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STABILIZATION EY LINEAN FEEDBACK OF LINEAR

DISCBETE STCCHASTIC SYSTEMS

fa\ rru\

A. Hatanay 
^/ - 

and T. Morozatl*/

.:

Abslract. Consirler a linear discreie syslem and assume the matrices

defining it are stdchastically perturbed, Conditions on varian?es are obtained

that allow the system to be stabiliaed by linearr feedbach and if such conditions

are fulfilled a reasonable 3orlsrnietion for the stabitizing feedlack is recommended.

1. Introduction

Consider a linear ciiscrete sysiem
r - r

+ lB + D. (crr) | u_
L  u '  J  n

r - t
o f  t h e f o r m  x . . = f  A + C - ( * r ) l x  +-  

n + I  L  o '  ' J  n
. \

-r , r

where Co and Do are . randorn perturbations with zero mean; we shall assume some

independence properties and look for a linebr feedllack

which insures .a stable. behavior . We shatl see that in o::der su0h feedl:ack to exist

the variances of the elemenis of Cn and Dn m_p-st satisfy sonre limitations, and in

this case we shall recommentl a construction fcr the stabilizing feedback. 
t

The final result we obtain is the following. net Q 7r0 such that (.4 q)

is completely controllahle and let -6 ) 0; let (p ,r)) be such thab ihe equaiioir
J

p  = e  + A x  p A  * F T ( T r p )  - , f p n  
[ ] *  

* B n p B  +  l r ( T " { 1  B * P A

has a sotution P > 0' . .  Choose
r  I  -  r - 1  ) f

L -  -  
Ln *  B-  PB +9I  1- ' "eU 

^  
E '  PA;

Then,.tor oo = L"o lhe zero solution of the systen is mean square

exponentially stabte fol all r:andom perturbatioits Co, Do v,ith zero ir-ean value, vziLh

independent elements and srrr:h that the variances of the ele.,ncncs of C;. are not'larger.

than F and the variances of the eletnents of Dn are noi larger than l)
l

Descriplions for the set df( of ailowable pairs {y,+ ) are Siven fro*r

which it follows that if .{ is { * { th"* * + ancl lhat if the spectral radius
. / a

+1^'TJniversity 
oi Bucharest
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of A is larger than { , 1) cannot be farger than a number speif ied inT,ir. 8 below.

To get these results v.,e have to study the generaL linear- quadratic'

optimization probtem on infinite.interval for stochastic systems.Fr such sttrdies we

have to mention monogTaph.s by Astrirm tl] , Kushner [e], [SJ , Xfrasminskii [4J,

Wonham I s] . The linear - quadratic prcblem for the case of an infinite interval

has been consiclerred tor ltfr equations in [s] , Lg], Bo] , Lrrl and for the discrete

Icase by zabrzyk in  lz ] ,  f t ] ,  Lg l .

2. Prelimin4li,ts

*r UL ,lL ,fJ o"a probability field" If x is a random variable

and by E [- f $-]C. I the conditional mean of xrvith respect rcT. We denoLe

by t'(/f) ihe set of raudom variables x with E*2 q, oo . If A is a matrix (or a

vector) Ax means ih" t""o"posed,;

.If A*(ul ), Bk(trl )are nnmiluromatrices u'e s'-] ' ihat { OU 
f 

),
' E k ( . 1 ,  

o r r o l  a r e i n d e p e n d e n t  i f  f  l * r A k ( a r )  . f o , B k ( € d , . t L ,

K>,0  I  
= , . t LT l - ; an { - i e l l ] g l * 'Bk (eu )  €  i - o j  r o rause tso r -

matr ices f  ; ,  i ' k  .  \
We say that the elements of. the matrices .Ak ( cd ),..8f, ( d ) are

independent if
6pt t t  .  t
? - t * , " i s , k  ( . p ) 4 * , * , o , o o , o , o ( g )  <  i ' p , q ; k ,  u > . _ 0 .  j  =

= n n i*1 f i-, ",s,k r.,,) <ul,*,n]
k T i t  i ,  g  p , e

.aoo Sc.)t is a $-- algebra of subsets orJ? by Ex we denote the mean value

We shall constder linear discrete stochastic sysiems .rf the folm

1
( 2 i '
J o r : b  . , : ( , o ) { i 3  ,  \
t - - '  P , Q i k '  

'  r  F , Q i k '
I

(1) xn+I_ = Ar, i* ) *o + Bo ( tr: )

Virere Ao. (cu) are 1 x 1

are 1x r  matr ices.

