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Abstract Beurling spaces of class (Mp) and

by Ioana Cioranescu.

In this work we associate to the generator of & Pueghlor” Beurling

s (M ) in.a Banaech space Xia

rp

ultradistributi%ﬁ gsemi-group of cl
Frechet space X.lp vhich is dense in X and on which the ultradis-
tribution semi-group coinci@e with a locallv—equicontinuous semi~-
group of ‘operators in Qﬁ(X i ).We extend so to ultradistribution

semi-groups & well-known result of T.Ushijima [ 16] concearning dis-

tribution semi-groups.

|
|

The notion of distribution semi-group was introduced by L.J.Lions

[ldJ and that of ultradistribution semi-group by J.Chazarain in

|
!

(3] end [4]. ,
T.Ushijima [16] (see also,[7]) established thet a distribution
semi-group coincide on a:déﬁse Fréchet subspace Y of the Banach
space. X with & locallyﬂéquicontinuous semi-group of operators in -
i(Y),mvhich i dn a.czaljftj_ nodinfinitely differentisble on {0,+e0).

ion semi-

ct
:

The purpose of tHiswork is to extend to ultradistribu

T

groups the above result of T.Ushijimea.We define the notion of "“reg

P o

lapityt of an wiltradisteibution semi~group which is sutomatieall
L

)

verified by distribution semi-groups and fails in the case of u’

1

distribution semi-groups becauvuse of specific problems arrised
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ultradistributions with support { G}. a regular

Eeurling ultradistribution semi-group. of class ) we defins

A

dense subspeace.of X as' a projective limit of some P

which the considered ultradistribution semi- Eroup CoLr
locally equicontinuous semi-group of operators satisty
ness condition of EBeurling tvpe.This is the ultradis

logue of the mentioned result of T.Ushijime.
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On the other hand,R.Beals [ 1},[2] and Ju.I.Ljiubic [12] ,looked
for conditions on operators such that the abstract Cauchy problem is
solvable in a dense subspace.In [2] an abstract Gevrey space 1is éon-
structed,corresponding to the particular case of the sequence
Mp = ppd ,d »1,as an inductive limit of some Banach spaces;in the
general case no intrinsec characterisation ofii thei space jof "initial
conditions Yodsagiven.

The ultradistributional point of view and the consideration of
abstract Beurling spaces of class (MD) permit us to precise and
seneralise results from [1],[2] ana [12].Foreover i e e
Beurling. spages. are Fréchet spaces with families of norms implying
"3 certain smoothness proprty of the solution of the abstract Cauchy
problem.

Finally I want to thank Dr.L.Zsidd,who proved Lemma 3.2.

%



§ 1. Preliminaries.

Tor ultradistributions we use the notatiors and results from fel.
Let IMp}p>C be a sequence of positive numbers with the properties:

(M.1) (logarithmic convexi ty)
22N M Bav i
el g ge By e
(M.2) (stability under ultradifferential operators) There are

positive constants 4 and H»1 such that

M_£AHP min MM, s P=05T,0;
bl A s 5
=q<p

(M.3) (strong non-gquasi-amalyticity) There is a positive const-

ant A such that
o T

>, Hal gy oo
I‘"i p“}“ e 5 p:‘}”yé sgeoe o
q=p+1°q ‘ :

J

An example of such a sequence is the ”evrevicequence I =pp 3 dizd.

P

71

We denote by m = Mg//ﬁ T 1 ?,...,then (M.1) is equivalent to

Vlng that the sequence {mp}pz1“ls increasing.

(M.3) 1mp11es the non-quasi-analyticity of the Sequence{ND}D>O Jthet
T K i My
is
BESen, = i
(1‘105) \ 9‘1 z +OQ % ¥
o ;

or eaulvcleﬂth ;E; //' .

We shall suppose h e dnd define the associated ¢UﬂCb S om L0 Tcm)

p (]
| M(t)= sup ln—— V
> p70C
Then M(t) i increafinc ,vanishes for sufficiently small >0 and
OQ
M(t) | e A M{t) s

(1.1) j .fi?-df19§ji, L consta.e 5 «;?;"};:;p , XEN

4 a .
Moreover (I1.2) is ecuivalent to saying that
(1.2) e21"1(‘t)éAev‘i<}fE) :
Inductively, (M.2) implies

(45 2

Let hy0 and K< R a compact set;we put
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ﬁ ={‘“f (M, sup - ?;-\f (8)] > 1"€><:J(
: pzC D
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F

for an open setfLCR,we denote by

(M) S . _.
<¥DJQ? :{Aim 1¢w€%f-p} T and fi 2 =,
rwacoiﬂgSjj’ 1

e e ga g 23;(Mp) i (M) '

Then the dual &/ of the space R D is the space of Beuy-
(1)

~iang ultrma%xurlbutions of class (M_) and the dual e of the

P
space ;gR_p is the space of Beurling ulfradisiributiens—of class

(Mn) with compact suppoxrt{ we omit to write £2. when £2= R )
i, : i

Further we put

AL oy () e Y e s
‘*“o b :CKJ{O,&Q and o “L:: C5 p{ﬁ Ei} ;

where ﬁD_ Igwthe spece ofsinfinitelyidif eltlabWC functions with

the support bounded above.

