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QUANTI ZATION ASD PROJECTIYE REPRE,SENTATIONS

OF SOIVASIE IIE CROUPS

Henri Hoscovlci and Andrei Yerona

Introduetl-on

. Refinlng the KlriLlov orbit method for the construetlon of tbe

irrr:.Jucib1e unitary reBresentatlons of a niJ,potent t ie groupr Kostant

has cleve1oped _a geometric qua.ntization theory of obtainj-ng unitary

reBresentations for an arbitrary I, ie group from sytrpfl13"gtric uanifolds

on which the group acts as a transitlve group of syri lplectic auio&or-

phtems. y lhen appl ied to o;r1 i ts of  the coadJoint  representat lonsn

which pos.,ess a canonical  s" fmplect ie strr tcture,  Kostent '  quant izat ion

proced.ure goes along way torva.rds construeting, 1n many signiflcant

eases ,  a1-1  (o roa lmosto  aL1)  ihe  l r reduc ib le  un i ta ry  representa t ions

of the given group. ?his method lvas part icuiary succesful  for  solvable

Lie grorrps I  in whlcb case i t  provldes both a geouretr ie cr i ter ion f  or

being of  t ;v-pe I  and, in that  case, a conplete r lescr ipt lon of  the

uni iary dt ta1.
t -

Bee1des the orbi ts of  t i re coadj 'o int  representat i .on there ar€ other

slrmplect te bomogeneous spaces for a l ie grouF Gr for  insta; 'ce those

whleh correspond to non-cr:borrndary 2-cocyeles of  i ts  L le argebra 
7 

'

fn r 'act ,  when G is connected and simply connected. . ' r l - i  tne s inply

cCIrrr ie*ted symplect ic homogeneous $-spaces ar ise in a canonieal  way

f r .ou  2*cocyc les  in  Z2(E- )  (c f  .  B . -Y .  Chur  Symplec t ie  homogeneous
d

spaces n T: ' i l r :s* Ane]: . I* iath.  Soc. 19? (  l -9?4 )  n 145- l -59 )  "
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Although we ean not afford to go into details bere, lt nust be

seld thatr by Ko'stantrs method, a unitary representation of G ean

be obtai.ned fron a synpleetlc homogeneous space X only rrncler the

adi l i t lonal  assr.rmpt i .on that X ie 'a Hani l tonian G-space ( [K] ,  $ f  )  and

this lr i the case when and only when X covers an orbit of the eoad-

Jo in t  representa t lon  o f  G.

lYe lave found that when ihe quant i :at ion procedure i r  appl ied

to a g:nera3- syrnpleet lc honogeneous G-spaee one eau st l l - l  obtain a

f;epresentation of $, whlch is no longer unltary brrt a projectlve oD€.

?'hls remark al lowb r :s to constrrret  l r redueible project ive.  represen-

tat ions of  a sclvable l , le grorrp G start lng f lom lntegrai  2-cocycles

on i ts l , ie algebra o1. (Theorernqr*.J)  and to c lassi fy some of -uhen in- 6 v

te rns  o f  the  orb i ts  oJ  G in  z2(a1)  ( tneoren5.4 .  f  ) .  rn  the  epec ia l  caEP

of a n-: . lpctent (orr  nclre gunf;"uf ty,  exponent ia l )  l le gror-r .pr ,  or l r  con-,

s*nrc t ion  provJ .des  a  comple te  c lass i fLca t ion  o f  the  pro jec t tve

d r r a l  ( C o r o 1 1 a r y  j . 4 , 6 )  .

l i ow le t  us  descr ibe  in  a  few words  our  cons t r r rc t ion

l fe  represenbat ions"  Assume G is  a  connected  and s imp ly
c

' r : . o ! : p .  l i ' i r s t ,  t o  e a e h  c o , : } r c l e  c d , t Z ' ( ; l )  w e  a s s o c i a t e  &

o f  p r o j e c t i -

c o n n e c t e d  l i e

st:ungl;i s)'n-

pleet ic hount;geneor.r-s G-space (X.r9. ; )  n namely the orbi t  through 0 in %*
d

r r r i t ie r  the af f lne act ion . " r f  G correspo*d ing to  cJ (c f  "  ihe.  paper  o f

chu quoted above). Then, after ehoosing a polartzat ion 
$ of % at
( 6 i

, "dr  r , re a. t tach to each l ine bu.ncl le wi th connect ion and I{ermit ian struc-

"bt-rre ( l r " { )  over Xo with curvat: : re forn Aru,  & project ive represc: : , ta-

t ion '7 f  (1 , , ( tL)  or '  G whose equiva le-nce
. J

equtvn lence eJ.a"ss t .  o f  (T,nd) .  Under

have noti" ing to say abou, ut,h; i t  uay

l lven !.rrorse j-t may ha'nperr that Q,, 
=C "

' i :e solv.able,  t i le resi l t r ts of  iu ls lanr ier

concLude that T{,h 1s in.educible and

t h . e  p o l a " . l z u L i o n "  F r . r r t h e r n o r e ,  G  a c t s

class To i^ depends c ' , r ly  on the-nrD

nc add i t iona l  h ) 'nc t l , ; s is  we

be or  may no t  be  - i r reduc ib le

l lov ' rgvsyn i f  G is  assumed to  '

and Kostar:.t lA-i i l  ailow -;e ro

independent  o f  the  cho ice  o f

natural ly 0n the set of  a l l '
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s u c b t s o u o r p h i s m e ] . a g s e 8 o f l l n e b u n d l e f f i t h e o n n e e t l o n o v e r s y m -

plectic tromogeneous G-spaces of the forn (Xo,rO-) wtth <rl nrnning

over  Z2(o l ) ,  and the  nap (n - - - - -  T f  =Tt \  i s  cons tan t  on  the  orb l ts
o  

- ^4 . - - - ^ * i  a r  i  - -  
"  - t f  

t hg  case  l vhen
of G. th is construet ion is part icular ly fnr i t fu l  1n

&. ls  o f  p ro jec t i ve  type  I  (see  p .  20) ,  when i t  y ie lds  a  conp le te

parametr izat ion of  a l .1 eqrr ivale:ce c lasses of  Lrr :ducible pro ject ive

representat ions of  G. f f  O ls exponent ia l ,  bhen i t  j -s of  project lve

type f  and the above paraaetr izat ion is real lzed by the orbi ts of  G

Ls 7"2(ot") . It shorrl i be mentioned that, in principi e n our method of' c '
constnrct lng i r red1rcLble pro jeet ive I 'epresentab*uns wori<s' ivhenever

i t  is  appl ied to a c l -as;  of  T, ie groups which is elosei i  r . rnder cent: 'a1

extensions by R and for v,'hieh the KiriLlov-Kostant method of obtai-

ni-ng i rcedrtc lb le unl tary representat i .ons works.

The na ter ia l  in  th is  paper  i s  o rgan izec l  as  fo l lows.  Seet j "on  1

eontaj-ns some faets aborr , t  extensions of  l ie gror lps and algebras we

wi lL rr**a later.  sect ion 2 deals wi th t t re relat ionshlp between pro-

jeet i -ve representat j -ons and grorrp extensions. $ect ion 3 is devoted

to the study of  the syraplect ie horn,ogeneou$j  spacc associ-ated to e

Z-cocyc3e.  The concept  Of  pOlar j -za t ion  fo r  a  2 -cocyc le  i s  d isc t l ssec

- i .n  sec t ion  4 .  The cons tnrc t lon  o f  a  p ro  jec t i ve  re l resenta t ion  o f  a

tr ie grorrp G by quant iz ing a syr*plect le homog"rr*o"s G-space is given

in  Sec t ion  5 ,  Th is  seet ion  aLso conta ins  the  s ta te$ents  o f  the  na in

redrr l ts,  whi le their  proofs are g: t ren in the f inal  sect tcn'

.0 .  Nota t iona l  convent lons ,  In  o rder  to  p revent  misunders tand ings  we

l ist  below soae notat ior l j  we wi l l  use in the papere whi-eh might not

be standard.  
.  .

O. l - .  T s i ;ands for the gror:p of  comtr l lex ni . rntbers of  r lodt t } ts 1"

0*2 .  The complex i f i ca t i c ln  o f  a  rea l  vec tor  opace Y le  Cenotea  Y*

whi l -e the compiexi f icat j ,on sf  a l -1near ior  mult i l inear)  ma,p .L is

denotec by the sa{l}e synbol )" , wi"thorrt aclding thc subscx'ipt C '



. 0.3- if a Lie grouB o vrrtth l le algebra 
V 

acts ( snoothly) on the i

lef t  on a mantfol6 Xr we denote ty l t (S) the di f feomorphi .snn of  X de-

f lneal  by g€.0t  sqmet imes we shaLL wri te s inply 8.u lnstead of ,  I*(S)u,

for  ueXr , ,

fhe  smooth l  vec tor  f le ld  on  X de temnined by  x€ tL  i s  denoted  byt - d
r * (x ) ;  r 'eca l l  , tha t

r * {x ) ro { r )  =  f t t f ( cxp ( - t x ) .u ) ) l r=o  ,  r€c , (x ) ,  u€x .
stren x'- 'G w1th the natural left  G-act l0n, we*ghal l  0nit  the sub-

ect lp t  0  in  the above notat ion.  F" , r ther  v /e 'shal l  wr l te  i t (S)  for - the

wr igh t  t rans l -a t i on  b1 'g - l€C .  i

F 'cr "  + ,+"(+r  I {g}  denotes the inner  ar r tonorphisn L(g)"R(e)  .  ,

0 ,4 .  f t  
V 

ls  t t re  l ie  a lgebra of  the I1e grorrp g,  
V*  

denotes

the real  dr ra l  veetor  space nf  E1 . /

*al*'pairins, ad*, ad* the 
";;. {rr*r'rl"{r":":-;it; of G and N oo t'.

0,5.  f f  Al  1" a T, le algebra,  L(x)  and X{.1; . )  vqi f f  denc-,o;e theo
j - : ; te r io r  p rodr rc t  and the  j , ie  der iva t ive  w i th  respec t  tc  xeW,g

0.6.  r f  I  1s  a smooth vector  bundle over  x ,  f  ( ix r r , )  s tands for

- ' 4  -

the  vec tor  $paee o f  a l l  i t s ' sm.ooth  sec . " ; ions .

1.  Hxtensions ol  l ie groups and algebras

1.1.  Let  S and K be trvo eonnected l ie gro1.tps.  ?y 
"*  Stu." i !q of

i? by K lve shal1 mean an exact seqlrence

{ H r p } ,  1 - * - + r  I  o M  L  * G * * * . * L

r i lhere I f  j -s a separable local ly.conpact grorrp and L,  p are cont inuous

hcncnorpii l-sms,

r !  o a - o  ^ ^ Y . . * ^ * + - .  t l ^ l  -  l - 6 rt ret  us add some conruents or.  th is def ln i t ion.

{1"1 'L ,  }  K  be : i .ng  separab l -e ,  i  ;  K  - - * *> I {e r (p )  i s  in  fac t  a  ho* reo-
:n*rpir isrn.  0r ' i ing on this rema:.k we shalr  ident i fy K to Ker(p) v la i ,
v iewing I  a.s the inc}rs ior  i r isnr
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(L.1.2) Since 11 is separab1e, the canouieal ly induced map tr1t /X'-*

S Ls a homeomorphi.sn too. Thls and the connectedness of S and K

ensure l rs that  S is also.  connected.

