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The fundamental  pr inciple, for  a system p(D) r , f  l inear constant

coeff ie ient  part ia l  d i f ferent ia l  operators states,roughl ; r  epeaking,

that the solut ions in convex sets of  the honog*n"oi*  equat ion

p(D)u = Orare superposi t ions of  polynomia. l  exponent ia l  ,solut ions,-

for  that  equat ic ln.Llnl ike the case of  ordinary di f ferent j -a l

o p e r a t o r s r t h i e  i s  s  < i e e p  r e s u L t r a n d  w a s  s t a t e d  ( i n  L . E h r e n p r e i s  t  1 l  j

anc l  p roved ra ther  recenL ly  b ) ,  L .Ehrenpre is  and V.P.Fa ln rmodov.

f t  turns outr that  the fundamental  pr ineiple is elosely related

to the solvabil ity in holomorph.ic germs of systerns of form
m

X -  P ;  ; (  z )  h i (  z )  =  8 i  (  z )  , '  i = l  r . . . ;  e  (  1 )
j = 1  r r J  J  r

r ,vhere the pi j  ere polynonialsrand the Si  are holonorphic gerns.

[he solvabi l i ty  of  (  1 )  can be studied with the aid of

algebraic l loether ian operators.An algebraic l r loet .her ian operator,

l s  a  c o u p l e  ( v r  2  ) , w h e ' e  V  i s  a n  a l g e b : ' a i e  v a r i e t y , a n d  7  t s  a

s - v e c t o r  o f  d i f f e r e n t i a l  o p e r a t o r s  i n  2 / 9 z " - ' r r = 1 r . . . ; r I  w i t h

po lynomia l  eoef f i c ien ts . l t  i s  poss ib le  to  p rover l -ha t  fo r  every

n a t r i x  p . : ; r t h e r e  i s  a  c o l l e c t i o n  ( V k ,  A k ) r k = l r  . . . s f  o f
: '  r r J

, , .  
Noether ian operatorsrsueh that the fo l lovr ing two assert ions are

equ i .va len t :
I

( i )  ' f  g i  a re  germs o f  ho lomorph ie  func t i -ons  nepr  
"o , thnn 

the
1-  ^  <  ^k'  re ; t r i c t ion  to  the  germ o f  Vo a t  z "  o f  L  ? i  e i

L

' / ' t  vanish.es ident ical iy.
: o

( i i )  there are h,rholorrrorphie nea-r  z"  such that ph = I '

f f  p ( D )  i s ; "  a b o v e , a n d  p  ( = p l l ( z ) )  i s  t h e  p o l y n o m i a l  m a t r i x ,

assoc ia ted  w i th  p (D)  rby  chang ing  ? / )x r  w i th  - i  z r r i2=-1  , * "

can therefore f ind algebraic Noether ian operators for  the matr ix

t p  ( t n e  m a t r i x  t r a n s p o s e d  t o  p  )  s u c h h n a t . f o r  t h e m  ( i )  a n d  ( i i )

a re  equ iva len t .The re la t ion  o f  these opera tors  to  the  fundanenta l

p r i n c i p i e , i s  t h e  f o l l - o w i n g : i f  u  i s  a  C @  s o l u t i o n  o f  P ( D ) u  =  O

which  t . "  de f ined in  
P  

,  Q C Rn a  convex  se t r then fo r  every



convex eonpact BcQ and for every b 6 Rrrvhieh is great enough,
L

there are Radon measunes l+rconeentrated on t ' ' rsuch tha-b
f - t  |  ,  r S -  k
J d l , - + . l  (  o , a n d  s u c h  t h a t  u ( x )  = J  

+  2 " ( e x p  i ( x ; a ) )  d r ' , r * ( z ) /
k

'exp ( I+"( In z)  + b1n( 1 +tz l )  ) , , l i '  is  here the support  funct ion of  B.

, rn 
th ie paperrwe present a new proof for  the fundamental

pninciple.The nain nevr features which appear,are related to the

faet,  that  we study the essei l t ie l  unigueness of  Noether ian 
'  

*

operatorsrassoeiated with a natr ixrand that we study the

str,ueture of rJistributions eoncentrated on algebraic varieties.

Sorne resul ts f rom this pape\.-rare perhaps of  independente

i n t e r e s t .

Notat ions.

Thoughout this paperrwe use without further explanation the
' fo l lowing 

notat ions (whieh are standar 'Jrexcept the noret ion dr€=Q) I
v

-  LL!,r .$+rgr are the naturalrrealrrea1 posit ivereonpLex numbers.
n .  n -1

- x " =  f l x . ( S o n r e t i m e s r x " =  n  x  ) .
i =1  i=O

-  Ya f iaP l ,es  i n  cn  a re  deno ted  z  =  ( z l r r r r  j z l ) , ro r  spec ia l  eho ices

o f  coo rd ina tes ,  z  =  ( z '  , l )  ,  n  : :  ( x ry )  ,where  i . ' l  t  r x ry ,  r reno te

g r o u p s  o f  v a r : - a b l e s . z t  i s  u s u a l l y  z ,  =  ( z 1 r , . . r z n _ 1 ) ,  x  s t s n d s

" also for the variables in Rh.
k-  OxrF, arerfor x e C",  the germs of  holomorphic funct ions at  z

respective3.; '  their eourplet ion in the Krul j-  topology, the fornal

ijorper geries in eonplex indeterninai,es,k. should be clear from

context .For  x  = 0 we a ldo wr i te  0o = O.

- g[p are the holonorphic functions irr the donaiu UCCI]" a

-  V C IJ is cal1ed an analyt, ic variety in I l r i f  there are

f  1 r . . . r f O  €  o ( U )  s u e h  t h a t  {  =  [ ,  e  t I ;  f r ( z )  =  O I ,

-  f z ( V )  =  l f  . 0 2 ;  f  v e n i s h e s  o n  t h e  g e r a  o f  V  a t  z l .



r l tv l  i "  the ideal  generated by rz(v)  in Fr .

P denotes the polynonials in n variables

coef f ie ien ts rand in  the  indeterminate  z .

,with eomplex

-  I I J ) - .  For  an  a lgebra ie  var ie ty  VCCnrwe denote  I (V)  = [ f  e

f  van ishes  on  V i  .Le t  us  no te  here  the  fo l low ing :  i f  V  i s

a lgebra ic  var ie ty ,and z  i s  in  V , then f  e  F ,  i s  in  f f (v )  ' i f

o n l y  i f  t h e r e  a r e  f ' , o ' t . r f k . I ( V )  a n d  I t e  F "  s u c h  i h c t  f =

- f l ' ' I f V i s a g e r m " l a n a n a 1 y t i c v a r i e t y a t z , a n d f e

P r

an

and

I  f1sg.

T" t**

* , '' 
,'i,

::.{;:1'

. - *t ' '

say that dvf  = O i f  f€ I l (V).V/hen f  e Ozrthis neans that the

ree t r i c t ion  o f  f  to  V  van ishes .

-  C@(Cn) are the inf in i te ly di f ferent iable funct ions on Cn = R2tr .

-  CT tCl is the subspace in Coo(Cn) of elemeirt l , , 'wi ih compact

support in A,

' (  in the sense of  L.Schwartz)  at  inf in i tyrrespect ively the dual

o f  S(Cn)  , the  tenpered r l i s t r ibu t ions .  '

-  E ' (Cn)  a re  the  d is t r ibu t ions  w i th  compact  suppor t  in  C i l .

-  r f (c l  is  the Sobolev space of  order  zrwdth norv^ l t  t l . -

transform
+
" f  is  the

s lso  useC

of u.

t ranspose of  f  (when this nakes sense)

for matr i .ees.

-  D stands gener ical ly far  0/2x.  when we work in Rnrand for

(9 /225,  2 / )Z i ,when we v ,o rk  in  Cn. fhe  e lements  f rom F*  depend

/ a \  rp ( z r D )  t  " '  =
* i (  B i

a".(,.t'6r- pll Q 0 )d-a and

9 1 3

If f :

This

the Fouri.ei '

x ---+Y, then

note t ion  is

only on z.  Theref  ore in Pert

-  r f  p ( z , D )  =  L  
" n ( T D r ) al o { l (  4

a n d  $  a  ( B t r . . . r B n ) r B t  e  N ,

I , p r a c t i e a l l y ,  D  *

,  X =  ( a 1 r .  .  .  ;  o ( r r )  ,  l d l  -

then we denote

2 / ) z i ,

Tn i r  c ( i 6  N ,

s-
P ( z r D ) r o r  = z -  ( Q / 2 2 )

.  \ r y r  i " ( l s m

u *o*  (  z )  )  (? f rz f





PART LThe eo.nstrqcti.on- of Noetlgri_an qperetors,

$1 .  P re l i n ina r ies .

l .Cons ide r  zeCn  and  Ac t r ' -  a  r i ng  wh ich  i s  c l csed  uncer
L

( 1 )

d i f f  e r e n t i a t i o n  b y  D k  =  Q / ? z * )  r k = 1 1 . . .  r n . A ( D )  d e n o t e s  t h e  r i n g

of  f in i te  order  L inear  par t ia l  c i i f ferent ia l  operators  o f  form

a(D)  =  . f  . -9o "  D* ,  ao€  A ,  D*  = i r i i  . . . o ; t t .Fo r  f  eF ,  v ie  ae f i r , "
lo( I -<a 

*

a ( D ) f  = I a ^ . D * f .

T h e b r e n  1  , ' l  . I f  A  t - s  ] l o e t h e r i a n ,  t h e n  s o  i s  A ( D ) .

T h i s  t h c o r e m .  i s  ' J r '  ,  t p  t  o B . L o p a t i n e k i . F o r  &  p r o o f  c f  . ,  € " g r

B.&ialgrange t l j  or  V.  F.  Pal ,an, , :dov t5]  ;

2 . C o n s i c l r : r  L i  j  a  \ ' " L D ) ,  i = 1 ,  . . .  r o ,  i = 1 1  . . . ,  s . 1 1 , ' f  a r e  i n t e r e s t e d

i n  s o i v a b i l i t y  c o n d i t i o n s  f o r  t h e  s y s t e n

E  L i l  8 ;  =  f i ,  i = 1 r n . . 1 I n
;  t J  i j  !

J
w h e r *  f , . a F ,

i'  T o  o b t a i n  t h e s e  s o l v a b i l i t y  e o n d i t i o n s , d e n o t e

(  r - -  , " * )  e l c ( D ) ] n  )  d r f  
" i r , i 1 ' ' =  

o , i = 1 1 . . . , s ) } .n r =  t  ( f 1 r . . . r I m /  e  L L ; \ U / J  
. J  

i  
.  - " d , , ,

I { e r a  C (  D )  i s  A ( D )  f c r  A  =  C .  I

Floposi t io .n  1r2.  For  every f  e  r ]  tnere are aouiva lent :
L

(  i )  - , h e r e  i s  g  .  F ;  s u c h  L  t , i  j  g j  =  f  i ,  i = 1 ,  . . . ; r I .

( i i )  f o r  e v e r y  r  e ? r ,  C r L " i f i  = O n

Th is  p rop ts i t ion  is  Rn easy  consequence o f  the  fo l1ov ; ing

resu l t r r . r rh ich  v re  reca l l  f rom L .Hormanoer  l l l  ,  ie r f f , re  6 .7 .7 .

, l g g & : . - C o n s i d e r  A 1 , A 2 t c . t  B  s e q u e n c e  o f  l i n e a r  f o r n s  w : - t h

c o r n p l e x  c o e f f i c i e n t s , i n  t h e  c o m p l e x  v a r i a b l e s  1 , "  1 r 1 . . . 1 a i l d

s u p D o s e  t h a t  e n c h  n i  d e n e n d s  o n l y  o n  a  f i n i t e  n u u : b e r  o f  v i r r i a b l e s

J * . T h c . n  t i r e  s y s t e a  I  , ( f  )  - b ' . ,  j - ' !  1 2 1 . .  "  l - $  s o l v q b l e .  i f  i : n d  o n l y  t f  ,
J J J

e v r r y  f i n i t e  n u m b c r  o f  e q u e t r o n s  i n  t h e  s y s t , e m  h a s  a  s o l u t i o n .

P r o o f  o f  p r o p o r ; i r : i o n  1 . ? . ( i ) * : ) ( r - i )  i s  t . r i v j . u i . T , :  r ) r o v e



(  i i  ) :> (  i  )  ,  r ve  f  i r s t  easc the  no ta t ions ,by  se t t ing  z  =O." , ie

writ" I.j = {i t* ,fi = ff z*,:,. = 
#,rff 

lB ,r,:;=ffi;I3
.then

o(--  D
z l '

V r r V  t

b e

with r;  ,  f f ,  f f ,  ^13 eonstants.

The equat ion*  tL i j  g j  =  f i  now reduee to

+  t  ^ T 3  ( x t / ( x -  B ) ! )  f :  =  y f
d l

w h e r e  t h e  s e c o n d  s u m  i s  e x t e n c e d  o v e r  a l l  (  x r B  , K )  €  B o .  =

=  . t  ( o c , 3  r x ) ;  i 8 [ . ( f r } ' , 1  x 1  e + y - f r  = o  J  .

rn  v ieyr  o f  J "emnra  1 .3  th is  i r r f in i te  sys ten  can be .s .o lvec l  : " f  and

oni;' if (o . ,  B rx)eBn
o T  I _ - - -  t B : t t q - o a ) ! = o  f o r a l l  j a n d . v

T ; " .  t r  
? R  

. - r 3 '

impl i " *  f  f i  f I  =  c ,  Heregf fsc i f fe i rent  f rcm zero or , ry  for  a
1 r c

f i n i t e  s e i ' o f  i n d i c € s .  
'  I

T o  F . : e e  i f  t h i s  c o n d i t i o n  i s  s a t i s f i - e d , i t  r e m a i n s  t o  r e v ; r i t e  ( i i )

rirst ;rot.e tL - 
f fi t;_ ^T; )- z d - Fr 8 I  . i  ' i j  = t

G- d, B 
-,ri 

sFp.<x

( i / / * l  ) (  x  l / ( a - r , * ) l ) ( a t , / ( c - , , , . ) t  ) o B *  
t  - / t '  

a n d  t h e r e f o r e

d.. ,  4 r '1-T, ; ;  = o cones to >:  7--  r i  af? at / (s--d) !  = o'  
i  t , t ' '  

a  B + ' - o ( = * l  1 . 1  "

t "o r  e l r  )4  and j . s in i . la r i l y ,  I  
" r t l t ' i  

0 ,  i s  eou iva len t  w i th

I f? { o.! = o.Th.e o"ooo*tito, ' ,  n.w fo11ovss.
l- .0-

"-L-* , 'gp,qsi t lq l  l :3- .  consider Lt ,  e o i ,  lz l<- l ) ( ,1)  end let  v

e ln  ensL. . i i i c  var ie ty  ie f ined j .n  l r l  <* l  .Denot 'e .  t .

R V =  [ i * , , , . . . , r o )  €  t o ( l z t < , t ) ( ; U m ; d v ( T  
" i l i j ) = O , f o r  

e ] . l  , j J
Then thr:r€ is Yo'CV * i th the fo l lorv ing5 r , . i 'opert l .es:

- I , ' f  i ' s  a  countab le  un ion  o f  ana i - , , r , i c  va i ie t ies ,a l l  Qef inec  in
i l

l z l  ( r1  .  such tha t  V  \  i t /  i s  dense in  ' / .

- f o r  z  e Y  \ Y r r t h e  n a t u r a l  n a p r c r ' F v  +  R r ' i s  s u r j e c t i v e '
k ?

P r o o f  .  C c n s i d e r  F l  =  L  ( r n ,  , . .  , r * )  €
V r l l l

FV ;  n l1  
" i  

e re  c f  o rder

less  t ;h "c r i  i :  ]  ,an , l i .  s j . r l i l a r i l y ,  * f  =  [  ( r r  r  . . .  rT ,o )  
.€  I i *  ;  a l l -

.? re  o f "o r ' le r '  less  then k  J  "  r t  su f : f i . ces  to  f jnc ,  an  ana j_y t ic

var ie ty  i1 /p ,  i : )u .ch  ths t  V  \ l j , ' k  i s  dense in  i l  an t j  s r , i ch  the t

- 1



t r V
dr, nfr-------+n) is surjeetive for t: ev -tVk.

Now vre t;rite oown OO E ril i j =

system d, f-  , ,  , ,  f f  ^T3 = o for
. /  i . l o 4 l . ( k

funct ions ^T3 ,cn1y a f in ibe number

zero. I t  renains therefore to  conpare

pf ccnstants, 'wi th solut , iorr-o of  uu f  f i t r l  r l j t?, ) '  = o. l t  fo l lows
J L

tha' , ,  i - :  R,,- - '4R- is sur ject i r re at  the points where the rank of
z V 7 ,

matr ices (  aTl (y) ) -  ,  iu  me"x imal  in  1 , I  for  a l l -  S and i 'Th is
} J  -  F r r

c lear ly .happens ou ts ide  a  se t  Urk  w i th  the  Ces i red  proper t ies .

4 ,Regerc i ing  the  so lv r .b i l i t y  o f  the  sys tem (1) ,we f ina l l y

neeci  the foLlowing resul t  i

r , ' : , , ,  P*op.osi t i .o l  1. : -2-r  Consid.er '  1 r< k r(  n and suppose that Li j .0(D)

i = 1 r  .  r  . ' E r 1  '  j = 1  ,  , . . ;  B  a r e  o p e r a t o r s  v r h i c h  e o n t a i n  o n l y  , l e r i v a t i o n s

i n  D 1  r . . . ; D g . l e n o t e  f i  = t  ( r 1 , . ' . s ! * )  €  [ o ( D ) : l r t ;  { r i t i j  
=  o '

1

J = l r r . . 1 s  J  .  T h e n  R  i s  g e n e r a i e d r a e  a n  O ( D )  m c d u l e r b y  t h e  s u b s e t'  ' ' ,

o f  e l e m e n t s  w h i e h  c o n t a i n  o n l y  d e r i v a t i o n s  i n  D r  e  o  r . ,  ) k .
t '

t '

P r o o f .  D e n o t e  D *  =  ( D 1 r ' . . r D k ) r t ,  =  ( O * * 1 r . , . r D r ) r  s u p p o s e
a h

that  r  €R and wr j . t€  r ;  =  ) -  r f tz ,D*)Df , ,The proof  is  by increas ing
r  

lB l_<r  
r  ^  .y  , ' ,

i n d u e t i o n  i n  o . . f n  f a e t r i . f  f o r  a l l  j ,  
F  

f i t i j  =  O r t h e n  e l e a r l y
^ L

f  ' .9  T . .  =  c  fon  n l l  . i  anC e11 6  un* f t  tha t  l f i l  =  (F .Then
L- r . i i* ' i  i  v f, v4 v st"\{

i  
!  4 '  

^  ^
r  r  ^ . J i  I J  .  r  - - -  J  . :  ^  ^  r . a , - n *  n n  n f  ^( r . ;  l j  r i t ) ;  i s  i n  F , a n d  i s  € n  o D e r e t o r  o f  o r i e r

t  
l B l  = a  r  :  r

i e s s  t h e n  a  i n  D y .

5i  Tn the remeining part  of  th is paragraphrv;e rega1l  some

resul ts f rom enalyt ic gdcmetry and local  a lgebra.

l , le f in i t ion  1 ,6 ,  Cons ider  A  r ,  r ing  and E an  A modu le .For
m

F  -  ( +  r - )  e  A m  C e n o t e  R ( f  , E )  t h e  s u b m o d u l e  i n  E - -  o f  t h o s e
\ r 1 t . . . t , i l i

v e c t o r s  e  =  ( e 1 r . . ' r e * )  s u c h  t h e t  E  f i  * i  =  O '  5  i s  c a l l e d  f , l e t

o v e r  A  i f  F ( f , E )  =  R ( f  r A ) I  f c r  a l l  f  '

-7-

o exp l i c i te ly ,  and ar r i ve  a t  a

al l  j  and f i r for  sone analYt ic

of then being different frorn
n^ r  p I  e T l r v ) = ns o l . J t ] . o n s  9 1  -  , 1  r _ J . -  .  u t



-4 -

m ! .  ^ ^ h ^ -  ' l  ^ - - - - .  n  - - -  - l
t -  t 1  u v r  c i : 1  I : ]_ :y ,z  is  f la t  over '  0z snd l , , f f  lz l<" l , then 0,  is

l

f l s t  c v t : r '  O (  l z l  <  r / l ) .

ef  " i , i ,Borrbaki  l '  f  1
L I J

C o r o l l a r l r  1 . 8 .  C o n s i d e r  V  C  C n  a n

i = 1 r . . , 1 I 1 .  j = .  1  e , . , 1 g .  F o r  z , e V  d e n o t e

d '  f  p ; ;  f  i  =  0 ,  i = l r . . . 1 r r i J  a n o  G .  =v  r . J  J  L

i = 1 r  . . .  p $ J  " T h e n  G l  i s  g e n e r n t e r d  b ) ,  G Z

.lg.gp:g-t:-9*-J;-J1 Consider' \, C' cn

algeb:"a ie  var ie ty  and p i ;  6p,

G i  =  { r t F ; ;

L  r e l s ;  d r E n l ;  r j  =  o ,

as a  F"  rnodr i le .

an a1g'ebraie vari ei-J > z e y

8nd

n
\ J -

tha t

f  =  O J

.li . ,t sueh

d e n o t e  G ,  =  [ : . e o z ( n ) i  f  . F r ,  d v f  =  0  : )  d V ^  f  =  C J ,

t z e P ( D ) ; Y z  € C n  r f  . F r , , d r / f  = O : r , ) r j ' I

Then for every A e Gz t ,here e: :e f .  e A, and

A = f f i ^ i ,

Proo f  .  2  €  ] ,  i s  equ iva len t  i r i th  Cr -  e ($)  p  =  O fo r  s . l - l  ;  anc i

a ] l  p  €  I ( V ) . ( T o  s e e  t h i s , r n ' e  c l r ; s p r . , s  t f , . i t  ^ ( E ) r ,  p  =  z . ^ ( f i ) O  *
r ' i , '  u  ' )

+  1 \  * '  ' P r  S i  =  $ i ,  i / , j ,  3  j  =  3 j + i  ,  a n c ' r  e p l , l y  i n d u c t i o n  i n  l E l  ) .

Novr  wr i te  1  =  f -= - .A . ,D*  . iL , ; \  ( f i )p  =  o  t .hen g ives
t o a l r < y '  %  u - - *

, o f  ,  a o . (  o c  l / (  d - . f ; )  l ) l  
d - 8  

p  =  0  . l ) e n o t . e  p i r i = l ; . . . 1 e ,' & > r f r

gene: ra to : :n  fo r  J (v )  "Then A e  Gz j . s  ec tu j .va len t  w i i l r
- * f t, ' v *  7  e  @ . 1  / ( o . - s )  |  ) i F - 8 p l  =  o  , i = l  ,  . . . ; Q  , v  B . T h i s  , . , e a n s  t h . e t' x  i t ) ! ,  r  -

fo r  y  f i xeer the  func t ione t ro . ,  sa t i s fy  ee : . ta in  r "e ls t ions , rv i th

po l ; lnoml r :1  coef f i c ien ts . r i r , re  can ncw aco ly  coro l la ry  1 .g  gn .c

conclude that the polynomial  solut ions of  the saf l ie rel . .st j .oni '

. o t : r r r r : - . r + .  * h c  S O l U t i C l f t S  - , i n  g e f m S .i ) v . . v *  e  v \  v r t v  u v 4 u  u ! L / t l o  -  J . I

Leg, lq- ,1  . . ]g :  Consider  i  F  O s pr i rnery  ideal .Then vre can

choos re .  coo r< i i na tes  ( z : . , t  , t ) , a  i ye ie re t rass  pseudopo lynomia l  ,
p  =  t q  . T  e i \ 2 r 1 1 " i ,  c j € , l r c ; , C )  =  O , a n d o c e  l , l , s u c h  t i r a t  p

j < q  ' ' )  , )  r l
has  nc '  n i ' ' : l t i p le  fac to rs ,F*€  T , 'nu t .  such tha t  ?p /?  t  i s  no t  in

the  rE i ( ' i j - c , ' , : i  o f  f  ' f r .  par t i cu ln r ,  t , l - r .e  r i sc r i . :n j .nant  o f  p  l v r th  reepec t .

t o  t  i s  n o t  i n  t h i s  r a i i i c a L . A  s j . m i l . a r  a s s e r l i o n  h o l d s , w h e n  f  i t  g

p o l y n c l n i a i  i c e a i . f n  f a c t  i n  t h i s  c a s e  p  c a n  b , e _ c h o s e n  t c  b e  a

f io lynrrnl i .a l  .
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: :  .  I  ,  , l
' l '  

.  '  , '  
'  '

.  . l i

i  p roo f  ,  ( IC0) ,u ie  choose conven ien t  coorc i ina tes  and 8pp1y the  .
:  

-  
:  : .  ; , r ,  . : ,  , , 1  , r r , i , l ,  

l

:  l iveierstrass preparat ion theorexirto,f ind g. in.the raciCa] of I  .
:

^ - 1

o f  f o r m g -  t e +  +  c i ( z ' ) t ' r ,  c i ( O )  =  0 .  A m o n g a l l g r v i t h
i . a  . J  .  1 J

,  j c q  r  r, t hese t , } : t op rope r t iEs l i ec t r oqge0ne .o f ' l n i n i num l ] . ' deg ree . ' | h i s
' :  I  

-  
, ' ' : : . '

;
impl ies that  g i ras no mult ip le factCIrs, ; lnt l  a lso t l ' rat  ?6/  ? |

, . ] :
i s  no t  in  the  rad ica l  o f  I ,F ina l l y  we app ly  the  t lu l l s te l1e i tsn1z .

_  _ r .  ,  4  _  _

' ' ' r

$2.  Formal  ProDer t ies.

. ,  1.In thls paragraph A denotes a r ing such that:
:  :  , i .  .  

:

A C O(  l z  |  < *1 )  fo r  some I , .

A is stable under <l i f ferent, i .at ion.

- F' is f lat over A fcr an3-: ?, with lzl<o1 . ,  r  , ,
, a

'  
,Theorem 2.1. '  Suppose there are g iven " '

- L . : , ( D ) , t ; ( l ) n i = 1 1 . . . 1 D 1 : j = | ' o ' r , s , a 1 1 . i n . ' l ' ( l ] i
.  ] .J J
- ul--ttrtr i) ^ eountabLe union of '  analytic varieties ol '  cociinension

great,er then onet

S u p p o s e t h : t t h e f o ] - 1 o v ' l i n g p t o p e r " t y i s s a t i 1 " ' . . 1 , .

f o r  e r re r ' 7  ze  [ t : ,  l r , l < .1  ,and  eve ry  u1 r . .  ,  ru "  €  Fz ,  f o r  w t r i ch

r r i i u ^ i = 0 f o r i = l r . . a ; E } 1 w o a 1 s o h a v e r r j o j = 0 .j  r ' J  J  u

Then there  are  f  €  Ar f l0  a r rd  f i  a  A(D)  su-ch  tha t

f  L i  =  U  f i l i 3  f o r  j = 1 r " ' 1 s '
d i !

l , { O r e o v e r r i f  t h e  L i r L i i  a r e ' C r p e r a t o r S  i n  D 1 r } . i r D *  o n l ; r r t h e n
J  t r J  o n

- .- t -Ja. i ' \
t h e  f *  c e n  b e  c h o s e n  + - q  r i e p e n d  a l s o  o n l y l  D 1  1 " . . 1 r ) 1 - .

l - t s

2. i {e prepare the pr"oof wi th the fo l lorv ing l -emna:

L e m m a  ? - . ? .  S u p p o s e  t h a t  f r s y  s o m e  z r l z l l n  , t , i r e r e  q i ' e  g i v e n

f  e 1 ^ r f f } , f i  .  F z ( D )  s u t r h  t h s t  f  t j  =  
T  " i l i j ,  

j = ' l  , . . ' e $ 1

J  T . J

i ; ,  = ' f  f l 1 ,  i  ,  j =11 . . " r s . i i i o reover r i f ' t he ,  f i  a re  o . r Je r ' e1 :o rs  o r ' i . y
J  i  

'  r d

i n  n  Dp, then the  i ,  
" r r t r  

be  ch .oser i  to  c lepenc l  on ly  on  01  r . . l rDk .. 1 .  - 1 t  . .  .  !  - K ,  
J .