)

We define the Fourier-ILaplace tra iorm for %76.53 p by
g

& * '\I zt
H‘/(z):'J kF(t‘)e e ”éé by 1(z)=The" oz,
R
Then we have the following Pa lev«”Jener tvpe theorem [5., 153 :
; (r : 408
Theorem 1 .1. H) et‘ﬁé ﬁb ;t»en for any. 120 there is a constant

C>0 sweh: that
A ~M(Lizl )+H |
(1.4) [spay) 2iige MR R BVl

i
1) Let E‘(?i(”%) y8UppTC [-a,a];then there are positive constants

(1.5 il 24e g e Ve

This theorem has also a converse,that is the relations (1.4) and

Gl conuWet@?v p?ﬂfacterise Fourier-Taplace transforms of elements

i \ B A i
in éfE P" or ?i in the above Tacts {“n} st hilsdiies (M.1) Ln@ (V 30}
25 [ I‘/‘ 3 T
I l
If X is. & Banach space,we shall denote by Q) P (X) amd fi (”)

the corresponding X-valued ultradifferentiable function spaces and
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we call X-valued ultradistributions of class (M ) and of Beurling
S ) :
type the elements of the space XY éﬂ ¥ ;X),endowed ‘with the topo-

logyHief + he uniform convergence on bounded sets.

;‘.)O
i i A
):/P%:O&T )J E‘-,p(;@,;u;: /d,‘t

e

finition 1.2. An.operator of the form P

%)

whose coefficients satisfv :
there are positive constants 1 and ¢ such that
ea P oy
( ap} L L.l/M y =0, T,

ig called an ultradifferential operator of class (Mp) .

%ul operator i?wa>linearagontinuous operator *
and from fél&p in éup' gPreserving the

_support,if the sequence {N&L}satisfies (W) M2y analicing =5

Let us denote by

o 3
T i85y -
@) = (14 = :
=1 P
this entire function of exponential type zero [8] will play an im-

portant role in the present work.In fact,if the sequence §Mp} satisfies
(}133,by Proposition 4.6 from [8],the operators
()Q
SLHGRE Gl
4

are ultradifferential overators of class (Mp) and their acbion is

-

) ;e

given by
C s ] i
0 (1D) P (z) = 03(-1z) P(2)
Moreover (Proposition 4.5 ,[8])there are constants 1,7t and ¢ >0
such thet
(1.6) jd¢z)| £ o, MM TalZ) g

For each née N let us put

s (z) = Z: ey, ;

then by (1.6) and (1.3) we hmve
n-|

n . n=4: M{1 _H
‘w (Z)’é COA e ( o+ ‘Z‘) £
Using the Cauchv integral formula to compute the coefficients a_ .,

we get:

=1
5 . o] :
(10{) ‘ 'Lboylh-t ( e )(' I\,’I , p:‘O"ljooo
i
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B e n i) ', : PN " i { « oo -
S0 the operators uo (1iD),1 €C,n € N,are ultradifferential of class

(. ) ,as longias conditien (M.,3) i8fullfilled.

Y
Let further X be a Eanach space and A a closed denselv defined
operator;we denote bv D(A) the Gomadin ofvlsand endowe itiwith the
' o — n
graph norr en’ AEL(D(A);X).Tet us Gefine:D(A) = (NB(A") and
=0
el A = £ X g O
ity :‘v HAJXH ,for x €D{3 ) .By the closedness ‘of A,the set D(A)
j=o ,
can be consi d red as a Frechet space with the topology determined
: . i el
by the norms #.4, .Denote this space by Y and the closure of D& Jinliily,

o
|

by Yﬁ.Then by [16], Froposition 1.2 and 1.3 we have

Thepositioaalel. 17 5 (A) £90,hen
T i o e
i) A coineddes: with the relosure of  (A1¥) 7 dn ¥
i W ; Iy MR
ii) Y. =D A7) as topological spaces,if D(A™) has the gravh topologv;
1643 = 1lim Y.

n

- &

_For the .closed and densely ‘defined operator & . and x € X' the abstract
Gaiehy Toroblenm (ACP) 18 %o fimd an Xavalued functionn(t), t 20,
such that u(0) = Bi's u(t) € D(a) for t»0,ult) is: strongly différen-
tizble for ©» O and verifies : u'(t) = au(t) .

The' studv of the (ACE) is closely coﬁnected with. the theorwv of
continuous semi-groups of opefators,the theory of ddsiribution semi-
groups and ultradistribution semi-groups.

For semi-groups in a locallv convex space Z we use the notations
and definitions from fol.

So the semﬁ grOUD, Lt} is called equicontinuous on [0,s]c [0,+0°
if for everv continuous semi~normj9 on Z,there is a continuous semi-
nor i such that

.{O(Utx)é i(*{) 3 el i 2 e T i

{Ut}tzo is loezlly equicontinuous if it is equicontinuous on. each
intervel [ O vl ias > G .
that if 72 is barelled,then every continuous semi group
%Ut§tz6 of linear,continueus operators on Z:is loeally-equicontinucus.

L.J.Lions studied the (ACP) jnsthe Space of ¢perator valued distri-
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butions defining the hotion of distribution semi-group [1ﬁ].
J.Chazarain in [3] and {471 extended the results of L.J.Ilions to
ultradistributions.So he introduced the

e

Tefinibion .4, Jet A be a closed . and dengely defined operator in

supp?gC:[O,+c@) such that |
i) PR » 4 d 2 nf«\ Hl =

fiiﬁ called the (M_)-ultradistribution semi-sroup generected bv A,

*d

Iet 17>0;we saythat a region in € is (Hb)-loL rithmie of ‘type 1. 11
ist"has the form !
Zﬂll :{ 75 Rez:paﬁ(liImé(}+b } : :
for some a,b €R.
Then 'we have the following spectral éharacterisation of genera-

tors of (ND)—ultruﬁlutrldhulﬁ‘ semi=-groups lyhen (M.1),(M.2), (M.3) 'hold ¥

(l\ll ) o /'
, 3 ok 5 : :
' Theorem 1.5.[4] A&C + if and only if there is a constent 12 1

and an (MU)~1ogarithmic region of tvpe 1 where R(z;A) exists and
L

Sa)tisfles Lor . each g >0
M R
(1.9) i R(z; )1l = o(e“(l‘zi)+£“ez) :

