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IntrodBcl iQi

let f : X ---> I be a p-rcper ;iorpli isn of co:ri: lex i l j taces or

algebraic schenes anC F a coherent siie:if on X flat over r, or let

f . 11 .-4' 1 be a Cifferen'.,iab1e fanil;.1 of conrpact colipiex mnini*

folits and F a sheef on X, lceally irc;e of f inite Tritk ! 'oI aity

po ln t  y€ .1 .  . te  can cons icer  thc  f iber  X . r '=  ( f -1r-1 (::,,') , o*/s"-c,u" lf*' (s);'ii;iw
a-nd the sheaf Fy = ir/ iyir, r,;hien is (in fact its restsictio::i a

eoherent sireaf gn Xy. For a:ry posii ive i ir teger n cl le c'r i t '  e. lpo corl*

stder thi :  n- i .-r f ini tesinal f iber tr l")  = (r-1 (y),  cxl f i ; f  l t  
,  l , r* i  ( i )  )

and, cor.' ispo:rd].ngiy, tire shcaf rfl l .= i '7'tr)+1R-
J  

t ' t y  1 ' '

' i le airi of this vrork is the stucty cf the cohonolr:gy

Eq(i(n),  i r !"))  (= t ta(x ,  r7s;]+1r) )  , ;rhen .1 _> € r i : :  ccnnection

vlth the oirecr i=age sireaves aaf*(f ). ?rec1sel9, ive s';,rti i ' the

functions n + E (-r )q ain i{Qt",!", , ut", ) ,

n - - t  d ln  ! iq(x(n) .  t (n) )  vhen n - - -+> oo ( in  aecord. i ince' y  ' - y

Ellbert function associateo to a nodule ve lri l l  nake

the argunent a to n+1 and in the algebra.ic eese, of

s111 put length iasteaC of ri in).

r';itir the

a sii i ft of

the results are of ihree types. First of all t irere are

existerce statenents: cne finds pol1'nonials equal to these func*

tions for }:rr.;e n (fcr the first f ' :nction -u- need' nct be i ie.t),

seconily sericcntinuit; l statelents; t ' i t ir respect to y :mci i i : ircly

contlnuit. ' , statenen-r,s (i.e. necess:rrir anci sufficj-ellt cond'it j-ons

such thi.t the pol3:rorials ' ic noi d.eper:{t cr y).

a . 1 l \ l q ( t  1 3  \ t ' r l
v v h r ! v a
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Iolloiling the resutts of [to] , [tt] , trtl , from $ons cond.l*

( i ,  e.  ' r in l t ie] . t ttions about tirc function y ---+ di:ri ttq(X'r Ur)

conclit icn n = o) one gets informati-ons coneerning nqf*(F) and. f lte

rvh .o le  s ; i : s teE 541- i (n ) .  l (o )  ) ,t ' y

rn cur rork, on ihe contrarn', from scne conditions about

the pol; ; ,nonia1 . , .ssoeiatcd. to the funct ion n ->dlsr ; iA1v(n)" p(n)1\ + 1 "  r  - y  t

( these stani  :c l  ' tasinptci icr t  conci t ion n ---*oo )  -* ;e get in*

forroaticns cc::ccli ing itq(X-, F.,,) (and also conceruinpr xQt f r)

ant l  abcut  the  ' : -c ie  
" r - * " -  

n - ; i ( " ' .  ; i " t " ; . -  

^ . "  ; r  * ld \ ' /

: r=() i ,  - '  
r  i ' ' i " ' )  ) .

Ihe tr.,r?.r €lids sritrr e.n analogue of t ire eonpari.son theorein

[tO] , [; t] fo: :: i i j-ffere:r' i ; iabl.e far,i- ly of cori;.act coinp.Lex nani-

fo lds [ t ; ]  .  .

Sc*e of ::::r i l- is of this +iorl< tr 'ere announced. i:r a J.{ote Ln

C.l t .  Ac: :u,  Sc.  - ' . ' : : r is ,  t .232 (26 jan"r ier  1976).

I. -. l-.1_. .nal:irc casc anri the al.qgbrr.aj.c-ce.s,e-

1. rf ,^ is :r 1ccal noe1,:reria.ir ring, ru iis naxii:ra] iC.l,al enCi

1.1 an.A- l r ' iu1e r i  f in i te type, tJten ve oenote by ?t : ,1)  =.pi( i , : )  the

associatci. i l i l  i ::: i-Sasuel pol; ' ,:cniel, i"e. the po1;aonr;:.1. associa*

ted to tire i i i ]. i ;r,rt funcilon r. ---> i i.,(,.;:)(n) = ].ength. (io:/nni,t)l ' j iheri

A is an a:ral1,'t ic (or a fornai; algr'bra over the conplex field. CI

a;ed 11 1s an rl-;rcl1ule of finite length, then length**i "" iimniC

(vhere i i is consi iered. as a vector sloace over 0 by nea:rs of the

morphis;r C --+ 'i ) and in tiris case we prefer to wrlte di;:r* (or

dts) instezd or' Ieirgth. .

Irenna f. iet Y be a complex space and 0 its struciurel

sheaf. iher:

(i) iror e"er-. ' eoherent O-inodule G, the i; i lberi fuiictj.on

n _> d.iriGrr/r|.:.,) j-s upoer sei:,. i-continuous ri, i t. ir respect to y1 i-.s"

for eve::-r -Y € i ru::cflQ exists a rrelghboirrhood Y such tirai

etn(G", /tt,nr, )
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(ii; If Y is reduced. and 'uhe ililbe::t-sanuel pol;rsonial

P(0. . )  does not depend on ; i ,  then Y is nonsingular"
J

(i i f) Tf :I j-s a connected. co:rplex nar:lfolci and G is a

coberent sheaf on it, then G is 1oca111' free iff the l l l lbert"Sa*

ntiel poli-aomiaf ;(Gr) cioes not depend' on y'

lroof. (r) the problen is l-ocal on Y. 3y a sultable e:i i lre*

d.ftrg t;e can assuxie that Y is a collne cted stali fold. r;'e rvi1l conrji *

der iiagata o-algebrtr O t = O € G' The fibers 0$ are local ri'ng;s witll

: i 'ax isal  i ieals 
" i  

= tytGy'  For al l  integers n>'1

o]/n'] = (0y * Gy)/ (,* * 
"|-1cr) 

= (or/r{) e onl{*tor) "

s l n c e r ( s . , ) i o e s r c t d e i r e n c o n l ' a n d ' ( y ' o t ) i s a c o n p i e x E ; ' p a c s [ 6 j '
J

then, in ord.er to prcve ( i ) ,  i re can suppose G = 0n In t } r is  ca$e

the state: ient  is  prcvec. in 116] (c i r . r ,  $+) i  b l r  usl i ig t ; " .e eigeb:ra

o f p r l n c i p a } p a r i s o f c r d e r n - l o f f o n e s h o t i s t } r e s e n l c o r r t i n r r i . * y

for a fixec lnteger n e-:nd- aftc:-.wards one uaes 'che proper-'t]* c'f tite

faail;,, of i i i lbert fu.nctions (n --> di:r(C",/n|) )r, of being l-r;cally
J J J

f in i te on I .

1.o prove (i i) a:rd (i i :.) rve ';; i11 use the follcwir^.' r ' '-te*

aents:

riet a be a local noetherian ring. If t lre i{ i lberi-sarnuel

polylonial of i coincides ',tith the iill-bert-":ianuel pol;;t::tcnial of,'

a regular locai ri-ng, then * is regularrr'

"Let A be a regular l:caI ring and' ir i an A-noi'ule of f it i i ' te

ty!,-e. If the :i i lbert-sanuel pol;rncnial. oi l i  :.s an entire inultiple

of tee --i lbert-Sanuel polynoniirl of i i , then i ' l  ls i 'ree*"

Cne proves i lrese stateneats by inducti-on on Kruii cLinen-

sl-on a-nd usirg sui;erfici:al- e'l enents 1n the sense of serr:ttlel" eLnd

liagata [rZ] ; see fcr d'et:j- ls [z] '

( r l )  I t  suf f ices to not, t  t i rat  t i rere exist  points y e y su* i }

that o-. j-s a reguiar ri: i ; e.nd tc appl;i the fir"st slate:: ' i^"' '
J

(i i i) It r;uffices tc no13 ' lnat i irere e:i ist poil:1;s ;i e Y su':h

,

\



J

- 4 -

t b a t G . ' i s a f r e e O ' ' - n o a u l e a n d t o a , p p i . y t h e s e c c n d s t a t e l l e n t *y r

2. Iret f I X -'- '> Y be a proper niorplrisn of eonrple:{ spece$t

F as analytic coherent sneaf on x :, lrd ;i E{. \ ie rLenote bll rr, i :ottr

the naxlrnal iceal- of orry ood the iceal-sir'ee'f given b'v' t;iis on t;

ve denote b;f $, tne id.eal-siicaf 1}; (n-,)0*. Cctrsi der tire tini:1.ltic

f iber X., ,  = (rJ(y) ,  o*/ i lyOit l l -1 t r ) i  crnci  i i :e s i reaf  ly = I ' / : l ' rF '
J - - . 1

uirlch is (in fact :-ts restrici ion) ' j 'n anal:it ic coherent slreaf ou

I-,. Consicer al.so ti ie infiniteslnal f ibers :i l-t) =

' 
r+1o_ lr-1 (,r)) a;:ci corrc.'.pondlngly t-*e sireaves

ti-1 tvi , oxl!++t*r,lr-1 (v) ) a;:ci '::1"'oto'