(L.1.3) Moreover,  M adni ts a (unlque) stnrcture of  a I ' le group

whose rrnder ly ing topology i .s tbe or ig lna} one. Indeed, to see ih is

lt suffices to note that M is without sma1l subgroups and then to

app ly  [ ru -2 ,  Theorem,  p .169J  ' "

t1hen in  add l t ion  K ls  eent ra l  in  M,  the  ex tens ion  (MrB)  i s

cal l -ed eentral .

?he set of aIL W ceatral ext;r.sions of S by K

w 1 1 ] . b e i l e n o t e a M E o t o t G , K ) . F r t r t h e r r W 8 d e n o t e b ; r

W nxto(GrK)".  " ' r ,he factor set of  Ertr(G,K) eeeW

WMWWfr 
wlth respecr to the usual equ.ivalence relation. The

equivalenee class of  an extension (Mrp) wi l l  be ' lenctea fUrf ]  J

f- .2.  FrOm nOw on'- i '  wi l l  be always agspnet l  pot  only connected

but also s inPlY connected. 
I

tet  (Mrp )L-ELf ls,K) .  s inee 7t-* to)  = o = f r (G) ,  the homotoiry

exact seql lence of  the f ibrat ion M P r0 r , . i rows that the inclusion

rnap 14 €.--+M inrlr.rces an isorn-orphism between :[-l(K) and i[-1(M) i

therefore lf, is sirnpLy connected if and only if K ls $o'

Now let  I ,  be the s i rnply connected cover lng grtup of  X t  wl th

pK I  I  - -*+K the corresponding pro ject ion.  iTe i .dent i fy f t ( i f  )  to

Ker:(  pk) .

Siven (H,p)e E; f"qS,-)  we shaLl  def ine ( l r l * ,uO){ErtUG,K) as fo l -

Lowst lvl* * M/ . rtK) 
and and p- I ] l lO_*-+G is csrnonlcally lnduced by

p :  M --- ,2 S. f l ie nap (Si , i r ) t*  (%,%) f ran t r t to lG'ul , )  to txC.{O,K}

w11l be denoted Uy Yw*, whi le the i r idueed map from l lxtu(*: t )  to

Ext"( G el{ ) vril1 be denot etl b;r C ovf.- .

C o n v e r s e l y ,  f  o r  ( N , q )  e  i l $ U  r X l  l e t  u s  d e f i n e  ( N * r q * )  €  F  f " t c  o L )

in the fo l lor , r ing way: i ' lF is the s i rnply connected ccver ing gror lF of
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$ aud 'q# = e-p*, where F* , ***-t * is the coverlng houonorphism.

I t . ' ' ts  easy to check that xer(q#) is lsomorphlc to I ,  hencer,  af ter

tdent l fy lng thero,  ( ls t r rq. f )  becomes real ly an exteusion of  c ty 1, .  The

map thus defined (n rq)r-+ (N*rf l )  from {rt tG rK) to Fzlo(G,r,)  ls deno-

teit  ayYw# ana the tnduced rnap fron Exto(G,K) to Exto(G,l)  j .s d,enoted
F'Sov " .

,  fo ooncLrrde this srrbsect ion we note tha. t  there is no problem in

verifylng that cov*, and Oou* *"u urrtually inverse maps whieh put in

s,. one-to-one eorre spondenc e nxto( G r I,)

w i t h  n x t o ( o r K ) .

1.3 .  te t  f  end 
V 

denote  the  l ie  a lgebras  o f  K  and G re$pect ive ly .

S.n exle4glorl of Y by f is an exact sequence of Lle aigct';as anil:
, U

l ie homomorphisure l

(n i  ,  \ ' ] ;  a  ->  t-  '  t '  ( J

, r , ,hen f  ts con+;ained in the eenter of  ]?t  ,  the extension is eal led

genti:a.1.

fhe  seb o f  a l l  ex tens ions  ( resp .  cen t ra l  ex tens ions)  o f  d*  AV I. o v

wi.L l - 'be denoted e ' - t  (qrL )  ( resp.  c , r -E^(r , ,L)  )  and the correspon-  \ -' J t " o ' d 2 - "

df.ng faei;or set relat lve to the u.sual eer.Livalence relai j -on wi l l  be

a e n b t ' e d  e x t ( * r L )  ( r e s p .  e v t  ( n  t  I  \, t t  L  )  (  resp.  exro(Wr. t .  )  ] .  ly  [ t t r r f j  we shal1 denote the

.* l 'Fi ivalonce. ' ,  elns: of the extension (F],  y )  .

fhere is a s inple relat ionship between

{MW ux to (GrK)  and  ex to (  
V , f , )  

wh ich  we-  p roeeec  now to  desc r ibe .

First  of  a l l  1eu trs renark that  in v lew of  the previols spbsect j .on

there wi i l  be no loss of  general i ty in assu.rning K slmp)-y conneoter l .

l low s' iven i) ' I rT:)e , .5r, f .1c,r; ,  by paesing to l ie algebras we get an

esteneicn ( f f i ryrc 
"* t " (y,L l  

which we denote X**t lv t rp) ,  The map Xe#:

E-*rtG,K) **- ' i '  e,w:i(y1., i  )  so deflned indrrees a uap l ie 'F fr , ,rn

Si r t t0rK)  to  e ' ; ro(  
V,L ) .

conversely, to each element (nl ,  y )e e'r-CJT, t  )  rnie assocl,ate an

*x tens i -on  ( tuop)  ; ,Yr * ( t l ry i  o f  G by  K as  fo l lon 's :  l , {  j - s  the  s inp ly
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soanected Lie group wl,th T.,1e al-gebra 111 and K -> lW r F I M

are the l le homomorphisms whose dlfferential-s are f-r111

*--o q- r T€spectlrrely' Ve have thus obtalned a uap N,ku
o

the

ont o

- e
and v : Tll

t

E x t ( G . K ) .
, t -

tr
ano 11€

corres-

R ,  * €  
V ,

ions betvreen (lttrrf* ) anC

cxt r (yrR)  g ives r lse to  e  map [< ' r ] t - *h i f . . ,Tr ]  f rom * ' tY)  to  exto(#,n) .

I t  ls  wel l -known that th is map is in fact  a bl ject ion.

2. Ire ig-gl:Igjspre sentations and gisug_9xtgnslgng

0iven a separable l i i lber- t  space H we denote by U(H) the group cf

al1 i ts uni tary automorplr lsrns,  endowed with the s ' i rong operator: .a l  to-

pology. Further " 've denote by FU(H) the project ive uni tary group U(H)IT

where the c l rc le group ? is v iewed as the -centra!  c iosed subgroup of

U ( H )  c o n s i s t i n g  o f  t h e  s c a l a r . r i r . r . l t i p l e s  o f  t h e  i d e n t i t y  o p e r a l o r  I d t

a n d  w e  g l v e  P U ( H )  t h e  q u o t i e n t  i o p o l o g y ;  p *  I  U ( H ) ' * " - - > P U ( H )  s t a n d s

z eotro(y, t )

--u fl:/clGrK), rvhich lnilr:ces a nap T,leo, frouo ext(g) I ) to

I t  ls  j r :s ' ;  a t r iv ia i  observat ion to reuark that  I leO

are uutually inverse maps which , W indrrce one-to-one

p o n d e n o e s  b e t w e e n  e x i  o ( p , l )  
a n d  E x t o ( g r r ) .

.  1.4.  By Z2( u1) we s?raI l  c ienote as usual ly the vector $paee of  a i l
/

Z-cocycles on 
f , /  ̂ re lat ive 

to the t r iv ia l  act lon ot  y on R.

Fcr  each,^ :e? ,2(E)  one de f lnes  a  cent ra l -  e r tene ion  (U] .^J rY*  )  o f  
Y' ( t  '

by R in the fo l lowing way:81_ 1s the i ie algebra whose under l"y ing

veetar spaee is R*y,  the braeket being glven t ' - r  t l ie forrnr: la

[ ( t , x ) , ( " , r ) J  =  ( - a r ( x , Y i , [ x , d  ) ,  r , s ( R ,  x , { Q  
T . +  i

pro jeet ion 
%rUt* . ->rL 

ls  ius t  tbe canonica l  pro jeet ion of  R*  ?

Y ,  and O-+11) ,^ :  ls  the eanonica l  inJect ion of  R in to  R^Y.

Now i f  6d l= 6.J  + dI  ,  w l th  7r { ,  then t l :e  } ie . ,  homomorphi .sm

fr t h* --+l}}ar, given bY

Y^(  " ' * )  
=  {  r+X x}  ,x )  ,  r  €

establ" ishes an c, i r . r ival-ence of  extens

( l l . , lY* , ) ,  I t  fo l lows that  i i re  ass ign{ment  '^ ) tz l (u t  ) r ->  [ l i t * r%i{- c

fo r  the  canon ica l  p ro jec t j ,on .  - i - t  i s  conven ien t  to  x "egard  an  e lenen i  o f
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PU(H) as an automorphisn of  the project ive spaee FH associated to H.

By,a 
"+l}ary 

(resp. proiegt*fgl lglresentation of 0 l .n H we mean
a eont inuous houombrphisn of  G ln U(S) (resp. pU(H) ) .  Ftecal- l  that

two pro jec t i ve  repr .esenta t i "ons  T , :  S  - - - -+pU(Hi ) r  i=1r2  are  sa id  to  be

qrgieet lvefy ee.uivalent f f  there exi '$ts a unj . fary isomorphisu U ,  Hi

*Hz euch t{at, 1f 0 : PHr---+ PH, denotes the. eorrespoading isonor-

.$lrtsar cf prejdetive spaces, then fr"rrr{s) = TQ(g).f i .  The uet of a1L
*qu!"val-ence 

"L*""** 
of l iraducible proSective representatlons of G1

whl.ch we cal l  the pro ject ive c iual  of  G ,  wi l l  be d^noted Gn .

2 . 1 .  t e t  ( t { r b )  b e  &  c e n i r a l ; x t e n s i c r r  o f  t h e  c o n n e c t e d  a n d  s i n p l y

eonnecter l  l , ie  s roup S by  R.  A  , . i r i ta ry  representa t ion  
f  :  M +  U(H)

?f , iwi l l "  be ca l led pro iectab le_ i f  
S( r )=e" : " t * rd .  In  th is  ease there exLsts

a unique proiect lve representat ion e ,  G -+pu(H) such theet

0 --+ R .---+ lo --t--*' G .-----'l

*ott I s l  \
v

? l-+
r '-  *T,-_;u(l i) 

F--..-PU(H)-*-"r
g*nrnutes .  