Proof  .  i r i re  wr i te  f i  =  Z-  f io  Df i  , f ;o  e*  
l 3 l < f  * -  r i '

r f i  = DB Lr ;"Then f i r i i  = 
T f ie  r , f j .

of  d i f f  e r -en t  ie t ion  in  L '  t f  ;  f lnc r  t f  x
J  - L J

indices bf  l -eng;t t r  less t l : .en r< , t l ler ;  L j

gr i  ObV j .OUS ' l , 1 ,A r r  r , r l  o ' l  cn i r , r , i  c  i n  Az  .  f L .
J

a - - ' l
t J -  t  t  . .

s
n A x
t
I

vs i r iab l -es)  anr l  suppo$e t .ha t  the : : .e  e re
- f  ' , ' r - l  ' l  

^ ' t i  n '  . r  n r n n ^ r +  - i  ^ ^ .

-  r i , F  €  o (  l z {  < 1 ) ( D ) /

-  U  is  a  ccuntE ib l -e  un ion  o f '  enn lv t i  e

a 1 ]  , l e i ' i r r e d  i n  l z l  < . , 7 ,

-6-

o 1s f,r&S t,her'efclre be r;e61ar:r,ed Flr)

, t *h ' i  eh g i r res t . l ie  l .enn, . , r r i r  v ier . ;

F_ and denote
t)

ff rc is the maxi"nr:n order

is l,he n.ucit,el, of nulti-
n

r  L ' i  ;  c  an t '8 re5: l r i  e;d inr J
!?

\  3  | u

? "  
' i , l t  ' ' i i  '

- t "

z i ) O  a n i  U  w i t h  t h e

v a r i e t i e s , c f i ec d i .mens ion

reinl ; i .on i r ,

t l ,e  hypothes : - : :  c rn i
'  l l t

f'r'omrr "  i s  no lv  c lear  t t ra t  thecrern  2 . ,1  fo l lows by  induet ion

the  p i ' cpcs i t ions  2 ,5  anc l  ? - . r )  f rc r  be l -o rv ,

3fgpS.e.f!.gl_*?L2_:.I,ot k e 1.i,I < k< n be gi-veni&nc suppose that

t heo -T t : i  2 - i  i s  p i ' r . r ve t i r v ;heneve r  the  ope ra to ru  L j rL i j  con ta in  on l . v ,

d e r i v a t , : i o * g  i . t ' r  D 1 r . , . , D k _ r . L e t  f u r t h e r  F 1  , . . . r F m . r F  €  0 ( f l )  b e

d i f i ' e r e l n t j . a l .  o p r r . a t c r s  i n  j - ] ,  1 . . . -  " l p  ( w i t h  c o e f f i c i e n t r s  i n  n: l I \

a

z ,  e  [ U ,  u  € F z ,  F i t  =  C ; i " ' 1 y . . . y i l I  : )  ] h  =  0 .

Ther .  t l :e r ,e  i s  y  e  Ct i ,  i y l<y , f  e  in . , .  f . / [ )  anc l  f . ,  e ,  F , ,qD)  rsh ich
J 1 r

a i ' e  o p e r . * r t o r s  i n  D . ,  1 .  n . 1 l ) g  o r r l y r s r r . c h  t h a t  f F  =  
t r  f i F i .
-1

l l o tc  the t  lo r  k=1 the  as :s€r t ion  fo1 lo i l s  f ron  L inenr  t rL .gebra .

Frc 'of  .  (  f  i : :s t  part  )  "Ciroose .r- . : : : iables such t ,h.gt

F . ,  ( z rD )  :  a ( z ) i l f l  +  
, ? ,

' r t ie nay sh:: ink "7 and chnnge rhe cr:-ginrsr:ch that we can

' T r

l r  l , z  l t t \ 1 1 '  - J r t  n t - / T \  ; . r  \L . 1 . \ & r u  t " k ,  . a f w  , . L , - \ l t l  t r e o l U L _ 1  l r

t ha t .  e ( : z ) , r ' - r  f o r  l r - l <n t  . L l i r - i . d i , : r 1 i  i , ,  r i i t h  a (z ) . . , r re  ass , - lm .c

l h a t  r . ,  ( z ,  D )  :  l [  + .

trtle tiO,r,/ OI,O1i,* U

c ' lppo se

th  c re fo rer\ ' )')

5*
r (

_1nna

g " ( z , D ' ) l J i l  .
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.  L $ n r n a  ? . . 4 .  F o r  e r , ' e t ' y  P  e  C ( D n r . . o r D r )  t h e r e  i s r  6  N  a n d  1

such the t  fo r  every  u  €  Fv  , l y , l (4  wh i ,ch  se t is f r iee  Fru  =  C, the- J

fo l ) .owing two asser t ions are equiva lent :  , , .  . "

+
(  i i l  d  , -  . ,  ,  D iPu=  X ,

t " k  J k ,  s
f c r  t = C 2 . . t 7 f t L  t

: ,  F r o o f . , : , D e n o t e  f l  =  O ( D t r .  r  r  r D k ) / 0 ( D 1 r . . . 1 0 1 r ) F 1 . i d '  i s ' ' a , l e f t

0 (D ' )  rnodu leru ;h ich  is  c lear iy  ge i le ra ted  by  the  c lasses  o f

1 1 , D g r . . . r D Q - 1in M. Theref or.e, the image of c( lJl , . , . r Dk) P in M

is  a  f in i te ly  genera ted  0(D ' )  rnodu lerand we nay  obv ious ly  choose
. . +

generaters of form %p, 1"< P for some y'4 e N.1.'b renains: thef efore
: ' r :  

. :  . t
to observe,that Pu = tJ is equivalent wi th.  d 

lzk = ykl  D; Pu = i )

fo1  a11 t .

'  Fr{ iofr of '  proposit ion 2.5.(coni, inuatj-on) '
i

i  e : c i s t )  w e  c h o o s e  w i ,  e  O ( D ' ) r w r  e  O ( D ' )
- + - i r . i'Di ri 1 L _,ut" Dil * qi Fi

0.< I< 4 
- -

T '  =  f  w  n I  +  6  F . .. ;  -  - " ' f  1 k  
'  :  . l -

ft is nov: easy
i

L  * i * ( z , D '  )  s r i z )
r v '

i np ' l ies  (when m =  l r there  are

U wr (2 ,  D '  )  S" (  z  )
r

to  see tha t

V 1

For i' 2,, 2 (1'rrg:'"such

prch  tha t

L 7 2 r t . - ( l

i > 2 , 1 4  l +  ( 2 )

on rne grJ

€ t yfor y. [u,er"

\

no condLuiLrru
l i

( 5 ) .

In fact , for  yg f ixe,C,we cel t  apply the Cauchy*Kowalewskaia

-r
t heo rem end  f i nd  u  eF - ,  such  t i r a t  F ru  =  n  r i  ,  . 4k=d  l o  - r r t  8 , . .y  - 1 -  - t " k  - { f } - *  t z k = Y d " t '

of  the  &; rand f rom Lemma 2 .4  tha t
d

F u  =  g r r , v h i c h  g i v e s  ( 3 ) .

(  5 )  ,  we ean nov/ apply.  'bh e inr luct ion

=
i ) . ' 2 r t s l ^ '

t  w"(  z ,D'  )  nf l= I ,  i r r rwf  * (zrD')D; .r

I t  fo l lows f ron  the  proper t ies

F" u=O ,  L ) t  2,  and tderef" l re , that
I .

F o r  t h e  i . m p L i c a t i o n  ( 2 ) : )

$ypothes is . ' lh is  means tha t  hw"

and therefore \,ve a-' l Eio obtain h
L . '

The proposi t ion nov, '  fo l lon's '
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Supl roee t  eorem ? i .1 : i s , .p rovec i  fo r  mr t

systerus,when c ; -  4  s .  (m arb i t rary) .Then, i t  is  t rue a lso I 'or  mxg

sys tems .

.  : ' F r o o f '  S u p p q s e  U r l  r L i i , L j ,  i = 1 r  j " r e I I l ,  i = l 1 . . . r s  e a t i s f ' y  t h e
rJ

conei i t ions f rom, , the r ,ypot i r " l i " -or  theor-em z" l .The ,saue is  t ,hen , t rue

f n r t  T  T  i - .  ' " .  ; - 1  - -  4  ? r  , ,  a r - -  : '  ir ' u r .  t r i " i r ! i l  . - r r o r o l r : : r t J * i r , r e  ' 1 $ i - 1 r t l  a l t a  f  . i ' o r  r , t r i s  e i t u t - : t i o n r v 1 e
acJ tJ

can apDlY the inciuct ion hypct,hirs is f r .crn th-e i l l ,oposi t , ion enC n;y

t.heref cr.e suppo s e tirat ^.

l , r ,Froposit  iorn, rZ .5 .

- 1 .
r' .: 11:

, p '

f o r  e , c r r r  f  e A ( l z l ( , 4  )  a n d  f i .  (  I z i < r y I  ) ( D ) r f  * 0 .

I . :+ -  ,us ,  r ro t4 i l  c ienote  R the  o(D)  modu le  o f  vec tors  r  =  ( r . .  .  o .  e  . f ,  )  -' . :

r i  €  0 (  l z ; f  < " 1  ) ( i l )  s u c h  t h a t  I * i  L i i  :  O , f o r  a i 1  j  =  r r . . - r o f l - 1 , ,f  . r  r J

T h i s  n c , i u l e  i s  1 ' ' j . n i t e l y  g e n e r a t t i a l s a . l r  b r i  t h e  e . l . e m e n t s  1 1 r . . . r t : ^
. i ,  {

f r o r n  I l .  . | e n c t e  Q  t h . e  m a t r . i x  e  - ( r 1 ,  ? , .  o * ^ ; . F o r ,  s o m €  a J r  r
r)

r l  6  O (  l z l  (  
" 1 ' ) ( j ) )  u i : i t  f ' c r  l z l < - l ' r z  €  C L i , e n c l  z  e  C l * r , r o h e r e  U '  i s

I' froni the h.', 'oothesis ana ,t j is a eountable unj-orr of analSrtic

var ' ie 'L j -es  v ' i r j  c l i  a i i?eer f i  i r :  p ropos j . t j ron  1 .4 ,  the  fo l low ing  is  then
, l |

va l i ,  c :

f  L i  =  4 , f i l i jJ i ' r

uo € Fr.t 0
v,

i .  i

),
T n . f a c t ,  w h e n

j = 1 r . . 1 ; . s ; 1

f * T

lll
, "  sat i

p

n

1 r '

L
i *<
inrp
;
l -0n
, i  

'  i '

^' ? '

I

'u.'A

' r 1 1 c :
' 1 - " *

1 o ( )

uir=

s f ' 1os

/1  * \  7 .c r  tL./ *,/ r,, ts

-"{;:.J
f i t i * )u "  =  0 .
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rli,

n o !

, -1 such that  
F-  

L i i  t i  = -L i"u" . ,

, j  =  O , a n d  ( f L .  - Z f r f i * ) r *  =  C  + - h e n

ion v;hich r . , 'e have just  pr .orre;drvre can

t l ies is  { , r t i  f inc i  Sr€0 . rg l0  anc l  Sy  i ,O(X)
/ " t  s \,  \  -  I  " - |

=  ( { i l , . . . r s ^ ) ' Q " [ r ,  
]  ' l r r "  D t ' o p o s i t i o

\*ns /

i i : .e :  t i ie l  l -pst .  ecrra l . i1 . I f .

n ? e d  I  v e r i a r r t  o i  ' 1 . 1 : e o r € i l  ? . 1 .

l i r rpposc thet  l , l ' rere are s ; iven

i t*s
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at

D O

j "

a t

po
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\,tir

o t l

T
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-r r/ i-
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f
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'1
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a l

nO1,{

such
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' t ' '

-  L i i r l . i  €  0 (  l a f  < 1 1  ) ( r ' )  '  
.  ,  "  ,  ,  

' i
L t J -  , J  I

i  ,  r ,
-  , i rreducible anatyt ic,vari .et ies \-*,  V, cef inect in

aric suppose the : fol lowing is, sat ief ied; I  ,:  ,  Y L ,. s
v ihen u  E i r l ranu (L r i  (  I  L l . lu_ i )=u / then

1 ' ' ' j u

' I hen  t l ie re  a re  f  <  0 (  l z f< - l ) , f ' '  e  O(, . ,  I

f  o l lowingr pr" t )  i ,cr ' ' [ i .es:

e lso  d . , (, v

I z l < n ) ( D )

- , d v f  /  o ( 4 )

. / t r \-  dViE; = 0 : ) , ,  dV f ig = O fori ali g e 0( lzf < a1 )

o - r ' f l . ,  =  i ' I  f i l i i  i = 1 r . . . 1 s  ( 6 ) .
v  J  v  r  r J

i
b )  f f  i n  t h e  s b o v e r l . i ; , L i  €  P ( I j ) , i f  t h e  V ' r V  u r e  a l g e b r a i c

,1. -L tJ rJ :
fr

v e r i e t i e s l , , * r i t 1  i f  t h e  h y p c t h e e i s  f r o i : i  e )  i s  v s l i , f  f o r  e n y  z e C n ,

then in  the  conc lus ionr f  a r . r r  f *  oen be  chosen in 'F r i 'espec t i . ve l ,v  P(D)
I

. F r . o o f . A r 6 u i n g 9 S i n t i r e p r c o f o . f ' l e n r l a 2 . 2 ' r , . | ' e . c o n ( ' ' ] . r ' r d e a g e i n

t , h a t  i t  s u f f i c e s  t o  f i n . r  z  e  r {  a n J  f  e  F r t f  1 €  F o ( I ' ) r w i t } r  t h e

, 
o, ' ,. 'J 

i i
p r o p e r i ; i e s  ( 4 ) r ( 5 ) r ( 6 ) . f n  f a c t r i f  ' * e  d e n o i e  Q i  r . ] . r Q ' .  r Q i r . . . r Q V

i' €  O (  l z t . l )  g e n e r i t c r s  f o r  I ( V ) , r e s p e c t i v e l y  ( l / * ) r  l h e n  ( 6 )  c a n  b e  , ,

. , l r r r i t t e n i n t h e f o ] . 1 o ' - . ; i n g f o m : . ' . ' ' .

t h e r c  B r €  h . , i €  O ( l z l < 1 ) ( f )  s u c h  t . h a t  f I , ;  = f  f ,  I , ,  + f  q , r  h v i
Y J  I  i J  J  - L r J  -  Y . J

r  ? r !

and (  )  )  can De wr l t ter ' I  a 's
/ a \  i  '  ^  c ,

r \ i t i  , . r  =  f  ^1  ' -H  h f r ,  e  0 (  I z . l < " l i  f o '  eve ry  g  . - . n i  a I l ,  i  a i l c  p  r' i , ,  e v

again r, ' ;e v,.ould l ike to find: a sol-utj-on in 0.( lz!<q ) ef' & s.'gstem

r,v i th coeff ic iente in 0( lst<1 )  r t ,hen u'e alreedy knot,  thet  a.  formsl
:

so lu t ion  fo r  th is  s "ye ten  ex is ts .By  f la tnessr th ie  fo rmal  se lu t ion

i .s  e .  conb ine t icn  oJ"  so lu f  ions  in  C(  l z l< r r  )  ,  t rnc i  t l re re fo re ,  in

p a r t i c u l e r , t f i e r e  n n u s t  s l * q o  b e , e  e o l u t i o n  i n  O (  l z l < n  )  f o r  w h i c h
'

d, . f  /  O. . lhe ,  Cet ,a i l s  a re  le f t ' fo r  the  reacLer .The .e l ine  pr :oo f  e lso

shows tha t  per t  b )  c f  the  propos i t i cn  fo l lows f ron  per t  a ) '

5 .  O u r  n e x t  c o n c e r n  i n  t h e  p r o o f  o f  p r o p c s i t i a n  2 . 6  i s  t o : : e d u c e

1 .

o u r s e l v e s  t o  t h e  c s s e  w h e n  \ ' -  =  [ l r l c  a l ]  f o r  a 1 J -  i . T n  f a c t r t n ' h e n

i  i  - - , . . i .  . i  r  z  c^ *  (e i , .  . . r Q . F  
. 8 ; e n e r a t e  

f  ( V ' ) , r . t r e n  O U i  (  
1  

L i j t j )  =  O  m e R n s  e x a c t l y  .

l n l < n ,
.1

s - T \ - r \
L _  L r j L . . ; , ,  -  u ' r

i  ' r r

,vJitf t ,  :Lhe l

,.1 U

/, 1
.i,n

:a:



that  there er'e  u i ,  €  Fz  sueh tha t  F  L i  i  u i  +  :  q i  17 ,  ^
J  

- r J  - J  -  . " Y  ' i ' u  v '

T t r e  h y p o t h e s i s  i s  t h e r e f o r e , t h a t  I  L ; . .  u r  *  f  q l  v .  =  n,  
3  

- r . J  
J  -  r v ' i r , -  v

f o r  i = l r  . . . ; r r l  i n p l i e s  d U (  E -  L i  u i )  =  O .
i d r J

We rnay now shr ink 1 ,  chinge the or ig in,  anci  change coordinates

ana ly t , iea l l y ,such tha t  we may suppose tha t  fo r  l z lcn l tv  i s .  g iven
L r r r  o  - ' ' '  =  z  =  o  f o r  s o m e  d . F o r  s i m o l i c i t y r w e  i n t r o d u c e  t h e

- d + 1  4 J t  -  v  r  e r  S o m e  o . . t ' O f  S l m p 1 ] - C f  t y r W

n o t a t i o n s  x = ( o r 1 . . .  t z d )  r J = ( r U * l  , , . .  r z n ) ,  z = ( x r y )  r a n d  w n i t e
a

L. i  =  
* -  L iR(  zsD. )D i . ru r ther rwe use Tay lo r  expans ion  in  y  o f  o rder'  lB l .<c  d , , ,  ra  J

o-  fo r  u ;  a t  po in ts  i n  V :  u . i ( z )  =  
[ - . : 1e ( * )yB  +  I .__  yBuo(z ) ,, )  '  L l  '  G l _ . r  J n '  ' -  

i g l _ o n 1  -

We cone lude

vrr i t terr  in the

I z  L  L ; i  ] / 8
J  i  l R l < c  r r
{
I
I
f g r a i . ,  u : p  =  0 ,

,]" ul (J

u . ^  +
1 l {

'l

Ql vivI
t

; :> t -  -_ B!  dVlr ;n*;e = O.
i, l8l '< o-

The wr i t ten impJ. icat ion is  va l id  for  any po int  inq v .  .

6 .  r n  t h e  L a s t  e q u a t i o n  u i R ,  i f l  = < l ' + 1  a n d  v r , r ' l u o  n o t  e p p e a r ,
.  s  d i : r  I y  I  .

and therefore i t  is  orr ly natural  to el iminate t i :eu!  eonpl-cr te ly.

T o  d o  s o , , d e n o t e  F V  t h e  s e t  o f  v e c t o r s  r  =  ( " r r . . o r r * )  s u c h . t h a t
- . - n l l t-  dV  

?  " i  
t i j  . y -  g  =  0 '  V io  V  B  w i th  l 8 i  =  c+1rand  a l l  g

4 .

d  n  ^ i  n* V  
" i  e v  g  =  3  ,  V i r V f  ,  V  g

R v , i u  o ' : v i o u s l J  a n  0 ( x ) ( T t x )  m o d t r l . e r a n d  i t  i s  e a s y  t o  s e e  t h a t  t h e

imp l ica t ion  ho lds  fo r  a l l  x

ana ly t i c  subvar ie t ies  in  the
A

) - -  l - - , -  I , i . i  Y- uin = 0 ,
, j l"ql *<c r"J Jrt

*  Q  ,  V  j  r V  B

I __ - -  g r  L ro  u : , "  =  0 .
j ,  l B l ( a  J D  J ' t t

..:)

€

Lr

I

J l t

fo l low i

un10n o
(
l .

f o,. Z*
( v  . i
l r
I
|  f r h n n

\f,: 'r crutr Lt

l  m n  l 1  . f , Q_ , . ; r + * . v U

outs ioe  some countab le

x - s p a c e :

V r  €  R - -
V

and ther"efore dur i , ru;=O means r.hat r  g r (  dyl;6ir ;6(x) )=0.

tha t  the  hypothes is

fol lowing forrn:

u i a  *  , L  l o . ;  y
d w  

i r  l g l = f + 1  
' L ' J

' , V  j ,  V l B l - < s -

c f  the  propos i t ion  can be

= 0 ,  V  i

( 7 )

( B )

( e )

(  1 0 )

l . n  f a e t , i v h e n  ( 1 r : ;  h o l d s , a n d  w h e r : x  a v o i r l s  a eonveni  ent)-y



_ 1  1 _

chosen countab le  un ion  o f  ana ly t i c  var ie t ies r then i t  fo l lows f ro rn

p r o p o s i t i o n  1 . 4  t h a t  t h e r e  a r e  u ; B r  l 8 l = a + 1  a n r l  o i y  s u c h  t h a t  ( 7 )

h o l d s .  .

f h e  o p e r a t o r s  d u l  
" i l i j  

y B  r e d u c e  t o  o p e r a t o r s  i n  C (  l x l . n ? ' ) ( D x ) ,

v rhen aop l ied  on  e lements  w i th  g rad . ru  =  0 rand when 
"a  

RVr  .  the
J

s e t  o f  t h e s e  o p e r a t o r s  i s  a n  0 ( x ) ( D x )  m o d u l e . T h e r e f o r e  t h e r e  a r e

f i n i t , r l y  n a n l /  v e c t o r s  
" 1  

, . . . , r 4  s u c h  t h a t  f o r  x  o u t s i r l e  s o m e

cduntable union oi '  analyt ic subvar iet iesrend f"or ujg e F*r

u v f  " . 1  T  6 * r ' y B o j e = o r
+F B! t ier ie = o.

' '  l i /e ean norr spply theorem ?-.1 and i t  fol lows that there rare

h  . r e 0 (  l x l  ( n , ) n h l o  a n d  h x .  o (  l x l  (  n '  ) ( l * )  s u c h  t h a t

" '  4 - f l
tr dyl;Ay's = 

+_ "3\,' 
ri Li;y"B for ell ,L""0 l8l.< o and all g.

* : :
I t  fo l lows easi l " r ;  f rom (8) thai t  h d 'L i r  = 

1, .  
h" d, f" i t t . t r t

v  t J  i r x

f o r  a l l  u  a n d  a l l  j . I t  i s  a l s o  c l e a r  t h a t  ( 9 )  i n p l i e s  ( 5 ) .

-  !  t  -  J  - - -  l  -,  g .Fr .opos i t i .on 2.?.  Consider  i rued.uc ib le  a i -gebra ic  var ie t ies
11

V  c W  C C " , a n d  l e t  e e P ( D )  h a v e  t h e  p r o p e r t y  t h a t  d u a f  =  O  i f
\ . t t
. 1 .
i ' = 1  r . . . r 1 c r a 1 1  i n  P ( D )

sucl i  that A =L ^- 4,,
1 1

and d.,.e=O impiies d,^, ,r' ui- ' lrj

t r roo f . I f  we choose

coordinates and apply

2.)6 t  then we crbtain \  ,

K = 1  t . . . 1 a

i e = o '
z  in  the  regu la r  par t  o f  V ,use  conven ien t

the argumente f rom the prcof of  proposi t ion

i ;  e  o , (D)  such tha t  7  =LT i  T t  and.  such
l- 

'/,!

d ' , i f  =  O . T h e n  t h e r e  i e , r t e  N  a n d  ) i ,  ^ i r  U , ; ' t r . . . p f 1 & 1 1  r n  P ( D )

sucii that A =L ^i A i and euch that dvftO irnplies dU i if 
= O

that d' f=O :> <tO ir f  = Ord*g = O:> dl ' f  i  g = O.\ i ;e can now apply

propos i t ion  1 .g  and may there fc re  euppose tha t  i i  e  P(D) ,Then

w e  , a p p l y  p r o p o s i t i o n  2 . 6  . f o r  ( V ,  i i )  a n d  ( V ,  a  ) .

Propos i t ion  2 .?  w i l . ] -  no t  be  used essent ia l l y  in  th is  paper .

In  fae t r l ve  w i l l  on ly  use  i t  in  $5 ,bu t  by  an  invereat ion  o f  en

argument rwe cou ld  have avo ided i t .



' 1  2 '

F D

-$.?"' -IengrKg_9.9,ggglg}I gg.ll]9_gruro:.

' !  .  C o n s i d e r  p ( z ' , t )  =  t q  +  f  c r ( z ' ) t J  , c i  e  O (  l z , l  <  z r l , )
i t n  J  J

a po lynon ia l  in  t  w i thout  rnu1t i f ,1 -u" fn . to rs ,anc i  le t  A(2 , )  be  the

d i s c r i r r i i r a n t  o f  p  w i t h  r e s p e c t  t o  t .

D-efiglt lg*-p:l-: consider u ccn ar.r open set.,ri/e say -that u

h a s  p r o p e r t y  ( W )  ( w i t h  r e s p e c t  t o  p )  i f  t h e r e  i u  " ? ,  n l ,  ) .  1 )  O. .  :  -

such that :

t h e  p r o j e c t i o n  o f  U  o n  C n - 1  i ,  l z ' l  1  n ,' I

- for eaeh zt t lz' l< al r the m:nber of roo'Ls T of the equation

r t ( e r l  + \  f \  + ) , ' r r  r - , L . : ' . 1 -  l ^ ' f - '  '  r ,y \ t , ' t  v t  -  u  fo r  r ' ;h . ' . ch  (n" 'L )  r  U  i . s  the  sane.  j , ve  r ienote  th is

nun iber  q (U) . (k* t ,up le  roo ts  a re  eor rn . t ,ed  k  t in ies) . i { re  a lso  denote

P , r ( z " t )  = . n  .  ( t  t i ) .
F (  a ' . ,  t ,  ) = 0

{ z ' r t i )  e U

2 ,  S u p p o s e  t h a t  U  h a s  F r o p e r : t y  ( i y ) r a n , l  c c n s i d e r  o c 6  N  a n d  f  e  0 ( U ) .
:

The g lobr : l  i { c ie r ' s t ress  prepar . r t i : : r  theoren (c . f  "a l -so  prcpos i t ion  7 .1

f ron  beLov; )  shor , rs  tha t  there  € t re  g i  e0 i  l : r ' l  <  " ,1  )  and h  eO(U)- J  
i

such that \
i1'

I
i  ( ' !  ) .

c lear l -y  (1 )  c le te ru ina tes  g-  u r r ique ly  end we c lenote
o ( q ( U ) - ]  J  

-

#  :  O(Ul " - * [ l  0 (  l z ' l<1)  i ,he  nrap  w i th  components
i=0

, U r * r  -  . r - n  - . . - / ? , \  it ; ( f  )  =  B j ,  i = 0 ,  r  r  r ;  o ( ' l ( U ) - 1  .

