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O}I fHE CITOQUET AND BTSHOP-DE TEEUW T}IEOREMS

by Si lv i tu Teleman

In the theory of integral representat j .on of points

in conpact convex sete ( Choquet the.ortrr ) , there are two fund-

damental- theorems, which assert that the maxinal Radon proba-

bi l i ty measures on such (eub) sets (of Hausdorff  1oca1ly cCInvex

topolog ica l  rea l  veetor  spaces )  are pseudoconuentrated on the i r

eets of extreme pointo. Maximali ty is meant here either. in t , tre

sense of  the Bishop-de Leeuw preorder  re la t ion,  to  which the

Bishop-de Leeuw theorem belongs (  see f3 l  ,  theorem 5"5 ) ,

or in the sense of the Choquet order relat ion, to which the

Ohoquet theorem belongs ( see [f ]  ;  [?l  ,  theorem f]Z i

[g] ,  Ch.4 ),  An inraediate consequence of theee tr:uc theorems

is  the Choquet  -  B ishop -  de Leeuw theorem, whieh y ie lds the

representabi l i ty of any point in the given compact convex set

by a boundary in tegra l  (  see fe ]  ,  ch.4 ) .

Chronological ly,  Choquet f i rst proved a theorem of

th is  k i , rd ,  for  n ie t r izab le compect  convex sets ,  in  1956 (  see

[+l ) .  rn l- .g5g Bishop and de Leeuw, by using a certain preor-

der  re la t ion (which wi l l  be recal led in  what  fo l lowe)  in  the eet

of a1l" Radon probabi l i ty measures, on arbitrary compact convex

oubsets  of  Hausdor f f  loca1)-y  convex topolog ica l  rea l  vector  spe-

ces, proved that any such measure, which is rnaxiual for the con-

s idered preorder  re la t ion,  is  pseudoconcenr , ra ted on the eet  o f

al l  extreme points of the given conpact convex set.
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By estab l ish ing the ex is tence of  such nax ina l  rseesu-

resr  they thus obta ined En extens ion of  choquetrs  theoresr
(  see  f l J  ,  t heo ren  5 ,6  ) .

rn  1960,  choquet ,  by us ing another  order  re la t ion,
ghowed thst any naxinal neasur€ ( wit tr  respect to his erder

nelet ion ) ia  pseudoeoneentrated on the eet  o f  a l l  ex t rewe poi .n ts

r ' f  the g iven crmpact  convex setn Again,  by prov ing the en is ten-

ce of sueh maximal measures, Choquet obtained another proof of
Bishop'e and de Leecj,uf s extension of choquet 'e theoren, to the

o$fect that any point of the 6iven conpact convex eet K is repre*
sented by s Radon probabi l i ty neasure, which is pseudoconcentra-

ted on the set of al l  extreme pointe of K. I fhls result  is kno_
udn as the Choquet  -  B ishop *  de Leeuwtheoren (  see fa ]  ,Ch.4) .

of eourse, both the Bishop-de Leeuwtheorem and the
choquet theoren are stronger than the ohoquet - Bishop de
Leeud"theorem, in that they assert that gl ,y nexiraal_ measure,
e i ther  wi th  respect  to  the Bishop de Leeul r r  preorder  r€ la t ion,

or  wi th  respeet  to  the Choquet  order  re la t ion,  is  pseudoconcen-

t ra ted on the set  o f  ext reme pointe.

since the two ( pre ) ord.er relat ions are, in generar,
d i f ferent  (  see fOl  ,  p"289)  r  thrse two theorems are d i f ferent .

?he Biehop de Lee&w preorden relat ion ie very useful
in connection vr i th the central and irreducible disintegrat ion of
the representat ions of Cx - algebrae ( eee f l ]  ,  f fo] ,  f f r l  ,
f fZJ ) .  Howeover ,  for  the or thogonal  Radon probabi l i ty  measu-
reer  def ined on the s ta te space of  a  c*  -  a lgebra,  the two o*der
re la t ions co inc: .de see fg l  ,  theorem t5 ) ,

th ls  $o te  i s  to  g ive  a  genera l i { ,a t ion  o f

the theorems of  Choquet and Bishop de Lee6s1r.  fn th ie m&s$er

we shr ' l l  obtain a new and uni tary proof for  both the theoreprs

The ain o
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of Bishop - de Leeurrand Choquet. This wi l l  be achieved by

neans of  a  s l ight  extens ion of  H"Bauerrs  Min inum Pr inc ip le ,

1. Let E be a Hausdorff  1ocal1y eonvex topologicai

real veetor space and KcE a compact convex subset of E.

