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FATOU AND SZECO THNOREMS FOR OPERATOR VALUED FUNCTIONS

by

Ion Suciu and I l ie Valugescu

l-. Introduclion

The celebrafed Fatou ancl Szego theorerns play an imporlant role in Lhe sludy of

non-normal operators on Hilbert spaces. Iratou [heorern was lhe principal tooi from the

anatyfic function theory used by B. Sz. -Nagy and C. I'oiag [f Z] in ccnstruction on Lhoirs

funcfional calculus wiLh funcbions in H*. In theirs funcfional modei for confrac!;rons the;z

used also, in decisive rvay, the variants of t tr is tt i)orem for vector-or operaLorveluccl ana*

lyLic function.s. Szego theopem and thair impli.cabions in f.actorizations are also very inLima-

tely relabed with basic problemS in operator theory, like strucfure of invariant subspaces,

Jordan models, cycl icity, etc. The appLications of the operatorial methods in predici ion,

cross also through ideas contained in bhis very importanf Lheorem.

Therefore i t  is not surprising Lhat several efforts were made in order to obtain

clear variants of these theorems for the operatorvalueclfunctions (see for insfance [fZ],

[rr] ,[sJ l.
In this paper, following the lreaLement given in [fZ] for the bounded (operalor va-

'tued) analytic functions, we intend to point out and some how toovercame in a new way Lhe

diff icult ies which appear in Lhe non bounded case.

Af[er some necessary prel iminaries given in Section 2,we prove in section 3 an
'analogous, 

for ihe non bounded case, of B. Sz. -Nagy and C. Foiaq Lemma on Fourie* r"p"u-
'sentaLion of operators which intertwine unilaterai shifts (Lemma Q). Section 4 contains ttre

results frbm I OJ about f.actorizatron of semi- specLral measures by means of L2-bounded

analytic functions. We prove also thab any L2-contractiveanalytic function can be factorized

into a contractive analytic func[ion and an evaluation function Lf OJ . These theorems are used

in section 5 to obtain variants for Fatou and Szegii theorems for operator valued functions.

During the preparation of Lhis paper we benefited by helpful.l. discutions with Ghe.

Bucur, A. Cornea and C. Foias.
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2. Prel iminaries

'Let us recall  lhe classical Fatou and Szegii theorems, in a part icular casev,{r ichlvi l l

be convenient in uncierstanding the variants wtrictrwe proposefor such type of theorems in

operator valued case.

Denote by- [ "  the one-d imensional  borus {ze&; lz l=L }  in  t f re  complex p lane and by
,.

D [he open unit disc { 'zeC; lzt <lJ. By L" we denofe the usual Hiibert Sppce of neasurable

complex valued funciions v on'lf lvhich are sqLtare integrable in modulus, rvith the norm

( 2 . r ) 2 L ?e; i, ,
tt.v ilo = 

+" J 
lu 1"'r1l 

z ar

2,when dt is tLre one-diurensional Lebesque measure. F,S, ltwe deno;e the closed subspace
^ 2 t *

of L- consisf;ing from all funcLiou in L," whose negative Fourier coeffi.cienLs are zero. De-
,

note by i{- iire Hilbert space of alt compiex valuecl funcLions f on D r,vhich are analylic in ]D
and verify 

zjr

(2.2) I lt l lz--z ..- sup # I i t( 'eit l 1? 5, <- e .
H "  o s r < l  o .  ,  ,  . r

The map

f.(z) =
fi' )

n=0

ao
" n '., i  . i tr , -,1-n inta z  - - - +  f  ( e  ) =  /  a en + " + n'  n=U

is an isometric isomorphism between Hz and L2 and we have

( 2 . 3 )

For a function f€.Hz let i lel = 
J f1r) dzbeits primit ive. Then f isan Lipschibzian

fr-rnction ou JD, rhus it can be exLencled Li an absolutely continucus functioir on ID. The res-
Lric[icn of this function [o Jltgives rise to a complex valued finite Borel measure on .ll de_
nofed by /tou'hich is absolutely coniinuous wilh respect to Lebesque measure./ . rtThe 

variant of Fatou theorern fo keep in mind is the fclllorving :

THEOREI'I r. I-€t f.e H2 , f* be its corlespondenL in L2n and 
f , 

bS its primitive

qre4sure. Then /

l l r l l 2 .  = f  t "  f  = n rr t - f i  2  L _ _ | " n .  , ,
H*  .n=0

2

t.
l t -

- i l, L .
T

i l )

(2)

uft= t*

flreit; =
- ( t -s )d f r (s )  =
' / ' t

It

? ( t -s)  f  (s)  ds
I T

*
r ! '
l \

z t r )

dr
,,tl

1 t
T r J P
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where P (t) is
r -

the Poisson kerneil

I  - " 2

l - Z r c o s t + r 2

(3) f(z) tends to f*{"it) *, z tends to 
"it

non-Langentiallv with respect to the

unit circle at everunit crrcle at every polntint t such

P"(t) =

t+s
i f

2 r J
[-s

t+s
1 r
2 r Ju-s / { " =

f * (ddu - -+ f+( t )

