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This is the first pert of a paper ofl -h<,lroge$eou-s

Cx-exiensionc of C(X)@K(If) , r.,rhich has beeir cl1vided.

into two parts beeeuse, of its length"

-. Thu -rem&rkable vlork.,of L.G.Frovrnr R.G.Douglai' arrd.

:P.A.Fillmore 
! 

F0] , laal ) 
]on 

extensj-orl$ of lt::e ideal.

of compact cperators by couua.utative C*-algebrae hau

stlnulated. further research corlcer:rling more general

extensions (t tJ, [ : ] ,  [+],Eg)n [t : ] , [a5], [zo], [zo], t34-

39J,[+t-qf])" This is motivated. in part b3' the d.esire

to extencl the Srovm-Douglas-Fillnrore tlreory so as to
I

provid.e a tool for anaLyzing the 'structure of Ctr-alge-

b IAg .

In particular such
t

be t te r r.ind.e rstanding

algebras,

A'Lso y{e shou"ld" mention the general pro6r ,1 for the
a

stud.y of extensions sketched"by l .G,Brovrn in (t9J) "

A class of extensions to be studied.r os ouggested.

in  ( [26J) ,  are those of  0(X)@I{( } l ) .  o ,norr*  theseo the

hcmogeneous extensj-ons, consid.ered. here, seem to be

more 'brac'bable. Let us explairtv,rhat the hornogeneii;y

a clevelopment night lead to e

of the structure of type I C*-
.
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rn mor'e cletail tlre content of the six sections of

Pafc T is as follotrs .
- F  r '

$ {. contaj-ns gencral d.efinitions and. some prel i-

minar:ies.

sion satisfies,some loi, l 'er aeinicoi:it inuity regui::e:nent

and. x' is f inrte-dinonsi.onal, 1'..e prove .f lre e:cistence
'

of trivial extens:Lons and. a generaiizatlon of the iie.rr
, .  

. '  \ ' , L ,  J .

*von J{ewaa:nn type theorem of ( [+:] ) ,

Sp cni 'i,r:l ' i ir -- - ' 
" 

r a!sr).!r.',rr,",'g vrith $3 we consj-d-er oa1;r lroinogenecus ,

ex'Lensions. lte use tire uhoi-Hffros *i:eoren (tt6l) to
. r  r  t + r  r  \ehovr th.at Ilxt(XrA) rs a grouSr vrhen X is fin.i,,;o*e -  -  - : '  

: ' - ^ : - -
t '
t .d.j-nensj-ona1 and. A nu-clear. ALso j.n ft I , 1ye prove,

. under the same rcquirereents, that j-n each eclu-i-vale::ce

class of Slxt(xrA) there j-s an exteneion which.cazl' .

be reallzed. using 'bhe norm-cotlt inuous f(H)-velued.

' . fu:rctions on X ,. . ,

Jn $ 4 tfre -short exacr sequence in the A-trvariablert
l t  -  \  ^  *(A nuclear) fo{ } ixt(XrA}. ie provecl.  This general izes

t "

the e4act sequence in ( t1.0] ) **, well as the. subsequent

general lzat ion in ([9J) .

Tn $ 5 rve deal r'rith honotopy-invar:iance for Ext(XrA)

both i-n the X-fvariab]ert anrd in the A-trvari-ab1err. Both

homotopy-invariance properties are pro'red. for nuclear

quasl-ili,agonal Cx*algebrae via an ad,aption of the a,rgu-

ment of $n$alj-nas (la..Zl) and then using $ 4 exi;encled. to

more ge1reral Cs-a.1gebr:as. let us also nrention a brief

discussion of quasi-d.iagona1lty in Ox-algebresl &r1'

adaptiorr oi i  the notion due to }.H,. l lalnos ([Z' f ]) .
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Tn $ 6 rve prove a short  exact eequence for nxt(Xr" t )

in the X-r?variablert.
-

Irinally we ehould. nenti-on, tirat Fart fI of tliis: paper, , 
' j ',

ie concerned. lvj-th topologicallprope:eties of homogeneous ,
' - .

extens ions of  C(X)&X( l l )  .
.  , -  , ' .