" . (n )  -  p / t l+1e r : r (o )  =  X  a .na  F lo l  =  I ' . . ) ,
I . i - ,  -  . t . / i iy  . .  \oy -  , ry y , ,J

B;r Grauert,s conerence theorelr hOl , for ever-}- t l>;' '* and

n ) C, t:re Or-nod'ule , '

nar*( i,./fi]+1 r), = HQ ( x, ,/ft;*t l') = tt;:f$"' ' of ) )

l s o f f i n i t e t y p e a n d s i n c e i t i s a n e i r i } a t e o b y * y . ' '
.  { , r t  o ( n ) )  q  o o  .din*H: (,t.t-"' ,u  . '  

- ]

: ; e s h a l l x r i t e s h o r t l i , n . > > C i n s t e a c . o f ' . n l s l l , r g e . . : . .

ouf f tc.  e l tJ-Y'r .

lhecre: 1. ],et f : X ....> Y bc a proper nrorphisn :f cotnpiex

spaces, 5 an a-nalirt ie coherent sireaf on X anci y eY'

(1) the functj-cn of i i i lbert t 'vpe

rL  + H(F,  f  , l , )  (n)  =  f  ( - r  )q  c in  l iQlx(* -1  )  ,  t l " - t  ' i

c
is pol3-aorial, 1.€. tnere efusts a polynonial 1,("' f ' lt) such that

p (F , f  , y ) (n i  =  i { (9 , t , : ; ) (n )  (  =  
f  

( - r  )q  d in  i l q ( ; '  i r 7 ' t } r )  )

ior n >> O; Eoreover ceg ?(t '  f  '  y) < c: ' r-- i  (existenee statementi  '

( i i )  Assu::e F f lat over r '  f l len:

(a )  P (F , f , i , )  =  NGy ,  o r ) ' l ( (Dy ) '  ' r he re

/ , ( ' t " , r " ) = F ( - l ) q d ' i 3 i i q ( ' i y ' t r ) i s t l i e E u r e r - i o i n c a r $ c i r a -

racteristic oi t:t" srreaf ii, and- ?'i0',.-) is tir'e iillbert-ile';"u"el poJ'1i*

nordal of t :e r in '  I ; r ;  partreularl ; : ' ,  ?(! .r frY) 1s loca' l l ; i  con$l ' in"L

rr i tb respect to y- ;- ' l ren l  is a coi:tplcx men:iold' '
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(b) r f  N $y,  F-)  > o (respect lvel l r '  N(xy,  l ' - / )  < 0 )  ,

then there exi-sts a neighcourirood Y of y sucir -bltat

l i ( l ' , f  , J ' )  ( n )  <  i { ( r r f  , y )  ( n )  ( r e s p e c t i v e i . . , '  } j ( } ' r ' f  , : , "  )  ( n ) > i i ( 5 ,  f  ' y )  ( n )

for all n ard all yt e V (senicontinuity propertS').

(c) i lhen Y is a reducec. ccri iple>: space arlo N (l:,,, : ' ,,)ft ' i
J J

t h e n  3 ( 3 r f r l : ' ) P(Frfr- , ' )  for  ; t  in a neight;our i r ' . rod of  y . i f f  y

is nonsl:rgular in ;,' (continuit;1' propert:'l).

( i i i )  r f  f  is  a f in i te uorphisrn t rnt l  ?(FrfrY) =/ , (Xrr i i ' r ) '?(0rr)r

tJrer F ls f lat over : in the points of Xr'

.. iggcj. (i ) By [zo] (cn. iI, B, 1 ) lt suffice s to irrsYe tir;rt

the di f fere: lce funct io: :  Ai i ,  Ar i (n)  = i ' I (n+1) *  H(n) o ie po1; 'noniaL.

Fron tbe e-xact sequesce

n  - , 1  * r {  6

o -+ fi-r'/gn+1F -> itlfil+lF -+ F/ftlF --'; fi-T-' _-v y v
one obtains the exact sequcnce

.., -+ i iQ-1 (;r,r/f i ]r) -.-+ xa(x,e,]l/n]+1r,) -+ na(3;,r7r,$+1ir) .,*P *'.

tber ' . fore

AIi(n) = t (- l  t  q r l in :{Q'(::,  fr l ; ' /nl*1F) .
q

lloir it is sufficient tc sirovl tt.3t, fcr a fixed Q)-ri, th.e lunction

D -> ain l tQ(x. , ln l / f in+11')  is  pr ]" : inonial .  The problen is local  on'', '  'y" " '! '  '

I ; replacing Y by a neighbouriicod of y, ' ; ie ca.a finc. sections

t1,  .  . .  ,  t i  
g f " (YrO-I)  such that t re i r  gsrrs in y generate the iCeaL

ty" i# = -6- (,r,1-'lr,1+1r) has a natural structure cf
n = o y y

OI F1, . . . ,1*l -nocu.Ie b;r setting Ti -+ t, . l ' loreovero appl;f ing 
.the

theorens -. &DC B fr.r Stein conpacts ano the noetlrerianit;r theor:em

of Fr iseh [g] ,  ot ie can proYe t iat  Fx is a eoherent

OX [11 , . . . r f ,J - : : rodule ( rhe argunent  is  tne same e*s. {n  [ t ] t  le inna

2 .4 ) .  B !  t heo re :  1  f r ca  h l '

itat*(l'x)y = 
"8" 

uQ(:t, *fl'/n|+1r)

l s  O, ,  [T l  , . . . rT . - ] - rncdu le  o f  f in i te  t . . , ' pe .  f t  fo l loxer . f ron  the  verS

d,efinitio'i of tlre 8re'ced. etructure, ihat

l-n
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q9 n !  6r r ;7 .11:+1r . \  -  ( , .11/or*1)  _ i :oc.ure ofi J =  J "  i i q ( x , f i 1 1 r ' , ' , i ; ' 1 r ; i s a * A =  J "  \ * r / n y  t '

f inite t1;pe. -iorv, our la,:t funetion is a genuine l i i lbert function,

hence 1t  is  pcl l .nonial  (  tzc ' ] ,  Ch.I i '  I i reSrgne 2)"  To see that

oeg l ( l r f r ; : )  <ainrY = oin 0rr  ' *e ' r i l l  looi :  on t i re assoeiated

p.r1;,zronial- of the function n * ci-n IIQ(":, *1'r/A',f*1rl' There

exists a surje.:t ive noL'i l; i iss: ! --+ Ii - '> 0, hcr:rogbneous of uero

cegree, l.:nere L is a finite direct sulir of rrod'u]-es, each of tbern

iscnorlliic witbr A or wlth a translation of j{' sj-nce dirn iirr(diiu Lrrt

ano r.,e loo:l only ior t ' ie iegreer the ccnclusion fcliov:s from the

fact that the l i i lbert lunction associaiea to the grad'ed ring a

(n _+ ai-"("1/4-1) ) i.; rhe sifference function of t,re

li:1bert-s:-Eue1 fu:rction n -> oin(or/r{) of the rin8 0u'

( i i )  (a)  Tnere e 'x ist  the lsono-rph' lsms:

tnr/p,3-- 
| 
r,. = (i',ir1,,1.) E 0 

("-;/r't|+1 )L:I i - /  ' ; r  y  
'  q,

(:.;e bave i<ientif ied u ana ,.t l/o' 
+i *ri i ir the consiant sheaves

definec b;. ' tben), lrence the isonorpnisns:

HE (x- 3.:i:/sn+11) cz i lQ(;i,., jr,.) Ec ttt ' l l*f;+l ) "\ ^ r  , . : , . - r ' - : i  
3 ' ,  ) - .  u  J  J

Then rce d.ecuce that Ai i  = Nl [ : ; ,  t t ] - ) 'Air(0y).  rn i ] r ls  ease

rve have ienediatel;.{ that i i(r:rfry) is poiyno;aii l}; noreoYer

/ (Fr f r r )  =  XG: r ,  1 " ] . ) 'P (o . , r )  +  cons t "  ,  bu t  fo r  the  d 'es i red

equ:lli-lr ve have sii1l tc 
"'iolri{. 

