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In what feliﬁwagﬂ denotes a aomélex dilbert
 8pace. The algebra of all bounded operators on H is dencted
‘hy B(H)s Por ACB(H),A' is vthe commutant of Ay and A” the blcoe
mmubante Alseg we denote by 3&, the ven ﬁsam&aa algebra geng~

rated by Ae Tor every ﬁﬁlmg we denote iiﬁ} QB f where

i E
H,=H for every i, 1< 1< n, and *">m aebaéaa.«@»a} @lgﬁﬁa
&

collection of all closed linear subspaces of H invariant undaew
AC i.e. invariant under every a ¢ A) ig dencte by Lat 4.A
weakly closed algebra AC B(H) is meductive ([6]) i 1 e 4y

and a@“QaLaa m3¢ﬂ linsar suvspace #£C H is para-closed H,E])

if there ewlst a illbert space i and a bounded linean OpEe
N

rator Q:ﬂay-a»ﬁ guch that %Hgmﬁe The caii&c idon of all
wdraucl 39@d gubs 1&cea o Hy invuvzn, under A ig denoted

Latvﬂu. 4 weakly closed aTb@nra u(;&€H> will be calle

Q_)
B
£

rasroductive if 1€ 4, and %aiyg“mgaﬁwmmﬁw in @hia papcp
(Section h) we show that if 4 ig a para=-reduciive algevra
such that “y bas the property (¥) (i.e.for evary xegi(ﬁ}'
we have EIVO u xul ué:ulguugu@fy}) 4, ([?fﬁ vhen éamﬂ
I% is known tha$ all discrets von H@umans algebras have

the property (P). Thus, Theorem 2.1 below, togethar mi 0

n

] “ . o = - 3 £y
|9] Théoreme 1 or 15] Coroliary 1.5 show that if 4 is a

para=reductive algebra such that dg ig either discrote op
continuoug, then A=ll,. In order to prove this result, in

*

Section 1 we give gome new results on para-closed operatorg.
Tirally, lo ~ection 3 we prove a result, announced
(without proof) in [5]

a2

1. Pareclogsed operatorg. Lot Hy sl De Hilbert spaces.




R

8 g >R %S C Hy) is_seni-closed ([ﬂ) if there

exist a Hilbert space iy and %we closed operators Sy 3}3(*—752
g ¥ CTA i K S e ] ¢ 13 5 & A »
S;;ez‘!q —>H (X Sgc ,;r{?) guch that H=8~950 ¥ne following

o oy

=8
Ppoposition shows that thege two notions are equivalent:

1,1l:Propogition. Let Hy 4 be Hilbert spaces, and let
Ssébgg p—=> H (2 ¢ € Hy) be a linear trapsformation. The
following are ecuivalent.

a) § is pazamclaséa

b) S is seal-closed
Proofe a) = b). Since S is @arévclggéésita graph ﬁé
is a para~closed subspacs of €, H. 3y the definltion of

paraclosed subspaces, thers exist a iilbert spacs Hy and a

bounded linear operator G 2 s Hl @ H guch that Q‘Hpm T:S
We may suppoge that ¢ ls injective, gince othervise w8

v - £ T ¢ A
replace I by (kerQ) .. Then, for every {edg there
[

Feges

existe a unigue 51( % ) & i, such %hat Q:;.Tl{ 33 )#ﬁ§@$( g Y

Obviously, §, is a limear transformation Sy:el > Hye

lloreover, 5, 1s a closed operator wibh F ool go Iudeed,
o) [

let gggn}:o,g Q)S be a sequence such Ghat lm 3§, = 3};

PRENSS
and lin Sl(Qn) =7 Since Q i2 a conbinous, 1t follows that
Lin 05;( 4, )=C 7 )¢ On the other hand G5,( {,)=4,®S(h)"
and hence G( /) )=3, @ §3 . It follows that ié%sg and

G e :7 . {2 20 % P> 1 é & 3 = .‘ 3
bl(ic) 20 herefore S}. ig closed and 51 @Sﬁzi Py
is the projection of iy @ H onto H, then ngp;{% is a
bounded operator, and 2=8 §,, whence & is seniclosed.
A 2 L

b) = a’. Let @, be a Hilbert space and-let
sl oo e el Ly e O e Y haetenag
s il a2 Sg S )

. T M T, R0 PR ¢ o i AR I T :
a% u«sgulc Lag Li‘:)ma.,kl Ql} “%f é’/‘ z.{g eﬁ.ssfi

@
o d
)
&g
%]
o
<
4
]
o
(]
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E: o

a
H‘;j:% I & Sl§ ® 54 { gé%\s}ﬁ.{f q is the projection of H,

1 . [ 3 &) s
onto H, @ {0} & H, we see that gp i, = g and thereiore
’ e (3 :

P



e
§ is para-closed, which completes the proof of Proposition.