By C(K ; m) we shal l  denote the algebra of al l  eontl-

Ruous real funct ions, def ined on K; by A (f  ;  S ) we shatl  de-

note the real vector space of al l  continuous aff j . re real func-

t ions, def ined on K ; by S (f  ;  n) we denote the con\rex sup-co*

ne of al l  convex continuous real funct ions, which are defined

on  K .  I t  i s  we l l  knovon  tha t  S (K  ;  !R  )  -  S (K  ; 'R )  i s  a  vec to r

sublatt ice o1 a ( ic ;  IR ),  unirorm0r6. denee in vir tue of the

Stone approx imat ion theoren (  see feJ,ch.4) .  T t  is  obv ious

t h a t  h €  A  ( n  ;  r R  )  = +  t 2 e  s (  K  ; i R  ) .

tet J"( ' t* l  o. the convex set of al l  Radon probabi l i ty
+

. , {
neasurea on K I for 

".y 1r 
€ ,y'{-r(K) there exiets a uniqueLy de-

ternined b (F) € K, such that

t
h ( b ( f  ) )  =  

\ n f x ) d 1 u ( x ) r
V  h  e  A ( K  ;  R  ) ;

K
u(F  )  i s  ca l l ed  the  ba r : yggq te {  o f  1 . r  ( see  fgJ  ,  Ch . l ) .

I - t
Two measures 

F,n 
€ * { rc t  are sa id  to  be eggive lent

f f  b t p , )  =  b ( 9  ) .  C n e  d e n o t e s  t h i s  r e l a t i ? t  b y 1 , l .  - U  .  A  p o i n t
t '

rc€ K is eaid to be repregenlsrd Uy p1 € ut4*tXl i f  x = O(ir-  ) .  I t

is  obv iouo that  any x€ K ie  represented by the Di rac measure

t  a t  X .
)r-

The fundamental theorems of Choquet and Bishop - de

Leeuwgive ex is tent ia l  so lu t ions to  the fo l lowi .ng problem i

given x E, K, represent i t  by s measure 
4e . i { tr l  ,  whose sup-

por t  be as c lose to  ex Kr  Bs poss ib le  (  here ex K denotes the

set  o f  s I l  ex t reme points  o f  K ) .
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Tfe consider t ,he folLowing relat ions on

a ) p - < n  i f f  
f  

( t ) 6 9 ( f ) ,  f o r  a n y  f  €  , S (  K  ;  I R  )

b )F . .$  i r r  p ( t t )S i (n2 ) ,  f o r  any  h  €  a (K  i  $ r

The f lrst is due to Choquet ( see t l ]  ,

and the seeond to Bishop and de LeeauF ( see fl]

t  r 1
vlt (i() !

+

t

) .

t? l  ,  fs l  ) ,
) .

Obviously, f {  n i rnpJ. ieoA.o i ,  for  any t }er t t \ f i  .

t
relat ion i f  {€", t t(K) and ,{r<i impl ies t ,r .=

+ t t

Both relat ions are ref lexive and tr . "ansi t ive ;  the f i r i t  is  a le*
+ / .antisynbtr ic, hence an order relat ion ;  this fol lows fron dhe:

fact that " lr{  i  and V{/r,  "  impl ies p,(f)  = V(f)o for anSr
l l t

f  e S(K ; lR ).  Consequentlyn the 6ame equal i ty holds for &ny

t € S(K ; lR ) -  S(K ; f i '  )"  Stoners approxinat ion theorem now

inplies that l,l- = $ .

S i n e e  A ( 1 (  ;  E  )  *  -  A  (  K  ;  I B  ) C  S (  K  ;  i R  ) ,  i t  i s

easy to see that p< \)  =)p.-,0 .  Since ! 1 € A(K ; IR ),  an elr**

nentary arguaoent shows that lt<< 0 =;p-^, J .

An element pg'J4t(x) is maximal for {he Choq'rret order
+

ment ug,,,\,tl(f) is naxinal for the Bishop
/ +

Lation i f  ve Jdfr) and p.<<J inpl ieg p,Crrzl

a

de

=

Siuri lar ly, an ele-

Lee[sy preorder re-
. t t

V (n ' )  ,  V  h€  A ( r ;  iS ,

In  order  to  get  the genera l izat ion of  the theorems

of Choquet and Bishop - de Leeur46 we have in viewr w€ eheLl

eonsider an arbitrary subset ScS ( lC ;  JR ),  sueh that

t n ' ;  h € A ( K ; J R  ) 1  c  s .

l {e shal l  def ine a nreorder relat ion in

defining
4,*, by

A4 t <:> p " t r ) (  i { r ) ,  V$es ,  V f / e  . ,A t l r l  .
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Of courae,  the re la t ion is  re f ler i r re  and t rans i t ive,

and p<J+F€ 9,Fot.+f <<qV4lertt*|xl . rt fortows that 1. e V +

,rr- .) ,  V pt. ig , ,&f ' (r i .  A measure *€, i , { t rr}  is maximal for the
I t , + , i +

preorder relation € iff \)€,,r\,{" f fl and p,r< g=f /tr (f ) = V (f ) ,
+ l l

V f  e  S.  {n  th is  caae we shal l  say thatp i "  (€)  -  nq:q.qg_l .