The relation between fi and R(z;h) is given by

()
(1.1(/) f(LF 2T"4,j:—f(u'uiz?A>dZ ,%\:‘Péﬂ D :

where fll is the boundary of Jﬂj :
i f% is an (Mp)—ultraqistrlbution semi-group and x € X,we denote

.

by fgx the X-valued ultradistribution defined by .
Cx(¢) = é( 4 P € Sl
then féx:verifies 3
(11 3. 6x - 4Tx {@1 : s
Tet us finallyv put fi (s = [Yf ey )} | Sf g )P ; then
FAR

)

(o

b

1P AED ,the adjoint operator A is the generator of the dual

- . w S . % N ] i - ;* . X . 2x
ultradigtribution seml-group ?3 (we note that D(A ) is X-dense in X )
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Sagoi Reyu1<r (N )-ultradistribution semi-groups.

senquence of positive numbers satig-

o

Let X be a Banach space,{M § .

14

b

RN

.

Q

fying (ISEA e ) and . (M55 A a closed,densely defined eperator
I\‘r"‘

W “é is the (M_)-ultradistribution generated by A,we put
: ’?, % 5 ,p‘ (I\ > . :
Wl :{ / ,-,LL,‘")X. : L( é,aL 5 X.éX,n.e’.!}i}
S Siee P .,_c;»(?“i ) s
Ne =={ x€X; &(9)x = 0,4%ED, Py

Gontrary to the case ofdistribution peml-«g:roupg thewwelations
ST ()
= X and J/é = {01

aren't evident and therefore we put

&

Definition 2.1. An (?7 )-ultradistribution semi-group is called
regulap if 7)54="A and J[% {’)} |
Let us further define
z—>R(z;A)x has an ent;re extension z—>8 x
iA = x &€X; of exponential uvpe Zero sychi~that for 1 €R
MSJLXIH“ O(e dead )) for some positive constant L.
Lemmi?.?. lﬁ_pg-\*éC 5 and 0« the” (I« J-ultradistribution semi-group

p
generated bv A;then for everv z € € we have

: > el
CngﬂD(A) and iAzﬂé

Elgii T o e J(4),then itiss claear that .8 £, cd, .Tet x¢
*

£

"\'A

e : .

Zng. X é X x =0 on oi.,,r.l;’chen 7 —> 4x ,SZX > igvan  entiredfunetion
: . : % : i
which vanishes on 5?(A),so that <x,8 x> =C,.By a simple consequence
of the Fahn-Ranach theorem,we obtain the fact that Szxé ;fA for
each z ¢ €,
X , %

Let further x €D(4 );for z € P(4),we have
A X * = o
£2..%7 <A X ,8,X>%='Lx ,28 % o>
and as both functions in this equality are entire,(2.1) holds for
every z €& €.Eut this ileieS

(2.2) S eDn (A ) D{A). and  AS:x =25 x = x;, ' z2€¢.

3t
e ¥ : 2
Iet now be x € o g ; then the ultradistribution G x has the support



LGe
rﬂ‘

{o g and by (1:11) it satisfies
N
(z—A)éx@):;c, met .,
Pon “ 5
Hence putting S x =‘é)x(z),zé.®,using Theorem 1.1.we get XfEEﬁA.
‘Futther let be x:éan;by the converse of Theorem 1.1.,there is
i el :(M il 7 .
XC'Ji(?i 3 ;X),suDDTX = {og ,such that Tx(z) = SZX.EV (2.2) we have
(Z_A)Szx = (zmﬁ)TX(z) Sy
. 8o that
(d/ LT R,
at o g
But 2§X:is the unique solution of the above equation,so that £X=TX.
: M
: e e n
This dimplies é(uy)z = 0 P ) P" nence er‘vé.
g.e.d.

Proposition 2.3. An (MD)—ultradistribution semi-group is regular if

and only if i/‘\= OfA*z {O } S

% . :
Proof. As & issan (Mp)-ultradistribution semi-grouptloo,by the above

Lemna o'EA;; % /z’mg* :
{ The proof is complete if we remark that JM%*==§ O} if and.onlyit
Rg=1%. e
q,e.d.
Next we shall give some examples of regular (Mp)~ultradistribution
semi-groups.

(M)

Froposition 2.4. Let A€C P such that *for z ¢ P (4),R(z;4) and

. =) * - . £3 . - . 142 i
R(z;A) have no nontrivial invariant subspace on which thev are

quasinilpotent;then A is the generator of a regular (MD)~u1tradiétri—

A

bution semi-group.

Froof. We shall' verify sthat ;ﬁA = ;ﬁA%: {O}

let us«suppose ;fA # {Oj and x:ééfA;from the resolvent equation

‘

results
Bx ~ 8% = (z~ﬁ,)SkSZx o tgie €
Let 2 e_‘_j:’(A);S;1 exists and satisfies o n éfA
-1 :
(B3 5.8y =14 (z-1)s, -, AE c

For A # 0 we put



““1 g | :
y S Gt v o) b ; S
(7 "“z> / Sy SZ_A:4

Then using (2.3) we get ,
(A—_sz>""</1—sz> = (A=5)(A-8 3"l I

i P i : . Al ;
j§t?ﬂ‘m S_ is guasinilpotent,which is impossible.
By a similar argument we obtain jiﬂaa :§O} .

g0, that  Rinr!

wa s
4.

i

.ol
Remark 2.5, The condition

" R{z;4)  has no nontrivial invarient subspaces on which it is quasi-

nilpotent"
was required in [11] Sor the density of initial conditions ©f the

(ACP) for a class of operators whose resolvents exist at least in a
half plane and sabisy certains estimations.
Another example is furnished by

Proposition 2.6, Let A be a closed densely defined operator such

that R{z3;4) exists in an (Vp) ~logarithmic region of type 1 , f\ﬂ and

P i . T -
(2.4) ft R(z;A)Y\ 2 const.ﬁﬂzt{)]N ; for an NEWN .