*= 

rve consider instead of the spaces of ihe scalar valued functions L2 and H2 ttru

similar spaces 12(1and H2(5) of $-valued funcbions, rvhere f, is a [ocall5, corrVCX vec-

bor space (rvith suitable definibion for the measurability, analytici[y and square integrabi-

liLy), then we can look lor the existence of measure 
f,rand 

eventually for its cierivalive f

'as in the Fatou tLreorem. rr casef,is a separable HiiOert space, we can transpose Theo-

rem F wiLh t'rie same proof as in the qcalar casp, fhe isornetric isoiiorphisrn bctween Lhe
' 9 q

Hilbert space H'(g) and L'*($) being also preserved. We are nol irrferested in the genera-

lisation of Fatou theorem along this line, for a larger class of locally convex'vector spa-

ces, because of two reasons : f irst l5/, ' fhecqndit ions we must impose to$in order lo obLain

consistent Fatou Lheorems are of subh Lype that permif the same proof as in the scalar case;

secondly, the space (of the maximal interest for us) of linear bounded operators, bofh in

the norm or strong topology, do not satisfies such a bype of condibions

These are the reasons why we shall study variants bf Fatou theorern for operator

valned functions with pure operator methods.

It is not surprising tha! these methods work better in the case of anoLher famous

theorem of classical funcbion theory, namely the Szego theorem. Let us recatl Szeg'o theo-

rem in a variant which contains Kolmogorov-Krein general i .sations (cf.IS]1.

dl* =
I

sure.

TIIEOREM Sz. Let 1be a posibive measure on y sucir that /Ul(T) = L and let
I I I

^= .hdi + d h b" ttt" l,*"sqou Agcomposibion of & rvifh respect to Leb€qgge_rneq-
a l L  /  D  

-  
r

/Then /

llf Lfr It

(1 )  A  =  in r  \ , t -p l2d f  
=  in r  f i  J  f t  

-p12 unr=  " .0  [h  \  rog  ha t
p  I  I  P ' o  -  o

where the infimum is taken over all analytic polynomial p rvhich rvanish in origin.

2 '
(2) In order lo exists a func,tion f €.H" such that lt*|' : h it is necessarv and suf-
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{3 .4 ) '

t  Q -

ficient that log h €Lr or equivalently A>0. In Lhis cgfie, there exist an ouler function f
in  H2 such tha l  l f -12 :h  and A= l f  (0 ) l  2 .

We shall  recognise parts of Theorem Ir and lheorem Sz. in Lhe resuits we shall

give in operator valued case. But the Fatou - Szego problemabic in general case is far to

be elucidafe, the nature of the obstructions being variate and mysterious.

3. Oper:atol valuecl analvtic functions

Let tand .Fb" h"o separable Hil.beri spaces. A funcbion defined on ID where values

are bouncied operaLors @Crlfrom €to Fwil l  be called analyl ic provided it  has a power se-

i: ies expansion

€  ^ h ^
(B.i) @)6r= i ,) e* ) e p

where @.- 
""" 

boundecl *"turo"" from f,n ,T. The seriesis suppcsed to be convergentn
weakly, sLrongly or in norm wirici: amounts to the sarne for the power series. As in [fZJ ri,e

shal l  Cenote such a funct ion by the t r ip le t  16,  F,  6) i r> J .

We shal.l" introduce the foilorving bhree tSrpes of boundedness for operaLor vaiued ana-

lyiic funcfions.

The analytic function 
{t, T, @Gi! will be calted boun{e4 provided

' 
ll Orull *. fl

tr {t , T,@O.l 3 veriries
2lr

r i . s l  ' u p ; J [ O r " " t t l l l  ' a r < M z

o-< r<  1  o

then it will be calleO f,2*gliLbggld"g analytic function.

i f  I t ,  F,  @rnJ ver i f ies
,.lr

(8 .4 )  " : j ,  ;  I  tO( "u i t )  ^ l l '  d r<r ' r2  x " r r !
0-<  r<1  

-  
6

for any qet, then iL wilt be called.L/-stronglv bour,,led or shorily f,z-boqdell analytic

function.

Ib is casy to verify that (3.3) and (3.4) are respectively equivalenL to

Z tt @,t!" < f1t(3.  3) '

i e n .

t, tt@^"1t7 <rf rt,,n! a e  E  . ' ,
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,Let  us remark that  (3 .4)  and (3.4) '  may be s tatedwi th M= M(a)  depending of  a

(which cor:responds to bhe bernr trstrongly bounded"). Indeed if we eonsider the convergenL

SCTICS

s(a) = (t u @^a' fTtr,- ( a e  6 )

( a e  6 )

f*\ ^ . ,,\L/2
then S*(a) =Fll @*ll" ) , is a conbinuous funcbion onSand consequently S(a)="r$otJu)

is.a lowe" 
"uriri-"orrl inuous 

semi-norm on t. It is knownthen'chatS(a) is bounded i.e.

S(a) < I/i lf a ,,

with M indefbndent of a.

2
H
00

/ . ,
o

clearly (3.2) =--> (B.B) :+ (3.4). If we considerthe function{.9,6,d/,r$erinect

as .-
@rl) o- = Jra) q- (  I  e o, ae S)

e 2
where d tAl is a scalar valued function from H" which isnot bounded, then clearly

[ t , t ,  @t t l l ver i f ies  (3 .3 )  bub no t  (3 .2 ) .