2. Let f5tr l  be the ai- algebra of al l  Borel mea-

surab.i-e slpbsetL' of K and fSo(r) the qr- algebra of al1 Baire

measurable subeets of K,,  We r.ecaLl that fJ(K) is the S- algebra

generated by a l l *  open (  or ,  eouiva lent lyn c loeed )  euboets  of  K,

whereqa I5^frl is the snalleet Cl-- algebru of subsete of K, sucho

that  a l l  funct ions t  e C(f  ;  IR )  Ue. laeasurat le,  Ob.viously,  on€

has the i / lc lusion 3"f r l  c  . fStr l  .  r f  K. ' r ,s  netr lzable,  then the

equa l i t y  ho lds

A measure f e n/4nf *l i  s said to be Bseudocq4rc.q4trated
I 

- -t
o n e x K i f

(xt 
lL 

Vl * O, for any W e 5{"(K), such that

T J n  ( e x K )  - 6 .

,  Let *[o (ex K) be the C - algebra ,of al l  subsets of

ex Kr which are traces on ex K or '  the Baire measurable subsets

o f K

Q(ex r )  =.  t tA (ex K)  ;  V eS f r l  I

I f  the rnessu.re pe Julotxl  is pseuoo?&ntrated on ex K,
l +

then one can der*ine a probabi l- i ty neaaure I  o"\(ex i{)  by the

formula

f  ,  uA (ex r) )=f (U), V U€ Eo(K) "
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PropertSr (x) ensures the corTectnese of the defini-

t i o n .

I t  is easy to prove now that i f  f  :  K-*jR is a Baj.re
nessurab le  func t i on  (  i . e . ,  i f  i t  i e  4 r * l  -  measurab le  ) ,  t hen
f, I  

"* 
K is "$co(ex t<) -  ne&surable" The importance of neasures

which are pseudoconcentrated on ex g is shown by the fol lowing.

Lemna l .  Let  pt  € , , { t f f l  be pseudoeoneentra{ed on ex K/ - r
and f :  K-+.& a bounded Baire measurable funct ion. Then

( ( v
) f  d p  =  \  r a r r - .

K  
'  

n l n /
proof. For any E > o one can f ind a part i t ion {u, ,

v  r r - . . run ls3 Kr  cons is t ing of  Bai re  measurabre eubsets  of  K,
and  rea l "  numbere  CLL6  .m,  i  =  L ,  Zs . . . r [ r  such  tha t

lA"

l r ( x l  - e e , 7 ( x ) t < e  ,  V  x €  K .
L = r  

u  
l t

We then have

and

f w
\  \ f  d v  K t  v - I r , .  1 6 r , r . \ r  t)  f  ( k a . l , r ( q A ( e x r ( ) )  \ <  C .

otxK 
'r  =l  vl

By taking into aceount the de: ' ini t ion , .  of , I  we now
!

easily get thet

' (  f
\  ) r a p  \ " u 7 Y -  \  _ z tt ) l  )

K o/x \
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for any t  > 0. The leruoa is proved.

A simple eompactness argument shows that the ( q ) -

ordered set . l { t t*)  is inductive. I lence Zorn's lemrna innl ies-t

that for any p, e ,^ttrrl there exists a ( q ) naxinal measure
r , l  I  +

rU e . ,{ . .( f l  ,  such that Fd$ " In part icular,  this is true for+ l
the order  re la t ion < (see fe l  ,  ch.4) ,  as welL as for  the pre-

ordel  re te t ion 4(  (  see f f  ]  ,  p . \OT ) .

, .  She folrowing Lemna i . '  a sl ight exteneion of

propoeit ion 4,2. tFd* [al  (  which is identiear with. part b ) of

the lenma ) .  The proof  ' ls  
adaptec l  f rora that  o f  proposi t ion

4.2. r/dr/r fef .
t v  

b  6

We firet reeal l  that for any { e C (f  ;  R) one

definet its uppgl ggm!g-gntlnugue..cgqgave_ lir*.l l f

by

( x )  = i n f  h  ( x )

h eA(K ; ! ' .? )
h > f

f

f t  i e  easy  to

a)  ?  fe  concave,  bounded

f e  C ( K ; J R  )  ;

b)  f<?  ana  ?  =  f€ ) f  i s  eoncave ,  V r  e  C t r  ;  R  )  ;
c )  i f  f ,  e € C ( r  i R ) ,  t h e n  ( r + e ) - < ? + E  a n d l i - e \ <
(  l l r  -  g [ t  ( r+g)-  =  f+s,  for  e  6  A(K I  R )  ;  ( r  r  ) -  s