We associate the performances

t rn '  n |

matrices with

0  x  ( d )  * o * ( * )  R- n n n a

0

random elemenbs and B^(c-l;

€o
Y  r r 4( 2 ) L ( x , f  ) = E  f t i  L x - ( , ^ r ) on Ptr

where Qn )r 0, *o) 0, anC xo (c^t).are defined by

x n + 1  = A n ( c o )  x o + B o ( c u )  f o , u ( x o ) ,  L = *
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with 'f o, t , ni- n" Borel

9i/e denote by Hk, 
*

oo ( . ) described above saiisfy

H,: - the set of functions 1 in
K , X

measurable, and un (. r) = *f 
n,k 

(xo (.r,)) .

the set of functions 1 T"! 
that xo(. ) and

[*ot € 
"t Utl tuol e 

"'(Jl), 
we denote by

*U,, sueh that IO (x,f )e a

3, The general linear - quadratic problem

We shail obtain some general results concerning the probiem of nrini-

mizing (2) for ihe class of control deseribed above.

Theorem 1, Ass' 'rme Ao ( .  ),  Bo { .  )
t n

have elements in L- (Jt) and

(i i) for all k

' 1 o " , -  
) ,  B n ( .  ) ,  o >  0 ]  a r e i n d e p e n d e n t .

The following stabements are equivaleqt
o

.Ud_x there exis_t -f u Ht. * 
qEh_!b4! 

h

Ploof. We have to prove only (i)==p(ii) ,.,that is

admissible controls exisf llren an optimal control will exist.

of functions as in H. but restricted io n (. N; iet
k , X

L ,N( * rT )  =  
"  F -J  [ " i t * ,1  Qo*o( . ^ , )+ { , " , iRoo l

where *o, oo are assoeiated to * € nU,.*.* -- in the way demribed above, If

f 
€ 

"t, * 
then it ccn be restricted in a natural way to h fr:nction in Hk, 

*, N 
and if

f € ni,* we have Tk,tt (*'Y )
*ioi*irios Ik,N tory . ttk, 

*,N i, solved tzl LrzJ, trs]; ret in th* corres-

pondirg opiimal controi. Take 
f 

a 
"0, x, N+L ; 

we may cQnsiclr:r tt t'. 
"0, ", 

* 
and

( * ' f  ) <  I k , N n ,  
1 " . ' T t t

lrue for atl f , we.ded'.rce that L N( 
*, 

i 
Nl 

{.

n o
Y € H,, --, that exists accordingto (i)
I  K , X

We have

'0,* (*' Y 
*'

The monotone increasing ."n:"T* 
I 

,0,* {*, $ 
n,J 

* ," rno"",, 
^,

bounded, hence it has a finite l imit*From [tz] , LltJ it is known that 
1,"tx,f 

- ' i

v N e

is  a quadrat ic form to*,  
L,N(*,  Y 

- ' )  = x^ nO,**. ,  I t fc i icws from the above

: (i) !or_41 k and x n l  td
K r X  t

(* , f  )(o,T ) = inf. ro
€ € H :
I  K , x

we have to show that if

L"t ilk, 
*, N 

be Lhe set

, ..I
t c r '  t t

- NI k , *  ( * ,Y  )  4  L , *
since this inequatity is

.-, N+l
Ik, lJ*1 (x' t f  -) '

Take now
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reasoningthat ,,1 no,N= Pk exists, Sincei.,o, (o 
Y 

*, 
7t *"q x it follows

N+0"

that Po,* ), Qt for al.l. N ) k, hence Pn), Qo. Fhom [rz], [rsJ it is also known

that  Pn, *  sa t is fy  Pk ,N =Qk *E (AL P o* r , *A t  ) . -

E  ( x * Q  x  +  r f n  u  )  =  E  ( x " P  x  )  -  E ( x * . - P , . x  . - )  + E f t.  n-n n n n n, .  n n n. n+l n+I n+1. L:

* rtnien*r"n)) (uo - Lnxof . .