Let now 6 = u2 , F= a and {C, F, @tal fhe analytic function defined as :

@ ( a )  h  = h ( a )  
&

For a fixecl] in ID and any h€ H2 of the form tr(z) = fle,-rO *"
& l s - ,  

n

t t@rr l  I  i l - : tAc , . , l  i  : ,1  l { rc r l  €  
F , \ , * ' ) t ' *  (' , , F  o

rnus @(l) is a boundecl operator from f,into Fand

l l@rrr  ! l
If rve nlt @Un = OU then clearly @n i" a bounded operator from f,into F""a

For any h in

rtrus{f, ,9 @Ol} verifies (s.4)'. By the other way if we 
l"\"rl}O= 4 I "n,

h€Hz and for rt .*rr"r"ntty large such ihat 
# (; +)t" we have

l l  @ ^ l l > . W  = # - " *
I t  resul ts that  f  f f  O^f f1" divergent t . - .&, IOr.r3a."s not v ier i f ies (3.3).

Let now it, f , @@! be an L2-bounded analytic function. We can define

rator V, from f, into Hz(F) ny

- (.a6, P, n e H21.

have :

-= . : / / "  I
)te"t")"'< +tt[tl ,*
T 

^ /  -  
\ f r - f  l i t "  H-

then clearlv

@c4 = T i*@n
o

we have :

fl @r.n ll' =
oo

It.ol' = l[oiltn.

fhe ope-
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(,3. 5)

We have

(ae 6)'

t lr
t f

L \ l@t""tt)* 112 dr.
..-l 

trL )
o

trvo"ll'r, 
*r,=r:::F J tl ff6u) (""it) rtf ar =0,:I

< *' lla ltz
^ 2Tirus V^ is bounded. Conversei5', if V is a bounded operator from tinto Ho (.F), then setlingr!9

@ttla = (Va) (a)

,
n'e obtain an L--bounded analyt ic funcbio"{€, F, @tz) } such fhat v*= y.

Thus (3.5) estabiish on one-to-one corresponcience bebween L2-bounded anal ' l f ic

funcLio 's  t€ ,F,  @el  !and the bounded operators f rom$into u2(n.

T-eL us lemark t ira[ rve can considcr V* as the mulLiptication by the oper:alor valuecl

funcLion d(i l  on lhe cons[ant function, * t"ori g2(t). Cur noxt intention is io anal5,se the

maximai rnult ipl ication operator orr H2(€)generated nVtg , F,@,i l lancl to give an intr insi,c

characfer ization of s,-rch operators. We shall obtain in Lemma e the corresponding resull

for non bounded case of . the B.Sz.-Nagy and C.Foiag lemma of Four. ier representation of

Lhe operators which inter:bwine unilaterar shifts (cf.[zJpp. 19s-198).

Lef us calL evaluation oper4lql e, on H2(f,,) tlie operator defined for a fixeci fueID
by

e^h = h(2).

,
we lrave already seen thal €^is abouncled operabor from'uo(e) into$and

, 1

ll",.l'll = 1rfu 
'lln llnz,u, '

If no confusion rvill a.rises rve shall denote with the same symbol e- the ceryesponding eva-

luation oper.alor for differenL spaces Hz(t). 
n

Let Q be a linear operator ilefined on the subspace D(Q) of tl2(g) with values in
q 2 2 . -

tt"(T). lVe say thatQ interhviqgg-tr r,yaluations on H2(g) and H2(nif the following conditions

hold :
,

(i) t cD(Q) and Q lg iu a bounded operator from f,inro tt'(F).
,

(ii) D(Q) contains any function h€H'(t) for which the function h,-, definecl as
w

h , , ( X ) = e " Q e , h  ( 2 € D )q i i
' 9

belongs to H-($-).

(iii) For any ,le lD and h € D(Q) we have

eOQh = e^Qerh .
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Any operator Qwhich interhvines the evaluations on f?G) and H2(9) is closed. Indeed, if

hn€ D(Q) such that hn *h in H2(t)  and ehrr-g in Hz(F) then e^e"^ho* eree^h for

any 2 aD, because of (i) it r'esults [hat erQeris bounded. By the obher rvay from (iii) it
,

r esu l t s  t ha [  e^Qeahn  =u . tQho- -1u^g  i n I { - ( f ) .  Thus fo r  any  AeDwehave  e rQu . rh=

=€2g t  i . e .  h r (2 )  =  e lQ"ah  =  u2g  =  g6 ) .

From (ii) it resulls heeD(Q) and Qh - g.

g-e intertwines the evaluations on uz (€) ena n21F7 Lhen-D(Q) contains any anal..,,tic-

( t-valued) polynomial p(zl = i  ,u^.Indeed, for such a g we have
o ^ - M

pe(^) 
; "1n u^ p = 

"a n i^o uu= u rtlr'euk =f ake^ (ean) = (T ,kou) rri.
Sincc clcarLy fl ,UrQu,- € H2(5) from (i i) iL resuits p € D(e).