= rF ,  fo r  any  r€R*  and  f  e  C( r  ;  R  )  ;
d)  i f  f  ( f  ' ,  where  f  '  l s  coneave end up l ie r  sen icont inuous ,

t h e n  F  <  f , .

lg.tna rn:. e) ttf e{frl is Bny (d ) - maximal mea-
e

sure then p"( i )  =  1 l - ( f  ) ,  for  any f  €  S;  in  par t icu lar ,  ,U(( t  
2) - )=

, t ' ' 
/ "

prove that ( see fAl , Ch,5 ) :

and upper eenicontinuous, for. any
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= F  ( r ,2 ) ,  V (  ea r r  ;  IR  ) .
.  l . t

b) If 
1e {(*) 

ie any ( < ) - rnaximal messure, then f.(}) 
3

3=  A( f ) ,  f o r  any  f  e  C  (K  ;  rR  ) ,
I

Progf.  Let  f  € S. i {e def ine a real  l inear funct ional
o

t  : 'Rf^+ IR by the formulsu

t ( a f o  )  =  e t $ J  ,  a -  € f r .

we also define s posit ively homogeneons eubl inear

functional p : C ( X ; IR ) --+ rR by the fornula

p ( r )  = f  f F l  ,  f  €  c  (  r  ; m  ) .

I .or a 6 {R, a > O r we obviously have thst L(a fo) =

=  F ( a  f o ) ,  F o r  a ( 0 ,  f r o m

e  =  ( a  f o - a  f o ) - S  ( a  f o )  +  ( - a  f " ) -  = ( a  f o ) -

we infer that

L(a fo)  -  a  A  
(41= y i .c rF ;  < f (  (a ro) - )=p(a  fo ) ,

the Flahn - Banach theorem now imr: l ies that there exists

a ] inear  funct ional  L ' :  C ( I t  ;  IR)  -+ lR,  euch; that

L ' , 1  S f o = L a n i t L s  ( f ) < p ( f ) , V f  €  C t r i f i ) .

I f  g €  C ' ( K  ; l R  ) ,  g <  O ,  w e  h a v e  e < 0  a n d ,  t h e r e f o r : e ,
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This shows that L! > 0 as a l inear functional on

C (X ;  R  )  and,  there fop€r  there  ex is te  a  pos i t i ve  Radon mea-

eure V on K, such that

'  I f .  f  e 0 (f  ;  R ) ia r:onvex, th.en - f  ie conc&ve and,

therefore,  (  -  f  ) -  =  -  f  ;  i t  fo l lows that

f ( f )  
=  -  y ( ; : f )  =  -  

l . ( ( * f ) - )  
= ;  F ( - f )  <  -L ' ( - f )  *

=  L , ( f )  E  { ( f ) ,

and, consequentlyr $r€ have that 
/r<\t  I  henee we al-eo hrave that

1 , . ' d $  ,  i . e ,  f  e ) < $ { r } , V  r  e  s "

, a )  I f  
l ' l -  

i "  ( 4 ) - m a x i m a l ,  w e  i n f e r  t h a t  
t $ )  

=  V ( f ) , V f  e  S .

In part icularr w€ heve

p ( f o i  =  $ { r o )  =  L , ( f o )  =  L ( f o )  "  t { F o ) .

b) I f1 is  (< ) -  maxiraal ,  then 
f  

= n "  f t  fot lows that

1.  
( fo)  =  !  { ro)  '  L '  ( fu)  =  L( fo  |  =  

f^  
(Fo) .

fhe lemrna ie proved.
a

For  any f  €  C(K ;  tR )  te t  us denote Sf  ={  x€ K;

i f  r.  ) = f (*)}. 0bviously, 53 is a 
% 

subset of K"

P{oposlti3rrl. (}I.Bauer) For qny x €. K we have

x € ex K4t there is a unique L^e /4]fr l' / +

s u c h  t h a ' l  t 9 u - )  =  x .
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P r . o o f .  (  s e e f a l  ,  c h . I  ) ,  r f  x € e x K a n d  A e

.e ,rf l i f* l  is euch that bt f ) = x, we have supp A = { *} o

Indeed i t  is euff ic ient to prove that 
1r.(D) 

= O for any compaet

ee t  D  c  K l { " }  ,  I f  t h ie  i s  no t  t rue ,  t hen  the re  ex i s te  a  con -

p q c t  s e t  D C K . { " \  a n d  a  p o i n t  y € D ,  s u e h  t h a t T e ( D n U ) >  O  f o r

any neighbourhood lJ of y. Let uB choose & eompaet convex a"t 14

euch  tha t : r  {U  and  de f i . ne  K , "n  =  q } (  D , lL :11 .  Then  *4Ko  and

f" 
(Ko) > 0. Let us define 

1tn= 
( y- $o) )-1, *ou, tr ): l i re obvious.