Then A generates a regular (ND)—ultradistri%utiOn semi-group.

[

N+2 TP
Friooi-. fbr'}:éfxﬁF+‘),we have
R Lhdeee e

; A Rz A
(2i5) - Blaix = ;Z: an TR — - ;
&
(r ) 1 (M) g
£ 2 C (\—- '3“,/1 ~ p' s e & L\ g

Let {q'/w’;%kéi‘! z ? kfk:::z:'tﬁ 41 f ; then ‘fk(’/k—j;

wniformly on bounded subsets in €.

We can suppose C & /\. By (149) andi(2:5), we Lave

; h“,{ [(?k(z);\_ﬁjx ‘ q L., (zﬂ(z,,’x):‘yq 2}{ ]
(2.6) é ( "Fk)}; :?Z;,E_TITJ —“LW d +,2-4‘:T: ZN+ dz
Using the estimation (1 (%) we can easily J%rifv that ;F ., ken,

D
3

0r
o

&
i ‘ /\ 3 r\(.”' ~2 =+ e 7 +7o Caviehr:
are holomorphic in and 0({z|"") at 09 ;=0 applying the Cauchy

integral formula ,we obtain

R
Y z,(z.;.a K

j+'\ SV 5 . 7‘:0
Z

T
joN
(s
1
N~
&y
~
DS
—~
&y
S~
==
c
o
-
(21}
i
(@]
-
R
£*Y
0y
®
-
=
+
—
e

Ie

Henoeswhen‘}c~ﬁ>ce tie terms for

.....

IN
()
N
3
o
=
i
'\)
f'\
~—
Q
@]
=
<
D
H
"J
ot
O
]
®
'*(
o

and we get



. {
: _EW+2
lim fxt? B D -R<7 A}io diz
fe. — oo Iri ft g

But by (2.4),the integrand which is holomorphic in zﬁj,is O(lz{"z)

at:o0 ,s0 that the above integral vanishes

|

inally we obtain

Tame (e

: k-~ > A
2 . ; 9 : N

and hence'x/\.g is dense in D(lN ~ ). But “(Alﬁg) 1s dense in X ,s0 we

get JQ G X.With the mention that D(A ) 1s X~dense in X s the operaz-
- do e T A L
tor A verifies similar conditions with A,thus SR/éﬁlS X-dense in X ;
; R e
but this implies N - :%U}.
Gec.d.

Remark 2 6. 5y EZJ.R.Beals considered operators for which R{gsd)

exist in the region
? ™ : * ~ ’ | ;
Rez > const. |Imz| s Tortistme of £ 1
v%féﬁés there the estimation 2.2

Dd 2 —'1 7 Bk _ @ ky S 1 o
Tosd =l MY =1t it ig clear that tirese operators

V)
]
Qu
N
(23]

i~

Agsdorp il =1 )

pd

are generators of regular (o ) ultradlstrlbutlon semi-groups
We next state the following basic Properky:

Lemme, 2 7. T e i is an (M \-hlurg( stribution ~em1-?*ouu,ufeﬁ

g ) %\
“E(%w - EOEIBIF) =B (¥) E(¥) H F v €
£ ~ A~
froof. Using the fact that Px = v and (1.10),we need only to

verlisy :
o o~ v | = }
2Te A (2 )WL B Rz s = P (z2)R(z54)dz. | P(A)R(Ai4)aL |
. o i 1 Ay “To
This verification is a routine exercise in the operational eadeulus,
but since we shall use the argument several more times,we shall
sketeh 1%,

Tet 1] 1 be the curve {z+1;'zé ﬂlﬁ}and_/XE the region at the right
of [* l,t}wen,,_/ JC/\

If‘fé«%L s ON€ can easily verify that by (1.4) Cf is holomorphic
i11C_/\1 and vanishes rapidly at ©0in this region,Therefore [71 can

St T ;
be replaced by | 1 im (1 10) ang using the resolvent equation



we have:

O
>
I

S ¥ (z)Blz;4)dz. gﬁf’"(h YR(z:a)a A = S 5 (2)R(z:4)dz. | W (A IR 4)a
[ I A
e £ i
f t
- s ¥
j F(2)R(z54) [ (YA arlas (w AIR(A34) H f;/\/ g
! d
‘ i
e My Fe Iy
r o \f\:) N p
:Zﬁi) Y (z) Y(z}R(z;4)dz
e
sinte the first term in branches is the Cauchy integral formula for

i~

nY and the second term vanishes by the same theorem for

62

By a sequence of regu WQT*cetions we understand a s

. T
il = ‘D e .__;5; ine0G P

~Act
e

2 e
x 5o g " i X . Lot ’
proup ang T ENgET ,suppT < [0, 0<).We define the operator &I hy

‘there is a sequence of re?.]‘“‘"'blOA*?%L}

such that &(Y,)x — x and € (D% PidF ey
EMO LG RO e I

Using Lemma 2.7. and the fact *“”t.ﬁea :{0 }one can easilvy verifw
that v in the above definition is independent of the sequence{%){}.

In addition & (T) is densely defined because ?\,écn(‘é(m}) and
it is preclosed.

oo

we denote by &(T) the closure of B(T) and endowe DEELT ) swith

) ~ 5 > 5 = 2 rm\ N
the graph norm.Then the closure OI‘F{EZ in this norm is D( C L)

Moreover we have the following properties whose verificetion is
quite ‘simple and similar to that for distribution semi-groups:
(M;}
- - : (@ {
; : ~Z LY o N e (O e i
Proposition 2.9 l> "(rrl\ C‘J( kf)x = (’.(,\' (:( P rs ‘é(r \f’) FE v’:k{é‘fb .