. Ttrus i", op.r"tor Q n bich interlwines

operator lvitir dense domain. It results thaf Q is
,

D(Q) = H"(6). In this case (i i i )  is equivalenr to
' 9 9

tors on H-(6) and ! i ' t$ i .e. with :

(3 .  6 )

lndeed,if h =

evaluation, on H2(6it and t-tz tfi,is a closed

bounded on iLs domain D(Q) if ancl only if

th"e facb thaf Q intertvrines the shift opera-

r reHz(  t )

Denote by D(@) the

function n--+@f,.lfr,r:

kq"u)tD= 
ilke^(eao) =

Tltus (3,6) =+ (i i i). Conversely, from (i i i) i t results

(zQh) (a) = Z(Qh) (a) = ,1e^Qh = e^e( l  h)  = e^ee^ h = 
""  ee-, ' (zh) =

(r ,^

= 
",-,Q{rtr) 

= [Ot"t iJ tf l

LEMMA Q. There exists an one-to-one correspondence bebween L2-bounded ana=

I t zJ ic  func l l+gLe ,F ,6 t l l  !and theopera torsQrvh ich in te rbwines theeva lua t ions  on
g . t e

H-(€)_?15! H- (g) siven by

(3.  7) (Qh) (2) = @,(a) h (a), a€D, h € D(Q).

9.
The L'-bounded analylig-[gggllon- {t, tr, @tal } is bounded if anclonly_llthe comesponding

operator Q is bounde4

Proof.. Let{€ , F , @{a)1 be ao L2-boundedanatyLic frinction.
,  

I  -  ' J  

. )

subspace of H-([) consist ing from all  function h in H'(t) for which the

z Q h  =  Q z h
6

t -

) zna,-, then using (3.6) rve have :
k*o .' 

rs r- \ a<,
e^eh - (ehxr) =(+ q1r*"ul)(^) = (Zz

€ t -

= e ^ Q ( Z . i t b u ) = e r Q e r h .

is in H2(F), and e be fhe operator defined onD(@ by (s.z). sinee @61 q= ff@ul (2) , we
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have tc D(@) and Qa = Vra. Thus e verifies (i )" For any h6 H2 (6) rve have :
, € t

ne ( l )  =  u tQ" , . . n= " r (V r " ^h )  =@(a )h  (a ) .
I

T h u s ,  i f  h / - , € t 1 ' ( g ) ,  w e h a v e h € D ( @ )  = D ( e ) i . e . e v e r i f i e s  ( i i ) .  F o r a n y h 6 I X @ ) w ew
have :

erQh = @(i lh(a)  = @tA",  h  =[Ot"^r r l  
l  tz l  =  e-  ee^r i .

4 t -

Thus Q verifies (iii). Hence Q intertwi.nes fhe evaluations on H2(6) and n2 (g.

Convbrsely, if Q verifies' (i)-(iii), tiren if we put V@= e lE *u obta.in a bournded

from'S inlo I{2(Jl and rve already seen thar 6)(l)rr = (Voa) (r) defines ^rr L2 -

anal;rt ic function {t ,T, &^(Zl } .  since for any tre H21g:1we have

nO(A)=  u iQuJh  =  e r (V rh )  =Orn )  (Z )=  @(z )h ( tu ) ,

i i  is clear that D(@)cD(Q). From (i i i )  ib resuifs that for anyhe D(e)we have

.  
u) Qh = 

", ,Q %h 
= e, ( \ lh) = @G)h (r).

Thus D(Q) = D(@) and ::or any h € D(Q)

operaLor

bounclecl

(Qh) (,r ) = @)(ilp, (t)
' ; :  i , . ; r . 1  , , .  ' : " ,

Suppose now bhat It ,7, @,al I is irotlniied,. :then for: any
LT,  1  r  - .  i b . . . . i t : , , 2lf ahll- , = sup # ltt @Fe"") h (re'") ll "'- ot E

H - ( r l  0 < r = 1  - ' - j  /

TT

"hj I ot"ttr f tt Nru)tuit) !12rar

<t1a ilz ilpul1;2rc, =/ie[2 ftJ I

(  2  en l '

h e D (Q) we have

= # tl htirr, 
G)

Thus Q is a bounded operator.

. Suppose now that Q is bbunded. Then for all analybic scalar valued polynomial p

and ?e t we have

2 , 2 . 2=/ lpv@ul f  
Hz tg l= / /  pQa l l -  = l / apa l f  ?

. i t  , 2  2p(e ) I fia 1l dr,.

,;T, ;ikir'(""'5lf*

a .  e "

It resulf s that for any trigonometric polynomialp we have
' f i t z i t e { r

f 1 nt"it) /2 y1 {v^u;q"tt) r[ 'or * l '1ot"ttr l '  ttu rt '  Iq i l '  o,
i  @  l '  

' a "

which implies

f wra)teit)[, < lle/ liof
Using i<nown properties of Poisson kernel we obtain

tt @(e)a l!=f#i Pr(r-s) (Vra)(s)ds[.#
L T

\ e"lr-slJf rv^
; w

a)(s) ll ds *<
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l la l t  ,  .
o €

i .9 .1 e ,7,  Ot l$ is  bounded

The proof of the Lemma Q is compiete.

We shall denote Ay @ *the operator rvhich interbwines Lhe evaluation on n2 1g1 and
9. '.

. H'(F) uniquely associated to the L"-bounded anal5rbic function tt,F, @ta)l as in LemmaQ,

Using the natural isomorphism bebween H2 (g) roa L2, 16.) we consider @u- as an ope-
, 2 .

rator from L1+E) into f,i(5). Ttre operator'@ is closed andits domain D(@J contains any

analytic polynomiat in f,! 1g11. 
e

Let norv p be a trigonomelric polynomial inf,-15;. There exists an integer n>0

such thab 
"ittp 

i, 
"n 

anaiytic polvnomial. Let us dcfine

(3.  B)  @p = 
" - in t  Q(ut t t  o)

I f  
" i n t p  

a n d " i * t o ,  ( n , m > 0 ) ,  b e l o n g  t o l , l ( f ) t h e n  i f . n 2 m w e h a v e

@*("t"tp) = @(ei(n-n)l"i*f p) = 
"i{n.*'tq("inbp)

because Q t" an mulLiplication operator on tl.Z($). Then clearly (3. B) defines a iincar ope*

raLor @ from the subspace of trigonometric polynomiakin tJ <El fnn f21ff.