B;r shrini<ing eventually Y aroUnd

I r i h e r e e x i s t s a b o u n d ' e d c o r r p l e x I , " o f f r e e O , - n o d u i e g o f f i n i t e

t1:pe vhice satisfj.es llre follo',.lin3 propertl,-: for a"n;," coherent

C.,-r,odule ;: there are isonorphisrns- I

i i ' f * (F  E  ,0 .  f r i ( l i )  )  -  i i ' (L '  to r t ' t )

i: i is result (in a *"; general fcrrrr) is stailerL in [rq]

( ierner,run * 1.4.1);  a f - i - t t le ' * ;ea.cer assert ion is proved i -n [ tg] t

bui t i ie ccnplex used. ihere sartisfies i ire above j-sonorpnis:ns (one

ceLn finc details in Lll; r,;e vrill sbort in part II hoiv that trorxs
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in t ire i i ffereniial {od.aira-Spencerr s c&s€o

',.e 
eonsioc,: the coher€rrt shec.ves concentri ltea in y v;it ir

stali: l  tr/"}, The cohonclcgi' Grcules of t l:e eonple:: i ' l 'nnr' 'y ' " -y-y

coineid.e with

R' f  /  r . : / r l i l n )  
" -  

tT ' / 1  i ' / , 6nF . \r ' i -  I _ \ r ,  , u y t  r y  -  , .  \ A t  t  I  ! ' ! y r  I  t

hence

f  ( -1)q din rQ(x, F/f i ; r )  = f  (-1)q aim Hq(I, ; / -Fi)  s
q - q .

= 
F 

(-r )q din(r,$/{t$) = 
F 

(-r )q rank(r,a) "din({$y/a}} ,

f  (-1)q ranr<(r,q) = I (-t)q air,(r,a/n la) rE
q . q

= f 
(-r;o din i{q(r,r/n r'r) = I 

(-r)q clin }Ir 't(\ 'or) = /tx",rru)
q . d v - q

anc (a) fo l lov;s.

(b) aiic (c) folloir by mea.ns of the eqr:.a"li-ty

E(1 ,  f  ,T )  =  X( \ ,  t r ) . i i (oy )  and a lso  on  the  fac t  thd t  the

Euler- lc incare'bharaeter ist ic X"GV, Fy) is lccal ly c*nstant on

Y usin; the le*r;;. 1 ( (f ) and- (i l) ).

( i f l )  The f iber 7,  is  a f in i te set  and f*( i r )y = 
*9*r ,  F* n

It sul-f ieies tc slroyi that f*(ir), is a free O'-module. $ince

Rqf*  =  g  fo r  c - ) -1 , l l  =  i l (F r f ry )  i s  reducer r .  to

I i (n)  = di . i :  Ho(; i , l ' lnf i r l  = 
[  

d im(F*/n;{F-r)  = din(f*(F)y/r+f}EtF)y)
J  

" f r r ,  
^  J . L

and also X'G:r ,  ur)  -  d in( f l . ( r )U/nuf*( i ' ) r )  .  Our hypoihesls

beccees :

dir::( f , ,(F)"/nlr*(r)r) - din(f*(F) r/roof*(rr)u)'  
* in(oolnr|)

for n >> 0. lei ns conslder a surjec1l.re rnorphisrn *; -gt f,,( l i")y I

vrhere r  = Ci l r ( f - (F)r /*r f*(F)y).  i te i lave the equal i ty of

Eilbert-sa:ruel pcli,non1als ?(CIj) = P(f*(F)y). Fron [r*] n i lh'1': '

Propcsition 1O, the associi,-ted. polynomial of the 0r-r'rodul-e Ker I

{  c  a a r ^  h o - a r . n  t r l n r  O .  -  O
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3. i,.e p.r:eserr.'e the a.bove notations and. i're sil1 suppose in

addition that r, is f-f lat. uslng Grauertrs conparison theorem anr

the corplex l, '  froi^l the thecreirn of Kiehl-verdier ancl cchneir] 'er[ '

[f a], one cFr') transpose r'; i thout diff icutiy to the ana']y'uic ease

the coiionologlcal fornalisnr d.eveloped in 111] for the algebraic

case (see Ll l  for  detai ls) .  i ,et  q70 be ar intcSor;- '  &Ri y e Y'  i t ' l

say folloving the ten':rinolo3;r fron tt t] that 3 i's q-cohornologi'r

call;; flat in y if iiqf*(F), is a free o;nod'ule and' tire map

i..qf;€(t)y ( = Iiq(x3,,F) ) -+ i iqf*(F/fr.rl ')y 1 = r' iq("?, sy). )

i-s surjectj.ve- 
'I-re folloxj 'ng assert:-cn hold's:

,'il is q-coircnclogicall;' ftat in y if:" tne canoni'caLl" $s'Bs

, Q - 1 c  
- - n - 1  ( - , '  t l  )  t f Q f  

' - \  " ( 1 r "  ' l i ' )
i \  * * ( l i ) "  . _ >  i i r i - ' ( i i r F y )  r  l t - ' r . , \ i ' r ,  -  q >  ' f l * \ a u r  f  y /

are surjectioni; in this case there ale na';ural lsomorpirlsns

Rq- 1 f =, ( -r.' ) y/ n;llq- 1 fr( F ), o ii q-': 
i x, 3'l rli?{ )

p.Qf-(.: ) r/"|aqrri(i? 
)y cr Ii? (:;, "r'lfi$r) 

" .

Let I,. be a conple>:, j-n a neiShbourhood,af y, g5.vetr by th'

theore:r of :, ieir1-Yerdier a:rc]' Scknej-C'er. T he follol ' ; ing assertiorr

hold.s !

| ! i ' i s q - c o i r . o r : o 1 o g i c a l . l y f } a t i n y i f f t l r e s } r e a v e s

Ccker(t,Q-1 + i,q), Ccker(lQ -> 19't '1 ) are free in a neigl:bourhr:r

o f  y  t ' .

r i . c c r e n 2 . i e t f . : , { - . . + T b e a p r o p e r i l c r p i r i s i r o f c o t n p } e :

s p a c e s r l ' a n 3 n a 1 : ' r t i c c o h e r e n t s i r e a f o n X ' f l a t o v e r Y ; : ' n c l { > - ( }

an integer.

(i) For i,nY .." €Y the function

r] -> dirr : iQ("ttt-t ),t.|"-t ) ) ( - cl ir., '

is poL;,'no:iial of cegree -< cli-:i:r-'f '

( i i) suppcse Y nonsi:rSular' l 'or en3r

neigirbourlrocd Y such that

i iq(x,:-i ft$r) )

) '€ Y there e:ris-Ls a
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di ; , r  Ht( i .1?), r j :?) l  .  c . in i  Hq(; ' (n)-* , ' ( r ' )1 ^
. .  J  

I  t  i i J - ' i i r  r i - f " J  o t Y  I  t

for  a l l  n and any yr € Y,

(i i i) Suppose Y ncnsingular. f iren F is q-eoi:o:lrologica}.Iy

flat in y iff the po}3-nonial associated. to the functlon

n --> d, i l0 I iq() , (T-1 ) .u,(n-1 )1 is inciependent of  y!  in a neigbr*' ' ) t t  r ' 1 , r 1  t  -

boul i ioca of  3 .

rll"ii,$

Iroof. ,Ihe problen 1s lccal- on I, hence ne aay s'i:.ppose

tire ccnplex l '  defined. on vinole Y. For ani' y €Y and eny integere

:r, p tae fol}o'. ' ; ing isonorphisn holds:

sF(x,r/*]r) - l iP(r,;/n+L;) .

(i) r,et dP ; r.? -t lP+1 be the differentials and.

r; , t$ --t t;-t , af(n) : rfn$l,l + tl*ti"lt$ut the dirrsren*

rials ind.uce6. by dP. :ihe comple>l ir' yiel t1s the e;re.ct sequ'ences:

o}-,i-}ri-, -e-T'-1 
(n)--. 

,7t*7*,. ---+ coker u;-rl*$cor.*r u$*' -*> 0

a$(n) * c_,i"/+$*t *-> coker <rf,mfcoker ri$ -*> o

Tberefore, using the aC'Ji ' i ; ivityr it follows;

cin i lq(r;/;r lr;) = Gj.n(i ier a$(n)) - arn(rra a$-1(n)) s!

