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I  n  t  r  o  d u c  t  i  o  n :  The in terest  o f  a  funct iona- i

,  label I ing of  a l l  i r r ter twj -n ing d j - la t ions (  1  )  o f  a  g iven contract j -on

A ,  i n te r tw in l , ng  two  con t rac t i ons  T '  and  T  ( i . e .  T ,A  =  AT)  \ {as  1

s t ressed  i n  [ rg ]  ,  r vhe re  such  a  l abe l l i ng ,  i nvo l v ing  ana ly t i c  an< l
' I

non-analy t ic  operator-va luec ' l  funct ions,  v /as nsecl  in .  the s tucty  of

. sonle pure operator theory questl.ons. t, tore recent. iyo in tf  fJ I a

.  funct j .onal  1abe11ing,  by means of  contract ive an;r1 l r t ic  oper ; i tor - -

valuecl funct. ions, vlels shov,rn to play a central ro. le in ai l  elr:ctr lca.i
'  

engineer ing problerr r ,  in  the case when T '  -  T are contract j -ons of

-  c l a s s  C ^ ( i ' t )  (  i n  t h e  s e n . s e  o f  t l 6 ]  "  
C h . I ; i ,  S e c . 3  ) . . l i o - ; r e v e r ,  1 n(J

*
-  t he  cases  T t  =  S  ,  T  -  S ,  where  S  i s  a  Jo rc lan "opera to r  (  on  a  f i u i t e

d inens iona l  space  )  o i  a  un i l a te ra l  sh r f t ,  t h i s  k inc l  o f  l abe l l i ng

was a l ready obta ined by Schur  ( i rnp l ic i te ly ,  for  the nu- iuer ica l  case,

n h j -s  c lass ica l  research on ext rapolat j -on [ ta ] )  anol  ] : ; , '  Ac]a iu jan

Arov  -  K re in  (exp ' l i c i t e l yn  fo r  l he  ope ra to r i a l  case ,  i n  t he i r  l : as i c

research on rrankel operators l t l  ,  l?f ,  
' [3] 

,  AJ ) .:

The general case (considerec't for instance in tf  ; ]  ,  [ f  A] ,  [ :  O]

.  .  ta l  ,  [S]  e tc) ,  4anre ly  arb i - t rar1,  contract ions A. ,  Tr ,  T and arb i ' t ra*

ry  contract ive (  buc not  necessar i ly  s t r ic t ly  contract ive )  in ter t -

win ing d i la t ionsfseens to  have not  beer i  consic lerec l .  The f i rs t  a i r r r
i "  f ^ , .t r  I  j  l f
i r '  i  t .  o f  th is  paper  is  to  fddf  th is  gap by shovr ing that  in  th is .n iostr  !  v  -  - f f -

genera l  case  the re  ez i s t s  a l so  a  l abe11 ing  by  con t rac t i ve  ana ly t i c

operator  va lued funct ions.  This  la l , :e11i .ng rvas suggested, ,by the.

: .  previous papers [6] ,  [g] ,  " [Z]

fn  es tab l i sh ing  th i s  l a .be l l i ng  ( .  i n  Sec ' . 4  be lo i v  )  we  sha l1  esLa -

b l i sh  ano the r ,  new one .  I r l a rne l y 'we  sha } l  show tha t  t he  con t rac t i ve
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wi r i l e ,contract ions suc i r  that  l r  acts  between Lvro su i tab ie spaces

. *
for  n  2 2 ,  f ,  acts  between the c losecl  ranges of  f  *  tor - t  fn . - l' n

' *
T  -  r  ,  |  (  s e e  - q e c . 3 ,  b e l o w  ) .  T h i s  l a b e l ' - ; n g  w a s . i n l : o s e d' n - I  ' n - l  \  v v v  J  - - -

r * f s l : a v e a c o n c r e t e
I I

physical rc,eaning ) and by i ts numerical treatlr ienl " These connec-

t , i ons  w i l l  be 'd i scussed  e l sewhere .  F lowever  i n  Sec ,  5  we  g i ve  an

dpp l i ca t i on  o f  ou r  r csu l t s  t o  the  c lass i f i - ca t i on  < l f  a l l  Ando ' s

isor . le t r ic  c ' l i la t ions of  a  pai r  o f  cor :n iu t ing cot : t ra ic t ions tS]

F ina l l y ,  I e t  us  rena rk  tha t  a t  t h i s  s t : rge  o f  ou r  regearch  the

e>:pJ- ic i te  connect ion of  th is  paper  to .  [ rg ]  is  s t i l l '  an ope,r i  (  and _

seeqi ing ly ,  l ias j -c  )  q i - rest ion .

A l s o . r w e t a k e t h i s o p p o r t u n i t l z l o t ' h a n k o u r c o l ' L ' e a g u e G r ' A r s e n e

fo r  t he  use fu l  c l i scuss ions 'o l1  the  sub jcc t  o f  t h i s  Nc te "

1.  Ia le  shal i  s tar t  by g iv ing the main notat ions ancl  by recal l ing

some bas i c .  f ac t s  conce rn ing  con t rac t i - ve  i n te r tw in ing '  d i l a t i ons .

Let  f {  a .nc l  l { lbe sonie I l i lber t  spaces (1")  anC . lc t  L  (  i i ,  t l ' )  i lenote
, r '

the algebra of .a11 operators f rom i-f to t" l  ;  in case f{=t! ,  f ,  ( l l ' . :  ,  f{)

w i l l  b e  d e n o t e d  s i h r l : 1 y  b y  L ( l f ) ,  F o r  t w o  c o n t r a c t i o n s  T €  L ( l { ) , T ' € L ( f { )

w e  d e n o t e  b y  f  ( T ' ,  T )  t h e  s e t  o f  t h e  A €  L ( H  ,  " t l ' )  
i n t e : : t w i n j - r : E  T .

t

a n d  T ,  i . e .  s u c h  t h a t  T , A  =  A T . ' . L e t  U  €  L ( . K ) ,  U 1 €  t (  K  )  b e  t h e  n i i n i -

n r 4 1  i s . o m e t r i c  d i l a t i o n s  o f  T ,  T ' r e s p e c t i v e l y  ;  f o r  n  =  0 , 1 , 2 , , . , . ,

le t  P* ,  P l  Cenote the or thogonal  pro ject ions of  K,  K '  onton '  n

anC

Hn = [ r , _  
I  .

(  . t  '  o '

l f /
I t t l l

t l {  +  L  . + v ' L

$n=0 )

( n > 1 )  ,

respec t ive ly

u l  t  +  u n - l l

, )
t-l

n

(n=0  )

(n>r )
, '

L+  . . .  +  u
, D - 1
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A l s o  r v e  s e t  P  -  P ,  P '  =  n '  a n io '  o

T r "  =  P r . , U l l f * ,  . I j  =  p j  U t  l f i *  ( n  = ,  A  r L  r Z ,  . . .  r 1  ;r t  r l  n '  n .  n  n
: ,

'  obv ious l y  T^  =  T ,  T :  =  T t  and  U ,  L l '  a re  a l so  m in in la l  i son re t r i c  C i -- c o

l a t i o n s  o f  T n ' , ,  , T i ; ,  r e s p e c t _ i v e l y  (  i {  -  0  r l  1 2 ,  " . . , )  .  f n  t h e  s e c i u e l  A

w i l l -  l : e  a  con t , rac t l on  €  I  (? ' ,T )  .
3  # l r

By a g:nt{gctive intertr 'r lning .cl i lat ioq, respectively l i**ge5tigl

r .  fn le l twig3lg d i la t ion (  shor t ly  denotedin the sequel  by CrD,  resp.

{
r

N  *  P c r D  )  o f  A t w e , ' n e a n  a n  o p e r a t o r  A * €  L (  K ,  K ' ) ,  r c s p .  A i r ; * ( r * . , H * )

such that '  
,

.  ( 1 . 1 )  l l  A _ l l  S  f  ,  A -  €  r ( t i , ,  u )  ,  P , A & ,  =  A P ,

respect ively

( 1 . l ) N  l l  A l ,  l l  s  l ,  A N  € r ( T r i ,  . T N ) ,  
p - ' A i {  =  A ( p  l H ; ) , . , , .

. . T h u s ;  t h e  o p e r a t o r

( r . 2 ) r  A r ,  =  P ;  i r r l f l r ,

n  =  0 ,  l ' ,  2 2  1 . " 1  i f  u  =  -

n  =  0 ,  L ,  2 r  . . " r N  i f  u  = N ,

o

vrhere



( 1.3) n Piorr*, = Ar.(Prrl Hrr*r)

for 0<rr. ( u ; moreover j.n the

(  r . 4 )  A strong 1ir,r A
n- -?  €  t

( g i v e n  b y  ( L . 2 ' ) n . r r  -  0 r L 1 2 , . . . , .

A and the sequences I  An ]  i=6i .of
( 1 . 3 ) n  ( n  =  0 r . 1 r 2 , . . ' . , 1  .

' f i r s t  
c a s e  w e  h a v e

IJ' n _ n '

r l  r t

4

i i  an  n  -  PCTD o f  I t ,  and

aD

I t  i s  a l so  easy  to  ve r i f y  t ha t r .  conve rse l y ,  i f  a . sequence  o f

n  - .  F C I D ' s  A r . ,  ( n = 0  o I , 2 r .  . .  r )  . s a t . i s f i e s  t h e  c o n c i i t i o n s  ( 1 . 3 ) n

( n =  0 , I , 2 r . . . , )  ,  t h e n  t h e  s t r o n g  l i n : i t  i n  ( f  . 4 )  e x i s t s  a n c l  c l e f i n e s

a CID of ,  A.  Therefore vre ean state the fo l lowinE :

R r :  m a r  l<  1.1.  There ex is ts  an one- to-o4e corresponcla.nce

and  ( f  . 4 )  )  be tv ' / een  the  L - I I I ' s  o f

n -PCfD 's  o f  A ,  A_  sa t i s f y ing, n

In order to faci l i tate the expos j - t ion,  v le sha. i l  g ive novr seve-

ral .  useful  facts,  which actual l .y resume the or ig inal  constru.ct ion

o f  a c r D . ( s e e  t t z ] ,  [ r o ] ,  [ r o ] , : F ]  ) . t o r h i s a i m , t e t r , r ,

and .A be as above. !fe. set (3)

( r . s ) { D A T h  +  ( u - r ) r r  :  h € f l }
(oo  +  r )@ Fa

( 1 . 5 ) ' = {noh @

t= (rA@ l.

( u ' - r '  )  ah

, '
) € F ;  .

A

[ ' ;

Loi

l . I .  L e t  T ,  T '

: h e H j

A be as a l :ove.  Then

and

L e m m a and
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r r , 6 )  C ( D . T I  +  ( U - T ) h )  = ( U '  -  T ' ) A h  (  h e H  )
\ r . v ,  v \ s ' \ - ' r  '  r v-  l r

I

defines a contraction g = f,^€ L (F., ' ,  t  ).  Ivlorgellg-j_.B?*i95$fa
i \ '

, ,
1 1  ? \  r r r . \  * r t  n t  l i  l N l 1 1  f l t E I  ) -t , r .  / )  V t r - D ^ t l t  =  , r ^  \ v n  \ . r /  r  ,  ( r '  -  u  ,  l

.  
A  U ' ,  f ]  U A '

.  where R, denotbs the o::thogona-1. proj,ecl i l in.of ,O @ | on-t,o RO '
.

define Or; el!l- ni.
A

P r  o  o  f .  Le t  i , '  and  o  be  thc  ope ra to rs  de f i ned  by

' t  t  a

o b v i o u s l . y  i , ' i s  u n i t a r y  f r o m  L -  t o  t 0 ] @  L  c p n  @ )  L  ;  a l s o ,  t  i s- - - - :  
t -  f |

Fo fo  F i  s ince,  by v i r tue of  t16]  ,  Sec. r r . I ,  v /e  have

':'  
l l D ^ T h  +  ( u - T ) h l l a  = l l D A T h l l 2  +  l l  ( u - T ) h l l 2  :

A

- h l  I  2 = l  l h l  |  2 - l  l A T h l  |  ? " =
"  = l  l T h l  l 2  I  l A T h l  l 2  +  |  l o '1

. = l  l D - h l  l 2 + l  l A h l  |  2 - l  l T ' A h l ' 1 2 = l  l D ^ h l  l 2 + l  l D * r a h l  I  z =
l \ r \ r

= | I Dlh I | 2+ | | (p ' -T , ) JU: | | 2= | | DAh@ (tI , -T ' 1 ah I I 2.

-  t  - t

f o r ' a l l  h€ ' f / .  We  sha l l  cons ide r  i r r  as  ope ra to r  f rom I  t o  ?Ae i ^  L

and we shalL extend o on the whole of  '0O + L,  by set t rng tF=OtOqL

.  T h e n ' C ,  =  i i r u , l F , ,  h e n c e  c ^  i s  a  c o n t r a c t i o n  a n d
A -  

- A  
L  A '  A

'  
*  * r  * ' - *  * -  ? "  *

c :  =  o ) - i , ' ,  C , c . = i  j " t  
' , L , '  

,  D l * = 1 r ' R i i l '  .
A L ' A A L I - \ - ^ L f I L

fI

Tt  fo l lows that
. . :

I  l  o " * I '  I  l  2= tn , ! . r , , r ,  )  = t i i , r+ i i ,  "7 - ' r i '  J  =
eA tA '1
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= l t  I  R{ i "  1 ,1 '  I  I  2=  |  lR i  (op . .@ 111 |  2

A

, (  1 r  e  L ' )

t ly  that  I , i , *  i r  an j -sometr ic operator f rom Da*to Ri .  I f
s

d o @ r i e | i i s o r t h o g o n a 1 t , o . t h e r a n g e . o f l { o L h e n ' ]

t : r , t r t r . '
( t o  ;  . : , 1 ' 1 = ( d o  @  l o r  0  @  1 '  ) = ( d o @ l o ,  I ' I A D . . * 1  ) = 0

. .  - r  - -  - A

, ,( 1  €  r  )

' ' l

w h e n c e  1 ^  =  0 .  B u t ,  b y  ( 1 . 5 ) '
o

(do, noh) = (a;Qro ,  DAh@ (U '  -T ' )  Atr)  =0 (  r r  € H) ,

w h e n c e  d ^ = 0 ,  s i n c e  d - e 0 - .. 9 ( J A

cJ-ude that tr{^ is unitary.
A

.  L  e  m  m  a  I . 2 .  L e t  T ,  T '  a n 9  A

formula

( 1 . 8 )  c ( A l )  ( o o n  +  r  -  P ) l = ( r

esta! :1 ish 'es an one- to-one a. ,  o f

A and al l  con.trac.t ions

( r . 9 )  c  z  o i +  l " - + r l i : ,  c  i  t o  =  c A . .