,3,  t 'he l rTeierstrass pr.ei :arat i* . r .  theorern holos also in r ,he

set up of  formal power ser iesrbut t i rerr  l . ro nnust work J-ocal ly.

Thus  ehoose y  v , r i th  p (y )  =  0 ,  l . : / ' J  1n ,  ra : in .de4ote  Fy  the
t r ie ie ro t ra$s  or ;eudcpo lynomia l  as$ l r : i * r ' t ,ed  w i - t !  p  a t  . y .T i i i s  i i i ea .ns

t h a t  f o r .  F j c i r e  q ( y ) r p . ,  =  ( t - v '  ; Q ( i ' )  *  f" y  -%) - r \ " r  +  
? , ru ,  

c ' t ( z ' ) i t -Y r r ; ' ) ,

e i (v '  )  =  o ,  tha t  p /P . , ,  i s  i ro lomorp t r i c  near {y  a r " rc l  tha t  (p /p - , )  (y ) /c .
J  

- J  
J

For every f  € F. , ,  v;e can nc\ , r  a1;pl . ; l  t - i :e i i re ierstr .qss preenr.et ion



theorem and find t. €'
J

t  =  f -  E r ( r '
j  < a - q ( Y )  u

- 1 5 _

Fy, anti 
.h 

e

) ( t - v  ) "  +v  l 1 '

Fy such that

prn

int roduce a r 'aps-

He ncw consicer B;.  Fy, such that 
fu 

' { i tz '

g r ( z ' )  t J  a n d  a g a i n- J

x o ( y ) - l

( 2 ) .

) ( t - y r , ) J  =

F 
Fo, rbf g{ t r )=g ; .  rY  i s  con t inuous  i f

d i i

F, , ,  in  the  fo l low ing  way:
J

g J :

we

J
It' v

reduce "asser t ions  in  n  var ieb lee"  to  nasser . t ions  in  n -1  var iabLes" .

l l ie rv i l l 'use i t  wi t i i  th is purpose in $4'rn that  paragraph we need

severa ]  p roper t ies  o f  ' ,he  iVe ie rs t rass  ceeompos i t ions  (  1  ) ,  (  2 ) . l " lo .s t

of  these propert ies are stent i .ard.We nneht ion then expl ic i te ly for

la te r  conven i€r tc€ .

F-opqflL!.Loe- 1,2. Consider U with (W) .

o(  l z ' l (  n4  ) . rhen  eJ t r r )  =  
I  

r l t r l .
rr "i

b )  C o n s i c e r l r  e  0 ( U )  e n d  d e n o t e  r r ,  =  e ! t t J r ) , o ' <  1 , i  d  " c  q ( U ) - . |  .
t t - T T

T h e n  f o r  e v e r y  f  e  O ( L t ) ,  f i ( r f  )  =  Z -  i ' ;  . ;  € : ( f  ) .
r ' '  j  t J  J

c )  There are T ;  € 0( Lr)  r  pc, l .ynonials in- t ,  euch that
J i

a t J r r l  =  8 y , , . - .  . (  T , .  
\

J .  
- o c q ( U ) - i \  f  ) "  

I
1t

Sie i la r  asser t ions  rene in  va l id  fo r  E" l  ( in  the  las t  par t r the

eudopo lynomia ls  a t  y ) .T,  ar :e then l rVeierstrass pseudopnlynomia

P r o o f .  0 n 1 y  e )  r e q r - r i r e s  c o m m e n t s . D e n o t e  F ;  e  O ( l z ' l c n  )  s u c h
, t J

t he t  rdq ( t l )  =  f  o  . (  z '  )  t J  +  c !  - ,Fh i  s  s ,h i - 'ws  tha t ,

t r  
T.=artr ,  

,Jt t :  , ' i+1 r l*ru)-1(r,ko) pi tJ = pI h,

u,hence r }o ,u) - i (  t f  )  =  . in ,u) - i - .  ( f  )  *  EYq(u)-1  (  nr r )  ' rh is  s ives

i n c r u c t i v e l y  T o c q ( g ) _ i _ l  =  t  T * q ( U ) _ i  +  P i .

5 .To  s ta te  the  nex t  p ropos i t ionrwe in t roduce a  no ta t ion :

encloiv P,,rF", ,  lv i th the Krul l  topologies.
J , Y

4.  The Weiers t rass  prepara t ion  theoren is  e  c l -aso iea l  too l  to

6  LTrp (y )  =  O ' 'Then  v . ' e  i nL : :o i l uce1e t

{ U .t y r

U  b e  w i t h  ( W ) , a n d  c o n s i d e r  y  e
o c q ( y ) - 1  o c a ( r j ) - 1

n  Fv , - [ - - l
o ' o

l$t a)g is the eoeff ici enr r:f  tk in 1r:r1/vu)**+qTJD g,1tJ



P.rofgg*i-o,n Z.fu. suppos:e u has pi.'operty (it) anc consi.cier

e  O( t l r  and  y  e  U .f

a ) ru( r) = L .
Ypr log(Y '  ,Xr . r )=O

u ) e j o ( u ) - t ( f ) = r -  - ; , - - \ = R  e J q ( )  ' o ) '
f f i  

€ iqCY)-t( f  ( r ' luu)

c )  r f  4 ' ( y ' )  I  o  a n c  i f  t , ,  (  z ' )  i  .  r .  r t q ( u  j ( ^ ,  ) .  s r e  d i s t i r , e t  g e r g i s

i n  0 r ,  s u c h  t h a t  p ( z ' , t r ( z t  )  )  =  O  , ( 2 ,  , t i ( 2 , )  )  e  U ,

r u  ' / o )  =  1 l a : 4 ) l z o / a l f * 1  $ /  [ l ( t - t ; ( 2 , ) ) 4  ( ] ) ." x q ( I r ) - l \ ' '  
i / k

, ,  , , r  ,P roo f  .  a )  By  de f in i t i on ,  t i v r /p l )n  =  Z  f  {q f  t  V | /VU;4  ;1 j  +

d '

i$ eYc r (py/pd * ).

'f ( z '

+  p * h' v? uy ^.0,,.";111.r:-ch g,{.yss.3 = (ou/nu)d tZ {tnr,/ou)d )t, 
i

I t  fo l lows th.st  f -  f  (vu/nfa ( I  e$f r t  vr/v ' ) '< ) t i
y".,

c l i v is ib le  by  p ' , ,o  '
- U

b )  f o l l o w - q  f r o n  a ) .
' :

c . )  i ? i t h  t r ( z ' )  ns  i n  c )  r i t  i , t  c l+a r  tha t  u /e  can
't7

e  r t ( f  )  f o r  v  =  ( y ' , 1 . ,  ( V ' ) )  i n d u c t i v e l y  b , ; r
U +

y t  $ t r )  .=(2 /3t  ) r  f  (  z '  ,  r i (  , '  ,  , - ,&

p1 h.:. 1 "
J J

isr

I r t - y ' l < i i ' x C )

d eterm ina t  e

t / ( i - g ) t

v '
€ ' * ( f  )  "' . i

I

I t

\-

i. ] < o ( q

t j
1

fn  fac t  the fhen satisfsr'e {
J

lemma 1s  use fu l

,  L , e n m a  1 . 4 .
'

t l iat for et"ery

f  < n * > ( 2 / 2 L ) f  ( r -  z t $ i f ) ( z ' ) t t j ( z " t i ( z ' ) )  =  o .

c)  fo l lows there fore  f rom b) .
T !  a r

6. t r ' ihen we want to relate r l t  to ey, ' ih.  fo l lovr ing technic.al

U o n s i o e r  J r  l y ' l <  " i  t p ( y ) * i  , T h e r e  i s  n 7 l ,  ,

k  e  N there  is  A  un ique func t ion  gye  O(

wi th  the  1 'o11cwing pr .oper . t ies :
a r

-  g r  i s  a  no lynon ia l  o f  oegree kq(U) - ' l  in  t

P , , ( z ' , t )  =  0  ' - )  8 I ( s ' , t )  =  1
. Y '



LnA ( y ' )  . l  'o ,  there i s

the

a )

b )

lenna.

@ L e t g y b e t h e f u n c t i o r . s f r o n l e u u n a x . 4 f o r k ) , < .

r I (gY f )  =  ey(r )  for  a l l  1 '  e  Fy i
\  t r  a ,  Y T  a r  \ r  ' p .'e l t(gY 

r) = i-Y .J(eyr( p,, /grr)n ) for al l  f  e o(u).
.v -Y (J

Proof  .  a )  i s  easy  to  ver i f y  fo r  f  
"  

Qy . f t  f c iLows b ; r  oens i ty

t h e r e f o r e f o r g e n e r a 1 f . b ) ' i . . a . , c 0 n s e q u e r } c e o f a ) .
' " '  

t t  
-  

.  
l :  I

ErySi t ion f  .O ' -  Cons ic ie r  y '  w i th  z \  (y ' )  /  O,  i J  w i th  ( ' i J ) ,8€  l ' i

and  le t  P  be  a  po lynomia l  in  t "and z  w i th  coef f i c ien ts  in  0 - -1 .

D e n o t e  t 1 r . , . r t q ( U )  €  O " , , d i s t i n c t  g e r n s  e u c h  t h a t  P ( z ' , t i ( z ' ) ) = 0 ,
'  

\ f

a n d  s u e h  t h a t  ( z t , t ; ( z ' ) )  e  U . F u r t h e r  d e n o t e  8 J  t h e  f u n c t i o n s
f - ' .

frorn leilna 7"4 fov Soxne k2ra

1 n

L
K

[ ' 'oreover ' rwhen Pr P ale c ief j -nei

polynomiale) ,  then we may ehoose'  F

( t , c  b e  a  p o l y n o n i a l ) .

n
i/k

fhen  there  is  a€  N end Rra ipo lynon ia l  in  t ,w i t i l  coe f f i .g ien ts

0 , , r  , s u c h  t h a t
v '
g ( y ' ,  t k ( y ' ) )  

, t (  z ,  , t r l ; * ( z ' )  ) ( R u l n { y , , t g ( v , l  ) f (  z ,  t t )  :  r /

' v
'  gy (  Vr /VQs is  a  po lynon ia l  in  t .1 [he  coef ' f i c ien ts  o f  t ^  in  the

above suna are for  every"r t :  syr:uetr ie polynonial  corcbinat ions of

the  t ,  r  .  "  .  i t ^ / r r \  .Th is ,  ie  c lee- r  f ro rn ,  s ;Eqrnet ry  cons ioera t ions  ue ing
f  '  g t u )

I

the last  part  cf  le inna 5'4.The proposi t ion now fol l -ov. ts.
. . .

7.  One o f  * "he  na in  ob jec t , i ves  o f  th is  paragraph is  to  conoute
.

?  f r z - "  t J , t ) lwhen  A(y ' )  /  Oo  1 (  s r (  I t - . l ' . l , l t e  i l i : l y  re r i uce  , )u rse l r ' es  to

aa-

fo r  l 'V ' l< "1  (  v 'hen prP are

to bei  c ief i r :ed in ly ' l  < t? :

( t - i i ( 2 ,  
)  )  a n d  t h e r e f , : r e

i' -  n U ( z ' r t ) ' =  o  : )

-  fo r  .y  w i th  A  (y ' ) .1  O, there , te  S  ,a  po : lynoBLa l  in ,  t  an ,cJ  '2 , ;1$ I1 t

rt

.  
e o e f f i c i e n t s  i n  0 r ,  

" q : n  
t h a t  g Y ( z ' , t )  =  t ( 1 ' , t , y , r ) .

Froof. 'vt'rl________________te tiZnulk: fu *jti + n$ n'r'u is eas

to  see that  gJ = ( l , /nr )k(  Z * j t t )  sat is f ies  the r r rope: : t , ie , ,s , f rom

po'lynouiaJ- and ,wi, th'

easy



-  l o -

? r

t h e  c o n i p u t e t , i o r r  a ' f '  7 / o z *  € l q ( I J ) - 1 ( f  ) , f o r  u ' h i e h  n e  h a v e  f o r n u r a  ( 7 ) .

I - , e t  u s j  a l s o  r ' e r r a . r ' k ' t i r a t  i f '  t (  z '  )  e  u . , , r  s r r t i s f  i e s  p (  z ,  ,  t (  z t  )  )  =  o ,
J

i he i ' i  i i  fo l lo ' . vs ,  c i f f  e ren t ia t ing ,  r ,har .

o t . /  ?  z "  =  - (  A p / 2 2 " ) ( 2 , , t ( z '  ) )  / (  A  p / , a l - ) ( 2 , , t (  z '  )  ) . ( 4 ) .

on,  [ t  )] : ' I j ipoei j , l%-3. l - . .  For s < n,  A(y ' )  /  O

pc lyncn: iaLs  in  t ,w i 'L i r  coe f f i c ie r r ts  in  Oo. ,

(  a  / ? r * )  r J n ( r T ) - i ( r ' )  =  . f o ( u ) _ , t (  ?  f t r *

i i r ' hen  t  6  P rQ^ l :nC  F^  ea i t  be  c l r csen  i n  P .' s s

, t h e r e  a r e  Q " r F i "  €

a:id ae i, i  such +,hat

) ( z ' , t n ( z ' ) ) .

+ (Qs/Aa )  2  /? t  + f i " /ar  ) r ) .

P r o o f  .  l . ' i e  c o n s i d e r  f  u n c t i o n s  t 1 r . .  .  ,  t q ( u )  
" i  

i n  p r o o o s i t i o n

' iave  tc  der iva te  a  sum o f

c o r i p o s i t , e  f u , ' r c t j . o r , . s  a n c  o u t u i , l T ' (  u  r ?  2 " , \ r J o , U ) - 1 ( f  )  =

f  
(  ? ' ? t ) * - 1 ( ( ? / z z s  +  ( ? t o ( 2 , ) / O z u ' )  ?  / a L )

( r /  . r y  ( t - t ,  ( 2 , ' ) t d ) ( r ' , t k ( z ' ) )  =  Z  e / o t . f  
' 1  ( ( ? r / 2 z s  +

i / l r _ ' , r u k

+ 2t . r /2n*  ? f  12\ ) /  .n"  ( t  r i {z '
i l k

- o - ( : - /  n  ( t . - r ;  ( ; ' ) ) ' c  ( L
1.!'K 

'; '1 
i/k

i i :e  no i$  cbs t r r . :e  the .L  
T  

, ,  /?* , )e -1  i } tO,A z"2 tn  t  /

. r y  ( t * t , ( 2 , ) . f  l t " , , r k (  " , l l  U  ( a / a t ) o ' - 1 (  f l  e ( J ' , t k , ) )
i / k  r  r \  

k  k t \  
-

L l k  t  - t r (  z '  )
l l he  p roDos i t i .on  now f 'o l -1ows v rhen We apo1.y  (+)  anc l  p ropos i t ion  "3 .6 .

t o r o i l : l r v  J - . t . C o n s i r i e r  f , r , r . . . ,  f , n n r T i \ _  ,  €  O (  l y t l  < q  )  ( D , )  ,L /  q . q \ U l _

l ' r r  =  ( D r , . ' . , D - - r ) . T h e n  t h . e r e  e x i s t s r e l \ i  s n C  a  d i f f e r " e n t i a lI  r ] - t '

o j )e ra  ta r  2e0 (  I . ;  )  i  l )  such  the t

a) 4"-r do efltr i f o r  a l i -  f  € O ( L I ) .

l r )  l hcn  i iY te rno te  t , he  f i l nc t , i cns r  f r c ,L l  1e :n rn ,1  J .4  f c r .  s ; re

thcn fo i '  e- l_ l  f  €  Fv

t .o('.

2 +,,- /2:,  -  2t".  /22
K S l . ' s

f r t * , / 3uu  2 tnL )  /  . [ 1  t  r - t ,  {  r '
i /k  r

l e n m a  3 . , 1  f o r  $ o m e  k V Z x  +  1

t  *  t r ( 2 . : ' ) )
I

I
the funbtiohs froir

asse r t i on  i s  i rue  fg "

. T  
(  t - t r _  ( 2 ,  ) ) q ( t ,  ,  t o (  z ,

r l K
L ranr)o( 1(r. t *2j:{:1"_-: g - )  /

)  \ {  i r

and  a
A t .  / )  z

1

gY ur*

s i  n i l a r

) )k

=  t f o ( L r ) - , { ? ' i )

rrr.r: r t k

Ao(  r tY ' r t t t ( i i v ' r ) (nu /n . r )o  )  =  ,L ty )_r  ( (o , r ,z '0 . , r )n2  r . , ! r ) .



;  Proo f  .  a  )  f c1 , r  D 'a -s  f ro r :  p r , )pos  i  t : -cn  ] .?  anr l  p r .oFos i - t i cn  5 .2 .  To

prove b)  suppose f i rs t  tha f  f  e  0 (U) .  Then v re  heve
? ?  

-  !  ! '  \  v  '  '

A o r ;  U  - l t  , , , Y  1 r t  -  t -  r  d  .t Jo  ! . .  E , - \ f l ,  r  (F ; i , /P . , )  )  =  ( in  u ie i ' ;  e f  p ropas i t ion  5 . i  ) ^ t r t tu (gYr )  =
y  ' 1 . 1  

J
T I  1 r  t '  

\ d  r  2  " ^ y . r . t \=  t l q t r I ) - 1 ( 2 ( p - o f ) )  = e J q ( y ) - ,  ( ( n U / O r ,  \ - €  , l / .

-1 7-

su.ch  t .hn t :  -

t q  *  f  e i ( z ' ) t ' r ,
J < q

i n  O ( I J )  .

i z ' i : 1 1 , \  n o o r : l e , a n d

T !  T T
i t  i s  c l e a r  t h a l  f  e  n ( 1 ; ;  i s  i n  i  i f  a n C  o n 1 ; y  i r '  e L ' ( f  ) e  r t r ( T ) .

lT i th  the  a id  o r  p ropcs i t io l - r  T .?  i+ -  i s  a lso  e isv  to  eorcoute  an

(  x  .q ( i l ) -1  )xb '  mat r i x  p l '  b=( ,  dq( t l ) -1 ] )xu l ;  such '  tha t

' Y r ' t - , - - - l - - . ' ,

-  U  hes  proper ty  ( I# )  w i th  respec t  to  p r

o ( .p - ' i s  i n  t h e  i d e a l  I  g e r r e r . a t e d  b y  p ,  1 , . . ' p- ' I '  ' - m

' i .  o ( q ( u ) - 1
€ " ( r ) C  n  o (  z ' r l z ' l ( o 1 )  i s  a n  o ( z ' r

o

g t l ( t )  =  p ,  [ c t  z , r l z , l < " 1  ) ] b .
'  

Further we intrcduce the
-  o ( q (  y )  - 1

l Iu = Le. t-l oy, ; ,g is, r - 0

S . C o n e i d e r  I I r F r  p r  1 . . . 1 p *  €  0 ( U ) ,  a n i  o <  €' | l u .

-p  hes  no  r .u l t ip le  fac to rs  and is  o f  fo rn  p

t f
t r

1r l
, f

F y '  i ,  8  i s

fotr lowing notat ions

1n the Crr, noc.ule 6+:rnerated by
J

v ,  F  ^  .  )z " I t  1  P 1 0 , ) J ,
' :

i n  the  F* , ,  l , rodu le  genera ted  by  t " - -v '  "  y

' l r
t v l T  r r f  

-
L ' l t '

r. '
" u r y t  

-

.  4 Q ( Y ) - t
l e e  n

o
.  *Q(g ) -1
[ g €  |  ]

TJ

.  o ( g  ( u ) - 1
le. l_l

o

0 y ,  i  g ' i e the  0 . , ,nodu le  p ;ene la t ,e r i  by  d ' (  I  )  J ,v '

Propsrsj ti on 9 " 9: a)

tr ,  t  U is in the F.r,  nocule .generate 
r l  OU M.rry, i ,

ifu: i, .-rn ) ( ul..,,r ) = 
, 
unu, ,o ,

rYrr) = 0

/ae

-  ' r ' TT  r r  r,  \ ;  t r t

l

a

eJ(t) e 
' fr; ,  

rr, ,
u r J -

f la tnessrso  we rnus ' i :  on ly  o rc lve  a) .

,jQ'
, i ' ,  r f i , l

' J Y r t  J

T I
HU(:) i|

l . \ n i1..,
Jrnr P( X' ,  J'r,  ) =O \ 'r

In  par t i cu la r ,  eY( f )  €

Frcof. b\ f,r l1orts fr.oin *) b"y



To prove the nonfr iv ia l
. Y 1

T 'h l - s  nean ,q  tha t  L  g :1 "
r.i

i n c l u s i o n , c o n s i d e r "  g  e , i 7
\ r

= E ( u,,/o., )* p.i n{ * pf
, i  

u  . i  ' r  . v

l ?

' 
,Jrr) 

( l'4;/ ) '

h, fo:' soae

r.Y t '  a ^ , , ;L i ich: .&rr€ polJ . l lcnote 6;y the funcf; ionshi  ,  hy a oy,  ,  v;Li : -ch are polynonial  s in t

: . f ronr  len lna  ) .4  fo r  k  =  o< . I t  fo l lo rus  tha t  f  t i i t  
j  -  

F ,  f  gyL{ )nq

ls  i i v i s ib le  by  o |  fo r  eve t ry  y - .Th is  i .np l ies  g  .  t ,Ury ,  .

9.  ' l {e coneLude: : the par i l ,qraph with a : :esul t  rvhieh reletee

'y  / 'F \  + ,o  the  r 'emain<Jer  o f  the  ; ' i e ie rs$ , r .ess  C iv is ion  a lgor i tm' . * q ( y ) - " 1 ' " ,  '

w h e n  o <  = 1  . ' l h u s  d e n o t e  ? j ( f  ) ,  i  < q ( . y )  , f u n c t i c n s  s u c h  t h a t  o o . (  z ) = 0
- r m p l i e s  ( f  - Z q ( f )  t J ) ( z )  =  o  . ' . i o h e n  A ( 2 , ) r o ,

. d

e '  j p ' r  =  
l t f t  l ] l  ( t - . c i ( 2 , , ) ) ( z , , t n ( z ' ) ) "' q ( . - r ) - i ' ' '  - -  
k  i / E'  EJq(y ) - r ( r )  =  

i I  t l  / ( , @ - j - l  )  t i l )  ) ( 2  1 3 i l r ri iO'rrr  Obe.;) I 'Ve t i iat

( t . . i i ) <  ) ( 2 " L t r ( z ' ) )  =
a{

( a f t L ) d f  ( : . '  , t k ( 2 , ) )

.r^\ TTuT4n:'r3FTI
i l k  s

J <o(

i , -1
i/k

! ' r )\ t " i

):l
- ./i.

: .Y./i"

::.::.:i'
'  ! i -

= (4 / l io-, j- t

i/k

,  l i ie cgn nour USe t.a*,n*
. ' . , t ;  : 1 ,  , :

ant l  concLude:
_t '  

, |

' , 1 - '  +  r  . , ' r r  [ - 1 . (  L _ ( z t ) * t . ( 2 ,  ) ) .t l \ / -  r L "  \ . (  , r :  
r l _ ,  

U K G  l * . i
i /K 

N r_

i n  the  p roo f  c f  p rcuos i t i on  7 .?

+  (  a l( ,  I  \  Z

) . 4  n s

I - ;emma i .  10 .  ' fhere  are  Ri (z '  ,  t )  ,  po l "ynorn ia l "s  in
'J

t , w i t h  e o e f f i -

c ien t .s  in  '0_ , , ,a ,1d  <r€  l {  s r rch  t i ra t
LY

t J o , y ) - r  ( f  )  =  
k  

F o r y ) - 1 (  (  ) 7 ? + - ) J r ) n r ( z ' , t )  /  L €  ) .



, , , , - . . - . - . , . " . . , " '

a r n

' t ' . 1

$4 .The- io+slr.gg-t1,on q,f..$oethprt;iaL- psrr !.ors.

_ n
l .D .e f in i t ion  4 . I  Cons ide? z€C' l rV  a  geru  o f  an  ana ly t i c

. ' v a r i e t y  a n d  ?  =  ( ?  
1 r .  .  .  r  a e )  €  0 ; (  L - ' )  .

q.

i  a )  ( v ra )  i s  ca l l ed  a  Noe the r ian  opera to r .Eor  re r i  we  say  tha t

( { r 4  f  =  0  w h e n  f  a ,  r ,  e  r f t v ) . r f ( t v , 2 1  ) , ( v  r 2 2 )  a r e
. ,

Noethe r ian  opera to rs rwe  wr i te  ( v r? ' )  =  (Y r? '  i  i f  f o r  a l l  f  ,
r t

( v r ? ' , - D - ) f  = 0 .

b) r lTe say that  (V,2)  is  an a lgebra ie  Noether ian operator , i f  V is

a lgebra ic  snd i f  l ieP(D) .

Theoren 4,2.  (  L.  Ehrenpreie-1. / .P.Palamodov) ,  uonsider a sxm 1

there is g 
" 

FT sueh the+- p8 = f
v

1r l r .
( V " r ? " ) f  =  0  f o r  k = 1 r o " . 1 r 1 A .

Moreover,when pi j  .  Prthen we can f ind elgebqaic Noether i j .an

o p e r a t o r s  t V k r a k ; , k = 1 ,  . . . e f t ; f . ; r  w h i c h  ( i )  a n d  ( i i )  a r e

equivalent for  every i ,  € Cn.

