr-iivr;*

x  I ) , -  i s  f o r
K

r J

v
T \, - /k  _r A (l'i

: /

PfSqf:  Cons- ider the p: : incipal-  f j -br l ; i , ion
. )  -  t  2 -

/ , ( [ I  x  11 ]  u  C(M x  I )  +  A( ] . {  x  I )  i v i t l r  invo l -u t ion  f t  on  A( t i r : I - }

end C(l . f  x I )  end A( l {  x f  ) ,  The ninps sI€ nlet .1fy equi ' r , "ar i .ent ,

?c. l .1scquente 1y t t r is .  pr incipal  f j .brat ion ccccnpcse s as procluct  of

l t re fo l . lowin6 pr in ' , ipai  f ibret ions :  I

. a  l t  iS  c ,  
"  

'

A* ( i . t  x  r ' )  j -+  co ( l , ' i  x  r ) ->A" (11  x  r )

At( tu t  x  r? ) n o / r u

I

' D

I )  - > A " ( i v l  x  I )

C c

i : {  x  r ' )  -*  co( i ' {  x  r )  c  c( l ' {  x  r )
' { 1

he: rce  i ' -  has  r  consequento l .Y

x  I )  i s  s  na ture l  horno toPY

Let t  be the t r . iv ie l  invol-ut icn on C(i{)  ;  e inee

95 z C( i , i )  - -> C(11 x I )  is  cqui ' . ' i : - r ' - i r l i t . ,  { '  :  Cs{ l ' i )*  *z

:C(1 . .1 ) l .  - l - y  gs( lv i  x  i l ,uo  C( i {  x  I ) f  and f l tC t ( i ,n )e r '  +Ce( l i x l ) ; x *

x
. a
l-

I

By Lernna 9"1 vre kt:ot'; As

l las e natural  honotopy in ' . 'erse'

cs ( t n  x  r )  
-  

rA r l i , i  x  12 )  x  l s ( lw

e quive 1e nce ,
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and ]-eL t  be the involut ion on .9 A( iU)  r le f ined bY X( i r r )=0 t

d) *=h I  G As  O is  equ ivar ian t rwe have a lso  en  i .nvo lu t ion
A  - E  -  '

i nducdd on  t .he  homoi .opy  theore t ice l  f rbcr  . .  Fcr  enc  consequ4f , r te -

Ly  the  f ib re t ion  Fo-  -?QA( i t l )  - r  A( ln  x  1 )  iec to r  es  p roduc t

o f  the  p : ' inc ioa l  f ib re t j -ons  ! :

t l ^

. . s  ,  o  t r ( h i ) ) q . i ;IcJ -az \  )z  r

end
o  B , r o "  . r  r \- B  -  l ( 1 r l r r \ \ G  .  t r

/  .  . F '  - t  ( ) Z  J i \ l I t J  )  4 l \  t - f A  r (  L l

N o t i c e  t h a t .  f Q e t i , ' l ) ) s - * '  ,  s i n c e  t h e  i n v o l u t i c n  i n d u c e d

by C on [r<, C a(i l i ) ]  is gi . ' ren b; ' 7 . . (x)  =  -  x  a t rd  [ : : , \ ) r i ( ; ; i )J# "

1 .  _  :  -  ^ g  
q

is  ?:(*)  t , rcdul-er ;  conseoucntel ; r  
i  

o" t t ' t  
1 

1) *> Bl i :  j .u a

homotopy equivalei lc€ o . r rs the compolsi te JTs- is is ide,nf , i ty ,  v; i t 'h

is and n s" the incl usi on ft-on the $ynnn tri c l-)clrt '  re spc ctiqt\ ' l"y

\ 'r"6rr'lt ' 
' 

'
the  pro jee t ion  on  t i re  sy rnnet r |c  paTt "  e l t  q roup* i roncrph is i l s r  . ' r r ' s : ' ' '

obtein the comi i rutat j .ve di .egrani
: '  * , . s

C: F(- l
L f L

L1I

f
< l ,

A" (L, t  x I )  ->

whieh concludee our et ,ategien' i :  e.s soon es Yie ideni , i fy  l t ( i *xT')+3lc j"

t o  A ( j v {  x  I )  c - - - 7 S ( ' i ) "

b)  r  r ' r . r l l -ows etraigl : t for" lv*rC simply o. ' t lef l r ing thet

A ( l,:xI )- --+

i

' ( :
^ v f  a r  - -  

_ t .  
\

a r  \ t { l  ^  L l

Si
n n ' -
ll 11

, $ .
I
t .