In case @is bounded thenc[ear,l,y@ri.s a hor.rnried operator from. r,2(& into L2(9)

and @=.'g[" lrcl l"@is non bounded then @ is not ing".r""ut closable. r,v" , tutt see taber

thab this problem is related to the existence of the boundary limib for the L2-bouncled analltic

funct ion [ t  ,  F,@tal!  .

A simple example which shows that @ is not,in general, clofable is the follos,ing:

ler t= H2, F= C rnd f6, S, @tal I aefined by .

@ w h = h ( r )
,

Consider in L-1f; the sequence of polynomials

h € H 2 .

f 
1 .9, -i[cr' n = r o g t r { i e  u k  I

rvere au is the function * iut ouu* [ = H2. rhenu poll2 =,#,, 
* * 

--*o

Thurs pn*o in r-2(8) . But

@pn=" - in t ,h  *  1u i (n -1 i ) tL )=# ; i  i

Thus @On-.+c (  t^$,n ' ,  ' . , i )  l0 i .e.  @ tr  not  c lopable.

T'It" r.2-nounded ..ralylic function It,F,@Al! is called innerif the attached; r.:.ra-.
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tor @is an isomebry. Such a function is thus necessary bounded.

rr*"tiinft , T @O) j is catted L2-bounded outer function providecl-

2
llne L"-bounded analYfic

(3.e) V z" V^e = H'(T).
o  ^ u )

rtt, T,@@ j is an Lz-bounded outer function then for any2-€ IDwe have Otr lg = F.  t

\t, T, @tnl is siniultaneouslY

4. Abtached semi-spectral measurqs and faclorizal ions

IlecaLl. lhat en XtA-valuerl g@is a map tJ-+FGa) from the

fami ly  B(T,)of  a l l  Rore i  subsels  of  f  in fo  X( t )  suchthat for  anyg€t lhe map r0+(F( t - r )a ,a)

is a posifive Borel measure onf,. If for any buro BoreL sets t,Jr,u3* wehave F(q0',J&) =

= r(uCa) F(Or) lhen rve say thab the semi-spectral rn€asure is gpectral. v/e shail riettobe

u.sualy b-r' tr e semi-spectral measure and by E a spectrai measure.

i I .K i sa i { i l be r t space ,  f  anX(6 ) -va l r " redspec t ra imeesureon f ,  andV abounded

operator from $ inLo$(, tLen if rve put for any deB(T),F(trli = Vt tO V, Lben clearly v,'c

obtain ut, X(6)*ualueci senri-speclral measyre on [ ' .  Conversely, using bire ce]ebrateC

Naimark di lat ion Lheorem[7], i f  F is an Xt)-vatued spectral measure on T, then t irere

exist a Hilberb space.$(, a bounded operabor V from Sinto{< ana}iX;-valued spectral inea-

sure onSi such that

( 4 . i ) F(t ) = 1fr1,,r)W (  0  e  n( r ) ) .

fol.lowing

have

{ 4 . 2 )

Let us remar.k bhat any semi-spectral measure is complebeiy-positive in the

sense : for any finiLe systetn Yr, . ..,L tn C(tr) and anY ?1, . . ., 8n in S vre

inner ancl outer, then itis a unilary conslant'func[ion.

Z l v , V  d f  c 4 a 1  , a ; ) 2 o .
t,j T' 

c

Inciee<l rvc have :

v, t q fl J(r(loa3,o;)^- Z I V,% J ( rrt l ' ' /ot,va;
T & ' d ' '  

' t  d ' i
.  = i l ;  Iy,J Fce> a; l lL 2.o .

The tr iplet F<,V,n] is cal led spectral di lat ion of F. ' In the supplemenlary condif ion

of minimaiityjK = V E(d) V5| , bhe spectraL dilation of F is unique u-p [o a unitariLy which

conserves trt" op"l*134+.
' : Le[ nowF,fi @tZ$ be an L2-bounded analylic funcLion anel V, the bcuncled ope-

rator fi.orn $ irrto tl'(fi, associated tol6, 7, @tZlJ as in secbion 3. We shall consider V6

as an operator from S, inro * <n (via the geomeLric isomorphism betwee n rtz (Fl anl t'z*{F) .

fer f,|be the. spectral measure atbached to the shiftoperator (muLLiplication by 
"tt) 

in t?tfi.
t
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We shalt denote by 
% 

the { (g- valued semi-spectral rneasurc on Jfdefined as

(4.3) %(n) = v6rf row,
We shall call $ the semi*spectrai measure altached t" [t, 

g, @6)\.

is*_osler lpn \9, F,
Proof. For

@-tail is unitarv constant.

any function h € t12 lF) of tire
+1,

form n = 
Futu'-* 

au, Iet us put

(tJe B(1r)) .

