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.TENSOR PBODUCTS AND TAYLOR' S

JOINT SPECTRUM

by

Zoia Ceaasescu and F. -H, Vasilescu

1. INTBODUCTIOI']

Let Xr, . . ., X* be complex Banach spaces and 4, a uniform crcss norm

[A] on their tei:sor produrr; *rE. ..  &*o. Denote by X the comlriet ion of

X, 0?... &X_ i 'r i th respeci to the norm ca 
'suppose 

thet a. is a l inear continuous
I N J

o p e r a t o r  o n  X ,  a n d  s e t  d . =  1 6 . . .  8 L & a .  6 L & . , .  & t  ( i =  1 , . . , , n ) .  I f A  i s

the bicommutant cf, the r:ommuting system (if , . . , , fro) in the algebra L (X) of all

l inear bounded i;perators on X thenA.T. Dash and M. Schecter IS] trave shown

that the follorving equality' holds :

( 1 . 1 )  A l , ( i r , . . . , [ o ) =  7 @ L , X r )  x . . . x  C ( a o , X n ) ,  w h e r e

- , N

%({ r , . . . , 5n )  
Ceno tes  the  j o in t  spec t rum o f  ( f i r ,  . . . , do l  i nA  and  u (^ j  x . )  i s

the usual spectrum of a. .r.s an operator on X..

T), Votcule'i?u has raised within the sernina.r of Operator Theory, Institule

of Mathematics, Bucharest, 1976, the fol lowing p;oblem : I)oes (1. 1) st i l l  hold i f

we  take ' i ns tead  o f  (g ( t r , . . . , f r n )  l he  more  re f i ned  j o in t  spec t rum o f  {u1 , . . . , uo )

on X in the sense of J. L. Taylor' s [7J ?

It turns out that the answer of this question is positive in the case of

Hilbert spaces, and the prcof of this asserfion is the purpose of the present rr.,ork

(see also [tt ]  for n = 2).
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l ' rom now on H wi i l  dencte a complexHi lber t  space and a -  (aL, . . . ,an)C

C f$, a comnruting system of operators on H, For the oonvenience of the

reader, let us recall sonile definitions and results from UJ , [e] anO [roJ

Le t  s -  { s1 , . . , , *o )  bea  se to f  i nde te rm ina ios  anddeno teby A ["] tn,

exterior algebra, over the complex field, with the generators s1, . . . , sn.

An I r] will stand for ihe space of elements of degree p in Afr: (p =

= 0 ,1 , . . . , n ) .  L 'hen  we  deno te  nv  A fs ,HJ  (np  Iu ,H j  )  i he tensorp rodue t

H @  A  f " :  1 H e A p  L  
" T , r e s p e e t i v e l y ) .  

A n  e l e m e n t x @ s  n t A . . .  A . " r : p €

€ Ap 6 ,, u1 wil l be written simply * s J1 A . .. n, to . The space

n 
O 

I r, HJ can be errcinwed with a natural structure of Hilbert space, defining

for any pair

Y = ,  - , \  Z , . .  * t l " ' ) r p  
" t r A " ' A * t ur  1 < D L < , . . ( ) ) o < n  r

and

V  r r t . . .  ) : p  "  t l 4  . . .  A  u  , r o9 =  )t  1  <  v L < = - < D o 4  n

from n 
P 

f s, HJ their scalar produci

< Y , T )  =  zJ (
1 <  U 1 <  .  r o a o

We have al.so

n

A L " , n r =  =  @  , { o l r , u J
p=0

the equality 
n

r g ,  
= =

J - I t "  * r 1 n  . . . i  u p  
e )  

=  
?  

* j o  
" j n  

s l > L / , . . .  ^ s p p

Let  us  de f i re  the  opera tor  d : , / \p  l  r ,H l - -Ap+ l  Is ,H]  by

( ,  x r : f  " ' v p r  Y  ) " ' 1 " '  p  p  )
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f  A r  - - ' r  - \  A r  - . 1 ,L e t a t s o  b ^ ,  A f s , H J

(where 5; = g , An f ",Hl 
"--+ A" t.s,H] ).

cl.early t:t " t: = o, hence d"" {^ = o.