.  'RemFrk 4r1.  a)  ( i i )  is  a nontr iv ia l  condi t ion only rherr ' l
v

y e UvK.zurther:rdenote Y the germ. at  z of  the set

V =  [  y ;  the  rank  o f  the  mat r ix  p i . i ( f )  i s  <  s  ) . '4 t "  a  germ o f

'  an  ana ly t i c  var ie ty rwh ich  w i l l  be  ca11ed the  var ie ty  o f  p  (  in
: : : . A'  the  po lynomia l  caserV w i l l -  be  r rn  a lgebra ie  var ie ty ) ,  ' 'Ahen y€  [ \ I ,

I

then  ( i )  i s  sa t is f ied  fo r  a l l  f  .There fore  a t ,  su .ch  po in ts  Vr

mat r ix  p  =  (p  \  *  .Then there  ex is ts  n>  O and a  eo l lec i ionr  \ / i j / r  P i j  .  t . r i .
V V* ,  

Do )  ,  k= ' !  ,  t  .  .  1 f  w i th  the  fo l l ow ing

proper t ies:
t -  

I  '  
'

-  a l l  coe f f i c ien ts  o f ' the  0K ,and a l l  the  func t ions  D i  ;  a re-  r J
' ' ' L

analyt ic funct io l rs for  ly-z l< '"1 ,The V* are analyt ic var iet ies

d e f  i n e d  i n  l y - z l  < n ,

-  for  everJi  y wi th ly-z l<,"1rano every f  .  o l , , the fo l lowing two
J '

proper t ies are equiva lent :

( i )

( i i )



^ k T r kd' - f  €  r ; (v" )  for  a ' t l -  f .Th is  imp, l - fss  ees i ly  (e{ .  the proef  o f

po rpou l r ton  4 .6  l re lov ;  )  t h " t  t l i e  coe f f i c ien ts  o f  A :  a re  a l l  i n
v ' 1

T  / f f n \  T n  n l r . t i n r r " l o r  r r r ^  m ^ ! r  n l ^ c . n n ^  + l ^ ^  - 4 - - -  , , , k  ^ k  , ir v \  v  t . L ! !  Da r t i eu lg . r r r r l e  I na i l  ch r rnge  i l r e  ope ra to rs  \ v  1  d  ) .
i 2  k .

w i t h  ( \ l " n  V , 2 * ) .
v

b )  v / h e n  v "  =  v ' L J v t  I  f o r  s o m e  a n a l y t i c  v a r i e t i e s , t h e n  t h e

eonc l l t ion .  (vk rak)  f  =  0  i s  equ iva len t  w i t ,h  the  cond i t ion  I
^ k .  -  k( v t  r ? n ' : f  =  0  a n c i  ( V "  r 2 K ) f  =  0 .

D e l ' i . n l t i g q  4 r A .  r f s  c a l l  (  r r k , 2 k )  , k =  4 ; . . ,  t t &  & ' c o l l e c t i o n  o f

N o e t h e r i a n  o p e r ' a t , o r s  a s s o c i a t e d  w i t h  p , i f  f o r  i t  ( i )  a n d  ( i i )

in  theo: .em 4 .2  a re  equ iva len t .  1 .

T ; t lp -os i t ion  ? .6  s r ' rowe tha t  Noether ian  opera tors  assoc i -a ted

wt - th  a  g ; r ' ven  p  a re  essent ia i l y  un ique:  : i i . , .

Sggp_q.-- ! :gL; ! - , lConsrder p " ,  (p1 i )  a sxn rnatr ix anc (vk,  A 
k) ,- '  r - J

. Y r Y '
k = 1 r . . , ; . u r ( l , . , ' t ,  f , * )  r r = 1 r  o o . s t ,  , t w o  c o l l e c t i o n s  o f  N o e t h e r i a n

o p e r a t o r s ,  a s s o c i a t e d  b o t h  l r i t h  p .  ! ;

' : r ,  
Then there  ex is t  r  hk  ,  O^ ,  11 ,7k  hg  /  O and hk" .  Cz( \ , )  such

t k ] r
t h a t  ( V * . h ,  " ) " "  / t r $  s r  n r

, _ - K  o  )  =  ( v  r a h k r  c -  )  a n d  s u c h  t h a t  C * r  f  =  0  i m o L i e s
i  .  , .  * .  k .  r '  Y l
o \ r k  n k *  t '  =  C . l ' : h e n ( V " , ? " ) ,  ( r r V ' ,  { " )  a r e  a l g e b r a i e r t h e n  v r e  r r , a y

e h o o g e  i I . - € P " h .  6  r r ( n ' , .
K  

" " k 1 "  
E -  i \ u , .

: r  ' 2 .  
Be fore  embark ing  on  the  proo f  o f  theorem 4 .2rwe br ie f l y

'stuCy 
tnodules ief ined v, ' i th ' f .he ar ic l  of  Noether ian operatprs.

- : r L
. : .  3: .gBgSi! igI_-L6. Consider (V*rAo) k=1r . .  r  r .1^ I  col l_ect i t rn of

Noether ian  opera tors  and c ienote :

M  =  [ r  n  t l ;  ( ' o K ,  2 k ) r  =  o r k = l 1 . .  . r 7 . J .

a )  s u p p , r s e  i \ t  i s  a n  o ,  n o d u ] e .  T h e n  f  e  l r i  i m p l i e s  ( y k ,  ? k ( B ) ) f = o

f o r  s 1 1  I  a n d  a l l  k . C o n v e r s e l y , i f  f o r  e l 1  f  e  h j  , ( v k  ,  z b ( B ) ; f = 0 ,

V f r ,  k - l  r  c  t  c  s  / . .4 - ,  then lo !  i s  an  Fr -modu le .
l -

b)  Sr lp lose that  a l l  the V ' "  ere i : : redueib le ,en i  suppose t l r r - : t  Ut  i .s

an  0 -  r i rodu le ,s r - rppose  tha t  r  #  Ur t , r k1 , fo "  sc ,me  re  0  a r :dz ' l ; z

t ha t  r f  €  l - ' r .  Then  f  e l , l .
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. c )  S u p p c s e  V k  =  V  , k = 1 ,  t . . 1 1 *  t h a t  V  i s  i m e d u c i b l e r a n d  s u p p o s e
i
that M is an Oo nodule.Ti ' .en &l  is  pr imary.

A

Proof, The f l rst assert ion in e) results by increaeing

induet ion in  lS l rus ing the fact r thnt  f  E l I  iup l ies zo f  6  M.

, The second. assert ion in a) is obvious.

b)  We know that ,  (Vk,  ak(e)) " f  =  0  for  a1 l  k  anc i  E iand wsnt  to

ronc luae that  (vk ,  ak(s) ) f  =  0  ror  a1 i  k  and B,Thi .s  fo l lows by

Cecreas ing  induc 'b ion  in  l 8 l  . f n  fac t r fo r  lB l  E rea t ,  (Vk ,  ak (A)  ) ,  =  O

ls  t r iv ia l ,and then we use ak(B)r f  =  
"?k(B)r  

*
-  r -  t &  o  k (  8 + ; ) t+ Z Q/ 'aot  (  0 ' i f ! , I , { ie can now -:conclude h;y induct ion,
rlo

, .  , L T R \  t |  K
t h a t  r  ? o \ - / f  e  I ; ( V ^ ) r a n d  s i n e e  t h e  l a t t e r  i s  p r i n e  (  b y  a

theoren of Nagata-Zariel: i,ebS, B.Malgrange tl J ) , we obtain

ok (n ) r .  r f , t v k ) .  * )  f o l l ows  f r on  b )  .

5, the proof of  theorem 4.2 is essent ia l l .y  by induct ion in n

ano e. ! !€ separately fornulate the two main st .eos in the proof.

P r o p o s i l i o n  1 . 7 .  S u p p o s e :

theoreru  4 .2  ie  p roved in  n -1  var iab les ,

t h e r e  a r e  g i v e n  p 1  ,  . , ,  r p m  6  O z .
I

Then there ex is ts  a  co l lect ion of  Noether ian operators
L 1 r

( V * , a o )  t  k = 1 r  t t t l . l -  w h i c h  i s  a s s o e i a t e a  w i t h  t h e  1 x  m  n a t r i x
L k

(  P 1 r  . . . 1 p * ) . F o r  P i e  P  t h e  1 y * r 2 - )  c a n  b e  c h o s e n  a l g e b r a i c .

_Prop_osi . t ion 4._8. Let se lJ be given.Suppose that theorem a.2

is  p roved fo r  any  ax  m mat r ix ,w i th .  o -<  s  ( fo r  a rb i t ra ry  n ' ) .Then

theorem 4 .2  i s  t rue  fo r  any  sxm uat r i x .

P r o o f  o f  p r o p o s i t i o n  4 . 7 ,

The f i rs t  th ing  to  dor is  to  reduce the  proo f  to  the  easerwhen

'  t i r e  i d e a l  I  g e n e r a t e c  b ; r  p 1 n . . . r p m  i n  0 ,  i s  p r i m a r y . f n  f a c t r w e

- m a y  v r r i t e  I  a s  a  f i n i t e  i n t o r s e c t i o n  o f  p r i n a r y  i o e a l s r a n d

const ruc t  fo r  every  such idea l ren  assoc ia ted  ca l lec t ion  o f



Noethc-ian operatorg (propooit ion 4.? is in an obvious sense
re la ted to  ideals ! ) ,?he co l lect ion of  operators  whieh appearr is

then assoeiated with f  ( tnis.fo11ov,,s by f latneas ).  
'

T Ie  now apply  Leru:na 1.1O and obta in  p=ta*E er(2, ) t i ro(  rpqe f rb : r t
euch that the diserininant I of p in t i"t *"; in the radicar of r.
For  any f ixed o€ i { r i t  fo l lows that  f  = Z nrerre; e F"r i f  and onJ-y i f
anf = z pisir for sorne g! e l- ,  o- r . . , i11 be ehosen belory.. J - t J -  - J  y

, Fui'therrvre ehoose a neighbcrhcod. U of 
'zrvrhich 

has properr)- (V/)

t , ' i th nespect tc prancl .  d.enote .U, g,r the operators constructed ip $5
for p4. l {e conclude from $5.grand the induet ion i rypothesierthat

t he re  .? l . €  Noe the r ian  opera to rs  ( l f r ,  f , k ) r k= l r  o . . sp  r i n  n - l

var iac lu" r t f  imeducib lersueh that  f re  [Fr rJ*Q is  in  the nodule
generated by €I l ( rp i0(u) )  in  t t "J"o i f  and only  i f  ( *1 .  r ' ) t ,  =  o ;
k= l r . " .2 lL  , ' f ie  can  labbeL (d ,  y ' l  in  sueh a  v /ayr tha t  fo r  sone p . le

I 
* *' ( r*, a t r(l#) fo:: t r( k .! l-' rbut / a r( ..,&) for 1.r-r q k ..s r' ( i f  

there are such k ) . t l , le novj  sppLy eorol- lsry 5"g e.nd obtain o. ,
1-, ' . i a n d  

2 K e O ( t T ) ( D )  s u c h  t . h r r +  n o t t r k " U r .  T l  v
v  

) \ D )  s u c h  t . h e t  a  r t ; € l ( f )  =  e ' ( 2 ^ f )  f o r .  f  6 o ( u ) .

.  fhe p'ror: f  of proposit ion 4,T conee to an endrwhen we prove:

3gp:-q,jJ:-?,1-g:9j iYith the nctations fron above,
\|

( ( l ' l K x  C i  n  r ,  ( ? / a t ) r : . i u ' ( 8 ) ) r k = l r  
" c o z f , r r ( < r V g ,

i s  a  c o l l e c t * i o n  o f  N o e t h e r i a n  * p e r a t o r s  a s s o e i a t e d  w i t h  p l r . . o r p m .
'  :  Procf . . ( l fe  f ree l ; r  uee notat ions f ron $5. ) .

i , , : '11- '1 :en f i  €0(U)  r i t  is  e lear  that  tV,  D)Vr f  ,  =  0  for  any operator
(v ,  A )  f roro the above.By densi t ; r rwe a lso.have (v ,  a  )o l t ,  =  o  f . . r
f . i  eFo.To prove the converservre f i rst nr: te the fol lor i- , i r ,g:I  J  

t  -  4  v 4 + v i r + / r 6 .

.tegj,,a_-{:,1-L. The coefficients of (A/)il " 2k( A) ( written in the
stendarr., form f ar( a/az) F ) vanish on wKx C 0 fp=OJfi [v.

r r  faet r for  any f  =  r  nr r i l  f i  G O(T.T)oanc a4y 13 we have
A  .  . L t  , ,  n k ( R - \  .d, , i , k  [Jn*1(  ,  ^ '  ' ) f  

)  =  0 , rvh ieh  shows t .he t  (? /2 l - )T  2  t (  n ) f
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*t"  c 0[p = o]n Cv.

To re tu rn  to  the  prcg f  o f  o ropcs i t ion  4 .9 ,suppose tha t  fo r

s o n e  f  t  3 y  '  ( ( w k x  c ) r j v '  Q / 2 + - ) r  a k ( t " :  =  o  ' f o i  k = 1 r  t " s 1 t L ]  '

r < d r a n C  a l l  g , . T h i s  a l s o  i r n p l i e s  t h a t  ( ( d x  C ) n 1 , r , ( 2 / | t ) r ?  
k ( B ) )

dr f  =  0  fo r  eny  A r rvh iehr in  v iew o f  the  prece< l ing  lenmarshovrs

t i : a t  O * f  e J q ( y ) - r (  2 * ( B )  4 o - 3 1  =  O  f o r  e 1 l  I  ' : n C  i < = 1  r  " ' r 1 u t  
" i l e  

n o w

use c lecreas ing  i .nduc t ion  i r :  l .P , l ,us  in  the  prco f  o f  p rpp 'Js i t ion  4 '6

and ob ta in  o iy .  rJq(y ) - . ,  {ak tgydo- f  )  (  cu ln r ) *  )  =  0  (here  gx  is

f rom le: .nna 5.4 )  . ' lh i  s gives in part icular t

r .  cr l  k .
( i 4 l * ,A ' '  f , ' \  t y  ,Y1gY46r )  =  c  f ' r : r "  l c  *  11 "  ' r / ^ '  ruh j c l r  i np l i es

(*k , / l  i | |  ,v (gY An 11 = 0 ,When c is  greq i  enough,we a leo have

"9i;'
. , ? -

r w k  r k )  i U  ; y ( g y  A o f )  =  0  f o r  r r ' <  k . < , ^ . I n  v i e t , ' t  o f  t h e  c h o i c e
\ f t  1 0  /  t V  I

u .

of the ( , , , f  ,  tk)  th is s ' l rows that gY4tf  = ZPtf ' t  for  h i  e '  Fy'

1 n

and

Fina,;i l- ly r,;e ::en:ark thst we uay di-rir ie ou't '  g')"

in  the  ce$e,  ,v . , i r i tn  D i€  * r * . .he  n : 'oo f  c f  ' l .he  oc i " resrponc :1 i " f  nar t

t , i i e .  theorem is  i : rac t i ca l l -y  t l i e  same" lVe t 'hen  choose 1 l  =  Cn,

a p p L y  l e m m a  1 . 1 0  i n  t h e  p o l y n o r a i a l  c a s e !

Not .e  tha t , ihe  proo f  i s  much ees ie r r to , rhen d im v  =  o .

R e r n a r k  4 . 1 1 .  a ) I n  t h e  p r c o t ' '  o f  p r o p c s i t i o n  ' i . 7  w e  c o u l d  h a v e

u p e d  i n , i u c t i o n  i n  < l i m  \ r ( 1 ) . T h i s  i s .  n a t u r a l  t c  d o  i n  p a r t  T I '

b ) ' . S u p p o s e  t h a t  t h e  i d e a l  I  g e n ' e r a t e d '  b y  D 1 r  . . ' , P m  i n  O ,  i s

pr inary and t t r r : t  c l i ro V = k.Then the proiect ion on the subspace

z-^  = , ,1  i s  fo r  n ry -  r f i  a  var ie ty  w ,wh ich  a l -so  has  d i r i re t :s ion  k
- n n - r r

(no te  ths t  the  pro : lec t ion  is  p roper  in  v iew o f  thc  fac t  tna t

p  v a n - l s h e s  o n  v  a n r i  h e s  t h e  f o r m  ! ' )  =  t q  +  
F ,  

e ; ( z ' ) t i  , t = z r r ) '

V  and 1 i I  a re  no t  neeesar i l -y  j . r reCuc ib le  a t  p r : r in t ' s  c lose  to  zQ '

l - i i ; , i -  1 n  e n ; l r  c t s e  f l i c y  a 1 e  u . . . i o n s  o f  i t ' r ' e l l r : c i i - l l - e '  
.  , " l I i c t i e  s , : r ' i l ' L  O 1 '

d i n e n e i o n  k , a t  s u c h  p o i n t s  ( t h i s  i s  a  t , h e o r e m  o f  C ' C h e v a l l e y '

c f . A . G r o t h e n d i e c k  t 1 ]  ) . I t  i s  i h e n  e e s ) /  t o  s h e u  t h e t ' i i r  t h e

.a ro t i i  t ion= f ronr  t , l :e  l , ' r ' oo f :  c f  p l ' c ; i - \ c  s ' i t ion  11  ' )  ,  * t - "31r -11 /  the
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already the Noetherian operators with dim wk = dim v/

col lect ion of Noetherian operators as*oociEted with €

th is  fo l lovrs  fz 'om oroposi t ion 4.6.To see th isrdenote

are a
o o' )  ( r ) . r n  f ac t ;

I v t r  =  f+ .\ *  '

t%(t)  has a pr inary deeomposi t ibn

wi th  var ie t ies  o f  d imens ion  k rwe nus t

( vknak ) . fo  s tudy  the  so l vab i l i t y  o f  p ,q1h  =  f r -  p rg rdeno te  ( vk ,  ak ) ,
k  =  r ' + 1  r . . .  r  r z  , N o e t h e r i a n  o p e r a t o r s  a s s o c i a t e d .  w i t h  p t q l  r a n d
( V k ,  ? k ) ,  k  = v  * 1  r .  . . e F r N o e t h e r i a n  o p e r a t o r s  a s s o c i a i e d  v r i t h  p l e r .

such ope: :a to rs  ex is t r in  v iew o f  the  induc t ion  hypothes is .

k r
lir I' {  '  

k .  * k ,
( q '  , q ' ) F '  o

(wk,  rk l r  = ordim l t lk  = d in Iv j  nM,,  *  i f ;  (wkrt rk)r  = o,d im , ,#< ai*  wJ.
Then e'(  I )  = l , , l t  n ldt  t  ,Since

formed by modules associated

have  l , { ! r  =  M,t a

Proof of propo--si t ion 4.8.

l fe f i rst introduce s'"number of notat ions.

T h u s  d e n o t e  p 1  =  ( p t t t " " P 1 * ) , p '  =  ( p i . j ) t r . . r r a n d  c o n s i ' d e : '

matr ices el ret with" entr ies in o" sl lch that the sequenc.j ,sr
k .  1  1

O  l - L ,  o n  P '  -  ^  . , , k t  q t  r \  P t  . ^ s - 1-Z '  vZ Vz, UZ ' t  L',  -:--- '+ O; '  
,a1.e e)l&et.

By.  f la t r less i t  fo l lowsr for  a l l  y  c lose to  zr ty tat  the se(1rr€r lc€s

"1t  
q l  r . i l  -  p l  *  . ,n  ok '  qo . !am pr  -s-1ty::-:*-> !'y-----:----+ !'y, F-- Y > F;----r--_+F;-, are also exaet.

r t  i s  c lea r , t ha t  pg  =  f  has  &  so lu t i on r i f  and  on l y  i f  t he re  i s

a so lu t ion $ for  p1 F = f  i r " , ru  i f  for  any eo lut ion $- for  p1 g-  = f  ,
a .

t h e ' e  i s  a  s o l u t i o n  h  f o r  p ' q ' h  =  f  t - p r € -  
, f  r = (  f  2 t . . .  r f s ) . , f h e .

eolvabi i i ty  of  p l  g-  = f1 can be charaeter ized. wi th the aid of
k L

ccnd i t ions  (v^ ,  ao) f . |  =  o rkF l  I  .  .  .  t  lL r fo r  some Noet l ie r i -an  opera tors

V/e now have the following eas:/ remar-k:

F g n q ] ' k  4 . 1 1 .  p 1 u  €  p l q ,  1 5 ' a = = ,  p , u  e  p , q l
. J

rn  fac t rbo th  inc lus ions  are  equ iva len t  l v i th  u  e

I n  v . i e w  o f  t h i . e  r e m a r k r ( I f ,  a ' p l  ) u  -  0 ,  r  =  y ' * 1  r . . , , ? r  l i s
e q u i v e l e n t  v r i t h  ( V k ,  ? k p ,  ) u  =  O ,  k  = / { * 1  r .  o . 1  |  " f t  f o l l . o v r s  t h a t

t ,here  qre  ^k .0" ,  dvk  ^U /  0  and tk*  e  O" (D)  such tha t

( v k ,  ^ k ? k p ' )  =  ( v k  ,  L  \ -  2 ' p 1 )  f o r  k  = , , * * 1  r .  . , 1  t )  o' i K r L ' '
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, l
l -

*nen 1p g = f r  rvrg cen therefore char iacter lze the solvabi l i ty
I '

1
of  p 'q r  h  =  f  '  -  p 'g  w i th  the  e id  o f  l toe ther ia r  opera tore

' ] l f ' L

a p p l i e d  c n l y  o n  f . I n  f a c t ,  ( V ^ ,  2 ^ ) ( f t  -  p t g )  -  O  f , o r  k = 7 a + 1  y . . . 1 9

i s  e q u i v a l e n t  w i t h  o  =  ( v k ,  a " ? k ) ( f ' -  D ' g )  =  ( v k ,  2 r ? k ) f '

-(  vk, Z ton 2r)  f  1 = orfor t 'he Esme k.
r

The so lvab i l i t y  eon< i i t ion  fo r  pg  =  f  i . :  t ' hereFore  (vk ,  ?k) f ' ,=o

S 5.  The loca1 ex+r.ension theolern.
E-*-

/ r t  th i -e n:onent i t  is  poesible to give a proof of  the

fundanental  pr inciple,a. lor :g the l ines of  the proofs given by

L . I h r c n p r e i e  t 2 ]  , i l . P . P e l a m o d o v  [ 2 J  r a n d  m o r e  r e c e n t l y r , ] . I . B i c r c k [ 1  J .

fn  these proo fs , the  fo ) . low ing  theorern  p lays  ( in  C i f fe ren t  var ian ts )

e  c e n t r a l  r o L e  (  c f  . e . g .  J . E . B i o r ' c k  t f  ]  ) .

] 'hgggg-t . l - : .  (  " the local  extemsion theoren "  ) .Let  p be. a

sx n na1r ix of  poi ;Tnomialsrsr :ch that the nrocule pRn is pr inary,

'  and  eons i , le r  f  >  O an l  f  VO.Then there  ex is t ;

f '  >  o ,  t '  7 r O  , C  ) O r K  )  0 r  
V

- a  p o l y n o n i a r i -  R  w h i c h ' l o e s  n o t  i ' a n i s h  i d e n t i c a l l l ' t r n  t h e  v a r i e t y l S r g

- a ,  s e t  { v k , a k ) , k =  1 s . , . 1 p  o f  r , l g e b r s i e  N o e t h e r i a n  o p e r e t o r s ,

a s s o c i a t e d  w i i h  o ,

such that the f 'o l1ov: i r ig is t rue:

i f  z o e  v  a n d  i f  f  c  [ o (  l z  , o l - <  f  ( 1  +  l z o l  ) - " )  1 "  g a t i s f i e s

i Z | +  f i ( z ) l  \ <  1  f o r  u l - l  k  a n c  z  e \ r ,  l z  , o l <  g l t  +  I z o l  ) - d ,

t h e n  t b e r e  i s  T r L o t  l ,  , o l  ( F ' ( 1  +  t z o l  ) - f ' ) J t  s u c h  t i ; a t

! f l t z ) l  - ( c ( t +  l r : l  ) I (  f o :  l z  z o l < g ' ( 1  + l r o {  ) - r ' a n d s u c h

t h u t  f  -  R f ' e  p  [ t i ( l z  , ' l < g ' ( ' l  +  l z o l ' J - [ ' t  
t n .

l r c i i rg  ch ,VTf  f rom L . i {6 rnanCer  [ :  ]  r i t  j - s  poss ibLe to  show

t l ia t  the  f l rndanenta l  p r inc ip le  f , r11ows f ro tn  the  l -oce l  ex tens ion

i h e o r e n  ( c f .  5  2  f r o m , f . E . B j o r f  [ 1 J  ) .
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For  conpletenessrwe scetch a proof  o f  theorem 5.1.
rn part rr  of this paperrwe wil l  turnrrvi th'more detai lsrto

\
another proof of the fundanental principLerin which the nnain

emphasis ls set on the strueture of distr ibut ions

eoneentrated on algebraie variet iee.

The proof of theorem 5"1 rel ies on ch.Vfl  fron L.Hdrmander t5]
}1te first m.ention four lernEss.

ts'Lgnna 
5..2. Suppose t l te Locar extension theoren is val id for 

'*

r(v) for some imerlucibLe algebrnie variety vrand c.onsider g ) o,
d  ) tQtQ e PrQ #"r (v) .There are ccrs tants  c  rKrpr  r f , ,  such that  l f
h  e  o (  l z  zo !  <  g ( , , | " .+  I zo l  ) - t )  * t r t l s f i es  l ah (z ) [  . (  l , f o r  z  €  v ,

l z  z o l  O  g ( ' t  +  l z o l ) ' n  , t h e n  l h ( z ) i  r <  c ( I  + l z o l ) K  o n

v f l l l z  z o l  <  p ' ( t . + l z o l  ) ' ' [ ' J .
proof"Chooun o d r (v)  ana 6 e  o(  lu  zo l  <  F- ( l  +1r"o i  l -  

F l

s u c h  t h a t  1 i ' t z l t  <  d t  r  + l z o l ) K  o r ,  l z  , o l  < v t t  + l z o l ) - i a n a  s u e h
tha t ,  f r  =  RQh on  vn  l z  , ' l  <  F  t l  o  l zo l ) -  

r .Fu r -bher ,we  
use

theorem 7,5.11 fron L. l{drruander L } .1 and wri te h = R Q h t +

+ Zp ih i rw i th  p i  genera to rs  fp r  r ( v )  and  h , rh i rga t io f y ing

f h ' ( z ) l +  L l h r ( z ) l . r c ( 1  * l z o l  ) K  c : r  v O  l z
Obvious lyrh = hr  on the la t ter  set .

r,s:lga5L coneider v <ilT aluEebraic varietiesranrl suppose
theorem 5-1 is val id for the irreducibLe components of v and W.
Let  ?eP(n)  be such that  ? f  vanishes on v  i f  f  van ishes on I l / .

Then for  every f  , f  , there are p r  r , t , ,c r l i  such that  the fo l lowing
F

i s  t r u e : i f  h e  0 (  l z  , o l < g t . l  + l z u l  ) - t r e a t i s f i e s  l h ( z ) l . c  I  o n

Y { O  l z
. r  A  - f r

v f l  l z  z " l  (  f  
' (  1  + i z t l  ) - o  .

Proof .Tn v ier r i  o f  proposi t jon 2.7c1, re aey sssune thst  V = l { rand.
we aey e lso assume thet  v  is  i r reduc ib ie .Nol t  choose F d r (v)

and i  sueh that  l6 tz) l  s  c(  1  + lzc l  ) -  
f ,  

on l r - ro l<  9(  1  n l "o l  ) - t r
and such that  Fh *  i  van ishes on v .Ther .e fore,  ?Rh =?hrwhen z  ay.

f l i

z - l  :  p ' (  l
1

+ pol ) ' f , '  .
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F\rther we observerthat i f  A sat ief ies the hypotheeis cf the

proposi t ionr then so does 2( ts)  for  any B ( induct ion in  lB l l ) .

lve now prove inductively thet lF r( B) n( 
") 

I  r .  c I  (  1 * frol  )K' ,

and f inal ly apply the preceding lemma.