ly  have bf  p I  e Ko.  I f  
f^  

(Ko) s I ,  then 
l r r= t ,  

hence

x = b(  I 'L  )  =  b( tsn)  €  Ko,  a  cont rad ic t ion '  consequent l -yr  w€

have 
1,r-(Ku)( r.  Let 1.r-= (r -  

t( I(o) )-t ,Xgr* 'A ).  then b( yn)e|"
and 

, l*= f  
(nr,  

t^* 
(1 -  

f  
f i<r))  y.r ;  this inpl" ies that

*=o( f  )  =7 t r (K r )  u (1n )  +  ( r *1 (K1) )  u (6 ) ,

where  b (F )  1  x ,  a  con t rac ie t i on .  Consequen t l y ,  ! r  =  t  .
/  t  

-  " ' l - -  e -
'  Converse ly ,  l f  x  6  K \  ex K,  then there ex ie t

x I ,  x ,  € .K r  euch  tha t  x  =  -L  ( x t  +  *Z )  and  * I ro2  f  x ,  we  then

have

t *  *  ( f  * .  
. !  € *^ i  and  €* *$ f  € * ,  *  , * r ,  ) .  ' r he  p . ' opos i -

z -  G  ^ 1  ^ 2 .  4  4  *  
. -

t i on  i s  p roved .

Eropos, i ,L ion 2"  (  see [A]  ,  proposi t ion 5,1 ) "  For

any f €, C(K ; JR ) and any x € K we have

frr*,4 g. (x)
K

f n  pa r t i cu l a r ,  i f  x€ex  K ,  t hen  F f " l ' =  f ( x ) .

T
f  ( x )  =  6 u p  

{ I  f ^ n 6 * 1 .



I Ig-Q&. Let us def ine f '  (x) = uup { I l , ")  d A 
(x) ;

w
r . ^ , € * } . T h e n  

w e  o b v i o u s l y  h a v e  f ( x ) (  f ! ( x ) - ,  i e  f ,  a n d  f t  i e

easi ly shown to be concave. fn order to prove that i t  is upOer

senicontinuous, let f  e rR and (** 
t*= 

be a conver8ent net in

K,  x  = } - tg  "^ ,  ,  such that  t ' (xot  ;2r  rV" /€  I .  For  any €,>0
a ( e L  o <  

,  , 1
and any "t e f we can choose a 

fL e rO!(*) , such that t*- tn 
,

and  s -  € ,< f ' ( xo r  )  - e<p f f ) ,  V "d€ I .  s i nae . t he  se t  u , t 4 t ( t < )  i s  
*

-t

conpaet for tho vsgue topoloryr we can choose s convergent su-

bRet  (  pr -  I  r {n  A = pt .  S6 obv ious ly  have b( ,ur" )  *v r r su  '  
l *aq r 'Be r  '  ; ; i  /  o (o )  l - -  

r t v  vv ' r v * " * r  - ' r "

x  a n d  . c - 6 _ ( f t  ( t )  <  { ' ( x ) ,  f o r  s n y  € , > O  I  h e n c e r  T (  f  ' ( x ) ,  e n d

this shows that f !  is upper senicontinuous. ConsequentLyr the

lnequa l i t y  t< f  imp l i es  tha t  f ' <  f  '  =  f  ' .  On  the  o the r  hand ,

Yye have ( for any 
1,, ' € 4,*, , l*-.€*),

( t <

and  th i s  imp} ies  tha t  f  ' ( x )  <  F t * t

I f -
\  r (x )d  ,u .  (x )
J I J I

s*
b )

9gr.o11,gry_1, a) For any

3  e x  K .

I f  H  c  A ( K  ;  R )  i s  a  t o t a L  s e t ,  t h e n

n ? n  s r , P  = e x K .

c)  I f  K is  net r izab le,  then there ex is te  a sequence

( h r r ) o 2 g ,  h r r €  A ( I (  ;  R  ) , l \ h n \ \  <  1 " ,  V w 2 o ,  s u c h  t h a t

n  e )
n = o  " h ;  = e x K .

,

f

x €  K "

e C(K ; lR ) we have

Consequen t l y ,  i f  K  i s  ne t r i zab le ,  t hen  ex  K  i s  a  Gr -
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subset  o f  K,

P q o s f .  a )  i s  a n

b)  Let  us remark that  i f  H

H separates the points of

imrnediate consequence

is  a  to ta l  subset  o f

K. Let now x e'  -  n-  
h €

of  pronosi t ion 2

A( l (  ;  IR  ) ,  t hen

x$eaK,  then there ex is t  x1rx2 € Kr  t l ,  xA *  x  ,  such thst

1
x  =  

* ( * f  
+  *Z)  .  $ ince  i : the  se t

' r :here exists a ho€. H, such that

h € A(K ; f i ) we have

H separatee the

h o ( x r )  f  n o { x ) .

n>h3  =y  h  (x )  ; l  I  ho (x1 )  -  hu (x t \  ?  *  r r ! { x l .

