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Abst : :act  Feur l ing s le .ces of  c lass ( t '1  )  and
* ' - + . + : _  v  

_ -

ultrad.i st 'r ibu'bion s emi-,crou'os .
- , i * * i . i ! i ! ! - l - ' . T * f f i - -

by loana Cioranescu.

ln  th is  work we associa ie  to  the generator  o f  a ,  I ' regular"  Eeur l ing

ul t rad- is t r ibut ion semi-group of  c la .ss ( fu l - )  i 'n  a  Eanach s ' r )e lce X a
/n , r  \  

-  
l j -

. .  1.J,1-,1
Frcche'u space X -L ' /  rvh ich is 'dense in  X and on which the u l t rad^ is-

t r i bu t i on  semi -g roup  co lnc lde .  w i th  a  l oe ; r l  l r r -en . r :  i  cn r r t i nuous  semi -

group of operators in {(r(* ; ' ; . ;  "" ;" ; ; - . ;  
; " ; ; ; ; ; i l ; ; ; ; ; ; ;

F t a lsemi -groups  a  we l l -kno lvn  resu l - t  o f  T .Ush i j lma L16J  concearn lng  d is -

t r lbu t ion  semi -groups ,

i
The not lon of  d" istr ibut ion semi-group vias introd,uc'ed\ by L.J. l ions

in [1{J and t}rat  of  u.r- t radistr ibut ion seni-group brr  J.C}razarain in

[ 3 ]  e , n a  [ + ] .  I

T . U s i r i j i m a  t 1 6 l  ( s e e  a l s o  [ ? ] )  e s t a b l i s h e d  t h a t  a  d i s t r i b u t i o n
t .

semi -group co lnc ide  on  3 ;dense f r r j che t  subspace Y o f  the  Sanach

space X v,r i th a l -oca:: l - l - , r  .equicont inuous seml-group of  operators in r
'-O r--\ .
6 [ (y ) rwh ich  i s  i n  ac rC j . . t j - on  i n f i n i t e ] v  d - i f f e re r i t i r , . b le  on  (Cr+oo) .

T rhe  n r r rnnsp  o f  t h j s  work  i s  t o  ex tend  to  u l - t r l l r j r s t r i bu t - i on  semi -r  l : v

groups  the  above resu l t  o f  T ;Ush i j ima. l le  c te f ine  the  no t ion  o f  " reg '

lar i t . I r r  of  an ul t radistr ibut ion semi-gror ip , lv i r lch is automat ical l -

r r o r i f i o r l ' l r r r  d i s t r i b u t i o n  s e m l - g r o u - p S  a n d  f a i l s  i n  t h e  C a s e  O f  U '
" , . i

d- is t r ibu t ion  semi -groups  becau.se  o f  sp , :c i f i c  p rob lems ar r :sed  I

ul t rad- istr ibut ions vr i th suppor i  {  Oj .Correspond. ing to a regulalr
' t :  ̂ . r , - - l  i  - ^  ^  , , ' 1  + -reuriang ur-uraldi*stribu.tiori semi-group of cla.ss (t 'ro) ive d"efj-n'

dense su-bspa.ce of  X.as a pro jecblve l - i rn i t  of  some*Banac'"^- '

r ,vhi-ch.  the considered ul t radis 'br ibut ion seni i -g: :ou.p coir

locil l ly equicontinuous sernl-grou-p of opela.tors sa4idv

ness  conc i l t ion  o f  Feur l ing  t l rpe .Th is  i s  the  u l t rad is '

logue o f  the  ment lonec l  resu l t  o f  T .Ush i j ina .
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'r, 

o 
-, ''l nnlzaA0n thg  o ther  hand rR.Eea ls  [  1J  , [e  ]  anA Ju . I . "L ] lu "b i  c  f i2J  , looked

for ecndi t ions on operators such thai  the abstract  Cauch' ' r  problem is

solvable in a c lense subspace .Ln IZJ an abstract  Gevrey space is co]1- - t

a l - - - - ! -

s t ruc tec . rcor respond ing  to  the  par t i cu la r  case o f  the  sequence
t

nzl
M_ = pp*  ,d  ?1  ,as  an  lnduc t ive  t l rn i t  o f  some Eanach spaees:1n  the- - p

genera l  case nc  in t r insec  charac ter isa t ion  o f l ,  the  space o f  r t in i t ia l

c o n d i t i o n s  t '  i s  g i v e n o

The,u l t rad is t r ibu t iona l  po in t  o f  v iew and the  cons idera t ion  o f  '  .
$-a

abst rac t  eeur l ing  spaces  o f  c lass  ( i4p)  permi t  us . to  p rec ise  and

g e n e r a l i s e  r e s u l i s  f r o m  I  t J ,  [ Z  I  a n a  I t Z j . l ' l o r e o v e r  o u r  ' a b s t r a c t

Beur l lng spaces are r , ' r5chet spaces r ,v i th fami l ies of  norns implying

a certaln srcoothness proprty of  the solut ion of  the abstract  Cauchy t

n i "n l r ' l  om
F / A  V  v + v r . r

' . ,'  
F ina l l y  I  want  to  thank  h . l .Zs id6"v t l lo  p roved Lemma 3 .2 .

- , 1
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S 1  -  ? re l im inar ies .- Y  r a

For  u l t rad is t r ibu t ions  we use the  no ta t ions  and resu l ts  f rom [  8J .

rc t  { l , tp }pzc  
be  a  sequenee o f  pos l t i ve  numbers  w i th  the  proper t ies :

( t ' t , t  )  ( fosl i thmlc convexi*;Y)
n

i r l i 4 t ' l n _ r * n n ,  ,  p = 1  , 2 r . . . i

(m.e)  (s tab i l i t y  under  u l t rad- r f fe ren t ia l  opera to : :s )  There  are

posi t lve constants A and H7z1 such that

| \ ^ 4 A H P  m i n  I ' l - M - - ^ .  r  p = O r 1  1 n . .  !- - P -  
U i q t p  q  P - o .

(U,3)  (s t rong non- .quas l -a i la f r r t i c i t v )  There  is  a  pos i t i ve  cons t -

ant A such ) ,that
Oa'>-

Z--1
q.=P+

l.{

"n - l l

Mt/vv-t 
, F=1

j .  ^  - -  
- - D  

1 :  . -
€  A P  - l f - '  

r  P = . t ' r  1 9  t  t  t  o

, 2 r .  . . ; t h e n  ( t i . . t  )  i s -  e q i : i - v a l e n t  t o

I
^ ^ t

Ar r  o r ramn ' l e  o f  .  s l r ch  a  seq i . t ence  i s  t he  .Gevqey ' sequence  I i -=pY*  , , J  r ' 1  or r a r  v r \ Y l r y + v  , .  . - .  r ' \ .  .  
t ,

We d-enote b;r il.?
-L/

saying that the sequence {*.,^,1-,^,r. i" i-ncreasing.
L  P J P l I I

( t t .3)  i rnpl ies t i ie non-quasi-analyt ic i ty of  the Sequence{t t r r l r r" ,  , that
L  P J y t l v

i s
I
I

f T \ 4  e )  t  I
\ r r . - / /  i

i

glc'
M t

1 -  r & T
KEIT ;:.

or  equ iva len t ly  5 ,L /^  Z  +  06
F4 ' /  

t " q  
* r r " J *n "  ass  i cn  on  ( c ,+  o ' )We shal ]  suppose p1o=1 and def ine the associated funct

rv i ( t )  = sup , r"*  . ,

Then l, j(t) is i-ncreapiu,glTStrri ,u3 fo" suff icientl lr small t>0 and
*  \ .- (  

n r / + \  t t  1 .  i " l i + \  l . { / + \
t a  a \  I  I " i - ! | ! U t Z , 4 t t t ' L C O n _ e i ; . € " \ ' )  - : : y - * * C t ,  k e f \\  |  .  r  '  

J . -T  
vw  L - ;  ' J  '  - - ; k  ' u - r i - "

tl

Iv ioreover ( t i .Z)  is 
'eoulvalent to seiy ing tha!

Z-*J- z- +o€
fr'u'no.

e2t ' i ( t )  =  , .  u t+(Ht)( t . z )

fnduct ivs l . , '  r  ( i ' t .  2  )  lnp l ies

f  . r  z \  
'  

^ ( i t + t  ) r ' : ( t ) a , 1 k ^ i l ( l l K t )
1 t . 2 )  e ' - -  ' = i \  e  ,

le t  h>C and [ ic f . l .  a  compact  se i ;we put

\ 
' '  '  '_ '  '

)



:y . i  d{$( ! ) l  zr ,*J
p z u  ' p
t €Fr.

r "P f  .P( - i ' )  rn t  t
su.p --:_-:.--JJ.1! e 7:  I ' r
PTztj 

'p

t6t i
For  en  open .  se 'b . f i ,C f i nv le  de  r ,o te  .by

/  \ 1  \

g \ ( l 1o )  _  q i f - ' l
d*) n' = .J-int f  i l r$j) 'FJ 'hrL afr$loT6;1st

,, ( iui-- )
and C;

- r i n r  r i r r  € i t l n l , r ' ,_=_*=::1ffii *3(

: . -  i - : '  . . .  .  

" " - \ t ( i , in)  
g>,( l t - )

Then the d. r . ra l  , { j  P of  the spacu #a p is  the 
-space 

of  Peuf l -

'  I  i  nr r  r r l  1 : r i  i i  i  3 i1 , i l i t l ; ions of  c l -ass ( i l * i  una the rLual  ( ; ' (T ip)  
"  

o f  ther 4 r . t r { : \ i ; _ . 1 "

F \ t ' : p )
space  bp  '  i s  t he  space  o f  L leu r l l ng  u l t ra , . c1 i s t r i l r u . t i ons  o f  c lass

( l {p)  wi th  cornpact  -suppo4f , {  \ ' /e  on i t  to  vr r i teJ?-  rv l r .en 52- . '  H )  "

Ti r r r r ' * l ro r  r^ r6  71r l
t , . ^ 1;

%
t>r4 o 't '  = i.--/{Cr*) a.nd

cA (It,)
7'\}.

the support  bounded. above 
-*( l , l  )

We def ine  the  l rour ie r - lap lace  t rans form fo r  f  €  S ' "p '  by
7 r ,  (  t ! r ' :  \

g  t " l =  |  Y ( t ) " ' t d . t  anc l  f o r  \  €E  
t ' : r " ' i  

b . y  Ve )=T ( " ' t  ) , 2  €a .
'J61

Then ive  have the  fo l lov i ing  Pa l -e11r i lener  type  t } :eoren i  f ,5 ] , l t ; l  :
l r . ' t  \  

-

Jk:l"t- l{" i) lu-l t '€ f, i '" 'n/; then for anv 1,>C urere is a constant

-?
6

( rr,l 1
1 I i - ,  {  J r-  p , r r ) .

E{

I ta I  .
i  . D J . n

t t .