Uxu-a  5 .4 .Cons ide r  p  o f  f p rn  p  =  tQ  +  t .  c . ; ( z ' ; 1 j ,Then
J \  \ {  . )

for every fr [  th.ere are 9'r  f , '  with the fol lowing property:

i f  , o  sa t i s f i es  p (zo )  , '  0 r then  the re  i s  g /q

t h e  s e t  t r ;  l u '  z i l  r <  F ' (  1  *  [ z i l  ) - t  ,  l t  -  t o \ (  c (  1  +  t z i t  )

has  p roper t y  (W)  w i th  respec t  i o  p ,

This fol lov, is r  €.8. from $2, ch.fV. in B.I falgrange t 4 l

Leglng- 5-.5-,Suppose that UCCn has property (Vi) vi j . t ,h respect to
1.

p  a n d  i s  o f  f o r u ,  U  =  [ z ;  l z '  - r ; 1 . <  F ' ( t  + t z i l  i -  I ;  , ,  -

I t  - tol r< e( 1 + lzit )- 
f ,  .Denote d the discrininant of p with

respect  to  t  and supposr  lV CCn- l  i "  en i r reduc ib l -e  a lgebra ic

va r ie t y  such  tha t  A  €  I (W) .Then  the re  a re  f "  ,  f l ' r 0 rK ,geu ih

t h a t  i f  h e o ( U )  s a t i s f i e s  l Q / O t ) r f ( z ) l r <  l  f c r  z r : T J f l [ w x C f f l f r = g ] ,

r < o ( , t h e n l a " f ( f ) ( z ' ) l  \ <  c ( 1  * l z ' l  ) K  r o r  V ' - t L [ . (  9 " ( 1  + l z ; l  ) -  
' " n  t v .

; ,  
Th is  i s  no t  hard  to  p rover i f  l ve  use  (1 i  f rom $  5 .

Theorem 5,1 *an no' ,v be proved with arguments which ar.e paral le l

s  '  
to  thoee f rom $4.To do  t l : i s r i t  i s  hor ' . ,ever  eonven ien t  to  ge t  r id  o f

'!

th€, , ,  R frcm the statenent ( to rnake f t  = 1 ) .This esn be ione with

the  argunents  f rom.  $1 .2  in  J ,E .B jOrek  L1  I  ) . l t ie  ean now ex tend

the theoren also to the case of  nodules which are no more

pr imary ( th is exteneion can be avoided) nand ther:  we start

rnduct ion in n and s.What shoulc l  be done in the induct ion in s is

obv ious .For  the  induc t ion  in  n rwe work  on  se ts  l i : re  those f rom

l e m m a  9 " 4 , D  a g i s o e i a t e d  w i t h  t h e  i o e a l  u n r i e r  s t u d y  a s  i n  $ 4 . \ n t e  m e y

then pro , jec t  w i th  thc  opere tor  €u  to  n -1  ' ra r iab l .es  anu anp lv

the  loee l  ex tens iou  lemma there .
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1.r,ltr.fi1f!,tio4 
'! 

rJ ,-Fcr ...ACCn a cornpact set, V,CCn an alp,ebraic

va r ie t . v * rp€  p  w i thcu t  mu l " ' t i p1e  fac to rs  o f  f o rm p  =  *O  * f  c . i ( z ' ) t i ,
j <q  \ r

anc l  oc e N,  we Cencte

-  S t ( V . A )  :  f u  e  S ' ( C n )  ;  s u p p  u C A r r u  =  o  f o r  a l - l  r  € J ( V ) J ,

-  s ' ( p , * , A )  =  [ u e S ' ( c n )  ;  s u p p  u c A ,  p * u  =  0 J ,

-  $ t ( p , a r A )  =  { g . , . . S ' ( C n )  ;  s u p p  u C A r u ( g )  =  0  f o r  s l l  g  € q f  ( C n )

{ i a r .  r r r } . i  n l - ,  ^ ,  - r # .  . : - ^ -r  v r .  v v . , r r u r r  u ( z ) f f <  o  ,  i n i n l i e s  ( 2 / A  t ) f  g (  z  )  ;  0 J .

l fe obtain a f i rst  inform,et ion for  the ,above spaees ueing:

SCW*i ,.2._rl,gt A be a matr: 'rx of pc l-ynomials, and cor,si ler R

such that : ;  
t F  

- r  
t o  

* t : -  r n -P - - - -y  P >.y  is  exact . 'For  evet ly  r ,  a)  0 ,

,  y  )  0  there  are  cons . tan ts  z t  rCr {  such tha t  i f

-  7 l  ( t  O r  )  r . ' ! F

_ , . . u € [ s ' ( c t ' ;  [ l  
" .  

z i l - <  a i  ) i r  1 ' , J r '  l o i . ; e  , , Q G  e Y  c a t i s f i e s  F r u  =  0
- ! r j , r r
' : :  

1 1  r t  o r  , . '  t,  B r i . d  l f  i i l l " r < 1 , * . i r e n  t h e r ' e  i s  v  e  L $ ' ( 0 " ;  L I z ,  z i l . < a +  v j  ) l  
'  s u c h  t h a t

^ t t

u =  Q v a n d  l l v f l " , < c ( 1  + l z o l  ) K .

S.Lo jes iewicz  t t  ]  ,  and  i r . l / ia lg range t  1 ]  about  the  d iv is ion  o f

d is t r ib r : t ions  by  po t rynonr iaLs . I r i  the  present  s i tua t ionr theorem 1 ,2
\, 'lL

foL lows qr i i te  ' ' as i l y r i f  we know th ra tT is  t rue  fo r  the  ceserwhen

Q ie  a  s ing le  po lynomia l .For  the  c "onven ience o f  the  r 'eaoer ,

vre indigate th is recluct ion in $5 from be.1cj .w.

2:. ig j -pgSi j jSl__1-: . f  . -  Denoie A = {z i  l i r i  - r i l . .aJ,n '  = [z; lz i  - r !  l r .
:

,  r (  a+r , r  }  .V ,  VJr IV ! ' , l ' l i  t  s re  a lgebre ic  var ie t ies .

a )  s u o p o s e  V  * U V i .  T h e n  f o r  e ' , e r y  u e  s ' ( v r A ) r t h e r e  a r e

u , *  S ' ( V i , ^ ' )  s u c h  t h a t  r t  = f  t t ; .
r. l d

b)  Sr . iSrpose i , '  is  in 'ec juc ib le  and consi , : - ]e : :  a6 l i  \  I (  V)  .  Ther i  f  c i r  ever) i

u  E S t ( V r A ) r t h e r e  i s  ' ' r e  S t ( V r A . ' )  s u c h  t h e i ' r  A v  =  t r . l ' u r t h e r  i f

g  e  t r ( I ) ) , t , h e n  t [ e r e r  a r e  v f r €  S ' ( V , A ' )  s u c h  t h . e t  g u = r l  6 ( B ) o B .
a .Et



_|y,*

c )  S u p p o s e  g e  P ( D )  i . e  s u c h  t h a t  d , , , f  =  0  i n ' p l - i , : r l  r - 1 , r g f  =  O f o r,r/ v
+

a l l  f  €  p , I f  u  6 S t ( V r A ) , t h e n  
u g  

n  € S f  i W r A )

d)  Su i :oose A€ r :  van ishes  on  V r

i s  v , ' € S l t ( W t n V r A t )  s u c h  t h a t

t r a * . ^ ^ r - . e .  3 - e  + t  ^ * ^
l J r r J I  s U  V  E l  t . r  U r  C  V  C I  ( y  c  I  

' . I I E . I  t - are  cons tan ts  ? '  r  C  n  K ,  wh ich  dc l  no t

, t h e n ' r , e  c i ? n  e t r o o g e  u ; r v r v B , wdepend on 2", such thr:t if l l  u l l"r< 1

such that

. f  l l u  * l l -  ,
j  ' ) c

'Proo f  .

' i h a t  f  u .
J

w!th.orr t ,  i l r l+- ip le  f ; . )c t .ors  of  forn r r

De f i n i . t i c l n  
' !  

. 4 .  Ye  de f i ne  ? f , - :

=  1 Q  +  L  c . , i  E '  ) t J .
j  <  q  n - 1

S ' ( p r . { r A )  - >  S ?  ( C : " ' , 8 ) ,

1i/, .fh.en for everJi u ".e S' ( VrA ) ,there

^u = lw.

+ l i v l l . ,  + { ! 1 " u 1 1 . ,  + l l w l l " ,  + g 1 t g u f i . , s
" B s s

a )  F o r  u e S ' ( V ' A ) r w e  w a r r t  t o  f i n d  r ; e S r
. d

= u  anc i  such rha t  e  e f  (VJ)  inp l ies  qwi  =

c (  1  + .  l r o l ) K .

t v i ,  t '  ;  s u c h

O . B y  t h e o r e m  1  . 2

t h i s  i s  p o s e i b l e  i f  a n d  o r i l y  i f  a u  =  0  f o r  a l 1  a u  I  I ( ' / J ) .

T h e r e f o r e a ) f o 1 1 o w s f r o m I ( V ) = | I ( I i j ) . ' j : - "

b )  l t re  search .  fo r  v  eS ' ( i , rA)  wh ich  *a t j . s f ies  , rv  :  u  and.  qv  =  O

for  a l l  g  € f (V) ,The cor , . 'a t ib i . i i t y  eond j - t ions  o f  t ,he  cor respc ,nd ing

s y s t e m  a r e  t h a t  r e f ( ' v t )  i u i p l i e s  r u  =  0 1 i . e .  t h e  h y o o t h e s i s  o t  
l .

The seeond asser t ion  in  1 r )  fo l l -ows f rom the  f j - rs t , i f  g  i s  o f  o rder

zero. l ' re na]/  therefcre appl1,  indr.r , : t ion in the order of  g.To do eor

f i rs t  ehoCBe v  such . fha t  Av  =  u"Then g  u  =  gA v  =  a  gv

f  A  t  .  ( i - )

L 
' l  

, /S !  g tJ '  i r  , ' t  v  and:we can app ly  the  : ! .n t iuc t ion .
r { o  ' t '
c )  i s  t r i v i a l

.' ,t

d . ) l D e n o t e  1 , , 1  =  V O [ e . ,  O J  " T h e n  V  =  V 1 U  ( V n W ' ) r a n d  w e  a o p l y  & ) .

The las t  asser t ion  j .n  the  Dropos i t ion  fo l lows check ing

conetan ts  in  the  preeed ing  proo fs . .

} ,The main tocl-  which we use in the etudy of"  the $paces

S r ( v , A )  i s  ' p r o j e c t i o n  o n  C D - 1 . ' . , 1 I *  w i l l  e o n e i d e r  h e r e  p r o ,  e c t i o n s

of el-  e inents f ron S'  (  n rd,  A )  .

I {e re  enr i  e l re rywhere  in  the  res t  o f '  th is  paragraph,p  €  o  i s

k '

B the pro ject ion of  A on Ct-1 b l ,
'  

t k s )( f ; t * ) ( s )  =  u ( g  €  s ( c t - i  ) .



I  r h e  m s p  s r 1 p , o c , A ) : * : t , i  s , ( c n - l  , t s )  d e f i n e d  b y  r h e
()

cof lpcn€r r ts  7 [o r . . .  ,Toq_1 w j .11  be  c ienoter i  J f  .

The nex t  lenma ie  c tua l -  to  le rn rna  3 ,z .par t  f  ;

J *9nna 1 .5 .a )  Oons ic ie r  r  &  oo lynomia l  in  n - l  var iab les .Then,T-:--
-i

, | o ( t ' t ' u )  =  r J f 5 u .

b) consid.er r  € p and denote r. i r-  t ,he coeff ic i .ents of tk in
. J $
1  . s

t d  r  =2 - * i r .  * k  *  " ,d l "  rnen  J f . , (  ru  )  =  t  
" , . , -X f , -o .  

*d : '  u .  T  P  ' 1 '  
.  k  J K  K

When lV  CCn* l  i "  en  a ' tgebra ic  var ie ty  and

r  e  r (  [ w x g . ,  Q  l l  , : =  f l J  ) r t h e n , f o r  o <  =  1 ,  
" j t  

u  r ( i v ) .

T h o  p r o o f  i s  o b V i o u s .

I1e , lagg.L fu ,Cons ider  A  = [z i  l z *  -  
" i1 , ._ .1  BJ .For  every  c  there' l

a r e  3 '  r . ' '  { i ,  s u c h  t h a t  f o : :  u  e S t ( n r o . r A )  v ; h i e h  s a t i s f i e s  l l u l f . . <  t ,

the for-Lorvir .g t , .vo assert i .ons ere ec-uiv i : fcnt :
: .( i i  fher * :  i r i  r r  s  s ' ip ,o< ,A)  s r_ ieh  lha t  u  -  ?  /22  v ,an . j  sL1{ - : r1  , ;h t , " . t ,

t l  l l  /
11 1r l la,  \ \  C

1 i'; ' l ' lf :i n r"- ,- 
'n

( 1 1 /  J L n  . i  =  ( . ' ,  
v r b .  ' l u , { C - 1 .

i ' r , - . o f  . ( i )  - )  ( i i )  i s  t r : i ' , , i a l . T o  p r o v e  ( i i 1 : ) ( i )  i t .  s u f f i c e s

to s l row that r 'o: :  . : .1.1 €;€fo(Cn) r ' ;h ich sat isfy A/A(-  & = C,rve have

u ( € )  -  0 . r r l  f a c t r v e  t h e l :  a p p l ; r  t h e o r e m  X . Z 2  f r c i n  t , . f i c r m a n d e r  f  2 ]
I

end obti l i-n u = A nZ ' 'r iryhieh has suopoart in A anrl. v;hi.ch can be

esf, in iet ,eci  srr i tably. fn rr iev, ,  of  ?/?T poy = (  :  pn2 /) \  v = ) .  = 0

v/e l ia.re po v = O.Thus EruppCIsc l l  sat isf ies ?/)T g = O.!Ve can then

app ly  the  \ t /e ie r r : t r i l ss  n repar :a t ion  theorer i r .  and f inc l  g^1 ,o .1g .  n
= . r @ , , . f , - l  r  

'  - o '  " - o ( ( i - ' t
q u  \ L  . r  s n c h  t h a t ,  g  = I g . i t ' l  +  p o h f c : "  s o n e  h e c m ( c * ) . r t

f o i l o w s  i h a t  u ( g )  =  f  u ( g . i  t i i  =  0 .

4 .  l -n  o rc ie r  to  c le f ine ; "  inverse  to  the  map J f  ,v re  f i r . s t  must

ext*nc i lc , r lc  c() t - i l i i ;1.11c' ; ic . ; .1s,  f r .or i  $ 3,  part  f  .

/ t+ -  f . i , , ' . ' e t r l , , ' f r  i l ;1 . - ' i r :e  fo r  f  6 ( lco( [ ,n ,  f r : r i c t rons  g . ;  =  f i ( f )  in
r/ .J

n - 1  v a : " i e l ' l c , : i r r . . " ' * . i c h  e r e  , . l c f i n e c  v ' h e n  A  ( 2 , , )  /  o  e n r i  e r e  c o  t h e r e ,

such th;- , t
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: 'Hers T, r  =  t " i  o(a)  = 0I  snc 4 is  rhe , i i rc r in ine; r t  o f  .D wi th

r 'e ipcct  to  t . in  L l ' i r  ndt . : t , ions f ror i ,  *  ' j rpar t  i rE coruesponcis  to
- f t n'  

tu r l i  = C" .0b.r iousf , .yrure coulC havc i lef ined e for  : fu:rct icns

def incC or i .  i i iore gerreral-  se' ts wi t f i  prcperty ( \ t i ) rbu. t  we do not

neeci  * tuch er- tg i is iotrs here essent ia l ly .

l lany  resu l ts  f rom $  3rpar t . l , can  be  ob ia inec i  fo r  the  present

,  
u i tua t icnrus ing  the  ssne argu- rnents .

Thus  there  are  pc l ; rnomie ls  t j  sueh tha t  E j ( f  )  =  €o .q-1  (T . .  f  ) ,
" t

e n d  w h e n  A  ( y t  )  I  0  a n , J  t . '  r . . . 1 t ^  €  0 . , ,  a r - e  ; . d i s t , l n c t  g e r m * q  w h i c h'  I  q  y -

s a t i s f y  p (  z '  , t r ( z ' )  )  =  C r t h e n  c l c s e  t c  V ' ,' 1 "

€ - ,  . , - ,  ( f )  (  z '  )  =  ( 1  / p < - 4 ) : ) 4 -  Q  / A + - ) * - 1  (  t /  . r y (  t , - t i  ( 2 ,  ) f { r , , t u (  z '  )  )  (  1  )o ( q - t .  . .  
k  i / k .  t " ' . .

,  This sho'+rs thatr for  o-  great e:rcugh, l i re funct i rns Ar er( f  )  een
u

be d . : f ineC .a lso  on  A( i - ' )  =  O,and th .e . t ,  t .he  ex tens ion  is  o f  any

,g iven ieg : ree  o f  regu la r i t , y r i f  we cLco-cc  c  ccnven ic r i t l y .L "ore

r- t i r : .es Ci f f  erenl- : . rb l -e l r . rd sucir  thal ;  
v

s u p .  l D [ ,  v ,  A o E r ( : . i ( z ' ) l  r <  L ] ( 1 +  1 = ' l  ) K , ^ l  , r p ^ - i D : . ; , : ( z ) ( r , ' , r . . i  ( z ' )  ) l  t z l
, t , - l < k  

1 r  , L  u  l x l ' ( x  L , 1 '  ' r '

, i .  

i = ' l  
" " e Q

\ v /  
l l e r e  w e  h a v e  t r s e d  t , h a t  i 3 t n t r i ( r ' ) l  . <  d ( 1  +  l r , l ) K .

l"oi f = O thj.s is v.re1.r-kno1'/n snd fo:: f rO it j 'ol lo'gs 'cy

C j . f f  e r e n t i  a t . i o n  o f  p (  r : '  ,  t r (  z '  )  )  =  0 r u s : i n g  i n d u c t - - o n .

cpos i . t_ j .c r : l  . l  fo r  e l ie ry  a ,k ,  t .he : lo  r r f .€  a rx  rc rCrK suc i i  the t

.  i f  u o r . . . l u o r Q - l €  s ' ( c n - 1  ,  I  l z i  *  , ? 1 . (  e . ,  j . = i n . . , r n - ' 1  J  )  e . n a  i f
J. I

l . -  t  \ f  /  |  f  - z - ,  l l  z ' - - ^  ^ 1  
r ' v ' \  '  n - 1

t u ; ( E / l  r (  s l r p  s u p  l o r  s ( z ' ) l  f o r  a l l  6 l  €  C :  ( c t ' - ' ) , t h e n
l  ' " "  '  -  

t y l . i  3  z ,  e  Cn-1  
o

* t (  r r ' -  nc - ,  ,  ) : cm (cn)  - - - - )  c  de f  ined  bJ ,' t r  A  U o r  .  . . 7  l )  t * q - 1  J : U ;  ( U

'  |  1 C . -  1 f i , ,  \ . / . f  \  -  S -  t  i 6 .. \ ( C " u o t . e  r r A " ' , t o q - l  ) ( ' f l i  =  ) ;  u . ( , 4 u  { . ( f ) )  . i . r ;  s  l i , s t r i , b u l . i o n

i n  { r  ( p r d , [ l r , i - " ? l - .  a , i = l , , . . | r - t ] x I l r , r l  ( c ( 1  +  1 z ; l  ) K j  )
^ - \ (

s r : e h  t . h r t  . 1 ( A o  1 1 , _ , r o . . r A c i l ^ , . _ r ) ( f )  <  C  . 1 s u o  ( l + l r o l  ) K t f r r f ( z ) lu a.  v_i  la_| .<.T_
z e C ' .
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Furtherr, ,ra is an inverse for f  , in the sense that
t r f  A 6 -  t  n T  ,  A Tr 1 ( l l ^  z J  u e o o , r l l u , . o _ 1  A  u )  =  / _ l  u  , f o r  a 1 i  u  €  S t ( p r * r A ) .v

The propos i t ion  fo l lows eas i l y  f ro r :n  (2 ) .

P r o p o s i t i o q _ 1  . 8 .  a )  F o r  e v e r y  z r t h e r e  i s  z r  r r r c r c r K  s u c h  t h a t ,

i f  in  the  propos i t ion  1 .7  t

; l  1( Aruo, .  .  .  ,  An o*q-1 )11.,

tj li. .( 1 r then

c ( 1  +  l z ; l ) K .

l l

b)  There  are  po lynon ia ls  R" rO r<  s  << ,and o- '  e  N,such tb .a t r i f  we

denote  { the  oper ra to r  o f  t , /pe  4  nssoc ia ted  .w i th  p  fo r  .s= l  r then
^ O-lA  " ' r l ( o ,  

" . . 1 o ,  / " o )  =  L  e  / 2 t ) % *  4 ( o 1  . . . 1 ' o ,  a - u ) .
c )  w h e n  n (  =  1 ' r l ? , , C ' ' g n - l l o . i  e  s ' ( r , / ,  I  z i  -  r f  l . . <  & r i = 1 1 . . , ; i l - r ) r i h e n
- . ao- '6- 

tJ

7 t t :  r o r r . . . 1 J % q _ , , ) e  s r 1 [ v x c l r - l ' / , I l  
" i - r l l . < a , i / n ] " [ t t l , , (  c ( 1 + l z ; l ) K J  ) ,

d )  s u p p  { 4 ? o o ,  . , " r , { T n q - 1 u )  C  s u p p  u .  
v

P r o c r f  .  a )  f o l l o w s  f r o m  p r o p o r ; i t i o n  1 . T r b )  f r o m  l e m m a  3 . 1 O ,

p a r t  r 1 e , n d ,  c )  i s  i m n e d i a t e  . T t  r e m a i n s  t o  c h e c k  d ) .

.  s ince lve nay nu l t ip ly  v , ' i th  ao ' for  sone conveni&,  o- , r i t

st i f f ices to shorq that, for  e l ]  suf ' f ic ient ly smal l  sets I_r  v. ; i th

proper ty  ( r t i )  l re  have supp 1t .ar l f , , ] , . . . ,a lLo_lu)  n  [a t " , ) /o ]C
c  u n f A ( z ' )  /  o l  r i f  s u p l  u C L r , s u p p  u c - u  i n i p l i e s  p f r  u  =  0 ,

l

& s  i s  e a s i l y  s e e n .
li

Fu::therr i t  is immedial ' f*  .-  natr i- r .  1s lmmedlate that  ! (J  l lou,  .  
:  

.  ,A '  l /oq_l  u)  C B x  C,

where B is the p::o ject ion of supp u on Cn-l  . I t  suff ices t i rerefore

to prove that  v1( f [ou, . . .  ,A{Tfo.q_1u)( f  )  =  O for  any

f  e  C f  (  U r x C r  A ( z ' )  =  0 ) , U '  t h ;  p r o j e c t , i o n  o f  U  o n  c n - i  a n d

whi .ch sat is f ies  supp f  n  U = f r .

N o t v  c h o o s e  t 1  r ' .  o  r t o  €  0 ( c n - 1  .  a  (  z ' ) = o  )  r d i s t i n c t  f u n c t i o n s

s u e h  t h a t  p ( z ' , t r ( z ' ) )  =  o . r f  t h e  s u p p o r i ' o f  f  i s  s u f f i c i e n t l - y

srnal lr then we can labbel these fui : : :ct ions in such a v/ayrth:rt

( z ' r t r ( z ' ) )  €  U r i = 1 r . . . y k  r ( z r  r t r ( z ' ) )  4  U r i = k + l  l . " . r q r f o r  a n y
'&t  in  the pro ject ion o,  C*-1.  o f  supp f . r , icw we wr i te

f  =  I  |  ( t  t r ( z ' ) ) r r  f o r  s o m e  f  '  6  c f  ( c n ) ' . a n d  c h o o s e
i . (  k
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l

g ; (z ' )  e  c f  ( cn - t  )n  j  - (  r .<  (q -k ) - l  such  tha t  k  (  i . <  1 r  y  <  -<- .J  U

i m p l i e s  ( ? / a i l r  ( f  ' -  4 * i t J ) ( " ' r t i  ( z ' )  )  =  0 . r n  v i e w  o f  r h e

u n i c i t y  o f  t h e  r i ( f ) r i t  f o l l o w e  t h a t  ,  -  r o t * j  -  l
-  

J r - " - -  
- -  

" j t , ,

=  n  ( t  -  t i  ( 2 ,  ) ) *  (  I  B { 2 ,  1 ' r j ) . T h e r e f o r e ,
i . <  k

"1td\" ,  o. . ,A-{n-,u)(r)  = f  aJ;" t  : .5(r)  )  = otAai  rr(r) t i )  =
=  u ( 4 0 -  n  ( t  -  t r ( z ' ) ) o {  ( f  s ; t J )  =  o , i n  v i e w  o f  t } r e  f a c t ,

i . (  k  r  r

that ou*=- 
; i_ 

( t r.,.rr ; ldon supp I srti.

' 5 . r l le  neec  a  commuta t ion  re la t ion  fo r  e /?2"* l  wh ich  is  dua l

- .o  coro l la r : {  7 .7  f ron  par t  I .We f i rs t ,  obser .ve  the t rv , ' i th  e r rR"  e  p

t h o s e  f r o m  l e n n e  t , 6 t o a r t  f  , e n d  f o r  A ( y ' )  I  O

( ? h z " )  e o . q - 1  ( f  ) ( y ' )  =  t o q - l (  Q / a " " * Q u / A o  a z ? t + ] i s  r A o -  ) t )  ( 5 ) .

f n  f a c t r w h e n  w e  d e r i v a t e  (  1 )  r t h e n  w e  a r r i v e , s i n c  e  a T r l ) " " = O ,

a t  exac t ly  the  express ions  wh j -eh  occur  in  the  proo f  o f  lemaa 3 .6

fron part  f .

t l /e conclude from ( 1) that  there is a f i rst  order di f f  erent ia l

.  opera tor  p" rw i th  po lynomia l  coe f f i c ien ts ,  such the t  (  s t i11  fo r

A  ( v ' ) l o )

+  A "  ? f t 2 "  r o q _ 1  ( f ) ( y ' )  =  f a q _ t ( F "  f ) ( y ' )  ( 4 ) ,

I  lVe now obtain the foLlowing

propos j - t i . on  1  .9 .  Cons ide r  f , ,  . . . ,Qq-1  d i f f  e ren t i . a l  ope ra to rs
U -

i n  n - 1  v s r i e b i e s r v s i t h  p o l y n o n i a l  e o e f f i e i e n t s . T h e n  t h e r u . i s  c l

and 2e  P( l l r )  such tha t

; l o  l ,  {  e * ( f ) ( y ' )  =  r * q _ , (  2  r ) ( y ' )  w h e n  A ( y ' )  /  0 .
k l

Moreoverr for  every ce F there is  G such tha j '  i f

w  e  s ' ( c n - l , A )  o  H z  , t h e u

-^t I  ,  ,ro' +4,, tr ,r 6' '  *F-..r -a 1 \  d o L  r , r ; r e r e  a o < < l - l J  \ t t ) =  ' 2 r ( O 1  
. " . r 0 r f  t , , ) .