Consequen t l y r  w€  have  T f * l  >  I  ho (x l )  -  ho (x )  i  
?  +

r r f tx t  >  r r f tx ) ,  and th ie  inp3. ies  that  x .$  un3.

H shz, r f

points  o f  K,

Then, ,f 0r any

c)  I f  K ie , .metr izable,  then C( I {  ;  R )  i .e  eeparab}e.  Consequen-

t ly ,  A( I (  ;  lR )  is  separable and,  therefore,  i .n  {  n  e  A(K i  m,  ) ;

I  h t r

obvious ly ,  is  to ta l -  in  A(K ;  lR ) .  S ince any q is  a  Gr  -  subset
f 0

in  K,  in  th is  csse ex K is  a lso a td  -  subset .

Cp$}}gtf,-a.- a) For sny ( @ ) - maximel measute 
f €

r . t
e ,JvI  &),  and any f  € s we have g.($t)  = 1;  in part icul 'ar ,

1 t r (Sn2 t  
=  I '  V  { " €  A (K  ;  m  ) .

b)  I f  K is  metr izabl-e,  and pe, i l r t .Q<l  ie any (4 )  * ;  maxime, l
l +

n e a s u r e ,  t h e n f ( e x f  )  =  1 "

Proof  .  .Lsser t ion  a)  i s  an  imrned ia te  con$equence o f

lemrna 2  and o f  the  de f in i t ion  o f  the  se t  S f  ,  f  €  C(K ;  m) .

Aeser t ion  b)  i s  an  'nmiued ia te  consequence o f  asser t ion  a)  and

of  coro l la ry  1 .

4. An important regult  in Convex f inalysis is the

f r1 l , . ; r ing ' ,  Min imun Pr inc ip le  "  o f  l l ,Bauer  (  see [aJ l ,  lemma 1) .
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Theorem 1 (H.Bauer)  " Let  f l r f2  : ,  K- ) IR be senicsnt i -

and fZ concave.nuous funct ions, with f I  convex

Then

f r ( x ) (  f e ( x ) ,  V  x e e x  K  = + f t ( x )  €  f r ( x ) ,  V x  € ,  K  .

(Here any ):- ind of semiecntinuity ts al ' .cwed for the two func-.

t ione ; not:eover, o.1o does not &esume that these have the same

kind of  eemicont inu i ty ,  i ,€ .  r  a I lY conbinat ion is  aL lowed)  .

we refer to [al  for the proof of this theorem' Wd

shal l  need a s l ight ,  but  par t ia l ,  extens ion of  th ie  theorem,

which wi l l  p lay the main ro le  in  our  genera l izat ion of  Choquetrs

and Bi shop' s, de Leeurd s . theorens.

Theorem 2" Let f  l  K '+R be a conc&ve senicont inuous

funct ion. fhen

f ( x ) >  0 , V  x €  e x  K  = +  f ( x ) . >  0 ,  V  x 6  K n

P.rqofr,  a) Let us assune that f  is lower semiconti*

nuous .  Then  m =  in f  f ( x )  i s  a t ta ined  on  Ks  i . € .1  the re  cx i s t s

a r r  x o € K r  s u c h ; t h a t  f ( x o )  = m n  L e t  K o  = { x e  K ;  f ( x )  = m } .

Since f is lower eemicontinuous, Ko is I  (nonr-enpty) compact

subset  o f  K.  l ,e t  K1 = d;  (Ko) .  Mi lman's  theorem impl ies thqt

e * K r C  K o '  L e t  x l  6  e x  K 1  ;  t h e n  f ( x r )  *  m .  I f  x ' ,  x "  6  K  r  e r e

s u c h  t h a t  x ' r  x ' r  t '  x 1 r  x l  =  
f  { * '  +  x "  ) ,  t h e n ,  s i n c e  f  i s

concaver w€ have

m  *  f ( x 1 )  2 . - { - t r { * ' l  +  f ( x " ) ) }  0 r

and ,  the re fo re ,  f  ( x ' )  =  f  ( x " )  =  I I l o  l {ence  x ' ,  x "  €  Ko  C  K1"
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Consequent ly ,  s ince x16 ex K1r  we have x f  =  x ' r  =  x I "  fh ie  shows

that  * l  €  ex K,  and m = f  (xr )  )  0 i  therefore,  we have f  (x) . )  s> 0r

for  any xG K.

bt )  Let  us now assume that  f  ie  upper  semicont inuous,  and le t

xo € K. Then we have f = F and, therefore, we hsve

f  ( xo )  =  i n f  h ( *o )  .
h>-  f
h €  A ( K  ;  . R )

For  any n € Nx we caR choose 
"  

nrn A( I (  ; IR ) ,  euch that  n*r  t

Qrt K and

f ( x o ) " * ) h r r ( x o ) ,  n > L .