'H

I{ow let  f i  :  M -+u(Hi)  r  i= ' f  12 be pro jectable uni- tary represen-

tat ions snrch that i ,  u"o . in are.  project ivelx eq,, . i ia lent  through the
I

un i ta ry  l sonorph ism U I  l i r *+Hr .  For  each m€M ond has

(u .g r ( ,n ) )^  =  0"?r (p (m))  =  ? r (p (m)) "e  =  (J r (m) ,u )^o
}r*nce thore exists a uni tary eharacter,  .T-t  

M __-; , I  such that

32(ur)  =  )v( rs) .u"5r (u) -u-1,  rn  €1. { .
fhie aeans that g e 

anil X 8f1 *"u wrltai:, i ly eqr:ivalent representa_

t lons  o l  l t i ,

2,2,  i ' /e want nov' i  to at tach tcr  a give.r :  project lve r .epresentat ion
' {c  $ - - * - }?u(H)  an  ex tens l6p  ( } , f r r . ro i€  F* l " rGrR)  together  weth  a  un1*

ta ry  rep t ' ssenta t to r ,  # r  Id  - * ->U(H)  and then to  re la te  th is  *ons t ruc=

t isn  t *  iha t  d iscu-ss ied  in  A .1"

Conslder,  the topological  subgrorrp N", , -  of  U(H)xg consist ing of

t h * s e  p a i r s  ( u ' g )  w h i c h  s a t i s f y  n ' ( u )  * T ( g ) .  D e f i n e  T  - _ * > l t *  t o  b e
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t r . - -+ ( t . fd r { )  and q-  i  i l . , - - -+G by  q_(urg)  =  g .  C lear iy- -7r 7r - -gr-
o -

(N rq -): 1 > T ----+ N- 
=tq----- 

0 -']-'  
l i ' 

-TC' n-

is an exact seqTr.ence of topological groups and contln',toue homooor-

p h i s m s .  M o r e o v e r .  o  i E  a n  o p e n  m a p  ( e i n e e  p , l s  B o ) r  h e n c e  { " / t ' i s.  - t r  -H

horneomorphie to G. I t  fo l - lows that N,, .  is  a (separable) locaI ly com-
7 L

pact group. fheref ore ( l t*r t /€ E*A(c rf  ) .

I ,et us now define (I i , , r l . , . )€ El: fo(srR) to be Vrv ,Q.o).  ?he naB

(urg)F_-+ u is a unl tary representat ion of  Nr. ,  whlch when composed

i , -onverse ly ,  le t  ($ ,p le  Ex, to(* ,n)  and 
S I  M -*  u(H)  be a proJec-

A' sab le  un i ta ry  representa t lon .  Put  ' i f  =S 
.and eons ider ,  as  abovc ,  the

assoclated extensions (F*-rto) €. En,to( 0 ,T ) , (nto,n*) c Frt( G rR) . r)ef tne

now ] f  ;  i r r !  - * : "Nr r -  by l { (u r )  =  (5 ( . t ) ,p (m)) ,  and then fo rn  the  d iagra .n

0  - + R - _ - : M \  .
^zri? I V.l, \. ' G -+ 1e  t  - v  

- - - - - '
L -*-r I *-_> N{' qn

wbich obvlously ct ,nmute s.  $ ince I{  is  s imply conneeted $*an be 11;-

ted to a l ie homomorphisrc f  :  }T --+Mr,-  which nej tes the fo l , lowing

diagram coumutat ive!

, - M . -

o -:--+ F. {-' IoS* G *--.-}1-'--__o 

*:---"-'' *f 'lr
f :

g is an equiva. lence between the ext*.r : : j .ons (: t trp) and

fn addit ion one has S 
= . f  "  4

2n3.  I ,e t  q  :  s  -??U(Hi ) ,  i=112 be  pro jec ' i ; i ve ly  equ iva len t

representat ions v ia the uni tary isomorphis ln U r  f i l  *H2" .Tt  is  not

d i f f i cu l t  to  seo tha t  the  lsourorph ism 
% ,  * .q  - *?  {n , ,  c ' le f ined  by

% ( u , s )  =  ( u o u ' u - l r g )  o  ( u , s ) €  i l . '

establ ishes an eqnivalence of  extensions betweer ( , t "  ,e, .  )  ancl
t 1

t x\ *-lt

wlth the covering homomorphisn

represeuta t ion  f  r  M* . - * - -+U(H)"'r(

t  =Ti-  is  pro jectabLe a; id , that
J

Aetuall j '

( \ , u n  ) .

l{n-* N.r. Blves rise to a unitary

ft  is an easy naiter to see that

3 = 7 1  '
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,Nrr* rax; ) , Then 0U r *o,,-*+M' , the lifting of VU to the sinply

connectad covering groups, bstabl ishes an equlvalence of extensions

between (tt.q rF;.-, ) and (M% rFry, ). Furthernore, fr, and {.6u *"*

unttar i l ;y  eqrr lval-ent representat ions.

2 . 4 .  s u p p o s e  n o w  t h a t  ( h T i ' p l ) €  t t l t o ( 0 , R ) ,  i = 1 , 2  a n d  t h a t  f i  ,  M l

---?U(H{ )  are projectable uni tary representat ions whose associated*
, ' : A

pro jectr.ve repre sentations 3; ; G --zPil( ltf ) are equival eet " Then , by

conb in lng  2 .?  and 2 ,3 ,  one can see w i thout  d i f f i c r : l t y  tha t  there  ex is -

ts a l ie ' lsomcrphlsm 
Q :  i ! I r - -+M, which determines an ec.uivalence

of  ex te : r ; ions  be tween (Ml rp ' )  and ( t t l r rn r )  and has  fu r the l  the  proper -

ty that  31 and 3Z"Q are uni tar i ly  equivalent representat ions,

3.  The symplect ie l .omogene_;,r .s spaee associaled

, to .3^bl"yg]g

fn  th is  sec t lon  &J  w i l l  denote  a  f l xed  e lement  i .n  Z2( r l . ) ,  r rJ  be lng
U U

- ' l  the l te algebra of  the connected. and. s iuply eonnected T, l ,e group G.

on R * q* by the f ornnrrl.a
d

\ ( ' , ) ( r , l )  =  ( o , a o x t x ) , 1 .  +  r t ( x ) c d ) ,  x € y ' !  ,  { r , t r ) € n * y l
G U

fhe group G belng simply connected, there exists a r :n iqu.e representa-

t , ion Tut of  
; ,G 

on Exy* whose di t ' ferent ia l  ls  6r .  f t  1s easy to see that
.x.

T d o ( € ) ( o , l )  =  ( o , a a * ( s ) l ) ,  B € G r  T r V * .

On the other han.d ws obsewe that T* must vebi fy

T . - , ( g ) ( r r o )  =  ( r z ( g 1 r r F * ( g ) ) ,  9 6 , s 1  r G R l

vr i th x r  G--->R-lo]  and F* t  Gn7* '  analyt le.  s ince f lo,  is  a represen-

tat lon,  on.e can s€e that ? is a Lie homornorphisu and F- sat isf ies

( 3.  l  l - )  Fr(  sh )  = Af,(  s)qr(h) + F.u( s)  ,  B,h € G.

Now taking lnto account the faet that  the di f fereir t ia i  of  T- is E\.  ;

one dedr:ces that r t  is  ihe t r iv ia l  bomouorphisn arrd that  Fcd has the

e x p r e s s i o n

( i . 1 . 2 )  F ( 9 x p  x )  = *  f r t " c n t x ) ) n " t ( r ( x ) d )  I  x € . " 1 .
(A) n=} "" ()



1 1
* * c

f lnal3.y, ope obtains

(  3 . 1 . 3 )  r * ( e ) ( r , l )

I,et us denote by I

( " , A d * { s } X  *  r q r ( g ) } ,  s C * ,  ( r , i l  € R x g x .
the :retrrral representatlon of S orr'

v i e w  o f  (  3 , t . 5 ) ,  w e  h a v e

G (.d) ,

*  - *+X,  be the 'c&i lor r : -cs l  pro jec-

( 3 . 2 . 1 )  a n d  ( j , Z , Z )  w e  d e d r i c e

.*
o

Z2(  y )  t oo .  Exp l i e i t e l y ,  A r l r ( s ) (6 ) (x , y )  *  f i (Ad (g , - l  ) x ,ea (e -1 )y ) ,

; f o r  g 6 s ,  { € v , 2 ( y . ) ,  * r y € * ,

$tar t ing  f rom (3 .1 .A7 one can eas i l y  see  tha t

Fea"(s)or(exp x) * td*(aia{s=1{"xp x)s), B € }r x e gl ,
whlch ,  when coub ined v , ' i th  ( j .1 .1 ) ,  lead ,s  to  the  fo rmula

(  3 .1 .4 )  rAd* (e1 ,o (h )  =  to * (e )%(s - tn * )  r  B ,h  €G.

cons ide r  nov r  the  l Lnear  nap  D*  :  Rx  y "  - - r zz r .p ) ,  g i ven  by

n*(rr l)  : :  d. l  r"  r( . , ; .  Onc irus

.DaroZ*{x)  =  Xf t ) .o .^ ;  ,  *6y.
Ar x€ x1'*) from 

7 
,o 

TLlr'(F ) ) is t ire dlffe'ential of the
, ' tonomorphism Ad' '  ;  S --- ,2GL(Z/{yt) ,  Lt  fo l lows gt* . t

( 3 . 1 . 5 )  D . ' r , ? * ( e )  =  A d * ( g ) o r ) *  r  g € G r

vrhlch is eguivalent { :c

Ad ' (g )co  -  c ,J  =  d (Fco(g)  ) ,  g  &s .

3 .2 .  le t  a l l  no ia t ion  l te  as  above.  fn  r rCd i t ion  ,  le t  ue  denote :

s(* i )  =  {sec ;  %(B)=o}  an , r  q (L i )  =  I  x lo t  }  t - (x )ce  =o l  .L  _  J '  L  d -  
- J

f l : e  f o r u u l a  ( 3 . 1 . 1 )  i m p l i e r :  t h a t  * ( o , )  1 s .  a  ( c l o s e d )  s u b g r o u p  o f  G
a:d that e(c ' r )  = 

fee* l  
r*(ha) *  Fc*(h) for  any h e Gj .  rherefore s*

fa 'etor izes througir  a nap f .*  I  c/e(u,)  -> 
In 

,

$ inee t1e G(c. . . )  = 
ix*. f l t  

exp tx e C(,-v)  ,or .  *r .U t(n]  and, on the

other  handr  €xF tx  €G(u . ' )  i ' c r  any  t (R i f  and 'n1 .y  l f  L (x )oJ  =  0

. ( c f .  ( J . 1 . 2 ) ) ,  o n e  g e t

( 3 . 2 . 1 )  t l e  s { l u )

Frrrtherrnore r w€ observ,t

i 3 . 2 . 2 ;  A d * ( B ) w *
' Now set X,,r = G/C{,.,J) snd

t i o n .  F r o m  t h e  d e f i n i t i o n  o f

(  3 . 1 . 6 )

= E(&-r) "(t

that n in

td '  r  Se

, t e t  e u ,  i

o { ( : o ) ,
/1
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that there exists a u"nique G-lnveirisnt elosed 2-form 9.^, on X- snch

tha t  ta l r t g - ) ) ,  = (x ) ,  where  1€g  j . s  the  un i t  e1ement .

!o simpll fy tbe notat ion, when no eonfuslon can arise, We shal l

wr i te  shor t ly  XrerorFr f  ins tead of  X*reoro.ur4ur f r . . , r  respect ive ly .

For each x7y Jet us define fxeg*(X*,) by

r * ( q ( s ) )  x  ( r t e l  , x >  ,  s € 0 .
r t  i s

a s  l n  0 . 3

(  3 . 2 . 3 )

(  3 . 2 ,  i )

3 *  2 . l - '

( 3 " 2 . 5 )  U ( " x ( x ) ) o  =  d f ' x ,  x €

T o  t h i s  e n d ,  l e t  u s  f l r s t  n o t e  t h a t ,  s

fJ .ces  to  check  tha t

f f  u t r r ( x ) ) s )  s  d ( * r * ) , **7 ,

an eesy  mat te r  to  see ; -ha t  the  vec tor  f ie ld  r " i  x )  de f * -ned

sat is f ies  the  fo l low i ; rg  re l -a t ions :

k ( s ) o t * ( * ) r ,  r r ( r r d ( s ) x ) g . u . r  8 € G ,  u € x i  
d

r * ( x )q (e )  =  - e * (1 , ( g ) *  ( ao1a , - l ) x )  )  r  s€G .