= 6i,-(r /{ t})  -  cir"(rn a}(n) )  -  i . in(rn cr l-1(n) )  i :

= - din(1r,*11'.;)t$*') + cl in(coker o$-1 tn)) + ci im(col ' ter a$(n)) *

= - ain(t$*, /r+t,?U) + dj.ur((co]',er cq*1)Ol::$(coir*".tt l*l)y) +

+ c in( (co. ;er  dq)y /4- ( roher  dq)y)  ,

lhus the function n + 61n iiQ(Xrl ' lrff ') is pol3"ncrnial end its

associated. Pol ;nonial  eoualsr  
"

-  i - (11+1 )  +  l ' ( (coker  , iq - i  ) - , )  +  i , ( (co icer  aQ)  \
' Y  J  : r t  

'

( i t) If f - i.s a conrple:.. na:rifold, t i ien ?(i,$'t1 ) fs indepen-

clent of  l 'on connected coxiponents ald rre appl l ' * i r .e temua 1 ( i ) '
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(iif ) ft F ls q-cciici:rologically flat in y, '!;hen Colcer rf i*

a:rd Coller dQ are Jree in a neiglibourhcod of y ar:d tire concLuslon

follc';s. Conversely, b:." the hSrpotnesis anir iaking 3-nt<l accauixt

( t )  i t  fo l lo.rs t i rat  l ( (Co:- .er  dc ' -1 $ Coker Cq)",)  cces not depend

on yt in a neighbourhood of y. Leni.na 1 (j. i i) irnpliee tirat

Coker iq-1 O Coi:er dQ is free ln a neighbourhood *t ' y; t ie

sheaves Coker d.c--1 and, Coker d.9 enjoy the saae p,:operty a;iii then

F follovs q-cohorlologically f lat in y.

i,et us give sone conseo.uences of the theorens 1 anct 2.

conplex spaoe and. f : X'"'+ lCorcl-1ar-". ' 1, iet Y be a red-uced

an analytic fa:.rily of Rie:rar-n surfzices of genus I / t lil . If

fhe faci that nqt*-(f), = O can

1:.' frcn the hypotilesis b;.' cotnparison

'rhe follol';ieg tl';c corollaries

r,:raicsues of i:re resuiis siaieti in lt

( , : t lcsul  1 i l  for  case rr  = O; the Prcof

be deduced. strai6htforrrarf,'

theorent.

ar:s for cese

1] (coroi la i re

cear be ctone

n -+ oo the

4 , 6 . 5 )  o  [ 5 ]
sLnilar to n-O

r (-r )q ain xa(r-!") ,o-1o) ) = f (-1 ) o di:l i iq(xiT) 'CI-(r,) )
q ' q r x y t

for i , .ny yryt € I ald'n >>0, t iren Y is ncnsilr i l l l lelr '
' i

fe onl.y ncte thai 'X'(x-r$y) { a for i:iri' y € y

corc]1a::r 2. Let f : x --> Y be an ana^lytic famlly of .

ecnpact co:rplex naanifolcls l-n the sense of ir'odaira*Spence:r hn]

( i .e.  a sroct i r  prcper ncrphisn of  conplex t rnni fo ids),  i .  a Local13

f:ree sheaf cf finite :=.nl': on /' anci' q >Q en integer:' fiuppose'

a i n  i : Q ( . ' ( n ) - o ( n ) )  =  d l n  r ; Q ( x ( n )  u ' ( n ) )  f o r  a n l /  y r y ' e Y  a n d  n  > ) 0 "
G I : r : : - \ \  r t y  I  -  u * ' J  r r  , ^ l r t  , t : J - ,  |  & '

Tnen .aUi-{l) is loca}Iy free siieaf of f inite ranir on Y '

cgroll::.q"' 2. let f : x --+ r be a prcper gcrpi:istn of

co:piex spaces, l an an1lytic coherent slrea.f on X flat over Y*

y a norrsin;u1ar pcint of Y and, c1 >-c an integer" $uppoee

s c - 1 - . , ( n ) . r ! " ) )  -  o  f o :  n  > > o o  t h e n  i 1 1 q 5 ( n ) , 0 ; " ) )  =  c  f o r  a l t  n ;
. - . ] -  r - i ,  i  

'  
J '

i-n p:r'iiculal, la(xrnl'-u) = 0 aad' e'lso Rqfir(t'), =
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colglla=T., -4. Let f ; x --+ I be e. prop$r licrpbisnr of

conplex spaces and y e Y a noirsingula.r poirt such timt

u1 t ; i f " ) r0. . ( . r ) )  = o for  n >>C. I f  F and. G are invert ib le s l leaves

"  ^ y '  
,  \  /  \

on x such trrai tlre sheaves o.!") ana o"!n) *=* isoi::orphic for tr >>
y v

then tlrere erists a reighbcuriiood. Y of y vrith the propertyl

l ' l r -1 ( r ' )  g e l f l  tv) .

C o r o l l a q 1 - ! . ] . , e t f : X _ + Y b e a p r o p e r f } a t r : o r p } r l s r n o f

conplex spacesr y a nonsing'alar point of Y a3d' T.';*: invertihle

sheaf on L. rf H1 (xf"),tf)) = o and r, i-n) is v' jrv asrpl-c fos 3r>>

then there e:cists a neig:ibourhood. V of 1r sucli l irat l l f*1 (V) is

yer-r, aeple nith resirect to tne riiorpl:.isr"o f-1 (V) ---+ Vn

Coqr.l}ar'r i. .!,..t f : X -..> T be an analiltj.c fariily of

conpact coi:plex na.l ' i-folds, ;r e Y arld' q. >"Q an infeger' If

i : .1( . {") ,e.(r , ) )  -  . - r ,  fcr  n >>0, then l i 'q( l ty,Sir , , . . }  ' : '  f '  ( . fZ *cnotes
t " y d

the sheaf cf aiffere;rtla1 forns)'

l o r t h e p r c o f v e o : r ] . y c o l l s i c e r t h e s h e a f ? : q / x o f r c l a t i v

dj-fferential forr:s, i'ihich is loca!}y free of fi:r:ite rank on xt

aad.  note t ip t  (e ; r / r ) r ! " )  -  5?"(n)  i  see [ l l  .
^y

w. iie co not rr-:rci'; i.I in the staten*:nts (i1) emd (ii i

of tire t:reore;:i 2 one can cha:rEc tire hfiror;iresis tirat the sp*"ce Y

is 'onsingular r,;ith the h;.'pothes:is ti:'at i'b is recLir*ec' I',e'r'bj-ctiJ'a

Ilr, ve do not lcr,ov if the follo';ring state:nent is stil l "bruel

nTret f : X --> y be a proper nori:irism ol' col*plsx '$pil'stlss

r aa a.:na};,-t ie cohercnt sheaf on;i-, fre't o'/er Y, :I€Y ar:c1 q}* fr3}

tn teger .  Suppose y  rccuced in  y  an .  t1 t f l ; t | t " rn f ' )  =  0  fs , ' iL>>0*

Then rrq(xr,r 3r) = o 'r '

-For instancer i -n

(rr i) ir the ease

the follorvi-ng:

trIret Y be a red-uced' conplex spilce and G an e"nal;rtic

order to have a- su-bsti-tuie of the st*"te*

trY recltrcedil lve vouLd require a-fl- a-rJs*rtlon
ne:rt

Iil:e
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eohelcent sheaf cn Y. l lLrpircs€ that .there e:cists an in'teg *,r e >rQ

such that l ) (Gy) = s.r(0y) for  any y€Y. Then G j -s Iocal ly f reer ' .

Te lgnore if this is true,

+. rlralogous state;:ent can be esteblished in the algebraie

case (tiren r,;e r,.'i11 use t+l insteacl of [t e] ) .

For ev.e.nPle, one iras the folloul-r.rg:

fheore:;! J. L'et f : l( -+ Y be a proper norphism of local"ly

noetheri-aa scheneo and F a coherent sheaf on .X.

(1) For any y €Y, the funct ion

n _+ Z (-l )q ler:gth l{q(x,l'/fifr')
q . J

is poly:ronial. i,or€oY€r1 lf I is f-flatr then the functj.ons

n ---t length Iiq(X,Fi:tfr;) are a1.so polSzrornial-s.
J

$uppose l ls a schene of f inite type +'rer a:r;i1.gehraeca.lly

closeil f ield anc F is f-f lat. Denote by Yt t i:e slet of elosecl

?olnts of  Y.  Tiren'  l

(u)  (a)  r f  X, (xy,Fy)  >0 ( respect ive i ;s  X,#.v , :Fy)  <c)  for

-1'€It r thea ure firietion 
" 

-* 
F 

(-r )q length iia'(xrlt/fi;F) is

upper (respecti ' ;e.Ly lcver) 
""* i lo"t inuous 

uith 
"**p*o* 

t* y €Yr.

(b) If f is nonsingu.ie.r, tlren t'he function

n --+ lengih na(:';.rr'l:t|:;) is u.pper senj-contir:.uous vrith respec*

t o  y e Y r .

( i i i )  (a) r f  Y rs red.uce&, N(xo.,r 'o) I  0 anci t i re

associated to tlie function n --t I t-rlq lengtir i it(::r-ir7
q.

d.oes not d.eper.J. c:t y € f t ,  then Y is ncnsini-,ular.