A basic notion in the definition of the joint sp'ectrum of the systena

a = (ar,.. . ,"n) on H is that of +onsingularity [?1 Short ly, a is nonsi.nguLa.r

on H iff Ker qf* = Im dr. tt is obvigus i;trat this .Jefinition makes goocl

sense in Banaci, spaces l l l  ,  However, as i t  is pointed out in [fOl ,  there

is a char acterlzatlon of the nonsingularity in Hilbrrt spaces which makes this

notion easier to be handici, Namely, bhe systern. a is nonsingular on H if

and only if the operaior & (al = {^ + {u* is i:rvertible on A[r, ul

.  The corn l r l .ement  of  the set  o f  a l l  z= ( \ , . , . ,2o)  € Cn rv l th  the pro-

p e r t y  t h a t z  -  a  -  ( r t -  & 1 . , . . . , 2 ' _ - a , r ) i s  n o r , r ; i n g u l a r c ' r t : i i s c a l l e d t h e

(joint) spectrum of a on ff [Z] ;  this set rvi l l  oe denoted by C (a,Hl in

the sequel.

The spectrum f(a, H) of a on H is compact, ncnempty and it is

contained in the coriesian product Cf@I, H) x. .  .  x f (an,H) as weil as in f i ie

joint. ,.pectrum of (ar, . . ,un) in any cornmutative Panach aigebra containing

(a1,. , ,"n). Mor.:cver, as in the case of Banach aigebras [zJ , one can ccns-

truct a functional calculus with analytic functions, defineti in neighbourhoods of

6 (a,H) ; for this functional caiculus a spectral n'lapping theorem does also

hold (for detai ls see f 8f ).

2, THE VTAIN RESULT

I f  H1 , . . . ,Hn  a re  comp lex  H i l be r t  spaees  we  deno te  by  I I r@. . .  € lHn

their tensor product, complele for ihe cancnical llilbert structure.

Let us state the main result of this paper.

6 s l
P=0 

't
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2.L, THECREM. Assume that H,, ,  .  .  , I-In i t  :e coqrtr lex l l i lbert qpqces,., , . . ,I-In ir:e cqlqplex gilbert qpqgeq
1 '

lb

H  =  I I r @ . . . @ H n  , ^ j €  X E i l ,  E . = 1 6 . . . @  1 € ) " j @ t € ) . . . @ t

( j  =1 , . . . , n )  agq ;  = (dL , . . . , ?n )  C ,  {V l .  Then  we  have the  equa l i t : y

(2 .L )  C1d,w1 =  (a1 ,  H1)  x  . . .  x  {ao ,  Ho) .

In order to prove Theorem 2. L we neecl an auxiliar5' result,

2.2, LEMi\,fA. Le! H and I( be. j4!g-rj--gpa"g-S a = (ar,. "., "o) 
CX 61

a comrqut ing  sy i l -e_m.L  r j  =u j@1C. / ( t l * i< )  ( i  =  i , . . . ,n )  and a '=  (a i . , .

,  .  . .  a ' ) .  Then  the
n

operators ,* (a'l € f ( A is, H@t<l ) and .L (a)6*t €

e t tASr,wl f; r'i) ate unitarily equr-valent.

Proof. Let i.rs remark that we can define a unitary map

u- ,  nP [  " ,  H@Kl  * - -?  nP Is ,u l  rax
D

by tt.e relaticn

uO (xE.v  .1 .D1 A . . .  .4  s  )Jp)  =  (x  s - , r lA  ^  t tO)  cE y .

Then o= @|=o , rp  ,  A [ . ,F I@K]  .A f r , i r ]  6  r  i s  un i ta ry .

Moreover we ha"ve

( ^ p  ,  ^o p * 1  o  ;  
( x @ Y  

" " r 1 A  " '  A "  r r p )  
=

n
, .<-

o p * 1  , i ,  " i ' * @ Y " i n  
g , r 1 n " ' / " ' " t p ) =

, n  \ .

( > * i *  
t j A s t ; A " '  ^ t . r o  

) * ,  
=

s \ j=1

(  5 :  @  , )  o n ( x @ v  , r ,  1 / . . . . ^ r ) , , 0 ) ,

henr;e u S r, 
= ( gf] @ 1) u. From here rve obtain

, { ( a ) ( p 1 =  5 " 6 l r *  { " o r  
-

(-  -x-
u ( 6r, + ,|]:1 rr,. = u,y'-(a') u ,

hence "r6(a) @ 1 and ,l(a'I are unitarily equh'alent .
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2,3, COROLLARY. With the condil ions.of,.Lernma 2.2 , it-K / 0 we haYe

Jhe equality

f ra ' ,  H@K'1  =  C(a ,  H)

Proof Indeed, by Lemma 2,2, o4 (a') is iirvertlble if and only if

$(aJ @ 1 is inveriible, henee if and only if ,4@) is invertible (see, for

example,  f  s ,  Lemma 4. I )  ) ,

Proof g[*!t5rore1g2.1. We may write 6({,Hl C- A{tr,H) x.. .  x d(f lo,H) =

6 @f Hr) x. . . x 6- (an, tn),

the last equali ty being true by virtue of f  S, Lemrna 4,1j, therefore rve have

one inclusion in (2,t ') .