Sqfggglg{. (x.u,,o* ) r*-g p!to*qly *xgplqql}9_b-"F*gg"
Proqf  .  Prec ise ly r  wG sha l l  p rove  tha ' !

vJ' o
U

i n c e qx  is  ln jee t ive ,  i t  su f -

N o w  1 e t  g € C  a n d  x ( ? ,  O n e  t r " a s ,  f o r  a n y  y € $ . . 1

( t a,.tr.,( rx(x) )0) )*,r,( s)* r) = (r l i  rr(x) )e)g s) ,k(s)o" ro(rD 3

-  oq(s ) ( tx ( * )q ( ; l ) , rx (s )^ "qr " (y ) )  =  ( rx (s  1 ) *oq . ( ry ) ( r r ( * )q . (s ) ,k is \ :an(y ) ) ,

oq( ,1)  (  r r r (  * - tL  r * (  : )  q(  e) ,4 . r . ( ; r  )  )  =  oq(  r  )  
(  -q* (  Ad(  f  1  )x) ,  {x {  x )  ) ,  *

a r ( y , A d ( g - t ) * ) ,

0n  the  o ther  hand ,

sL  Y )  g

xp ty) ,"> ir=o +
=  c o r ( y , A d x ( d 1 ) * ) .

c : <
u t ,

d
+ -TT-' o t

T h l s

( t f  ( d r x ) )d , t , ( a ) *  r )  =  <  d ( f x "q )s , t (

( r ia .€xF ty ) , * ) l r *o  =  f t (ou* (e)p(e
(u tu) ,x  )1*=o =  (  ouo(s ) ( { , (v )d ) ,n )

proves our  ssser t ion,



J . ! .2 .  R3qar* .  In

1 )
J . J -

contrast with the eonstnret;on

f or the ease when C,.) is a coboundery, the uap xl-'>fx

Lie homonorphisu with respect to the Poisson bracket

ever ,  i t l  sat is f les

r - \
given in LKJ

is  no ulore a
6

on c*(x) .  How-

uo3-ogy elass F*]Ant( l{rrH) is integral-.  This lntegra}i ty property is

2 .  *

p r e s e r v e d  b y  t h e  a c t i o n  o f  G  o n  / , t ( V ) , I n ' l e e C ,  i f  C r J ' =  A d  ( S ) C *
. o

. * : , t t h  g € c ,  t h e n  f r o m  ( J . 1 . 4 )  i t  f o l 1 o w s  t l . l : t  S ( 0 , . r ' )  s  I ( g ) C ( t l ) ,  h e n c e
.x -

I(g) indu.ces a di f feomol, l i . ism i (g)  i  X*---?X.^1r streh that i (g) 'O., . ) ,=

*  g* .  ?h is  means tha t  1 (g)  ie  an  isomorph ism o f  sympl -ec t ie  spaces*

' I ; r  
part icrr lar  i t  preserves the intcgral i ty condi 'c ion'

The'  subspace of  a l l  integral  2-eoeycle in 'Lz( ' r f  )  wi l l  be denoteo'

?,3(?) .
4. ?ola: : izat io:rs

^ - . r ^ o ' r  s a l . r r  
Y  

l a r i z a t i o n4.1.  A oomplex subalgehrar D 
n:*^ nr i lJ  be caLled a !9' 0 Q

c f  W a t  co  ezz (q - )  i f  i t  sa t i s f i es
{  0 '

( i )  h ls a maximal l ; ' r  i  sotropic sLl

v ' a

( l i ) h + 17 ts a lie su-balgebra of
. - t ,

(  i  i i  )  h 1s ldcc (  c. ;  ) -  stable .

I f  in  adr l l t lon  h  sa t is f ies

( l v )  i i l ( x , * ) < o  f o r  a n Y  
" € h ,

' t

I
(  3 . 2 . , 5 )

l
I
/

3 .  B ,

chen i t  i ' r  eal led a poqi t lv , .e- i lc : -

3y  1 I  we i leno te . the  r j - l - rad iea l  o f  s l  .  se t  s (co l r r )

, l d
F  ( E ) h f  =  0 1 .  N o w  w e  s b r l l  s a , " *  ; h a t  t h e  p o l a r i z a t l o n

{ J '  - ' t  
J

rL ib le  i f  i t  has  the  P roc€ i ' tY l

[ r " , r {  -  s [ " , Y ]  - c d ( x r y . ,  ,  x r y € y ,

We shall say that d*) ls an integral  2-cocYcle i f  the coho-

of Vt reletive to ft") I
\\

b e P '  " P
i

€ 7 . . l
. { f i ,

r
3 4

L

b  i s
s # G i

nil* adrnis*

(v)  T i  nn*  is  a  maxi rna l ly  isot rop ie  s*bsBace of  I1C re la t ive bo

,^ : l r i ax ) .1 ,  and ,  i t  i s .AdnG( ta l t l ) - c i ' ab le .  '

From ,ro* . r ,  I  wi l l  be a f ixed polar izat ion o,  
Y 

at  d 'J "  Consid 'ex:
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the t ie cubalgebr.as of 
ft  

arven by: ^\ = hn W 
and

?hen it is easily seen that

( 4 . 1 ^ 1 . )  v & o ) c 6 c  a )
U

( 4 . 1 . ? )  i l c  = h n b  a n d  V r

(4 . t .31  J  ts  the  or thogona i  subspace o f ,  0  re la t i ve  to  d  and

thus the eanonical ly indrr .ced, 2*forrn A on e/b 1s non-degenerate.

I,€t D" a,nd Eo denote the eonn+lc'fed I-ie subgroups of G whleh

eorrespond to the suhatr-gebras 15 and e reopeet ively.  $ ince )7 is

s tab le  u ,nder  Ad^0( . - * ) ,  Bo  and E*  a re  norms l lzed  by  G( ,J ) "  T t  fo l lov is

that I) * i loG.(c^: ) and p * EoG(c.; ) ere srrbgrouPs of G.

Yi i th  th is  notat ion,  we shal l  say that  b  is  a  c l ,oser ipolar l  zat  ion

i f  q d ( a )  ( *  F * ( n a ) )  1 s  a  c l o s e d  r : : t . i n  
f  

.

4 .2 .  - l :e t l r rn j -ng now to  the no-{ ,a t ion ] .n  l ;4r  le t  ( I t .u  oyr"  )  €

e. ' io( 
V,.r)  

an,t  tet  (nr*,n,r)  = Y-e*i i ) l .u,  r /*  )e ErlutG,I i )  be -bhe

e =  ( h . T ) f i w .
' ( t

' r Y
*  ) ) + D ;

i :ssocia-ued tr :  the f ixed ?-coc3rcLe cr, ,  .  ' rye shal l  ident i fy

exf en-

tllj tos:.  ons
.ir

I\ \ \,J
a

i  4 " .  4 . 1 ;

in t .*e ot ,v ious manner.  $ inec r tc))1* i "s centr .a i ,  t re c i :ad jo int

rep::eEei l ' ;at j -cn o1'  1T1r,- ,  faetor j" res through a represeutat ion r : f  rp 1n
r * v' r ' r \ ' "  i )  v  r : '  wh ich  i s  j us t  6 . . .  f t  f o l l ov rs  tha t  on : ' ;  has{ l J . - . . , *  t  ^ ?  ,  - ( ] ) -

Def inc  { ._^e  t t i , i  as  be j -ng5 (1 , ,0 )  i  n  ̂  
i ,  

The danger  o i "  c :n fus ion

be ing  o : : t  o f  que* t iono lve  sha lL  d rop  ln  the  seque l  the  spbscr lp t  Lu

j"n tl],ss , Y',^, n tc,,, , M,r ,p{d ,

.  
' f ie wi i . l 'now J. ist  soroe facts which are yer l f ;ed in,  a st . r ,a ight{r)r-

lva: 'd ws..r :

I( 4 . 2 " 2 )  Y - i c . . ) )  =  d { i

(4 .2 .31  l - , ' , (  l l  
i s  a  po1ar j -za t ion  u t  1 .  a t  tu l  i f  an& on ly  , t  T i  =

r  Y* l tT7  lc : i lo * " i "  a  oo : * r rza t ion  " ,  d  e t  {  i  , " - - * r .  sc rbe  or  [ r , -x ] i :
,  

-  
' : / u

( t , ,? ,4 j  
' i r )  

i s  i t  po$ i t i ' , ' e  po la rusa t i i l i :  a t  L*  j . f  and  on ly  f f i  h  1s

a. i :osi t ive nol .ar izat-r .on at  {  i

( 4 . 2 . 5 )  i e t  $ r E  b e  t k r e  i { r o i l p s  e s s o c j - a t e d  t o  t h e  p o l a r i " . z a t l o n , }  a c

* .?. ;or :e,  r :nd l .et  S,  iY aenote the grcrps associated to T as in ia* ;c,
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-r t\/ 1 N .-1

I " 5  l i  t h e n  D  =  F  
t ( n )  a n d  T  =  p - t ( e ) t

J Y

(4 .2 .6)  the po lar izat lon b le  c loseal  ( resp,  n lL-adnles ib le)  l f
^t

ancl  only f f  h sat isf tes the Pukanszky condi t i .on (resp. is strongly

aclmlssitrle ) .

These renarks together wl th Proposl t lon T"5,1 ani l  Proposi t j - t ln

r - t
L5,4 fron IA-f I  give the fol lowing consequeneesi'  

L  - J

(4 .2 ,7 )  w l th  the  above nr ta t ion  D is  s losee l  i i i  O  and Do is  i t s

lclentlty component I

( 4 . e , 8 ;  i f  h  l s  a  c l o s e d  p o l a r i a a t i o n ,  t h e n  E  l s  c l o s e d  1 n  G

and E^ is l ts ldentt ty eouPonent.

Frrr theruore one has

(4 .2 .g )  i f  b  i s  a  c losed po la r lza t : i .on  a t  c r r  ,  i i l en  Far ( I )  i s  a

l lnear var iety in ol t  ._ ( /

|  . - _  -  r J  , f . . 1

I n d e e d ,  f r o m  ( 4 . . 2 , 1 ;  a n d  ( 3 . 1 . 3 )  w e  d e d u c e  t h a t  
{ A q " ( A ) ' J  ;  d € - L t  I  E

= 5  ( l , F o ( d ) ) ;  d € D i c . B x p * ,  a n d

s e q u e n c e  o f  P r o p o s i t i o n  I . 5 . 6  i n

F lna11y,  1e t  u ,s  obsewe tha t ,

ri-.z .5 in t*o] ' one has

(. 4 .2. 10 ) i-f G ls solvable r &r$"

ei,t r,{-) 1g cLosed "

4,3.  t r ' rom now on we sr la l l

clairn is now a direct  con-

o f  { + . Z . ' j )  a n d  P r o P o s l t i o n

all-adrnissible polarizat.ion of q.
dt

, Y
suppose tha t  t?  i c  e i  pos i t i ve ,  c l -oE;ed

our last
t' 

-f

LA-KJ I

in v iew

polarization of Y at cd . Slnce the 2-forur C,,,":laxO is Ad-.1)*invariant

a; td  L (y ) (c , . . l l 0xa  )  =  0  fo r  any  y rb ,  i t  indr rces  ar i  E- lnvar lan t  2* fo rm

on E/D wh ich  by  (4 .1 .3 ;  i l ;  non-c lcgenera te .  In  par t i cu la r  there  ex is ts

on n/D en E-i"nvariant volune element' f,f ierafore tbe' modular funcii-on

with t t re restr ict lon to D of  the nodular

n c w  &  s l r i c t l y  p o s i i i v e  f u n c t i o n  p €  C * ( G )

=  q ( e ) a * ( * ) * r p ( s )  f o r  a n y  s € G ,  e € l : r .