(U). Suppose Y nonsin,3ular and 1.et q 7 0 be an I-nteger*

Tuo 
I' 1s q-coi:o:ioiogicall-y f1:it 1n the points of Yr iff the

pol;mcnial asscciated to ile fu:rctioe n --P ).engt3 tiQf v rl/*\frn\'^v'''

is  }ocal l ; "  constant vr i t i r  respect to y €Yt.

tr:ol"lmonial

*fiul
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II . The *il.fercn iial- {',c!elf'e-9:gi19gg.' 5-g3gg

f . in order to siuc;r ililbert-ia:ruel poi3-non-lels far

d.lffere:it lc.ble fa:*i l ies of coi:tpact eonplex nanifolrl-c Ltf]t in

tliis secticn ise :tust exten{ sone cohci:tological facts frcn the

eJgebr.ic and aial;"tic cF-se tc tiris ci;.s€. thj-s can be d'one In

t:ie gerer--I ccniext of reiai1ve ana13"tica1 spaces I8l , [12] r [X]] t

bui  ve restr ict  curselves to th is c lassical  ca's€r

Let I be a oifferentiable canifoid a.nd Il the sheaf of

e,e6ls of C--fu:lctionsr'ri ih conplex values. Iret f ; X -'-+Y be

i. ciiferentiable fanily '-)f conpact conplex ir'anifolds ancl F a

sireaf cn. i ,  local ly f ree; f  f in i te ral i le.  i i ' requentely we shal l

use facts anc not: t ions f rc;  [ r ] t  Ls]  '  L1s] '

Y, tsy sh.-rinking Y ;:round ;ro n t?e *aa

r < 1 , a^nd a flnite nunber of relative

i k  ,  u k  -  l t ( 1 )  x Y  , 0  < k <k . -  ,
tt

Y if 'v're note
such that: for an;, ' r <1 :ni i;ny open set V of

r  . - t  . - 1
t j * ( r r Y J  =  J ; -  ( l ' . ( r )  x  r ; )  a u a  u ( r r Y )  =  ( u " ( r , v ) ) o . l < { < n e '  u ( r ' v )  i s

:,.n aciclic covering relaiive to r' of 
--l (V) (!.,.(") is opert

p o l , ' c i s c ) .  , ; ' e  b a v e  l t ' ( : - 1  ( v ) , i - )  -  i l ' ( c ' ( u ( r r Y )  r F )  ) ,  w h e r e  f i "  i n

fi ie 6ech co:i;:Jlex oi alterirate cocit+i-;1l,r. ' lhe correspond'ence

Y - - . } c . ( U ( r , , v ) , . r : ) c e f i n e s a c o n p l e x o f s h e a v e s o i r Y , C ' ( U ( r ) o r ) n

an.f, its cohcnolcgr ioeutif ies vj-"ch it ' f,.-(F). IJet An be the se*

t i r - o  r . . . r , r . - )  I  0 s i t o  { - ' . .  < k ' ^ < n * ] '  : o r  * ;  ( i l o ' " " " ' k n )  ' i ' r €

deflne ri..(r,Y) = A u'-n (rr'i) ana D,.(r) = J:t I'.r (r) o ure

j-n::,ersicls j:, Cefi::e eln irl iersj-on io. t U".(r 'Y) -+ lo(r)XV* for

*-pone gets cancnicer l -  prc iect ions Tinp :  I lp(r)  XV ' -7 )o.(r)  X 1r.

O::e obtains thus a:r ailas U, j-e the sel1se of [ ' l ], [ i i ] '  ] iy a

rcfj-nenent cf u and by sl}ri:r l: ing e'lentuaily Y arcuni-;, 'oo for a

I-,et Yo be a iloin-; cf

frno a reel- nurber r*,: 
"* 

(

carts

real nu:.ber r*r€ t 
r

sheaves i -  ( i )  or t  U

-,a ".** 
a 1 , ve fiuci for the link sl"sten of

a resoluti.on



_ 1 4 -

... -+ i# -4 xk-1 + ... -> R1 ---+ Ro --> J*(l) -'+ o

l,lth free syste:rs of finiie rank. For a lj-:rk systeiri G on lj on*

d.enotes by C'(rr, tr ;G) t l rc associatecl 6ech cornplex, of contpo*en1;sl

cn(r,v;G) = JL" |  (D..(r) x t i ,G*) ,

For each r, 
"* 

( 
" 

(Ix*, iind. anlr open set V c.t con'gitj.er *}r,e

doub le  conp ler  (C l ( r r ' i ;nk ) ) I rk  u t i  Cenote  by  C ' ( r r " f )  t i : .e  assocLe*

ted si::ple co:;,-cle:<. By C'(r) \ ' ie ccnote the Comi:}ex of H*noclUlcso

i  + g ' ( r rY),  l l re raorpir isn R'o + ix(F) def ines a coi i tp lex: : :crphism

c ' ( r , f ) ' - ' - > ' v ' ( r r Y ; J - ( l ) )  " u  
c '  ( l l ( r ' v ) ' r ) '

in fact an o-:trasi-iso::lorphism. Irr particular iie get 'bh*t

H ' ( c ' ( r ) )  s + 1 1 ' ( c ' ( u ( r ) , ! ' ) )  =  i l ' f * ( F )  o

iror an :r-nocule ,,., v;e r;rite for sinplicity F E,.i '  j 'nsteaii '  of
g

F @., i*(:.:). If O --> l it --+ i. -+ i,:" -+ C is an exact sequence nf

" X
topclo;ical irEchet i i-r:od.uies cf f inlte presentation, t):en the

sequence
O -> l' 8)Ul..r + ! 8r.i.i "-+ F €),'i'i'r ---> 0

|s ey-act. Inaced-, F is locali;r free end' ' i ;he problr;n is t lr ' :al '  on

x and I: one c3n assurie r'= 0x i,nd f a sui'table i: i :oie**jcn' i i*oyi'u

the conclusion follo:'is by nric.l-earity arEurlents"

Consicel t ire co::tp}ex c. (t i(r),}. Eo;.;) clefined by

Y ---.7 c' (U (rrv) ' l '  E-dl.:) . the r'orphi':ms

tI ' (u(r ,  v) ,F er: . : )  + H'( i -1 (v)  r t  E" l i )  g j -vc the morp' i r j 'sns

E.(C. (U(r) ,F E- i . l ) )  .+ i . i ' . f rE(FE- ; . : ) .  \ . je c}a, lcr  t i rat  t i rese a.re iso.*

rnopplrisris provided that ii is a pseudccoirereni I'r€chet li-noc-ule'

Por th is,  i t  suf f ices to sbow that Ht ' (u"t(r 'v) ' r  Br l ' i )  *  D for Y

sufflciently snall e.nd q 71. Let d be t ' ire topolcgicai d'incnsion

of x; one cadl suplose c 1@ t 0n suffiei-ently sroall op€ll sets Y

corrsicer exact seriuences of the for:: i:

,od*z --o riod* 1 -.

sets f-1 (v) i';e r';i].l

F d

fl

-  r ' 'C ! i  -  ^  nh.enr  Oi l  the Ci ; t : t " l
. . f  + E  . . ' - - )  i ,  + V  o  l ' r

obtain er:act sequences
f,

*7 t , , -..--> i' o -*> F 8",i;1 ---.+ C
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and, easyly yre get r,;hat tre need. as l lo'(Uo.(rrY)rp) = 0 for q>'1 ana

liQ = O for q > d. l ioti, frcin ti:e proof of the finiteness the orem

[Z] , [B], b1' shrj-nl"ing eventu:r]l;r agi"i'n Y aronncl iio ] r'r can find

a bounded conplex of free sheaves of 'f inite ::1nk on Y together

r,rltb a1 (-t )-quasi-isonorphisn t ' - '+ C'(r), for a sui'to"i: le rn

" * 4 1 4 r * r . J o r a n . i ] - n o o u l e : ' : r ' ; e o b t a i - n a c o m p l c : i i n c r p j r i s r a :
I , 'E ' ' '  - - ->  c ' ( r )  8r l ' i  +  c ' (u( r )  ' r )  Eon

I1y conpocinc t i th the norpir isn c ' (U(r)  ' r )  83; '1 -+ c ' (u(r)  ' ; l  8uh1)

cbtaineC fron tlre norPirisn

t'(u".(r,\,) , F) E-(v)i.:(v) -+ t'(u,.(r,v) ,,u) &0..(, jl jt5t,u) , f*(;'r) ) **

-+ I'(Ux( r, -r ), r 8ni':)

tle get a norPhlsn

r,' E rll 
---> c' (u(r) , ir 8EH) |

vLich ls funciorlal in i,i. rf i.: is a pseutl.ocoherent r''r*chtt

,,-rnocul-e then, by uassing to the eoironolog;'1 r:'e get lno::"rhii":iiis;

( l ; ) Hq(r-,'6lo;r; -+ nqf=r(Y 60-.'x) r

lry dec::uaslrg incruction on qTrt ve shotl that these mori'>i:'isi"ltst

together lrith tbe corresponcing norphisns obtained by 'L;:e lr€*

p1ac1n3 of Y b;r Opcn subsetsr ale iso:norllhisns' lor a r' ' ' . tff icient*

Iy large g this is obvlously true. supirose that the rn<.l::phj"sr'lq

(y.) erc isonorphl.sr:s in d'inension >q. I,et },i be a pseucioco]rererrt

i r g c h e t l - n c o u ] . e d e f i n e c l o n Y ( o r o n a . n o p e n s e t o f Y ) ' T h e

p r o b l e n i s } o c a l o n Y ' s o v e c a n a s s u n e t h a t t i : e r e e : j " . ; t s a n
n ^

:xact sequenee C --+ il 
.-'+ 

ij u --+ l'i --+ 0 '

I e get a:n e>:act con:'"autative 'tiagrai0:

e ar .pd - - - -+o.?" t"o : i "eEH 
*o

o a> c'(ut" l+,t  BEN) -> c'(u("5 rF Ernno) + c'(u(rf le EEH) -+ 0

(fOf the exactity of the second rott we requlre the exac'ti

Bequence o -'-+ pEnN ---? Ferf" '+ FBEII -2 0 ancl the fact

tha t  g :1u* ( r 'Y) ,F6pN)  =  Q fo r  sna} I  V)

