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In wha$ foll.oeeuii d.euotoe e fiomplsfi iTi"ftr:ert

speseu fbs a}gebna sf au bou.ncled. operat*re sn it *s &qnststl"

btr s(;{}. }:or A($(ii}s"tr $,s *he c*nnu€ani; oS *ls e$}ri rtr,t the b:LsCI"*
seutant:31€6e w& denoto b'y ff i*o *he vsn I ' lei lroann a),gei:ra s$n€*

/ o \  I !
ratecl i ly /to F*s" €vesy rl€ il '{e r-r$ cle*ots H\ni* 
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L - r  w
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sf theve.e;{let *, j j lSbert $p&c€ It^ e*d a i:ounf,e* l .$.s}e.eF ops*
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Lgl fh6cs'bine l or l:l c*uolielry l*9 ntrow that j.f A *,e a

p&Fe*F€€ustive alg5ebra su*h tiiat i.i1 $.s e$.*iisc' e?*,scpct;o *x"

eoatinl:si:g9 th{rs} .,i*H** ra *r.sev to p$siis ti:** xesa}t* t*
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exJ.et a i i l lbert spas€ % an<l i ;we cl$sed cperators SUr $Si*ri{n

s ; rR ,o  F - -> I f  r c (  a  ' r r  \
b *A. i ( 4 Ua C ffi* euch thst ,SeSn$1" Ths follclvi.r:*

Ee.op*s$.i$".*p shosrs tbat t i rege.twe *ctto*s ars *qu*valentr

_1"3*€g,g&SgS$i_qS"E tet H1*t{ b* ri*Ibert spae€s, and Let
a v  - r - r

Ssi l *  F -?  I I  ( i l s  C Hf )  be  e l tnear "  t rennformat ie*u  Ths

{s p&Fe.*s3.ssei}ults grapb G
lI" ty the c].sfi*1ti.sn *f

a ii$"}bent space I{, and. &

III S f{ suelr tha* Q%* !S

lq ie nay s l tpposo thet  Q te {ngect tvoa oince otherwf,es w#

neplaee IIu by (kevQ)I . thenu fcr €r€ry i  e SS the.re

extets a u*lque s1( { } e }I* euch thar ffi l{ f l*fes{ f i.
Chvlously, S, te a 3.$.near trangf,onna*ion Srr $ S ,-t %.
I{CIreover, $, ls a c}.ossd operator lryi"Sh S $" *J$""3mrleedo

tet {J.r: ,C $S bo a s@quesoe euch rnar l t i  f ,  = [

and, l in  $r(Jr)= T.  sgnce Q $s a oo$tL$nrrss $"t  fo l l .owe that

U,in Qs1( lo )=e;{ T,), 
oft the ottier iicrnri qsr( f." )* j" * SfJ") '

and henc* a( % )* jo s. sl". rt fell-one that .*E$us and

sl ({") ' 'Tr"tberef ore $, le *loee* a"nr1 S ** * S s*3f F;i

Xe the proiect ian af Hf G i I  ant* $e then SA=F;i{ i  1s a

bounded operato:"u. gnd Se$*Sg* wbenec S is se; i ic lassd*
'  b) ' *> o)o Let  r l *  Ue a ; i i lbs : : t  space asd. le t

s1r$, t*) ,r.rrsr; $ ur*--'* q $ u" a %) tle cJ"oscld

operatore such t;,at n*S]**. Le* iiu*llr:S lg S I{E end.
i .

Hl=t f  S *orl  s s{ { {e $5i,re q l .# t}:s proJe**ien ef, i i*

*ntg Il l G'{ci e i{u we sec tha't ur,,*H"= f 
anel thsrefsr*

fol lovring ars equ*valent"

a) S te para*c los erL

b) S ls ssa;i.*clesed.

.k$g- *) ==:> b)s S$.r:ce S

&g & p&P&*elosed eubspacs *f IIt

paraclos ed guile paces , thene e$*e {i

bound.ed 3.i.nean c.perator {,1 iL F>
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S $.s para*siosecle whicir $$nplcts$ the pr-*o$ of, Fropos*ti,psr*

f* Lfl tt $.e proveC that if $ an* ff a.re son$.*clcelocl ope.r-n"Snrm3

then ss ar€ S'+T a.ncl 3T (i ' ;hone'unr the i.atfev ar* def*ned)"

[he ::ef gog

l*2,$ffig}]gff. ff ,5 anrl [' a.i:e perff*].oeecl oper.a*ex-noti:,*n

so ex"e S*f  ancl  LrT (uhen$vcr the la i ; tsr  are dsf f "ner i . ) .J ;e neu$.