AD

A E
' F (  1 )
e ech

of  D co inc ic les

cf  I  .  We pick

= I  and { r (ge)I  ' r -

t

gsG we defl"ne

funct ion

srrch that

Then fo r
- 1  ^  -  r .

u  * s s : r
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where qn ! G-.---+C/n ls ttre cancnieal" proJ'eetlon.

. Y

4.3.L.  lgf infA.  I f  x-€f  r  gra€$r then (qO)*L| , ( "L11)P, = g.
I t )

PToof .  Actual ly,  the stated f  omula ls val id even f  or  x €Q .

fndqed, one has ,_

(ep)* (1 , (a)*x)P*  -  * tPuf  aa(a.exp tx ) ) ) l t=o =

c  , P t . { l u . * * p  t x ) i l  ^  6 ' - * 1 - r  I
3t +l l;^'4};-kor- &1*."*pffi)lt=o = ;gt;ffi) !t=o = o.

t r

Before  f in ish lng  th is  subsec t ion ,  1e t  us  f i x  one &ore  no ta t i .on ,

wh ich  c r ; ' responds to  
F  

and.  to  a  eho ice

R e c a L l  t h a t  f o r  a n y  f € C  ^ ( * / p )  a n d  g € G
r "

(4 .3 .  r - )  5  p - tu ) r (s -1u )dF(u )  =  I
G/a' * , c/n

; i  l i '  l '
2+ Throughorr t  th is sect ion G, vr i l l  b.e alr .  i .ntegral  cocycle ln Zt(E ) ,. ( /v

h  w i l l  deno te  a  c losed ,  pos i t i vc  po la r i za t i on  o f  W a t t r " J  ,  D ,  E  w i l l' t  - -  
d

t 'c  the assoeiated o losed s : rbgroups of  G$ x  = X* ,  e  = ec* , , r  g  = o* ;  r

F - ;  F . " ,  have the same neanlng as in  3 ,?,,, {A,

i - - l  V
,  5 . 1 .  A s  i n  I  f  l r  l e t  " / v ^ ( X r 0 )  d e n o t e  t h e  s e t  o f  a l l  e q u l v a l e n c e

\  L  J '

for  l -ater usel  p wi l1 stand for the qnasl- invar iant  measr;re on G/D

of a l 'eft Haar ne&$ure on 0.

one has

f  ( r r ) d l " t ( u ) .
I

i ,  ? ro_ jgc t ive  represeLr ' ,a t ions  cons t ruc ted  by  tba

qpant izat  lon proeedrrre

classes of  dompi. ;x l i -ne br:"ndies wi th conneet lon and invar iant  Herni*

tLam structure over Xr wl t l t  c ' i rvat i l re form.9. Since c^J |s assuued to
\r' r -.r 0 \,f

b o  i n t e g r a t ,  4 ( x , o )  i s  n o n - v o i d  ( c f  .  [ n ] 1 .  p l c k  { e { . ( x , a ; ,  t h e r
t)

(L r4)Q{  and le t  p rT ,  :  l , - - - ->X d .en* te  the  cor respond inq  pro jec t ion .
r \

Now let  i$p (X) be the group of  a l l  d l f feomorphlsns of  X rv i r leh leava
l l v l t
& unchan6eo:1 ,  and. let  { ( t rq)  be the group of  a l l  d i f feomorphisns of  }

whj.ch cornmrrte lvlth the scalar multlplieation and p-reserve both the

connect lon  fo r rn  and the  l ie ry , r i t ianr  s t ruc tu re .  Then,  accord ing  to

Theoren 1 .13 .  i  t "  [4  ,  one has  the  exac t  sequence o f  g roups

( 5" 1..1) 1-*-> t -------s(Sn,; )--*=rtt (x) ----21
,
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I

where the inject ion T-4€{f,rn; is def lned by thc scalar act ion of t

on I ,  and the proJeetfon F(],r"()€ gotX) 1s given by er_.>?, A deno-

hisu of X lrr"r, that prf e = t"Prt.

Consid,er now the proJectior pn :  X = C/G(C^J)--+G/3 with f lbre

D/G(cx.r) .  $ lnr .e F lnduees a di f feomorphlsm of n/*(c^J) onto F(D)n

(4 .2 .9 )  inp l ieg  tha t  D1O(c .u  j  i s  conneeted  and s inp ly  connected .  Note

.l lso that S vanishes on ;he flbres of !*. These two r*u.arks ensure us

that the parallel transpsrt along curves whleh are coupS-etely contai-

ned ln the f ibres of  FO i lepends only on their  extremj- t ies.  Thus for

ray two points urv€X such that Pg(u) = pn(v) CIne can def ine r : .nambig-

uOusly an isonetry PU 
r, 

t 1.,, -? Ltut nantely gi.ven by il:c parEi.11el

t ransport  a long any curve eontained i t t  p i l ( I rn(r , l ) . " .n:- th ln i t ia l  poLnt

rr  and end polnt  Y.

$ef ine now an equi-r l r . lence ral 'at ior l  on t  es fo) lown: arub i f :  Pp(u)-

= . p . . ( v ' l  a n d  p  - - ( a )  =  ? r ,  w h e r e  u = F r r ( a ) ,  v = p r - ( b ) .  T h e  e e r r e s p o n c l i n g- l ) '  -  
t t  r v '  

'  ! '  '  : - t

quotlent space w111 be Ccnoted L/D, vrhi le ' fO I L * - :>fy'n wif f  stand

far  the canonica l  pro ject ion.  I t  is  per fect l l '  c lear  that  ?r ,  factor i -

zes throrrgh a mep prl/n I VT ->G/fr such that the diagran

F^
L - ,  "  >I4tD
f ' '

Ff '  I  lP f , r  /nrrd' ,l' L'/ Y

\ x --_->c/D. trF

eomrnutes. l l loreove* p"Vlt z l,/T -+G./F is a conpl,:x l-tne bunclle wi.th

Herui t ian structure < ,> inher i ted f rour the Hermj. t ian etructu ' :e of  Lo

5 . 2 *  l e t  a l l  n o t a t i c l -  b e  a s  b e  a s  a b o v e .  C o r : s i d e r  t h e  v e c t o r  s p e -

ce  t 'O f " r1 , rd )  cons is t i ng  o f  a lL  sec t i ons  sg l - (X , l )  such  tha t  
Y -  

r :0

f c r  any  tangent  vec tor  T  w i th  (p t  ) ,Y  =  0 .  1 t  i s  an  easy  rna t te '  to
)  t t . f .  j

see tha t  fo r  any  two po : -n is  r : rv (X  w l th  F6( r r )=n ' (v )  one has  P. , r ,o { * iu l )

i  henee s deternines a eect ion *n{f ' (  G/n| i f  f i )  '

2,1.  lPI l I l [A.  The nap sF.-*s. , . ,  establ ishes & CIne-to*OgO correspon*
lji -

f.l

betvreen I  * (X,1,4)_: l r {  L l ! /  _r  ) .

=  s ( v )

5 ,

dence
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fhe proof is stralghtforwardr $o we onr i t  i t .
i . '

5.3. consider now the subspaoa 1k".qrh) of l 'of  
"  

rT,t |)  conslstJ.ng

of  those sect j "on$ s  e  [ ' (Xr I , )  whleh sat is fy !
I

( 5 . 3 . L i  V  , . . ,  ,  . $  =  o r  * € h  r  g € G t
' ,q"x{ t(s)* x)

f  I  " , , ^
( 5 .3 .21  I  l l  " * f ' " ) l l 2ap (u ) ( cc  c

ElDl s t
L

, -'*'i.tr ' 
:l E

Take then the oov ior rs  sca la. r  proc, rc t  or l  T t t t  r l ih )  and 1et  H( : , rq ;h)

be the assoc iate;d Hl lber t  space,

u"k(s) -1 . )  o  *eVo(r ,4 i  h) .
s f i e s  (  5 .  3 . 1 )  a n d

f

dp(u ) = _ J_ tt su( u) ll ?ap,t.t, ) r, G/D

)) .  fndeed,  keeping in  ur ind Lemma

\j

t ) (  (Fe"pn)V2) '  (  e - " '4 r (e ) -1 )  o

T{e ln tend ts  def ine a proJect lve representat io , r  o f  G on H( f , r<#} .

To th j -s  end 1et  us oonsider  e( }  " rnd note that ,  in  v lew of  Remark4,4.2
r n

i n  f  H l  and  t :u r  F ropos i t i on  3 .2 .1 ,  r y (E )6s r (x ) .  choose  then  an  e le -L J

uent  e tE(1 , , i )  such  tha t  t  =  r , . . (e )  lu . "  5 . " )  and de f lne  S; ,H1r , ,< ib )/ L ' ' '
Y .

I ' ,410)  by

-We sha1l  prove 
, *n* t  

fu( " )  sat i

(  5 '  3 .3 )  ,  
o )o l i (  

g . (  s )  )n (u) l l2

which ue&ns that  f *  (  U(H( f  drh 4 , 3 . 1 ,
tl le hsve

V-1*( 
1,( a')*

+ (p*'nu) V2
%n, r '(  a)*x)

(eus ' rx (8 ) -1 )  =  iq lL  ( l (a )n  x i (  (  pu lVz l "

"( eu s "r*( s)-1) + (Fu"v;r/ 2t* 'V*, 
r,( sa)* *)

f o r  a n y  x E I  a n a  a  € G .  T h i s  p r o v e s  t h a t  % ( " )  s a t i s f i e s  ( 5 . 3 . 1 ) .  r ) n

t h e  o t h e i :  h a n d ,  ( 5 . 3 . 3 )  1 s  a  d i r e c t  c o n s e q u e n c e  o f  ( 4 . 3 , 1 ) ,

Now l f  e '  l s  ano the r  e lemen t  o r  S ( I , , d )  such  tha t ' J  =  a (s ) ,  t hen

by  (5 . t . 11  e r  =  te  w i th  t  € . t ,  whenee  ̂fu ,  =  t ! " .  Thus  fe  de te rm ines  s

well-r lef ined. eiernont j -n pu(H(I,ra th) )  which wl1l- be denoted f{-(  1,, ,q l17) (s)"

One sees wit i rorrt  any dlf f iculty that g1-*-7.?l-(1,,"(r l l t*)  f"  a houomor-

ph isu r  o f  S  i n  pU(H(L ,c ( r f ) ) .  Moreover ,  t he  fo l l ow ing  resu l t ,  whose

s )  =  0  t
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p/rrof we defer unt i l  the next sect ion, holds tru€.