B {11 it 1s proved that if S and T are semi-closed operaiors,
then so ave S&ﬁ and 3% (wienev » the latter are defined),

Therefore

- -

l

l.2.Corollary, If 5 and T are paraclozed awava*%wg sthen
80 are 547 and 37 (whenever the labtter are def aca)e.c nead

also %the following:

P R T e A
1,3, Propogition | 2].Let aa<$5\-ad{&)s<v,ﬁl) be a pare

clcas& operator « If ) is clogedy then S is confinucus.

o

Eopa?dwf‘”iﬁﬂﬁ tive al LEDPAH o

2eleTheoran, Let AC B(H) be & gu“awxguuut1Vﬁ algebra
guch that M, has'the property kl}g Then Axmﬁe

U SR ' % 4

For thd proof of this Theoren we need, Sone lemnag.

The pext Lemna is due to D,Voiculascu (lo] . We iscluds
his proof for the convenlence of the reader.

2e2ele

a.Lel Z be a commutative von Neumanu algebra,
an lét;g be a para=reductlve algebra such that uafklgfa
M,=2Z'. Then A'=Z,

Epoof, Since ZCAC Z', it follows that 2C A% C2'.80;

to prove %the Lenna, we musgt ghow that A'c Z. Let t €At Then,

by (18] ,Fropesi Ltion 6.4 ), there exisss z ¢Z, such thad
piecicction
S

for every)p ¢ 4, the element (z-%)p hag no inverse in the
algebra Z’pg Cbviously kcﬂfz~t)(_uauACQLMGYHA"Qagqaé ¢ and
therefora the projection Py On to ker(z=t) is in Z. The glge
ment ‘zwt)(lwpﬁ) of 29(1= ) ia injective., Wa show that 1%
is ‘equal to zero. Indeed, if this i3 not %rue, then

0 # Range | (z-t)(1-p)]C Laty o h(1=p ) =baty 55! (L=p ) oIy

{ [9} Théoring 2) it follo

“"\

wa thal there exists a positive
¢ 2(1-p,) such that Range L (Zet) (Qp
the spectral theorem,it follows that there exiats & gpeciral

Progeciion vx P & .@.WLJQ UL SUCI ket pH o @.g,idu\, s S



wBa ‘ ,
zsﬂange E(z»t)(lwpa)], Then (zw%}p ig invertible in 2'p

5
- Rl

whieh i9 impossible. Therefors (2-%) (1=p,)=042nd hence
ﬁ :::ze ZQ. : <

Lat ACB(H) be a parsereduciive algabra,

A is parareddctive, it follows that 4

ig reductive. Let Z be the censer of m%m According %o
o &
( [3] Corollary 1) we have ZC A".Let pe % be the projecti on

2

such that pi, is abelian and of infinite unifopn Lulﬁln iclty.

Then, by ( Lh] Theoren %) it follows *nmt\(1~w)r’,mflww)

Thug, aince ((1wp A”) (lwg)ﬂﬂ we have (1~ aﬁ*m{lmu) 2oBY

the preceding Lemma, i% follows also PAS=pli? A and hence A“mm?ér
3

#he following Leuna is a consequence of ( [5],Corollary 1.3).
gsfsiemna. Let ACB(H) be a para-reductive algebra,

Suppose that every para-closad, densely Q@iln d opsrator

that commtes with i,comnutes also with Fge Thar A=y
L ,

ST ey £} oy 16 8T px 1 L P PR | o — E & oy
Proof c* cheoren 2,1, Wellaball verify the hypothesis
-T) G / F
3 o s Ea T Pl T ok i % C Sy T
of Lemma 2.4, By Lemna 2.3 we have A?mmaggLe@ S: aﬁar > i
L3 L

C G b Lo 3 \
(D C H) be a pars-closed densely defined operator,that

c@¢mu%es with A. It is easy to see that 550 & Lat , A=z
° hol ',r"azt’.

%Lau“q o3y ( LQ] Théorbme 2

/\ v Pl -~ * &
guch that &;Q=m‘mm Since S is para-clogsed and n!? continuoug,
e .

thera exlsts m'c if pem® > 0

by ﬁsrukla*w 1.2, it follows that Sm' is a para-cloged opee
rator., Sipce <2%m¢mﬁg by Proposition 1.3 we have sm! contie
nousd. Sloce S commutes with 4 apd m' ¢ MY, =A%, it f&l““

“that Sm'c At=l, .,

Nowywe show that § comoutes with ! 10 Leb meil,. Then

e A R L T
ana ‘é{xi&j +A8oren a8

%
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?./@ &ralmm&vﬂ Let ACB(H) bs a pardwrﬁéuc21V@

Algeora such that Ii, is a diecrete von Neunang aigebrﬁg

P

yﬁrag* Since dlscrete vonm Neumann algevras have

the pr apoc*y (P)e the eorqi1xry follews inmedintely from

mh@@far eally..