( t f r i s  aeen$  in  pa r t i cu la i ' , t ha t  bo th  e ides  o f  t he  equa l i t y  a re

w e l l d e f i n e d .  )
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Proof .When 6- '  is great enoughrlve may vri te 4. i r  the form ,.
n a a

r  \ -  t  r t €a  / t  r  
- 1  t u ^ -1

f , >  =  L  a o ( A " ? / i z r )  
' , . , I A " ' ) h o  \  i r - '  

f o r  $ o n e  a a r w h i c h
B  

v t v e l ,  .  r :  " r a  
o n _ \ t  _ h r .

are pol ;y 'non:. ia1s in n-1 vat ' iables,The f i rst  assert ion ther.e?ore

f o l l o w s  f r o m  ( 4 )  a n d  q ( f )  =  f * q - l ( f j f ) . T h e  s e c o n c  a s s e r t 1 o n

fol lovls by dual izat ion.

6.1:r_olg.gl t iq l_1_rU.r*  For every &t z r ther.e are -c 'so-skrCrK vr i th

t h e  f o l - l o w i n g  o r o c e r t y :  d e n o t e  i ^  =  [ A ;  { z i  u i l . .  a  I  r o r  s o m e

z )  e  c r i  . T h e n

a )  F o r  e v e r y '  u  e S ' ( p n x , A )  w i t h  l l u l l " . <  l , t h e r e  a r e  u ;  e  S ' . ( p r < r A )

such  t h ' - t  A t r ,  =o^ *? *  pTaT )J  u j ,  f { u1 l l . ,  r <  c (1  + t r o l )K .

b )  S u p p o s e  t h a t  f o r  s o n e  r j  u  5 ' ( p , { , 4  ) , r i j  €  H z , ,

> t

#-  (?  /2 { ) Ju .  =  o .Then  A f r  u  .=  o "
! . i l \ \ [  J  . J

Proo:F.iVhen ff  i 'e great enou€hrrve can apply lemnis 1.b end

p r o o o s i t i . o n  1 . ' i  a n c  f i n , l  t 1 , e  S ' ( p , x , : \ ) ,  l l  v ,  1 1 7  . - <  f t f  +  l z o l

s t i e h  t h r a t  A "  u  =  
1 ( A " I L u ,  . . . r [  f * q _ 1 r , )  +  ( ] / ? t ) v t  "

1, !c  may eont jnue th is  p ; 'oceCure , rnd  c r r i t r "e  p , t  a  representa t ion

d*u = I] Q /2b iu .. + Q n? 
' 'k- 1" 1"

j . < k  
- J  ' - ' ' d + ' ) - - ' t k o l  i ' o r  $ o m e  u r e  S ' ( p ' x ' A ) 1

t k * 1  e  5 ' ( p r n r A ) , a l l  e s t i r i r b l e . I t  s r u f ' f i c e s  t h e r e f c r e  t o  s i r o w  t h e t ,  '

w h e n  k  i s  g r e a t  e n o u g h r t h e n  s u p p  t k o l  C  t z ; A ( z ' )  =  0 J .

i  T o  s e o  t h i s r w e  f i r s t  o b s e r v e  t h a t r f o r  $ c n e  r . e N r  f i $ t ( z )  =  0

f , o r  a l l  l $ t . ( r <  a n d  a 1 l  z  r v i t h  p ( z )  =  O , i n p l i e s  u ( f  )  =  0 , a n d . t h a t

( ? / ? i , l i t 2 / A t i 9  f ( z )  =  0  f o r  J ,  < o (  , p ( z )  =  0  i n p l i e s  u 3 ( f  )  =  0 .

F o r  e v e r y  r  e  c f ,  ( C n  r  I A  ( z ' ) = 0 J  )  w e  n o w  c o n s i d e r
^ ,  n - 14  - ( t t . r n "  , )  

S U C h  t h a t'  j ) . -  t o  \ v

p ( z )  =  o 1 x , (  k o ' ( o <  : )  ( ? / ? i l *  ( a / o t ) f  ( f - ) - :  I u t ^  r  )  =  o .'  u w t  \ 9 . l v w '  

" _ ( k r x < o , q _ J ' '  

' s r '

r . t  - a  f

?he re fo r ' e , i f  k  i e  g rea t  enough ,  A *  u ( f  )  = l *u ( I  E "  t ^  1 ' " r )  ( z ' )  =

=  ) *  1 1 2 y : ' t ) J  u ; ( I  i 3  t ^  f u ^ )  : :  Z t t A r c T ) i u ; ) ( f ) . , l h i s  p r o v e s  a ) .
j u r

b )  fo l lows f ; ' cn  the  proo f  o f  a ) .

)

'  ' " i :
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1  ? . D s f i n i t i c 4  1 , 1 1 - r  C o n s i r l e r  ? 2  A ,  f , 7 O  a n d  s e t s  A , R  C  C n .

VJe v, ' r i te A C (prr) B Brrr.  say that B is a (g rd) neighborhood
) '  r .

o f  A  i f  t t r e  s e t  I  z ; d i s t a n e e (  z r A )

I b o o o s i t i o n  1 . 1 z . C o n s i q e r  V  C  C n  a n  a l g e b r a i e  v a r i € t y ,

r  &  )  0 ,  r ) >  0 r  z e  R . T h e n  t h e r e  a r e  9 >  0 1  t 2 ,  0 r z t r C r K  a n d

eoorr i i r iatesrwith ' .  the fo l lowing propertyr

i f  u  e  s ' ( c 1 1 ;  [ l z .  -  z l t s  a ] ) ,  1 l  u  [ 1 . . <  l  r t h e n  t h e . e  e r e

v rw  e  s ' ( cn ,  t l  z ,  , l t <  a+  pJ  )  r  l l v t [ ,  +  r lw l l z ,  . . <  c (  1  +  bo l  )K

such tb .a t  u  =  v  +  ( 'a /?Z;w,supp u  a  ( f ,d )  CV.

We pcstpone the proof to the end. of $5 fron '; 'elovr.

$2. The fundamg4-lal-pr inciple in" S' (

l . T l r e o l s l n - 2 . 1 . C o n s i , i e r  a > 0 r  9 ) 0  a n d  p  =  ( p . ' . , )  a n  s x m
r -  L  

'  L J

m a t r i x  o f  p o l y n o n i a l s  a n d  ( V o ,  ? " ) r k = 1 r . , . 1 f L  d  r : o l l e c t i o n  o f  a l g '

N o e t i r e r i a n  o p e r a t o r s  a s s o c i a t e d  w i t h  p "  .

Then fo r  every  a  tnEre  is  z r ,CrK such th r , t ,  i f

u €  l s ' ( c n , U z ,  -  r l l - .  u J  ) l u ,  l l  u l l " , < 1  s a t i . s f i e s
t po j

then  there  ar@ l ,k  * f f i t t  , ,  ,11 . .  a+y1) rk  =11. . .71-L  such

tha t .  l l v ,_ l l  ,  (  c (  1  +  l zo l )K  ano such tha t
K Z '

u = L ar* tn .
k

Note  tha t  the  eonrerse  i , :  e lso  t rue : i f  (Yr?  )  i s  an  a lgebra ic

l loe ther ian  opera tor  sncr . -  tha t  (Vr?)ph  =  O fo r  a l l  h  epmrand i f
+ +

S t ( V r A ) r t h e n  " P - ? v  =  0 .

Before  s ta r t ing  the  proo f  o f  theorem 2 . l  ,wh ich  is  dus1 to

$ 4 , R a r t  T r w e  m e n t . i o n  t h e  f o l l o w i n g  e o : : o 1 l a r y  o f  p r o p o s i t i o n  1 . 3 .

F r o p o s i - t  j . , o n . 3 . 2 *  C o n s i r l e *  L j , L i c j  € P ( D )  r k = . i  ,  " .  . r n  t i = 1 r ' r  r  2  3
v

e n o  V l V ^ r k = 1  7 . . .  I  f  a l g e b r a i c  v a r r i e t i e s . S l : D p o . g e ^  t h o t- " ' "  ^ ; ; ; i '=  
a  =>^- " iv  h"  i  =  o '

( V ' r r l r ) = i / , Z i r u  q . i ) f o r  h  r - F , d r r h  f  C I r h k . p ( l , ) . T h e n  f o r  e v e r y  a  t

there  are  z ' rC iK  such tha t  the  fo l low ing  is  t rue :



for

t k
+
v ?

" iv

every l / ;

e  s r ( V k ,

w =  L
k

e S , ( y r t l z ,  -  z

[ l z ,  -  , i f  r (  a +
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i t * o l ) , l l . , r ' l l . g
Y ), l l  * t  l l . ,

1 *5or - : r  r : r r .a
I  t  

! , r r v -

Lr

C(  1  +  l z " l  ) ^  such  ths t
t -

ut j  wk'

2 .  Pr 'oof  of  theor"enn 2 ,1 ,

f n  v j . e r , r  o f  t h e  D r e e e d i n g  r e s u l t , i t  s u f f i e e s  t o  f i n d  a l g e b r a i c
L L

N o e t h e r i . e n  c r ) e r . e i , r - i t s  ( V ^ ,  ? " )  r k = 1 r  . . .  s l L  a n d  e s t i m e . b l e
k  r  o .  

'  
"

v r ,  €  S ' 1 V o ,  l z o  - z i t - <  a *  f  |  )  s u c h  t h . e t  ( V k , z k p )  =  0  a n q l  s r - r e h  t h a t[ _ r - a
* +  L

u , =  L " ? ^  v , - . T h i s  w i l l  b e  d o n e  w j . t h  a : : g u m e n t s  p a r a l l e l  t o  t h o s e
l(

f rom $ '4 ,oar t  f  .Ae  in  tha t  paragrc {ph , there  +s  induc t io r r  in  n  and sn

Since tho  induet ion  in  s  i s  conp le te ly  para l le l  to  the  ar 'aun:en ts

f ron  $4 ,par l  f  , r 'e  v r i l l  cn l ;g  per fc rn  thq  induet , i .on  in  n .

a) Thus suppose, theclren 2.1 is proved in r i -1 ver j_al ; l_ 'c 's,  and

s u o p o s e  u . e  S ' ( c n ,  l z !  , l  l - <  
"  

)  s l e i t i s f i e s  p 1 r  =  .  .  . e  p - u  =  o
, -

. f o r  $cnc  i : c ; i ync l : i e i i e  F i  €  F .T ie  can  r .educe  o r i r seL .veg  t c  t he

s i t u . s t j . o n  v , ' h e n  t h e  i d e a l  I  g e n + l r a t e t l  h y  o 1  ,  " . " r 0 r , r  i n  p  i s
!"

,  pr l r re i 'y . i i 'e  novr choose D e P eni  *e.  N euch thet ? hes nc rru. l - t ip le
^ 5--

f a c t o : : s r p  =  t q  +  
k ,  

c  
5 ( z ' ; 1 J , p o €  

1  e n d  s u c h  t h a t  t h e

l i ser im insnt  A  o f  p  w i th  raspec t  to  t  doe$ no t  van ish  ideru t ica l l y
(

o r r . V .  =  L z ;  n r ( z )  =  O ,  i = 1 r . . . r m ! .

I  
I ' u r thu" , , r .  observe  tha t  i t  su- " f i ces  to  p rcve  the  asser t ion

. \ \  
F

f ron the stet ,eqrent for  A-rrvrhere e-eN is sone f ixecl  nun:berrrvhich

w i l i  b e  c h o s e n  l a t e r . T n  f a c t r i f  ' r e  k n o w  t h a t  r ,

A a u  =  ; t a k  u o ,  v . , . e s ' ( v k r l z i  , ! l - .  a + r / 5  ) , f o r  s o m e  :
' L ] r

Noether ian  op€r r 'a to rs  (  V" . ,  Z" )  as-qoc ia teC v ; i th  Dr  r  .  .  " ,  p f i r ,  t .hen  v le^ t '

c a n  a p p J - y  n r o p o s i t i o n  1 . t  f o r  t h o e e  V k  v . ; i t h  d  d  T ( V k )  ' . a n d

w r i t . e  t ? k  v , .  = A r L  t 2 o ( B ) u * ,  f . r  t k f , €  s , ( v k ,  l z .  z l 9 a + z v / 5  ) .ri g 
- Kb K-t

1.hus v  =.  Lr  ; *  o  t2  1<( ,3) . , .  r  ) , r ,  I  i  r , .  2 ,  i :eans th . r t  the
k r i J  

" l : t j  t  ' - L  

.  

* " ' ' '  ' r ' ;

s i l l r r .e t j "on  is  r : i ] . ;  1 'o r  i l i ose  k  t 'o l  v , ! r : . c l i  A  d  f  (V^) - ,  sn t is f  ies
^tr

A"v  =  0 , ro r .  $o [ ,e  p rea t  o -  a r id  a ] .so  D lv  =  C. l l re  na ; , '  thc re l - ' l re

appl i r  i ,nr juct iorr .  in the , . l inrension of '  r ,he a"ssoc: i .at  ed vsr: iet ies.



a n d  w r i t e  4 - u  =  L  t 7 / ? l ) J  u i r
j , (  k  J

f o r  sc rne  u j  €  f ' t  p  ,a , l z ,  , l  I  . .  aO wh ieh  se t i s f i es

l l u - , l l g .<F(  I  +  l "o l  )K . t t  a l so  fo r l -o rus  tha t  o iac  u ,  =  o , fo r

i = 1 r o r o ; I r t  a n d  i ( k .

f t cle rrr ' ly sr.rff ices to prove the theorern for' all u, '

To s l .ur  r lDrwe s+e t l ier t  lve have reduceC the proof of  thcoreni  2.1_- t-
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b )  W e  n o w  e p p l y  p r o p o s i t i o n  i . i C

to the follciwir'6;

L€$81& 2 .o2  .  For

Anr,, = I antlk *, =

again that  the sun i i ;

e v e r y  r r & r 9  t h e r e  a r e  ? t  r c r C r K  s u c h  t h a t  i f

u  e  5 ' ( p r o ( ,  l r i  , ! k < " )  s a t i s f i e s  p i t  =  0 r i = 1  ; ' . . 1 1 I I 1
k  ,  o .

anc i  l lu l l "  - (  1 , th .en  there  i j . re  vk  €  S ' (v - ' ,  l " i  z j  I  .<  a+  v  )  euch

that  do' , ,  = Lta* un anci  l ivul l , ,  (  c(  1 + l ro l  )K.

,  Proof , i 'Je appl . ' /  the induct ion hypothesis in nrand m.ay therefo: :e

r r r r i t e  J f t r  =  f  t t k  
" 1 . : o "  

* k  €  s ' ( l ' i k , f l  z i - r i \ .  a+ r / l r i = l , . . . , n -1J ) ,

[f r, 'r , .  l l7 -< Tt 1 + lzol )K, i lere wkC c*-1 arrd i,o/k,;,k) appear as in

ul1 k for  which A vanishes iderr t ieal ly on Wk.I t  fo l lows that

n c is chosen great enoughrt l ien Adt rk
d otk = 0 for

t  -  k (  B ) . . .-  
[  

- - '  - ' *kBrwk.B su i iab ]  e ' i ie re  I  I  means

qed cnly over those k for  wtr ich d*tA' ln"

L '
k t B

exten

' ,F 'urther we rnult iply v; i thAr'  and arr ive at e representat icn

A a + n r i l - r i =  1 r ( A o * f l o )  =  7 . ' t t k ( 3 ) A * ' * " * r l u r w h e r e  t , r x  a r e

as great as we v' iantr i . f .  we choose 6-f great enoughnand v" 'here

%p e  S ' ( ' u7k ,  I z i  *  , l l - (  a  +  e /2 )  sa t i s f y  an  e  s t , i u :a te

i i v r i u  l l z  (  c ' (  1  +  I zo  l 1K ' ,  7  i ndeper . ce r , te  o f  t r  snd  K-

For  c '  greet  encughr th is  g ives At* t to  -

. -  t .  k r B l  ^ x + x t , . , t  \  -  r r  t ^  k B , / / \  ^  A x  o ,  l= n ( L ' a [ r ( 5 J i :  o k B /  z -  r  , \ t J r . . . e 0 n A ' * i n )  f o r  s o m e

}kB eP(D) .Fr . i r t .hor  we u .ay  e-op ly  p ropos i t ian  1 .8  tc  v ; r i te ,

j - f ' x  i . s  g rea t ,

\  i 4  / ^ + \ t )
L -  \ s /  o  

" i
j < *

i"iow we apply

p r o p c s i t i o n  i

e t r o u g h ,  n  ( 0 2 . .  . r a r {  * t k . B )  =

, r 4 ( O r . . . ' O r d t r w ' u - g )  f o r  e o a ' J  R ;  e P  a n c i  ' u o " ' E -

lenna ,!.10 .l 'roni oar"t I (oi ' rather i ' t 's r,roof ) arro

,7 d) anr i  conclucle thae there are wf, i  e
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. b

s ' (  [wKx  CJ0 [p=O10v , l z !  
" l  l r .  a+  v  ) ,wh ich  can  be  es t j . raa ted ,such

{  L n  4  r - ^

t h e t  t  a * o (  a / a t ) J  R j q - ( 0 , . . . , o , a n  r * a )  =  " a * u ( ? / ? t ) i  * * A .
.  

S , .

This  p roves  the  lemurg .

' z  r f l r ^ ^ ^ $ ^- :o r i r j ; v r i3  2o4r  Le t  V  be  an  i r ; .edue ib le  a lgebra i .c  var ie ty ,

W $  V  a  s u b v a r i e t J , a n d z e P , a / O ,  ) O . T h o r e  a r e f  t I r z , , C r K

with t l :e fo l lowl-ng property:

j . f '  u  e  s ' ( v ,  f  z ,  , l  l r a  B ) ,  l t  u  l f - <  l , t t r en  t l r e re  a re  
;

v r v i  e  $ ' ( V r l z . ,  -  z l l  <  a + y  ) r  j = 1 1 . . . s l 1  s u c h  t h a t
J  

'  T  I '

-  u  =  v  +  Z  Q / ? i : )  v ,
, J d

f , , ,s u p p  v  L _ z  r \  L f r
\ ? . r . o t . ,  

.  ^  . 1 ,
l l v l l - ,  +  I l [ v . . l i . ,  \ <  c (  1  * l z o ! ) K ..  

L '  J L '
i

We postpone the  proo f  to  the  end o f  $  3 .

t

$ t ,  D is t r , ibu t ion  sDacee rv i th  rap id  decey  a t  in f in i t y .

1 . fn th i r r  paragraph rve int : :or luce disrr1but ioni ;spr lces. ,which

are  ehr : :ac te r izec l  by  the  fac t , tha t  the i r  e lements  cecay

rap ic r ly  a t ' in f i .n i t , y .Severa l -  poss ib i l i t i i s  
" " "  

her "e  a t  hand.J , 'e

pre.fer: ?\ eclnbination of .I-,r-type es'i: imates ,;, ith sup-nCIt-!x

es t ina t { ,s r \ ' ;h ich  1e( lds  nos t  : :ap id i .y  to  rhe  des i rec l  resu l ts .  "

Igf1l.i-ij-?3;2t1-z Consicler. Lp z Cn*---+ R* a funcr.ion su.ch that
| 'r'

. 1  o . r . )
l , y ( z '  )  -  V ( z t ) l r <  l " '  -  z t i  a n d  l e t  b e  :  B  e R * r  B C R n  , e  e c n p a c t

eonve l ;  r , s  anC b ,z  e  R. l fe  denote  t { f ,g ,  b tCto  
-  g  )  the  sDase o f

d i s t r i ' b u r , i o n s ,  u  €  S ' ( C n )  f o r  u i - i c h  t . h e r e  i s  s o n e  e  €  ̂ o o r . ' r r' t o  ) 7

e F .0 snd C such that

l l  e ( z - y ) u ( n ) l l .  - (  C  e x o - ( $ g i r )  r  H u ( r n  y ) " r  u  1 n ( 1 + t y l ) )  ( 1 ) .

Here  F '  j -s  th .e  snppor ' f  i i une t ien  o f  U,

i l  (  1 )  i l  r , , : :ue . f 'cr '  goi ic)  €r ,1, ,  t ;he. ' :  i t ,  is  ' t : :ue 
, fcr  €:very '  . ,

f  o r . '  sou ie  c ,wh i r : .h  r iepenc is  on  e .Th is  f ' c l l -1 lvs  f ro rc  Dropos i t j -on .  : , .3

j ' ' r c : l  b e - i C ' i ' , T r .  l a l t l C r ; l . a f . , f i O . i J . b  l ' f i , "  F r  n a . l , L r r . e - ' i -  B g n . u . c h  E l : i a c e

t o r , o l o g y .
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We f i rs t  in t rocuce i  r .  t cc l : rn ice . l  c ie f i r t i f i .on ,

i )e f . i r r i t l cn  ' J , i .  Le t  g )O,  t r ) ,  Orc  )  0 r  d  ) ,  A  b i :  cc r . i s t r r r t , so

A  c  n G  i n i l )  i c  r . r : ' ' l  " l , 1 1 : l  n  l a  f \  + ^ ^ r  + . - * ^ f  i r r r r  n f  n n r f  r r r\ v  ,  *s  eeL l - l -e r i .  a  (9  r t r )  tes t  func t io t r  c f  .o rder  
(  c ,  d )  r  i f

-f

y  e  s u r D  e  9  s l l p p  e  C [ z ;  l z  -  y l {  g (  i  + l y l  } - '  I  a n d

l p r  e (  z ) l  (  
" l v l + t  f  

- ' t t ( ,  
+  | , r l  )  

t r l F l  f o r  [ t s l . (  d .

l V h e n  e  i s  a  ( P r t )  t e e t  f u n c t i r r n  o f  o r d e r  ( c , l z l +  2 n  +  i  ) ,

then for y € su.'p.c e

t r  l l z l - r2nr1  r , \  , |  l z l  +Z.n+f  ir 5 r ' -  l e ( r ) l ( c ( c r f  , t ) (  1 +  i y l ) - \ t L t r l r ! 1 : t )

and i . t  fo l lorvs that

i l a c s i i  (  1 + l s l ) l t t  a s o i < d t c r p r o ( r  * l y l r f , ( l z l + 2 n + 1  ) .  I

Therefo: :err : rhcn v e r f (Ct)  rarrr i  e is a (g rd) test  fune' t ; ion of

order,  (  c,  lz l  + 2n +1 )  ,  t r ren

l l e v l l z  . <  d (  ' l  +  l ; , 1  )  
t  ( l z l  +  2n  +  1 )  l t  v  l l .  ( 2 ) .

T n  f p r t . -  + . h i  s  f o l l c v i s  f r o m  (  c f  . L " 1 { $ r n a 1 C e r  t Z  f  . t h e o r e n  ? . 2 . 5 )  t* . ^  f

i t  e v i t . . ( ( / l a ( S ) l  (  1  + l 9 l ) r ' l e s e t  )  l t v ! i "  =

f n e  r i r a i n  ' L o o 1  f o r  t e s t i n g  i f  u  .  H g r B , b ( C n , - ? )  i s

,  Pronos i t i .on  g . i "  For  ov€ ; r lpe  J -  there  is  K  t r i th  the  fo l low ingI  _ i - v i , v v . - v *

proper ty :  1e t  be  u  e  S ' ( ' ln )  and suDeose 
f ,ha t  

there  are  c rC such

tha t  fo r  ever i / '  (p , t r )  tes t  funet icn  o f  o* ,1 . ' ; r  (e ,  ! z l+  2n  +  1  )  r
il
I

y  e  s u p p  e : ) l l  e u l l r r c c  e x p - ( e f ( v )  +  i t u ( I d y )  +  ( b + r ) l n ( 1  +  l y l ) ) .
' r hen  u  i s  i n  H f ;  , ,  n  i c t , -g ) .

D t D r  t '  I

l *oreoverrwhen tr= Orther i  we r iay t f lK€ (  :  0.

Proof  .Choose g  €  Of  (Cn)  .There  iq  c  t  euc l i  t i ' a t  f  o r  every

y e Cn ue csn f ind (y r t )  teet  funct ions . 'er-  of  order

( e r l z l +  2 n +  t ) r  i r l r . . . r  f c ' (  1  + l y l  )  
2 n [ 1  (  L C ] r u  t , h e

in tep ;er  par t  o f  C  )  such tha t  f . * i=  1  on  supp g i (z  -  Y) .We no l r l

wr ' i t e  l l e ( z - y )u ( z ) f l . - <  Z  l i c r ( r ) s ( z - y )u ( z ) l l r - <  [  E  l l  e ru / l r ,

w i t h i l  =  { l l r s ) l (  i  
t * i r i , ' d r d s .  u  i

2 . 3 ' e  o f  i . h e  r a i l  a : - n : s  6 f  i " h i s  D a r e f f r n p h r i e  t - o  s i u d ; y ' t h e

so' lvrbi l  i  tv of the -cys'Lenr ?- (r i t :n t,he notr ' : , ' , : .ons f::on cor:. i-rf  s:c" n  "  -  " - ^

func t icn  theory )  in  the  spaces  Hf r " ,b .Th is  p i 'ob len  can be  reduced



.Efgpg-g:1!L2,,L: inor every u € tri,e, p( C*, *V) I (0, k ,!.ffi"ro

( 0 r Q )  f c r n s  i v i t h  e c e f f i c i e n t s  i n

,  ch.oos.e e^,  e 'a wi thr  the

f  c l lcu ' i  ng propcr t r  es :

* ' e a  i s  a  p a r " t i t i o n  o f  u n i t y  i n  C n r e n d  e a e l  =  e a .
'-- (B u p p  e ^ L  l z ;  I r i  r i t . <  l  J , e u p p  " l ^ C  

I e ;  l  r - i  -  ^ i l s  2 i  .
l-- IF I-  l n r  . , . i  +  I n r  e i  I  . (  L :  , f c r  l f , < l c l +  Zn  + i .

I ' rom the  l l ypo t ,hes is  i t  fo l lows tha t  l l  e^u l l "  . (  C  exn- (g f  (a )  ;

+  ' ' l  /Tm r  r  +  b (  ' l  +h l ) . , i ' e  ne ; ,  + ;hen f inc l  v -  ,  [ r t *1  ren)  J  .  _. . 8 . . * . . - . r _ .  ! \  |  , r ^ r r . . r q  u r c , J  v i l r . , { l  . t  r r r 0  V l  € L t t .  ( U  ) l  ( 0 r k * l  )
sueh  tha t€*^  h  e^  u  and  such  tha t  l l e ,  u^ lL *1  . (  G  l l  e i r  l l  a  .
?ire lenirt ia Lro,;v i 'ol i-1ol.:rr i ; '  - , i .e teL:ir l , i  = I e^i i  ano w = - L ,^,A)*^.

..:.,. i .:.,

:* .  of  t le l .csl i - i  te f" r .orrr  l , . I lc j : : .Lqeneer [ ]  ]  ( , . t .  0.Liess i j  l  ) .