I loreover the formi: la

( 1 . f 0 ) . X ( A . . | D a , ^  ' ( D , P  +  I  -  P )  | f f  i = D "
. t  L . \ ^ l /  } l  r  . t l

d e f i n e s  a  u n i t a r y  o p s r a t o l  f r o m . D n , n  ,  t e  D ^ .  .'  u t . { \ l  ,  A ;
. r i

P  r  o  o  f .  L € t  A ,  b e  a  I - P C I D  o f  A "
I

Thus c1.@ 1
(J

I

^ '= 0 and consgqu.ent ly  we con-o

ffr
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.  T h o n -  s i n c e  b y  ( 1 . 1 ) . , ,

( r . 1 1 )  |  I  ( r - P ' ) a r i i l l  l 2 = l  l A i h t l  l t - l  l P f l ' r h r l  l "  i i

=  l l A . h . l i 2 - l l A p h ,  I  l 2 < l l h ,  i l 2 - l l A P h , l l 2 ='  ' -  I - - I '  r '  r '  r .

=  i  t r r r l  | 2 . - l  l P h r l  I 2 + l  l P a P h r l  |  2 = l  l  { r - P ) } r . r l  | 2 - r

+  l l D - p t r ,  l 1 2 ' =  l l  ( D , F  +  r  -  P ) h . l 1 2  ( h ,  6  H ' r ) ,
.  

- .  
A  I "  A  r  L  r  -

we i 'n fer  that  i r td ied the formula (1.8)  def ines a contract . ion
t .'  

C=C(A , )  f ron r  0 .  +  I -  t o  L  -  ( I -P )  f i , .  I r l o reove r ,  s i nce.  
I .  A  I

( D A P  { ' .  I  P ) T l h  =  D o T h  +  ' ( U - T ) h  ( h 6 1 - 1 1 ' ,

we have a lso

i . e .  C I F -  =  C , .  A l s o ,  f r o m
. A A

A ,  =  p r A ,  +  ( I - p r ) A ,  = ' A p l l I ,  +  ( I - P r ) A . , '
I I I l - I

we obtain

( r . i 2 )  A . = ( A P  +  c ( D - P  +  r  -  P )  ) 1 H , .
. I A I

This- formul'a shows that A., is uniquely- cleterminecl by g=g (A1 ) .
I I

Let  novr  C be any contract j -on enjoy i .ng the proper t ies (1.9)  and le t

A 1  €  L ( H f  )  b e  d e f i n e d  b y  ( I . 1 2 ) .  T h e n ,  t h e  r e l a t i - o n  P ' a r = a r l l / ,  i s

plairr ancl t lrerefore

o ;
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t { A , h = T { P ' A . r h r  -  r { A P h r = T ' A P h ' , +  ( u '  - T '  ) A P h r =^  l - - I - i  -  ]  r  l -  -  I - -  - - r  r

= T ' A p l r + c A { ) A T  +  I l  - T ) P h t -  A T P h t + c a ( o r r  +  u -

-  T )  P i r .  = A T P h .  + C  ( D ^ T + U - T )  P h . '  = 6 p 1 ' 1  P h l  + C ' r . " r P ' r -  P h . t  *- , - - - I  - - -  
I  A  I  . t -  I  i t  r  I

+  ( I - P ) T r ) h 1 = ( A P + C ( D A P + r - F )  ) T t h r = A r T r h ' ,

'  
i . e .  A t  €  r ( T i ,  T 1 ) .  ' l u l o r e o v e r r : f r o m  ( r " 1 2 )  w e ' i n f e r

(  h r  €  i i .  )  ,

( 1 . r 3 )  l l h r l l . 2 - l

- l l c { D - P
A

1 1  r ^  r t 2 -  t t l  l l 2 - i l n p ] .  l l 2 -
f l l i l l l  |  -  |  l J r l l  |  |  r ; $ f r l r  I

r - P l h .  I  l  2 = l  l r ^ ( n . P + t - - ' ) h ,  I  l  2' L \ - l { l -

I

+ , (  h :  ( , 1 1 ) .

This  shows that  A '  is  a  contract ion.  I rJe have thus
I

ve r i f i ec l  t ha t  A ,  en joys  t l : e  p rope r t i es  (1 .1 )  t .  The  l as t  s ta ten ren t

o f  t he  l en r . ra  fo l1ows  now rbad i l y  f ron t  (1 ,13 )  .

R  e  m d r  r  k  l . z . 'The  bas i c  ex i s tence  theo ren r -  f i i f  '  [ t {  f o r  a

c I D  A -  o f  a  c o n t r a c t i o 4  A  €  I ( T "  T ) ,  w h e r €  T "  T ' a r e  a s  a J : Q V e ,

fo l lows f rom the pre ied ing lemmas by the fo l lowing s i rnp le rec l r . r renL

cons t ruc t i on

Set  Ao = A ancl  set  CI  = CAQI vrhere Q,  denote the or t i r<)gotra l

pro ject ionof  . ta  *L onto Eo .  Def ine A,  as.  the I  -  PCID suc l :  that
tto tto 

| ,

C(Af )  =  C l .  Repea t , t he  some p receCure  rq i t h  A I .U I  and  U  I  i n  t he ' ro . l e

o f  Ao ,  L  and  l - ' and .ob ta i . n  A2 r  and  so  on .  f r i na l i y  one  bb ta " i -ns  e

sequence iAr, ] .  i=o of  n -  PcrD's 'A* of

( I . 3 ) n  ( n = 0 ,  I , 2  ; . . . )  a n d  c o n s e q u e n t l y

R e m a r k  I . 1 .

2 .  L e t  T ,  T '  a n d  A ,  l l A l  l <  I ,  b e  a s  i n  s e c . l .  L e t  m o r e o v e r

A . ,  k ,e  an  N-PCID  o f  A  and  A -  be  the  ope ra to r  de f i nec l  by  ( f  . 2 )n
N T I

, o . O '

( n = 1  , 2 r . . . r , N - l ) .  F r o m  l . e r u i l d  I , ) 2  i t  f O l l O v r s . r e i c l i t l z  t h a t  A *  i s  u n i -

-  - N
que ly  de te rm inec l ,  and  a l so  un ique ly  de te rm ines ' .  i i  s t r j - nE iCn) r r=1

o f  U '  
n - 1  L ' -  v a l u e d  c o n t r c l c t j - o n s  C ^  ( : : = ! , 2  , . .  I " l - 1 1  , n a r n r c l . y  t h e  s t r i n g

A  s a t l s f y i n g  t h e  c o n d i t i o n s .

a CfD A-  of  A,  bY v: - r tue of
@
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tc (An) ]  i l=r .  However,  the def in i t ion of  the str ing {c iAn )  }  n=1
exp l ic i te ly  invo lves ,  bes ides  the  cpera tors  U,  U '  ( i .e .  the  mi -

- imaL i . somet r ic  d i la t ions  o f  T ,  Tr  r ' respec t ive ly )  and A,  a lso
t l

t he  ope ra t6 rs  A1  r . . . 1 i \ . , r - . , .  I n  o rde r  t o  ge t  r j - r l  o f  t h .e  exp l i c i t e
L ,

r e f e r e n c e  ! o  A I r . . . r \ - I  i n  t h e  c h a r a c t e r i z a i i o n  o f  A *  b y  a  s t r i n g

o f  u r  r r - 1 1 ' -  v i l u e a  c o n i r a c t i o n  c r ,  ( n = r r  2 ,  " . .  r N )  ,  w e  f l r s t l y  i n t r o -

duce the fol lowing : l

( w h e r e  u  =  I t 2 r . . . r €

ope::ators

.(  2 .  1)  C,,  :0rr_,  +

n  2 . I .  A  s t r ing  or  a  sequence {Cr }  la r rou

;  in  th is  las t  case l re  sha l l  sc t  u  -  I  =  - )  o f

U t i - t L , +  U r  
n - 1 t r

{  lSn (u )

is  ca l led A-cascadej  1 i - f  each Cr ,  ( lSn (u)  is  a  contract ion,

(

( 2 - 2 )  0  = P - .  0  = f l -  (  l s n c u - I ) '( 2 . 2 )  0  o = D  A ,  D  n = 0  C n

( 2  . 3 1 t  C t  I  F o = C o

'  '  ( 2 . 3 ' )  z cz  (Dc r  (oop t r+  (u - r1h )+u l1 )=u rc l  (DAh+ l r )

o  d  f  : i  n  i  t  i  o

( j - n  g a s e  . u ) 2 ) ,  a n d, . }

3 ) r '  t r r t o a r r - ,  ( o a r , - ,  ( ' ' '  l D c l  ( D A T h  +

+  u l z ) . . . ) +  u n - 2 l r r - t )

f o r  a t I  3 3 n ( u  ( i n  c l s e  u ) 3 ) .

In  the next  two lemmas,  [Crr ]  I6n(u wi l l  be any f ixed.  A-cascaoe

str ing or  sequencei  a lso t i . .  =pa" .=-Orr(0<n<u)  wi l l  have the sarne

mean ing  as  i n  t he  p reced ing  de f i n i t i on .

ô

( z

( h  € i l r 1 1 r . . " r l n - l  €  t )



1 0

'L e m m a' .2,L. Ibtre,gf ipts_grgnieue gtq:! .ng (or seguqnc*.,

,rgj;pectiv_qU)' tyn] rs,r.au€_iegsglrig spglglsgg

( 2 " 4 )  Y -  z  0 ^ _ ,  *  D *  (  " t S n ( u  )n  n - I  ' n

such that

(2  .51-  y . '  Doh=D"  (DaTh+ (U- r )  h )  (  h  €  - f ,  )  ,. L  
I  A  U l  A

. I

an4'(1f  u)2 )

- 1( )  c l  v  r  
n - ?  -  ' n

\ a e . * , . r n  * - D r -  ( d + U "  - 1 ) = D .  ( Y - _ . , C + U "  ̂ 1 )  ( d 6 t * . , r r 1 e l )
l l  r l t t t_ I  rn n-r.  4- z

&r eU n,  -25n(u. .

P  r  o  o  f .  W e  h a v e ,  b y  ( 2 . 3 ) 1 ,

I  l D A h l  l 2 = l  l T h l  l 2 - l  l A r h l  l 2 + l  l D T h l  l 1 -

I  l o * , A h l  l 2 = l  l D o T h + ( U - T l h l  l 2 -

r -  -  l l U ' - T ' ) A h l l 2 = l l u o r f r  +  ( U - T ) h l f  2 -

J  l cA . (DATh+(u - r )h l  i  2= l ' l oa ,  (oo r r r+ {p - r )h l  I  2  (h '€  l { ) ,

t hus ,  i ndeed ,  (? .5 ) f  de f i nes  an  i somet r j - c  ope ra to r  f rom ?o=0O to

D I=On .  VJe  assume now tha t  (2 .5 ) *  ( f o r  n=m- l ,  2Sm(u )  c le f i nes  an'  - l  r l

j .sometr ic  operator .Y*_1r  obv ious ly  in  a unique manner .  Then the

d e f i n i t i o n : ( r . 3 ) m  c a n  b e  w r i t t e n  u n d e r  t h e  f o r m

cm(Ym-rd+un-11)=u,cm-. '  {d+um-21)  (ae0 - ,  , .  \  e  L l  i

consequent ly  we have



-  1 ' t

5  n - 1

|  |  o . , .  (d+un-zr)  I  I  2= l  I  c l+ut t t - '11 I  2-

"m- L

I  l c m - ,  ( d + u m : 2 t l  |  2 = l  I  d l

I  tu ,cm-,  ta+um- l1) . t  I  ?= |

,  
1a* (Yn_rd+u* -11 )  

|  1e=1

I  l c m ( Y m - l d . + u m - 1 1 )  |  l 2 = l

l  2 + l  l u m - z i l  l  2 -

l Y .  . c 1 l  l 2 + l  l u m - I l l  l ' - -
m - l

l Y  . d + u m - r t l l 'nl- r

I  D. ,  (Yo-  r  d+U*-r  1 l  |  ")-m

(  d e  D * _ , 2 ,  t r € t  ) .