We nass this ciiaSrara to cohoinology. As (x) aTe isr,nnr-



. '

!-len:iie. .ie:.iari; also that (x) are functorial 1:r i:i and' agree rvj'th

tire lcng e>l;ct sequences associatcd' to slio::t exilct Sequellces

0 €',;;t + i; i  --+ .1,, 'r ----+ O of pseud.occi:.crent 3ri:chot ;: l*l:roclu1-es"

' j, e have Provca the folloli ing:

Thecr?:n 4. T,et f : X '- '-> I be a differenti 'alrle fani}3' of,

co::pact coi:;; lex na:ri iolcis anC- i" a locail i '  free shea'f of f ini he

rrnk on x.  f : : .en the::e exists,  locaI}y c4 Y, a.eo*plex Lo Of 1O*

ea113. free jr;-ncaules of f inite r*rk r: ith the fol-lo|i ing properllr l

for an;,, lscrl6ccoherent -r 'r6cnet i-ri iod.irle i; i  the followin$ is;onor'*

prlsns take i l lace

H q ( r , ' 8 r , . i )  ^ '  R { f * ( i : 8 t ; i )  ( f , r r  4 > e )  o

functorlal ir ., ' . a-nd ccr: ' ipatible xii ir sirort exact sequence$"

Re;:::,r ' :. r ' ; i th t i.e notation-s of [ ' ], Lta], t ire previoras

argli::eats sirouLd give the follo'*ing gcrreral statei:entl

nlet (-i-rOf) be a n?S-ringecl spa.ce of tSrpe (J) arri

f  :  x - - r  I  a relat ive a:ralyt ieal  spacer proper over Y" l " ,< l 'b I  be

a f-pseu,iccoherent c',--i i tocule, transilat over Y. Tiren ti 'ere erists*

iocl , . - r - ' l - : .on Yr a conpler:  I r 'of  f ree Or-noo-uies of  f in i ic  rank

r.rith tl:e fcllcxing proper{, ': for any pseud'ccoherent Friuirct

0."-::odu1e ,'., tjr€Te exisi natura-L isomorpilisrns

Hq(r, '  *art ) x lqt*(l  earir) ( r o r  q 2 0 , '  t

1\urctor.r,al in i 'r a:rd coi::patible vith the short exe'ct sequencesrr'

(0f coursc, it should ::rooify ni l i tt le t lr 'e definit ion of frtrans*

fliri'r such ihat if 0 4 iiir + il '-+ ii{r '-+ 0 i's an exaci; secltlencc Of

pseuaoeclcre:rt frbchet sheaves on an opell set of Y, t l:"en -r'he $9*

cucnce 0 -'+ f 6o--l.it --> F 8O i': ''> ! Eo-.i'i'r -+ O will be exact) '
oY 'Y

l , ,e co: le bac]:  t ,c our case..{n E-rrod.u}e j ;  is  said.  to be of

,,aral.tt iC natUre'r if for enl" i '  € 1 't 'here exist an af f ine nc"tghbour-

hcoi V asra a coherent Or-,nciute i i ($\' 1s thc siie'rf of g'lr irrs of

conpl- : : -  velueo anal-v* i ic  funct ions cn V) such that i i@ n'"  g l i i l l f  i
0r ,  Y

l . l  is a F::[c]ret i i-nodule. To i i iover that o'ie consigers (i+':; '"Li;t)
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f lnlte presentati-ons for the coherent sheaves l i and uses the

follorvlng result of i. lalgrange [21] Ch.iJI, Cqrrollr ire 1"] ' !,

u11 6P(v) --> itq(v) is the norphi.sm givetr b;,r ss

analytlca-l r:ratrix, then its inage is closedrt.

flre sheaves ;{ are 0-pseudocoberent antri., by anothe} resul.t

of  l ta lgranr:e [21]Ch.t ' I ,  Corrc la i re 1 '7r  i j  is  O-f lato therefore

li is pseuciocoherent. If y is a point of Y lrnd" n ) 1 is en 1:rte ger,

then the i-r:ocuie l.i concgnirated. in y and of fiber f.r/n$ is of

ranal;lt lc n;.tuxen, hence l 'r€ehet and pseud.ocoherent.

fhus r:e get the folloi';ing:

CgrollarY 1. For any i:" of ttana13rf,1s nati i 're",

H q ( t ' 8 . . 1 : ) ^ ' a . o - f * ( F 8 u : ' l )  ( f o r q . > 0 ) .

?articu1ar1y, l iq(1;/t=;L;) ^' i1o'(x,Fif,;?) for anv a>'an n2'1'

Coro]laqr 2. Let q7O and- y be fixed' The follorvlng

assertions are equJ-valent:

(1) .l.or any pseud.ocobeleiit Fr6ciret ri-module bin the natttra-l

no4-r ' . r isn nqf-(F)rgr.- ly - '+ '  r iqf i  ( ' r8*u)* ls isornorphi$n'
v  y u

(Z) tbe natu:ral norPhr s',:r

Xar * t r ) r (=  : iq(y 'y ,1 ' )  ) ' ->  RQf*( , t i ,$r r ' ) - (=  Hq( \ rFy)  )  j ' s  sur iect ive '

( f)  corer(LQ * r,Q+l) i"  free ln Y'

pa-cticutarl;r, if tbese condi tions are ftrlfileo, the'n

ner*(r)r/"|aor*(r)y = nq(x:r/r$r),

Proof . (t) =+(2) is clear since tjre sheaf I ' i  coneentrated'

l n ; a n d o f l ' i b e r t i y = t r l ^ r i s r r f ; e h e t e r n d p s e u e o c c h e r e n t '

(Z) + 3) let C be Coker(r,a * Ori+1 ) aarl r = dim(CU/nrCO) '

Using convenlent basj-s for vector spaces obtained rnod(nr) we

can construct surjective rrrorphis:rs Ef - Cy, O$*t ---* 
"; 

,

c,hich c:n be j-nserteo in the e-":act connutative d'1agra'n:

19 -a t9+1 c.- ----+ o
{Y 'rl ltY

o - -k  +" i t ;  4 "+ iy  *o

trhere K ie ttr:. kernel of 4 - C.,,, the flrst vertieal arrow is
s  u  

- - -  [ r  $ t ^  - ] r n a r  $ h q *



r = n K, henc: K = O aad c, is free. Iret x be an element of K. As

tbe tnduced norpirisn sflf; ----t a/*r.U ls biJectlve, d e *ro$'

ife l1ft oc to F e nrl$+1 . Ihere exists 'f, €

the inage of T ln o.+/-ro$ is a cocycle '

exiet Eelf; ana "t.o$-' sr;ch that do'(S)

(r- 3) - ao'-1t1) e 
"ro$ 

. The lmage of

t$ - ll lies i.n nr( and Ls just oc .

(1) =+(r) f:re sheaves rn dq, l ier

the tJreoren se have llqf*(r) = i:Q(l'), Raf*(traorlri) :r ttQ(j,"8ori*)

and. we conclud.e in the s-r,and.ard nay: wrlting suitabie short

exact sequeaees, tensor ing by Sgyi i  €tc""

Uslng the limgUage frcn tbe algebralc case tf f] , o'* 
'*a3'

t5at F 1s q-cohonologically flat ln y if the condltions of the

eorollary 2 are fulfrled' for q-1 and q' ;ihen this occurs in a

point ;r', ttre conoition (il sbo',vs that this holds tn the neigh-

bourjrg Poj-ats.

gorollar,, 1, 3 ls q-cohonol-ogleally f lat in y iff nqflE{F)

is f ree in y and i l9( f r r f i  ->t ,cr(5rFr)  ls  sur ject lve.

Pro€. One use tire ercrct sequence:

O ..+ aQf*(f ) -+ ..loker dt-1 '* lQ*1 "-+ Colcer d'Q *> o I

2. Let y be a point of 1. Let us denote ly Ey = 
$(eU./-$)

the conpletion of J, in the nr-adlc topolory' 3, is a rlng of

fosi..al poi-rer serie: and. the ca-uonj-cal norphi"* 3y -"'+ EO ls sur*

jective (tire r-hecren of i. Borel lZlJ rCh.IYr Remar'1ue 
'1'5) ' The

kernel of this nor.:hisn is a { 
and- coincic'es trith.the lrieal nrp

of tire Sern8 of the flat fuaetlons in y. For any sr*module I'J we

renark tlnt ;/mj; - Ilo];. for all n. iiere 1 = l;l *rr"" = i"/ilf I'1

end. tjie inage of n" ln I, is d.enoted also b1' ny . Partit'';Lilr1y,

Lt follo'.';s that if G is an ;:-noi:1e of finite tl'rpe' then tlre

funcij.or n -) ci:(Cr/nlOr) is ;o};rnonie'l '  the assoclated' Pcly-

- 1 8 -

1$ such thai dq(Y) * s.