. slsi) the foi"li:irring:

&#iniU.t,jitig$"-1-aJ"r,et ;e $$ t*u{$ s C I{}) be a pftrrcr*

aloged,oper"at*r .  f f  .  g is  c lcser ' ro t i :en $ j "s ar :n ' i ; i . *u$us*

es!erg:#.t.*gs"i&]Lq* g&s$jl.ffi .

3g3$.9*9.*ig.:s. Le t ,,lC 'i{*,{) hr* & pillr8.*sseius*{ve e.igebra

euch that i iX, ,  h iw, t i :e p: ; :*pe:r ty ( .  )*  i i ien A=j i ! . ro
ii iii

. .For. tho proof of ti i le Thrrgrsl r.,te ruee,io .CjOno .LsnneWo

['he ms]tt Leni:ra [n due tei j),Voicu]fi-' lei"r i 'f*l " i16 J.rtc]u,i.g

his proos'for t l le qonverr i .euce nf tJ:re r i lasi .srn

.?*"a .Irc* fr be & coriiiu.tati,ve \1ot3 Heunanu ,s.Lgs8r*r,i

, .i l be "r 
psre*a*d.ilctivs e].gut,ra su*h tnat f.,cAil#enii

J

Ti :en  .+ i r=2 .

A E  1  n  * .q['l .Llt li

lr i  -.|7 t
lgl r FLI O

Jl

SfgSS'  S i .ncq 7. 'c  A L f ' t  *  * t  f ,o l . l .cut l  t 'hat  na! 'u  , - f '

to  provs the Le; ; i . r t&r  n8 i : tus t  shcu that  ; i tc  X"  I ,s t  t  6At .

by  (L *1  *Pqqpo . r l t i on  6 * {+  ) ,  t he  re r  ex i s t s  x  QZ*  sus i r  i ; ha t ;-  
{ : I t c i t  c  i r . r r

for  everyJ 'p€ Zr  t t rs  s le i ien*  (u- t ip  has n*  t r lverss $"*  tbs

alge b:"a ?,t p * CI'i lvl aue };i kes'{ a*t) G Latd C l,aty*A-LatypZ * * a*d

thEref r ; rs  t l - le  p : : * ject i *s  ps onto icer ( r* l j )  ie  in  ' i , , : f i :c  $ I f ; *

nent (x*t)(1*p,,)  of i t r  (1*p*) *s i .n jcc'bJ.veo i ' ;e. ebi$!v t iha$ *"t

ls  equ.a l  to  zero"  igdsec iu i f  th i " *  $ .s  sot  t ruen then

u.St) p

I l l p . . -  -.r- uq [J dl

o g lta*ge L("*t) (r*p+)Je Latypii(}*po) z.i ,afrr1gat (t*poi *iy

{ i  9] 'sl:6*r}:-:* 2} i t  f  *}J=*'rs thi:t  th'*r* exie ts R

uo G z( l*pn) utrch that  , tnrngc L(r*1,)  (3.* i lo)  J * lar :gc

tlte spectra} *iramenoi{i  f  o3.}o', ' ;s t*ah t i :*re oxinte

L.r,i] j r:c t;i c.rn -'Fi !) s J"*1: o u;f

rr ,:.: i t:'? tyr:
t i \ r . j  .u i ,  & q \ i

T,^ r  j l y
(,r

{i $ L)s* t:lad-

r ' i . .  * )
t r 8 ,  *suei ;  t i : r i ;  i ; i i  C i iangc
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r  Hange [(z*t)(r*ps)]"  fhen {n*s)p { .$ f ,nvert$,b}e *n frup
wh;Leh ls f" : lp*so!.ble * fhsrcf e,ce {p""&){}*po}*Osand t leruce

t  * ' Z Q Z t t  o

g*}.g*Jilij1g" Let AC il{ff} bo .ir pnr&**peCuctJ"ve *lgu*r*.