\.,n t;^, T* ) = feox - u (KPoo\o) ( :{tx and

** Pu"
^ r X

hence L(*, Y" ) = x* Prc . On the oiher hand for an5r s16.t control

t 1t, N(x, 9 ) ). L. * 
(*, 

? 
n 

,, hence Iu (x, 'f ) 2, >irux and rhe
theorem is proved

*- 
" 4no+1,N Bk) 6ro * t (4nn*rN Bol) 

-t 
" 

*il Pk*l,x Ar.)
I

If we take the Limit for N->m we get

L e t n o w f X  t x )  = " 0 " ,  L k = - G k * rCni Pr*rBr)) 
-1 

n ("lno*rAu)

2 6  4  ' j

Since the e lements of  . lo  ( .  )  andBo ( .  )  are in  L-  (JL1 i t  fo lLows that  t *  €  - r r * .

We show that
'  d  ^ ,  

_ _ g  t -

t  ( x ,  S ,  )  = f P , x ,  h e n c e  1 ,  €  H , -  a n d m o r e o v e r x - P , _ x  €  I , _ ( x , Y )
t<  i  r \  K  I  K  K,x  . ,  K  K I  '

for all ? a tni, 
* 

hence T. is optimal. To do that ler, f € H"o,* " xo, uo the

corresponding sequences; by using the equation for P,_ (whieh is true for all k) and the
K '  \

independenee assumption we deduce by computation that .r,

o" -** f i  (R +
n  n . n '  n

-  - - ) t -  *  . \  ,  -  . ' t+E (BnPn*rBn)) (oo - Lo'*r,) j

) r  t t  J - i . -  *
rk.N (*,Y ) = *^ Pk s. E t5e*x*l *.;Lr. L(-;-4ti i cnn+

It follows

.-r N

\ . ,  *(x'  f  
- .)

taking limits for N-e, oo

pk = er. * E (\pk*rAr.) - E ({pk*r Bk) (Rk*"("lno*rur.)) 
-t 

uteinr.*rAo)

hence



I n t h e f o l l o w i n g w e s h a l l c o n s i d e r t h e s p e c i a l c a s e

A  ( c ^ r )  = A + C - ( c ^ t ) ; g - ( t t )  = B + D  ( t ^ l )
n .  n \ -  r '  n '  n

: '
t \

where I C , D ,n >r0 | are independent. with zeromean and'Er( 'c"
L  n  n '  -  ' - t J ; n

c. ). E (d..._d -. _) are finite and do not depend on n, Moreover we shall take
l?rq;ot/ 

'  i i ;n Prq;n'
A ' = Q r  R _ - R .  :  _  ,  , . :- n n :

-  5 *

i

{. A parjicular case

/
n '

0 ,  1 )
( i )  H  * / f . o r a l l x e  R

' " r X  I  O
( i i)  I^ (x,9 ) has a minimum on H-\ - - ,  - O .  

l ' -  O r X

, '(i i i) The equation

*
( C P C )' o  o

Undgq the above assunlptions the:followiqg statements
l

Theorem 2.

i -

aie equivatenl :

*
( 3 ) P = Q + A P A + E

h a s a s o l u t i o n  P > 0 .