- 4 -

e ( j €
\ t a  r  r t  / r . ' \ "= 4 Y  E .  t Y ^ \ l t - \ , / r

t '

I a're
|  .  ?  '  ^ *  . / I  \= . 1  1 € u  \ Y \ / ;
I
L

;
clc t

j

f ru )
t ' - l l '

F gf *n)= 
60n

t
11 /,n?r ,

€(/- ,

where
cA
o/J

\ v l - l  
, ,  ,

is  the space of  inf j -n j - 'ueirr  d l f ferei i t lable fnnct ions vr i th

C>O ...u.qlr, tLfrt 
^,

( t  . i l  I  , f  t n i  g  cu -F i ( r ' l z l  )+u* (z )  , z€ t  ,

ruh"q--  I . ' ; .  (  a )= sup ( tP.ez )  .

i  i  )  T o t  , r  c * ' , 9 : 5  c r r n n 1 , r  L -  o J . 4 , ^ ^ n  * 1 n . rr r l  j l - f r  -  r .  1 ,  
.  , * : u _ V - L r - r - t l a r a j ;

I and C suclr. that

( 1  .  r ' l f r * )  I  4  oer ' l ( r  l t  l )
r .9 s..ttl. ,
,i

-  n a l  \  .

and ' I \z )  is  o f .  cxponsl t la i l  t . 'pe *  e  on_Q .

Th is  theo rem ha rs  i , l so  a  conve i i seo t l La t  i s  t he  re la . t i ons  (1  . t  )  and

( ' i  . 5 )  conp - l  e te - l - . '  c l . i r : : : . c t c : : i se  Iou r ' - i gy -J ; rn1 ; rno  1 ' . r r rnc fo rns  c f  e l c raen ts
/ r , - \ ' ' '  

- . / r ,  - \ : - -

. e1\ t':o ) *e, \ 1',.0 / ,t - r t  d J  I  o r  6  J "  (  : n  ' i , } ^ , e  a . b o v e  f i , c t s  { * n } : ? ; : s f i e s  ( t ' . ,  ) , ; ; " 1  ( 1 t . 3 ) ' J
/ } ' \  r ' ' -  /

I f  X  , l s  € -  I 'e , "n i ' - ch  space, ' , rc  s t :a l l  c ienote  bv  9) '  
p ' (x )  

ln .d  E ' ' " r ' ( r )

* l r a  ^n?T . r * - r ' nd  i  n  o  l { - r r r :  I  r r pd  U l_  L f i ; d i { ' _ f ' e : : e  n i : . i i b l - e  - [U i tC t  j  n t ,  sn r ]  ces i  andu { . r v  v v j . . r  v  u J  v r L r u r - : . t r  v J _  \ , r r  9 j , s v r L ,  - L  q f t v  U I V I I  L ) } , c r v ! , - )  c l l i L t



we cal l -  X-valued ul t rad. is 'cr i -but ions of  c la: ;s (1. i . )  and of  Feurt_ing
:  (w i  )  j j .

t , vpe  the  e lements  o f  the  space d f$" 'F ' ;x ) rendowed r i i th  ihe  topo-

^ ^ + ^
v 9  v r i  a

c€
I /r \  -  >- - ,  dF . ,  €-E .r-d/  _ ,r  \ - , , , / -  / : )  4 . 4 - : . )  r c . _D-  v  r -  /  d " t

4 = o

1og1r of  the unj- form convergence on bounded

!-gliAa-*!.l-c! 1 .2. A4 oncrator of r;he forn

whose coef f l c ien ts  sa t is f . , ,  :

there  ar .e  pos i t i ve  cons ian ts  1  and c such that

|  ^  |  /  r ,  f  P f
l * p l 3  " ' - / I t , n

n- f'; 1
,  - Y _ " ,  |  , . . . . ,

i s , ja l - i  ec1- .An.  u l t : :aCi f fe ; rent ia . l  onrr ratn i .  o f  c lass ( t " t - )  !

1 lver- "1 '  u l t ra-d i f f  erenl : iar .1  operator  J .s  a I  i  norr "  nnrr* . i

rronr S(ton, r,, Z('''n, "";'';;;;"' *?t'i,';";ifr;i":""ffil';"_
s u p p o r i r i f  t h e  s e o u e n c e  

{  N o J  s a t l s f i e s  ( l r t .  1 ) ,  (  M .  z )  a n . J  (  t + . 2 J , ^

let u.s denote bt
f  { - -

ur (z )  =  |  |  ( ta - !z - )  ;
this entire function of ,-{r3r"**r5t type zero [Bl rvrl l  pray an im-
por tan t  ro1e in  the  present  wor i r . In  fac t r i f  the  sequence I t ' l pJ  sa t is f ies

(,F1"5; ;1, : t l rcposi t ion 4.5 f rom I  S] ,  tne operators
t t s  i a  r \

ct, (1D) = rT (r.r. _a.i;
/?2 4 " 'p

are ul t radi f ferent la l  oper 'ators of  b lass

{^---J

c,,c (r l) 9 G) = (L) (- i"1

(F ropos i t l on  4 .5 , [ a l ) t ne re

r  l€{C

(U* )  anci  their  a.ct j -on is
P

9 G )  .
a.re constants lozrL and 

"orO

cr i rr rrn hrr

I,,ioreover

such that

( t  ( \

tr'or ea.ch

then b.r

Using

w e  g e t :

( 1  . 7 )

l L c t z ) l  z  
" o " M ( l o  

l z l )  
r z ( e . '

n € J'I l-et us put
r y L F

cp (z )  : :  Z  ^n ,prp  ;
( t  .6 )  and (1  . t )  * ' {  L? . r r " - -
'  rL  '  

-  on-1 - i " l ( l -o l ln-  
I  

t ,  I  )f  c o ' - ( t ) l *  c o ^  e  ' - s - -  
.

the cauchrr  in tegra1 for r i :u la .  to  compute the coef f ic ients  o.n.p,

l t  t i l - 1  t P
I  a -  ^ f  3  c o n s t .  \ * o ' '  ,  

, r l q  i  p = C  e 1  1 . . .'  l t Y l  
/  T ' t
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S o  t h e  o p e r a t o r s  t u ) o ( l l ) , 1  (  0 , n  €  N , a r e  u l t r a d i f f e r e n t i a l -  o f  c l - e , s s

(r ' f^)  oBS long as cono j - t ion (Jt t .7)  is  fu l l f i l - led.. U

"  Let  fur ther X be a Eanaeh. space and A a c l -osed densel-r  c lef ined

operator; l , re d-enote bq D(A) the d-ornain of  r \  and endbvie i t  r ' r i th the
- er€

graph norn ,Then ' \e  f  (D( r i ) ; x ) . le t  us  de f ine  D( , r * )  = .^ f1 - l ( ion)  and.
'  i t?  :  A 

uf leO

-r eQ .- z ,b6r
1 1 x 1 1 , . ,  = . t r  l l A d x l l  , f o r  x  € D ( A  ) . B y  t h e  c l - o s e d n e s s  o f  A , t h e  s e t  l ) ( A "  )

4 = o
- 6 J r

can be ,  co i ' rs id .e red  as  a  Fr6chet  space w i th  the topo logy  de termlnec l
^  z  o o r ,

by the norrns l l  . l lo . )enote th is space by Y and the closr i re of  D(,r-  ) in l1 '11*

b : r  1 ' - .Then l : , , ' -  [  l6J r r ropos i t ion  1 .2  and 1 .3  we have
" r 1

' I?.*prqs,ij;Lgg=1 ,-j . If -P ( e) I 0, i;iie4. :

r)  A* g..=I9+,1"qryit , t  thg c*l .osure of (nly)n ln X;

: :  \  \ r  -  t r / , r f l \  o d  ] - n n n ]  n e i  n ; . . , " . l  q n l n o q  I  f  i f  f  A R \A L  )  L -  =  r r \ A  )  a " i  t u j j o + O i a l - L - -  L r y ! /  v u r -  6  r r  /
.  i i

. .  ' \
J-l- l- /  I  = --1 J-f i I  I ;

<!_
n{ f2s

For  the  c losed a .nd  d .ense l - r r  de f ined opera tor ; i  and  xo€ X ' the

1 " - ^  + l ^ ^  * a * 1 {  + ^ ^ ^ - l ^ ^ * - .
1 ICL i) t/ IJ.g i.I c: tJ l.t U U lJ U -L U )1. r.' t

abstract

/ , .  ^ r \  .

Cauchy prob len  ( i tu t ' /  : -s  ro  f ind  an  X-va lued.  func t ion  u( t )  , ' b7rC,

s u c h  t h a t  u ( 0 )  =  x o ,  u ( t )  e  l ( , i )  f o "  t  > O , u ( t )  i u  s t r o n g l - '  d . i f f e r e n -

t i a b l e  f o r  t >  O  a n d  v e r i f i e s  :  u t ( t )  =  , t u ( t )  .

1  r  a r - . \  '

The s tudr r  o f  the  ( , i rCP)  i s  c lose l ; r  connected  w i th  the  theor r  o f

cont inuous sernl-groups of  operaicrs, the theor- i '  of  d. i ietr$.b;-r t ion semi-

groups and" ul t racl istr ibut ion semj--groups.

For semi-groups in a 1oca111. convex space Z we use the note"t ions
i

and de f in i t ions  f rom tg l "

So the sedi i  [ { rou.p - tUr l t rO - is car f  sg ecl t ' r icont j .nuou.s on [0,  sJ c f  Or*]*)

i f  fof  evertr  c-oni lnuous seni i -norn 
f  

on i i r there is a cont innoue semi-

nort , i  q such .Lhat
A

,  f ( u t * ) a  L G ) ,  t 6 [ c , s ] ,  x € , 2 .

iUr. j*--^ is local- lv er lu ieoni inuous i f  i t  is  equicont inu-ou.s on. eaeh
(  v t  u l r v

- f ,\ 1 ri n t e r v a l  [ O r s ]  ,  s > C  .

1, Ie recal l  'uhat i f  7 is barel led.r then everr ,T coi i -b inuous semj- group

{ U * 1 * , .  o f  l - i n e a r ,  c o n t i n u o u s  o p e r a t o r  * :  o n  Z  i s  l o c a l h ' - e e u i c o n t i n u o u s .
a  v  )  v . / v

T-, .J. I - , ions stud- ied the (r iCf ' )  jn:r tne sp$,ce.<l f  .cpsr:ai .Qr.  valued distr j - -



( t . a ;

-7 -

but ions d,ef ln ing the i rot ion of  d" istr ibut i -on semi-3, ; roup [ t  t  ]  .

J .Chazara in  in  [5 ]  anc l  [4J  ex tenc iec t  "bhe resu l ts  o f  f - , . J . l ions  to

ul t radis 'b: : ibut ior is.  - io he introdr- icec1 the

)e f in i t j -o r l  1 .4 .  J ,e i ' "q "  be  a  c l "osed.  anc i ,  c , lense- l - - , "  oe f ined opera tor  in

e--isrs-qh slaqe x ,2sq {
( t  . i  )  , ( i : . 2 )  r . n c l  f i . . . 1 1 ] '

supp € .  [0,  + w) suc] . r  !h?1

(4/*r  - r \ )x.  € = qerr ,  t  *  (d/a, ,  - , i  )  = q @ rn(; i )  .