Loy o)

Rt | A ﬂ(
cray 2rpYR 20Ny = T, )X, XRERSHE
)y sl e G it f

]

ﬁ?)

o S e M,




§ 3. Abstract Reurling spaces of class (Mb)’

tix

‘ G o o | o L < e
Let 1M0§p70 be & sequence of positive numbers Veriftving (M.1),
s o .
4 IF A T iz o ;wvr P
(M2 amdl (.5 ) meollz) = 0 (i« =) for m_ = "p /M Phio b g S B
5 9 A 9y
/flﬁ :4 lp I p
and let ?% a regular (M )-ultradistribution semi- group.
e )

: : : el S s N o
For: every né€ N, 2 (-iD )ébe-@ P and so we can consider the ope-
n i o T 2 . ] o - 5 n o
rator: fi(cu (~1ﬁ)éz) which is densely defined and closed.Moreover

we have the

=

Proposition 310 EF é; ls a regular (P )~u1+roﬂiotribvtion semi-

\

) G
group,then for n sufficientlv large tre operator ff(oul(an)cg) is

invertible,

In order to prove this vrovosition we need the following
: e S iz L4

e

Lemma 3.2. Let 1¥C and/\l an (“«‘7 )-logarithmic region of tvpe 5,'3%,,6‘;/\;.
e S ¢ 5 2]

then there are positive constants © “ndA5351 suci: tha t

: : ; =
tee (i)l % ciew(izi)|® , zét/\l.

L S e 5 7
C,f\l 1s simply connected and oo (lz;cua(iz) is holomor

.7

Proof, A
phie in C/Nﬁl,the function f(z) = Inw(iz) is well defined ?VVCJ\@ and.

£ {z) = @iy E/bdkl .Moreover

(Zeil) gRet(z) =fo(iz)|  , z € CJN»Q-
Let us verify that in [ A,
(%.2) ,. 1imtf'(z)l =10,
; ; | IZ! 16
Indeed, f!( ;Z: /é -m_ and putting 2z =({zle “, we have
g P
(3.3) | z~m p[“ = (zlcoc~67 m )/+\zi ‘5262:7m?s1p?'@é 4

Further we remark that by (1.1),Ior 7 e.C]\j
(34) (f%'@z [e=ivies Uiben o [ Tnahess Beed
s0 that there is a ‘6070 sucn that 'Gz'z,6C for sz & C/\7 gnd. f ol

large encugh.

el gl 2 . e o N L " M
Let & >0 and p,€ K such that éw‘,’_‘@oz-azzg-t_i«a@n by (3.3) 4nd (3.4
we obtain pepe *
ol 4 . o y
: A
2 ladle i e S L e g
e e e R R



] fm

ol j )
aoi zétj\q and |z | is sufficiently large.Hence (5.2) holds.
As for Rez £ 0,the inequality of the lemma is satified for C =0=1,
let us consider ZéEC/\1 with Rez > O.We have

flg) = £(iImz) + S Ul A dai

o pdimzs s}
so tha
| £(iImz)-f(z)}| 2 sup | £V i Rez - .
AefiInz; z ]
Henece

Ref(ilmz)-Ref(z)& s £1{A) (al(1 | Inz{)+b )
‘ AelT

(a.andsb are the positive constents in:.the definition of the regioruf\é

2.0 Viwe lodn Find o constant. CY such that Jsup. (! Gk leae
: /{éLlTJlLHa]
and 1-aC'>0,if z€(A{ and [z [ is large.

Using now (3.1) and the evidents facts: ]ou(t}i cp({ [0
N y §
e“<t>é.]u:(t)htéﬁ,wx get

w (1Imz\) | g SE e

wa(iz) ‘
But by (3.4) there is a constant L'>0such that for z é(f/\l,]z;
sufficiently | \large,holds :
Jeo (1) 21)}¢ (1 Tnz )|
g that finalgv we get
l03(iz)i Z:e—bpy &S ($32§)§1'ac' Sl in@geY)

I ¥»4,it is obvious that

M -aC!
] ‘U\-'(!Zf}‘ 3

| e (Fiz i)l
so that we can take &= 1-aC',
'If ¥<4£1,then a simple computation shows
| | ec(f 1zl 0% e (i
so we can take 5_='$2(1—a6') 5
g.eedo
Remark 3.3. Trom this lemma,by a routine ccmputationfollows that

' 7
i ) ]
the function z_--—>»//C (1z) is of ex 1ent3ﬁ1 type zero in L /\_19
u 2

Moreover this function vanishes rapidly at oo in C J”X

£




—i5-

(M
Froof of Proposition 3.1. As A €C P,by (1.9) ana (1.2),for z €[]

e
and e e A sWe have
o 3, M(1iz])

I R{z;A)l £ const.e <

(3.5)

‘\;’Z = r\‘,}' T Ly
£ const,e2M(2lzl) o & const.eL(Jlléli/’k k€N,
z z

Al

We still remerk that transliating A by a convenient multiple of the
identity,we can suppose O £ b4m, in the definition ofu/&l.