These re lat ions

ls'ometric operator

show tha tn  i ndeed ,  (2 .5 ) *  de f i nes  t l l e  sea rched

Y-. Thus lfre lemma is provecl by ::ecurrence .
m

R  e  m  a  r  k  2 . L .  B y  v i r t u e  o f  L e m m a  2 . L ,  i t  i s ' e a s y  t o  i n f e r

tha t  t he  de f i n i t j - ons  (2 .3 ) -  ( f o r  2S f i (u )  can  be  wr i t t en  under  the
I I

bompact form

h -  1  n - )
( 2 . 6 )  

n  c n  ( Y n - l d + u "  * 1 )  = u ' C r r - 1  ( d + u "  - f  
) ( d a ,  - 2 '  1 € [  )

'  .  A lso .Let  us not icb

( 2 . 7 )  
n  

g n c l n - ] + U n - l L ,

(  1 3 n ( u : - 1 ) '  a n d  D  o C  H .  '

Now le t  us.  consi rLer

B y  ( 2  . 7 )  n  
( 2 S n ( u  ) . ,  w e  c a n

that

ft . t-l
t / -  r s  l l . ^

r t  t l

any isometr ic

attach to X

operator X:?r+f i i  ,

tbe str ing (or sequencei

[X- ]  ,  1_, - .  o f  ur i i tary  operators- n- rsn<.u

( 2 . 8 )

by f,olLawing recurrent manner 3

( 2 . 9 )  R  1 =  R a n g e  ( X )  + U l

xrr :0rr+unl  + Rn = Range (Xn) (  ISn(u )

c
(2 .  ro  )  r ,  x '  l un l  =  run l



(.1<n(u ) ,

( 2 . 1 1 ) ,  X ,  1 0 , = X
I I I

and ,  i n  case  : v )2 ,

L 2 :

( 2 .  1 t  )  n  X r , l 0 r r = X r r - t l ? r ,

(2<n (u ) .  Th i s  sequence  w i l l  be  improper l y  ca l l ed  the  IC r r ] . r= r rau -

ex tens ion  o f  X .

Let  moreover  A1 be the I -PCID of  A such
L

L e f i u n a  L . z ]  a n r l  l e t f X  ] -  h e  t h e  f C  1 -r  r v g  L " n '  1 3 n ( u  
v v  t - n '  l s n ( u

then  by  v i r t -ue  o f  (2 .  r ) '  and  (2 .8 )  C i=Crr+ t  Xn

o o  f .  I t ,  i s  P1a in

t h a t  C  ( A ,  ) = C ,  ( s e e-  
I '  I

extens ion  o f  x  (A ,  )  ;
0

€  L ( l t r . , r u " ' l  
' )  

{ l < n < u - r ) .

For convenience, the str j -ng (or sequence) tc i ]  l<n(u. ,  
' r i1-1 be calLed

the reduced st r ing (or  seguence) of  [Crr ]  ISn(u 
(here p la in lY one

assumes that,  v)2). .

m m a 2.2,  The Seduced st l ing (9r sequence) i l  Al-caFggqe*:-

tha t  Cf i  ( ISn(u)  a re contractions from
I

0rr_lTxrr0- ( trSn(u )

L e

P T

nt i.

0'  n- t*ut  
t  (ut  )  .  to u 'n-1 ,u '  L i )  , , l .here ,  L=,  o,  and

Moreover,  s ince ClXrr=Crr*,  ( ISn(u-I)  ,  we have

xtrci *cfiXn=crr+ 
lcn+ I '

whence

( l S n ( u - I )  .  S i n c e ,  b y  ( 2  . I I )  2 ,  
( 2 .  f  )  ,

( 1 . I 0 ) ,  w e  h a v e

( 2 . 1 I ) l  r i u : c l( 2 . 2 1  , ( 2 .  r b  )  1 ,



1 ?
* J

t- . . t ^ . v n
U L=/ \2u  2a  

l lTU 
2c

= D^ +Ul  =  D^  +  t IL
d t  L / .

I

and.  s ince  ( i f  u>3 and 2Sn(u . -11

(2  .L2)  , ,  and (2  .  I  )

Di=xrr* ron+ t=Xnon+ I

= (Dc."  Rr l=o 
" t  

l.  - l1 r i .  
"n

have, by

+UL=

' 2 . 1 1 ) n + t , { 2 . 2 )we

the.  re lat , ions

t,r i +l^ 
" 

' f l  |w J u t l  v ,  v * ,
I I

v i r t u e  o f  ( 2 .

.  ( 2 . L )  a n d  ( 2  " 2 ;
,

and  I  rep laced

1 0 ) ,  a n d  ( 1 . r 0 ) ,
I

(o f  course

A l s o ,  b y

( 2 . r 3 )  L  c i  (Da r  ( h+1 r )+u l2 )=cZx i l  (DAr  ( h+ t r )+u l2 )=

= c2 (x; lDAt (h+1r ) +u12.) =c2 (Dcr (ourr+t,  )  +ut,  )

( h € H '  r t ,  l - 2 e L )

o

= *r'ar.* 
rTxrr@c,, r 

(tn+unl ) ) =

are  sa t i s f i ed

l - ' r r  t i  -  I  f i , :p J  I .  V i f i t.  t r

we have

f

l n r z  { l t 1' - n ' l S n ( u

uf andl t l '  L') "



w h e r e  w e  u s e d  i n  o r d e r  t h e  r e l a t i o n s  ( 2 . 1 0 ) n r ( i , 1 . . 2 ) r _ 1 , ( 2 . 1 1 ) , . . , ,

( 2 . L 0 ) n _ r , . . .  t  ( 2 . t 0 ) 2 ,  { 2 . L 2 )  L ,  Q . t L } 2 '  ( 2 . r C ) r ,  ( 2 . 1 r ) r  a n d

( f  . f 0 ) .  N g * ,  f r o m  ( 2 . 1 3 )  
t ,  

( 2 . 3 ) ,  a r i d  ( 1 . 8 )  ,  , h e  i n f e r

t f rus i  C i  sa t is f ies  (2 .3 ) ,  (o f  course  w i th  Fo  anc l  Cu rep laced by

F O ,  a n d  ' C O -  
)  .  A l s o ,  ( i n  c a s e  u ) 3 )  f r o m  ( 2 . 1 3 )  

Z ,  
( 2 . 3 ) ^ a n C  ( 2 .  f  3 )

" r  "1
we in fer

I 4

(Dc  (DAh+ l ,  )+u l r )+u213)  .  . .  )+un ln+ r ) t r  a  l l  I  a( h  €  H , l l . . . l r n . r e l )  ,

( h 6 t / , i - , i . l € L ) .

t hus  C j , ,  C i  sa t i s f y  (2 .3 )  
2  @f  cou rse  wr th  A  and  L ,L t  rep laced  by

,
A t  and  UL  ,  l J ' L '  r espec t i ve l y ) .  F ina l l y r i i  a  s im i l a r  way ,  one  ve r i -

f i e s  t h a t  ( i n  c a s e  u ) 4 ) ,  b y  v j - r t u e  o f  ( 2 . 1 3 ) n ,  ( 2 " 3 ) n + ,  a n d .  ( 2 , { 3 ) ' , , * l

t he  s t r i ng  { c , l }  rE r ,< r - r  sa t i s f i es  the  re ]a t i ons  (2  "  3 }  r r f o r  a l r  n ,

3  <n  ,4 r - l  ( o f  cou . r se ' ,  aga in  w i th  A r  l  ,  [ '  r ep laced  by  A r  U l  r  
'U ,  L  ' ]  . "  '

Th is  f in ishes the proof  o f  the lemma. '

L  e m m a 2.3.  Let  A,  bg an L-_PCIP*gi_4,  Any A. ,  -casqade qt r ing

(or  sequenie)  tC: ]  r (nzrr_. , is  the reduced s lF lnCJ .? l  {_uniqusJ-y-  i {e t ,er : *
I I I > I l \ U - I _ _ - : : -

mined A-cascadd stri lg..-(:L_ggglgnge) q.€. Sontra"t*"s [Cr,] t"n", .



1 5

- P  r  o  o  f .  I f  t h e  s t r i n g  ( o r  s e q u e n c ^ \ / n r ?= r  t - n J  r . { n

duced.  s t r ing (or  sequence)  of  {cnJ r i  n<t t t  the l  th is

be defined i.n +-he fol. l .owinf manne.r '  :  First ly

( 2 . r 4 )  r  c r = .  c ( A 1 )  r x , | 0 a r = X ( A 1 )  ' X r i U L = r r u l

I

( thus  0^  C H.  and X '  i s
u r -  I  r

I

secondly

a un i ta ry  opera lo r  f rom tC '+Ul  to  Or=Cor+Ul ) ,
I I

. i .s the re-(v- r

l -ast  one must

\ 2 " t r , r [ - :

( zsn<u ) .

by inducti-on, even more, namely that

( 2 . I 5 ) n

. t6 )n o.rf t"

and that  X '  i ls  un i tary  ( for  2Sn(u)  ( for  n=2,  the last  two state-

m e . n t s  a r e ,  b y  v i r t u e  o f  ( 2 . 1 6 ) I ,  o b v i o u s l y  t r u e ) .  W e , s t a r t  b y  n o t i -

c i ng  tha t  i f  f o r  some n r2Sn(u  ,  t he  f i r s t  re la t i on  Q .J -4 ) r ,  makes

sense and if  Xrr- l  is unitary then., by the same argument as in the

p roo f  o f  Lemma 2 . .2 ,  we  i n ie r  t he  va l i d i t y  o f  (2 . i 2 )n - t ,  whence  tha t

o f  ( 2 J 5 ) n .  T h r - r s , - b y  v i r t u e  o f  ( 2 . 1 4 )  
I ,  

( 2 . L 5 )  
2  i s  a l s o  v a l i d '  

" ?

that  we have 
"ooi r "aud 

the f i rs t  induct ion s tep.  In  case u)3,  we

I ' >

d f  1 7t n - l  ^ n - 1

(drr+un1) =xn-rdn+un1

(2<n(u) ,  where  X '  i s  v iewed as

0r  ) -  +  un l .  These de f in i t ions
-n

rent ly

xr.- l'crrc 'arr- 
,

Howeverr  w€ shal l  prove,

' n  - f l
t  v a  -  v a t

I I - I  U  U 'n  n - r

operator from 0..
*n

a re  cons i s ten t  i f

(drr€?cr,  '  16[  )

+u t lL  to  R  - ( x' ' n  
) "n -  I

they imply recur-



i .6

can therefore assume that the statements are alvrays v.ai id for  n- l ,

n  h . . i n n  r i v a ' r ,  2 S n ( u  .  T h e n ,  b e  v i r t u e  o f  ( 2 " 1 5 ) *  ,  a r t c l  t h e  f a c t. .  / l ' * . 4 : ,

i l _  I

tha t  [C i ]  f  < r ,a r . . f  i s  Ar -cascac le ,  the  f  i r s t  re ia t ion  {Z  .  t4 )  ̂  makesn
s e n s e  ;  t h u s ,  b y  v i r t u e  o . f ,  t h e  g b o v e  d i s c u s s i o n  o n  ( 2 . 1 5 ) r ) ' ,  w e  i n f e r

tha t  th is  re la t ion  is  va l id "  There fore ,  us i r rq  once aga in  the  fa .c t

that {c, i} r=,-,.u-r
rre obtai-n that X

l s  A r -  c a s c a d . e r . f r o i a  t h e  s e i o : r . - l  r e l a t i o n . s  ( 2 . 1 4 ) , ,

*  i s  u n i t a r y ,  v r h i l e  f r o n n  t h e  s e c o n d ' s s f 4 l - i n n  ( )  t d \
n  

- - - - J  '  - ' - - - : = '  e v v v l l q  r = r q u f v l l  \ & . J " l  / n -

A r ( A ; C r )  =  A t

L e n u n a  1 . 2 )  d u c h  t h a . t  C ( A , )
!

a n d  ( 2 . 1 6 ) n - r  w e  o b t a i n  ( 2 . 1 6 ) r r . . T h u s  t h e  n t h  i n d u c t i v e  s t e p  i s

- .  conrp leted and consequent ly  the s t r . ing (o: :  sequence)  icn] lSn(u j .s

cons i s ten t l y  de . f i nec l .  By  th i s  ve ry  de f i n i t i on ,  i t  i s  p Ia i1  the i t

{ C ' i  , * r , a ,  s a t i s f i e . s  t h e  c o n d i t i o n s  ( 2 . 1 )  ,  ( 2 . . 2 )  a n d  ( 2 . 3 )  r  .  N o w  v ; e

'  c a n  e s L a b l j - s h ,  a s  i n  t h e  p r o o f  o f  L e n r n a  2 . 2  ,  t h e  r e l a t i o n s  ( 2 . 1 3 )  *
( i S n ( u - t )  d n d  s u b s e q u e n t r y  i n f e r  t h e  r e l a t i o n s  ( 2 . 3 ) n  ( 2 s n ( u )  f o r '

t t -

{Crr }  t= ' ,au { rom th.e fact  t } ra t  {Cr l }  t=r .au ,  be ing Ar-cascacler  sat ls : f ies

(2  .3 ) r ,  (  r sn (u - r  ;  o f  cou rse  w i t i r  A ,  L  anc l  L '  , . p ru "ua  by  A . ,  ,  r J ,  L ,  ,

r espec t i ve l y )  .  f n  t h i s  manner  we  conc luc le  tha t  { cn } . I<n (u  i s  A -caccace .

.Actual ly ,  the proof  o f  the lenma is  norv completec l .