Then ge = l r ie  ,1

Er!-qJ.-;:lJ"nce 't fe pa:'arelffi$*t$.rrrlg $.t, fnrtr*lvs iahat A

$.9 redueti" . . ta" Let /* bs ' ihhs *enter of l , { ,* Accord.. .ru6 to

( [5] C*rt : ] ]6ry t)  tr is har,u6 , :C*iu,*** Oa * O* t i rs pr*gqc*en

such t i :at pi ; i , ,  C.o a'ocltan and. sf inf imi-to 
' t rntfor. :r  

u.uL*$"pl i**ty*
tJhens by ( |  i7 thec,ren i l  i " t  f  *r iorqs that i({r*r ir : l ' , /*qg*p)iJ,g

' / , / t

l lhue * e !ne . i  ((1*p),1, ' )" .{ l*yp)Au ,$./s have (f*pgr.(}*p}i , trAuBy

tho pr€ceui.nl i  Ls&Ii{ lu ' i t  fu}}* lv* al-so p.,{rapi.JrU ai: t tr  hance AB*HrA

fhe fol lolr in$ {ronna i"s a Or}&sequl3ncs of {  i5]rgorm}l-ar.y f . f l .

, Se$j&et$eg. Let Acjj(i{) be i}. pa}a{r*re duct$"v* algob::a"

$uppoee ti:a'' i;" 6very p&Fir*olcssd* *ennely clefxneu CI;.r*:rato.r

ti:at csn:.;r;"te$',lLnl: A*c*n:iul;e* al-eo vlttir l irro th,e A=Iii*

' 
Eg*i,js$g*:gS.ptrS.,L_A*-s iie;iehsti vor$.f,y the hyp*ttres*s

of ienaa ?. *it"* By *cn$a 1"5. i;c l:a,ue /+ $nLl | * . , ..* -' '.. ,'" li€ S HB .il S l--*" ffi
r Or r,\(  4s L i{}  b0 {r.  p&fa**lcssC defieery def*r:ec1 erp*rat*rct i iat

eCInr iu t*e,wl t ;h  **  ; t  f .a .  easy to  *es .bha. i ;  $*  €  Let . , l . " i i *

=ta'q7r}!.,r, q Lgl l ' ir*o.rbrne fri thers sxteta nr€ ., i,Orl , 7t l]

eue i: thati S S=*tiio, **f.i:co $ f.o pr*rfl,*clrssd and- m? contlr:nolr.s s
by sorol,laryr 1.9$ *.t fol].orv* tha* $ne ts a p&ra*.olffi ied of;e*

q\
}-at€r" $5.r:cu dk,o.mile by F:.eip".;si f i#c1 3.3 rue havcl ;mrc*r: t1"*

f i $ t i s .  S l n e *  $  c o n r i u t ; q $  n $ t h  *  e n d . u r o  e  i l r * = A r s
o t t r a t  

s n ? €  i o * i , 1 * r .

$oltrwe ei:*"r*t tt:at S ncn::;u*ei$ t,,*tJ: lol.o Lot sl
J:3

'rie haver

r:,34 s =Cil e&*$li;r t

*" t f olloiirs

e l,{*. the n

Thgref frrrf; r,, jr: i : i  *n rt: i*S-c. a*u. *ir*; ' jhsr:rc: 
i"* p:.r.,*y*,Ju.

J  |  - " ' - '



, *n6**

i Arf"Jfgggl*J.p-{#.- Let Acts{fi} be & p8.r&*rsductj.ve..

&lggema suct? ttrat ,,',a *tr e cli.ecre ** von iisu,,,a** a:.g*ura"
'jhen ,{;LIO

gggls. sin** d*scrfttie vsri I ' jsur:an* algsura* havo

. {jlre pnopert;r (P) p the oor*L1ary jjul.icils &raedfa.tely f.r,$;r

t 'heoren l ,  J.o

The f oll*,,rLns sorr:lLr{r# s$nsrrj.J-j"ues (i-61 cnro}la::y

$"5) ts th* e&ss *f  vcln l i runa.** a, l6*bra,s* .