€ es-selk!-l&g u'l  tra.d.i-str ibut- icL, semi-q,lroun geiie:: l  -befr- |rr :r. .

i " ' l - l .^  - r . .  a"  seouence of  pcs j -b i r re  nu:1]" , 'e i 's  ver i - i - ' i i tg .- p )p z'J --*ri-**

, t e  . ( ' l ' 1 ' 1 ' ) . 1 ' r 1 . i j e . r e  i s  € e { t S : p "  , f . ( x ; ' ; ( , i ) )  ,

sern i -group a lnd x  € Xrvre denote

ctef  ineC bt '
-' (t ':*)

1 <O ( :-A'.' 
.p'

- Y J * w t

( i , , .  ) -\ ' - T l  ,
f,

l e t  I ' 20 ;we  sa : i t i r a t  a  reg ion  1n  I  l s  ( t i - ^ ) -1og .a : r l t hm ic  o f  t l l pe  I  i f
.v

:-t has the form

n  (  - .  n - -  !  - r . f t  l r - - -  l \ . r ^  ?/ \  -  -  t  z i  ? ,ez  77  r r1 '  (1  l ]nz  l )+b  t/ I !  T  J

f o r  s o m e  ? r b  € n .

Then .vre have the fol lorv ing spectr i i l  cha.racter isat- io i i  of  gen.era.-

t o r s  o f  ( t , : . ) - u l t r a d i s t r i b u t j - o r ;  s e n i - ' ' r ' o u p s  , . w h e n  ( t ' . . t  )  , ( 1 r . . 2 ) ,  ( t : . 3 ) t n o r O ].  p .  ( l i * )
4  -  f  , . l  ^  /  ^  r ul neo rem i . ? . l+J  l - t  c .u  -  

. i f  an i i  o : r l l i  _1 f  t he re - l s  a  cons ta .n 'b  171

and an ( l ' ; * ) - .1-o. lTar i t l in ic  re8:gA*91 t , ' !s  1  wi rere P. . (z ;  l , - )  ex is t ,s  :1-qd= : : '  - - -  . -  p '

g-_s* isf ieq_ foJ e?ch E >A

bv'  ( n )
, l  . r l  r  f r '  P '

r Y Y e c { J  )

e z )
/ .

s  g iven

; A ) c i z ,

|  ) + t R

t ! ' - , /  r

7 '  ) t L \ Z

u t i o n

ui: ion

,

( t . 9 )  t l  P , ( z ; : r ) l l  =  c ( " } ' l ( t l z

The  re ]a t i o t r  be t i i een  6  anA  :1 (z

(1  . rc )  t ( I )  =#r j , ,q ,
vrhere f I i-p the boundarv o7 

'7\t

I f  f "  1s an ( i r in)-ul t radi .str ib

by fcx ty'e lt-valuect ultrad"istrib

€ " ( y )  =  6 t v l
tnen  ?o  t  ,e r i f ies  i

( 1 . t t )  d / a t € t - , r € *

a 4

iet  us f in*l l . ,  put f ,  ( f  )  =
( it'l )
\  _  " n  /

i f  A  €  C  'Y  ,  t he  ad  j o in i  ope : ra to r

u l t rao is t r ibr - i i j -o t r  serr : i -13toun € 
*

\ , , ^
= ooQSJ x

f ^ 1I -r( (]) \ |
L  \ r \  I  / J

*-
A 1s the

(rve no'i;e

* ' v, )

gener :ator

,  r . /  l L \

i , i r l - [  . f )  ( A  )

(r'i )
€ f l '  P' ;  t l ;en

of t i ie d.u- i l l -

i s  X - C e n s e  i n
tT

7 , )
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r ^
$ 2.  Regu}, , . r  ( lu l^)--u]- !ggLd istr ibui ; ion serni-gr.oups.

U

le t  X be a Sanach spacer l tUnl  p>,0 a sequence o

f y l n p ;  ( i . . 1  ) ,  ( l ' : . 2 )  a n d  ( I t  " ' t ) '  a n c  r i  a  c l o s e d , d
{ l i  )

i n  g ' - - } '  ; f i  6  i s  the  ( i t : -  ) -q11: :ac . ie  , ; r ibu i j -on

a  
' Y r ;  Y  

\  - -  ' o " ( t ' i o ), / \ 8  = ln '€ {  r " ) " ,  ,  Y j t Lo - - . ,
j ' 6 =  i  

o * " e x  
;  & ( {  ) *  =  o , d v d {

Cont ra ry  to  the  case  o f  c t i s t r i bu t l on  sen i i *g r

f u f = x  e i n d  l G = 1 o I
arentt  e. , , , id"ent and t l ierefo: :e vJe put

| e f i n i t l o n  2 " 1  .  A n  ( i l - ) - u l t : : a d i s
::ffi;;::: 

_tj
Lr:h:U*l s o m i - s r o u n  i s  c a " 1 1 e d .l 1 !  v e l J  L v

regu l i r , r  i f  R ,g=  X  and*  , f 6= [o ]  .

Le t  us  fu r the r  de f ine  . ' l

f  
z - -+R(z la- )x  has an ent i re  extens ion z- - -+srx  

I
' P  I  

r - 1 , - . r  n - - -  J . . ^  tcLA J  
x  €X;  o f  exponent ia l  i . vFe zero  such t ] :a i t  fo r  t  (R  

I
|  ' e l ' j ( l l t l  ) ) . f o r  s o m e  o o s i t i - , r e  c o n s t a n t  r - , .  JL  r t s tT , , l l  i  0 ( ,  t , l u ,

; t rr, € c "'p' -?rq- E t,"*-(r4. ) -ulJ:.e-d-rs-trili:-t;,Q.n--$-e-rk*slau!
I

ggnqlglgqjr A;then_-.[qr e-_yerv z€C, vre lqve

s - t n  c  { ^  n ) ( A )  a n d  {  ^  =  u f r  .
a ' 4 r 1 f l v '

I

3 lg€ - .  I f  z ' €  f ( , i ) , t hen  i t ' - - t s  c l -aea r  tha t  S " f r radn  .Le t  x  €  (o
zt ar la

-  * .
a n d  x  e  X  i x ' =  O  o n  d r r i t h e n  z  * +  < x  , S r x 7  i s  e n  e n t i r e  f u n c t i o n

w h i c h  v a n j - s h e s  o r r  9 ( A ) r s o  t h a t ( x * r S " * )  = C . . B y  a  s i m p l e  c o n s e o u e n c e

of the Fahn-Ian:,Lch theorem,v/e obtain the fact  that  Srx € d,*  for

e a c h  z €  E .

l ,e t  fu r ther  
" "€  

o ( . r r * ) ; fo r  ,  €  f (n )  rwe _ha ' , /e
' 4 2 . ' )  < l r * x * r s " * ) =  < * t r r s r *  - x )

and as  bo th  func t ions  1n  th is  equ: ; l i t v  a re  en t i re  ,  (2 ,1 )  t ro tas  fo " :

e v e r y  z  € - A . E u t  t h i s  i m p l i e s

( 2 " 2 )  S r t { ' D ( ; i  =  i t ( r i )  a . n c l  A S r x  =  z s r x  -  x ,  z € C .

Thus the f i - : :st  part  of  ihe L€i l f l ia is proved.

Le t  ncw be *e  t4 f6 ; then t i ,e  u l t racr is t r i ' bu t  i , tn  t  x  has  ihe  s r - rppor t

f  n n c i  t i r r a  l ' t r r m h n n n  c o * i  nf  l J U i \ f  U a V c  r I u r l l U C I b  - a U - L i f , -

o n q p l r r  d o f  i  n o r l  r : : n a - n . : , * n r . ,

^ ^ 6 ^ e - + ^ - t  
- t ^ . ,

Esner :3-rec c- r '  Arwe put

- r ,  * . i  s ' ^ t r r  '  L  . j l  
. J

f ' {  ) q r  a
u "  ,

,
-)

o u n s  -  t h o  r p l : , r  t i o i i s
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I

I o  I  a n d  b v  ( 1 . t t  )  i t  s a t i s f i e s
1 -  J  

- - - - *  - r  
^ ,  

t t u u

( z  L ) t ' x ( z )  = x ,  z € 8  o
. ?v  

. - p
H e n e e  p u t t i n g  S u *  = L " ( z ) , 2  €  0 r u s i n g  T h e o r e m  1 . 1 . w e  g e t  

" 6 { , , , .
F u * t h e r  t e t  b e  x  e  { 6 ; b : r ,  t h e  c o n v e r s e  o f  T h e o r e m  1 . 1 . , t h e r e  i s

m  .  4  r c ( U  )r " € & (  G ' " F ' ; X ) r s u - p p T *  =  { O }  , s u c t i  t h a t  T * ( z )  =  S " x . ! r ,  ( 2 . 2 )  w e  h a v e

(  z - A ) S " "  =  ( r - ^ )  T * ( z )  =  *  ,

n so that

But {2x is the

Th ls  imp l ies  e

P r o p o s i t i o n

Q . € . d .

I  t ^ .  \2 . 3 .  A n  ( I l T * ) - u i t r a d i s t r i b u t l o n  s e m i - s r o u p  i s  r e q u l a r  i f
I'

4 ) 2 ( ?
{ A =  & A n =  i o  l .

4 t * .  / - "  \  -

EggI .  As  ( r  1s  an  (Mo) -u l . t ra , f l s t r ibu t ion  semi -grouptoorby  the  above
12 AQ

Lemma { an = JY e* .
' 6 r ' 1

[he proof is complete 1f  we remark that " t l f *  = J O I  i f  and only i f

Y

Q . € . d . .

Next we *"hal- l -  g ive some examples of  regular ( l t ' ) -uf t radir : t r ibut i -on

semr- -g roups . ( n )
I r o p o s i t i o n  2  . { .  L e t  A €  C '  P '  F u c h  t h a i t . l f o r  z  € J D ( A ) , R ( r ; A )  a n d -
- ..,,r

R(z;A) havg ng ryqt,rivi?l igvariant subspace on whicb_the.y_Erg._e

@;eeri_A is -t_he generator of a qseu-!:ar (lt1')-q!Ia.aistri-

birti g-n g s-mi.-Sr oup .
a 4 . 4

B€. i{e s}:all- verifv that f n 
: {,o*= {O}

L c t  u s  s u p p b s "  { n  +  l 0 J  a n d  x  € J  O ; f r o m  t h e  r e s o l - v e n t  e q u a t i o n

resul- ts

sA* sr* = (r-  ) . )s^srx s z,  t r  e c, '

T , p t  r ,  ( '  P ( l  ) :  S - 1  e x i s t s  a n d  s a t d s f i e s  o  r L  {  A! v  v  4  \ _  i  \ - ' /  ,  " z  v / ! r u  v v

( 2 . 3 )  s ) , ' u u =  r +  ( " - L ) s '  l € c
q

For /L * 0 we put

td7 ur-t')r* = x .

uni.que sol-ut ion ol , r*1.  above eo.uat ion,so t i iat  dx=T*.