i,3, 1. Inop$:p{. 
yf ( r., ,< rh) is jr pqo Jqc"tlJe gqptgqq*.laS}gg

o f  G  o n  H ( 1 , r , { i h ) .
/)

cLear ly  i f  (L t  rd r )  l s  a r ro ther  representa t ive  ln  the  e l -ass  F ,  then

v
c ;g( I ,  rd ,  t l ' l )  i s  eqr r i va len t  to  ? , (1 ,  r4 i f? ) .  Owlng on  th is  fae t  we ma) ,d" -

nore  the  eqr r iva lence c lass  o f  t l ( r , x i l1 )  by  T t ,h

$ , , l , I n t h e r e m a i n d e r o f t h i s s e c t l o n w e s h a l l

suJ-ts, The group G wll l- be assumed i-n what to11.ot4s

si ld s imply con:nected as be1'ore,  b: ;"" t  a l 'so so'Lveble '

re .su l ts  s ta ted  be low wi l l  be  g iven in  Sec t ion  6 '

E t  1 rnr l l rnI ]T i?d.
?  o  4  o  - L  r  I  I l i i \ , r l r .  : - r l r

( i )  *n - - - *  l r -egg$ Jy, :**:"}:egg] q gl b l e --p q 1 q l:t g et :-g*F-

ai r ,  is  r ' lo fg id.  o

( ii) F-or arry g1f*ri9^r--*f:e9ts13s-i!19 -:o}{rzatlon l/ of' ll' 9!-A
'7 r,- .'-i .- \'r r'r ,o.,) the pr,'g:lgc.!Lyg ,Tgpfg":9r-!.'3]-+9"Pii.l-3lJ-"*L---= [t-Lrt 'rje '{*( ju*''';' ' -- "-"

7r( r,.,* ;f ) is .i,rgedr19ill1"
(iii) $"-h" ?,d h: "."*.f:^ !11€ P"9:11::1rnil.*admis sible Polari- zat i*

ons-,?! c; F:t*g.il: l {,f-4(xo,Q',) , }.1:* ' ' l,h = T!,i j '
u t

The choice of  t l re polar izt i* tc ' r  h being th*s lnmate' ia l ,  w€ H&y

qr, : :ote the c lass 'Er-r  €Gf l  s impl; '  U: t  ' iQ '  -
( , n  -  L  v  |  l V r u  r

uie shall def i*e nolv all action of s on the set &6 - yal*( x.r0.',) t

- 2 , . - \  f r r r r n v / s .  F o r  r  
)  

)  a n d  L = '  i ( r o ^ ) l i
q r g r i , : n n i n g  o v e r  Z , ' i ( Y ) ,  a s  f o l l o v r s '  ' F o r  g f  $ ' d r c Z i ( y  -

*V  /y  -a  )  1e t  g  l t  der r * ;e  the  cqu lva lence c iass  o f  the  r ru l l -back  o f
\  

! -g  \  r ' ! . *  I  v ; - . ;  , r

(1, .<) by the di f f  eornorphis, , t  i (s: t )  t  (*u.* , r*u .n)  4 ' 'x . . r 'o.^ i )  '  where g 'L ' )

s t a n d s  f o r  * * * i g ; r . J  ( s i e e  - l . l ) .  I t  i s  a n  a e s y  m a t t e r -  t o  s e e  t h a t

^  - r r )  -  \ f
(sr l)r---+ {Ld is a wel l-- ' r 'ef lned act ic:r  cf G on .f ,6; '

,;tate our mai-n re-

not only eonnected

4he proo fs  o f  the

of f*
w



2 0 *

n  / ? t  r A
5.4.?. IIIEQ&EL. tet (.d.€XG, W!&, =T{,

c l  1  / ' ,

t h e r e  e x l s t s  g € G  s l r c h  t h a t  d  =  g : ' -  {  .

- i \ , 0
fn other terus, *he map t t------+'/tt from {G to the pro je ctiye

n v  n l fdu.al  G" of  G factor lzes through an in ject ive map from "{c/C into u .

fo : late our next resul ts we need some more def in i t ic?1.e.

First we shatl sav that (M,p ) e Xr.fot 0 ,R) ls a jrp:_ r "3$s3?1grl if
K j"s a group of tyB* r, Now a cocycle a,r€ zz(ri l  (resp" a projecti,re

i "

r e p r e s e n i . a t i o n , T  o f  G )  w i t l  b e  c a l l e d  a  b y p e  r  c o c y e l e  ( r - a s p "  a  t v p e

{ .pq;?.r.qgliyg*trtlg$S{!g}3g* ) if the corresponding e:<teneion ( A, , p*)
( reep.  (M,nr t rn- ) )  ls  o f  type Tn Let  us remark th* t  : i f  (M,p)C f r . fo(crn)
l s  a  typ*  T  ex tens ion ,  the  sa$e Ls  t rue  fo r  any 'o ther  eqr i i va len t  ex-

te r rs io t r . .  I l i us  one c&n speak  abr ' . t  t ype  I  equ iva lence e lasses  o f  p ro-

iec t rve  l :epresenta t ions .  The se t  o f  a l - l  sueh ec t ru iva le3 .ce  c lasses  o f

f r reduci .bLe proj*ct ive represent+. i  ions of  c w1Ll .  be denot: ,c i  GT. Also' t

t he  se t  z f i u \ ) ,  cons is t i ng  o f  ' r t i  t ypc  r  r ; ocyc les  i n  z? (y l ,  i s  G-s ta -
ble a.nd thus X,I - V ff"t **1o..,) , ai rr.rnni-ng over z?tql, 

"tu 
a G* stablev  ' + )  u  . L " i '

\p {'
sirbsct  c:-  " \ ,G" Tire fo l lc :*1ng resul t  1s a geornetr j -ca]  c l :er : . :ct  er tza-

t i o n  o f  t y p e  I  e o e y c l e s .
' . )

5"4..\ '  I i€f! i i I l l"^q.i{-" ctaz'(c./) is cf "-type { i f  qrrd_ op.iy i f  for any
"  

' t '

gg .{f q) -lL_!Lq"_Ip* fl=ra: +-cl .?:-_, ryith { € H and },,. "y), i;he cohonnolosy
cleiss of e- i" "li:(;erFl yry1l-shgf.. rn-d_.Ii. (G ) (:t ( x.- ) ) is.a tq:_?}:-y-*--" - r

e losed subset o.r . '  !J  *  
.. ;;;-*",,*:tl:.::.:J':. _ _* 6

Now'+e shal l-  say that G ls cf,  proiegl i .r f* jgff_: l t  each projec-
T**l-

t i ve  rep l 'esenta i 'eon  o f  S  is  o f  t ype  I .  S in .ce  i i  can  t ' ,a  ea" , i -Ly  seen

Y  + -  t n  r , \  i ^tha t  an i '  ex tens ion  (Mrp)e  e  t * * (GrR)  es  eq-n ivaLent  to  an  e ;c*ens ion

of the farm ( l t - rp.r-)  ' ru i -bh , f  a pr. ' , r  ject ive represeniat ion of i  G, j . t

fc' l. loti 's th*:t f" i-*r of projective type I if and onl;r if sny e,rterrsioR

( m , p ) e  € l - T o ( c , n )  j . s  o f  t y p e  I "  c S . e a r l - y .  i f  S  i s  o f ,  p r o  j e c ' u r v +  t ; , o e  r
' ihen i t  j .s  nf  type I  (  in the r , r"sual  sense )  "

if and only if
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5,4,4. $EW Q :!-e of pro.iestlye 4}'ps r*lf,-Jnd -onlv l'{ fof

any <,.r) e z'(w)84v-l4l-ga3( q.), l,L.g -**lq,- v

- - 1

9-gl,onorgsr_lj1*F_:.. to.rl il H*1x* ,S ) " -yglr",lt19"-399

L(G) (= f.,(x.,)) ls q- locallv cl,gggd ggbset of 7^ 
'

Returnin€ to the problen. of  parametr iz ing t ,he project ive re-

presenta t ions  c f  Gr  w€ have

.l { e YI if and only if W (9I
5.4.5. rHxoRI!T!{. (1} { 'S_4 ; i f  -W e 93t

g

o

G onto
TT

G t .( 1 r )

( i t j . )

rne nap Af. IIe Ultll, V ' t'0f l ,  induces a Eiigcti,on o-f J[a/
rr G is or prgl-t:t:llg*irp9*Ir-!.h9*s?P.i-= Tr

lnduces a biiect-ion g[-, ;fG/ G onto gr.

In the special  ca$e of  exponent ia l  l ie grol . rps r '  the above resul t

provldes a paranetr i  zat ' i .on of  the project i re dual  of  S '1-ry the orbi ts

a

of  G ln  Z t (Y) .  I , {o re  exp l rc i te l : / ,  we have
d

5 . 4.6 . g$gpg. Ag5:ee-Q -e rpopgqt-L*J* *il}9n-si-e--99^-PrgJesi"ise

type-J., ..aqd tffi{* ( x.,,g* ) *rgi-'qgsg-*!e*a siTsle ereme-Pt -&c1 )

'_T:
sr: raetoriz-es Hlor$4*g' !Ligc!}9* gI *Al

4 t t ,t t e l  ) / g  on t r  G  j
- ' d '

{6.  } roof s

5,1.  Beturn ing for  the mou

n.ecessari ly solvable ,  Let a€ 7'

zation of 
V 

at r'l , and X = X
^ , 1

I v I  o  $ ,o r  p  =  p - r  !  = { " "  n  Dr  n

3 . 2 r  4 . 1 1  4 ' 2 ) .  S e t  Y  =  v i l t ( !  )

general i lase v.t,en G is not

a c losr d, ,  Posi t lve Polar i - -

I  =  O. i r  F  =  4" r  111 =1 l l r ^ ,2

be the  assoc ia ted  da ta  (  see

) =  |  n d u r  A d * ( m ) !  = { J

Q o r

, E

M ( {

en t  to
t'r Y' (o r )  '  h

/ l  ' r

d *

6 1 1 " l -
A, .{

, h  ' n
, n'here

the

be
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and let {  |  M-++y be the eanonieal proJeetion. Then df tndr;ces a,

ll[-irvarla,ri Z-forn '6 = {*, on y such that (y, f ) ta a slrnplectic ho-

n o g e n e o u s r  M - e r f e e  ( s e e  
[ * ] t .  r n  ' v l e w  o f  ( 4 . 2 . 1 1  a n d  ( 1 . 1 , 3 )  r  u (  V )  =

=  p - i ( c (c r ) ) ) ,  
' oo  

tha t  p  :  l , { ->G induces  an  i somorph ism T  :  ( y ,6 )
I

(x ,e)  or  symplect ic  s i ,qcgq^ wbic i r  h?Fothp,a$di t ionar .  proper ty .
, l :

? t q r n ) u )  =  r a ( n ( n ) ) f r ( u ) ,  m € M ,  u € y , ' "

Assu$,e  now c .o  ln tegra l  and 1e ,  (  =  
Fr ,n r ]aX- (x ,e ) .  0 f  course , '