Pk, 'N = Q +

' l r
p, -- 1B+O.. )l lR +

k + l -  N  \  t L- -  - t  -  )

S  = Q
o

^t(*,Y )

+ E (ts+DK)* Pk+1, N(B+Dk)l-l 
E fte+uu)* Pk*1, N tA*cr.)]

n o , * = q + A *

+ E (D; Pk*l, 
N

The hypothesr,s on L'O and DO allow us to write '

x ,
Pr.*r,r-r 1 

* t (tlno*,w c'i) - o* no*r,N ?6 * B* PL*1,N B +

I

r - 1  *
D ) J - ' B * P , ,  A

O.  .  6 * t ,N  
^ '

.  , t  
' t  

:

' 
Denote P.., , *, = S,- and remark

N-t<, N k

. - 1  x
* . ) s - : 1  i '

s - A + E ( c  s . c ) - . A ' s , B E + B  s ' B + E ( D : q . D ) )  
^ e  q - A '

K o K o ' K - k - o k o ' ' K' .

From i) it follows that no#no.N*1 ( Io

$k*1 = Q+Ao*



hence lim P^ *, = lim q, exists and is finite ; denoting thi; timit by S it follows
L o, N 

N+or 
-t{

l\-tc} I\->s

S>, Q >/ 0 and S is a so'lution of (3); inthis way (i)=+(ii)"=*(i i i).
- - l  *  - t

Take L= -  (R + B*SB+E (D:  SD^)  ) - '  B*SA,  t  t " t=  Lx i repeat  a l lcompu-' o  o '
tations as in the general cese to see ttra: f 

is optimal, hence (iii) =+ (ii).

5, Stabil izabil i ty

Under the same assumptions as above-we study now conditions

for the existence of L such that with' u- = Lx- we obtain rrean square exponential
" r n n
stability. We start with a general stability result.

Lemma 1. Consider ihe svsiem--i---

-t
C (,^r) | v

n  
' . r r n

) r (
n )r CI are independent. ha.ve zqro irrean e,nd E (C

n.. -:

r
(41 vn+l =- 

LA 
+

w h e r e  {  c  ( . )  ,
: - (  n
do noi depen{ on g.

c )
n

ff lim
- Il-)oo

r iyn I  
2 L

x e R t4en- 0 for all initial eonditions

the zero solution of (4) is mean square exponenblly stnble.

P r o o f .  T - e t z  = E ( v y * ) ,  z  = x x * , W e h a v e
n  . / n  n  - o

- r. ,. .)' r ^*.'!
z  - = E l ( A y  + c  y ) ( v " A t y ^ c ) l  = A z  A  + D ( z \

n + I  r - r  ' n  n - n '  ' n  - n  p - ' )  n  n '

Let T be the linear mapptng defineri ::y

*
T Z =  A V A + D ( Z )

- ' w ,

W e  n r a y w r i t e  Z  -  = T Z ,  h e n c e  Z  = J  Z- n + I n ! , n o By assu,nption Tnz --+ o for

+ +  
o  t h e n ' 2 = L x r " . u fZo= )a< i  i f .  Z>/  

J=r  t  i  i
But if. Z 

o 
is symmetric it can be written as

hence tnfi *-> 0 for all symmetri c Z -, and
o o

hence Tnzo--->o for aL[ Zol o.

differenc.: of n*nipcsitive rnatricas

the lemma is proved.

Theorem 3, Under the sarne assumptions as in 'uheorero 2,

let $ , Q) be gggplglelX_rqnlrouqble*._rFen !b9*&lloJlqg_state!qg!!!" plg ig*Lvileqt
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(i) There exists L snch that the zerc solution of
o

x-,r = (A + C- {<p) + (B + D (.D )) L- ) x._
n + I n n ' t o n

is m.ean squars; exponentially stable;

(ii) Equaiioq (3) has a ,r,olution P) 0.
l

P{oof. If (i) is true, the tunction rp defined by Y tx) = L^x
t - t o

o
belongs to Hl _- for all x, hence there exists a solution P )z Q of (3) ; from the proof

O , X

of Th.z we haver
;