. The reverbe inclusion witrl be proved l5y induction with respe;t to n. For

n = 1 the relati  x (2.1) is tr ivial.  Assrr.me that :he propeirty is val id for n and

let us get it for n + 1. L"t Hn*l be an arbitrary l{ilberil spece ancl take *o*1 €

€ { {wo*rl.  Denote by H' the space H1€)...  St,r@Hp+.l = H@Hn+, and b;r

s' the system of indeterminates (s1, . , so, tn*l) = s U (un*t). Consider ihe

systems of operators ?' = (A'L, ,  ,  , ,A'n) andG = (; i ,  , .  , , i 'o, 6;*r), with X' e

€  X ( H ' ) ,  w h e r e  ? i  =  t * . . . @ 1 @ * j € ) 1 € 1 . . "  8 i  ( i  =  1 , . . . , n + L ) ,

Notice that we have the decompcsition

o ,

dx

/ r
I d ?= l

\ 
%i.*, rn*1

\
\

& \

I
I
I

I

/

( 2 . 2 )  A [ " ' , H ' ]  =  A [ . , H ]  +  3 o * r A [ s , i r ' ]  ]

where Sn*r € ;( ( /\ [ ,' ,H'J ) is given by

3 ' * r t f l  r  s o + l ^  j  ,

Then the matrix c'f &- with respect, to the decomposition (2. ?) has
b

the forrn
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therefor€
\

\
I

)

According to the proof of Lemma 2.2, the space Af s, H'J can be

identified with ./r. I s, tt] @ Ho*r and the operaror & 6 ) with a 6l@) 1.

Analogou:ly. the operator t'*, 
i*r "uo 

be identified with io*, @ an+1,

therefore the matrix (2.3) is unitarily equivalent uc the matrix

* 6 : ) F p , t  p  *
an+l sn+1

' 
J\l

. * l . a ' )
dt

an+1 sn+l

= (

\

(2.3) a $t

@  H n * r ) '

onsingul"ar.

H ,  ) ,

)
7.',

. , . , 0 )  €

hesis, thai

1 '  
Hn+l ) '

(  d '6t@L 3n*, e ur l ,  
\
I(2 '4)  

|  ^ ,  A I
\ 

3n-' @ un*1 '/' G) @ t 
/\ i

def ined on the spxoe ( A[",H]@ Hool) @ ( 3o*rA f s,Hl

In this way, if 
'd 

is nonsingular on H' then both {2.41 and

I ./6) @ 1 3,1*r @ ,n*r \( 2 . 5 )  
t  

* :  I r r r  

)

\ 
Go*r @ u,i*, ,( (';) @ i, i/

are invert ible, wl ' ,ere (2.5) is (2.4) writ ten for in, which is also n

In order to prove tlr* inclusion

A @ . t , I i r )  x . . . x  6 ( a n , H n ) x  A ( a s a . , H n + L ) C  d 6 ,

it wili be enough to show fhat if

( 0 , , . . , 0 )  €  6 ( a r , H r )  x . . .  x  f  ( a n , H r ) x  6 ( a , r . r r ,  t t n *

then (0, .  . .  ,0) € f 6, g').  Since we have, in part icular, t l iat (0,

€ 6 ta..' Hr) x . . . x O- ian, Hn), rve obLain,by the induction hypot

(0, . . . ,0)  €  S ( i ,  H) .  Au the same t ime,  we have a lso 0 € - (uo*
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Strppose, h:'wever, ihat b

let us show that this assumption

some cases.

u [ -

is nonsingular, hence &

leads to a contradiction,

16l tr invertible, and

We have to discuss

i) If o" 6,t /\ L s, Hl = ,4 '  f  s ,Hl and

&n+L Hn+1 = Hr,nl

*
t / f u / / = t  a n d  \ | o I n a  H n + 1

"nO 
uol, "t O - 0 as k ----'> .:o

Then the sequence

rwo sequen:es If *l o C A I s, Hl 
',

, J/ To i/ = i, such that l"Gt f o? o

then there are

( ' f  o @  ? r . )
has the properiies

/ / ( r k @ ?
and

.< tf,l G) 1

l
ii) If ;1ryXTG;tr] = A I s, H] and Ker 

"l*, 
/ 0 then lhere

is a sequet""  
i fk  J ua 'A[" ,H]  as above ar tdvectcr  

? 
G Hr*t ,  / / f  / /=1,

such that  ̂ i l '1 = 0 . Then ihe sequence

I ln * r )@ i { * rn  [s ,H ]  @Ho*r )

and

t"*i @

(

I
I
\
\
\

and ti .