( l rx)  can be vj"ewed al-so as el  l -1ne bu.ndle wi th connect ion and lnva-

r tant  i1u'rn;-11*t t  strr :cture over Y1 the project ion being thi-s t ia ' re
rv - ' l
p-*opr '1 ,  i  when regarded as  s r rch ,  1 ts  equ iva lence e l -ass  1n  X* (x ,  r )

v r i 1 l  b e  d a n o t e i l  { .  A e e o r d i n g  t o  T n e o r e n  j , 7 . 1  i n  [ * l  ,  + , r r € r €  e x i s t s

a uni , t rne charaeter t l  =\ . r t :  rvr( !  )  *--+f  ,vhose di f ferent ia l  is  i ; r iVf fUiV)

tln ( 'i ) belng the ri: uilruoru of u( .? ) ) r such that f ,, thc equiva-

Lence c1ass  o f  the  l ine  bund le  w i th  conneet ion  and Herml ' ; lan  s tn rc -

ture Cl,i ' l  , where

( i )  
' i  

=  F i  t C  i s  t h e  l i n e  b u n o L e  o v e r  Y  a s s o c i a t e d  t o  t h e  p r i n c l -
I

pal brrndlo { ,  "* *,  with structure group I,r( !  )  and to the repre-

sentat icn ' ) f  :  l r t (V ) - )  T  = U(C) .  In  uore.  c ie ta i l ,  l {10 1s obt -a ined

as  the  o r ' b l t  space  ( i t t xC) / l ' t ( {  ) ,  vhe re  the  ec t i on  o f  } , y { t )  on  Mx  C  i s

g i v e n  b y :  n . ( m o : )  =  ( * r , - r , r L ( n ) z )  r  n € f r ( . 0 ) j (  u  t z ) 6  M x c ;  t h e  p r o  j e c t i o n
/\'/

p r i ,  r ' i  * - - + Y  i s  t b e  r n a p  
[ * , " ] ^ * - o d ( * ) ,  w h e r e  i * r " ]  s t e n i s  f o r  t h e

orb l t  o f  H(V )  th rough (m,z) ,  .wh l le  the  l inear  and t t re  l . Ieunr l t lan

s'br l ic t r - r re on t  *"u those deterninery by ihe r : .sual  ones on C.
\ . / n 1

{_\ .  
( i f  )  . / . ,  ls  the"pusb-dowri 'of  r ;he J-- forrn (J l  ,  # # l  on hi*( t -b j  ) ,

d"  be inq  the  le f t  invar ian t  l - fo rm.  on  l , I  c r r responc i ing  to  ! ( tn* .Y - '

As i t  te  '  
-Y ' f  )  ,7  ex ien i r ,  to  a  un ic l i :e  charac te  r  X  =Kno',1TI ( cI . lA-,.-1 t t 

., -^,:,; 
v*  Xp or  f r  n 'hose di f feront ia l  i "s  2r i ' is l .3 .  Now ]et  eWrt i l  be the

L * /



holomorphi .caLl .y induced uni tary representat ion cf  l , , i  correspondlng
.J

to the poLarizat ion I '1 au'J to the eharacter X. (c*e 
[n-41.

6. 1 11. l'uI@S. grq-!g$e$---te-p-r9s"9-*!g!:gg-- y itr,bJ sg- 4- i.*.,-grg:
- - l  A , *  t , r

i :glt l lg_31{ _1n* corresponciing q19 je9-t i1e represrinta!-i .on 3e'b)
g*: E* p rei:-r.l iv :.},v - :qy i y-*.9 *3--- t -o* " -T ( I r1 ih .

pdoof .  Reoal1 f i rst  thal5 the Hi lbert  spelc

eq_gj

r  e € I l { ,  d € i i
N

f  =r  0 ,  *eT?i

-  2 3 -

ldq"{.  Reoal1 f i rst thals the Hi lbert space II(Xrb) on whlch S(ry'h)
"1t 

v {P

{4cis Comes from the vectcr space l fo(%rb) of  a l l  *  - funet ions f  :  M

--+C satlsfying

( i )  f (mr i )  =  2  . ; i a l -111m)

( 1 i )  r f x i f  +  2 r i f f , x >

{ i r i )

nhert: ;.)*
/

isomorphi  sm

aet ion  o f

,f { 'b*r{ ") }j

", L Ir(m)t 'ryt'$l < co ,

is  the vol"u ' 'ce element on' f l / f r  eorrespor i lJ-ng ta 7"t-v ia the

m7f r  4 * *7 f :  i nduced  by  p  I  I , {  - - *+G (c f  .  (4 , ' ? ' 5 ) ) "  The

\,&,Yl) 
on f f i ixrh) is expressed bv i ;be forrnrr la

I /.'r 'l

( ? ( l ' , h )  ( * ) f  )  ( m ' )  =  (  (  
P o ( * ) ' F D " p )  

( m ' )  )  
* /  

" t ( . r {  
r n n ' }  

r  r n  r u r ' € -  H -
' ) (

T h e r e  i s  n o  p : o b l e m  i n  v e r i f y i n g  t h a t  ' ,  g t Z r [ )  i s  p r c i e c t a - o l e ,  s o

thaf .we do not insist  on t t r is  ,or : int .  Tn u*d*t  *r :  prove the seconi l

asser t ion ,  le t  us  no te  f  i r s t  tha t  t i , i l  ,  v ihen regr . i . rded as  & l ine

bu,nd . 'e  w i th  connect ion  ar i i  j ; l e r r r r i ' i an  s t ruc tu r t :  ov t t r  , - t  ( the  eor res*

pond ing  pro  jec t  j .on  be  j r rg  ! .p " i )  ,  1s  obv lous t r -y  equLv&l -en t  to  (T , , { ) '

fhus,  f , l r  o 'Dr r : i l rposes, there is no lcss of"  gener. : l i ty  in a*el tming
' . ' w I Y

{T,14)  -  ( i r ' i )  as  l ine br rnt i les  over  X,  l {ow for  c 'ec i ' ,  f  ( -  l , ; (2 : - rn)  1et

$.e l  X ' -+I ,  be the sect ion

s s ( u )  =  [ t * 1 1 ' , ) I  n  { X .

By a rouSine conputat j -on $ne checks that  * r t . f f i { l . { }T?)  and t l ra t  the

assignrr:,ent f t-*+ s, Sives
v

" - -+I t ( l r " ( i !?) .  r .e t  ,ga c  anr l

rr€ s art eLemeni *.-'i Y ( l., r*l )

r i .se to a ui :1"tary isomorphis in U :  H{a:r f  }

choose m'€  M su ,eh  . tha t  p (n)  s  g t  m Ce. f i *
- t -  T  F  " i

b y  e  ( l m t r ? , ' l  )  *  l l l t r l t t o t ' l . r  D r r r - i  e i e i r r l - y
"  U l  r -  '  - r  L  l -
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i  u^,:", ,hyrt=(F*'no )t/z(€*osf o1(e )-1) ,  te% w,Y7) ,'  o l i
J '

whlch ueans that l
A A . Y ^
c , f tx ,h ) (s )= f i (L r { ih ) , (e ) . r i  .  

]  ,
This  p rCIves  to th  the  fac t  tha t  i i ( l , r ^ lh )  i s  indeed E proJec t tve  repre

I' sen ta t ionr  &s  asser ted  in  Propos : . t ion  5 .3 .1 r  and tho  c la im o f  the
' :

present lernma. l
: l i

6 "2 .  fn  ihe  remalnder  o f  t 'h is  sec t ion  G w i l l -  be ]assuned so l -vabLe.

ALl  the notat ion renai-ns as above. ]
I
I

6 . 2 . 1 .  P r o o f  o f  ? h e o r e m  5 . 4 . i .  I t  s u f f i c e s  t o  c $ n b i r :  t 4 . 2 . 3 ) ,- t '

" .'r- and rv. D . t 
lrrom [u-o] .

. l

6.2: ' t ) . .  l rg"g{*.?f T4eoTgu ,5.4:S; .r ,et us be'gir :  by {rovinx that i f
o  - i r >  r t  , V  If r €Xre (Xr0 )  w i th  X  =  X* r  0  *  o . ' r .  rnd  (  ( i " c (X t ,€ ' )  w : f t i r  x '  =  X* r  r

eI = s.^:,  ,  are related by the eqvait ty (  = i ' (  ,  th{n Tl =Tq,,

Note f i rs t  thab ( r r r  r  A, i * (g lc0 n thereforer  ar te{  ouolu i r rg  a  poei -

"  v l l  . r
t ive r  r i i *admiss ib le  po lar izat ion 1t  o f  g  a t  ru ,  h  l=  f "d(A)h wi t l  be_ . 1  

C l
a pol. . '*r isat j .on of the sarie type at LJt.  Frrrther nier{ G,rdJi (  i

-  * r - " t t  -  O t  
'  

I  t  l l  o l
t hen  ( l t , d ' )  =  i (g - ' )  ( r ,  ra )€  {  .  . 0 .1L  the  da ta  conc , r r fn ing  - * '  , 17 '  ,  (

:  |  
-  

! .

wil l  be d.enoted by the same s.ym'bo: as those atbached t"  L l  h,  ( , ,  but
I

a f fec ted  Dy a  pr ime.  Th is  convent icn  w i l l  be  va l - id  
" l r t  

ovcr  tb is
Is e c t i t " ' n n  I

D , , * " , - - r ly i 1 . t l  . t  =  , ' ( g ) l  t h e n ,  b y  ( 2 . ? - , d ) ,  w '  - . ^ )  =  d l  .  l u ' t .  
' y  

: l l ] * - - + ] j l

qnd O.;  Tvi . -"---+l j [ t  be t ] re correspondlng tr ' le homomorphismsr &s in J".4"- A

$ow ch**ss .  G l ( t {  n rcb  tha t  p ( * )  : : ,  g  and. ,  1e t  A  =  y : ! ' -  ac i tm l f  .  fhen
. A

) i -  ^ l  l -  |  y

d ( P ' ! ' )  =  f '  d { '  =  } ' " f  ' V , ' n e ^ l ' J  = V * r u '. \
] ,  t )  t ? r .  I  " -  d  t

so ' that dA =
Y

re&son n i .s

0 , .  w h i e h  a e a n s

a  p * l a r i z a [ l o n

t ha t  A  f *

for ),n-{'' l

charac ter  o f

rrafr(n )! ,n fi

' lJJ 
. From this

,  t o o .  S i n c e

I
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M ts connected and sinply connectedrA gives r iee to a character Xrt

of H wlrose differential l is 2314 .

let  Eow { 
and X be the characters of  S{( ! }  and d respect lvely,

assoc ia ted  to  t  as  1n  6 .1 .  s lnce  1r  = l lo f (n ) {  *  A  ) "y r ,  whence M' ( { ' )
l

M ' ( . i , ) , ' =  O ^ t r ( m ) M ( { ) ) ,  w e  c a n  d e f i n e  a  c h a r a c t e r  l f l o f  M ' ( ! ' )  b y
i .  - " ,  - 1  7 . 4  1

"L '  
=  

i ( f ; ( / " r (n - ' ) ) ) '8X l tU ' ( { ' ) .  Cons lder  now the  d iagram

re l rere the top hor lzonta l  ar ro lv  1s g lven by F ' r "JV+
t -'4 

-l

l f  ( * - ' ) "Q^( rn ' )  I  X ,n (m, )z l  ,  the  $ idd l "e  hor izon ta l "  a ; ' row is  in i luced by
L  -  . l  J r  J

I (m t)"Qi I  M'*----?M and the top vert ieal  arrov*:  &re deterur ined by

pro ject tons onto the f j " rs i ;  factors fo l lowed by pro ject lons onto quo-

t ient  spaces. The fact  that  th is diagram conmutes, whlch can be ea,-

s l1y ver i f ied,  togettrer wl th the dlscr:ssj .on about l - lne bundles in

5.1,  i rnply that ,  by conposing the lef t  vert leal-  arro, ,vs,  one obtalns

Fr  l ine  bund le  w i th  conner : t lon  over  X t  wtue{ i  i s  ec l r r l va len t  to  (L t ,4 t ) .
' n l

This  means tha t  l  i s  p rec ise ly  the  eharac ter  assoc j .a ted ,  to  (  .