. .  * *P^, . ,  x  (  x*  Px -  E t *  nd, l
t  o , r \  N  N

t t * e

n l tS - ' i  
no ,N  x= t rB  = Io  ( x '  Y  ) '  whe re

r . ,  r (  
|  

x  . - 1  *
f (x) = Lx, t = - (R + B" pB + E (dPD )) 

* 
B PA| ' o o "

1 , 4
W e  p r o v e  n o w t h a t P > 0 .  A s s u m e  y l  o ,  y G n " ,  f  P y = 0 ;  i t f o l l o w s l o ( y , Y  ) = 0 ,

t + * X - *
h e n c e f  Q y  + f  L "  R L y  : I  i r e n c e  y l  Q y = 0 , L y = 0 ; f r o m h e r e a n c i

i ( + t t 4 r ( (

y * P I =  0  e q u a t i o n ( 3 )  l e a d s t o y " - { p a y  + } " * E  (  c ;  P c o l . , i  = 0  h e n e e

.  . l r  t

y*A* pAy = 0; Ay hes the same properties as y hence y* (,{)" QA^y =0 and with

y # 0 we contradict the controilabilit.rr assurnption. In this way.(i)=+(ii).

From E (* r,{$ I x* 
P*- xTP --x it follows that

or 11

€)
l i *  E ( K  P f N )  = 0 a n d w i t h P ) 0  w e r e d u c e l i m  l l ; N l "  = 0 ,  t .
N-><rr 

r\ - N-) oc 'l

ri/e may apply lemma 1 and (ii)F=t(i, follows. .

Theorem 4. Uncler the assumptions of .heorem 3 if  (3) has 3

solution P)r0 Lhen :

( i )  P>o

{ i i}  P S the uoiqoe semipos (3)

(i i i )  min- i  (x,f ) = ** P* = t^ 1*,f )'  ' . P € H "  o  I '  o
I o,&

w h e r e  i t " r = L x ,  f , = - ( f f  * B * P B + E ( D ; P D ' ) )  
1 B * P A

(iv) _The qero solution of



. ,  
'  ' , 1 :  

:  :  i . 1 . ,  
1 ' .  -  , : . ,  

t  
-  , .  t ' -  

. , , , ,

..::
. '

-  8 -  :  r  l
. .

r  r -  1
x  , =  l R +  C  ( s . r ) + ( B + D  ( e o )  ) f ,  l x-n+1 L n " n J n

is mean square exponential.ly stable.

: Proof. The cnly statrrment to be proved is (ii).

L e t  \  
( * , Y  ) = E  ( { n \ )  * I o , N ( x , Y

It is known LrzJ,, Lts] that 
\ 

has a minimum given by
:(

x S *,x, where
O, I\

\

) t  *  i  y  . - 1  *

. -  A %*r ,N 
B (R *  B sk*r ,N B *E (D;  sk* l ,x  Do) l  - , .P,sk*1,NA, '  t * , *  =  n .

' '  l ' t - t ' ^ \  a

then , step .by steprwe 8e'; So 
N 

= P. We have further *t Po, 
'i 

x € Io,.N (*,1 I <

r \ * , (

k ( * , i ) = * * , o , N * = , i e 1 < E ( t n f i o l , . . * I o . I { ( * , T ) ' . , .
.

l

I  notE ITN l t \  o andL,n (*, f  )-+ 
T* 

*T,, ,

P^ *4 S, hence- o r N

,  ' e  ^ -  .  - *  L
x $ F * x ' P x-5

0.As!ab!li!y_Ie-qq!!_
' 

Considr;: the system (4) with the assumptions oo C; stated above- n

r .( 5 )  Z  -  - l A  + B  ( t ^ r )  l Z  '  \\ - / - a + 1  L n r n

rylglgg 
2. If the zefo solution of -(4) i.s mean-S-qga;ie-e.xoelengaihl

stable then theRe e{ists 
. 