( , i ) ,  =  o ,  #  Y€ f t ) ' ' ' l '  , hence  te , {?p^ .(,

; r n d  n n ' l r r  i f

d;
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. 4 : 1  i

t "A  - ,s  ) - '  .=  t l  ^ - ' ^
\ '  z '  

o ,  n z - A : t  .

'  f a  - \  |

T h e n  u s l n g  \ 2 , ) i  w e  g e r
'  r 4  , ,  t - 1  t n  c  \  ( ' )  c  \ / /  c  \ - 1  -  T

\ 4 , - S r )  \ / 1 ' ' o u )  =  \ / v - ; . ; z ) \ / r - r z J  =  - L

so  tha t  R(z ; : \ )  l : "  ^  =  S* -  i s  quas ln i l -po ien t ,wh ich  i - ' s  i rnposs ib le ,
t Ct*A ' 'tt

1 - ! -  - . - ^  4  .  1 . ,  ?By  a  s in i l a r  a r i ; u ,nen t  v , r€  on ta ln  &  A*  
= tu . j  .

Q . 9 . " d .

I . *e r "E  2 .5  "  The conc l i t ion
JL

"  R(z ; i+ ) -  has  no  nont r i v ia l  invar ian t  subspaces  on  wh lch  i t  i s

- . i 1 - ^ + ^ r - t - t t
I t l - L  V \ J  t / g l l  U

was reoLr. i : :ed.  in [1 1J for  t ] :e d.ensi t r r  of  in i . t ia l  conql" i -b ions e ' f

ex is t  a t  leas t

-C1rrl-";i--.--..-

the

i e
J. LT O.(ACP)  fo r  a  c lass :  o f  ope ra to rs  whose  : : eso l ven ts

hal-f plane and g.lh' i f . l  certains estir: iat ions.

Another example j-s fu.rr:. ished by

I r o p o s i t l o n  2 . 6 "  l e t  A  b e  a  c l o s e d .  d e n s e l y  d e f i n e d  o p e r a t o r  s u c h
'...+.4.*

a ,  - r  n / - - ' \  - r l i s v i : s  i n  a n  ( l r  ) - l o E a r i t h n r i c  r e p r i - o n  o f  t ' ' r p e  I  .  A ,  a . n . d+ h e +  H  [  7 '  ! ]  ]  i f X l S l , S  l n  a - n  \ 1 , _ r  * - ( ) * -v l a s , v  l r \ a r r r l .  
: : _ _  - . - * #  t  

L

'rai.{tries

t l  R (  % i L ) ' l i  4  c o n s t . ( 1 + { r u ) N ,  f o r  a n  i i T 6 t {  .( 2 . 4 )

Then A gcnerates a reqlr lar  ( l ' i^)-ut t : :ad" j .str ibut ion senr- ,"r ! l1- t r l .
v

P r o o f .  r o r  x € l ( " N * ? ) r u i e  h a . v e
.# 

$^ .,r j* 
R ( zi j:\)r\N*2*_(2.5) n(z;-r)x '' 

,k*fr 
-r -#ltfu--*-. .

oc.ltj"o' , t' r. ;1f 
in t 

' ' P' I then ?u( ,) A :-
r  x 1  r . t ( i l i - ) " -  ( -  , r ( l ' 1 - )  r

L e t  I y r l i r ,
uniforrnl ] r  04 boulnded subsets in 0.

t {e  can suppose C (  Ar . } : .  (1  r l9 )  a i rc i  ( .2 . i ) ,we have

ty),;*Jq# dz.,;[$.,
f=o 

'fL a - L 
,\r

Using the est lmat ion ( l  . -4)  *e can easl iy v6r i fv that  Y k '  ic€i l ,

a re  ho lo :norph ic  l , r  C  A,  onA A( lz l  
-2  

)  a t  oo  ;  so  app ly ing  the  Cauchy l

integral l -  fc-tr l i l i .a.  r lde obtei i -n
f o : ^

l j f u & ) o l u r =  ( d l -  ) j A ( r ) ; r j " l  ,  j = 0 , 1 , . . , 1 i + 1  .
I  

* T " "  \  /  d z '  l l i t '
Jf r^  , i+1 

'  lz=a

LTarrnn ' , ,^o, . ' tu  -*  o . "  t l  . ,  ter rns for  1  z-J1. ; i+1 in  (2.6)  converge to  zeror { v r : \ /  9 l

and. lrre p;et



4 4
.  - ' I  l *

r^'
- .  I 1' , l i i n  
€ t t p ) x  =  *  * J :  I  . * r f r ' , l i , t l * 2 f  d zlc.-+.,- r! eni ) ,- ,!:[+7-

But b;1 (z ,4) ,  t i ie integ"r:ano'tnr"r,  ,"  hoLomorphj-c ir ,  J, \ . ,  ,  i .  o( lz[*?_)
p. f ' . 'a )  ,So that  the above i r : tegr&l  r7 i : .n i .shes.

F ina f l y  we  ob -ba in

-, ar:*J 
( 1,,.;x = x

* "4  
lae  

' t i "  
5  i s  cense in  l ( ,11{+e) . ru t  . r - r (6 } r+ 'e )  io  dense in  r r  , so  i /e

get r , '  6 = x.r / i t i :  the rnent- i -o '  t rat  - l (n*)  1s x_clense in x*r the operr ,_
t o r  A * t " " i f i e s  s i m i l a r  c o n C i t i o n s  r v i t h  / . r t l i u s  R . 6 o i s  X _ d e n s e  i n  X  

x ;

but th is impl ies i f ,A =lCJ.

q . e . d .

IgggIE 2 .5 .  rn  [z  ]  R . ]ea ls  cons i  c le rec l  ope: :a to rs  fo r  wh ich  R (z ; : : r )
e x i s t  i n  t h e  r e g i o n

.  
'  P ,ez  2 ,  cons t .  iL r r ,  ld  , fo r  _qome d ,<  1

a - n i l  ; a ' f i s i i e s  t h e r e  t h e  e s t i m a t i  o n  2 . 2 , ,
As for: 14* = oPd. rj = .r 

-1 
r., r-r \ , D( : .p  -v  ,L . r  =  c \  l r , r r_r /  =  t  l i t  j_s c l -ear  that  t? :ese ope: :a. tors

a re  genera to rs  o f  regu la r  (ppd ) -u l t rad i s t r l bu t i on  
se rn l_g roups .

lVe  nex t  s ta te  t l i e  f o l l ow ing  bas i c  p rope r t l r :

!9ggg 2'7' ry fl ts 'n (llo)-uul,iA1:*jlg*%,tr 
€r1

\ : Z ( y * r )  =  E ( v ,  ) 6 ( y )  = Z ( , t , ) t ( v )  , y , 7 1 6 g f t ' . )
3rsg4.  Using *he - fact  that  Fv = f r  f r  ancl  (1.10),v, ,e need onfrr  to

ver i f t '
(  -  ^ )  

f  -  -  ( t<a r i  I  9 c z ) y ( r ) n ( z ; ^ ) a z  =  
I  v r z ) ; t ( z ; i " ) u r . l l t l , ) a ( r l ; , i ) d , a  .r / n  

\ t d -  . l t tThis t t "" t t r ' icat ion is a rout in" 
"J,{""c ise 

in the tepera. t : : -onat car-cnrus
but s ince we sha-]- l  use the argument severar more t j -nesrr ,ve shar l
ske tc l :  i t .

T ^ r -  n  1  .  4  tl e t f ' a b e t h e c u r v e f r n n .  - / 1 1  I  ; \ 1

o f  r l , ' n . - r r \ 1a . i ; ' . "  
t " - ' '  

' 4<  |  t l  ana - / r t  t he  r eg ron  a t  t he  r i gh t
-r fl,i \

rc  V€,4 ; 'P ' ,one can ears i l . ,  . re r i f . r  tha t  by  ( l  .41  Q,  i .  ho lo rnorph ic
i "  C  A1 arnd  van. ishes  rap j -d l . r  a t  oo in  th is  reg ion . f | ; sys fo re  f i  can
b e  r e p l a c e d .  b . r  l t l  i n  ( 1 . t t , )  u , n a  u s i n g  t h e  3 g s l o l v e n t  e q u a t i o n



vre have:

fq,z) f t (  n;A)ur.  l?t l ,  )n(z; ; ' r )a i '  = 
J,  F(z)n(z;A)ur.  j  "Fra )n( t , ; ; i )dA=

"Q  
-u [ .  

" f L  t t ' [

f ' L l ^ ,  ^ )  
& , , r )  dza fuJ" J3''tF(/")'g+Y

- l X -

,  suppT c [0, F) . i l .glg{!ng-!Is- opera-tor- €t r l

' ' f '  "r l  ' /v

{ n r  - ?  r r .  .  
' l  

[ -  ^  f  (  | r " t  1

= I  , i ( z )n ( r ; r )  |  i  Y , :  n '  o l ^ i : ' = ,x  -  lV r  [ )n (  1 ; r )  |  \  r y t  a l  l a '  =- . 1  
L ) - - 7 ; ;  r  J n r  L J - t u - z  r

"f, 'r;- ' 
| ,_,'; rL-  

=! , t i , i l  q  Q) ' i  ( ,  )  n (  z ;  I t  )  dz
Jy .' L

slnbe bhe 
-ffu:s'b tern in 

-branches 
is t i le Ca-uehrr lntegral forntr la for

' 
4.,

gpnond  te rm van ishes  bv  th  n  fo r  Y  .
f  ahd the second term vanishes b; r  the sanre theoret

q . e " o - .

3y a Seo,uence Of regula:l iSatiOn.S lr ie UnclerStand a' -s€o*UenC€

( . n ;  , - f l ( i ' t o )  , n  = -  + ' ( l ' l o )
iYr.Jr.N t"(+ Y ' Yi.;1"-uo 1n (" 'Y 

.

3s{g!*gL. 2 '8' i,F$
gg-gup- gnd r 4€"'P'

(  there  is  r  $eouence o f  re ,q r ; la r i sa t io4 . i f  r f r l  l
r ( € ( r ) )  =  l x  € . { ;

L e-usl-th.'! Z( 1n)*.* :i aru]- t ( t' * Yr,):;,-+ lr J
i< -r ->a k *to

1 - - - .