L
(h e H- (F)).

ttrus {$ fr @'*tl[ is inner:

ah = I. *ikt \,, r.v  a  - g R

a triplet

bounded

( 4 . 4 )

( 4 . 5 )

( 4 . 6 )

If F is a" {tf) - valued semi-spectral measure which admits as a spectral dilaLion

L] g, u, u;Jsuch that vtc ,?-<A then,if rve construct as in section s the L2-

analytic. function ft,F, 0tal\ which verifies 
$=Vrttr* 

cleariy 
%= 

F.

THBOREM 1. !9!{6, 7,@(7)\,lt,Fo, @rQtJ_egg r,z-bounded analyiic fun_c.Eons_,

the second one J:eing outer, q,, 4. be theirs semi-spectral measures,
g  v t - -

u@ t *tn'

Then there ejrists a contracLive analyLic function JT, F,@tellsuch that- -  
L  z  L  J -

@ tll =@r<t) @,1a1 (Ae tu l

I f  i n  (4 .4 ) Lhe equality holds, fhen lq,F @1zl\ is inngr It rnoreo're{ !tt, g: @{A)3

rve have 
il at^ ilX",G) - Iti:':n*%onllL : 

;1 ilt 
t k'itts ( EA* Ar') *

we lrave used here g.4) in trrf'i"*oretely-positr"til 
""* 

(4.2). rrolu {Ur,q,@"(a)} , is
ouler rt results that (4.6) gives rise to a contraction Q from H2(q into ttz19J. CLear:ly

Q"it= 
" i tQ. 

From r,emma Q it results bhat there exists acontractive analyLic function

Itr,,T,@*talJ such that
(ehXe) = @.{a)h (r)

If we take h(X) = @r{].)w we obtain

@ Ol4 = (\ftn) (a) = (e a)(a; = Q\^l @rt^l ".
If in (4.4) equality holds then clearly. Q = @gn is anisometry,

If moreov""lt,F, @t^{ is outer, then cteartvff, F,67a\is ourer, rhus ib !s uni-

tary constant.

THEOREM 2. Let F be agtt6t.valued semi-spe'etral measure on['and[iK,V,fJ
,.

ibs minimal spectral dilati?n. There exiqls ahunique l"@,{,6^tll\

rvith the plopelties :

( r )  F ^  1 F
@,
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(2) Fgr an]'

atso fu . ,r;

( 4 . 7 )

where
./L ,

v ' v g .
Proof.

(4 .e )

$re have

we have

2tte_e.qgl]]Ly._bgld" in (1) if and only if

n  dko ' I o !
mTto

U is the qlilary operaL'gr rvirich corresponds Lo- thgspeclral rne_aslrle C(, =
T= V

o
Aptying Wold decolnposition

i K = @ r f q @ R
T o

l2-!e@ ltT. @atsuch uB! % * 
",

E and

,  ^ r - ; - 1(cf lr2l ) to lhc isometry U.=UlK. we oblain"  +  r -  +

where {=na** U,F* and 7 : 
S,"u*5dr-

Clearly

s < = 6 u ' q o - ? ,
_ a o  . r . 4  4 -

Let P l:e Lhe ortlrogonal projection of"K onbo fhe subspace 
1QUq. Then we irave

( 4 . 8 )  U =  U P .

Denote by lrthe canonic-al isornorphism beh,',2€€rr 
€t"q and L2(F/ (nourier repre-

seniation), end define VU:E+t{S1Ot 
-@

V ^ a = k o - P v o -  ( a e t )

clcartl, tr'en\46-L 
"]tp 

-',1a @
o<\ 

(4' 
- * -,*'.r D\ 

c'o 
'R = X*? ff rf ve a

d s i o t t'  =krPxn'=x, # u*{ = {c {l .
we obtain Lhaf the 

"'-ollno".i"*rrl*"tuncrion 
attached to{.6,8, g<^Scorresponding to

V"" in section 3, is ouLer. For any analyl,ic polyncmia.l. p rve have
@t ,,r 2,

Tt e fl ( F6;a, a)r= ll f%,o ill*t = llp_X, ?v* |J ; {sl 
= ll f ( u) ?\la il t 

=
o € t f ; .

= ll ft1u-)wq. ll L n" ll pc u;17 e ll7 : J tp r"a c F o-, o)6
' I nus

"E 
-. u.

\4re have eqLraliby iir xrrv = Xovri. e. iff pv = v, i. e. iff8,= {03 , i. e. iff fl rflK*: { ol .

l"t not{t, F, @ttf:nu anofher L2-bounded analyLic function such ttiai%< r. Lei

us pub for an elemen! k €5<+ of the form U = t UkVa.
o

f,t = X"tut ur"o.

Lir

il X[ il.= A i' "t 
(e-i)t/ ( rrttsc*, a3) (
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I  7 . , f  . ; re- i l 'A(r t *sao,a; \= l l  Zuivor l j " :  I !+ . l i * .
f j i

. Thus (4.9) gives rise to a conlraction X from,K* into Lz*(fr such that

XU ="t tx .

We have

x5-4Y A u*\c. nxu*x* = Q"t-"txk*i |.*t*' lcFJ=to3.
Thus XP = X. We have then for any analytic polynomial p

r  2 ,  2  2  ,  ,
Jtnt 

d (Iba, 
") 

:  l lp'Iral l- =tlx p(u)val[ : l lxPp(u)vati?ltFp(u) va11'.=

{x'pp(g va tl
2 = llot*tt)tn v ̂  l l2 =llou@.'11' = 

Jlol*t')l 'ot r,*,u7
i. e. F^ 4 F'E\

cgt  ,u t  t  I
Cleariy ̂ ny t-bu.mcled outcr functions L€,T,'@j2)J whichverifies (1) anri (2),

verifies aLso FU,= Frand, from Theorem 1 it results that they cliffer by a uni';arv constanf

factor.