By hypothesJ"s, there

= Q anii. the eiement

tbis elenent bY the uaP

d.Q are also free in y. nY
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f,, = rn,'K, hence K = O ttnd. C-r ls free. Iret
J J

the induced. norphist{ t!,/n-l!- ---+ C--/n-S-,v ' - v v  v ' v v

The lnage of T ln irl/nr,i,$ is a cocycle.

exist 6 e lr] a:ra "i . o}-t sueh i;hat dq(E)

(r- 3) - dq-1("1) € =rlr* . The lrnage of

oc be an element af K. its

i s  b l j e c t i v E s d e n . r $ $ ,

l$ sueh tbat dq (Y) :  ; .

By hypothesls, there

= Q anrl the element

tlris elenent by the naP

iTe llft oc to F e *rtrl+1 , There exists 'f, €

Ir9 --+ K lies in nr-j" enC is jus-r, oc ,y v
(:) =+(f ) Dre sheaves In d.q, r,er d.Q aye also free in y" By

the theoren we have Rqf*(r)  a.  i iq( l ' ) ,  RQf-(F 8n i , i )  -  gQ(1, 8r,"1:r)* " y * y

and we concluC.e in the standard \vay: writ ing sultable shori;

exact sequcnees r tensorin I oy 80.ri"i €te. . . .
4 . .

Using the language fron the algebralc c&se [t t] ' rie ri&y

tnat F ls q-coaonologically ftat 1:l y if the conditlons of the

corollary 2 are fulfiled for q-1 and q, ,';hen this occurs in a

pcint y, t ire eonoition (r) sho.vs that this bol-ds in tho r:eigh*

bourlng loi-nts.

.lg.illgJqX-:. F is q-cohono1o31e:rl1y flat in y i.ff Rqfn,(f)

is  f :er :  in y and, i iQ(5,r)  - ;q(Xy,tr)  l -s sur ject lve.

Proof. One use the exact sequence:

o ---> Rar*(r) '--+' ..loker dQ-1 -'e' 1Q+1 -+ iolcer d{ **9' o ,

2. Let y be a point of Y. Iret us d-enote = r#(s."/4)

tlre ecnpletion of :r, in the rirr-adLc topology. IU i-s a ring of

fornal po', ' Ier serieg and the ca:rcnical norphisn E, +'Xv is sur-

Jective (tire 'fheorern of i. Bore] lZll rCh.IY, Remarque 3.5) . Tlre

kernel of tf i is morl;bisn is A "l 
and coircj-d.es *ith the lt ical mf

of tire 6etns of the flat functions in y. r'or, anY 3r-nodule i'I l'l-e

renark that iiinli. - ;/"lI for all. n. Iiere fr = i;i *rr1r. = l''/il.i Ii

and the ir,age of rn.,, '  ln i, is Ce:r:ted a] so b;i 'r ir, ."Fart'" 'cur1arly,

i t  fo l1o-:  that  i f  L:  is  an;: - inocule of  f in i te type, t l ien t l re

furctlo.r n --) ei:(Cy/n;Gy) is nc};, 'rtonie.-|, the asjsocial;s'c,tJol.r 'r '-

by 8,"
J



coord lnates y .  e  .  . ,  l l i r r r
? 1

vrhere {0} is t3ae origi-n

an'.i the eorrespondenee

f  € E ( y r x )  - ?  ( f ( y r o ) ,  S  ( . ' , . 0 o ) r . . o ,  S  ( ; r r o ) )
on1 ot t 'u

Lnduce an isonorphisn of ringeC spaces

(y , i i ro; f  )  = (x x {o} , r (y ,  x) / ( t r , * r r ) l r

( (xr*r) lu the i.deal sireaf of l j(] 'nx) gencrate,J

* 2 0 *

x 1  , . . . i x r ; ,  T h e  n a t u r a l  b i i e c t i o n  Y x T x l O ] s

af  the space of  coord lnates 
"1 

,  .  *  e  e l i . *  t

9 i  =  (  Y r r ( s ) ) 1  .

rrerif ies vithcut

x { n } t. .  L ' J  '

b]' the prod.ucts

and" ue nut
J < s

a i  { a f . i  ^ r r 1  4 . "  ' l - ' n a
L i f  I r + u q +  u i , :  v : r \ -

xrx, ). sach 9i ean be i,'ritten

S

9 r ( y , * )  = f  Y ; i ( Y ) ' x ,  .  o n e' r  
l = T  

r d  r

lsonorphlsn:

(y , ts '= : : re  c )  =  ( r  
" {o } ,3 (y , : r ) / (x rx r ,  9 i (y ,x ) ) l  Yx{o} l

Ue ident i f - ;  I  rv i th :  X fO)  and Et  l ; l th  t ; (y r ;1 ) / (x rx in  p i ( f , * ) )  .
J  , )  

' '

Cons ider  ners  coord . i -na tes  z1 t . . . r%t : i ,  t l  , . , . r tu  anr l  i i re

r inged space ( t r ru  "p roouc t "  (Yr r t )  x  ( t r t l ' )  )

( r x  y r d ( y ,  x t z s t ) / ( x , t  
; ,  V i ( y , r , ) ,  t i - t j ,  Y i ( 2 ,  t ) i

(wltn coii laon conventioas and !:, isuseg of notation '. " ) ?

If 16 rienote by n its s'iructural sheaf and by f t]:..: j-tLeal

generat :d by the c lasses cf  the dj- f fercnces zi- l t i ,  t j - r* ,  - {  (  i (m,

1(J {  s ,  ( I  i s  the  nc i iagcna l -  idea ln ) ,  ihen . the  s i rea f  A / In i "1  res*

trleted t: Y by the diagona.'!- raorpirisn Y -> Y x Y an'* considered

a o  i i r - n o d u l e  b y  n e a n s  o f  t n e  c c o r . , l i n a i e s ; y ' . |  1 . , , e $ * 2  
" , i r o . . r x u

ls tbe desi . re i l  r , r -nodu].e p(n).

(1i) ' f ;e need only t i :e faci  t i rat  G is of  f j .n i ie i l 'pe.  . ' ie

shov tJxat Ai-=(Grrinrsrr) does lot d.ene:r,:r on .'; a-nd, G 'ri-11 fcllov

loeally free [t;l , [tg]. faere erList poi-ris la sucli that G.,r- ig

free (for exai:pler H€ take a polnt 3'o where din(Gv 1m.,i Go ) is'

nlnlnal). 'lle=efore P(Gr) = P(';y) oqoo:-* tne :l:rn"o?'t*-ii""3t pol;r-

nonia]. of a free noorrie of finite t:'!e over the regular rir:.T f]ro

for ani  t€I .  7J tZ 'J,  G, , ' ; i11 be free ovu" Er.  Thc r lnk of  G,

1s lndepence: i t  of  y s iace P(G.r)  is  independ,ent of  .1r  ,  h. : , ' ;e

din(cr/nycy) = c rn(dr/r:.r6.') = l 'e:rir(G.,,) is constant,
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Sinee \i,e ]-ack a futl senicontinuitS' propertyr He can not.

obtaj-n tne next proposition as e consequetice of the iheoren (f**

in algebraic ano analYtic case).

Srgrqgltlog. I;et f : x --+Y be a differentiar"rle fanitly

of corapact cornplex nanifolds, F a localiy free sheaf of fit:ite

rank on ),, y a point cf Y ani Q.7za an integer. supi:oee

"n("1"), t j " ' )  
= o for a >>o. r l ren l lc l (xy'r 'y)  = o'

3ry9!. B;'r shrlnking

a ccnplex ir' as in theorea

the sequeaces

oi-' i "'i'i-' 
ui-' !i]-- L-1l*lr$ 

ut9!1J- o$*' l*?o$*'
are exact for n >>0: As L;i{t; - 1;trl.oZt, , It foLio',';s that the

sequenees

;;-, /n;*-t ji-](:)" i,*/,,1i$ -aif)" o$o,r*;n$*'

are exa-ct for n ))0, hence the e"iu-ality cf i{ilbert-llanue}

rol;nonial-s

, ( ro*u" a;- t6coi:er d$) = P(coke= a;- ' )  + P(lorer, i$) *  ?(I '$+1)-

try lZlr oc.rer A_.i-'@Coker d$ is free l'-notiule, tirerefore

Uoker d3r-1 and 'Joker d-1 a,re free ' Cle:ir}"";, tire sequel]ce
J !