-  * €  r - i
e n c l  6 ( - L J x  =  - /

Using la f f ima 2.7.  and the fact

'h l rp-1;  . r r  in  the above oef in i t ionu l 1 9  v .  , ' J  r i r

fn adcl i t ion € t f  l  is  d"ensel ' r

i t  i s  p r e c l o s e d . . '

h ,e  oeno ie  by  € t t :  t he  c l -osu re  o f  € ( r l  and  endo le  T (&{ r ) )  r ' r i t h
' )  

. i -  { - l a i  c  } . n ? m

t i re  g rapn nor rn .Then the  c los t i re  o f  j {6  j -n  th is  l lo rm . i5  . l (  f - ( f  ) ) '

I , , ioreover r , , ie have the fol lowing propert ies whose ver i f ica. t ion is

oui te s inole t :nd s i : . i l -a: :  to th i ; . t  for  tL istr ibrr- t1ot  seni-5iroups:
\ l u r v u  -  

l i l  \
n \ r a r e l

proaos i t  , .o . \ t  Z  "9 .  i )  Z6  E(  V)*  = 'e ( t )  Z (  Y)x  =  C(T*  Y)x , -Y€ i i ,  ' - f6  U:  : - '
=i=.:a:=#s:

l#

t Q  r _ )
that l\ 2 =l C I one can easil -, '  verif ' ' '

i  q  ' i  n ^ o n o n r i o n t  n f  * . ' l . p  s e o t ;  
(  ' n  )

I U  J r r U U t / v r l u v r i  v

d . e f i n e c .  b e c a u s e  R Z c l ( € ( T ) )  a n d

:c € r i ,  q €a' ; t to ' ,n € i ' { .



- t ) "

$ 3. $f! f*S-!-Le-url . ing spe.ces of cta;.ss (r,r  )-*  . . - x r : - # , . . ] J r "

{ - "  ?  _re -D t l ' l p  lpTc  be  a .  sequence o f  pcs i -b ive  numbers  v  e r i f v ing  ( t t . . t  )  ,
( t t :z)  ernc ( t . .3)  ,  k :  (z)  = f f  (1, ,  :Z-)  . ro i :  I ' . r  / - .

and let I "';"-;;",',-jl;';#--,ii"-1"; ":,1::;:";:=" 
2'' "'

ro r  everv  n€  i { ,  GJn( - i : ; )q€ t ' l ' ' ' p i  o r . , t -  so  we can cons ic . te i :  t } :e  opc_
ra tor . , '  t  ( * " ( - i l1  E1 wh ic l :  i s  d "ense l -v  i le f ined  a .nd-  cLosec t " i l i o re . r re r

we have 'rhe

. If t is a. ::eeul-a.r Ul!fe_df-1-[r"ibuti on s eni-
P r o p o s i t i o i :  3 . 1

gr ou'o . th el f  or r l

i*yss!'.hls:
In brd.er to

1l';o )-

ggl€r*c_]_qqll: lggie , lltg gler::lgl { (.^r"(-il) { I in

prove t?r is proposrt ion vre neecl  the fo11or,r i 'g

lenma 3,2.  le t  l>c ernd A I ag ( l'io ) -t.g.$.i-Ii:Fjglg-*aggloa*_oAj:rpg?, irrr€A^r.
tlien_ tl:*e.re_-1g3_*ggllSyg*-co*3g!ggts C and F Zt sucii tha.t

I  w  ( i z ) t  > t  c i c . :  ( t z t )  |  
' ;  

,  u m .
t_

& g g f  .  A s  C  A ,  i s  s i m p l y  c o n n e c t e d  & n r t  r ,  t t  ( ; , \ /

phic i'IA'tl:e i,unctj on r(z) = rncr:(:,;r:' i, l!fj]l].". l"T.,o, l^t
f  '  ( z )  =  c< t '  ( i z ) /  

Lp ( i z , )  . I " t o re  ove r

( i , l )  
" R e f ( z ) = t c ^ : ( i r 7 1  , z € C t \ r .

le t  us ver i f : r  that  in  CAa

( 3 . 2 )  
i , . , I g r , ( z ) l  = 0 .  

. A
r n d e e d r ' f  t ( z )  =  

2 1 / r - *  a n d  p u t t i n g  z  = l z l . t o = ,  \ ^ r e  h a v e
(3 . i )  |  " - rno lz  

=o r i l " r t  
"o .  d ; - *n)2*  t  ,12u. i , .2  0  , r , rn l ,= tn l  #z

Fur t l re '  \ . /e  remel r .K  tha t  b r r  ( t . t  ) r fo*  e  CA. ,
( 1 . 4 )  i  l a  #  l - - - >  - r  D -  - i , . r ; ; p r  I  T r n r y t  -  -

< - z  1  r " ' , ' i i e n  i l r t z l  - - - - - ] + D < )

so tha i t there  is  a .  So>0 suc l - r  t l , iL t  0^ r .8o  _ fo ry  e  CA. ,  l_nd  lz  I
large enough.

J - L e t  t  7 C  a . n c l  p " €  f {  s u c } :  t ' ^ L '  Ar,r,.'_:. u sfrF_ z  
f ;  

t ten  t : . . t  ( j . ' j )  anc l  (  5 .4 )
rve obterin

I  f  ' ( z )V Z
P ' o

A' t

l'-t.1i ;JG"

D a l
sir 4
/ - T

Y),f.P. '"

J*
* ( "z

$ : f "



- 1  4 -

f . n
i f  z , ( -L 'A- ,  a .nd  lz  {  1s  su f f i c ien t l -y  }a , rge . }Jence ( "s "2)  ho lds ' .

:
-

, \s for  Rez 4ArLhe inequal i tv of  the l -ernma is sat isf ied for  C =i)  = 1r

- . r  A
le t  us eonsid.er  z€LJ\- ,  t ' r i th  ReizT 0" ' . ' , fe  have ' :

F'  
r ( z )  =  f ( i t m z )  +  \  r ' ( A ) a A

J
(  ;  - I * - .  -  - 1
L J ! ! r ! L 2 a  )

so rna-t

,  ,  ' -  \  ^ /  \ r  -  l  - r  / . 1  \ l  -

t  f  ( t - L n z ) ' 1 ' \ z i l  4  s u p  |  1 ' l  l T  ) i . - ! t e z
\e'r-l 'rnz; zf

Hence

R e f  ( i r m z ) - R e f  ( z )  a .  l u p  ! - f  
' (  z \  ) 1 . ( a l t ( l  l r n z ( ) + b  )

Ae D-I-nz; z7' \
/ -
( a  a . n d .  0  a i : e  t l : e  p o s i t l v e  c o n s t a . n t s  i n  t h e  C e  f i n i i i o n  c f  t h e  r e e i o t i , r \ O )

, ' v
' ^ r  /  ?  \ t  /  ^ r

B y  3 . 2 )  w e  c a i n  f l n d "  a  c o n s t a n t  C r  s u c h  t h a . t  - . g u p  J f  
' ( n  ) l  +  c '

' 
/e [f Imzi zJ

n t
a n c l  1 - a C t > O , i f  z e L A l  a n d f  z l i s  1 a r g e ,  

, , . ,
. t

,  l eu $ r - n g  n o w  \ r . 1 )  a n d  t h e  e v l d " e n t s  f a c ' b s ; l a ; ( t ) i ' f = l t . : ( i t l ) 1 ,

el '4( t )  n  lu( t ) l , t€R, ,u"  ser

I  c . :  ( l r m z \ )
' . - - - . r _ . . : - -

1  a^ j ( i z  )

L n f  , 9 ^ l

4  e " u  .  k i ( f  l z l ) - "

But  by r  (  3 ,4 )  the re  i s  a ' cons tan t  I , f  )O . ' such  tha t  fo r  ,  (C  / \ t ,  t r l

e r r  f  f  i  n  i  a - n t ' l  - .  i ' l  
" . o . o  

- ' i r  o l  d  q
D U T J T V * V r r

l . " r  (  L,  I  z i  ) l :  ic^:(  i rnz 1) 1
- i -

so that f inal-J-r' we get

I  t 's ( : 'z) ?,  
" -bcJ  1 . . r ( f  t z t  ;  i1 -ac  

I  
,  t '  =  mln( t - ,  t ' )  ,

rr f, 771 ',t t" "*1"::,ff:, 
,1 -ac ,, 

ruc ( r z r) rl 
-ac , 

,
$ o  t h a t  w e  c a n  t a k e  5 =  1 - a C r .

' l f  ta l  r then a  s l inp le  computa t lon  s l io r ,vs  

"
I  c c (  t  t z  i  f  

' " c i i c ' j (  
l z l  )  I  

t -  ( t - a c ' )
^

s o  v / e  c a n  t a k e  f = T r ( t - a C t )  .  .

'  Q  ' € " d '

na-bv  a  rou t ine  ccmputa t io ' r r fo l - i -ov rs  tha tB"T 7,3,  th i .s lemlrra t  u.y d 'uu r / r - r

the  func t ion  z  4 ' /  ,  n ,  r . ,  i  s r  o f  t rYnnnr - :n t ia l  t yPe zero  1n  C A ' t  ,
1  

" u v - u )

l , ioreover  th is  funct lon va in ishes rapi r i l ' , ,  a t  Do i "  C - / \  I ' i  , i ,  : , , i . , . .

.1. - '- :  : , ' f f i ,
r.' .
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/ ^ ,  \
\ l u , - /  

r a  n \  ^ . ^ - 13 . 1  .  A s  A  € C  
p  

, b y  ( l  , 9 )  a n a  ( 1  . 2 )  , f o ,  z  €  {  ^ ,
t jand L = ' /  

Zu ,we have

( 3 . 5 )  
l l  R ( z ; A ) l l  4  c o n s t  . J " " ( l l z l  

)  
z -

n t t l t  1 r . 1  \  i l r l r r r  r - t  \
4 c o n $  t . e t l ' i ( 1 ' - '  ' . /  

u  4 c o n s t " ' * [ u ' t z l ) r '  , , n r
/  z n  

L D U o U  
/ r k  

t K e t \ n

l {e str l l  remeirk that  t ransiat ing A by a convenient mult ip le of  the

ident l t y ,we can suppose O t  bz  n ,  in  the  de f in i t ion  o f  . / \ r ,

r . ,et  f r i r ther ,*  >r1 ;by ( l  .5)  and the Bernou- l f  i  inequal i t r , r , l . , ,e get

l c - a ( , { t z l  ) l +  u t ( - l d . l z t ) a c p ( .  i t z t ) d  t  c  e o ( t ' i ( l o 1 r i l  , u d=  . o -  o  
" A " } d ( l o i  z  t l  I

so that

( 3 . 6 )  ( c ^ r ( t z l ) (  r , " i 1 t  a 1 ( s - t - - 1  t z t ) l

For  n  €Hr , ,ve  pu t

z  € 0

( 3 . 7 )  l -  =  {  
f  n ( z ; L )  ^ 'JJrr - 

,n Jf ;oq* ) 
L'-L ,

then fo r  n7  l l l  r  f ,  -1  n  {  Y-?X)  -  tn r t  pod.zc- L o r v  , - n = * - 1 X ) . I n d . e e d r a s  H r f  a n d  1 "  a r e  - -  l r n c \ z - 1

a n d  u s i n g  l e r n m a  3 . 2 .  a n d  t h e  i n e q u a l i t i e s  ( 3 . j )  a n d  ( 3 . 6 ) , w e  c a n

es t imate  the  i  n tecr r "a  n r t  i  n  (7 .7  )  as  fo l lows

(3. s; 
###rconst. ,-}fi1 *fconst . cc( r,r z )

l rl?-,'a,nar"'rrr )l

F e n c e  i f .  n z  l i l c 1 5  
- 1  

, t h e  i n t e g r a l  ( 3 . 7 )  c o n l r e r g e s  a L n d  d e f i n e s  a

bounded opera tor .  on  X.
^  ( t l - )

l e t  f  € X ) "  Y ;  w e

E ( t )  =

rarhere ,y = rr5 tr(-i11.16

, f *
=-  l l -e .