The following Corcllary generalizes A \ Corollary

ugp) to the case of von Heunann algebras,

296383rﬁ11a3y0 Let AC3{(i) be a weakly cloged ale

~ . ,~ 4 il 3 > 4 E s e gy # B s s e S b mey £
gebragauch that ¥, is a discrete von Neumann algebra,If

ava*v linear subscpaced of H, invarisat under Ayle dnvarie

ant under B, g tnen A=l .

,p.

If M, 42 a continous von Neumann algebra,

&

‘the prececing C

3 ;
orcllary follows f£rou ( 91 Théoreme 1) op
([5) sCorollary 1.3).

z 5 . 2 ; TR q
SeReductive alsebras, In ( | 5] “hcareg 2.2) is proved

tﬂu Eollemi 188

5.1¢whecremeﬂet A(”m\a) an algebra with the following

properticas
a)§<3> is reductive
b)ACE) containg a von Neumann algedbra N 7 w
property (P) ané having finite commutant,
Then A=,

=

4% the end of the seme paper, we claimed (withoubt proof) bhat
‘b;.’.i@,foa_li}-;;iﬁg improvenent of this theorean can be given (E‘é@@
the proocf below):

S:2e%hsoren, Let ACE(H) be an algebra with the follge

8) A‘L) is reductive
b) 4 containas a von Heumanu algebra I having finite

conmutant
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Then A=l

?:»

. e recall that a linsar transformaiion ?zgﬁmi«~4>ﬁg
(3}T<; m is a graph trausformation for A( [6] ) 1P @?ﬁr@
exist ne N and_;inear transformations {¢.}n Ll defined on

Dr  such that. {{@ 1f6 nj@ @ ) jedpte uat a0,

20 prove ths Theorem 3.2 ws nesd $he followings

v

SeBelorma, Let N C B{H) be a von Neumsnn algobra,

~having finite ¢ ”Hmﬁ&ﬁu¢ Then, 6vcrv dengely defined graph

-

transLOﬂJﬂtloq for N is pra-clogsed
b

Lroofe Let T be a densely defined graph transforuatiocn
of N and let { Tikﬂgil ve linear transfornmabtions defined on
557w such %?3%? {§<9 T & l%@ & ]n»2§ }5‘2 }C Qﬁﬁﬂfn}‘
If A\ is $he diagonal of #92)  then 1t 1s easy to see
that $ac tranasosaation 1 DY DAL @ L, D

defineﬁ ﬁy§ , :
(Jo-©f djo mio-en ,f i _ggi/)m

T30 0f )0 ® 0®--@0 i f@fe-ef, €A,
o ‘ MOBL
lned, closed operator affiliated to H<” “3.

o Bl 7

5**:
}-a

ls & densely def

Since N' is finite, 4% follows that X iz a finite vo
=) - : P & N
Neumann algebra. Let p be the projection of - 2=i) onto its

neth componsnt. Then

"J
Lo
’{‘)
®

¢ / - )
A 1 s bthen accefding to ( f%J ‘heoren &sz.l 9) ws obtain

that pT ig preclosed,whence T is preelaser.

The proof of Theoren 2.2¢ i3 simllar with the proof

of Theorem 2.2, LBW apPlying Lemma 32 2¢% instead of Lemna 2.3 [5,}

+ P

ZefoCorollary, Lat W4 C B(H) be two type II von Neumann

algebras such that NC M and ¥ ia finite . Then _every reductivae

algebra A wxﬁa HCACH is a ven Neunann ﬁigemr&@

L

Froof.Since M is a type Il ven Heumann algebra, M!

e
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' is also a type II von Neumann algebra. Therefore, thare

L exisgd Pyabs, € H* orﬁhe sonal projections which are esquives

lent and plzparzl.f% standard argument shows that $he algebras
A and (Ql_.s‘ig) ) (2 are upitarily equimlen‘m x

: Since A is redu ctive, it follows %that \leigil>(d lg
reduc iveg The von uaummn algebra pl [ izas finite comuw

/
tant because b€ M=C N's Therafors tns ulﬁb:ﬂ*a g;}.z&pl gaiige

fies the hypothesis of Theorem 3.2. 3’:,@“& 18 theorem p

is a “won Nemnann @ir*awa and hence A is a von Neunann ale

g88o1ra,
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