I ' t re  can,  a t tc l -  s i ra l l r .now def ine a mapping f rom A-cascade s.Lr ings l

t o  P c r D t s  o f  A ,  f o r  a n y  c o n t r a c t i o n s  T ,  T r  a n c l  A € r ( T .  ,  T ' ) .  l J a m e l y ,

' f o r  g l v e n  T ,  T '  
' ,  

A ,  N = l i 2 , , . . ,  a n t r  A - c a s c a c r e  s t r i n g  t i r . r ] i l = 1  ( o f

l e n g t h  l { )  w e  s h a l l  c l e f i l e  a n  N - P C r D  r \ * ( A ; C r  , . . . , e N )  b y  t h e  f o l l , o w i n g .

reeurr:ent fdrmula

( 2 . 1 7 ) 1

where A,  is

and

dl.  r-PcrD (yietded lry C 1  t
L

( 2 " r 7 ) N  
\ ( a r  C t  , . o . , c l l ) r \ _ r ( A r ; C {  - , . . . ,  c f i - : . )

hI-  I
where tC; ] ;= i  is  the reducecl  s t r i : i .g  of

one .  s l r .ou ld wr i te  11 (n i  T ,  ,  T;  U '  ,  L I  i

l r

{c. , }  i . ,==,  (w=2 ,3 ,  .  ,  .J

C l  , , . . ,  C m )  i n s t e a c l

.  (Ac t r i a l l y ,

m F

)\ o ( a ;  C t  , . . .  C n )



\  ( A ; r '  T ; U : , U ; C I  ,  .  . ,  , C * )  = A * _ f  ( A f  ; T i  r T 1 ; U  j U  ; C 1 , . .  , C r i _ r )  .

&.:  the notat ions wi th  these prec isenesses)  .
s  

r v v r r v u e e u  /  .

T h e  c o n s j - s t e n c e  o f  t h e  d e f j - n i t i o n s  ( 2 . 1 7 ) N  ( N = 2 r 3 , . " . , )  i s  a

T 7 :

s lnce thLs operator  deSrends a lso

tions ot '  the isbrnetri-c di lat ions

(2 . I7 ) ^ ,  be  shou ld  r , r r j ' c ten ' r - ; nde r
l\

di rect  cbnsequence of  Lemma 2.2 and the

a n  I - P C I D  o f  A  i s  a n  N - p C I D  o f  A .  A l s o

mer i t  i t  fo l lows t i ra t

on T,  T.  and the concrete construe-

r r  t T t  ^ t  r n  mu ,  \ r  (JJ -  L  ,  + ,  respec . t i ve ly ;  t l tus

tlr" form'

f a c t  t h a t  a n y  ( N * I ) * p C r D  o f

by  an  obv i .ous  induc t ive  arc r r r -.  t v

( 2 . 1 9 ) . _
. l \

establ i -shes

{c , r i f ;=1- l  \  (A ;c r ,  .  .  . , c * )

( 2 . 1 8 ) N  } r i l _ r A N 1 a ; c r , . . .  t c * ) = A * _ i  ( A ; c r , .  .  " , c N _ r )  ( r * _ t l l r N )

( I r l = 2 , 3 , - . . r ) ,  i . e .  A N ( A ; C 1 , . . . , C N )  i s  a n  I - p C r D  o f  
\ _ r ( A ; C r , . . . C 5 _ i i .

P r o p o s i

fixed.._lb9_Igppilg

t  i  o  n  2 . L .  F g . I  N = l  s 2 2 . , . 1 a n d  T ,  I , ,  A  € f  ( f  r r f ;

an one- to-one c_orrespondencc between the A-cascacle

s t r i ngs  (o f Ien th li ) and t h e  N - P C f D ' s  o f  A "

'  P r  o  o f .  For  .N=1,  the s tatement  in  the proposi t ion reduces to

the '  f i r s t  s ta temen t  i n  Lemma 7 ,2 .  The re fo re  we  assume tha t -  t he  s ta -

tement  is  a lso t rue for  N=m*I> l , .  Let  moreover A* be an  m-PCfD o f  A

a n d  1 e t  A ,  b e  t h e  t - p C r D  o f ,  A  d e f i n e d  b y  ( 1 . 2 ) . ,  ( w i t h . u * r n ) .  T h e n ,

A* . t s  an  (m- r ) -Pc rD  o f  Ay  thus  by  the  i nduc t i ve  assunrp t i on ,  t he re

exis ts  a uniquely  , t le termined Ar-cascactre s t r j .ng fc ; f  i l ; i  such , thaL.  .
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( 2 . 2 0 \'  ' m A * = A * _ ,  ( A ;  f : i , . . .  r C r t n _ l )  .

By v l r tue of  Lemnier  2.3 ;  there.  ex is ts  a unique A-cascade st r ing

{cn}X=, such that{c;}f l i  is !h.. .  (Ar-cascade) : :educed srr ing of

tcr r )  [=1;  rnoreover  (see, ]  t ,  .  ,n  )  ,  )  c r=c (A1)  ;  Therefore , f ron (z  .20)  m
and  (2 . I7 ) ^  we  in fe r  t ha t  A*  i - s  o f  t he .  f o rm

A = Am
( A ; C ,  ,  C Z r . . .  r C * ) ,

where  fC  l  
m  

-  i s  . t - ho  ahn r r r

This '  f in ishes the proof  o f  the propc,s i t ion.

L e m m a 2.4 ,  I { i t h in  the  f rame o f  p ro s i t i o n  2  " L we have

( 2  . 2 L )  _ .
l\

where

f  l D A N h  l = l l ' o a *  o a * - r " '  o a ,  D A h l l  (  n  G  I t  ) ,

h t l

f .

n

ir

D n h
ttl.

\=A*  
(A ;  CI ,  C2,  . .  . ,CN)  and {cn}  f ;=1  is  an  A-casca{e_.g t r ing .

f  .  The re la t ion (2.2I )  1  fo l lows d i rect ly  f ronr  LemrnaI

r e l a t i o n  ( 2 . 2 1 ) N t r u e  f o r  N = m - l > O .  T h e n  f r o m  ( 2 . 1 ? ) m

l  l D o * h l  l = l  l o o ; - r h l  l = ' ' o . ; - r ' . . o . i

where  A ,  - -Am - r

( 1 . 2 ) ,  ( w i t h

by v i r tue of

P r o o

L . 2 . j

Let the

we infer

( 2 . 2 2 )

m-r (Ar ;  Qi  '

u=m)  .and

Lemma I .2

" " f c,i.,-t ) '

rc{r f=l is
we ira.ve

A ' '  i s  t he  1 -PCfD  o f  A
I

the reduced st , r inq of

(h e f { )

def ined by

tc,r) [-n.But n

X ( A i  ) t r ^  D , h* t r
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is thei f
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? ^  f  l \t c r rJ l=11 ex tens ion  o f  X(Af  ) ,  we"o l ) ta in

oari- l '  '  'oaioorn = oart-r '  " 'oai"rocroAh =

=  X n _ r D a .  D . . -  .  . . D r -  D r , h
' r  *  - N  - N - l  - l  r i

w h e r e  w e  u s e d ,  i n  o r d e r ,  t h e  r e l a t i o n  ( 2 , 1 1 ) 1 ,  ( 2 . ' t 2 ) L t  e . l . t ) 2 , . . . ,

( 2  '  r r ) r . , - r  ,  ( 2 . r 2 ) N - r .  s i n c e  X u - : .  i s  u n i t a r y ,  f i : o m  ( 2 . 2 2 )  i t  f o l l o w s

tha t  (2 .2L)* . i s  a lso  va l - id .  Th is  comple tes  + ;he  proc f  .

= oart_r. '  o"i*rDcrDcroun=orrl,-r 
:o.i*t

oaroaroon=' '  :=oar , i - rx ' -zDc*- r ' ' 'oaroon

( h  6  f { ) ,

t  i  o  n  2 .2 .  The  mapp i ; : g

F >  A -  ( A ;  C I ,  C 2 ,  . .  . . ,  )  = s t r o n g  l i r n  \  
( t i C 1 a  ' c N )  p t r I

establ ishes an one- to-one correspondence between A * c a s c a d e

P " r  o  p  o  s  i

( 2  , ? , 5 )  
'  

{ c n } ; = 1

all t ire

Sgquences .and a l l  the CfD,rs  of  A.  l ' {oreover  A_=A'
@ Q O

( A ; C y C 2 r

isome.t ly i f  a|g gnU.i f

. . " )  i l  a n

( 2  " 2 4 J

P r o

from Remarii

the secorrd,

( 2 . 2 5 j

where

. D , , ,  D , h l l  - +  0
\ . r  f l

I I\-}6

'  ' o : *o .N- l (  h ( f { )  .

o  f .  The f i rs t  sLatement  of  proposi - t ion for lows at  once

1 . 1 ,  P r o p o s i t j - o n  2 , L  a n c l  ( 2 . 1 8 ) N  ( N = 2 , 3 " , . . r ) .  C o n c e r n i n g

we  remark  tha t  (2 .24 j  ,  ho lds  i f  and  on l y  i f

l l o -  h l l  +  0
\ N-r-

(  h  6 ' H ) ,

A , o = \ ( a t  c 1 , . . . . , c * ) ( N = 1 r 2 r " . . r ) .
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From the f irst statement ,-* fol lows that

=  I i n r i  l D , .  l ^ l  l 2
N+- 'h

and  consequen t l y  (2 .25 )  . (o r  equ iva len t l y  (2 .24 )  )  ho ld , s  . j . f  a r r c l  on l . y

i f  Po  l l {=0 ,  t ha !  - i s  i f ,  A * l l {  i s  i somet r i c .  Thus  i t  r ema ins  o r i l y  t o. r u

prove that  t i re  l -ast  proper ty  impl i -es that  A*  is  isometr ic .  Or ,  s inc:

A6 t i  =  U 'A -  i t .  f o l l ows  a t  once  tha t  a * t t f i t  i s . t somet r i c  f o r  a l l
@

-  
n=0  ,  l ,  2  1  .  . ' . - 1  i  i n  i t s  -  t u rn ,  t h i s  j -m ; : l i es  tha t

I  l D o  h l  l 2 = l  l h l  l 2 * l  l A - h l  l 2 = l  l h l  l " - * i T  I  i A ^ h l  l 2 =

( n  = 0 r I , 2 , . . . u l  .i -  D -  l U n , { = O
A

o

-  ' S i n c e  t h e  s p a c e s  t i n l { ( n = g r l r 2 , . . . r )  s p a n  K ,  v r e  c o n c l u d e  t } r a t

D .  = 0 ,  i : e .  A  ' i s  i s o m e t r i c .
A ' 6

@

.  3 .  P r o p o s i t i o n  2 . L  a n d  2 . 2  r e d . u c e  t h e  s t u d y  o f  a l l  P C T D ' s

a n d  C I D |  s  o f  a n  A € .  I ( T ' r T )  ( w h e r e  T ,  T ' a i r d  A  a r e  s o m e  g i v e n  c o n t r a c *

t ions)  to  that  o f  the A-cascade st r ings and sequences.  However  an

A-cascade st r ing or  seql . rence is  a  rather  involved concept .  Ther :efo-

- re v;e shall  sirow that the stud.y can be actual,Iy confined to niore

t rausparen t  concepLs r ' one  o f  wh . t ch  i s  de f i ned  i n  the  fo l l ow ing .

D e  f  i l  i  t i  o n  3 . 1 . . A s t . r i n g  ( o r  s e q u e n c e ) { f ; } 1 S h ( u  o f "

operators wil l  be caIled an A-c.bojlge jstr ing (o{-,sgq}e,nce)if  eacl"r
t

f r r ( Isn(u)  i . s  a  cont rac t ion .ac t ing  f rom R,  to  Ro ( i f  n= l )  anc l  f rom

.  D r  t o  D r *  ( i f  n > 2 ) .  ( T h u s  i f  { r - } I - '  i s  a n  A - c h o i c e  s t : : i n g ,  t h e n. n _ I  . n _ 1  n - 1 1 = t

ro i  iU '  .ont r ic t ion rN*tuL(?r , . . ,  Dr j ) ,  t r " ] I j : l  is  a lso an A-choice
. N  ' N

.  s t r i ng ;  t h i s  i s  t he  j us t i f i ca t i on  o f  t he  te rn ino logy ) .

I n  th i s  sec t i on  we  s i ra l l  es tab l i sh .a  na tu ra l  connec t i on  be t r vecn



:

. . .
the  A-cascade s t r ings  io r  sequenees)  and the  A*cho ice  s t : : ings

(o r  seguencep) ;  To  th is  a im we need 'sone s impJ.e  fac tso  ra theg

known, whicn-,  for  the sake of  comlr leteness, wi l r  be col lectecl

in the fo l lowing.

L  e . ' m  m  a  3 . 1 .  L e t b-e some -Ii i lbgrt ppq.gs"s,t ?
rl

( 3 . r )  
[ o " * t  ( C o , C ] =  c l G 6 l  G o '
l " o
LC (Co,  f  )  =  CoQ *  Dc  { . f  ( I -Q}

- o

and

G'  anc l u
6

Then

g

-obeing a,  gubspace of  G, I e t be  a  conLrac t i on .G - r  Go '

( labene_ Q denotss the.o. r thogonal  p5oj 'pct ion gf  G ontog ) ,  establ ishes_---

e formula

a4 one;|o;onj:,ggr:Iespglrclence l:etween all !bg:__q!1r!qacti.ons CzA,+'G'

srich that-.--*_

l ' 1  1 \  a a l n  *  l a
\ J . a t  - t u ( )  -  \ - o  I

aqd qll lFe contracti.ons-

Moreover the fornula

.1o.' 
G @ Go

D/- f = Dr-'*
" o v

=  D a l G o

r : Q  O  G ; 1 ] *- C 6 '

(3 .3 )  
f ru ,  

=

J  
t  
to t .

L'o.o

(lvhere R deqotes_tlr-e gr!.hggo3jal_ggojeclion of ?a ontg,

d e f i n e  u n i t a r y  o p e r a t o r s  Z  =  Z ( C ^ , C )  f r o m  0 -  L o  0 ^  A
- .  I  Vt'rt ,

-4.=, / .
(c^rc)  f_rqq 0r"  *  to Dn* an-b/z ' '  (c^C) f rom 0^ to (D^G^t

r J  l  -  c .  o i  c o  - .  c  o '

.  . ( 3 :  4 )  z 0 r  =  0 r  6  z , A n
. '  . l i t * o

?c  @{DcGo) * '

( l raGo) 12,  *=z *

r ?l?o,



2 2 -

.  P r  o o f .  Let  C z G+G' be a contract . . ion enjoying the propert i r .