ztii I 't 're

h e r r a

l ?t l c ,

btri J r, 
',

/nr \ ,
9 \  \ r r D /
N o

/  \ - /  ^  \  -
\ z ) h \ z i A ) a z

4 .
t /

/  n ,  ,  i q  h n l n m n r . n l r i n
/  < ' o ' i ( i z )  

r u  r r v * v r r i v r Y r t a v

o / - .  r \
(z)  . - I " : : t -  6,
' -  lL  t  .  \

u,  \ r7 '  )

n

r
I
I
t

4

As the functi-on z --+

d1;;  a i  oo i "  C A 1 
(se

as  in  lemma 2 . ' l  .  ,we ca

[  ,q ( , ) .  R , !? ,oJ  a ,  =
t  r ,  

a:+'( iz)

ano vanlshes re.p i -

a simj. l-ar argument* l r o  R o m : r l r  7  7  )  , r c " i n .- ) . . / . /

T\?a rrrro t h: f

^ t  ,  \
Q I  - .  t \  |
i !  \  4  .  f r  /  r-.-=:.- u/'

l r t .  \cr ]  \ I z  )

( l ) . 4 ( 1 . ; e ) 0 2 . =.f+
"f,rL

= 
{,t 

( I ).R("rL;A)ar. . 
lr##.,
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Thus we get

3 . 9 )

and th is  imp l ies

.R- u C- Tmi)- G * -""-n

vrhere by fm vre denote the range of  an operatcr .

r inalogcusly i t  fo i lo lv 's that  forbhe operatoz's DJ l

( t .  t  o )

F r .  * h o  q 6 n . , 7 ' l d  o r , t t r l  i  t r r  n f  ( -  ^  \
D , y

A C tqn)

€  (g )  =  ,o€ (c r t ( - i 1 )9  1  =  f r  ( c r ' n ( -m)  - f  )Dn  ,  v4 l Jo  :

l i ence  D-  i s  i n j cc t i ve  and  h i s  r - ' ange  i s  dense  i n  X r tha t
I].

and  j - s  a  c l -osed  a .nd  dense ly  c le f i ned  ope re r to r .
4

' d o  s h a t t  n r o l / e  t h a t  l ) *  = t ( ( . u t t ( - i l ) c ! , . )  , i f  n > I l l c lU v  _ n  
( ) ,  , - -  - - .  - - * c ) _

T r A o a r l  * l " o  f i r c *  a f l l r 1 r - l ' i ' i - r r  a ^  
/ -  ^  \

- 1  \ r . y l  g j . v e s

Dot ( .c t ' ( - i l )  6o) *  =  x ,  #  x  €  D(  I  ( , cn1- in )  c l r )  .

and as we

t e  r w e  g e t

r \  4 ( 6ur, 'PY '

t t g " ( - m ) I o ) t ( . r ) D o  =  f  ( q

can prove b-r  a  rout ine exerc ise

ror \ i  € SjFp)

r  * r q G c n ( l q n )
l t ' & O . [ / t

t l ra t  E(q  )  and Do comnu-

) x  c l (  € ( c " " ( * i l ) q ) )  a n d t  ( * " ( - i t )5o  )L t r rd( f  )  = " 8 , $ J

*i+

/ " '  a r  \

\ t . t t )

t J . t a  )

( 3 . t 2 )

r--- - 5. d ' O f  I I ^ = l J I ^ l
&i

C o r o l l a r y  3 . 4 .

X r n n f  T r r r  * 1 r o
a-  "_Y: .  

u r f ,v

4

I t  -

I ' 6

But we can

4 rt ..1- t^ -. J
t  o  (  t  U I ! . 7 , V

s t a t e m e n t .

6 (.r"(- i r1 {)-1 = D,,

- t ,n* ' t  
we denote by

For evs5. n€N , B*=

r - 1

, n  7 i - j l o l  d

^ a d
Y a v . u .

B  -  € ( . ; " o ( - i r ) S

E(  c t lnonl -m) .T )

\

and

F - n - , r  I  R ( z ; i )  d z  = i l [ n ( z ; . 1 )  d  I tr =fr,);""T,,; c' lz = 
ltr, | ;"Lrd "' j

!'g '- ft
q h n . r o  ? a ? ^ n ^ c i * i  n n ' . r a  L n r r o
s v v v v  

i , f

E(o"" ' ( - i : )  %)  and o;1"

prove using simi l -ar  a.rguments

T\ nn h --- -  -  , .- I l  l . r- '1
J )n  h  =  U-  r  r te r ice  Dn =  l )n  n

1 1 6  I r  I t O  4 r O

P  ( , ^ i l o i l f - ; - , )  5 - )

a s  i n  t h o  n r o 6 f  o f  L e m m ar,-  " '

a n r l  t h i  s  i m n l i e s  t h e-..,,},.

4
i c  D  '  r r r r i s t s .r o  

" r ] .  
u r t r u  u D

Jak = X and D* is  cont in .uous so that  f i . " ' l  1r r  r , ro  nh*n lp
(-' 

- 
TI 

*"

t ( "u" ( - i r ; )  5o) lo  = r

a r a . l
Y . u . v .



I ,e t  A  be  a  c l -osed and densety  de f ined opera tor  in  x  ana { * tnJoro
a  s e q u € n c e  o f  p o s i t i v e  n u m b e r s  v e r i f v i n g  ( i v t . t  )  , ( ! , j . 2 )  a n d  ( l : . r ) ; r o "

h>0 v re ,  denote  by'  
{}1.\ , &. {i,t }

r; n' = {x€r(,{*) ; l l  xl i f" 'nr- : l l-$dil 4-r- oo
{yr t 

.- .p',-c
xf"'rl 'u complete"ifirf: 

_?ilrr', 
' ,,t{Ji"u rrn 0 r-h .h,t

^h r  -  ^h

D e f l n i t i o n  3 . 6 .  T h e  s p a c e'-_.-*:: 

li* xoMP
4 -)oc

l
J

+ c'. ,  then

-17  _

.  l v  \

& g ,  1 ' 5  '  r f  A  €  c \ t - ' p  
)  

^ n d  R ( z ; A )  i s  m a  j o r i z e d  b y  a  p o l y n o m i a l ,
i  n ( z : A )

then Jn.*{ i i f  d,  is  convergent,so t } rat  in th is case n_ = 1 and
o

E  = t  (  c r ( -  j . ) )  6  )

For  each n€N we enoovre  the  subspace: l ( lo )  w i th .  the  graph topo log '

and we :lur 
.,@

y  =  n  D(Bn)
n--4

Then Y 1s a l r6chet^space rv i th the topology determlnec b, /  the sJrstem
^  (  +  - i  1or norms 

{ 
i l  xt{" = 

*: ,  
r ,x l$nei+ .

Denote by Yn the ciosure of Y in the nolrm l t  xl l r ,  ;  then b:, .  Proposit lgn
1  .3 .  twe -  have

;  \  v  t - v  ^ * . r  \ r  a  r) ,)  yn+1 c rn anc y = 
]B 

y.r i

r : \  m ,  - n  , , t * E -
1 1 /  5 l y =  5 - ;

' , . : ,
i ; i )  a D ! - =  Y  a n r t  y  n / ' p i l \L L L 1  . t n ( r -  r  a r r L f  . n  =  J J \ - D  )  .

(vrhere the notat i .on 
ry rneans the c]osure or 3," in the topologv of y )

, O G
The trbechet space y vr i t l  p la,y an i -mportant ro]e in the present

theory and therefore we are fur ther looir ing for  an intr insec charac-

te r isa t ion  fo r  i - t .

endorved r , / l th  the correspondi r y j e c t i v e  t o p o l o g v  i s  c a l l e d  t h e

s t rag t  Eeg{ l lng  space o f  j :Lass  (Mo)  assoc ia ted  tg  A .

I t  i s  c lear  tha t  i f  X  i s  the  space o f .  con t j -nuous  func t ions  on  an
i n te rva l  KcR and  A  -  d' /u, 

othen x(l ' 'p],"=,2),1*tn' .
P r n n n . q i f  i n : r  7  - /

* !  v v v \ j

:---7Ti-1.:-==-
\ r"1-^ ./

v
l n r r  a

cg,n t inuous  f rom x( I lp )

/  dx '  - -^---  
f  i r i -  \  

- -  
[ i

r e s t r i c t i o n  l l x ' " ' P '  i sThe-

t^^,r\ U t'Y1



Froof  .  ! ' /e  sha11 prove f i rs t  tha t  fo : '  h t / . , ^  su f f i c ien t ly  sma. l -1 ,ho lds
( M  l -  ( T \ 4  I  t ' -

.  Y c x , '
n n

{} i- i
I ndeec l , ( l i { , z )  imp l i e ,  , n / *o -11AM1Hp and  thus  fo r  x€Xn- ' t r ' ,w€

p - r

1r  P -11  ap - t  ( ; r x ) l l

So tha t  i f  h tB  / -  z l  r t he  above  i nequa l i t v  imp l i es
/  n  

' r , n  
1  f  r r  ' ) ". 

{r't-l 
- 

{ H- J
11nx l [6  ' '  * .  cons t . l l x t lp  Y

= -l- .d!aldi. ( -L')F. &- a I&r . ( JJn)p rr
hr uon h $tp_t hr h

{  M.l
f! /Ll

i*n I

have

l*n l
* l in

( 3 . t s )
{  

M " }

T h e o r e m  3 . 8 .  I fI f  A  i s  t he  F ,ene ra to r :  o f  a  regu la . r  ( l t * ) -
ir

u. l t rad is t r ibu t ion

so  tha t  Ax  €X ,  
1  P  j

r1 t 
'n .  ( M - )

R v  t h e  r t e f r ' n i t i o n  o f  t h e  t o p o l o g . , r  o n  X - !  w e  g e t  f r o m  ( 3 . 1 3 )  t t r e-- 
( l '1*T'u  ' / t t t  

Y

_- \ r 'rn /
csinui tv of  A restr j .cted. to X 'L/  c

q . .  € ,  o .  
1 n ,  \

- - \ ' ' ' T r /  ,  r  r , J  a * - - !  :  D  i  j
For  X  and A arb i t r :L ry  i t  i s  no t  c lear  tha t  X  v  f  l r . J  bu t  i I '  A  i s

tJe rrr i 

"dl 

r d Li f5

the  genera tor  o f  a  reg i l la r  ( t ' to ) -u i t radrs t r ibu t io f i f len '  v re ,  sha l ]  see

thaLt the associei ted abstrect  leurt ing space of  c l -ass ( i , i - )  is  even
v

d e n s e  i n  X .

"q"9.q}:glggP.rt}ten___t 
(i"I-) _ ,--n.

x '  P '  =  
* g  

D ( B t )  .