, 7 o @ 7 )  O  o  €  ( / \ t s , H - l C 9

the propefiies //( Yo @7 ) €) o // = t

t '* rir @ r ;"i, @ *"*, \
t t
\ 

n*, Gl ""*r ,{ G')@ L 
/

eh is a contradict ion since t:;"t tot"

tfu @ unl,

,/,6) @ r

\
I
I

I

I
I

I

whi

i y . @ 7 \
I l*-- o
\  , l

o o € (z\ [., HJ @ Hn*1) @ (i*, A f ",H]@ 
t, *)

k ) / /  =  t t f  u , r , t  / / lu / /= t

an+l

s is not pcssible beeause (2.4) is invert ibie.

[,.u
\ 0

*-> 0 (k *--+ c'c> J

(k*> c,or \  )



iii) If Ker X (ir* = Ker

there is a veetor Y e Af r,H

.(al / o and an*1 Ho*1 = Hrr+1 then

,  / / f  / / =  l , s u c h t h a t  * 6 ) f  = Q

* B

4'

1
I

J

I

l

and a sequence 
11o ] o C Hn+1 as at the case (i). A similarargument

with that used e.t the ease (i) shows that this situr.tion [s again impcssible.

i v ) I f  K e r . 4 , 6 r /  O a n d K e r " , i r /  0 t h e n  ^ 6 l T =  0  a n d

" ^ h ?  
- 0  f o r  s o m e  

f  
n A f r , H J  a n d  ? ' € H " , r  w i t n / / f  / /  = / / / / / = t

a n d t h e n b h e v e : t c r  ( f  @ ?  ) @ 0  /  0  i s a n e i g e n v a l u e o f  t h e m a t r i x  ( 2 . 5 ) ,

which contradicts the nonsingularity of ;.

In this manner we liave proved that the non-.invertibility of both d- 6 an.l

,n*1 i*plies the non-invertibility of .,o 6l and this finishes the proof of our

theorem.

2.4. COROLLABY. With the conditions of .L'heorem2. -r, if f (z) is any arytlJ_-

Cn then there is atic function in an open neighbou{irood G oL fr (a, H) in

syst_em of open se$_(Gt, . . . , Gn) in C such that

^)
c ( d . , H )  c  G 1  * . . . x  G n c " G ,

and a s^ystem of finite families of-dgdgjt:-urveg (f.,,,,.,1'^), f; surrounding
i t  t -

C (a,, H.), t C G. (j=1, . . . , n) with the prope-Ii;y
J J J J

( 2 . 6 t  1 ( ; r , . . , ? n ) =  
r * r  [  

l i r @ r , . . . , , n t x

x  ( z r - a r )  
t @ ( r z  - ^ r ) - t  @ . . . 6  ( r n - n o ) - t  d " L . . . d r o ,

where uhe left tel]n of (2.6) is calculated ,oy jtny functicnal calculg.; with +na-

lyt ic functions- [^]

Proof, The existenee of the sets G1, ..  ,  ,  G,, und of the curves Fr, . .  . ,{o

fol lows from the equali ty (2.L)' ,

It is clear that the right term of. (2.6) defines a functional calculus with

analy t ie  funct ions in  the open set  G1 
" . . .  

x  *o )  O' - (a ,H) .  S ince G'* . , , *G, ,

is a holomorphy domain, i i  fol lol l"s frorn a resuit of J.L.Taylor fg, Prop.4.8]
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that the functional ealculus is uniquely determined, trence (2.6) holds (see also

{qJ for some connections).

2.6, COROLLARY. With the conditions of corollary 2.4 we.have the

formula

(2 ,71 A{ f .  ( t r ,  . . . ,Eo l  =  f  (  6  (ar ,  Hr) ,  . .  .  ,  6-  (an,  Ho)) .

!1gof.-The formuta (2.?) follows from the .spectral mapping theorem

fs, Th.4. s ]

r ,2 ,6.  COBOLI,ARY. _ l !_  a.  €  X (H.)  are arb i t rary  ( j  =  1, . . . ,n)  and

I i = H r @ . . . € ) H n  - t b q g
F ' l

( 2 . 8 )  6 ( a t € . . . @ a n , H ) =  C ( a r , H r ) x . . .  d - { a o , H o )  L 1 l

Froof .  The formula (2.8)  is  t  par t icu lar  case of  (2 .7)  wi th  f .  (2r , , . , , ro)  =

=  , L . , , z o t  b y  n c t i c i n g  t h : r t  a r @ . . .  @ u o  =  6 1  . . .  t n
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