( 3 . s )  |  l e c * g t l  l 2 + l  I  ( r - e ) c * g r l l 2 = l  l c * g , l  l 2 s l  l g ' l  l '  ( g , e G ' )

and

. * f J t

( Q c  n  
t .  r g o )  =  ( c  g ' r g o )  =  ( g i C g o ) =  ( g ' r C o g o ) =  ( C o g '  , g o )

( g t  €  G '  ,  g o .  G o )

' ' .

whence

' * *
( 3 . 6 )  Q C  =  f

\̂J

a,nd therefore,  by (  3  .5  )  ,

*
( 3 . 2 )  l J ( r - Q ) c  s ' l l < { l D c * g ' l l  $ e G ' 1 .

"o

' I t  fo l lows that  there ex is ts  a unigue contract ior r

t i O a l *  G Q G o s u c l :  t h a t

( 3 . 8 )  F * D , . *  =  ( r - e ) c n .
U o

Consequent ly  set t ing f  (Co,C)  = f  e  f ,1eOGo, ?nn)  ! , /e  obta in t i re-o

.  f i r s t  r e l a t i o n  ( 3 . f ) .  C o n v e r s e l y ,  i f  w e  a r e . g i v e n  a  c o n t r a c t l o n

f  :G .O  Go* [ )C* , .and  i f  we  i i e f i - ne  C  =  C(Cor  r )  by  the  seconC re la t i on

( 9 . 1 ) r .  t h e n  p l a i n l y  ( 3 , 2 )  a n d  ( 3 . 8 )  a r e  s a t i s f i e d  ;  c o n s e q r r e t r t l y '

v le  obta in (3.6)  vr i th  t i re  sam.e argr ln lent  as above,  I t  fo l lovrs

,

' *  *  ' *  *
( 3 . 9 )  |  l 9 ' g , l  l 2 = l  I Q C ^ g ' 1 . 1 2 + l  |  ( I - a ) ' C  g '  l l " = t  l C o  g ' l 1 2 +

-  +  l l t " u " *  g , l l 2 s l l c ;  g ' l l 2 + l l D c * g ' l l ' = l l g ' l 1 2  ( g ' e G ' 1
- o , - o -

.  h e n c e  C  i s  a  c o n t r a c t i o n ;  f i n a l l y ,  ( 3 . 8 )  s h o w s  t h a t  r ( C o r C )  = r .

This  completes the proof  o f  t i re  f i r 's t  s ta tement  in  the leurr ta .

T h e  s t a t e m e n t s  o n  Z * a n d ,  Z L  f o l l o w  r e a c l i l y  f r o m  ( 3 . 0 1  a n d  ( 3 . 2 )  ,
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respect ively.  Concerning the staternent on Z, we note that

I  l D c g l  l ' = l  l s l  i " .  I  l C g l  l 2 = l  |  ( r - g ) g l  l ' . r i  l Q g l  l 2 - l  l C o Q v + ,

*  o " * r ( r - e ) g l  I  2 = l  |  ( r - e ) g l  |  2 + l  l e g l  l 2 - l  l c o e g  l 1 2 -  2 R e ( c o e 9 ,
"o

D " i r  ( r - e ) g )  - l  l n " i r  ( r - 0 )  g l  l 2 = l  |  ( r - 0 ) g l  l 2 + l  l o r .  e 9 l  l t -

- "1* .  (o , . *QBrr , r -o )  g ) - l  I  n . , i r  ( r -o )  g l  I  z= , , , r -o , l r  |  2+
.  

* o  - o  t o  
:

+ l l n . .  Q g l  l " -  2 R e ( c ^ D , -  Q g , f  ( r - o ) g ) - l t D . , * f  ( r - Q ) g l  l 2 =- o v t o t d

= l  l n ,  ( r - e )  g l  l = + f  f  c j r  ( r - 0 ) s l  I  2 + l  I  D c o e s  I  l 2 -  2 R e  ( D . o e g ,

. J t l r - e ) g ) = t  I n . ( r - e ) s t  l " + i ' t o . - o s - . o ,  t r - e ) s r  r z ,  ( s  e  G )

I

whence

( 3 ' r o )  
. l l D a 9 + D a 9 "  l l 2 = l  l D r g l  l 2 + l l D a g o - c * r g r  r  " ' . ( g n G o G o ,  9 o .  G o ) .

But  s ince ,

*
c ^ r  ( G @ o )  c  c " 7 c o . D c  ,

f r o m  t h e . i e l a t i o n  ( 3 . I 0 )  i t  f o l i o w s

l l R D c g l  l 2 = i h f  l l D r - g + D . - 9 ^ l l 2 = l  l D " g l  l z  . ( s  e G  o G ^ ) .
c r € G  

\ -  L  L , '  t -  O ' -- o  - o

This shows that the defini ' t ion of Z is nrean.i-ngful ancl that z Ls

un i ta ry "  s ince  (3 .4 )  i s  now obv ious ,  t he  p roo f  i s  con ip re ted .

l fe  now return to  the a im of  t l : j -s  sect ion,  s tated before Ler , :mra

3 .1 . ,  by  cons ide r ing  an  A -casca r le  s t r i ng  {Cr - , } f ;=1  (where  T ,  T ,  anc l  A

a r e  a s .  i n  S e c . 2  )  .  W e  s e t  r .
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I,no,.
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def ine  the  cont rac t ions

. ,
( - . C + / l
"on ' "oli lon

F or? r=O o+L ,  nr=t

Yn- l0r,-2+Un- 
r L ,G n=0 n- roun- 

r |  ,
,

n  -? l
n

by

and we

By vircu'e

for  n=L r2: ,  .  .  .  ,L l  "

seem necessa ry ,
,'

i n s t e a d  o f  f - _ ,  Z
l1 '

( 3 . ' 1 3 )  c  l G  = ' f'  - n ' - o n  - 0 n

There fo re ,  Lemma 3 .1

( 3 . r 4 ) n

y ie lds the operators

(aorr, c,., ) , 2,.=2.(cor, , cr, )

,  - t .  I

z'^7 z

( n = l r 2 r . . . r N )

( n = l r 2 , . . . r l i ) .

A  - r y '  t A  ^t z  * n = Z  *  ( C 0 r r C r . r )  a n d

l t \  ra  \
\ u n *  l \ - - , 1

w r l  I l  _

l ' o
t
Lco

o f

( 3 . 1 2 ) =1'
I " A

n - l  -  n - l

o l  Y r -  
l 0 .n -2= lJ ' c r , -  t l o  n -z rc0n  I  u t - '  L= tJ ' cn - l  I  t i n - rL  (n>1  )  .

( 2 . 3 ) ,  a n d  ( 2 . 6 ) n  ( f o r  n > t )  w e  h a v e

t
F  - r l
r  - l

n

( In  the  seque l

we shal l  wr i te

\
n ,  .  .  .  ,  .

,  v lhen a more prec ise
t ,

f - l l l ^  ^ l z - o^ , n - ^  
n  \ L l  r .  .  .  r L J f  ) i ' L n = L n

n o t a t i o n  w i l l

( ( ,  .  \\ v I r . . b r ! . J . I t  l t c

- L e

i s a contract i -on frorn Z

'I

n - I
m i=0 a 3.2.  {or  2<n< I { ,  ! !s_:gngg oE Z

f

n
I

h

For prov ingP r o o f .

Yn-ton*2 -?n-c



( 3 . r s ) -  z : , 0 . -  = Y  - f r'  n  .  "n-  1"  '40 
,  r r_  I .  

'n-  1 ' '  n-2

f o r  n = 2 1 . . " , N r  w €  n o t e  f i r s t l y  t i r a t .  ( 3 . 1 . 5 ) 2  f o l l o w s  f r o m  ( 3 . 3 )

and  (2 .5 )  
t ,  by  the  re ' l a t i ons

' ,
z . D n  ( n ^ t h + ( u - r ' 1 h ) = D ^  ( o ^ t h + ( u - t 1 h ) = Y r D ^ h  ( i r  €  l l )  "'  r - . u ^  f r  u r  f l  r  l l

l { t

f ' c i Y  n ) 2 ,  t , , e  h a v e ,  b y  v i r t u e  o f  ( 3 . 3 )  ,  ( 3 .  f  Z )  a n d  ( 2 . 5 ) . - l
t  t l  r

,
v . n
" r - 1 u ( ,
. .  u r n - i

(y.,-zu*ui i*2 t ,  -Dcn_ 
t 

(yr,- .zd*trn-2 r ;  =

= ]  D  n - ? . .'  * n - t " a r r - ,  ( d + L i "  
- ' 1 1  

( d  (  r n _ 3 ,  I  e  L )  ,

f r om wh ich  (3 .15 )^  fo l l o rvs  a t  once .  Concer r . l i ng  the  second  s ta temen t
.  r l

in  the lenur ,a,  \ ' re  not ice f i rs t  that  Lemma'  3.  I  y ie  j -ds

, t

r  € L r c e G ^  . P  *  ) -- n - . - , " n - - ? n r - r - . .  , .
"ot't

B n t ,  b y  v i r t u e  o f  ( 3 . 1 1 ) ,  ( . 3 . 1 5 ) -  a n C  ( 3 . 4 i  r + c  l : , a v e  f i r s t l y' n

(3 ; f  6 )a  o l@G^ = f l  .  .oY -Dn-z=Oc -uz i^ , t7c  
=zn-L?f  '  

- ,.  - f l : r  n  U n  n - - L  n - t  T r - z  L n _ I  i i -  
U r D _ 1 "  n _ I,)  .  .

w n l - J - e r  D y  v r - r t u e  o f  ( 3 . I 2 )  ,  r , . , c  h a v e  s e c o n i l y

aor ,aJr ,=u 'cr , - : "c i - i " ' * ;g  rn . :11 '  
. l

whence

)  -  )  *  n - l  t  - *  n - l  .  '

r r o  *  = U t D o . ^ *  U r " l ; r r r r  
- L l '  

n  *  - I I r D  *  I l r - ' l L I  , r r  - L
u  ( -  

- v  u  V  v  l U  L  t  U ? - '  t r ( -  w  t '' 0 l l  ' n -  
I  " 0 n  - n -  I

. o o .

( 3 .  r 7 )  *  0  ̂ *  - u ' 0 a *
.  ' n  c-On n- i
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.We can thus concludd that

( 3 . 2 0 ) , .  w r : D r . *  D r i , V l * r  t  0 r l *  D r l *  ,'  r  ' 1  - r  r  ' r  .

de f ined  by  the  fo rmu la  (3 . f9 ) r r . a re  un i ta ry  ;  moreove r  \ ^ i e  have  a l so

( 3 . 2 1 ) r  f r 6 I , , j "  n o l  ,

t hus  [ r . , ]  i s  an  a -chJ i ce  s t r i ng  (o f  Leng th  1 ) ;  t h i s  w i l l  be  assoc j -a -
L -

.  -  ted to  our  A-cascade st r ing i f  N=1.  I f  l ' l ) t r  ,  we appeal  to  lhe fo l -

lowing

'  '  
?  t o  af  €  L ( Z ^ _ . , T r '  i  U ' 0 r , *  ) ,

n  
r r  -  ' n - 1  ' ' n j l

conpleLing the proof of the lemma.

I ' l 'e  .shaI l  associate to  our  A*cascaCe st r ing f  Cn]  
n=i  

an A-choice

; -  . Nst r ing{r r r i i=1 in  the fo l i -owingi  manner .  t r {e  set

f

( 3 . 1 8 ) . ,  r r  . - ' l v ^ I , ,
I I f I I

and

ti

( 3 . 1 9 ) r  u l =  I f i  , t r ' r ' * . , = t r V o l 2 - , 1  . iI  r  u l  /  ^ L  - l
l ' t  L  '

I

t '

Since,  I {^  €  L, \0"*  ,  Rn )  is  un i tary  (  see i ,€rnJud.  I .  1)  ,  we } rave- ,1{. 
"A 

, l\

obviously

orr= ot r '  weDr i -o . iono

he4c-e the operators

, o



Z T  t s

L  e  m  r n  a ' 3 . 3 .  L e t  t { ) 1 .  T h e n  t h e J o q g g l e , s _  ( 3 . 1 8 ) . ' ,  ( 3 . 1 9 ) , ,
%  r  l - '

and,  fo : :  2SnSN, '

( 3 . 1 8 )  r  = t , i *  7 o  , . 1  t * r t  - ? .  T , -' - ' - " ' n  r n - t Y * - 6 - l ' *  
- - ' l t j  

* l h  - Z - - 1 y v
.  r r  ^ r r l - r  J r n - l "  " n  - n _ L ' . n _ l

( 3 . 1 9 ) n  
\ = Z r r - r l V r . . , - t l D n  ,  W * . =  U , Z ,  - i { .  - l T ) - , +t r ,  - r r n  -  - * r r l _ i  * r n _ r ' r r r ,

defi-ne an A-chg:Lc? sLring {r,.,} l j=1 ana unig-ary operato.Ig

( 3 . 2 0 )  W r _ , : 0 n  * '  D r ,  ,  t r . I * * : 0 _ * +  D n *' n  
r t .  r . .  I  * l l  l .  In  n  

- r L  . _ 1 1

/ I (n{.l\T I

P r  o  o f  .  ProceeCing by recurrence,  we not . ice grat  gre s tate-

ments conc 'ern i r ig  f  
, ,  v { t  ar :d  I^Jn,  were a l ready establ ished above.