The authors grateful ly acknowleadge helpful advice front
, , l

S.Strdt i l5 ancl  A"Verona.
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lret H be a cornplex, separable l i i-Lberi; space of infinite cli i len-

slon. Iet L(H) denote the botrncled" operators on H' r K(Ii) the

icleal. of compact opera'bors ancl rJf : f (H) ---+ L/K(I{) = f,(H)/XiU} the

canonical hotnonio:rphi,sra of i,(H) onto the Calkin a.lgebra"

For X a cordpact netr izable spacer C1.,(X1K(11))  wi :1 denote the

Cs-algebra of K(i"i)-vaiuecl eontinuous functions on X , where K(H)

is r :pdovred. ni th the norru topolo,g;" .  $ in i lar ly,  C]"s( l l r l ( l i ) )  i r i l l  be

sr
the Cx*algei:ra of ]r(il)-:valu€ct con'uinuot-rs furrctions on X u vihere

the con'r;inujty is vrith respcct to the *-strons ol"rator-topolog;r

on i,(l l) (of cou.rse the Cs-norra is 'che sup*norn). Clearty,

^ / r r  t r l r t \  \  * ,s  a  c losed.  two*s id-ec1 i - r lea l  o f  Cr is( i ; r l (H)  ) '  3y p iYetn \^  t  r ! l l 1  , '  J  ' *

shail d.enoie tne canonical honromorph-lsni

p ,  0*"(xrr( l {)  )  T-? cxs(x'r( f i )  )r 'cn(x'K(H) )  "
' 

Fdr A a uunot*rr" Ctr*algebra with unitr .€& *O** Ot

cn(X'Ii(H)) 3g A , !9 R g]ro{F e$,egi ggsgqr!-c*.

( iE)

yJrpgg" B j*, e c*-glggbgs w+:b} Wlit' f M o- ?r3. )E-hpip9ng'Tpl{-s$H,

a b_eigrg gt+_t-pgSSSry.ngo

$or 
-D 

a C*-algebra arid. L'I c D let us

Ann(i' i iD) = {V e D ; i i iY = I
'In 

orcler not to cornplicate our studyl'of

to eliminate a certain trivial part B

ex'Lensions satisfying the reclu-irements c'f

d.enote
?
J .

extensions lt i"s natura.l

r by considering onlY the

the fo]lol'; ing definition.

L.L. lg$***I*gg' A* x-s-e!.g3eiss !x A

e*$pSLLas "&e q+gi'!!sset fry*ryry :
Arurf(cn(x,I(( i { ))  )  ;B) =

i-s s.n e xe.ct e,g#9ss.g (x)
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The following folklore*type proposition, jn fact about nrult ' l-

pLiere of  Cr(XrK(1'1)) ,  g ives a nore concrete real i -zat j .on of  X*ex-

terrsj"ons by A .

t1,2. Sggegg*Ilgg. !S,! (x) b. s& X-€q'!,e*fi.i9q jlg A , g&S

liig,qg iq g 3*j,Sre. lE-hggg{p]5isra

T r  B.--*-> cr ie( : i l t ( l i ) )

SJtsb"Uls! ?"9 = i ' @.99. i $eilg.!s.sibg. lnc]p*igg

c fx-li(gi ) c';**.a, g ' rv i /'n\ \v l l  \ i r t 4 r  
$ S  

\ r l t s \ r L l  /  .v 1 1 \ r r t A  
l q g \ . t f u \ r L l I  

.