Let further « 21;by (1.6) and the Rernoulli inequalitv,we get

[eLa(Llzl)]2 w(—io(.{zl")éw(-ilzl)dé Coe@ﬁ(lo(zz)éCOL A1z e)!
so. that
. e -1
(3.6) BedGail = e coldd il ammmne g .
- Por n €R,we put
I { R(z;a
(3.7) Dn S (Z ) dz

L (x). Indeed,as Hyl and:lgs are = 1,;n

5]

Zl

{t\

then for n> H1,18 ~',D
and using Lemma 3.2. and the inequalities (3.5) and (3.6),we can

estimate the integrand in (3.7) as follows
M(Pllzl)

(z.8) MNB(z:i)I , s . QCSPI Z~)—a - const.
Jao(iz)) lua 1zl )V [zl ledtadn tni | zf‘

Hence if n = E1C15'—1,the integral (3.7) converges and defines a

tounded operator on X,
: r )

Let ¥ € &DOAPR; we have

{ R(Z z\)
£(9) - jqwz)u(z 4)az 2‘&1[ . A0
‘ (n Ie .
where vy = @ (1D Lfé %o :

1 ; ; - ; A
As the function z —> tJn(iz\ is holomorphic and vanishes rapi-
; sk e y
dly at oo 1n(,1A\1 (seel the Remark 3.%5¢) yusing a similar argument

as in Lemma 2.7.,we can prove that

J F (). Blzid) 4, -5»42 i4) 4, J F (A).R(A;8)a) =

Yl WA
Fﬂ ( ) 'P&OV (lZ) ,fe
- fy(k) R(Asa)AA . j_fi;;ﬁ,LdZ :
wo (iz)

I e



-] D=

Thus we get : ‘ : : _ ST M)
o) & (4) - D B(wP(-1D)¢) = & (w(-1p) ), ¥ELa >
and this implies

-?&\é(ﬁ, ImD,,
where by Im we denote the range of an operator.

o %
; ,,_/‘2;.. & ImDn 5

. : : o
Analogously it follows that for the operators Dn 4 & x

i e : : : ¥ o : - ;
Hence Dn ig- dnjeetive @nd his range 1is dense in X,that is DYl £¥%ists
and is a closed and densely defined OpertOf.

i
We shall prove that D = (e (-w)cO) c9f n>1‘11015_1

In@eedd the first eguality of (3:9) gives

(3.10) D &(T(-1D) ogx = x, xc-;:;a(ﬁ(dn(_m)c;) :

By the second eguality of (3.9),we have

At (o) §) B (4D, = B I N 27

9
and as we can prove bY a)routlne exercise that £(Y¥) and D, commu-
a
: o C\lD
te,we get for ¥ € Lo

L B()IXED( (WP (-10)&,)) and B (e (-1D)&)D E(P) =E (P

e

But Mﬁv& =X =y Jn is ‘continuous so that 'Tinallywe obtain

(3,11) € (e (-i0)Sp)D | = 1

£3.10) and (3.11) imply

ey (i) =D

: nvE,18~

Q sieeity

Hor 0 =l 15 ']+1 we denote by B’ = & (et =an)isn)

Corollary 3. 4. Tor every neN , B'= @(o;ncn(—iD)cY) and

X s ) 0
S 5 R(zﬂﬂ , [R(z B dz\ .
27’1 _ Ha (3 2;1: e (iz)

{
i P
i

-

Prioof . By the above Dropocltlon,w have L

Soi s «no -in)a 1—1 - A ,\n o _’T\.'g
D g F ¢l P(-1D) éo) and Dnon = € (e (~-iD) /D) .

But we can prove using similar arguments as in the proof of Lemma
, 3 n el -1 e ;
2al. Ut D =D shence D = [ and this implies the
Be B Nt :
statement.



4“17;1_,
()

Remark 3.5, If A€C P* ang R(z;A) is mejorized by a polynomial,

A
then j 71:;§ is convergent,so that in this case n. =1 and
e

For each neéN we endowe the subspace u(E ) with the gf&ph topology

and we put (e
_ o

Y = N D(ED)
n—4
Then ¥ i «recbet spacc with the topology determined by the system
of norms ; I xil, ;TJID lhn&} . '
‘Denote by Yn the closure o Y dngthe norm'ixv ;then by Froposition

1.3.,we have

&l = 11 3
n+1C:Yn, ang: ¥ lim Yn’
n AL TS

ii) Bn]Y = 3"

30

oty PR et T L
i) ng Y and Y = D(B")
%

(where the notation st' means the closare Of:RQEln the . Sopoliosy ol e

The Fréchet space Y will play an 1mpor+ant role in the present

theory and therefore we are further 1ook1ng for an intrinsec:charac-

terisation: fer it

Let A be a closed and densely defined operator in X and {MD§D7O

a sequence of positive numbers verifying (M.1),(M.2) and (M.3);for

l

h>0 we denote by

{M3 o Ryl
Xh Do {X(ED(Ayv ;rleh g sup—QQ%%iigL L+ oo}
ZC :
M 1 5
Xh P s complete in the norm u~llhfand if O2hzn's+es, then
{N { M }
sy P ;
° th C Xh :o
JLefinition 3.6. The space
) m
R
Porm—
4 —>os

endowed with the corresponding projective topology is called the

abstract Eeurling space of class (M ) associated to A,

1t is elear: that it X is the space of COﬂtlﬁuous Tunctions- on an

. (I (M
interval %<® and A = /%7 ,then gD
(0
Propogitieon 3.7. .The restriction AlX p is continuous from x P
()
WA

——

N4 6§
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Frpofi=We shall prove Tirss that for kﬂ/h.sufficiently small,holds

50 " E x% o
§
Indeed, (}M.2) 1mnl1es il //M 14 AMﬁH* and thus for XG;X P° we have
P

M}

BTy Bl S Py D, P B e
h. ”"A (AX/ ;___ _-__!_ . h aU‘L J({l‘( '_l__l_,) S ‘llp__ .Z—- AT;1 (—»—-H)‘ “ ){“h
i 1 i 3 Vi I
‘Ipm1 h M, h - B
So that if h'H//ha£1,??esabove inequ?ligy implies
‘ i M
15.12) Waxll, P’ < const.ixl, P
(M3 b h
so that Ax €Xy, e i
M
By the definition of the top%lo§y on X P we get from (Za120 whe
M
cotpinuity. of A restricted. to X P .
g.e.d.