*An"*pgSJSg*I"c J,et *C}{rl) Lre a r"r*e*kh *j.*se* a}*

Sislrra6s!J$h that il la *s e d*scr*te vfi$ l,ieur:ann r.,1g;0*rei"*If

ev€ry l i "ncar rrubs*paceS. oi l  i io f  nvarielr : t  un,*sp nt *tu *nvarrt*.

ar i t  under i i . ,  I  then r i*: . i , rn

*C.H1JS. :f ] 't i i.g a $sntf nou* r,yoll i{sunanr: al.genrau

bhe pr€Se.; inE Corel lery f*I i*r ' , i*  fc.c:-,  {  lgl  T}rdu-ybne U $g,

*l3g,Hg-t"irg*g*,igFgal" rs e [:'l '.il5qn*u,u a.;?] ts p::ove*
the follci'riug;l

3:J*Jhg.g*gfi*tet ac-s(it) nn a}"gei:ra w:!"th t;trs f*i.]"u,,;*ng
pr+por t ies :

^  f : : \
e) . t 'o '  3 .s  rc i i i c t i . ve

f r r  i , . r
b)4\ ' : ' i  eegtatns a v*n l ie:Jinenn alg*nra t{ \ l )  i , . , f ,* i l  the

Fropcrty. ( l ' )  anct furvinS ftni te comilu{ irnnt*

Then rixj,I,

rit the snti crf fire srine ps.p€re i"es ,*.tr.;itr;:cri. (wf_*hout prouf) fuhat

thn, fo l la : ' , ing i :aprovenent  o f  th i ,s  the*r$; l  s&r ]  hc s i "vcn (gos

tf ie proci" be lcl , ;)$

F.#*riES.$Aq*" l,st; AC s{i{) be s"n a}ge b::a u;i"tn th.e f*3"}*,*

vr:Lt:g px*psrt*.eo*
f  - ; \

e) A\ ' /  3.E rei iuctJ.vo

b) a cortal lni l  el  vr!$ I isumann el,$*hra I{  havi.ns f*n*to

c s:lnuSagt



Shen A*l'lu

lYe reeal]" that a L*near transf errnasr,on & $ ,n * *> so
($ * c Ii) ls a graph *ramef sn:rati"sn for a{ icl I sf *ircre
axtet ne I{ and r*nsar transforina,ht*ne l**}^*1, defj"ncd sH

C\ r '  c.
{r  eueh i l rar"  {{  *  rJ G r ' } {  e -"  rn*al  I  j€S*}e i*r  a{ni"

T$ prsvs '*hs ?henrrc:n 5.4 ws n*ed tl:e f*3"3.cw$.ng;
' Jr}.!p**i** Let S C.t{H) be e v*n l{eus:s.nR a}g*brau
havln8 f lnt ts  cof lut 'banto 'Jhcn$ s\r€ry den*oly def lne4 g: ,5p5
t ransfori ; iat lom jr :r  l l  g is pi .B*oiased o

Yfgqg' Let ' I  be a censeiy defLneel grerpl l  t ransfaruatlou

of t{ ancl Le* J ,' i "-'f i  t  , ' i  
J i=L bs i*near. r ; .ranefo::nat lsns Coi l j .*ed on

S7 .such { ;bar:  i  J* r l  G f t io. .  G rn*a f  I  J€},r  }e : ,o i , i {o} .
rf A - xe t 'se a**go*a} nf ;{($*})o i lrc* *t f .$ #asy to s6e- - 'E* l

that ir,o tr.insroriiarion ,"r: ( Si;' n A n*t) O A l_, 1--t,i(n*t)
d.ef ineC cyt

N i

r ( t r e  6J  ) * r l  $  r l l a . . . s so *a i  { . f  f  . $u
, r ' ,  r J  / r \  , * C  \  n  a  n  A  

t' r  (  I * {s  -^  $J  _ ) *0  G o  o .^  s  o  $" f  i ,6 r { *o . . .&$" . ,  e  A i_ ,' n * l  -  ' 1 -  
" a -  

r  - . . - /f .s a dsnsely dof i f i€!d$ clssisl i  operator af, f j . l f , i i teC to i . l (n*1)-
S$*ce l i? is f5.n{ie u gt fsl i*r i ,s t teat ,-(n*1) 