IIg"ryigr:..f"glr*l_:_?: Thr?r,€ are cons+.anfs Crf rK tvitii tne

r "o l -1or , * i  ; rd  p roper " ty  :  sun l . r ( i se  
"  

u  [ r , ]n .  ( t t t )J  (  o ,  r )  su t is f i .es

5u  =  0  unc  I l u t z )  J2exp -e  E .+y (z ) . r ] r * ( r n  z )+b  t . n (1+ l z l )  c z  d t  (  1 .
T l r € n  i l i e r e  j - s  v .  [ t ] n . ( C n )  ]  , o r : l { _ i  )  s u e h  t h u t  D , ,  =  u  a i i d

nuch tirat
r. r)

J l , i { t , ' )  l '  exp -Z (ZT ,p (z )  +  i { * (  ru  z ) r "  ; ' 8 l l r n  z l +  ( b + i i ) t r - r ( t + l z {  ) )  d z  d d

'-( C'

clenote l f l*  = min(p.,6) anu for

xeR*  r? ,+ t r=  f x  eRn ,  x  =  *1  a  x2 ,

s a t i s f i e s  d u  =  O

+ f tsr i /v i ien k=f l  ,
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to  the case whenr  z  is  Lar :ge.

i s  v  €  tn i l l  ,b (cn , -9 )J  (0 ,k_1 )  an<r  w€ f r l | : J ,b (c ' , -? ) l  ro , r l
s u c h t h ; r t  u . : w +  7 v .

F le re  X7. . ,  ̂ , ,  i - s  the  space o f
\ v r V  I

).|
Pr'oof .For '  €1/ery a €Zn + i  Zn

X .

\<

f i :  the next pr.oposi t ion r  w€

B C l ln  a  compae i  convex  se t  end
1  ? .

x t  e  1 . - t , l : l a i , < F 1 .

D r . ' r ' r " r n c i i i n r .  2  /
,  4  L / 1 . / U O I  t , - L \ r l j  7  o r )  r

pr  o  p3r1y :

Sunpoee u € [ r r i i / - - -  . ,  . - i  r ' \  - ,n\  - -1
" Z f r r 8 +  l " S , b + K \ u  t * Y )  )  ( O r l i )

'rvhcrr I< ( "r a;:,.1 i i(exp t1t:rz)) = O -i 'or x e rj

! 'he'e ar 'e ccnst&rr ts / - rK lv i i ;h the fo l . r .o iv i - r rg



Then t l :e re  i s  v  e

-4  1 -

rrj i i ] ' ;  (cn,- e )J t  ̂  r -  r  \  s u c h  t h a t ' ?  v  =  l l o
\ L,lI rr- | , l

f ienark.L7-.  For f '  ,  K- '  suf f ic ient l ; r  greatr the c i rndi t ion for

[  =  n  i n p l i e s  t h a t  u ( h )  =  0  f o r  a l l  e n t i r e  h  e  A ( C n )  w h i c h

s a t i s f y  l h (  z ) l  S  e  e x ' , , r (  2 l ?  V ( z ) + ( B + (  f '  / 2 )  l f n  z l  + (  b +  K '  / 2 ) 1 r r (  1 +  t z  l )  )

iFh is  fo l lov rs  f rqn  I  .F id : :nander  t4  I  (  e f  .a1so O.L iess  [1 ]  ) .

F roo f  o f  p r r :pos i t ion  3 ,6 .For '  7 " ,  K  su f f i c ien l " l ; r  g r "ea t  suppose

+ h a t  u e  [ i ; r ^  
, E +  l - f r , b + K + n + 1 ( c t t o -  Y  )  ]  ( 0 r k 1  s n t ' i s f  i  e s  t h e

h"rrpot.hesis f ron the proposi t ion, i ' l te nay sppl}  l -enna ' t .4.  geveral

t ines  end cone i i rder t .he . t  the  prop( )s i t ion  fo1 lcu 's r i f '  r ve  can prove

i t ,  when u € t* i i l l r .  ;^ $,  b+iq+n*.t  (cn, -  y )1 (o,k;  .

fn v iew of  Sobolevs iunersion Lenrnar i t  fo1lc";3 that  the

coeff ic ients u,  of  the f : . r r .  u sat isfy

l u r ( z ) l  (  C  e x p  - ( 2 B y ( z )  r - i { # n  z )  +  , 3 { I n  . z l + ( b + K + n + l  ) 1 n (  t +  l z  l ) )

and therefore that
t D

/  [ " . . ,  ( z ] l '  e : rp -? (  2 ;g (  z )+ ] i nEm z )+  I  l rm  z  l+ (u+K)1n(  t  +  l z l ) )dz  de  $  C .

Dual i  z , i  nE croDosi  t ion 7 ,5  , r t  f  o l lo lvs ,  in  v i  ew o ' f  the remark,  and

for  ; r rK suf f ic ient l ; ,  great , that  there is  v ' .  [L ]o t  (Cn)  J

s i : c h  t i : a - u  { \ " 1 2  e x p  2 ( $ g ( r ) + r c ( I m  z )  +  b 1 n ( 1  + l z  t ) )  A r ,

Th is  i np l i es  ' t r  e  [ t i ? ,F , , i r ( c r ] , -  g  )1  (o ,k - t  ; .

.ho:S:g-:_:-L.  Consioer p = (pi j j  a i r  sxm natr ix of

Tirere zr t : .  coi ' rstants rr  ] - rK vr i t , :  t ,he fo l lowir ig nroperty:

S r - i p o o s e  , ; e  l u l z l -  t ^ A  - ' ^ t  J  $
i l r t l  +  f  Brb+ ' ; ' " (  c ' " ' -  " f  )  )  io r r . )  

sar is f ies

a - t p r . t  =  O r l h e r r  k < n  a n o  t p , r ( e x p  i ( x r r , 2 )  =  0  f o r  x  a L l +  J . B r

wi ' .en l :=n. r :hren ther .e  is  . ,  e  I  r i ] "11 l tc t . -  ^  l t  s
L  l r 8 r B r b t -  '  f  )  J  i o r t - r  

' '  s u c h  t h e  t

) tor  = torr .

Proof.The proof ie by induct ion in (  what we c.s11 by s l ight

abuse oi  lng'urge) t t re coh:crLologrcal  ct i .nensi .on of '  t r ,We say that,

p  i s  o 1 '  c o h o n o l o g i c a l  t 1 i - n e n e i o n  r r i f '  t h e r e  a r e  n a L , r i c e s  t 1 r . . . r e r

sucir  t i rat
R "  O .  ! 3 ^  Q ^

|  ' l  /  ' (

0 - - + P  P

( o , k - 1 )
dA .{  C,

prr lynonials.

otl: qr 
n

"-**-3 P
n

_--*; FP-*" *-r F
/ r l \
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By a wel lknown theorem of Hi lbert ,  every p is of  cohomorogical

d inene ion  ena l le r  then n .

a) suppose that p is of  cohomol-ogical  d inension o.$,re apply

f i re t  p ropos i t ion  3 .6  and wr i te  tp  , ,  =Ev '_ rw i th  su i tabre  v ' .

I t  therefore remaine to soive the equat ion vf  = tp 
rrwi th , . -

' ' - - l

v in t* f r i t ,b(cn r- ' f  )J  " 'Thi"  can be done b;r  f i rs t  local iz i r rg,

and the apply ing t f reorem 1o2.
j

b) ' r {e may now,assune that theorern ) .8 i -s pr"ove<l  a l . : :eady for the

u a t r i c e u  e l 1 . . n ' Q "  i n  ( 7 ) r a n d  w a n t  t o  p r o v e  i t  f o r  p . T h i s  c a n  b e

done by draning a suitabl-e diagram.'!?e prefer here the direct . , j
a lgum@nt.  f  n f  aet  rvr .e f  i . rst  solve ru ' i th propos{. 'c ion 7.6 ,  :
+ - - +
"p  u  =  ?  v t  fo r  gu i tab le  v , .Then ?"e t ,  v ,  =  Oranc  t l :e i 'e fo re  i l re

induc t ion  hypot l ies is  shows tha t  ' tq  y '  -  7 t1*u , ,  r \ , , / i th  v ,  tir - 'r ,

"  sa t is fy i r ig  su i tab le  es t imates .We cen now app ly  theorem l .2  as  ;
+

i n  t h c  a b o v e r a n i l  c o n e l u d e  t h a t  v ,  -  f  y t ,  =  t p  
t r w i t h  s o m e

+  - +
est ia rab le  v .Ob ' r ious ly r  

'p  
,  =  ?  up  

v .

5 , W e  e o n c i u d e  t h e , p a r e g r € : p h  w i t h  t h e  p r o o f s  o f  p l , o p o s i t i o n  1 . 1 2

and o f  theorem 2 .4 .vJe  prepare  these proo fs  w i th  a  lenuna"

- L S g g ' g } g . -  C c n s i d e r  V  =  [ z ;  t q  * f  9 a ( z r 1 1 c i : =  0 7 r a ) O ; y )  O ' .
l c q  J '

T h e n  t h e r e  a r e  c o n s t a n t s  J >  >  A ,  a - ' ) 7 0 r " > O r c  r )  O r w i t h  t h e

f  o l lowi i lg property:  f  or  every ,o e Cn there are 2 i
a

i y r J ' )  t e s t  f u n c t i o n s  e i  , i = 1 r " . . r | e , ( 1  * l z J [ ) 2 t f , J  
'

a

n  r n e p  Q " :  [ 1 r . . . , t c ' ( 1  + I z ' | ) / n o ' l '  '  r - r  ?, - o , /  - l J " - - +  L l  , z r . . . r q !

f u n c t i o n s  
" i j  

.  c f  ( c ) ,  i = 1 , . . . , [ e , ( 1  r - F | \ ) z n r , j = ] , . . . , T ( : . )

such t,ha'i

I  t * ;  ) 2  =  I  , o n  [ z ' i  l r j .  " l ti I

l D f  - e - :  i  I  S  c , ' f o r  t ; l - (  l z l  + 2 r t + 1  , t
v ,  u  t r " |

-  the  C. ianeter  o f  s r ipp  
" i .1  

i s l  1ess  then i i ,

i f  p (  z r , t )  =  r J  e n c  ( . , / , t  , L )  e  s u p i :  , e j  2 4  s l r p p  e ; n  1 r ' t h e nI  I . J '

e i j ( e )  =  1  f o r  f a * t l - (  v / S q )

f  i i ' , f  ) 2 { r t t i ?  =  1  " i , ^  . :  / ^  r - \  - c i c , h l - . o r , h o o 6  n t ' a r  - t - - - -  ! -  - O '
f_ ,  

, .  - i .  
rJ  

- - ' .n  e  ( f  , . ,  )  ne  r  C l r lu \ r r . r . . ru (JLr  u_r  ' " , /  Wn€n 1Z i -Z i  l_<  &.
L t d
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Frocf .  We apply Lenma 5,41part  f  rand. obtain (g t t )  eueh that i f

q t  i t  c  nn- l  sa t i s fy  l z '  -  E t  l -<  p (  I  +  l z , l  ) - { tnen t r re  roo tse  ,  e  v  e q ' v 4 u r  J r  a e  
)

t r ( z ' ) r t i ( i ' )  o f  t  * p (  z ' r l )  =  O r t  - - +  p ( i t r t )  =  Q  c a n  b e  l e b b e l e d

in such a way that l t  " ,(  " ,  
)  -  t  r( i r  )  |  -< v/Bq.

J J

i  L e t  u s  n o w  f i x  z f  a n d  c o n s i d e r  t . 1  r . . . r t q , r e t $  e  t h e  d i s t i n c t

va lues  o f  t he  so lu t i ons  o f  t - rp (  z ' r t )  =  Orand  deno te  . I r ( z ' ) r

j . . 1 r . . . ; Q '  t h e  s e t s  J r ( z ' )  =  { z -  C 2  l z  -  t i t  a  v / z q  J  . F u r t h e r r w e

per fo rm a  pa r t i t i on  i n  the  ee t  [1  , . . . rg t J :we ' ,m i te

[ 1  n , . . . r e ' I  =  t l  ' J  r z  u ,  . .  , t 6 t " ' ) such that

-  k  /  k ,  r i  . I k , i ' f  I  
" 9  

J 1 ( z ' )  n  J i , { z ' )  =  f r

i f  i r i t .  r k r t h e n  t h e r e  a r e  i l r . . . r i r .  e  f k  s u c h  t h a t  i 1  = i r

! *  
=  i f  and  such  t ha t  , , , ; , 9 '  )  n  t r u * '  ( z '  )  /  g .

F i n a l l y . d e n o t e  J j ( z ' )  ,  j = ' l  , . . . 1 6 ( z ' )  i h e  s e t s  J ' i ( z ' ,  = Y r ;  J i ( z t

The fol lowing oropert ies are then easi ly veri f ied:

the d iameter  o f  any . r l  is  smaLler  then l r .

I \ ( z ' ) n  - r !  , i r ' )  =  O li /  j ' : ) , ,  
u ( z ' )  

=  0 l

i f  l E '  z ' l ' . <  f  (  1  +  ! z ' t  ) - t r a n d  i f  p (  E ' r T )  =  0 , t h e n  t h , e r e  i s

s u c h  t h a t  { z ; 1 " -  T l  - <  , ' / } q l C  l . )  , .  [ . i  ( . : -  t r ( 2 , ' ) l  <  r t / 4 q  J  .
i e I J

The  lenma now fo l l owsr i f  we  chcose  spheres  U i r  i =11 . . .1

[ . ' (  1  +  t z i t  )2n f1  ,o f  d iamete r  f (  1  +  l z j t  ) - f , . s , . i ch  tha t  the

sRheres U{  wi th  the $ame center  ,w i th  d ianeter  g /2  (  t  + lz i l  ) - f ,

f o r m ' a  c o v e r i n g  f o r  f z ' ; l z 6  - . " :  |  - (  B r . s = 1  r . . . 1 1 1 - 1  J . I f  t h e

centers  of  these spheres are , !  , then we def ine 6f  i l  =  q ' (z i ) ,

. I t  is  now easy to  eonetruc l  par t i t ions of  un i ty  wi t ,h  the requi red

proper t i ss . (  T  I  su f f  i ces  to  choose  I  s rna l l  conpared  w i th  l ) .

Proof  o f  proposi t ion 1.12.We may suppose thar ,  V is  o f  pure

'codinension one and thus that,  i . t  is of the form from lerna 3.9.
-V/e apply the lemnarand solve for e1l i ,  j , the equations

a / e T  v i i  =  e i  u i j  u , s u c h  r , h a t  l l e i  * i j  t i ; l l . * 1  . < . C ' (  1  + l z o l ) K ' .

) "
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We assume here rhat  v i i  =  O i f  e{  * i j  u  = Oland set
r r  -  S -  a lv  =  

+ ,  e i  e i  i  v j  . : .A t  po in ts  , (  z t ,x )  v rhere  u i j  i s  iden t ica l l y  one
i r j  

r  r - r J  i J  - i J

c L c s e  t o  t r w e  h a v e  2 / ? 1  e j  e j  i  I ; ;  : -  / ^ , \ ? - , ^ , , 1 2  
a :

r w €  i r u v e  e  / /  . L  r J  , L d  =  (  a i )  " - t  e i J  ) " -  
" . ' [ ] h e

proposi .  t . ion therefore fo l lows i f  r  ie enel l  compsred wi th y .

l ) roof  of  t i reorem Z.4. ' ivhen V = Cf i r the theorem fol lnwe from

pr rpoo i t ion  1 . l l .when v  /  cn , r , , , :e  rv i l1  .use  induc t icn  in  n .

.This in ' luct ion wi l l  be s imi lar  to the induct ion in n in t i ,e f r"oof

o f  t h e o r e m  2 . 1 .

F i r s t  w e  c h o o s e  p  e  I ( V )  o f  f o r m  o  =  t Q +  t r  e i ( 2 , ) t j ,
j < q  ' r  -

w i tho ' ; : .  nu . l - t in le  fac to rs ,sueh tha t  the  d ic r im inant  a  o f  p  w i th

respec t  to  t  i s  no t  in  r  (v )  . r ' ' u r ther r , , ' , ' e  may 6uppose,  tha t  the

suppor t  o f  u  i s  in  a  se t  w i th  p roper . ty  1V/ )  wh ich  is  conta j .ned in

t l * f  *  
" f  

t <  n l  ( w i t h  t h e  a i d  o f '  1 e r u n a  X . g  w e  e a n  r v r i t c  t h e  g i v e n  u

a s  a  s r t r n  o f  n o t  n o r e  t h e n  l q e t t  1  +  l z o l ) Z n i J t e r n , s  w i t ] :  t h i s

p r o p e r t y  ) .

'  Le ' t  us  denote  1 i  the  opera tor  cons t ruc ted  in  $  i  fo r .  o  anr lr
o ( =  ' l  .  Q  u  *  0 : l o r  a l l  A  e I ( V )  i ' p l i e s  t h e r e f o r e  t h a t

l l - u  = ' '  7 : 7 "  r r k , f o r  ( $ . r k , J k ) , k = 1 r  . , . r l ^ l N o e t h e r i a n  o p e r a t , o r s  v r h i c h

a p i ) e a r  i n  5  4 , p a r t  I ,  e n d  v k e  S ' ( l V k , i r i  
" ! 1 . .  "  

+  f  / 5  ) , a 1 1  . r k

ee t inab l .e .As  v rag  po in te r i  ou t  in  $  4 ,per t .  Lnv ie  ney  suppose tha1,

v/K is the nroject ion on cn-1 of  v ( , , , , ,e are r1ee, l . ing here wi th the
'  

gLoba1 s i tus t j .on  ) . .For  e l /e r "y  rk  
" rn  

now a .nn ly  the  induet ion  : i .
. k v

h y p c r t h e s i . s r a n d  o b t a j - n  T o e S ' ( V / ] r ,  I r i  - r f  t . . n  +  ? t ' / " t ) r a 1 L

es t ineb le ,  such tha t  1 ru  -  = t  -  k  f  . ; - -- L J 
-. vk = 

f7 " 
?j*, j  and sueh

t i ra t  t ,he  i l  v&r r i , -sh  in  a  (g ,D ne ighborhoqg o f  A(z ' )  =  0  lnd  in  aK

( p , i )  . r c i g h b o r h o o d  o f  t h e  p r o f e u t i c n  o n  C n - l  o f  1 l I .' ) '

J - e t  u s  n o w  c o n e i c e r '  - y v  =  u  -  n t  L  
t i  k  

v u ) . ( s i n c e  t h e  s u p o o r t

o f  v *  a v o i d s  3 .  { . y t d )  n e i g h b o r h o o c t  o f  A { 2 . )  ]  o , r r .  c o  n o t  n e e d

fec tors  A- i ie r .e . ) . f  t  fo l lov , rs  tha t .  . , ,? (h )  -  C  fo r  eny  h  wh ic j i  j - s

anu ly t i c -  ne&i "  su .pn ' * ,The s r iu le  i , c  ther r  t rue  i f  we cons ide  v . ro=u -  f r
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. F . + L 1 ?1 where  F  is  the  d is t r ibu t ion  ,4 ( f  u to  T^)  on  the  se t  o f

. - -proper ty  (W)  eons idered aboverand v i  =  0  ou ts ide  tha t  se t .

The theorem now foLLows duaLizlng wellknown properties of

'*conc€rning the solvabi l l ty  of  the 5 system on eonvex sets.

$ 4.  The proof of  the fundanent_al_pr inciple.

l .Cons iderg lC Rn a  convex .dona inrB CQ a  cor rvex  compact  se t ,
A N

and f  6  coo( f l  ) . t f  h  i s 'an  en t i re  func t ion  on  C i I  wh ich  sa t is -

f i e s

l h ( z ) l ( 1 )

t h e n  h  =  ?  f o r  s o m e  v e  E t ( B ) r a n d  w e  c a n  d , e f i n e  f ( h )  =  v ( f ) .

iTe obtain for  every b anr i r"E a l inear funet ional  on the space of

al l  ent i re funct ions which sat i -sfy for  some c the ineoual i ty (  1 ) .

Apply ing the Hahn-Banach theorern in an obvious vi&yrwe can f ino a

Radon messore  p  rde f ined on  Cn,such tha t  I  a tp t<o  rand such tha t ,

w i t h  u  =  f /  e x p  ( I t ' ( f n r  n )  +  b  ( t  + l z l  ) ) ,  f ( h )  = .  f  n t z )  a  u ( z ) .

Fo r  h  =  exp  l ( x  r z )  t t h i s  g i ves  ( i t  6  2  0 )

f ( x )  =  (  / e x p i ( x r z )  d u ( z )  )  = u ( e x p i ( x , z ) )  , f o r x e B  ( 2 ) .

f t  fo l lows f rom Sobolevs inmers ion lemma that  u  €  H-n: l  (e t -n) -
0 r E r b \ "  t u ' /  r

I h e  r e p r e s e n t a t i o n  ( 2 )  r w i t h  v  .  t ; l ; ] 6 ( C " , O l  i s  n o n u n i q u e .

I f  we had knorvn that f  is  real  analyt ic in Q. ,  then with the

arguments  f rom above,we cou ld  haue shown, tha t  there  is  S  (w i r i ch

d e p e n d s  o n  f  a n d  B  )  a n d  u  .  t i r u r S ( c t ,  l r l )  s u e h  t h a t

: ( x )  =  u (  e x p  i  ( x  r z )  )  f o r  x  e  E .

Iv iore genera' l  lyrwe wi i l  suppose that there is f  :Ct *  R*,
1  n .  . :  o

r v i t h  l f  ( 2 1 )  -  f  ( " 2 ) l  <  l z '  , 2 \ ,  z  r B  a n d  u  e H f r , 3 , b ( c t , - S )

s u c h  t h a t  f ( x )  =  u (  e x p  i  ( * r z  )  )  f o r  x e  B .

' f h . e o r e r .  4 , 1 .  ( T h e  f , r n d a m e n t a l  p r i n c i p l e ) . C o n s i . J e r

p  =  ( p ;  i )  r a n  s x  m  s y s t e n  ' r f  p o l y n o m i a l s ,
r J

L L
(  V ' " , 2 " )  , k=  1  r  t  t ;  s  7 t *  a  ce l l ee t i on  o f  a lgeb ra i c  . f r i oe the r ian

o p e r a t o r s  a s s o c i a t e d  r v i i , h  p ,



,

t

- n  '  ' l  2  1  t
f t  c " - - - ) i r +  s u c h  i . l : e t  l g { z ' )  - f ( 2 . ) l  <  l r ,  , , r 1  ,

-  f  1 1 . . . 1 f *  e  c o  ( - Q )  a n d  z e  i l  s u . c h  t h s ' "  f o r  e v e r y  c o m p r : c t  R
> . , U

and  eve rv  t fGu* "  i s  I  and  , i  €  uu t rn rb (cn r -  g )  sueh  tha t

f i ( x )  =  u r ( e x p  i < : < r z > )  f c r  x e  B  a n d  p ( D e l f  =  0 .

.  ?hen for ever:y Rrf, fr ,nere nr.€ t ,  ,8,> C anri  . ,rk€ F ' '  .  -hever . :y_r , , :n  
" : " " , :  

nr .€  z ,  ,H,  '  id ,  
, " r6(C, . ,  

_  g  )

euch  the t  f  ( x )  =  (  
E  

t  
2 *  , rh ) (u *p  i ( x , z ) )  f o r  x  6 l i , and  sueh .  *ba t1-  .K

0 f(v*)  i , rnplres ol--vK -  0.  ' l

F : roo f .  Le t  Brb  be  g iven and denote  ; - rK  the  cons tan ius  f rom

theoren 3 ,8 . ' , l i hen  B is  sma11 enoughr then F ,+68 is  a  compact  in  S?.

Tf we shr i .nk B st i l l  fur thery$,1; , r i i&/  sr lppose fhat there ar.e
t r  -  , r Zu i  €  H 6 , n * f  s , b + / c t , - f  )  f o r  v r h i c h  ( i )  i s  v e l i r l , w h e n  x e  B + 6 B . r n .

v i e w  < r i '  t h c u r e r o  S , B r t h e l - e  a r e  v . , r  €  , ; :  
, E , b ( C t , -  

y ) , 8 , >  L l r r = 1 r . . . , i l

s u c h  t h . : : t  t p ( " )  r  i  . l t a f r v r ) t r " . r f  w e  d e n o t e w =  u  - f  ( D / 2 2 , ) v ,

i hen  s t i l L  "  f ( * )  =  *  t u *p  . i . t  r z2 )  fo r  x  eB ,and  we  no ru  h " i "  t p ( " l o r=o

The theorem now fo l lows b; r  ioca l izat , ton f rom theorem 2. .1 .

2  '  T l ,€c r€ in  4  "  1  i s  no t  ye t  t l : ' e  fundarnen ta l  p r i nc io le ras  th i s
i s  s te tec  i n  the  i n t roduc t ion ,  s ince  the  ' r k , r r *  no t  necessar i l ; r

I
R a d o n  r n e i : r s u r e s . f h e  f a e t  ( i v h i c h  E b o u l d  b e  o f  s n a l l  \ i r . t u " u * t ) r t h a t

we car t  e l "sc  ob ta in  a  reDresenta t ion  w i th  }?adon * . * luu* .s r fo l i -ov , ,s
If rom the fo l lowing 1:heorem.

&ss{:eg-jre" consjder v an imeducj.bre algebraic varietyr
l { t $  V  a  subvar ie t y rand  ue  HUz ,Brb (C t ,_  , f )  such  tha t  Q( r , )  r . r  =  0 ,
f o r  a l l  e e I ( V ) .

. :
T h e n  

: l - " .  
e r e  f  t  t  , z ' , $ ' , . r  , K r y . u 6 ' l  , n -  f  B r b _ K ( c t , -  y  )

a n d  w ,  e  t t [ ' , 8 -  
J . ' B , b - K ( C n r -  f  )  s t r e h  t h a t  Q  , e r ( V )  i m p l i e s

a  v  =  O r t h a t  u  =  v +  r  ( a / l z i  w i r a n d  s ; u c h  t h a t  s u n n  \ r  . -  c , , , , .j = t  J  J  " q t - | .  "  * ( f r f , ) '

*46 -

This  roo l lov ;s  f * rom loca l i za t . ion  o f  theorem 2 .4 .

To : :e tu rn  now to  i l i e  d iecuss ion  f r : , r  Deforerwe f i rs t  see ,
t h a t  i n  t h e o r e u i  L r " 1  v / e  m a y  s u p p o s e  t h a t  t h e  s u p p o r t s  o f  t h e , r k
sta. ' , r  o ' ,val /  f : :on a (g rD nci ; ;hborhood of  the s ingular part  of  the
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i
t"

va r ie t i es  V t . l ' ; e  ean  no$ i  l oca l i ze  end  then  t l - e  resu l t  csn  be  redueeC

v
to  the  ease r r ' hen  VK i s  an  a f f i ne  subnpace .Fo r  th i s  s i t ua t i -on

, t i

th.e theoren is ea$y to prove. l i , re leave the detsi l ,g to the reader.

Thecren 4 .2  i s  re la ted  to  'L l ie  coneeot  o f  "su f f i c ien t  se ts "

introdueed b." l  L.Jhr-renpi 'e is L2] . fn fact  eueh theorems ean be

obtained fron L.Hdrnand.er C7l  .

i ;o lvabi l  j  t r r  i -n S '  (  Cn) of  overdeterrr : inated systems.

, .  1 .Tn  th is  psragraphrv ie  re tu rn  to  theorem 1 .?- .Th is  thecrer ' ' " t

foIlol.;s from

T.heg:erii 5.1 . Let p and q be $atrieeg o:i pol;. 'ncr', ial-s su.ch

thet  Fk - - -9- - -  pn P o Ps is  exact .Su.ppo:a that ,  u  6  B ' (C*)J  
o

f  n . - q  + .
s a t i s f i e s  

u q  
r !  =  O . T h e n  t h e r e  i - q  v e  b ' 1 C " ) J  

-  s u c h  t h a t  : 1 = ' p  v .