Let { '= i-nf hrr,  Then fo ;  K--+ g1 is a Baire neesurs-
g 

Y\ >_,1 
rr

ble,  concave,  upper  semicont inuous funct ion,  such that

I

f o ( x )  )  f  ( x )

and

f o ( * o )  =  f  ( * o ) .

b" )  For eny r€ lR let us define

For  any re  d l ,  tho eet  K(r  )  is  Bai re  neasurable and thereforet

there ex is te  a eo&table subset  H"a A(K ;  R ) ,  such t t ra t  I ( ( f  )

belongs to the smalLest Cf -  algebra E*"f eubsete of i ' - ,  e 'rch

K ( r ) = { x € K i  f o ( x ) ( * }  .
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that  a l l  funct ions in H* are e;  messureble.

Let H =U\-{ . $hen H is a comutable subset of
t€' @, 

f

A(i( ;  R ).  tet E be the snal lest cr- algebra of subsets of K,

sueh that al l  funct ions in H b* I  -  neasurable. then we havo

8 . - c * ,  V v e  Q ,  a n d ,  t h e r e f o r € ,  K  ( r  )  €  * ,  V * e  Q  o

for any re R. and any sequence ( f ) , such thet
n  t !  } \ ) o

. *€W 
,v ; t t  r  rye have

r ( t )  = \ - )  K (  r  )
\ \ao h" t

and  th i s  i np l i es  tha t  K (s  )€  *  ,  f o r  any  s€  R  .

, r . ( - l

Let (err)rr> 
O be an ennumeration of the funetions in l l '

6 * r ) "  L e t  u s  n o w  d e f i n e  a  c o n t i n u o u s  a f f i n e  m a p p i n g  g :  K + R N

by the fornula

g ( x )  =  ( e r r ( x ) ) n > o '  x C K .

Then E(K)  C -R 0{  ls  a  net r izab le-eompact  convex eubset

o f  R  N .  Le t  us  now p rove  tha t  i f  x  t  y€  K  and  g (x )  '  g (y ) ,  t hen

f o ( x )  =  f o ( y ) .

Indeed,  1et  us def ine

then  l , ( x )  eE" .  'S ince* i "  t he  ema l les t  s - -  a lgeb ra

t ( x )  =  {  xe  r  ;  r " ( z )  =  ro ( x )  }  .

of subeet of  K,  sueh that al l  the funct ions gnr n 2 Q, be

measurable, ws have

Ere r ,  Bo€  r , ( x ) ,  Bn (X1 ) *e r r (Xo ) ,V ry "o=+81  €  L (x ) .
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C o n s e q u e n t l y ,  e i n c e  s  €  L ( r l o  w e  h a v e  y  €  t ( x ) r i . o . ,

f " ( Y )  *  f o ( x ) .
{ . ,

b^')  Fron brtr) ;we conclude that by the formul-a

k  ( e ( x ) )  = f u ( x ) r  x €  K ,

we colrectly define a funr:.tion k : e(f ) "b R. .

f t  is obvrous that this funct, ion ls cencav?l on g(K) "

te t  now y l  €  ex  g (K) .  t hen  the re  ex i s t s .an  x ,  €  ex  K ,

such that e(xr) = Vl ando therefore, we have

k ( v 1 )  =  k ( s ( x r ) ) '  f o ( x r )  >  0 ,  V  y t  €  e x  g ( K ) .

From

and frona the fact that the napping g is openr we infer that the

funct ion k ls upper eemicontinuous on g(K) "

bv )  Le t  *o *7aoa  
4 ru ( i ( ) )  

be , ;eny  (< )  -  max ima l  o r  (<< )  -  max i -

mal neasure, which represents the point g(xo). Y{e then have

(by tak ing ln to  account  coro l lary  2  to  proposi t ion 2,  and a l .so

lemna I )

{ t e  s ( K ) ;  k ( y )  (  s }  = t  g { r ; )  i  x €  K ,  f * ( x )  <  * } =

s  S ( { "  i  x € K r  f o ( x l c r } ) ,  V s e l R ,

( (
r o ( x o )  =  k ( e ( x o )  )  >  \  

k ( y ) d p , " ( . v )  =  
)  

k ( y ) d . q ( v )  )  o

5.  In  th is  sect inR we shal l  g ive our  genera l izat ion

of the Biehop- de Leew$Iand Clioquet theoreme.

rhe theoren ,ltY"""*u.
4rL's(V()

q
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Let nc(be .6 Baire neasurable subset i  i t  is easy

prove that  there ex is ts  a  sequenee (hn)n€a[ ,  hn € A(K ;  iR ) ,

n  €  S { ,  sueh  tha t  t t h r r [  €  1 ,  Vv .e$ f  ,  and  x€Dr  g€  K ,  h , r ( x )  =

= h  ( y ) r V v " 6 $ i l = + y e  D .
l\

b , .