{7\
. ' ()
Tor X and A arbitrary it is not clezr that<X P Qkehubeife A is
Y

U
__semisdyoufs
the generator of a regiflar (Mp)—ultradistribution'then we: shall see

that the associated abstract Beurling space of class (Mp) is even

dense in X,

Theorem 2.8, 1f A is the generdtlor of = regular (Mp)—ultradistribution

E (M) .
x P = 1inm D(E™)

Proof. The assertion results if we prove -
(3.14) D(E™) Hpt
Deld I C.J(: h

‘ for n 2 /Hl +2
and

i“’d

(3.15) B e n(B")  fopiinggl, et '

and the inclusion mappings are continuous
Let n;;%/%1 +2 and ye€D(B");then y = B™%x for some x €X

From AR(z;A) = 2zR(z;4)-1 and using Corollary 3.4. we get

__/, ( ,A) i ol dz it A ( 14)
M(iz) 20l Betl (s o) - apad\ ‘(1z)

l ¢ Te : Fe
Indugtively we have

N
2T¢

e

L. PEN,

Thus



{9

nPyaPyy _ hPuAprnan 1 (mep { R(z;4) I

v v S Tl
Pp kp z‘fjm' ley 2= (dz)]

Let us estimate the integrand in the above integral using lemma 3.2.

.ﬂx“dzl .

(% ) amnd (5.8)

B \ : ] }
1P 12PUR (2 i, nlzh NR(z:a)l 2

I*r‘lpiw“"ﬂ(lz)\ W’\fM Mo (1)1 | a0 (i2)l

N

const. «(hizl)

' £
bzl iw((n— Y T )y 4

‘o

i S 1
ST /(?—H}n i = /(nmq)([}-{ 103+1)103 /n-. YH1 —

Eence yénH P" and moreover

<I\”

llVﬂ pliconsu.uxh— const. IEPR Pk

{l £ const. urn

and so (3.14) is. proved, .
{N }

Let! further hz?lanon and yéXh P”:we are looking for an x€X
such that y = R
=
Tet: @ ® (im) = 7 a, zPithen by (1.7) we get
P-:O ’p : (1c no”l)p

| an,p[é-const. s
Y

\(N ; A JP

Dy . P i
nPia Y!l(log )P 2 const.nyly, P. )
‘ .

M
-

oo
Pubtine  x.= a, Apj,X is well defined and verifies
maD

ay pIHApy((éconst.

,P:O l\ﬁ }
(3.16] Il xIl4 const. lvuh P A
Finally =
vo LA J
st L R(z:h)APy i 3 2PR(z;4)y ..
. T Cny o [ s Rl B R
; =g i) 2WE pro “AL henp w0 (1)
| X, Fg { A Pe
o poo igRiE L) o VRl Ry o eeEn
R TH R CZ —--——-" I N fl__f‘ az = o W4
Z‘TIL‘ U\p“ﬂo (lZ) 217(,‘ = Z)
13 L '1
southat -y = BOBTTx =MRTNn | |
Now from (3.16) we get }
hyly, = lE el =l Liconsit, 1vl|h p A
g.e.d.
ey
K CRE st Xt daseleart that :
' ) o )it )
Pl AR R Ceandl Spe B

Gorolkleary 3.9 OZE}:K

’\/\;a
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Ultradistribution semi-groups and the

dhstract Cauchy Problem.

In this paragraph we establish our main result,namely the connection
between ultradistribution semi-groups and semi-groups of operators

Sucrl :
on. a Frechet space,

g@eorem dis Lét A be the generator of & regular (Mp)~u1tyadistfi—

bution semi-group (» ;then the restriction of A to the abstract
(lp

Reurling space X

Q1)

{Ltit>0 on X ;moreover the function % Lt Leeidn (f *ch<X)

generates .a locallvy equi-continuous c¢m1~5rou0

for eyery € X i
e ; (M
Proof. We define ‘§Uf§t20 on jznglX ’p by )

where (’Zt<P)(s) = ¢ (s=t) . .

: adei
Next we ramark that for t+= 0 and ny H :1+1
i gt tZK(A,A)
+ eré 1” 1’1( Z\
Pe

is a boundeo loperator on X.
Indeed,using Lemma 3.2.,(3.6) and-(3%.8) 'as ‘in the proof ofPropo-

i
sition 3.1.,we have

luﬁn Gl Z)I 2 iuénﬁj)q(izﬂ [ugno(iz)l
bt ot bt
2 g . comst, [G(H""1(zl) | £ const. g
I21¢ 1w ((n=1)n,13" &hzi ) 1] ©

since HET e Aff &
// (n-1)n, ]o l//&n P[0T l]+1 /ér1“‘1

Let now m &fli,x éX and ‘{ € ;Dc = :;we have

o G0 )= =1 B E LT P Y= Bitniite i pie Yo

BU."G - or /a‘{ﬂ‘t 1
) 5 ] oy iy : o
“@@m"(-lﬂ)’@t‘ﬂx - L | etmetin) §la)acasa)as -
Ml
)ﬁe

g 3 i -1 Y on ~ R
- ~——~je£z w"i.:i[\h.L/.Lc)(iZ)(’f‘ (Z) .,.,3_<r7_.._.‘._.>..§___ dz =
syt (e



4 . tZT o A { ) o s
= Tfﬁj A<Z i) Gl cu<n+m)nc(iZ)LF(Z)RKZ?A}XdZ =
27 cro Dol (1£> A0, :
e ¢
- (n N T _
8 Eijcn @(CL/\ +m)“0(._j_; )LP )X 9. Eijﬂ"lBYl'}"m g(L{))X
s that
i n—‘—\*.i":“l N n
(4.2) U ol ilm e BT e Sl £
L ; s\n .D. ¥ -a‘}'l-!‘m ‘:‘ { ¢ 2 o En&n { _42‘ Py
e iz e e el = WE o (IhE 0 il 3 % ,
| R (M)
Hence Ut 1s continuous on : in the topology induced bv X P )
o (M)
and by. the Corollary 3‘.9.,UJC ean . be' extended continueusly torall & E .
The semi-group. property of the family of operators %Utgtzt results

from the definition and one can easily verify that the generator of
; ( I\‘J;
% Utit?@ is the restriction of A to X P k
/