I"-bo_unded analvtic functiog{€,F, A(,o[ is ar] eErluationPROPOSITION 1. An L"-bounded analvtic function

funcfion if and only if $^"!i"t -fl-ata SgU-jI $ ean be isorpetricaly embqded i.n rf e) as a c.',,clic subspace fol tt:e
I

slrift operator in H- (g such that

@t?)a= a(r)
In this case we have necessary dimF< dim6.

31991. If $is a cvclis subspace of H2($) then clearly (4.8) defines an evaluatioir

function"[t, F,@tell. conversetv, if{f, 7,A{a)lis an evaluation funcbion thenVis an iso-

{ s metricalv embeding of $ in qz(fl. since \8, T, @e)! is by definifion outer, thin l/S is a
@-

cyclic subspace for the shft operator on ftz (tl.

, 
*t S be a cyclie subspace in H2(9) and denote by P the orthogonai projection of

. HiF) on F. if f EFand for any aed we have

(f, Pa) = g

fhen clearfv ({, f ,a) = 0 for any n p0 and ae6. From the cycl icity of $ i t  resulbs f=0.

I l  resutts that Fe. = tr ,  i .e. dimFcai*6.

'An 
L2-bouncled outer function {t, F, Atal\will be cailed

irr Fii 
$ is a.n isometry from ginto r? (ff.

coRCLl,ARY. 4nx L"-bog3ded anatytic.Lunction{6, F,@Al has a unique faglgll:
zation of the form

@6) = €)r{l@.la) (;t€ D)

ig the inner and the outerjarts.

evaluation funcLion of S

(2e E) .

I
i
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THEOREM 3. dty Lz-contractive anallrficrlunc[ion c.an be factorized in the form

( 4 . 1 0 )  @ ( l ) = M ( a ) A ( i l  2 € b

wtre {t Q A(,1)J iF .?n evatuatlon functi-oLaryl- {gt fr n4(,r)J is a contractive an4),tic functicrg
. *  - . 4  / zProof. Denote by D@= E-r6ud'' pnd pur

2.
dF = o%* ' t ; ;dL

o

Since 
%(1|) 

= r$r5we have l-(g') = I. Moreover F = Ff-where{6, {,SZ(a)} is rne I!-

bounrlecl analytic function defined as

.G'(z) = @G)@ De

and {=. 9"W . retl€,E, d{))3 be Lhe oufer part of{t, $, n-e)J. Tiren ctea::ly b=Fa
ancr- corrsequentiy v.*q = F- (T) = I z

A A a\s, 
- lnd 

% 
4I,O . Applying Theorem 1, rve obtain the desircd

factorization.

5. Boundarv l imits

In section 4. rve attachetl to any L2*bounded analyfic fr-rnction the boun,Jecl operator
I

rfu from f, into f"r(fr and the semi-specbral measS*." 
.b. 

If F is an X(e)-valued semi-spec-

t r g l m o a s u r e , w e a t t a c h e d t o F i b s @ F ' f i E u ) | s u c i r t h a t I t 6 . s I J . I n . ;

this rvay we obtaineC elemdnts for bofh lheorems Fatqu and Szego. We need 'ronly" a desin-

t e g r a t i , o r r f o r r h e o p e r a t o r ! ' , i ' t h e f o I I o w i n g b y p e : [ h e r e e x i s L s a s t r o n g l 5 l ( o r i n n o : : m )

rneasurabLe function t +&)(e--) defined on.ll'vrith values inX(6,F) such that for any pe€

*'e have :

i t  -  i f
(5 .1)  (V^a)(e ' " )  =  @(e")@. a.  e .

@

In this case, clearly w,e have @al--*@@Lt)strongly-a.e. when a ->*it  nont*n

gentially,

(5.2) d% = @@it)*6t1"it1at

and
2,8

( 5 . 3 ) .  @ e " " ) = #  J n " t - r l @ 1 " i s ;  a s
in strong sense.

If in Theorcm 2 we have F*= F then

du = 
E("t \*qeib)dt

wlrich coruesponds to Szego factofizabion theorem.
f r -  d  n , - , q  .ln case{t . ,F,@(a[ is a bounded function, we have a such desintegration for Yuin

strong sens (cf.[2J). Inaeecl, leL{an\ be a d.ense set inf andt^]a total sel in f,  such bhat
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rds to 
"itnon-f"ngentialtry. 

Since

l{@(a)ll4M then @ft1 tends sbrcngly to a bounded operato" @(*it) when l tends nontangentially

to."ib. Then che funcfiorr t ---+@(ett) ,. clearl5r strongly rneasurabie and 0bp)(t] = @@it)a

a. e. Even in this case t -o@(utt; i" not necessary norin-measurable, Lhus @("tt) is not

a. boundary function in norm sense.

For a general L2-bounded analytic function @ ft) Aoes not exist a desintegration

for  fhe operator  V@.f f ,  for  exampte, {6 ,F,  @(A) j  is  the evaluat ionfunct ion,  f=  t lz ,T=C

and @Al = a(l), and t --*> @("") is the boundary function (in strong sense)for{$, T,@Qh
- 9

fhen ib resuits [ha-t the::e exists a total set u] in ff such that any fr-rncbion a in H" has a ra-

dial t imit when 7 --* 
"", 

te tJ, whici i  is clearly impossible.