€ o ) 
0 -quc!-tha!-if .E (Bn) = 0, if the elgmcnEr-of Bn TP

o (  or ' : ,o |  < r  ("?: .0 )  *  to for  at l  i ,  j ,n then the zero-

solution of (ti) is also mean square exponentially sta!!g-
#

' * ' *

sk,* = Q +A sk*l,N A,* E ( c; sk*1,1v co) -



n- 9 -  :
"  

' ,  '
l

Proof. From the assumptinn on (4) it follows pal that there-:--

exlsts H>0 such that
. . . '

!
t € \ : r

E | -  f A + C ) " H ( A + c ) l  - H = - I  ,-  
L  \ - -  -O /  - -  \ - -  -O ' J

Let V (x) = xxHx; for n )' k we have
:

r  I  -  . \  -+ t  (  -  rE L v ( z o * L ( . r [  , o ( .  ) J  ( ? )  - v  ( z o  ( c r r ) )  =  z  ( n ) t E [ t a -
+ B  t t r r t ) * g  ( A + g  { , , 1 ) l  - H }  Z  ( c p )  =  - Z * ( , ' t )  ( I - A  ) Z  @ ) )  ='  - l l  \  t t  \ - -  - n . - . , J  - - J  - n .  '  - n  .  

n ,  n

* t  r f  '  \= -  - z : t - ) & t - € , ) I + ( € r r - A o )  I  z o k t )

" 

E ,

\ '

.vrrhere A - is a diagonal matrix with elements I
n

L o . . t ' ( b ? , n ) . r r n i ? 9 } ) . | ' .
t  

JJ Jr; l

t , 2 2
L e t  E ,  e  { 0 , 1 1 ,  0 z  € o  * r J , , ,  o u  6 ; . o )  €  r  t " l : ; o  )  + € o

then t. I -An*)o, irenee . .., :'a
?  \ l  - l  , 2

n L v  (zn*L ( .  ) )  |  , * ( .  ) ]  ( .^ l )  -  v  {zn@D< (1-  € .1  fz"  t - l  I  
o ,

I

H > 0 and the mean square asymptotic stab'ility fottows. '

i.

Theorem 5, Under-'uhe same qssumptiong as iLllreoremjs and 4

assume the equation

p = e + A * p A  a A . , i p , M )  - f  p n ( R * B * p B + A , { e , u ) ) - t  f p e  h a - s
I

I solution_ P)r 0; here A 1 
(P,M), A, inrXl are diagonalmatrlces withglements

t r \
* 

Pss *si' 
* 

Prs o"1 resPectivelY '

*  n*pp *A , r ,  ur ' l  
-1  

Jr :oLet  ] ,  =  -  (R + B pB +/ \ ,  {n ,U)J 
^  

B pA

:

rclem

x  = ( A + C  ( u c )  -  ( B + D _ ( ( ^ t ) ) f ,  l * _
n+I  n n ' t  n

is mean squarejlxponentially stable.fcr ell randorn periurQalig+E C., D._ ylth jerg_
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mean, with independent eiements, and E

lemma 2 and

t" l , ." l  (  * i j ,  nrafr.nl € o, j ,

Proof. Consider. random perturbations fc'r whieh the variances are e
. A ' , \

equal to m.., n.. respeetively. Denote them C._, D.. From theorem 4 it  fol lows mean- u r J n n / \ r \

square erponential stability of the sysiem corresponding to C , D. ; we apply then
a , "  A  n '  n '

lemma 2 to the random perturbations Co + L;L and Co + DnL. For appLications might

be useful the special case m.. = * , o,, = f ; in this case the equation that gives
T J / T J

the rolution to the slabil iz*i . ion problem is

) f  *  *  -  . - 1  * -
p  = Q  + A  P A  + 1  I  ( T r p ) - A .  p B t n  + B  p B + )  I ( T r p ) ) '  r  p A

w>,c f>a
It is :ic;r natural to study the,set J4 ,P pairs g)6"ii,i"t,

this equation has sclurions Pzr0.