Assuming that  those concern ing !h . . ,  anc l  o"* r*_,  (v ;here m*I i1 ,  m. . iJ )  arc

a l so  es tab l i s r rec i  we  i n fe r  by  v i r t ue  o f  Lenura  3 .2  d r rd  t3 . zc ) -  ,  . t ha t
! l t _  i

t he  re la t i on

( : . 2 1 1 r ,  , r r € L ( D r  , o r *  )
'  - n - I  ' n - 1  '  

'

is  va l id .  for  n=m. From th is  we obta in

Z  - w  , * I '  = , f  
*  

|  t T  r r r
.  

"m- l  "m- I  ,  m^ m-' ,  r , r  
,  

mrn* L 
tym_ 

I  ,

'  . 1 1 r . 7  I . l  n  
" * = f ' f l n t l  

, ? .  r r 7u  / ' * , .  r T i - I " * r f f i - I ' m ,  m - r I , - , t m U  
z * r l t r * l w * ,  

m _ l ,

' nhence

o '

'  
.z^- l !v* -  t  Dr  =D" t  z* , -  1 \1-  1  ,^  ' n l  

. t r n  " t -
1 1  i  t 7  i r lu ' z n  

r r r l t n * . * - I D f  
*  =  D r f  *  t ]  ' z  T , r . ?- r , n ,  . r ' r n  , I n * .  I " * r m _ l .



* 2 9 -
- - . - - t _

' | - r .

Front thesb' r.elat ions it  fol iovrs readily that inclcecl the fornula
( 3 . 1 9 ) *  d e f i n e  t h e .  u n i t a r y  o l j e r a t ) r s  ( : . 2 g ) r n .  T , h u s  a l l  t h e  o p e r a t o r sl t t

\  anc l  w*n  ( l<n (N)  a re  un j - t a ry  anc l  (3 .2 r ) r ,  i =  t rue  fo r  a . r l  , r ,  l , . : n ( l r ,  .

X: : : } . t t t "u ; :  
t i ra t  { r , r } ,T=,  js  an / , -choice sequer .ce.  r i r is  f inrs} res r j re

i t  is  p la in  that  . t i re  operator= in ,  I . t ,  ur rg iJ* r ,  ( I<n<i { )  y . ie . tc ied
by the preceding argument  d.epend only  on e-  r  .

;  .  
" l r  

C ? " r . . .  r C r ,  ( a n d  o f

:ou rse  
on  A ,  T ,  T '  anc  u ,  u ' ) .  ?he re fo re  we  sha l l  c l cn5 tc  then  i : v

|  ( t -  ^  \  T , l  t r t  
)  an r_ i  t r J  l f  ^  \  , r

' n ' - l ' '  i '  t t n / '  n t ' t q : ,  " .  r c n i  a n d  L v * n ( c r , . . .  r c r a ) .  ( r , i r r e n  a  c o r r f u s i o n

ssens poss ib le  we shar l  expl ic i .Late .arso t l ie  depei rdence on A,  T ,  T,  ,
U , U , , f o r i n s t a n c e . f , ' ( A ; T , T , i U , | ) , i C ] , . . " , ; " ) f o r ; " " ; . ' ,

P r o p o s i t i o n

f i x o r r t  -  { - } r n  r : r r r n i * ^. : 4 . . . . . \ {  I  e r . s  r l ( ( l . y l r J I l c l

( 3 , 2 2 )  
v ,  { c * > f ] .  ( r  r a  \ 1

I S n ' i u  t ' n  t - l  r '  .  .  r L n /  J  l < t r s u

-e-sta.bl ishes an one- to-gne corres i ronde] ]cc bet , ,veetr

I

n J

?  1  T l n r  , r - , )  aJ . - .  w - t L 1 J 1 . . . 1 @ a j l q  T ,  T ,  ,  i \ 6 f  ( T ' / , T )  ,

- - f  Ig l l _  t t t e  r : \ - cASCade

Flringg (i! u ( *) , igeg@{if r.r="p) ,epq. .qli- rbq_*.
A-choisg stri.ngq reg_Isosi#,, ; .

P r  o ;< i - f * '  The case u=@ fo '1 . ]ev/s  i -n , :nec l - ia te ly  f rom the cac;e u(*"
s ince t1"  case u=2 ,  is  a  d i rect  consequence of  r ,ernnia 3.  r ,  v /e

shal l  as 'unre now that  the proposi . t ion is  'a l i .c r  i f  u=m)2

L e t  { f  }  -  r . - ^ } , 2 . . i  ^ ^  - r - - rr -n ' l <n (m{ -1  be  any  A -ehc i i ce  s t r i . ng .  Then  ! : ; y  ou r  ass r - : rnp t :on

the re .ex l s t s  a  un l -que  A -casca i l e  s t r i ng  fC . - ] ,  such  tha { :l l -  I <n<n

( 3 . 2 3 )  r  = r  ( a  r  ^  \'  - ' n  - n ' n t " I t  - 2 r . . . r L m i

1 0 .

( l cn< rn ) .  The re f .o re  ,  hy  v j - r t ue  o f  Len r :na ' s  : " r , anc r  3 .2 ,  . t j : e  ope ra to rs

f t = ] .  t  l r .  ^ '  \  - ^I  - i  - n r - I  
t t l ,  :  - .  r C n - I )  t G r n _ . I @ G n  

- n , _ .  t * ,  C n ov  t ' t t  -  - a  
, r ' r t *2



-__r _
1

and

- 2 9

i s  concluc led by inCuct j -on.

Z = Z * _ I =  Z  ( C f

rn_ I 
I'ii . .ct 'frl

z  * = 7 . * r n r - l =  z * ( e r i ' . . .  r c r n - I )  : c r f  
*  

r - t p . *' m - l  u m - l

I { = l ! ' * _ r =  w ( C t . a .  .  .  r C * , _  r )  : 0 ,  - 7  ! r ,i r , r - I  l r n - l

i l ' * = 1 " 2 ; r f f i - r =  ' i ' J * ( c r  
, .  . ' .  t c r n - r )  : 0 ,  *  

a 1 0 " ,  *
m- I"' 

I 
in- I

.

a r e  a l s o  u h l q u e l l l z  d e t e r n r i n e c l ,  a n d  f t i s  a  e o n t : : a c t i o n i v r h j - l e  z ,  z ) * ,

i { ,  I i ' *  a re  un i ta ry .  Set t ing

.  !3 .zt 1 [- '=. i ]  ,  z *\{ orr., . ,  l /  
*z *

w e  o b t a i n  a  c o n t r a c t i o n  f r : o m  G * o G o *  t o  D " l  ( s e e  ( 3 . 1 r )  ,  ( 3 .  1 2 )  a n c l- 0 n

i3 . I7 )m) .  Ey  v i r t ue  c f  r , cnv ; i a  3 . . r ,  i l r e re  ex i s t s  a  un i c ; i l c r y
c le te rm ined  con t rac t i on  C* :G*+G,  such  tha t  C*  =  C(Co ,n . ,  ,  i l  .  l o *O ._
r l n g  ( 3 . f  f  3 . 1 2 )  a n d  ( 3 . t 3 )  ( i n , t h e  c a s e  n = i n ) . v ; i t h . ( 2 . 6 ) n ,  r *  s e e
that  {cn}  t<ncr .+t  is  an A-cascac ' le  s t r ing 

^r

c o m p a r i n g  ( 3 . 2 4 )  w i t h  ( 3 . r g ) *  w e  f i n a l l y  . s e e  t h a t  ( 3 , 2 r ) *  i s

i r : p i n g  ( 3 . 2 2 ) m + t  i s  s u r j e c -

t i vb .  S ince  the  l as t  t e rm i
" .1cr ,1  l<n(m+l is  necessar i ly  o f  the font

C r , r = C ( C g n ,  ,  l ' )  )  w h e r e  F ' i s  g i v e n  b y  ( 3 . 2 4 ) ,  t h e  r n a p p i n g  i s  a l s o

in jec t i vb  "

, ' ' lovr the prcposit ion

4 -  r n ' t h i s  s e c t i o n  w e  s h a r l  a s s o c i a t e  t h e  c r D r s  o f  a *  r .

A  ( r ( T ' r T ) ' w i t h  T ,  T '  a n c i .  A  a s  i n  t h e ' p r e c e d i n g  s e c t i o n s ,  t o  a  m o r c
usua l  concep t ,  name ly  to  con t rac t i ve  ana ly t i c  f unc t i ons  (  [ r e ]  i
ch 'v)  '  As prepat 'a t ion,  r r r€  shai -1 novr  c l iscud-s the precec, ing sect ions
in a very par t icu lar  case,  nanre ly  tha$Pan ar l : i t rary  contract ion r
f romR to  R ' ( v rhe re  R  anc iR '  a rc ' two  l . r j . r l : , e r t  spaccs ) ,  cons ide rcd  as



? 0
:

in ter twin j .ng the correspcnci ing nul l

r € r ( o n r ,  o - ) .
l . i  . K

on this purpose, : r :*r  the operator co we shal l  choose as

i somet r ic  d i la t io : " I  V .  ,  thc  canbn ica l  n iu ' I ' " . i  n  I  . i  , - rJ -  i  nn  c l.  
K  

_  e - I . + 4  v c r  u l v r r  o r f . i  f  t -

v * f ( z )  =  z f ( z ) ( l z l  < I )

o p e r a t o r s  O . ,  O - , ,  i . e .-  K '  K '

nininra.l

on
)

$1R) ,  where  R is  i c len t i f ied  to  the  .space o f  cons tqn t  func-

t . i ons  i n  I l lR )  (a ) ;  t he  n r i n ima l  i so rne t r i c  c l i l a t i on  V -  n r  o  r ^ : i  r  - i
- & v  u r 4 q u r v l r  v R , \ - r r .  _ R ,  W I I I

be chosen in  the obvious s i r , , i lar  wai r .  S ince any CID of  l -  is  a  con*

t ract ion i t : ter t r r in iuq V^ ancl  Vo,  i t  is  the nul t i ,c l icat ion operatorK  
- ' .  

K .

b y  a  c o n t r a c t i v e  a n a l y t i c  f u n c t i o n  { R ,  j ? '  
, t  ( z ) }  ( s e e  . [ r e ]  , C h . V ,

Sec .3 ) ,  wh ich  obv ious l y  rnus t  sa t i s f5 r  i l r e  conc l i t i on  f  (0 )=p .  S ince

the.  converse f  act  is  a lso obviq: ;us,  v /e can state i l re  fo . l tcw:1g con*

sequence of  our  prev ious reul ts

' L ' e  m  m  a  4 . 1 .  L e t  t : l ?

Then  Pro i : cs i t i ons  2 .2  anC

* > R ,

? 1

ie ld  an onc- to-one corres dence bctween a l l  the contrargglive

g L a f v t i g , f i + p c t i o n s  { R ,  R '  , r ( z ) l  s u c h  t h a t  f ( 0 ; = 1  a n d  a l l  t h e- -- t -

cho ice  sequences ;

R e nl a r k 4 , 1. I ' {e recall  that .r,vithin the frame of t ire prece-.

d i n g  d i s c u s s i o n ,  ( f . 5 )  a n d  ( 1 . 5 ) '  t a k e  t h e  f o r m

I

( 4 . 1 ) =vR R

= ( 0 n +ti, t t
V n

a

and

R )eF r=0 r



re la t i on

b ( r )  f , rom

I ' n1S

Let

c o u r s e ,

T T  i r  r .  ^ . cV ,  U  v J .

. o ,

' !

( 1 S n ( ; ) .

,
: t r  - F r

I  I !

and

? r
. l

4  f n  i , f \ t rF  t u r r t t ) V p r I ' r  :  r - 6  R ]
r l \

= ' f t r @ V p ,  R . ' ) o  F i = i r g v n , r , :  D r ,
*

+  |  r ' = 0 r r  €  R ,  T t € f ? . , j .

L  € ' i l l  n l  d  4 . 2 .  f , h e  f o r m u l a.  . ' - - -

I  n  a \  r a i  *
\ 4 " 2 )  o r ( f  ) r , . = ( _ l  r r )  @  V ^  r , l  * r _ r

"  f ]  ,  ^ ' ,

f.rorn 0; ,.
I '

P r o o f . I t i s' ' ' *  *
D I I  = f  D f  *  , t h a t
0 r "  t o  R ' i .

Moreover ,  i f  we

( y r  a _  i l  . t \
\ J -  L  / *  '

T '

t o .  R -
I

obv j .o r r s , '  b f  v j - r . t ue  o f  t a . f  t ,  anc l  r : f  t he
(4 .2 )  de f i nes  an  i somet r i c  ope ra to r

a r e .  g i v e n  r  O  v r ,  €  R : ,  t h e n  s e r r i  n , '
1 . ,  

- - . - -  u u s u r t r y

t

- 1 - nt r

t '
w ( :  o b t a i l  r .  €  0  - *r t '

' t '

o ( f ) r . - ( - f
I ,

' . : *
'  

=  f  F - l . ' \  / F
\ r  u n  t l

I

* r ,  +  r i r

Dr r) )@vp,

*
n

I

r ' *

2

1 ) @ v € ,  
( D r o r , - o r * t r )  *

_ ) t( r ' - f  ( f  r ' * D r r  )  ) = r 6 B V n ' r , .

f i n i shes  the 'p roo f  o f  t he  l emua .

h ^ r , r  r l r t  m  ^  u  -  t , - .r t ew  ' J " '  
, ' r '  rA  G  j  (T r  rT )  be  so rne  a : :b i t ra ry  con t rac t i - . ns .  (o f

together  vd- th some f ixed min i r , rar -  ison.et r ic  d i la t ions

T,  T '  )  .  I .or  an i r -choice sequence t f  - .  ]  :_ ,  vre set-  n .  n= I

( 4 . 3 ) n  y r , ( f 1 , t 2 , . . . , i r , )  ( = y r r ) = o ( r t )  r n + t

o '

Since  ( see  De f in i t l on  3 . . I  )



? ?
- "  :  

J 4 '  
.