- r . , r r thersrore,  s ince f l '  = d^ i : (m)S)r  on€ ean see that  t r ' ,  the

extension of  t  to f i ' ,  is  g iven by the fornula

x. '=  (x .A. (x ' r ( * -1 l l l "Ol l f r '  
:  ,

Denote f  or .  s iup l ic i ty  X*  = X"T(m- ' )  In '  .  Norr  
S 

( t '  ,h '  )  =

; ;  3 ( (1"X* ) .O,J l f r ' ,hn l  1s  by  [u - * r .F ropos i t ion  I .5 .1 t  un l ta r l l y

e{uivalent  to 3 f  i  r^ l  t ' l .X*,h ' r .O;  I  consequent lv  Y (X'  , } '  ) " i ,  i *

unitar i ly equivalent to 3(( ' . :C^lS').U* rht).  At this momerit  we observe

tha t  
$ (  

(X r r l  i , ) . r ro , l 7 ' )  i s  r i n i t a r r l y  eqn iva len t  to  3  
(X^ ,  I 7 ' )e  X r ,

t l r rou.gh the r rn t tary  isomorphj .sm f  e  x ; t  o f  H ( (b* l  i l ' ) " t r ,  h1)- "

on to  t i ( .  xn ,  [ ' ) .  us ing  [a - r ,  
( r v  . r . r ) f  ,  (  (  x , * , ' t , ! ]  j  s  se  en  io  "oe
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u'ni tar i ly equivalent to K@ rh ).  Sumning up these last renarks i t' t

foLLows that  S(x '  ,  ,$ ' ) "6^  is  un i tar i ly  equiva lent  to  SW, h )or r r .

: : :oncr*de 
* : : " . " : i  o : , tn*  proor '  that  is  to  set  Tt , l r=T{ ' ,h '  '

l t  i s  e n o u g h  t o  i n v o k e  l e m u a  6 n 1 .  l .

Assune now,  eonverse ly ,  tha t  T ,  =Tt ,  ,  tha t  i s  9 f ( l rX lT?)  and
v v

.  v l

1 ( ( l t , r t ' ; ' b ' )  a r e  p r o j e c t i v e l y  e q r l i v a l e n t ,  w h e r e  Q ,  A , € Z ? r ( 7 ) r ' h
, l

(  resp .  h  )  i s  a  pos i t i ve ,  n i l -adrn iss lb le  po la r i  za t i -cn  o f  T  ^ t  0 - )
- r n r " r V n l e - ' t( r e s p o  & r ' )  a n d  (  =  L f r , u I  e X " ( x , e ) ,  { ' =  [ r ' , q ' ) ] e  X r ( s , , e , ) .
Fron t reuna 6.L.1 and 2,4 we deduce that  there is  an lsonolph ism

S : ! '1 --+I{ '  with dif ferentlal  ' f  :  x i}-*>)}Jt srreh thai,  SWr\ )  and

g{a '^ ,  h ' ) "1 t ,  are i2n l tar l ly  eqrr iva ler : t .  But  g(x , '  ,  h ' ) "Q is  un i tar i *

1y eqrr l r rq lent  to  
^ i  

(x . ' " (OlSl  , f l fh ) ) rhence,  b : r  In-n ,  Thec, ren rv  ,5 ,7 f  t
there ex ls ts  ue M such that  Ynio = Ad" l (u) !  ant t  h  g

\  '  - - I Y :  
v

I  - .  i
=  

t , ( i * t  "  I ( r n ) ) [ m ( { ) ) .  N o v /  l o o k l r r g  a t  t h e  c o n s i n : c t i o n  o f  t h e  ] - i n e

'bu i r t l l - e  , v i t h  connec t l on  assoc i :L teL l  t o  a  cha rac te r . ,  wh lch  has  been
n l

r e e a l . l t - e d  r - n  5 . 1 ,  l t  i s  e a s l I y  s e e n  t h a t  { ' =  n ( r n ) - t ( ,

6"2.3, l{"?g{*g{ P59pg*il loL,:t j, i . r,er N € z'rj, and ( i l1"^, , f._, )€
r 1

" . r ' L n ( + ' i i i .  r n  v i e w  o f  l l ^ r r  T h e o r e m  v . 3 . 2 l r *  i s  o f  t y p c  :  i f  a n d- v  
i l  L  -  

J l
*oniy i . f  auy r : rb i t  of  l l io,  in ]n;  r rnder the coadjoint  representat ion

ts  loca l "Ly  c losed,  and the  cohomology  c lass  o f  1 ts  cancn ic .u , l  symplec*

t le  2 - fo rn  van j -shes .  I .e i ' r rs  look  nore  e lose ly  a t  such an  orb i t .  To

* h l s  , , n c i  : : h o o s e  ( r , l ) g  n  *  9 j *  = n ) l  a n d  o b s e r v e  t h a t ,  b y  ( 4 . 2 . t ;  a i r d

( 3 " 1 - , 3 1  t h e ' o r b i t  o f  M * t h r o u g h  ( : . , 1 )  i s  e x l i c t l y  t h e  s e t
( t  \  -

l ( t '  A d ' ( g ) 2 .  +  r % ( s ) ) c 1 1  * ? l . r  g € G i  .  o n  t h e  o t h e r  h a n d ,  : r e 1 n g  ( 3 . 1 . 2 ) r
b U J

one sees  tha t

Tn / -\ aL1 | ^\ . T:r 
' ' t '

. i r ' r ro61{,BJ = rr i (e) + nun(a) s.  rry(s) + Ad'-  (g) l  -  a

thus  the  above c , : "b i t  i s  ob ta ined t ' ro rn  {o j  *Fr *na , r (s )  by  t rans la t iog

wi th  ( r , ,1 ) *  Hence i t  1s  l -oca l - l y  c losed j .n  i l1 :  1 f  and onry  i f

F " , r n a l ( G )  i s  i : c a l l y  e l - o s e d  t t  9 l t ' .  I r u r t h e n r o r e  o n e  s e e s  t h a t  t h e

s ; r n r p l . e c t i c  s p a e e  i x  O -  , - l  i . g  i, .^ro+dA r  - r r .u+di t  t  +,J  ̂ somorphic to the syrnplect ic
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.

l

spaee assoc iate i l  to  th ,e  * rb l t  o f  M* through ( r , l )  lnx i : .  Th is
coupl"etes tb.e pr6of ,

!.F

6 . 2 , 4 .  P r o o f  o f l leogen 5,4,4.,  Noting that any central eentral

$xtension of 
7 

by R ls equivaient to an extensj.on of the fonn
(l l?*, 

Y- ) wi lrh a Q z2(y), the theorem fol lows direct ly frorn propo-

s l t i o n  5 . 4 . 3 .

6.2.5.  Proof of  TL9?r"g_-L_L_2. The f l rst  craim resrr l ts f rom

t r ,€ t l loa  6 .L .1  and 2 .2 ,  To  prove the  second e la lm we on ly  have to  show

that an arbi t rqry type .T i r rer lucible pro ject ive representat ion

of  G ls  eqr r i va len t  to  a  p ro jec t l ve  repr 'esenta t ion  o f  the  fo rnr
c i r ( l . rx ih ) .  To  th ls  end cons ider  the [un i f ,s ry  l i f t iog , ,  f  ' . *  !

J

M =  Mr ,  *_+  u (H)  ( c f  . z -z ) .  rn  v j - c ' , v  o f  [ u -o ,  Theor .em 5 .3 .3 ] ,  t he r .e
 - ! t

exis ts  V€l l ]  and a char .acter  
1 .  

o f  1u( !  )  w i th  d i f f r : rent ia t  z tT i \ i  l t f f  (V)

such that ,  i f  we choose a posit ive, strongly adurissible polarlzat ion
?
h of Jll at '? and d.enote ty, T :.ts corresnoncii4g nl)+f-group a.nd by W
the coruesponding extens lon of  T to  f r ,  then S 1s un i tar i ly  equiva-

]ent to inO*"(1,!) ,  the holomorphieal\ i :  i*arr"*a representat ion of I*I
' r y

assoe ia ted  to  f [  a , rnd  h  (see [o -n ]  ) .  $ ince  R is  cent ra j  1n  ] I ,  the
.v

very def in i t ton of  inO*(- ' r i r .b l  ensures us that

rne* ( l  , l t ) ( r )  ? i  e? " t i j <q ' " ) ra r  r€R i

on the  o ther  hand,  g  be ing  pr "c  jec tab le r  we have

i r fo(l ,T7)(t l  € 
"Ztrl"rd., r(Ir.

f t  fo l l -o rvs  tha t  ( .?  , r .>  : :  r  fo r  any  r  €R.

Now according to Sect ion I ,  we c&n assume l i i  =J?)ru for  a sui table

{ - i Q z z ( * ) .  t e f i r r e  l e B . a y  ( l  , * )  = ( V , ( o , x ) i  , " u  c , J ,  = ( r ) " -  d l .
0 {'l

F r r r ther '  le t  Yx :  l l l  -> t l J '= ) l ) . t ,  be  th :  lgonorph ism assoc ia ted  to  h

Clear' ly { = S'o Ytr , r.,,here {' = fr, . Then

ina*tt,X I = i '%,r, (n1,, i ' l  " eo
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where 1!Ir is the eonnected and simply conneeteri l j .e groulr with trie
algebra, l } }1 '  ,  Srt  M --"uf  is  the isouorphism whose di f ferent ia l  isN ^ t

V ly r  ,  h '=  Y r i !  l ,  r L '=1 " (A ; l * ' ( ! ' ) ) .  Bu t  1o tq , ( "1 , ,  h ' )  i "  j us t  t he
rep resen ta t l on ,o f  M f  we  have  deno ted  g  ( r r rh t ) ,  where  ; f  =  z " ( * ^ t1 i l , )

-  v r  , y r  
- x

a n d  h  = q P  (  
4  ) .  l e t t i n g  ( L t r d ' )  d e n o t e  t h e  l i n e  b u n d l e  w i t h  c o r r -!  r q J ,  v ,

nec t ion  ove r  t r (  assoe la ted  to  t '  I  o r r€  sees  tha t  T r&r  14 , lh ' )  i s
/ ( '  

' L  
" {

pro ject  lvely , 'eq:r ivalent to f  ,
' l n

6'2.6.  Proof  of  g.g 'o l r ru .  s ince a centrar .  extension by R
of an e:'ponential group is agaln an expCInentlal group and since such
a  g r o l : p r  w h e n  c o n n e c t e d  a n d  s i m p . ; t  e o n n e c t e d ,  i s . o f  t y p *  r ,  i t  f o l *
l o w s  t h a t  G  l s  o f  p r o  j e c t i v e  l r p e  r  .  r , e t  n o $ /  , a € z z ( E ) .  B e c a u s e

. -  , t

1 1 \  .M{r (V* )  i s  connected  and s imp iy  connecte ,  Y  t - t  ^  r

on l "y  one e lenent . (For  more  de ta i rs  concern ing  the  exponer rb ia l  g roups
t i ie  rea 'Jer  i s  re fe red  io  [s ] i .  The res t  o f  the  proo f  i r  aere ly  av ,

s iup le  eonseq l lence o f  Theorem 5 .4 .S( i i i ) .

I
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