T_epfep _6. Asqqge_14.,_El-gglqpletety c c,ntrottaU

gfsumptiog of tlie-orems e gqd,+. Then {i) (0, o)eJtt) ,(t,) ), Vrll eJ{{.

gg$!*  €> 0 such that  F,  ; r , r '+€ )  x P,  i+ t  ) -  W.
it"r

T
Proof. First asseriion is wel{known and the second foliows from

L
t h e o r e m s  3 a n d 4 .  l

Let now 
",  

= 
t , f t ,@); Uro) "rni

there

> 0 ,

F " =

6 lft

xz=&'I')' Xs =E'A)'
.fz 3f '

From theorem 3 it fotlows that F^,;r, F, do not depend on
/ ' Y ' , j 5

n
l .

xz = 
{ r . * ,@ 

) ; (0, i  ) .yC} ,  *B= 
l f  

rF,* )  t \ f  ) f l r r ( l  ,

X g  *  * r . X C X r  * X z

Q and  R .

iff

^ t  
\ ,  H

.f^ 
= sup. Ar , .t" 

= sup. Xr,

. From theorem

sup. X
3

i  =  1 , 2 , 3 ,  X "  =
L

t.r, F,

s ,)Al 
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f*,0) e-rCTheorem Under the ass'.rmptions of Lheorem 6
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a  ,  I '  - i t  * .  - f  *  i t  - t r  1
+  I  L ( " - "  I  -  ( A  + B M )  ) - -  m "  M ( e " I - ( A  + B M ) )  - l  t g o t  a tJ l

!

i where i = .ITi and l{lg is the set of all matrices M sueh that f (A+BW/-l
J

( g (AI means the spectral radius of A, i.e. F (A) =max ll l  I)  J  ^ € e { A )  
t

6(At being the set of eigenvalues of A):.

. a A A

Proof. Let ( *.?) e )(C, c , D random perturbations as in the
\ 

_..=_:::: __ 
rrv_r., 

w _ v, 
;1.

proof of  Theorem b withEft l ;  = lb ,  Ut6 ' ,1  ̂ )  =)  .  FromTheorem 4 i t
r  U r I l  /  L J r O

follows that a maf,rix M will sxist such that the zero solution uf

n    , .  . '  I

x  . .  = ( A  +  C  ( c p )  + ( P + L l  ( . ^ r ) )  M )  x" n + 1  \ - -  - n \  '  n  /  - ' - l " n
:

, .  i l  ,  I  tis mean square exponentially stable.

. -  : ; i

l -  x  nv  ) p  *  {Ao  n  / \  - t

E l (  A - +  c " +  M  B ^ +  M D * ) H  ( A +  C  + B M + D  M ) l  - H = - I r- [ -  n  n '  n  n )
henee

\Af
Since H>0 it fol.lows that M-€ llb.

Denote 6y S. (M) the solution of- I

r f :
(A+BM) S, (A+BM) - S" = - I

t '  L

and bv S^ (M) the soluir'rn of
,  

. - - - _  . = J  ,  - _ - -  -  -  - - - -

(A+BM)*S- 6+BM) - s. = - M* M.
Z ' 3

We have S +(M) > 0, S'(M)V 0 and

- H + p- (TrH) s. (M) + $ ltrH) s^ (M) = '- s. (Iil)
J  1 '  2 '  r '

hence '

H = st (M) + f;* srtvri * f % (Ml (rrH).

" We deduce

TrH = (TrS., (M)) + (TrH) fp.1trs, $ur;) + $ {TiLs- {M)fi
[  

\---L \- '- 'J '  '^ ' i"2 ' ' ' - 'A
hence

(rrg [- ](rrsl (rvr)) - ] (rr sz(M)l = rrs, (M)

Since H ) 0, S1(M) > 0, ti follows that

t



1$r st
But it is

s1 (M) =

s? (M) =

By using Parseval's equality we deduce that :
f,

sz (M) =.# 
) b-" I - (A+BMf ]-i wfm1*tot - 1a+nu1i-rat an,tithe corres-

ponding tortilU for S, (n{) and the inequality in the stateinent is proved . Assutne

now this inequality : there exists WIYC such thai ;r Tr S.' (M) + t Tr S.,(M) (1.
. / I  4

Tr st (M) 
[ lr 

's. 
(M) -: ] s^ (mil

1 - 1 t F r S 1 ( M ) - t  T r S r ( M )  ' - /  r  z  )

; l

S i n c e S 1 ( M ) > 0 , . S 2 M ) > 0 i t f o 1 | . o w s t h a t H > 0 .