&gf . rhe 
i'::'*'"ir:i""i# 

Tr uu" prove
( 3 . t  4 )  l ( 8 " )  c  r h  o  

f o r  n  > ,  
h  

/  n t  + Z

and
ftvt 1

t3 . t  5)  X;"n '  c D (  Bn )  f  or  h7 210l inon ,

and the inclusion mappings are cont inuous .

l e t  n  r r h / t t  + 2  a n d  y € D ( g * ) ; t h e n  y  =  B - n x  f o r  s o n e  x  € x

F r o m  n R ( z ; A )  =  z R ( z ; A ) - I  a n d  u s i : n g  0 o r . ' o 1 1 a r . ' i  3 . 4 .  h l e  g e t

,  |  - , n ( - , ; \  - (  - i -  I  |  - r r l - . , r \
AB-n =Ll 

'r l \2._4_-6, - r.\  az = )_l _=:)-,=t- 6s
2Ti,tJ. i .^!rn(i" ') zi i ;J,^!"n(tz) trT-;J .sj" ' '  { ir)

tg Ie fe
lnd.uct ive ly  v ie  nave

nP.-n - L( -rl l(t l--,,.-3r;J 
;  "n l iz)

Thus l"

,  P € N .



,  _ 1 9 -

n n ? ' \ n - 1 . 1 f ^ n

i :p l lApr l l ,  =  6P11 lpr - I t rs  l l z  {  lho  lz lP  : - l !  R( " ; l  ) t l  . t t r : l l c l z  ,
l '-* % 

-_-= 
ffiJnJt 

'j;-"1ir)* -it--"'
- " p  p  . L

le t  us  es t imate  the  in te . r rand in  the  above in tegra l  us ing  lemrna 3 .2 .

, -  / \  -  / *  f \( r . b /  a n d  \ r . c /  .

n  n  
o l u ; \ n l z l )  l l  R ( z : r \ ) i lhv tz|ttR( z : A) !! L ;1-*a-y-**- . *-*,-2"* z-

_1,^rE;n( i , ;  t  
= l t t  - t  1" " ( r -z) t '  I  . , : t r ( j r )  t

v
. .  c o n s t ,  l a ) ( h l z { ) l  -  , _ g o n s t .

* ' - - - - - ;  - - ' -  r i -  . , )

l z l '  l u : ( ( n - 1  ) n o 1 - o ' d i z l ) l  l z l '
.  h  /  .  r  t  . , 9 , .since " /  (n-.r)n.r l- t5 n/ 

,n-,) (  r l i r  or r la+r )rJr 
# ui l ,"  

1 ) '1 4 1
f11. l

i ience y € X,  j '  and moreover

M ( h t z  l )

F'I
T\
-v

( r i
'  7 1  1 r t

Le t  f u r t j r e r  hZ71oF"o ' -  and  . y  €  X i r

)
n ly .  t^ra D-r .a I  nnlz i  ncr  f  n i .  A ' r1

,  v Y g  @ !  v  I v v r ! r r r F r

such that :Y = B-nx .

o ^ f i r  r  +
l e t  Q)  ' '  \ l z )  =  /

P * o
I  r r r rp  I

so that

{ tu:- I
l l  v l l . '  !  4 c o n s t . l l x l i =r !  . /  i r 1 - l

a n d  s c  ( 1 . 1  4  )  i s  p : : o v e d .

cons t ,  l lSnE-nx  t t  4  cons t  .  l t t , l l - ^
r.i-

.  ; ,

6 X

I t 'r- /
\ r V V
r \ * = - 1 1 .

Y'\

a-  -zP; then ,b . . , '  ( l  .7  )  t ve  ge t
L L ' Y  

l r  r r r l o l l \ !
4  cons t .  \  r 9 r -  i - -  .

11r,
-t/

I  an,nf ttr"pr i l .cons.. rr l tr^pvri (1'#"'")P r. 
"o,ru*.nuulttnt.+io

Futting x = 
4or.,, nono, 

*- i" ruell ,  
$:|t""u 

and verif ies
p = O  l i ' r - I

( 3 . 1 6 )  1 1  x  l l 3  c o n s t . l l y l i i ,  " '  .

Fina1lr. '

. . -Zn - ,  - , -$ ,  I  a (z ; ,u ) {P . , ' .  u ,B -"x =frfi "",0 .|n}",l; 
*' -6,?"""'n 

I 
--rY'ft;:- cz :

=,  Io r " , :gO: l l ' , o l  Ae- { - f  o tz ; * } -  1z=bu- 'u- 
n t | - * rr"\r") cLz =nlJ 

;n;-nGt 
ulr - L

' 17

so that y = utiu-2n* = l ' -nx .

N o t . ;  f r c n  ( 3 . 1 6 )  w e  g e t

t l  y{ tn = l l  EnB-nx l l  = q x l l  4const . l lv i t l t tn}  .

, - ^ L - ,A R  ' t <  .  =  r  . i t  1 s  c l e a r  t h a t
- J L y  '  

l t t a  \(, 
1 ltlr.,, /

f l n r . n - l - l : r 7 r i  3 - C ;  
' t l  

- Y  t '  
,  1 ?v u !  v r a u f .  I  - ) .  )  . / u < ?  - " .  :

- .  b  
- \ ' / L

1 r"r- ./ ( i.!,
Y  v  \ . -

I
tJ

D ) and



- 2 C -

Ul i rad is t r ibu t ion  semi - ,q roups ,  and.  the
ffi -li-:::i--T:x--::";-=

A.bstract  Cau.chv Probl  en.

In th is paragraph vte establ- ish or l r  ma. in resul t rnanely the connect j .cn

between ul t : :a.dis=brrbu.t ion seni-gror ips and semi*groups of  oper: i tors
/ .  .  '

on a - t l ' recr ,e t  space.

Theorem 4 .1  ,  l e t  A  be  the  genera to r  o f  *  regu la r  (p i  ) -u . l t r : : , d l s t r i -
#

bu'bion senrj- .{ l loSlS ;then thg -rgst l ic jFion of A to t !e-e!st- ia"cr-1i,1.)
nr r z ' - 1  i n r  a r \ a^e  X  .Y  gene fa teS  .a  1OCa11 , , r  e r . . r  l t i  - r , . r n t i r . r r rr r r f l - !  u  v e ! v

( , ,  )  , _ \ r ' , r . ' /  4  1 lu l r " . , /

lUt l tZC _oi l_ ;{  ) !  ;rngI_eqv_er the funct lon t  .--> Utx ir__f lGtr,  i*- ;  (X)

for everlr x € ){ o- 

=n* ," define { u*} .*,,-. on J? r c x'04p' ou-  U '  V r .V  ( :

u t l ( f  ) *  =  f l  (%  *  Y  ) x  ,  iN  €  x ,  y€  g ! t ' n )  , t r , o  ,
..'

w h e r e  ( A t ?  )  ( s )  =  9 2  ( s - t )  ;

Next we ramark that for t>, C ano. ,rz igdll* 1

f.rz.

( 4 . t )  r l o t  - {  [ e r - l i t . ( z ; n )  u ,
2ttt | .cr"r ( i, )

,  - P e

is a bouncleci  operator on X. ,
T r r d o a r j  r : s ' i n o  l e m m a  7 . 2 . r ( 7 . 6 )  a n r i -  ( 3 . A )  a s  1 n  t h e  p r o o f  o f  P r o p o -+ r r u u v u t  u u r r r {

l
I

s i t i o n  3 . 1  .  r w e  h a v e

+ D ^ -
u  u " - o l l R ( z ; , t ) l f

ruT;"G;-J--

= *'l ,.*g-, f clrlrttr rrt ) | -* ; const. e 
Lt

l r l '  l rc ( (n-1) ' " {1  f t i l f  
=  

1rT 
\ '

s inc .  t t " t t ,  
( n -1  ) r o r J15  

=n * / , ! , r i i ) ( [ F r01  
6 -1 ]+1  ) r t J

tret noiv nn e trrx €x and * e .$otu'n' ,r,u have

I t  u*€(  . i  )x i1*  =  l t  Bn  E f  Z tY  )x l l  =11 6( r r : *oo( - iD)  T . tY  ) *

But for  nz,hld- l+1
- l -  l ^

e ' o r r u " ' o ( i z )  t 1  ( z ) a ( z ; , ' - ) a z  =

r f  ^  \K \ Z ; / r / x
..---!i----;.:-- i"z =

* " o " ( i z )

I  c o n s t " e"dti\j (ti zl )* irt

i.^,(tt-t 
)n"( ir)l

'  l t  313.;4) i t
i * n o ( i z ; 1

auffi-/,.t {r i

f " tomna (- iD )  G ty ) "  =*  
J-

;  .1-  { "  "Lz 
6l :n+n)no( , r )q j : :2vi ,J

ry
I



- t l ^

e t z R ( z ; : \ )  , -
o o  ̂ c n  ( i z )

l ' 1  7 .  1 . f t-1 (  z  ) R  ( e ; A ) x o z  =
t ( / \ .

d z . . l  , \ c d ( n + m l n c
LT{ i . }  f t

t ( .

{ [
=  - l

t ; i t  J
t{t e

L

= ot " "  6( " r (n+rn)*o( - i : : ) f  )x  =  E?onl tn*  tg) t

so that

( 4  " 2 1 t l  ut €( Y )xl{* = lf tt"*lm+n € ( ? )x {{ 4

f t  ptoot l . l tE*** zt  v )x l l  = {(  nf"n11 t( '6 (  {  )x l l , , ,* ,n .

Fience u* is cont i r iu.orrs on K E in the topolog-, . r  lnduced bt ,  xT b

and by .  the  coro l la r t r  3 . .o .  ru*  can be  ex tended.  cont inuous l t '  to

The semi*grcup proper : i ' "  o f  t l i e  fa .mi l ' ' r  c f  cpere tors  Lu*1* r , ,  resr_r l t s

f rOm the  c1e f in l t iOn ernCl  One can eaSi l . , r  .ge-n i  f r r  tha t  l -he  oonora tnr  n f

(  - -  )  

- -  

( t t ' '  \ t  

* -  t  v r J v  5 u i 1  ' / ! L L  u v t r  u '

J  u t l t r , C  l s  t h e  r e s t r i c t i o n  o f  H  t ,  X t ' ' P '  o
l tLr V

l , ' i n rpnr re r . : , s  
1+ry  t? " t  =  B ln ,us ine . .  (4 "2) , fo r  x  €X =r  l l i €Oj ' ' ' n '  and  r , ,€ iq
t*0

we get

} t *  \  u t€(  ? )x  € rv  )x l1n = l lx  I t  Et . 'E '**E rq )* -E"€rv )x [  -  a
t -+o 

:  inot*c ( f re)
a n r ] - | h i e i m n 1 i g 3 t h e c o n i i n ' , i . i ' - ' ' | l 7 f + } r ^ f u n c t j . o n t - - } L T + X , X € X * . . . .v  v u r r v l r l u f  u , y  I  L , a  u l _ c  I u I I U  r r L j ! )  u -  a  

u

The foca l l v  equ icont inu- i t y  o f  the  semi -group {u r l r ro  re  su i ts  f ro rn

j :ho  'ano? 21  -esu l - i ;  o f  J iomura  ment ioned in  the  f i rs 'b  sec t ion  bu t  i t

a l s o  r e s u l - t s  d i r e c t l v  f r o m  ( 4 . 2 )  i f  v r e  r e m a r k  t h a t  f o r  s >  C  a n o
. ,aS-1p - , H ] " -  ' + 1  

t h e r e  i s  a  c o n s t a n t  C ( i n d e p e n d e n t  o f  t { $ )  s u c h  t h a t

I t n ton t t  1c ,  V te  [ c , s ]  .

r t  
; r .eorr i , l t  

, .u .  the topolog les def ined by the norms fami l ies i t f  , t i  n ] r ra i ;
ana { l l  i l i i f ; ' ra  are equiva lent  and therefore t } :e  loca l ty  e-qu icor i t i * '

(rr  )
nu i t . , r  o f  {  U r } * r ,a  lmp l ies  tha t  fo r .  eve r - r ,  h>Crx€  X ' ' ^? '  anc i  g -  c ( ^a r . * )

we have

p9, i,etrllfp)* || = lg! 
np filpu1.J. 