. . 1

n * -rt)  Jr r.  -rn * )u l  t u F  t . . .  - v f  ,
' '  !  '  aL z n

the dbf  in i t ion (4 .  3  )  n  
(  I<n<-)  mal . :es -  sensc .

L e trr m a 4.3. The. $egp,!39

| ^ , \  r , '  1 F  r - " t r . , , { v r r ( I ,  t . . . t  r . ^ ) } l = f }
\ q . q )  t r n J n = I  r  r r

e s tab ii. s h e s an on e - t o'- 9n e -,c g 5le:ff t9gg.-g*t:!lteSg-g] 1 A-Shg l-c i.

seqjences anct a!!-pci::s forryr-d.by*a c!I!13r!igfi r : Ra-' (i (-gog-

sicleleg as-lelqlglng-,!9 I(oR',  on) ) CL{*e f .-  gl lg} ie-:gggg3ce'

p  r  o  o  f  r . a r -  f  r  ' l *  
be  an  A -cho ice  sequcncc  and  l c t  { f * } : _ 't '  

n '  I ' I =1  n -  n= r

b e  t h e  s e q u e n c e  y i e l d e d  b y  ( 4 . 3 ) , .  ( 1 < n ( * ) .  I t  i s  o b v i o u s  t h a t ,  J r y. 
l-I

v j - r tue  o f  Lenuna 4 .2 ' ;  r , re  have

:
t n  E \  -  i( 4 . 5 ) n  D . ,  =  D r

'  r n  ' n + l

( l < n < - )  a n d ,  u s i n g  a l s o  ( 4 . f 1 ,

t

( 4 . 6 ) 1  y . , 3 R ,  = D r n + o ( f r )  D r n = R ,  ,'  J -  ' l -  , 1  , l  r  l 1  l I '

, )

where r  ds  a l ready  i n r i i ca ted  above ,  f  . ,  i s ' r ega rce i  as  be rong ing  to
I

t o  I  ( O p i ,  O r ) ;  n l o r e o v e r ,  t r e  h a v c  a l s oK '  K

2 ) :
l l ' - t \  h  

f

, \ . r  .  r  t n  u _ * = o ( f . r  ) , D n *  o ( f . , . )  D . , t r r l ( f . ,  ) = r , r ( f . ,  )  D ' *
' n  ' n * 1  L  I  t l 1  r  4  ' n + l

( t < n 4 * 1 .  
o  o
)

F r o r n  ( 4  .  5  )  *  a n d  ( 4  . 7 )  . -  ,  w e  i n f e r  r e a d i l y  t h a t
r l  I t  -



(1<n ( - ) .  Consequen t l y  y - . , , '  i - s  a  con t rac t i on  f ron  0^ ,  Lo  D- .' n + r  Y n  Y n

( 1 < n ( - ) .  T o g e t h e r  w i t i r  ( 4 . 6 ) . , , .  L h j - s  s h o v r s  t h a t ' { v * i l - . ,  i s  a  r r --  ' .  1 . . "  -  ' n -  n = I  1

. cho i ce  sequence .  r f  we  a re  g i ven  now a  pa i r  { f  t ,  t r r , } i = r }  f o r l r t ed
' I

by  a  co .n t rac t i on  f  
t  

:  R^+RU ( rega rded  as  be long i r i g  t o  I  (Op i ,OR)  )

and .  a  1 . ,  cho i ce  seguence{v . } i = . , ,  t hen  t } re r ' e  rnay  ex i s t s  onJ .y 'one
I I  I I -  II

A-cho ice  , sequence{ fn } i=1  
w i i i c f r  i s  napped  } , y  (4 .4 )  o l l t o  ou r  f - i - ven

par- r ,  namery that  g iven by the formuLa

( 4
:

. g ) n

' ( 4 . 9 ) , , "  
f n + 1  =  , ( f 1

f

) v.-
I I

I t  is  
'novr  

easy to  in fer  that  i f * f , . ,+1 ( lsr<*
,  t , ( ' - t  

r r r r

n e c l  b y  ( 4 . 9 )  
n ,  t h e n  ( 4 . 5 ) ) # c o n s e q l l e n t l y  ( a

f i e d  f o r  a l l  n = l  , 2 , . . . , 1  o b v i c u s l y ,  i t  f o l l o v r s

A-choice seguence.  This  concluc les the proof  .
I

.tle are nov/ in state to forrnul-ate 1;he rnain

t j - o n . T o  t h i s  a i m  l e t  T  ' : r . ' :  T ' ,  A  €  I  ( T l  r T ) ,  ( 1 "

as  above .  Le t  A -be  a  C ID  o f  A  and  l e t

- a
. A ,-+ lt'- t

2  - '  " o o . -  " - n '  n = I

) are actr.ral.. ly def i-

,  B )  a r e  a l s o  s a t i s -- n

t h a t f r  ] -  -  i s  a n^ ni n=l^

resu l t

we l l  as

o f  t h i s  s e c -

U  a n d  U ' )  b e

be the inversse 'mapping o i * 1 r : r { -  c i r r o n  i h 1 ) r ^ n n n c i + i n n  1  ' )  
l n { -r  r u I / ( J D T L M J  L . L  I  J _ \ : : r -

. A. a , 6 crr)' i= r.+[ r ,.] l= r.

be  the  n rapp ing  g i ven  by  P ropos i t - i on '3 . I ,  l e t

r s @I \  L  : [ f  J  - : ] * r |  r ^ .  )  I:  r r  l r _ i  t r  I . r t i f p '  n = I ,

o



r l t d t -  r l J v g r r by Lenma 4

3 4 -

.3  a t rd  f i na l lY  l e t

rs  
' :  

{ r  r r !y r , }  l=r i  *  {Ra,Ro , r  kJ  !

be the inverse mapping of  that  g iven by Lemnra 4 '  ' I  
"

T h e n , t l ] e b i j e c t i v i t ' y p r o p e r t y o J ] t l r e s e m a p l l i n g s y i e l c l s d i r e c t l y

the fo l lowing
:

P r o p o s i t i o n  4 . 1 .  T h e  r a P P i n g

A I - A 5 o  A  4 0  L 3 o  A 2

""t.bli-shrs 
al one-toaone 'c,orfesgqnCglce-let:j-,9gn All t lre CID'-s:j.f

t

Aland  a l l  t h .  
" q l @  

t ( R A , R o ) . .  va lued funct ions.

R e nt  a  r  k  4 .2.  T l t  un iqueness theoreni  for  CID's  g iv 'en t ' ,  L6J

i s  a  d i rec t  cq rc l l a ry .o f  P ropos i t i 'Cn  4 .1 .  I nc1eed" ,  by  v i r : t ue  o f  t h i s

-  - - - ^ i - . . ^  / r T . \  n €  n  i f  r n r - l  . ) r \ l v  a t  t l . I e f c
proposi t ion,  therc i  ex is ts  a unique cI i )  o f  Ar .  i f  anc j  on l l r  i f  therc

. t

ex*s ts  cn l y  one  con t rac t r ve  ana ly t i c  f unc t i on  J  Ra ,R / r , I ( i ) 1  Obv ;ou1

111 t l : is  happens i f  and only  i r  b t  least  one of  '  the sp; rces RAot '  R. t ,

,  t - ' , i l  C l r .V I I )  i f  a t  l eas t  one  o f  t l r e  f . a .e to .
r e d u c e  t o  { 0 }  , i . e .  .  

( s e e  
L r o J  ,  u l l '  v r r  t  L L  o L  r s q r  u  v ' r

r i za t i on  A :  T  og  T ) ' :  A  j - s  regu la r '

r':h rn-i-<rht be instructive '
f ,e t  us present  a par t l -cu lar  case which rn ' i -ght  be

01 th is  purpose,  \ ' /e  sha1l  < lenote by ' r ' '  t t re  natura l  isor ' te t r ic  iden-

t i f i ca t i on  o f  L ,  v r i t h  t he  sd :space {O}  @. l i ' o t0  x  @ l ' anc l  oy  FL*  the

or tho.gonal  Pro ject j -on of  K onto

t  |  ,  T  , r - {  \ r l \ -
L . =  \  t  _ L - U r  t t t t  t

x
o  -  '  o r

o , ' , i

no ta t i on  i s ,  as  usua l ,  t ha t

fo l lov; ing

a  n  a  , - ^  1  o #
b e C .  I  .  f r r : j u  r t -  L^ 1

( J !

where the

g ive

us f  i i :s t IY



' : .
?c ,r - 4

L e m m a 4.4. rbg-gpgfglg5g.

* .  r r t-  
i . t  I  R n :  R n *  L  ,  P /  l R o  :  R o r *  L *

L,  
A  . f \  L*  r \

a r e  i n j e c t i v e .

P r  o  o f ,  Let  P l  r  =  0;  r  6R- or .  equiva lenb. ly  r  =  t lh . ,  for  sor .n{ iL *  . * t  - - - I

h , € H  a n d
I  

- - - - -  
.  

t

- r k *
( T  D , P  +  U  ( I * P )  ) r  =  0 ,

f l '

I t  fo l lo ls

Bu t  OSI -D-< f  imp l i -esr'\
t

= l  l ( r - D , ) ' T h , l 1 2 <  l l t h .  l l 2
A  I  "  I '  t

wAence

I  l fh r  l  |  2s  I  lh l  l  I  "=  (T*  ( r -D l \ )  Th ,  , t r r .  )  =

. t
( 4 . I f )  ( I : D , ) ?  T h '  =  T h ,  a n d  D * T h ,  =  0 .'  * \  1  I  A  

- I

F r o m  ( 4 . 1 0 )  i q , f o t l o w s

whence

( 4 . J - 2 )  r  =  U h . ,  =  T h ,  6 l /
I I

o - : o '

: : ,

s i n c e  t  r a a  , f r o 6  ( 4 . 1 r ) . a n c l  ( 4 " t z l  ,  w e  j - n f e : :  t h a t  r : = 0 . T h i s

p roves  the  i n jec t i v i t y  o f  P ,  lRo .  conce rn ing  the  i n jec t i v i t y  o f
L l t  a a



a

.  
.  

, ; ;  !

I  , . r
i , ' l R ^ ,
. L  t ' -

with some

- : , t r ' ' : ' "

t r e  n o t l c e  f i r s t t y ' , f t " t  i f  r ' 6 R e , i L '
' . " : , - , . . .

d€  0O and second l l t  tha t r  
,

a 3 6 -

d e f . '
36**  = ,  rank' def,.
36 = rank

T ,

' ' . ' ,  , .  ' ,

=  0 r  t h e n r '=c1@0t '

( t '  ,  D , h  @  ( u ' - r ' ) A h )  = o

'  
t '  

'  '  :  '.
#  ,  - :

impl ies,  D^d = 0r ,  d=0,  thus i - ,  IRO is  aLso in ject ive.  Thus the lern-
J I

,  ]  
,  .  

,  .  
_- ^ . .  

.

-  By  v i r tue  o f  the  preced^ ing  lemma an4 o f  i ld  . ,  Ch. I I ,  Sec . r , I  we

"  
, '

have

( h  € , i )

dim

dam

n * =-T

U f r ,

L

L * j

t

L .

dirn

o.Lr.t

R r  ' '
fI

o '  - .
A

T h o r e f o r e ,  f r o m  L e m m a  4 . 4  a n c l  P r o p o s i t i o n  4 . 1 r  w e  c a n . n o \ {  r e a -

:
di ly obtain the fol lovr ing '  :  -  l

. :

C  o  r  o  1 . 1  a  r ' y  4 . 1 ,  A s s u m e '  t h a t ,  r + i t h i n  t h e  f r a m e  o f  P r o p o -

g i t io i r  ' { . I ,  
J ie -have 6T*= 6T,  =  l .  T l ren  e i the{ r f } re  se ! '9 {  .q ] - l  C ID '? ,

of  A is  a  s ing leton or  i t  i9  i r - I -en correspondence f  a rz l r ' l  i  -
\ v r l r * - -

q t .

c i te l v  q i ven  bv  A , )  w i th  the  un i - t ' - ba l I  o f  H

complex-valued. .analy t ic  funct ions u(z)  on the

( i . e .  t h e ' s e t  o f a I 1

u n i t  d i s k : D = t z :  I  z l ( L ]

s u c h  t h a g  l u ( z )  l < e r f o r  a l l  z  €  D ) .

I t  i s .pJ -a in  tha t  i n  t h i s  co ro l l agy ,  t he , f i r s t  case  oecu rs  i f

i '  :  
:  

4 I  '  A i  . ' 1 , : :

t :

d im R-  =  d i -m  R-  =  l .
A J \

5 .1 .  We sha l l  app l - y , , now Propos i t i on  4 .1 .  t o  t he . , , l abe l l i ng ,o f

a l l  c lasses of  isomorphi -c  Anclo d i la t ions -  To be more prec j -se,  for  a
- I

pai r  {T,  T"}of  sonte f ixed cornr ; ru t ing contract ions on some Hi lber t
r -  z  :  ,



' ' :
space flrthbro always'exists (a's shown in-,,a, eelel:rate short note by _-,

r !

Ando ' [5 ]  ' . . )  3 :  pa i r  t t l r  r ' tur ]  o f  
'commut ing ' l isometr i ; '  

operators on sone

[I i lbert space K containing f{ :as a {closed . l inear j  
". , ib"pu"e 

and isucir

that 
'  '

(5.11) wur' ;urw t:=

, ' . , i ] ' . l . ; A n y . s u c h ' p a i r . t u , : , U , } w i 1 1 b e c a l 1 e'' ' ' rwo,rAndq dirations tu' iirr , tu; . y!2j"r. ."rrJillilI ir ;.r:""

and U1 to tne sp.ace K' on which operate u, ana u, such that

i , , ,  , .  ,  .