r .  S  r t ' r "  . '  r  \
J i  \ 1 1 L  : l  J - I

$

r ) r r  YV
- r  * * i

A
I

N

(7At 'u )  - r  t  ( l i  
"  

l )  i s  a  honotopy  eo-u iv r - lence (E ,c tue i l y  en  s .s
.  r i . .

Lsonorph is i :n  i f  we usc  en  a l rp rcp :a te :  Cnf in i  i i on  o f  i  /  fo r  s ,s

c6nr .p lexcs)  *nd  rgD. in  obccrv ing  L1 i  i  (Q i \ ( - i ' i )  )s  *  *  I  hence 
" '  '  

:  
;

-  - < r  
/ t t '  

r  \  
' :  ' : ' ]

A( l i t  x  r ) * '  -  x  hencr ,  i i ( I ' 1  :<  r )  3 '  A ' ( l , i  x  r ) "

t  '  ) '  I

l - ,et  t '  bc t l ie j .nv ' r1u'ui-on on A( l 'T x I ' )  enci  C( i r  x -r-)

( lffi tel::i?trl:laj-'r'::F. inisYfl?"l!ry {'1r:Y qri-nr Ta-l



: '  -J-  =-- - : *
I

-4t -

vs i th  the up- l inc ;  e laet  $€euonci .6  S in.ce

-a  ;  a  I  v  . , .
,  

, '  9 [  (c  ( t " rx i^ )  )=C t i ren 4(L (h i : r l * )  )  -+  V; , ( , \  ( t ix l^ )  )

is  en iscnorphisn and Prc i ros i t , ion 9.2 is  pr rved.
D

t rpp-o: i t :gg-?. . j  :  I f  k  <  {  ( t r lx i )  1 , \${ t , io l ) t  *  A*(M*I6 )k

l roo f  .  Cons ider  the  c l iagren

l f  rr,r x i2) - i i---o c(tvr x r)1, PL---* As(u x r)r

a f tm x  : l )  ie  * 'c ( l lYx 
" )o  

*pz* i1s( l r  x  r2)of  r . {  l {  x  ,2) l :

' '  , , ,  F j - rst  not ica t i ret  p2"f . i - ' . '  induces f 'or i tor iotcp; '  l .he grol lp,-

hornomoi 'phi , :m x -+ x r '  '7*(x)  oui .n"* fx is the involut ion
. .  '  - S  )  q

inctuced b.v z .o Ac. x € Zjt l ( t ' l  x i2> = f i r( lF(tvi  x r2)),  v.re

;  heve T*(x)  =  x ,  hence x  -+2x,  S ince the hornotopy groupci  € l re
'l

Z$) mooules p2od"i1 : lnd.uces isoncrphisr . , :  for  a-1. .1 honotopy

l r r :ups  hen. .c  i t  i s  a 'homor .o l ry  equ iv i : lence c

l{ext  tve shciv t ,he seme is t rue for p-. , .  { i '  " t ,  
= a) o

Aetua i l y  i s  inn- red is ; i ;e  the t  Q)x  i  s  in jcc t i v l  , r . tng  i ,n "  in jec t i v i t y .

of  ( l r " f  
"  i r )  "  To shoi ,v '  that  6. lo is sur ject  ive choose

)  , - 1
x  e  ? ( * t . i = ( : . :  *  r ) )  e n d  y E ? t o . ( C ( l , i  x  l t ) n )  v ; i t h  ( i r r " f  

' ) *  
( J r ) = x '