Let  us  de f ine  Do =  DO(  n  S  r ,2  ) .
" h - - € f  " n

Irgpgsj-!i-Ql__1+ For any xc € Do\ (ex g) there exist

* I , * 2 € D o  s u c h  t h a t  * t #  * o #  T e  a n d  x o = | f * ,  *  * 2 ) "

Pr.oof. Since *o 4 ex K, thene exist x1rx2 € K , such

that *t f  xo 4 x, and *o = 
+ 

(xr+x, ) .  Let us prove that *t t{e €

€  Do '

Indeedr w€ have

rr fr txol * n|(xo), V ! \e.N ,

and

h i ( \  x t  * ( r  -  ) .  )x ,  )  >  n i ( \  x r+(1->  )x r ) ,

for any n€ tN, and sny x€fO, { o

Since ( i- concave and nfr ie convexr we infer that

) - t( x )  h ; ( > x l * ( 1 - ) ,  ) x 2 )  =  h ; ( x x l + ( 1 - )  ) n 2 ) ,

for any n e Nl , and any I efo, il . ilJ€ then infer that the

napping

). r+ r,frf )x, +(1 -). )xe), \ e, fo, tl ,

ie  a f f ine,  for  any v \€Nl  .  S ince i t  is  the square c f  . : r  a f f ine
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funct ion, we deduce that the funetion

) , p+n r " (  X  x r  +  (  I  -  \  ) x r ) ,  I  e fo ,  t . J ,

is constant on fO, { ,  for sny vr€.hl ,  Consequentlyr w€ have

hr r (x r )  =  h r (xo)  *  h r r (x2) r V  n " €  N ,

and thie impl ies that

x l r  x Z  €  D .

On the other hand, ' from (t l  s 'e infer that

'  x l  , xz  e  
S - r l

the proposi t ion is  proved.

Theorq4 )-:a)&y(4 ) - naximal measure ,tr g Vt4lf r l  is
/ - t

peeudoconcent ra ted  on  ex  K.  fn  par t i cu le r r  wB have

b) (Choqrret)  any (<) :  r raxinal  neagure , l ' , . .  e / t t f f l  is  pseudocon*
/ +

cent ra ted  on  ex  K.
I

b) (Bishpn*de Leer,erf l  Any (<<) - naximal measu*u 
f€ 

/t( (K) is

peeudoconeentrated on ex K.

8l 'oo{.  a)  f t  wi l l  be suf f ic ient  to prove that for  sny

compact ,  Ba i re  meaeurab le  se t  Og.Krsuch tha t

D n ( e x K ) - f r ,

we have t r (D)  = O" Ind,eed,  Let  ue cons ider  the set  D-  f  ' -om the
l o
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preced ing  p ropoe i t i on .  We sha l l  p rove  tha t  D^  =  6 ,  i . e . ,o "

D c p, ( C s^z ).

Corol lary 2 to proposit ion 2 wi l l  then imply that

y" {o) = 0o

Let us assume that Do f ,f 
, Fron the equality

iF {uo)  *  6 { i l ' o l ,

and from the Mi lman theoren we then infer that .

e x ( c . o ( D o ) )  c  D o c  D ,

because D ls  compact .  Let  us cons ider  the funct ion

4 t h i  h l )
^ I f  l ! .  l I  ,
L

where l tn ,K€ lN ,  are the funct ions already ueed in proposi t ion 5 "

I t  is  obv ious that  q  iu  concave,  f in i te  and upper  semicont inuoue

on  K ,  hence  on  i I  (Eo ) .

I f  t { ( x )  >  O ,  f o r  a n y  x  €  e x { c b ( n o ) ) '  t h e n  ,  w i t h

theorem 2, we woul"r l  infer that f  
(x) > C, for any x e Do, a

contrad ic t ion.  Consequent ly ,  there ex ie ts  an *o € ex(  d6 (Do)  ) ,

such  tha t  ( ( "o )  = .Og  heneer  w€  have

xue ,DoC D.

From D A (ex K) .  = pr we infer that

* o 4  e x K  i

o€r

Y  = t
t\a

l t
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proposi t ion )  now impl ies that  there ex is t  *1 ,  *2  e,  Do c

c & (Do) ,  such that

* l * * o # o 2  a n d  x o = - f u t o ,  n * 2 ) ,

thus cont rad ic t ing the ext :eemsl i ty  o f  xo in  EE (no) '

' fhe theorem is  Proved"
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