=  c - 1i,-!-1 /,'.,i-1-1 --+ t'!./ :a13 * o$*t,,*.T,4+1
v  ' - -y  v v ' v

fcl loxs el; 'ct, hcnce the seo.lleneg

u}-t i ""o;-t 
-+ t';/n],t? * oln'7,n:-,!.o1

ls  evc-ct  ano one conclude s '

As in ihe Part I, o;:e cbtains: i

co:o+r:r.. '  1. rf t t ' i {- i f t),8t.1n)) = 0 for n })0, then
" y

r l a ( ]= , ,9 "  )  =  o  .
u 1 t

Cclotl-:,::--: 3. iret !', G be inveriible sheeves o3t 1( r-iuclr tlia'L

rjn) = cin) for n )) o. rf il1 (".,1"),0.r'.,) ) = 0 for n >) 0, then
Y Y .-y-',

Y to a neigirbouri:.ood. of Y, there exi;;:

4. Fror: tne hypothesls we treduce th'et
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there e::ists a neiglbourbood Y of y sucb. that l '11-1 (V) c/ Cff*1 (V)

3g5, rJnd.er tire cond.itions of the t*eoren 4 one can ev*l

find, J-ocalJ.3r on I, a bound.ed cornple:c l' sueh that

aq(I'E:..) r\) Rqfli(Fai,:) for any inte6er q l

Using ihis r';e ilei.uce iirat tire iiilbs3f,-Sainuel polynoml.al '

associated' to the functroit  n -> f  (" t)q din Hc'(xr?l l tXF)
q . J

eolncides vi t l r  N,&-.rF-.) .P(; , , ) ,  hence i t  is  }oceJly constant cn' i
J - Y J

1.'Ihis section is devoted to the anal.cg-te of 'the Srauer*r

and Grotjrenoieclrs ecnparison i;neorens for the iifferentiable

fanil ies of conpact conplex nanifolds. ir ie preserve the prel.{ ' i . i , ' ,"r ' , i ;

notations. nc^f*(;) a:,:e the cohoriologS' objects of a pseudocohere?ir' ' '

complex of iJ-ncdulr:l;l thj.r'-r is the analogue of iire Grauertrs

coherence theoren in this sase [g], f Z], [t:]. T,ocallyo uslng

suitable resolutions i,riih free sheaves of fini'le reni{ an* t*k;L*|;

on the space C- the usual irr6chet topoloryr'ne get on each

aef*(f) a structure of topotogical i:;-nod.ule. Frorn the open r*appfu:

theoren, lt resplts th.at f, lr is tcpology does:rot d.epend on tire ct.

sen resolutions, particularly it can be ca1.cu1-ated. q;itlr th* **::l-'

plexes .rr' given by the tireoren 4. For evera. open set v the tap**

lory of  I ' (vr ; lar*( l ) )  crg{ i ( i -1 (v)rr)  i .s  notr  general-1y,  separatei

firecre:r 6. Let f : X -+ Y be a d.ifferentiable fa"rnily of

eoErpact conplex nanifok3.s, F a l-ocally free shea.f of f inite.f*nk

on X, y a 1:oi-nt of Y and- o.>-O an intcger. llten the niltu::al 'rtorp3,t

nc^r* ( r' ) r/ nf, aair* ( F ) y ---t H 
( ae r* ( r ) r/*$no'r*, 

( F ) y)

is bijeetl-'re and. tne naf*ral norpi'ilsm

1i= (nar- ( l) -,/nfRo'f- ( F )., ) * Ug ua (:i, r7$r)
T 

i t -  J  J  i -  J  -n

If the topological \-r:roairle RQ'+'lf?r(F) is Fr$chet,

norpir. isn is also bijeetlve'

r.,et o : nQf-(s)r, + Li" Hq(xrF/rt*r) te the canoni- y  . n  y

is  in jeet ive.

tben the last

it"ocf .
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Ker d$ such that, if & is t i ' ie ir:*ge in ir.af.-(F)__
J  l E '  ' y = lier a$/:m u$*,,

then o(,i) = o. As iiq(x,lielu.) - r'q(t /$";l x
(Fropcsi t ion 7,4.7)  

# 
t tn(y, , t / ,$; , )  icent i f ies

norphisn. i ' ;e shovr thiit i ts

is obvl-ous. I ret  x be, wl th

of the E -nodule Ker

naxinal iCeal. Sinee

isonoqplrisns

logr on trre scct ions of  1a

subnodule of j,q. .:;,' lifting
rr

ll- e -'er d._l , it folI-o*s 'cy
J

kefrfel  ecUl l ls *€ t>Qo /- . . r \n 
- 

It 'rf*(Ir)rr. -tn i-nclusiol

the above no1:c"t_ionsr ftIl eLement of

Hq(I;/";r;) , by [r rJ

ivlth the conpletisn

= o  - 1
o+ j.n the topol-ogy given by the

clmptete, one obtains finalJ.y the

Ip:

i s

/i \!

v
=

:iar*(F)*/nli :iaiu.(F)y ---* 
+g 

i:iQ(x, F/S.}I')

is j-:rjecti 're. i,. = a.Qf_(;.')r/"faarr"(r), follor..is an

* "n(t,r/ftlr) 
= iier d$/im 

$-1 ,

as o(;) = u, there ev.ists l3el$-1 such titat the el.enent 'f s
=oc- a$-1 te) lies in nif,r1. i ' ie consider itre na1;ura.l p"g"het toSrc*

oyer an open sct; i.,er d8 is e closed.
'&,  3r) f  i : r  a nergjrbourhooC. an"*t^ sLnce

[zt] (cn.v, ?rop " Z.r)) t irat re rnf ] ier 11$,
v d

hence O.f : laro(F)" . '

In tiris iyay, the eanonice.l norlphisrn

- t e,y = ryl, i -:;cdule oi f inite t;rpe, hence coincicles r,; ith its

co:::s1etLon. .;,s ,.,/"i.. icentif ies ,;:-th naf*(f)r,/r.rl i iqf*(o')V e 
.Lhe

first b;o skr.terents of the iheoren fcl_lol. i easily ,

i ior,, '  assune :-lQ+1f*(I) is lr6chet; ihen, for evelTr opcn aet

Y cf Y the i;r:,;e of t lre nap l,q(T) -d-l.r lq+1 ('tf ) i s closed.. 1,et 6 te

an el-e; :ent  cf  ] in; iA(; . , i ' l f ; l r r )  ry ! ' ,er  e$/ f r r  eq-1 -  te* l' n  i  J  
r : r t i i i  r : , e r r b e ' i * g '

nei;hbcurlood Y 9f 1i, an elei: ierit of ic.(Y) such that its inag,e in

i e r  d ] / r=  d i -1  i s  B ,  one has  ( lo ' ( t )  €  (n . i ie *1  (s ) )n ( rn  aq(v ) )  ,

;gain, b:: f_Zlf 
', 

aq(f) i* i-n ::f In ,i.q(V). Lcr; ffr1, be in nf.t,q{V)

sucir that d.{( f  gt l i )  = aQ(l).  The eleneni }  -  I ,Frt '  l ies j .n

Ks3 6e(y) ana iis inaEe in 'ier e$/rm u$-t ry RQf",(F)r, gio*s an eLe*
nent ' t f .  oee has g(1) =6, thus 0 is surject i .re and the proof over*
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coro1l;?-rTr 1' Asrtlne that 1p-* uctr,irT$f;?i = 0" fhen
- n  - t

nat*(f), = ,r; n?f--(f)" ' i ; ie1'gsvs3' if i te^lcuov that nef*{f}, fs

r:, -nodule of f inite ti 'pe, then we get aqt$(n)t = O '

v
Co.ro]l_ar-r 3, Assrule aQ-+1f*(F) = O , Then tlre cenonical

:r.orilrisn

lie (aq:*(r)rln|.'.qrx(rr)y) --+ 
+ 

ttn tr, r/s']r)
. n -

l s  b i jec t ive.

corcllar,,,-?. Assune t5at lro'*1f*(f) is ?rbchet (for exermpl-e,

equals to zeto). ltrcn thure

1;11;Jit..(t)r, : io-(l!, ;r, )

exlsts an integer no sttclt that

)  = rn(r iQ(x, l ' l { " r l  -*  : lo-(xy,Fn))  '

g 3 ; . S : - n c e f i q ( i i y r t t r ) i s f i n l i e d ' i n e n s i c n e l t h e r e e x i s t s

an -,-nteger no sucb that

1,.(,,Q(t, F/Alr) -> lle(rr-'Fy) ) = in(liQ(x,llnrror) -+ na-{:ru'ru) )

for n 2] o. 
i5aia, there exisis an intege-r 271>no sucl:' tl1et

lorl ) = rnqnaqi',F/41r) + nQ(x,F/s;ori i
1r(,iQ(x,r/frlF) "+ i ia(x,i/Ay -, '

for n 7 n., and so on '

le t {=9o U"  
"n

etenent fron rr:i(1io'(:x,l/Elor) *+ ll{{};yrln) ) "

==ctl*;r1,,rn;1=') of 5o and iet t* be '61te lnage
.le tai:e a Prei:iage nLl € Il-'l.J 

,l

of 1t in i iQ1x," ' / {or).  Tne i i ' r : 'ge of ! . ,  rn } iQ(\ 'nr} 1$ €*" ' }c 'b

lrrl be a preirnage of (, and 3-et !, be tlre ine'ge of
IZ.i ia(Xrf/f ;y 

'nage o: 51 cal '  
?1

I l r

. \z ia  i le( r , : . /S;1F) .  fhe inage of  Q2 in  i lQ(x, r /Ayoe)  is  B1 ' - "Te gs

on aed obiaj-ti an eie::ieat t" 
# 

Hq(XrfTnll') . Bl' tjre tlreoretr *t

has a preina6e iir i lqf'.(f)y' fhe ii:r'age of this it nqtx"'fr) is \]
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