/  
** a f lnf,ke vsp

t r {euaann a lge O**"  Ls$ p be tho prs ject ion c f  ' r?(n*1)  
*pt*  i *s

- \  t
$*th c f f ipsnent"  ?hcn p€ t i \n* r )  ,s f lnce !  te  a f f iL* ; : . t iec  ts
p ( n * l ) '  o u .  t  f  , . 1  , , .l l  ,  Ef lei l  accordlng ter (  i+l  lL ' [e or:e;* ]{ i rup. i ig) i : r$. ef"r{ iai*
that p'I 1o px.r6c lse eC s-u;he nc e T $.s pre clns e rl.

*Bg**g-ffir ls stilj*lax ,si.th the pr*of

of thes:"si l  
.e,3. l r- ]  applp: ir :g Lenma 5. i  Lnst*a, l  *f  Lerur*i  l .F i :  l

#Jlsg"qg*14er#;' tet tipili C 3(Ii) be tw* trpc rr v*n i{eu*ai:n

algebrr '* such that t{  C r l  a*$ Hls f  lni te " Then 6vsry r*f .u*g.rrst
a3'geb:'a d' *i&lr :"icA ct'i r"s a v$il lJ$uni..rnn ern$c+ht.eo

kggg.Since li l 1e a typs r"I v$ft i ieur:rann algoSe.au Li,

' l*
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*St*t
i

1 .' trs ats@ e typ€ II vott sguuann

. t : ,

algebra. fherefCIrg$ thapg

i  exlst ptrpg € [I i ,  orthogona] projuctions 'ahleh aro se$tva+
lea$ and F1+pgs[.d etagdard. argunent shows that tbe a]getre,ae

/ '  r  f r - ra end" (  pf .*p I  
' * /  are uuitar i lp equivale nt.

$lnc s- A is *e cuc tive, r.t f orlo+,s i; ireti (orriprf" ' *"
red'usttve' The ron i'reurli*nn ergei:ra n1i{rl has fini"te $**ii*ix
tant beeaus$ eJ! i{t. trr" rne'efors ,th.e atgebna glapt ea&J"e*
f j .es the hypc,tbeeie of Theareu vs*8, By,.  thi"e *o--"-.  pLApl
ls a ':.ryCIn i{wnann argcbna an,l hsnce A j.{i a vsn ldeunann *1*
gq oTa.

t

a
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L.S.R.carac3.uau sem-lol*soc elrera.tsrs. Faci:f l$.g ,f.L{eth*/+/+ (Lg?F}s
r t r.1y*'g!1

2.C.Feiaq, rnvanl 'ant pana**loseri s' i . :bspac€s. fnuia*a l ini"vers*SS
' 

i iatf,.  f  .af i lg?A) sS,3f*gsrs.a ,

3oTon"-$rloveroCperd or" alge|:nan .s ' i .$h reduc*.ng i*var*i*nt subsp&*ssc
'Faaif is 

Jnx.tathn 4q(Lg/n sL? l*Igon
4".Tovon i 'Teuna$n *col leote d worire sTrf nporganon Frose {196}).
5.g"tre1igrad, rnvarLant subspacss cf ven l leutrartn alg;ehrr*m"$e*a

se i"#*' iho ($rogeo)n l l&grfi  a}. l i- I?g.' 
6. H' Rad. jeivt s? " Fss,s n thal o rnvarf.e gl t eubs peo es . $px-t r: $* r gerr*s

: (Le?t>?

? :J,-T.sch'sartal i , 'x -algebras oGordsn and. greeiclr ( lga?) 
"

B.$.$tr6.tt lHr1,.7sid*o zrn a!.gooraic red.uct*sn theory f*r,' + -

t ' '-algebr&s e itev"fiew;i*',iath" I"u.reg rtrppl.

16i(f973) * 4*!,*rs66.

9oD.lt 'oiculescUr $ur les $oti$-s$pac$$ paraferm6s i.t ivariants

c1lune a lgbbrc Ce von i t runann. , , * i l l .$ f  ;1 .
I t ' lath.as s6nie .96(lg7a) 

"
DipJ.oni work (;r'onti:.niarr) nUsiversit;,; of

&uchares t rlg?1.
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