By using the Ltapunov function <iefined by H we obtain tta] the mean square
. ^ r r

exponential , stability of tire system associated to the random pertwba.tions C , b,

(M))

known
oo
(
z-
h a oz

l r ? o .

-  1 2 -  ' , :

+ ) (Tr sz(Mt 1L
that

[a*nnrf 
o (A+BM)'

t- 6+emy*l 
n m*u 1A+nm1nr._ -j

.\

L"E
H= 51 

1*l 
*

hence (1,0) u J/(,.
t '

: \

' lrr't {"

e(A) < 1 then 0e i( i r ,  hence jr* -  oo
) ' /

Bemark. U

Theorern 8. Under the assumptions of Theorem 6 we have

(i) in i Tr Si
tle Y( 

r

( J 1

( i i )  h =  T  
i f f  A  = 0

( i i i )  f f  p (A)>  1
)

I/rool

D { 1(MDtL and 
/, 

= 
t* t t" gJ\,I)

MeY[ ]

thei in f Tr S,, (M) > o-tte )tL 
4 tfo 1," SJil)i-"1.

M e}f,

.)+
{  te +BM)

If MeW then :

S. (M) (A+BM) = S, (M) - I
I I

' 0

Hence sl(M) ), I,% S1 (Id) 2rTr-T =lrancl ihus byTu-eorem

{-r, 1
SuPPose that lL = '-':-

,/ 3 p
/V

,
t ,

{i) follows.
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?PZ, Tr (P1 + PZ)

I
0 (r,f- Mo €

tr. (Pl

P z =  Q '

(ii) follows.

P, and Mo such

-pz  =  -  * l *n

= f ,

^.,
nemark . Frdm Theorem 8 it follows trlat,;t't,

gta)) l then Fr;W(min'i F,,7["1 
'/

J / r Y :-li 
- \ ,/ ./ ' )

Fr + Fr"/ ' /

- 
t 

anrl if

since P= inf {"" s., (M} +rrs, 0nfi2, in-f rrs, iM)>+
J g€)0(  r  j ' | ve l t6  r

by Theorem ? we have /r= # . Hence F 
='[,

There exiJt *on)t[ suehihat tim sl (Mn) = Pl, 
]tA 

s, (Mn) =
' 

n?ao 
- 

n-?eo

f r ?

= tl -xr
J
From

* *
to*o * (A-"BMn) SZ{Mn) (A+BMn) = S, (NIn)

' l

it follows that the seguerrce M- is bounded. Eence, there exists a convergent sub-
n

sequence tvr .' r,eb M- be its limit.
n , o

K

We have i
* *

M  M  + ( A + B M - ) - ' P - ( A +  B M ^ ) =  P . ,
O  O  O '  Z -  o  z

. :
' :

*
r + (A+BMor P1 (A+BMo) = P1

-.t.'

+ Po) = TrI, P, ) 0, P'.rV 0 we can prove easily that Pt + P, = L Pt
. 6 . r .

Fro:n ther above relations it follows that A- 0.

suppose that A = 0. Then o-€)16, s1(0) = I, sz (0i = 0'

Hence lrL. "* f = 
ir*: ir.I, € b

R
Thus B =L and

J

Suppose that p (A)2 1 and in f S, (M) - 0,
) 4

Using the same reasonir:g;in the proof ol (ii) we get the matrices
*

that P^ )t 0, T.I P- = 0, e (A+BM^) { 1 and {A+B}*'I \ P (A+BM )
4 '  a  . , 7 r  O  O '  2 '  O '

Hence P^ = 0, M- = 0, P (A) g 1, and rhus we get a contradiction.
? , 0 J
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