I r .  (n r ) r *  (v )  =  0  v rc  f ind  z  €  Tx . i r [ t : ' , r ' , ' .  r ) ) ) ' , r i th  rz* (z )= t t

hence .  t i * (z )  =  Xo I f  no t ,  le t  u  *  ( l r ) , ,  (y )  anc{  le t

i  y , =  ( +  
" i l  ) *  ( i )  ; c l e a r l y  p 2 n  ( y - l i ' )  =  L  a n d  ( p 1 . + * r ) * ( y - , "  ) = x ,

hence v ie  rcducec i  to  the  nrev ious  ce$eo

'  Pu t l - ing togethe, '  a l l  lhese re5u, i tg  nvs 6btc ta ;



are  hcmotopy  e  qu ive len ' 'e  s .
D

S i n c e  C " ( M  x  I ) . , - t u
, \

t h e  n a t u r e l  n a p s  A " ( l ' { ' x  I
- C c

- rAu ( l r t  :<  r ' ) k  x  A" (1 . {  x  r ) t

To f j -nish the Pi"oof

' - 4 6

*  and C8(m x  I ) t  r l . /  C( t l i  y .  l . )k

. 3 , - -  )
) t  + B A ' ( l ' i x I ' ) k  e n d  c ( i J x

ere  homotopy  eqr l l i va lences .

n{ '  2 \  enns i  r le r  thc  cornnute t  j . ve
v 4  u  J  ,

r l g
"  

t 2 )

I )

I
,  Since [1 is e k-tromotopSr equivalence, j . '  orcl .er to sho. ' , /

' t 
che ek t'hat " /t? ( ir'{ :< 12 ) 

**t' , he  same s f , - t u t  t J  ,  i t  su f f i ces  to
a

* rA  " ( ld  *  I . t )  i s  &  (n  -  1 )  *  homotopV equ i -ve- l .encc  "  l ' ' ' h ich  is

Bi'.4 ( 1;1

{
BA* ( l,l--.-.>

A a ( l d  x

,{, l,
r," ( l,i "

l
t 5

x i -?)

d i- l-, p131sxii'o

2 ) *honotopy
^ !.-

-  1  t - i l " n  - -  - r r \
- ) J l  l i l t ;  i -  l

.  , .  , : l i

n  4 ,  
' { / 6  

" <
e q u i v a l e n t  t o  " A a ( l i  x  I / ) * >  A  o ( 1 . ' l  *  r ' )  i s  a '  ( k  ' -

. c 1  k

e q u i v a l c n c e  " ,  .  . .  r v h j - c h  - i . s  e q u i v e l e i r t  t o  " A " ( l ' 1  x  I ' : )

induces  cn  iso in - . r i :h ism fo r  7o  "o

Cons, i i . ' : r  the  c iegram

t'

S? A(: l i  x  \ \ ' ) i  A( i r i  x  rk

; t i  ( ;  ( :r

/
/

f i | \ t  \ r  f " \
\ r \ i r l  ^  L  I

6 / n  { n t
o  \ . -rk) ) 

*-'a f(

\

.Z 3(c(i;1 :<

1 *

\

t ! "

v;hose uo- l  j ,ne is  a  f  ibrnt ion enr l  a l l  ar I 'cws equivar j -n i i t  ' " , ; j 'u i i

, :  :  -  -  : _ ^ . J . - ^ ^ l  l - . .  . - : /  \

1. 'e$pect io Li . ' le in- : l lut ions : - l i i .ucei  by 7 c

l ,Te cbLein ihrr  fo l io i r i ; :E Cie5ra; , r  cf  $1'rxps

u
x  r  J l t t . . t

/ r l \ r ' t i  i

\ | . - 1  N

1r  r ^K )  )+Z  i l  ( , ; i  l r  I o  ) ;  
- ra

^  i  t  i  
o ' . . -  

\

r ! l

*., ' .FF9::j^i: ' ,1
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f t  is  not  hard to see using the sane lc inC or ' '  argur lents 3$

pre,sented ebove thar,

1 )  Tne sur je  c t - i . v i t y  in  t i :e  honot ,opy  ca tegory  o f

A(l,t),.  - '-* t( ivt),-
K  

' K

2) The nuli-*.y in thr: i:ornotopy

n 8 / n ; l  . . ,  T \  - - r  f r l r \ i  \r l  \ . 1 \ I  r .  . r k  ' v \ ! t ! , f k

3)  The honoLopy equ i -va- lence

cer tegory of

I
/ o
l

C ( l,{) /as ( nr" l
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