: o : \1‘” )
Moreover,as lim E%on =B n,using A2 ), Toms = €Xia jféaL P ang m€
we get
Linf U B(P)x - BOPIAL = 1am | BRe"BME (4 )x-E" € (4 )xll = 0
0 10 @
:_ﬂO ; (HP)
and this implies the continuit&Ybf thesfunetbion twa'Utx, s
The locally equicontinuity of the semi-group §U %tw results from

the general result of Komura mentioned in the first section but 1%

also results direetly from (4.2) if-we remark that for s> 0 and
- .S— 7 :

nzif‘ o there is a constant C(independent of t%$%) such that
(}Eijop(llC vtelc,s] .

Ly mheoiﬁem 3.8. the topologies defined by the norms familiesgn'ﬂﬂ}
M :
and{ﬂ= i, }EZO are equivalent and therefore the locally equiconti-
; (M
nuity of% it?C implies that for every h>0,x € X P ang Kc:(o,*ﬁﬂ)

néi‘i

we have

Py (0) nPaPy M ’
sup e (Ui [ sup ~__ji_~‘Lﬂ4:suD | U xai P} e
L&l M ‘ €W My tei 8
p%C - p%0

\ (Hp
so that the function t-»U,X is in _ﬁ (C M,Q) 5 ¥ X E-“><
Gsieads

We have the following natural consequence for differential equations:

Corollhrv 4.2, Let A be the penerator o1 a regular uvltrs distribution




b Y 07 o

() | (a1 )
semi-group,X * ths associsated absiract Peurling space,x, € X = :
g ! 4 ‘

(11

0 v K P° & continucus function;then there im a unigque conti-

[ ) d
g A

D such that

nuous differentiable function u:fC,+>)— X

S oh \ ; ~
L@y o aeE ) s BT
which is given by £
uft) = U,k + U, fids
e S G o) ok ol b A
is the semi-group in X ' gerierated by the restrietion

where gT

_I 4Q"
ofA Lo K(

The proof beeing standard we omit it (se for details {2V or [7]1)

o -

Corollary 4.3. let A be a closed and densely defined operstor in

X such that R(z3i) exists for
: A Z :
Rez% c¢llmz | JU e Qe

and satisfies the estimate

Gz 4) | 2 const.{1+lzl )"  for seme WeH,.
; ; _'1 < 7@0 B . 7 Dd .
Jet d =L 7 aed X the associated abstract-(p ) space;then

i
A restricted to x\P

generates a locallv-ecuicontinuous semi-group

pd
é_l’iX(p )_

Thigs last result appears in a slight different form in 2] 3 where

the aS$ociaﬁed abstract space is the inductive limit,when h-»C,of

in”}

the spaces Xy i00 ourresults are ind certaim Scnse a pgenersliss

erlio] .

Remark 4.%4. In ] R.B

7
@
Q

J
9]
(_I,_
o
(o)
l_J
(¢0)
O

the abstract Cauchy problem

for the following class of operators:

Let 5%1 be the space of all continuous,nonnegative and concave

functions ¥ on [ O,+o°),such that
P )
Q W o3 T ‘h;) /‘-") — \ . i \‘J‘<—t‘> 3
lim WG =t e e SO At =
Let A be a closed and densly defined operator in X such thkat

2!
Sslome e T o &

Then R.RBeals established that for 4 the (ACF) has a solution for

-—

ion



(S

every ¥ in a dense subspace of X,but he hasn't obtain an intrinsec

churuc serisation of this subspace.

2 3 . I s N . - ST e
, Tet us ‘remerk thab Bl ff then *? is increasing.Indeed,if
t¢uZ s,we have : Tt Gt
(4.4 (s=w) & (t) + (u-t)¥(s)¢ (s-t)¥(u)
7 3 ¢
and dividing (4.4) by s and letting s-» o0 ,we get W (t) £¥(u) .
ﬁurt?cr we recall the following result which is an immediate con-
sequence of Roumieu's Lemma 2. Cap, 11,8144 ]1(sce also [1“’]) and cf
Kérner's results from{icl,§6,%ap. 11 :
Lemma 4.5. ;gu 3]0, +02)=> (0,+ #°) an increasing function such that
- o E
) =0 C 4
(’Wi——z—)— dt<+en.,
N -
: 4 z
There exist a sequence of Doujmlvo nunbers 3 M } A cabiefvime
: s | DD '
{M.?) (M.2) and (M,3)' and = positive constent h¥ O such that
A >
) 2 M{ht )
‘ Cas) Bl e s gnatie Lo L e

Thus if A satisfies,bhe conditions (4.3),by the above Lemma R(z;A)

exists in an (Mp)~1ogarithmic region and is majorised there by a

polynomial and then Proposition 2.6, implies that A generates a
regular (Mp)-ultrad' stribution semi-group.

iLar in:addition for the function 24/ the sequence %u iovo

' Lemma 4.5. satisfies the-stronger condition (1.3) )then Ve & aeieiv

the conditions of ‘} sorem 4.1. and the space on which the (ACF) for
il

* A has a unique solption is X o
Condition (M.3) on the uequpncc‘%wlﬁ ~ i1s necessary as far as we
jSRRSEAY L
work in the space of Eeurling ultradistributions of class (Mp).
In axr other work with T..%aido we shall studv. the.(ACP) in spaces ot

us to remcuve the

oo-ultradistributions

S

conditioﬁ”(ﬂ.}) and also fto enlarge the class of R.Eeals.
X A S i i
N >
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