Froo f  o f  theorem 1"2 .Fr .cs l  theorem 5 .1  \ , , ie  ob ta in  (u i tn  the

notat ions f rom theoren 1 ,2  )  t t ia t  [s ' (cn)  ]  
t  - - -A--  [s ' (c t11 I - - - "

R  >  [ S t ( C n ) ] k  i s  e x a c t . S i r r c e  3 ' i s  t i : t !  d i - r i : l -  o f  &  F r e c h e t

s p & c e r t h i s  i n p l i e s  t h e  f o l l o v i i n g :  f o r  e v e r ; /  s e n i n o r m  X i n : ;  ( C n ) ,

there  is  a  seminorn / in  S  (gn)  and C >Orsuch t l ia . t  i f  Ru =  0  and

[ u ( q ) l  (  C l g l * f  : i  a l l  t l  e  5 ( C - " ) , t h e n  t l r e r e  i s  v  w i t h  u  =  Q v

a n d  s u c h  t h a t  l v  ( g ) [ <  l y l r . , , l i ' u r t h e r . l i f  u  =  Q v , a n r l  i r  ?  "  
C f  ( C n ) , 1 =

i l  l z t  , l l  <  
"  

+  e /z ,eno ,1 (z )  =  C)  fo r  z .  F  I " i  , l i  r (  B*  e  ,

then  ?  =  f  v  i s  e .  soLut ion  w i th  su i tab le  suppor t  o f  the  eo l r .a t ion

u = Q?.Furtherrv/e nay s ' r lppo,3e v.  est inablerand therefor e g v wi l l

sa t i s fy  an  es t imate  o f  th .e  des i red  type ,  i f  t , )4 . ' l  $  C, f  c : "  l y l  <  a ,

r  suf f ic ient ly great.

Z . ' I t  i s  e a s y  t o  s e e r t h a t  t h e o r e n n  5 . 1  c . { n  b e  r e s t a t e d  i n  t h e

fo l low ing  way:  the  s t r .s rem u  =  tp  u  i . s  so lvab ie , i f  and  on ly  i f  fo r

e v e i ' y  |  =  ( e 1 r . . . , x o , )  l v i t i "  ^ t ?  =  0  i t  f c i l c ' v e  ' t , h : ' t ,  a  u .  =  C .

I f  a i p  =  0  i m p l i e s  A u  =  O r w e  w i l l  s a y  t i r e t  u  s a t i s - f i e s  t n e

c o n . p a t i b i l i t y  c o n d i t i o n s  o f  t h e  s y e t e i n  " p t  =  l t  (  o r , : i s e  t h e t  t h e

s y s t e r i r  t D  v  =  u  i s  e o m p a t i b l e ) . f n  t h i s  f o r n u l a t i o n r t h e o r e m  5 . 1  i o e

$  5 ,  T h e



_.i <)_

r e l a t e < l  r a t h e l .  t o  p  t h e n  t o  t h e  p e r i r  p r e r

' r l . . r  . - + ^ + ^  + ^ 1 . -, l u  ; _  Lc l  r . ,E  $e  l r a l i _ : 1  u \ :  l - J

tneonq_i . ! .  Sunpose DGp.Then for  ev ix .y  ue S, (Cn)  there is

v  G  S t ( C n )  s u c h  t h a t  u  =  p r , i ,

Theore.n 5.? fol.Loin's f 'nolr rt: su.f t.e o'l i ,.!1,5r'r:ant1er. t1 ] and

S.  Lo  jas . i  e r ,v ic  z  L  1J  . l lheore i l  ,  .1  fo r  gene: :a1  nr  s  f  o l l -ows f ron

B,f t ia lgrenge [4 J , ]nor the convenienee of  the readcrr ' r , ,e shov; in

' ,h is  p i i r ,agr 'a l rh ,  tha t .  j . t  i s  pos ; r ib l -e  to  redr :ce  theorern  5 .1  io

' theoreru  5 .? - , ,Th is  w i l l  be  done by  induc t ion  in  n  and s :

3) fnouct ion in n.  l lhun eo.rs ider a eystern of  forrn

P ;  \ t  t  ' u l  
l  i = 1 1 . . . 1 1 1 1  r P t  €  P

u r) .)
( 1 ) .

t i r e  s a y  t h a t  t h e  s y s t e n  (  1 )  h a s  d i r n e n s j . o n  r r i f  t h e  d j m q n s i o n s  o f

t h e  i r r i : d r t c i b l - e  c o u i p o n e n t s  o f  t 1  =  [ z e  C n i p l  ( z ) - . .  .  = F * ( z ) = 0 J a r e  a l ]

emal le r  then r .

3fg_?g.g- iJ jgg2-2.2,  Sr:ppose thet theoren , .1 is proveC in n-1

' , , , r v a r i s b l e s , e n d  s u p p o s e  t , h a . t  j - t  i s  a l . s r o  p r o v e d  i n  n  - ; n r i a b l e s , f o r

* s v s t e n i g c f - l o r i l ( 1 ) , w h i c h e r e o f d i r n e n s j . o n r , <

a lso  fo : . '  sys tems o f  fo r rn  (  1 ) , l vhen c l i ru "  V  =  t .
' * 'e prep,ere the prcor cf  pt"olosi t ion , . ' t  ' r , ' i t f i  dorne renarks

anc letmnas.

I  S u p p o s e  t h l i t  f o r  s o u e  u ; (  1 )  i s  c o n p a t i . b l e r a n d  t h a r  d i n  1 /  =  r .

L e t  u e  c h o o s e  p ,  d  e n o  c c c r c i n y t e  s  ( z ' r t , )  r s r r c h  t l " . i t  f ' r : r  s o r , l e  i " - - -  F
'  

* - '  r '  
- - -  

' ,  i =  
t  t

o  
*  =  L  D "  { . .  n  -  r Q *  l - -  c i ( z t )  t " o s u c } :  t h i t i  p  l t a s  n oY  -  ' i ' i  ,  {  j c q  , J

n u 1 r , i o 1 e f r : c t o r " s e n d s u c h t h a t d i n r ( v { 1 [ a ; A ( z ' ) = 0 I ) <

That elr lh D pol) lnonir i -L ey; ists, f  o11or, ;s f rcm ienina 1 .  1 ' ; - ) ,  De'- . t  f  .  Jn

fsc t rv ; r i ' l ,e  V  ' r  U  V i ,V i  the  j . r reduc i .b le  eomponent ,s  o f l  \ r ,anc i
. 1  1
l  e t  p " ' .  t ;e  po l r 'n ,Ln i+r1r :  i t ssoc ie . teC v r i th  : l (  V ' )  as  in  1en:na  1  .  1C,  r :a r t  I

r , . ih ieh  r ) l :e  such tn ' - rg  j i t  *= ;  p i#  ' i (V j ) .  (  luch  r ie l i ,n i r : i - r l s  e , ln  i . ;e

f o u n d  i n  t h e ' t ' c l - r r l  p i '  =  s i  + c t r i i ' ) 2  , r v h e r c  , s i '  i s  a s s o c i a t e i  w i t h
. l

i ( \ i * )  i : l r  le r i r -e  1"1 f , r rDar t  L ,  c  i s  a  su i 'u : , r t : l c  nu , rbe : '  [ r r ] , . j

I t i  e  f  ( \ r i )  . . .  
U  i ( V i ) ) . , t , I - r , :  r : r o d u c t  o r -  a 1 L  r ; h e  

" i  
r - s  t h e n  a

j * i
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polynomial wi+-i l  the desired propert ies.

Lemrna  5 .4 .  cons ide t  i  es t ( cn )  such  tha t  p *  T  =

Then the system

p * w  =  C r p ;  w  =  u ;  p i  ? ,  j = l r . . . ' m ;
i J d d

i s  c o m p a t i b L e . f n  p a r t i c u l a r , p <  ( u ;  F ;  v )  =  0 .
t J J

f io i ' '

P r o o f .  S u p o o s e a . ,  ^ j  n P  a r e  s u c h  t h a t  0  = r p " ( +  L ^ j  P 3  =

E  L  ( a f i  +  a ; ) n 3 . S i n c e  ( 1 )  i s  c o n p a t i b l e , t h i e  i m p l i e s ,
i d r J d

0  = ' 4  ( r r ,  +  a ; ) u 3  =  2 p a i  +  Z ^ i  t j  - -  f  ^ j  p ;  ?  +  r ^ j  u 5 . r h i s
d -

g i v € s  ) , r 5 ( u ,  p j  f  )  =  O , w h i c h  m e a n s  t h a t  ( 2 )  i s  c o n p a t i b l e .

r , {e now want to use pro, iect ion on Cn-1 
""  

oo* have used i t  in $2.

T h i s  t i m e r t h e  d i s t r i . b u t i o n s  w h i c h  w e  c o n s i d e r r a r g  n o  n o r e  w i t h

eompact  suppor t .Two pose ib i l i t i es  a re  here  a t  ha ; i . r ;E i ther r \ {e  r . i se

a 'par t i t ion  o f  un i ty r to  make a l l  e le rnents  w i th  compact  supoor t

( t h e n  r , v e  h a v e  t o  w r i t e . l o v ; n  e s t i m a t e s  ) r o r  e l s e , , r ; e  e x t e n d  t h e

r e s u l t s  r r o m  $ t  t o  t h e  s p a c e s

s ' ( ' , f )  =  [ u  e  S ' ( C t ) ; a  €  I ( l l i )  i r n p l i e e  Q u  =  O l  , a n d

3 , ( p , o < )  =  [ u  e  S ' ( c t ) ;  u ( e )  =  0  i f  f  < d , F ( z )  =  0  * ) ( 2 / ] t ) f  
e ( z ) = O J .

Here  p  i s  the  one f rom before :a ; td  \ , , /  i s  an  a lgebra ie  var ie ty .

! 'or  notat ional  reasonsrwe prefer the second nod.*. l i ty .

The proo f  o f  p ropos i t ion  1 .1C now g ives  the  foL lo rv ing  resu l t :

t h e r e  a r e  6 - ,  r  a n d  w 3 x u  5 ' ( F r d  ) ,  x . ( y ' , -  ? s u c h  t h a t  A t t u ,  p j  T )  =

.=:  (2/ ; -7)*  *- ixrand i f  c- t  is  great enoughrthen i t  fo11ov/s f rom
x  t J ^

t he  un ic i t y  i n  p ropos i t i on  1 . ' l 0 r tha t  t he  sys tems

. .  o (  - . _  n  ^ r r  (3 )x?  * r=  OrP jwr  =  a  * i *

a re  compa t ib le .

f n  f a c t r i f  2 ,  ^ j  a r e  s u e h  t h a t  , a ' p < +  I a ; n ;  =  O r t h e n

(2 /? t ) "  
T  

^ j  * j ,  =  L  An  ̂ j ( * j  p3 . f , ) '=  o ,wh ich  inp l ies
rJ

f  x lwt r r= o for  a l , l -x .

m
T
j = 1

( 2 )

L
r

ad '

Lenmg5..5.- Suppose that we

propos i t i  on  5 .5  fo l l ows .

can  so l - ve  (3 ) .  f o r  a l ] . r  .  Thenr



Proof  . f f  w,  is  a  eo lu t ion for  ( i lx  r then i i l  =  L  e/a l -1*n-  sat is -
rC

f ies  pd i i l  =  0rp. i  i i l  =z f  o- '+o-(u i  p ;T) , r f  r rye wr i te  i  =  Ao '*o r r , then
J J J

P 1  v  =  ( u i  p i ? )  +  g ;  v r i t h A " ' * ? :  =  o . r t  t h e r e f o r e  r e m a i n s  t o. J  J  
- L l  - J  - . J

f i n d  a  s o l u t i o n  f  e s ' ( c n )  f o r  p j  f  =  g j . u p p a r e n t l J r w €  h a v e  n o t

nade much prCIgressrbu t  the  inpcr tan t  fae t  i s  herer t i . - *  nG ' * { .  -nr : . v a  a j - . " "

T o  f i n d  f  n d e n o t e  r C  P  t h e  i d e a l  g e n e r a t e d  b y  F 1 , . . . r p m n a n d

l t r t  r  =  f f  r i  be, the i r reduc ibLe pr inary  decomposi t ion of  r ,  * .

F*r ther ' ,denote r r  the in tersec i ion nf  those ideals  in  the

decomposi t ion which have d in  r ,  <  r rand r ,  the in tersect ion of

the renain ing ideale. lJow choos( '  s  erors  .d  r t  f  . lye c la i rn  t ,hat

P ;  f  3  g i r i : 1 1 . . . r [ r S A o ' o o f  =  O
d d

i s  compet ibL .e ,o f '  d imens ion  <  r ,and there fore  so lvab le  by  + .he

i n d u c t : - c , n  h y p o t h e s i s . I n  f a c t ,  i f  f  a ; p ;  +  a  S  A o t *  
n  =  0 ,  t h e n  , l  S

J J
G'a 1- n'

and a  s  a"  
- -  "€  T .s ince  7 \  i s  no 'e .  i .n  the  : .ad ica l  o f  r t ' r i t ,  fo i lo lvs

'
t h a t  a  S  e  T '  r  

r w h i c h  g i r . r e s  a  S  e  f r i . e . ,  , l  S  =  Z f : p ;  f o r  s o m e  f :  e
r J d . J

T h e r e f o r e  ( ^ ;  + l ^ ; L o ' * o ) 0 . '  =  g , a n d  t h e n  f  ( a ;  + t \ , f ' + t ;  g ;  =  ; .
I  

, n  v i e w  a f  a - Y * u - ' .  =  o . w  
r  J  .  J  - J

S;  = 0,we arr ive at  f  a3S3 = O,and the

compa+. ib i l i ty  oJ '  (4)  is  proved.
L

I r l / e  h a v e  n o l v  r e d u c e d  i ' ; . o p o s i l i o n  , . 3  t o  t h e  e y s t e n s  ( 5 ) x .

a  lgpmq, .5 f " i  Suppose tha t  w. i  €  S ' ip rx )  a re  such tha t  the  sys ten
U

pd w =  g ,  P5*  t ; j  i , s  compat ib le , : )uppose f 'u r ther ,  tha t  theorern  i .1  ig

proved in n- l  var iables.Then there is o- '  and f i -  sr :ch that

p * f r  =  O , p ;  6  = A t ' * . .
o J

Proof  .Denote  ' i f  the  (ex tended)  opera tor  cons t rue te , l  in  $1 .

Y, ie  v ran t  to  s tudy  the  sys tem n(p jw)  =  1?- 'v r5 .Aecord . ing  to  l cmma 1 , ,

th is  i s  a  sys ten  o f  . . fo rm

f -ti ]r - Tr' ',, 11 n
a  f k t  t t i  =  f f f w j  r k  =  0 y , . .  r  * Q - 1  r  i = 1 ,  o .  r  l t i l
t-

( 4 )

( 5 )

e I l

l . a

r r rh ich  is  eas i l y  seen to  be  conpat ib le . f f  v re  no \6 , '  choose e  sc lu t j .on

h  o f  t h e  s } ' s t e m  ( 5 ) n t h e n  f f  = * l ( A - n o r o o r r A - ' r , " . o - r )  i s  a  s o l u t i o n

o f  p *  f  =  o ,p i i l  = , l d * r "



: , ^

4)To cor i rp lete the redr ict ion of  theorem 5.1 to theoren '5,2,
i
: - t  reaarns to perform an induct ion in B. '

Proposition 5-J-,- Suppose theorem 5.1 is proved for cx,u

ns t r i ces  l , /hen a< S.Then.  i t ' i s  a lso  t rue  fo r  s  xn  m.q t r i ceg . ,

Proof.  Recal l  the notat ions f rom $4rpart  f .First  we observe

t h a t  t h e  s y e t e r n  
t q '  t o '  t l  -  t o '  

u  i s  e o r n p a t i b l e . I n d e e d ,  l t q '  
t o r = o

+ + '  'e fore applyi m p l i e e  l u q ' u p  =  0 r w h i e h  g i v e s  l " q ' u  =  O . W e  r n a y  t h e r

the  induc t ion  hypothes is rand ob ta in  a  so lu t ion  v ,  o f  the  sys tem

+  " ' +  +  
|

tg, t  to. ,  o1 = "q ' , r . r f  $ 'e ean f in<l  a eolut ion v '  of  the system

t d . o ' r " -  u  -  t o r t r r t h e n  ( v ' v ' )  i s  a  s o l u t i o n  f o r  t p v  = u "
. a

! + t -
T o  s o l v e  

t p ' v ' =  u  -  " P , , v l  , w e  a g a i n  u s e  t h e  i n d u i t i o n  h y p o t h e s i s .
t l

I i l ' f a c t r t h e  s y s t e n  t p t r r t  =  u  -  t P r v r i l i s  e o m p a t i b l e r s i n c e

tq t (u  -  tp r r ,  
)  =  0  wae t i ie  de f in ing  equat ion  fo r  v l  .

Ong may use the resr- i l ts  f ro:n rhis paragraph, to give a proof

fo r  the  so lvab i l i t y  o f .  overdeterminated  sys tems o f l  par t ia l

d r f fe ren t ia l -  eouat ions .
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C ornqsn t s, _and rernalls_r-

1.4 .@ The fundanenta l  p r inc ip le  has  f ins t

been s ta ted  in  L .Ehrenpre is  [  1 " ]  .hoofs  were  ava i lab le  on ly  fo r

m = s = 1  t h e n . A t  a b o u t  t h e  s a n e  t j - n e  V . p . F a l a n o d o v  t t ]  o b t a i n e d .  a
'var ien t ,  o f  the  fundamenta l  p r inc ip le ra lso  fo r  the  cnse m=s=1.

conp l -e t ,e  de ta i led  proo fs  appeared in  v ,p ,pa lanodov t2 ]  and

T, . lThrenpre is  Lz  J  . rmpor tan t  reeu l ts ' "connected  v r i th  the

fundamenta l  p r inc ip le  have been ob ta ined by  B. i r4a l_grange i l  rz  j

and L.Hcr 'mander [g ]  .Fecent ly a new proof has been given by

J ' E . B j d r c k  I t :  . F o r  m = s = 1  e f .  a l s o  c , A . B e r ' d n ' s t e i n - M . D r , . . - . a l  I i  l .

The fundamental  pr ineiple has been extended to hyperfunct icn

so lu t io :ns  by  Kaneko [ i  re  J  (c r .  J ] - ' so  osh inh  [1  ]  ) .  
' -  t '

2 .Fe-Lated  w i th ' t ,he  fundemen* ,a l  p r inc ip le  i s  the  concept  o f

ana ly t *ea l l y  un i fo rn  spacesr in t rodubed by  L .Ehrenpre is  (  c f  .

i , . lhreirpneis l2 ]  ) ,0n1y the pircof  of  the fundamental  pr inciple

in L*Ehs'enpreio teJ is in the f rsmework of  analyt ica; ly uni forn

spaccs .The preeent  one is  fo rmu, la ted  such tha t  i t  works  in

weak ena ly t i ca l l y  un i fo rm spaces , in  the  sense o f  , f  .L iess  [  1J  .

I f  one  wants  to  ob ta in  the  var iE i r t ' f rom L .Ehrenpre is  [2  j  one  nay

at : )p ly  the  teehn ique f rom B.A.Tay lo r  [  1 ]  ,  "
j . T h e o r e m  ? . 1  , p a r t .  f  r i s  n o t  . L r u e  i n  t h e  C m  s e t - u p . T h i s

fol- l r :ws from wel lknovrn examples of  operators wi th no solut ions

for  the  equat ion  L(x rD)u=O (examplee  o f  H,Lewy and L . l i l i r .enberg  ) .

Tbe theor. 'em braaks also down in t ] :e analyt ic easerwhen we suppose

t h a t  t h e : - n p l i c a t i o n  i n  i t  h o l d s  s t  j u s . r .  o n e  p o i n t " T h e  e c n d i t i o n

( I , )  f ron  V.FnPa lamoCov [3  ]  ( in  r , ' ,h ich  the  case when Z  L . ; ; , ;u ;  =  O
J  

' J  J
f o r  a l l  i  i n p l i e s  u j  =  o  i s  t r e a t e r i  i r r  a n o t h e r  c o n t e x t  ) , m a y

h o ' , n ; e v e r  b e  s u f f i c i e n t  t o  a s s u r e  t h a t  t h e o r e m  2 . 1  r e m a i n s , v a l i d ,

v ;hen we on l ; r  knov , ' tha t  the  i rnp l i ca t ion  ho lds  a t  some po in t .
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4.With the arguuente froln $4rpart Irwe can prove the following

lroposit ion:

Bc.PgS!$on. tet P; ;( z ) be a e X m natrix with entnies in Oo. r
J' rJ'1, I'

(  Vo, 2n) ,k= 1 r  t  c c 2f  an assoeiated col lect ion of  Noether ian operatorg

e n d  c o n s l d e r r i n  v a r i a b l e s  y  =  
. ( y l  , , . . 1 f , 6 )  a  p r i n e  i c l e a l  f  i n  5 ,

6  t r r "  germs o f  ho lonorph ie  fu .nc t ione 
'n  y l  1 . . .1g6 a t  0€  Cd.

Fur ther  1e t  r l r . . . . r rk  be  genera torg  fo r  f  and de : :c te  W the  ana ly t i c

var ie ty  o f  conmon seros  c , f  r ,  r .  o  o  r r * .Then h(  z ry )  e  O l rO i "  o f

form hr = L P; ig i  +
r i  rrJ rJ \  "u  

h i "  , fo r  some g  u  O; r6rh iy  n  Or r6 , i f
r  i  . * , J . J  .  Y

v w l .
a n o  o n l y  l f  ( V " x  1 1 ' o  ? * ) h  =  0  f o r  k = l r  t . c ' f t .

Thle proDosi t ion hr:  the foLloiv ing corol lary

. f t @ . t e t v C c n b e a n a n a 1 y t i e v a r i e t y , w h i c h i s 1 r r e d u c i b ] '

a t  , a  e  c n .  S u p p o s e  t h a t  r - o ( V )  l s  g e n e r a t e d  b y  f i r . . . r f m  o  o " o .

Norrv 'vre ident i fy Cn with n2f i ,urd consider hra reel  analyt ie funet ion

in the 2n reaL var iabl-es Re zrfm z.suppose that h vanishee on V.

Then there  are  rea l  ana ly t ie  func t ions  h , r . . , ,h ru  eueh tha t

[  =  ,  (  h r t n "  z , rm  z ) f 1 ( z )  *  \ * 1 tn "  z r rm  z ) f i ( z )  ) .
i . < n  

L  ' L

This problen qppears in B.kalgrange [1 ]  .

5.One uaay ask,what eondit iorrs shouLd oiu inoposec on f e [Co (Cn)]s

in ordez' io assupe that the systern f  = pg has a sclut ion g. [cTCt)] t .

Such conditions are easy 'No obtai.n from the form in which theorem

4.2rpart f  rappears in thie paper (anrl  which ie eornewhat stronger

then nedessary in other proofs of the fundanentsl pr inciple ).

Let ue nention f i rst two lenmag:

Les",na.Suppoee V ie an irreducible enalyt ic variety def ined

r,:eBr zero.Then f €Fo is in ff(V) if and on1-y if ,for everJr q there

ls co such thet lr.-- f ,zB I -< co lz la+l for z eY.

This  foL lowse€.g .  combin ing  resu l ts  f ron i  B . l 'a lg range L t  i  ,w i th

the coroIlary frool above ( it s,hould be anyway ensy to prove ) .

Now consider h ec@o ,c!"  the germa of  funet iong from C6 (cn)
Z'



-  ) + -
n

at z"rand suppose that  h is  def j . red for  lz  ,o l< of  . f f

t i  =  I -  h* . , t (  z  -  i f  t z  -6 lB , , i s  the  Tay la r  expans ion  (u r i t ten
Y - n  o 1  $

o(1 t r
in  var iao les zrE instead of  Re zr j :m z)  o f  h  a t  T,  lzo -  T lco?

t h e n  W e  d e n O t ^  h  ?  Y  h  '  - ' d '
e h B , = * n * ' ( , n ) . U e i n g t h e p r . e c e d i n g 1 e n n a ' w e n o v

obtainrby Taylor expansionreppl ied f i rst  in Zrancl  then in z i

I ,qryTa: hr4 ie in r f (v)  for  a l l  zr lz  ,o l rn l  ,and at1 B,
*tLj- 

o
i f  and / iS  (2  / )E)5h  van ishes  cn  V fo r  a l l  B .

We c&n now prove the followir_g theorem: 
."

T h e o r e r n . L e t  t v k ,  l k ) r k = i 1 . o . s 1 w  b e  a  c o t r e l t , i o n  o f  I r i o e t h e r i a n

operators  aesoc iated wi th  the nat r ix  p .Then pg = f  , fe  [c@(ct ! thr "

a oolut ion g e tb* tcn)] er i f  arrd -.nly i f  ,  :  .1 e / :- l ,JB ?k r : l

vanishes cn Vk for a., .1 B and arL k
,  

" i

Prl'c,iirr0;:-i-y the rri*x part ie nontrivisl.To prove itrwe firet"

observe r tha 'L  p [cm (cn ) ]m i s  c losed  in  [ c *  ( cn ) ] " .Th i *  i s  a  resu l t
jl,,

of B.hial-grange {cf.  B,}r ialgrenge [, i  ]  ) .F;e can now apply r theorem

of i{ .whitney (cf ,  B. l{algre!0ge [+]r*n.rr) r to reduce our problen

to t ,he eolvabi l i ty of i f ,*  system pg = f ,r l rhen f and g are formal

power  se r ies  o f  t he  fo rm r  =  f  f  ou (z  
*7 , ) "  ( z  -  7 )8 ,

^-  5-  r  - .4 t_ F* 11g  =  Len^ t , z  z )  ( z  * ' i ) n .T l : i s  g i ve*  f  i 3 ,  
=  t rgy r r i r i t h  the  no ta t i . ons

l

t l roru eboverand the theoren therefore fr : l lows frol :  i t rSo*"* 4.2,
j

part  f  r in v iev;  of  the l r recedj .ng lemna. I

6 .Ae is  o ; - - ' l y  ne tura i r f  have br :en  in f luenced in :nany  arguments  
i

by the exiet ing pro'ofs of  the funcenental  pr inciple.r  have not

tr ied to ment icr"  these (ancl  other.  )  inf luences expl ic i te ly.

There hpve been external  inf lu.enees as wel l ,One exampl.e icr that

I  have anded $Sroar t  f ,on ly  when r  beeame avrare  o f  J .E .B j i j : rcks

paper . .  l1 ;  .A t  tha t  t ine  howe.ver r the  present  paper  was a lnos t

f in ishedrr ' .nd I  have no+- t r ied to u.ee the t lew ldeas from

J . E . B j b r e k  i t  t  h e r e .

7  *  $ S r p t r t  f  r a n c  $ 1 r $ S r p a r t  f f  o h a v e  b e e n  p r e p a r e d  i n  e . n o ' t h e r

eontex t r fo r  the  peper  O, : , ie -ss  L ! "1  .For  psr t  I re f .  a lso  Or ,L iess  l f  l  r
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