Theorem 3 permils us lo reduce Lhe difficullies iri construclion of boundarv iirnib

to such a bype of obstructions.

THEORtrM 4. Iut l t ,  f ,A6$tte an L2-contracfi ,re analyt ic j luncl ion. Then lhelg

@ f e!q-a bomded a"alytic \t ,9, M (a)? such thaf f can be-t -c-l J --:--

isometl&al1)._grnbedded in H- (6),

and

@tl :a  :  l . z r i :  4 (  A>
' . : t  ' .

C%^)cedo) =- f1(e ' { )  a-  cei t )

where t ---+tul(" i t) is theboundarv {unction of l6r, Trf l(e)3

We can inierpret b ---+ irt(*it) as a br.rundary function of { 6, q @(^>\ (modurlo

the evaluation of f, into u2 rc)1. tr €r-f, then M(l.) -@(7) lq, tno, @(a) has strong boundary

limit on the subspace of constant funcfions in 6 . In general we obtained a desintegration

for V^ by composing the simuilan desintegration of the elemenbs of [, as analytic functions
\v

o" q and of V* a-s a mul[iplication nV X (trf)-vatued strongly measurable and bounded

function t +nr(ei!) on L?( ).

If an L2-boundeAlnalytic ftmction \trf,,@fU{ nasboundary limi.t in the Fatou

(sLrong) sense,then clearly the operator @: D(O) ctfel ,->L2(.9) constructed as in the

Iast part of section 3 is clogable. Ttre conve{qe assertior} seems to be an interesting,lro-

bleme $'hose soiuLion u'e don't know up to nolv.

As we already remarked, Szegii Theorem for an XAf valuecl semi-spectral mea-

sure F consisbs- modulo the above discussions-actua.Lly characterises in ferms of F the

fact tlraL in the LactorizaLion theorem (Thcorem 2) one hasFU: F (or at least @r+Ol.

Let F be an {tgl - valued semi.-specLrai measure onJfand[K, V,IJ] i ts unitary cl i-

lation. Let us pub
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(Arrta, a) :  i . . , l  F " i : t '  
i -L '7 (  ntt14i,4r)

'  A, i -o  o
wherc the inf imum is baken over al l  f inite system do,dL,...  r&n inIsuch that

We have f.t

x
, . . .pr r€6 I ' i

Ln

a =4.
o

(nut a, a)= inr
uo=^ tu7

J "ta'-:)t o1n1ty uk,uj)i
o

( n1q vau,i.nf
do=dra r . . . 7ne€

J ei(k-i)fd
o

z'lt, 
i "'r)r#:", .,4 tuk-v;*'vgp

l l  vu 
E 

&unll"=l[ {t-r,r) vall2 = 6v*ir-pr) va, a)

where

oa

P, is the orthogonal projecLion of.K on V ,tuat6 .r t
I t  resulfs that A[Fiis a pcsit ive operator ont, andwecall i t  the Szego (or pre-

- e::ror) operator of F. l"he name is jusLified because tt F =f is scalar valued,

r,Ti 
/

Ayr- ,F: J t ' -  pol '  uf
whe::e the ilfimum is laken over all analytic polynomial p^ rvhich vanish in origin.- o

Norv we can state the following generaLizaiion of Szego--Komogorov-Krein theorem:

THEORBM 5. Lc-t F be an Y6) - valued semi-spectrai measure anTald Atf 'J i ts

o"our"rro,r-"""o" oo""u*l t,Ji" n"uu ,
(i)[lFl = 0 if and oniy if does not exist, an

"'-!g,,rqga.analy!!c 
function {e, \ @at\

@rn * A such that %< F.

( i i )g A= 0 f ;hereexists an unique rnaximal (in bhe sense of Theorem 2) orrter

= inf
ar.. ,Pne t

t
1,"-!q,,gd"@ Lt, % r@rfrli_"qS.!_ttru! % < F, dim T = dim (48), and

v.

AlF l  =At%J =@e)o0e) "

then%=%, "na
(or a, a, a)- (\LF@,1 e, a) - 

{!,:. n,,J] 
\61 - E 

et *'\5,au 
J|e=

r;r#;!Xgne- 
- 9, nL: Il(va,a,)ros (L ) tt E(q... ltL

H e n c e  t t % " F w e h a v e

@,e>*@,co) : ALF,; < aL FJ.
- Leb now[4{.,Qr^l}n" the ma:imal ouLer function of F given by llneorem 2. Then if

P is'tlre orthogonai pr:ojection of.k onn*6|/i4 we have

0- ?,)? = ?( r- ?, ) = 1-?,

qio-Ot. rt€,9,@ttsl is an
,,

L* -bounded analytic functionanA l€fi ,r@,t^s!t* oufer par;

I
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Therefore

(Ar r :4 ,a . )  =  I l ( l_q)wo l t1 :  I l c_P, )pvo-  i l&=

= Ie-  RP)?v"-  J ia= (  At  b,Ja,o)

j .  e .

A t  rJ :  AL%rr  :  @)r (a>*@r(o>.

.  :  ; : ' t - . . 1
!"t,r,{ ' l \ )t I
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