; : 1

'i-. '
. l i ;  

' . ' :  ,  , 1

' , : i | '

:.r.:r ,



F :
!,u'
l ' "  

' .  '

.1 " '  t '  
'

r!: rri i :. .

i'.?ll,t: ,:,,
;t.:r .l , ,
'::r'.1, , '

Let tui  ,ur lbe anothe.rsuch Ando dirat ionl,r ' i=omorphic

" tu r ru l J l  " rh " r r ' by  v i r t pe  o f  (5 .3 ;  we  have  
'  :  

" : ' ' r ' r "

uby It" to
' :  .  .  .

w1th = wul fr = ufXr.l"n = ulnh = Unh
I  . I  I

f o r  a l l  h r 6 , { r , r  F
.  ' " '

r  
'  : 1  

.  
, t  

t , . ' .

.  , ' , '  
:  I  

. :  
t .  i

0 r 1 r 2 1 . . . 1  t h e r e f o r e

. . . '  
' , , '  

, '  
: . .  t  

:

, : ,  1 , . ,  . , ,  . , , .  
:  .  

t : .

( 5 . 5 )  w l i (  = . I 1 1 .

. ' : ] . ' . . , ' ' . . : ; , . . . :

' : :  t  .

now. on only Anclo di lat ions sat i .sfy ing (5.a) .

state t(re follovrj-ng

r.' rharr 
""rr"r.ul;i 

from
.  :  .  :  , , ,  .  . .
VJith this convened, rr/e

,  :  .  , . :  
'  

. , r -  , . :  
: " '  t ,

"  
,  ' . ,  

. , , ' , ' . ' '  
t , .

._rr t..... : i

.

l  ' . :  , ''  11r.r '  .

,  f :  : '.,.
. r l

L  e  m  m , a  5 . 1 . : ' F o r  T

.  z 1 .

( 5 . 6 )  A  =  P ' 7 U " l i (
t \ &

I .

the formula

, .  
.

' l ; ' 1 , . "

l'-. , : :l

; , t . i , i

. 1 , , ,  
' . f  

: . r : r l :  :  : . . '

6nto I()bslanf isrres
(where Plr deno_leg ' t l le orthogonal rrrojection ofh  :  :  a : - - - - -  '  ' - ' ; - - - ; ' - - '

t  

" '  

:  _ ' :  i " ' ' r ' : : " ]  : '

an one-to-one correspondence between :atr l  :clas

aifai ionsJf :{T'  r ' r}  anaiatf  t fre cro,s ,oE:A.
of isomorphic Ancjo'

P r o, io. i t .  l ' i rgtr,.vt€ rqmark that
/

l .

( s . 7 1  , , ' u i K C K ,

r  ' ; .

' ,],
. i j :

i ' 
i, -."; ;"r;;';;';'J''. ffi:l*kl';; 

l
,  For  the sake of  conrp leteness le t lus sketch the proof .  on th is  purpo-

. : " " ; : : ' ' . : . : ' : : " : " : , ' ; , " " : , u : , f ; h a t

'  

.  

'  

t  

'  

' ' " t t



1:. ..:;:: , ..'

- 3 9

f ro i r l '  the  f i rs t  re la t ion , : '  {5 .8 ;
. ,

- *  . ,  *  . :  .
( 5 . 9 )  U ,  l H =  T -  =  r s  .' - - :  r  - r " '  * 1

w h e n c e ,  f d r  h € f f 1

: , :  t : t .

* n
ur u"h

i t  follovrs, that

l

ltir'
= l

[ut-tn

i f n = 0

i f  n = =  L 1 2 r . . . ;

so"  tha t  
' s i nce ' l t hese  

unh rs
t . .

t l r a t .  
'  -  ' . r 1 1 ,  

" i ' ; ..  
,  ,  , . ,  . .

( 5 . f 0 )  P 1 7  U 1  = . U . , P , _ r .
t \  r  r  l \ .

spanr i ( , tS.Zl  is  t rue.  ! {e conclude i l rus
1 , . , ' , . , . , 1 , , , . ' .

.  Now the  fac t  t ha t  f o r i  a  g i r r sn {  u t ,uz }  t he  fo rmu la i (5 .6 ) , c le f i nes

a CID A of  A can be easj - ly  obta ined f rorn (5. f0)  an i .  the seconC re-

la t ion (5.8) .  Moreover  i f  {u ;  ,  ur t  is  another  r indo d i la t ion of
i . . 

'

{T t ' .T2}  ;  i sgmorph ic  (by  i t )  to .  [U1r  VZ!  : ,  then  Wpla '=  fO = :  ep  lv ,  so

-], .  . ,  ,  ,
a, mappingl ' f too thei, clas-

"  : . ' '  l r "

ses 'o f  i . somorp [ i c  Ando  d i l a t i onS ,o f  . tT f  ,  f r ]  t o  t he  se t  o f  .Che , -C fD 's ,
I  , ' a

of  A.  Let - , lnow a Ue a CID of  A. :  Let  U^ on K be a o, in i *a1 d i l iLrcn of
I

,\
A . . S 1 n c e U i s a n i s o m e t r i c o P e r a t o r c o n u n u t i n g t o A i t h a s a . u n i q u e

crD (as operator ip K comlnutirrg"with Ur; 'narnely consider in ,Remark:
. . .
4. '2 the case whan A is r ' isometric and observe that.. in,,t fr i" parl icular

.  :  . . :  r ' .  ,  . . i

case we have Ro= [0] ) ,  which we shal l  denote by ur  .  The pai r  {u t ,  uz}

is  8n Ando d i la t ion of  tTr  Tr l  , 'sat is fy ing:  the proper ty  (5;6, ) ' . , ,  .1*=, , .
. ' ,  

' t  . -  
L '  z  

. . , . . ,  
-  

,

dged, (5-6) is :sat isf ied 
by the,, ,very def in i l ion of  u. , ,  whi0,e I-  - .  - 2 r

. l

Thus



' :  I  - ' 4 0 " , '

n ,  D ^
nluit ui, = ppr. ult i.r;t =

=rui, iirn,,=r*r.air', l-*r,*,
.  7  .  

- L /  -
r\ 

t -.pA 
tl(=" "A

n .  D ^-  r ; '  , r '  o

*;';J;, =
enu=1r'lott"=

a .

f o r  a l l  D '  r  D z  =  O ,  l ,  
' )  

r . . .  , .

Ir loreover, since u is isometric, it fqrrows crirectly that
i t  t . l /Uf  lK  =  U ,  v ;hence  -  .  ,

N
I  l u . . '  r

I ^n=u
rrtr i." 2

ll

n l l 2 = l l  r  u f  u r . - l l ' 2 = .  r  ( u l - * u t - * , u k _ )
n=0 r r  

N>n>n i>g .  -  
n '  - - -m '

+ ̂  -! . .__ (uk.,, uf 
-'ttul:*) =r 

- {tt-\r. , uk_ ) + r
OshsfirsN LL 

I l"N>n>np0 nl 
CSn<ni<N

{ut<rr, F-*ut *) ="^a___{ui*-*urrr .uor,) * , 
' , (uk,. r _:,,

Nlntm20 OSnSmclI . n.'

' - ' ' . , . . 1

. r k N ,  N  -  0 r l r . . .  T h e r e f o r "  U l  i . s  i r r d e e d  i s o r n e t r i c .

f ac t  t ha t  t he  reLa t ' i on  (5 .2 )  i "  a l_so  sa t i s f j - ed ,
: '  

'  r: i :.; - 'r l '

' ,

are minimal isometf ie cl i lat ions of

'  . , : .

y ie lded by
- , .
preceding

+ t (k*, ern-tL*)
OSnSnSI{ " '  r ' '

I  
' :

l 2

f o r  a 1 l  k - .  k -  -  -  -

Finally , the

fol lows from

.

\,/
D l r  t z > 9

' =  \ r /  , r n '
nr20  "2

because u anci u,

respect ively.

T (=Tr  )  and A,

( 5 . 6 ) ,  i s  o n e -

construct ion,

.  . . ' . . ,  ,  l ,  . ' , r  ,

-It  renains to prove that the mapping

to-one. But this fol lows at once from the
l -
t  . .  . .  :

t . .s L n c e  L t  :

I

i
I



! : : ) :

-  4 i  -

t / \

nKur lK  = .nKu r l l ( . ( =e )

fo r  two Ando d i la t ions  {Ut ,  Ur }  , tU i ,  Ur f

.are actually minimal isometric dilations

by the uni tary operator . ! t .But " then

I
n. . ẑ - . .:  h l U r  u K

. z

.

,

n /̂
W U . U ^ -  K

L Z

t D )  t n . t= u 2-  wuk = u. , "uk

. , :,]

,  the isonret r ies V)  and U,
. . / a L

of A, thus i-sonrorphi.c, say

,  , 1 )  ,  n a
U1UZ -k  =  U l lV  U2 ' k

_  n ?  , . .
f o r  a l l  t h e . e l e m e n t s  U ^ ' k  ( k  € K ,  n Z  =  0 r I , r 2 r . . . ) , ; S r n c e  t h e s e  e l e - ,

ments span the space on whj -ch operate u,  and urr  w€ in fer  that  (5 .3)
z

1s  va l i d  (o f  cou rse  in  i l r e  spec ia l  case :sa t i s f y ing  (5 .5 )  ) ,  t hus

{ U I , U , } a n a { u j , u j } a r e r s o n n o r p h i " . i . . : . .

. P  r  o  p  o r s. .

contract ions on

i

II

t. ,i

and

o n

l e t

5 . r .

for

(5 .10 )  R i  i =  
" , ' . .@0T.  )o [Dr  T+h  @ D, r ,  h  :  h  €  l { }  .L J  . i  ' j  t i  J  t j

!hgre_.exi-sts en_pqglto-one (explicite) corrtes ndence between a l l

c lasses of  isomorphic  Anclo d i la t ions of  [ :T '
- . . 4

t i ve  ana lv t i c  L (Rrv  R" , r )  _  va lued  func t i ons .
L L .  4 L ' .

m ' lt 2 l
'  : '

and  a l l ,  the cont.rac;

P  l o  ' ' o  f .  w e  s e t , T  -  T . ,  a n d  A  = . T r . . B y  v i r t u e . o f  L e r n m a l . ' s . Ir z ' - r
' :

and Froposi t ion 4.1;  we have an expl ic i te  one- to-one correspondence

, f rom the c lasses of  isomorptr ic ,anao d i la t ion l  o f , : . iT l ,  f r ) ,and a1l  , ,

contractive analyt ic functions tRo, RAr ' '  B ( z ) l  .  or by virtue of [r o] , ,
-.
Ch . I I ,  Sec . I ,  t he re  dx i s t s  a  un i ta ry '  ( canon ica l )  r i d .en t i f i ca t i on

v. ] iaent i f ies
'  ' r  , l

s :Drh+ (u -T)h ,  'o f  
D*=pT l  v r i th  t . .  Thus  e ,  =  

l - r r ^ ,  
e  

f  
iden t i f ie

.  L  t )  J

?* O 0* Lo 0* @ t and t ikes R".,  onto R,,- rwfr i le qi  = rn (. ' 2 . .  
" l  

t 2  ^ ' ,  ' l  , T ,@
0 *  o t *' ' 2 . -  ' l

i den t i f ies  0 r^  @ 0r  -  Lo  Dt ,
'  2  

* r  
,  

' o and takes Rr., = D* @0* @{o* h
Z L - 2  - r  - 2

: : . '  , : : . " "  , , , , . . . :  , . '  , :

o
* 

.,Orrtrn 
: h € fl] onto RO.



Denot ing S the uni tary operator f rom:0*- @*_ tb tT -  @0* which' z  ' 1  ^ l  ' z
in ter twines the coord inatesr .we obta in by

A { z )  = q * '  B ( z ) e r l R r ;  ( l z l ( t ) ,  ,

.  the mapping yielding the one-to-one corresponCence,between the set

of 'all, gontraqtive analytid func,tion tRa, RA , e ( z ) ] and that;of r. those
.  . : ,  1  

- . ,  
,  ,  , '

o f  t h e  f o r m f . R r '  R . r ,  A ( z ) ]  .  P l a i n l y  t h i s - c o n c l u d e s  t h e  p r o o f  .'  4 . L '  r Z '

t
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:

( r ) For .the terminologY

. , ,
: ,  I  .

'  
' '  

.  t .

for notations o ,which dr€,. essen-

.  ,  see the next  Sect ion I '  '  l
.  :  ,  , . '

r l

( . 2 ) H i } b e r t s p a c e s w i I l b e c o n S i d e r e d c o m n 1 e 1
i f  not ,  spec i f ied, 'w i i1  be assumed to  b-e , l ineat  " t tu ,  l l l l l i : " - ; -^

.  operators wit l  always be assumed_.":  
l i  

nl" :1:-: : :_o"" iu:: :  
: : : :

.  wher i  confusion might occur the ident i ty operator ' r  and the nul ' r

operator 
:on 

a l l i . lbert  space G*wr1L,be, 'denote, !Y to 
""u 

on- )

resPect' ivelY-  
, ,  

-  
l .  , , l  . . , . l r . '

that  for  any'operator C from a .Hi lbert  sp-ace
*  , 2 r t

Da denotes the d 'efect  operator (  ( I -C C) 
-  

)  -

-  
i  i f  I  l c l t , < r r  t h e n  o b v i o u s l Y  D c .  =  ( l - c * c )

and partlY

, Lel, , i6]

o

t ially those ot 0d

' )

(4)  , r .or  the HardY spaces r i ' (R) ;

c h . v .

( t  )  R e c a l l

:  o n e  G ' ,

= (Dic)

G to another
: .

and D^=
U

|  ' .

: '

where n isi  a t t i rbeit '  spacersee-' 'Fo]