"'trp tl u.-::iiln'n J .,^ r o!.
t€6, []^ t€ri, Pl- t€{i N " I'r'

PtrC 
lJ 

Pt,O 
!,

so  t ha t  t he  runc t i on  t - - au *x  i s  i n  t , l l f . l - ) , t ' " e  -K (Me)  '  
'

q .  e .  d .

i , / e  ha .ve  the  fo l row ing  na tu l r : i 1  eonsequence  fo r  d , i f f e ren t i a }  equa t i ons :

( t4.)
r

( M - )
al l  X j '

Co ro l - l - a , r v  4 .2 ,  Le t  A be the ; lenerator :  01



(u,", )
e  e m i * g r o u p , l i-* . . r . -#-  

( i : * )

f  ; [ C r + o ' )  * >  X  Y

^ 1 4 '

( i ;  )

:"i-9!p*qg.1gj.q qj!-qf3-gi--i g r1g U-f B-s p-? c-e, xo € x' 
-' p',

2  . . n 7 1  t - ,  n r r n r r s  ft i n r i ous  func t  j . on ;  t he t r  t he re  i g  a  un  j -qu -e  r : c : r t i -r u n c t r  o n ;  t a e l l  t n e r e  r g  e  u n l - f l u - e  o c ] l t 1 ---:--'

n u . o u s  C l f f e r e n t i a , b l e  f u n c t i o n  u : I C ,  f  F ) - - -  X '  
p '  

s u c ] i  ' u h a t

4Lrc) = x ,  u ' ( " t )  = =  r \ u ( t )  +  l ( t )

which is  p : iven br i

v,'h e:: e

u ( t )  =

i .s ih.e( ' '  )
1  " t I t t , o

r ' . .  . . ;  ( M p )
u0 j .  o

\  . .a '  !

O I A

. t , h 6  n ? n  n  T
r i r u  y !  v v r

f l n r r , . l  1 _ _ T _ . f
v L / I  \ / J + ( J r r  I

r::*::;5::=:

X such thart

beerng stand"ard" we omit

4,1, l,g:_. I bj:, .*-jlQ'_sjj

R(z;"r) el iglq_jor

1 t  ( s e  f o r  d e t a i - l s  [ e  1  o r  L t ]  )

anc  d  cnsc l v  d  e i r l ed  cnc ra to : -  i : r

g:d' z 1R e z > c l l m z l a

and sa t is f ies  the  es t i .mate

f 1  i i ( z ; A ) . l l  ' a
ts- ,^ \

_  - - t h P t ' /  . -
and i i . '  t "ne

c c n s t . ( 1 * l " i  ) l {  f o r

a s s o c l a t e d  a b s t r a c t

sone ) i  (  $1.

- ( p o ' )  s p r c e ;  t h e n
4

le t  d  =r , (
r .  F 0 r

A  r e s t r " i c t e d  t c  X \ Y  )

/ *.Pu \
i . n  X t Y  '  

"

This  l .a .s t  resu l t  appears  in  a  s l igh i  d . i f fe ren t  fo : :n  in  Ie l  . r 'where

the  e tssoc ia teo  a .bs t rac t  space is  the  ind .uc t ive  l i rn i t , ' , , ^ rhen 1- r  C,  o f
{ 1

t he  snaees  X : - ! '  J  .  So  ou r  resu l - t s  a re  i n  A , ' ce r ta in  sense  a  genera l i  sa r t ron. ' h

o r I e ] .

Remark  4 .4 .  In  f  1 l  F . "Eeats  s tud ied .  the  abs t rac t  Cauchy  prob lem

f o r  i h e  f o l i o w i n g  c l a s : s  o f  o p e r a t o r s :

Le t  f  be  the  spece o f  a l l  con t inuousrnonnegat , i ve  and ccnea.ve

fr;nct-ion-" f ci I C, * o. ) , such t] iat ^,

l - l r n Y ( t ) - - f o " , ;  r l * J ' i i )  = c  '  1 ' * ' l * )  c t , ' ,
t -+ 'r'.n*, t -* u.. u4. t

] ,et /r  be a cl-osed and clensl-.r  oef ineo operaicr in X such t l :at
-.r 

.' Ii (r.; A) q15t-q- {9-i Rez z" A ( I lrtz l) , {S-t-Sjla \' € tf' ail1--
{ 4 , 3  )  

-

l l  P ' ( z ; r i ) [ {  . z ' c c n r i i ; . 1 t * 1 r 1  ) l i  ,  l \ € t ' i ,

Then i : i . Iea ls  establ ishe d that  for :  i i  t i . ie  (ACi  )  h i - r "s  er  so lut ion fo : :

generates a l -c lca l lv . -eouicont ,  j .nuous cppj - - r ! , : roup



'

r> . r r o -a r r  v  i v r  a  dpnqe

c h a r a c t e r i s a t i o n  o f

^ 1 -  ! 1 - ^  +l . d f  1 t c  T a m t . .  1
,v v r  v. ' , .^ i -- f :  

'w f  IA. V

l .  t . ' n  I  q .  r r r p  h a v eu : t u =  v t Y Y U

( 4  "  q , )

i f  r y e

( s * u )  / * ' ( t )  *  ( u - t ) Y ( s ) *  ( s - i ) Y ' ( u )

/  ,  \  r  a r r  /  '  \  -  . " /  \

e n r l  A i v i r l i n r r  ( 4 . ' l  )  b y  s  a n d  J - e t t i n g  s - - 1 ,  o <  , \ r ' | e  g e t  Y  ( t )  4 ! i ( u J  .q r r u  v , r v + u * r l t r  \ t r  r /  * . 1  - - - - - _ - a

Furt l :er  rve reca]1 the foL. l -ov, , int : .  re sul t  rvhic l i  is  a.n i rnmediate con*

s e q u e n . c e  o f  i i o u i i r j e u ' s  l e i ; i n a  2 , C a p ' i f  , 5 1 L 4 \  l ( t * e  a l - s o  t { 5 J  )  a n c r -  c f

K d r n e r ' s  r e s u l t s  r r o n f { c ] '  , 5 6 , { a p .  r r  :

lenma 4. ,5,  Le. t  f  :  f t . ' r+ r*)*-> [O;"  r" ;  en j -nc: :e i : .s ing funct lon suc]:  t ] iat

t1 2
- , /  a -

^ . . " 1 . ^  ^ €  v _ h r r t  h p  r r a s n t t  o b i a i n  a n  i n t . r i n s e c5 L t U b u i l u t j  U - L  , { t  t / L t  r ' ,  l l . v  . r . l o " i ) I l  t

+ l ^ i  ^  . , ' . ) ' ^ * . -  ^ ^
v t - J . u  v e l v v  t

* ' h o n  4 t ' i q  i n n r o . n < ' i n c '  T n A r r o r i '  i f
i l . ! u I f  

T  
* -  - L r i v J -  u s u r r r - c  f r - u v v \ f ,  t  r r

rtF
( 0  r / r \

lw+* 571*w.
A ,  T

4 "
There  ex i -s t  a se0uence  o f  Dos11 ; i r re  nu i l be : l s rr "" 

')

1 i-'p ipz,c
q e t . i s r f r r i n o

v 4  \  4 . . c )

such tha tl v r .  r l  ( v  r ' )
1 . 4 , - c  |  /  t  \ ! r . L  /

{  a  c ; \

G 1 l  L l_ ( :n,, 3 ) 1 -,'{n c,,_ a._-p*o_g_r-!rrg_*_$Ij:cj_} 7 c

f i t )  g  c o n s t . e i ' i ( h t ' ]  ,  t > a  .

-Thus  i f  A  sa t j " s f j - es  the  cona i i t l ons  ( ' 4 . i )  r by .  t he  above  l emma R(z ;A )

'  r - .  \  -  -  j d  - . : . i r , r i a a , - 1  i h e f e  b V  ae x j . s t s  f n  a n  ( l ' l o / - l o g a r l - - [ n m l c  r e 8 ; 1 o n  i l n 6  1 S  m a J o r ] S e 0

i

po l . J ' noml i : . 1  a t rd  then  F ropos i t i on  2 ,6 ,  imp l i es  tha t  A  genera tes  a

^  t - "  \  r .
r egulatr ( I ir . '  )  -ul ' trE.o j-s' l ; i : ibu. ' l- icn $ erir j  :€;roup .

.Y
i  r  " -  

^ )

I f  i n ' ad -C i t i on  fo r  t i : e  f unc t i on  4 /  t he  ; i eq l l ence  I  i ' . , . 1 - * -  q i ven  b r r,  _ _ - _  _  ,  } , J p > , U

l emrna .  4 .5 .  sa t i - " f i es  t l : e  s t ronger  cond i t l o t l  ( l q "  r )  ,  t hen  we  a re  i . n

t h e  c o n d , i t i o n s  o f  l h e o r e n  4 . 1  .  a n d  t h e  s p a - c e  o n  w h i c h  t h e  ( A C f ' )  f o r
iirl )

A  heLs  a  un ique  so i - t t t i o r r  i s  X ' "P ' .

Cond i t ion  (1"1 .1)  cn  the  sequence {  t to tp r ,u  i *  necessar ,y  as  fa r  as

w o r k  i n  t h e  s p a c e  o f  S e u r l i n g  u f  t r a C . i s t r i b u t i c r i s ' o f  c l a r s s  ( I ' t p ) .

In  an  o ther  v /o l : l (  v r i th  L .Zs ic lo  we ,sha l l  s tudr r .  Lhc  (ACP)  in  sp i ' , ces

cJ-u l t raCis t r ibu t ions  ; th is . f r :ame lv i11  per rn- i t  us  to  rencuve the

concL i . t ron  (H" l )  and a . l . so  io  en la rge  the  c l -a . r ' * t  t '  o  j '  r i . .Fea ls .
- f , ' ,  *  r  
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