l\foreqvsg <p ;.S ;r];j-e-e-!.iJlq. "*gg gp|L-IrcSgglrf.fi .
I

|  
&ISg€. fhe closed, tvro-sided ldeal f  (Cn(X,K(l I)  )  )  of 3 ,  being

i-somorph.j.c vrith C;l]lrK(l't)), ha.s a natural faltl iful non-degenereite

!€-reprcsenta.tic;n on the l{ilbert space 2

g z ( x ; r { ) :  
t ( i , * ) * . x ;  i ' * e  H  , Z  [ h y t t z < * * J  o

l\'{oreover thie representa'cion is in ihe commutant of the natural
. . )

representat ion of 0s (x) on Lz (x; H) .  By (tZU r psp. z. [o" 4) tho

repreeentat ion of f  (C,.,("t l rr1i1;1; hr:s a u"r. ique e: i tension to a repre-
-,sentation of ij (rvhich is unit-prcserving)-, stil l in the cornnrutant

of the representation of 0* (X). .lfhie yielcis 'unit-presenring 
x-ho-

momorphj-snis g-- : B --p 1",(H) such that for b € B and f €r x  :
n  f l r  t r  / r r \  \Un(l i rK( i i )  )  vre have

b g ( f ) * f ( s )

n'here g e Cr.(XrI{(H)) ls given by e(x) = ?x(b)f(x) " l , loreov'ero

Clear lyr  wo may def ine Y(b)  by (g(U)) (x)  E 1! (b)  prov5-ded

r"re proYe that

X  p  x f f Y * ( u )  € : t ( I i )

ie strr:ngly continuc;us (for x-s'froi'tg continuity ccnsld.er b*e n) o

t r ' o r  
l e U r l l f l l  

* 4 - t  l e t  P  d e n o t c t i r e p r o j e c t j - o n o f  I {  o n t o

Ct anCL f € Cn(XrI{CHl) the constunt funct:Lon equal I i  o ' Ihcn
) r r -



s(x) 1 ?*(ul  r (  x)

i3 equivalent to

i .  e.  the d.esired.

The uiiqueness

= Q . J n d . e e d r i f

ihen_for  p e B

= 0 .

A]-so; i f  Y(b) 
* 0 ,

flc,rt:rrii(H) ) ) 1"/e infer

Kercg C

vrhich gives the c]-esired

* ' (  -

I Y*(rlr j.s an elenent s e C*{X'K(H)) ala '6his

the coniinuity of the map X a xp*) f"('o)t e i:r. ?

conclugion.

of  ? fo l lo l rs f ron Aiur( i (Cn(X?1{(} I )  )  )  tCo*(Xr j r i } I ) ) )

gt . is another *-horaoinorphism rvlth d " f 
= i t

rve have ?(b)  -  
?:  (b)eann( i (c-  (X'K(] { ) ) )  ;C*olX'} (E)}

i;hen ca(bf(f)) = Q art i l  ej-nce b$f) €

b f ( f ) : o . T h u e

Jirur( f (cr( ; r ,x i i l ;11 t  ts)  
I  

Q ' .

resul t  a.bout in jcc ' i ; i r r i ty .  i ; " i i .D.

4. 3 " Sgg,gg$e
that. :fl:'On no$/

bv .Cr . that
&

such

4o5. Sggegei,Iigg'
X-extens-i-q1g bY A'

^ n r f
& f r9

tirs!,
. r * -  

" ru r:^U = B, e.rr]x arr(b) = cn(UFbU)
I  t L  

^  
' r -

pgqcj:dlsf: pJ:oJs.p3!.].o.* it:' ie .glgat

gjlgll- gs$p"t,+e, f.ql eti X*S;rezu;g1 (x)

f o r  b € B ^
# ( .

the

n r r d

Ig

9&r

vi-ew of
TT:_
i116 Yn /-1 a/
t f v  r r r 9 . j  I

) )  :cn(NrK(H) )  c  3  c  c* " (x r l ( i l

4..4. !gg}*i}lgg" Sm. x*sx!s*e;i#. H A 
tr* 

!x i'.?:{* ss*lt#ry
- -" -0.i-; ,*--" c,,(;'i,K(ll ) ) fu13 84 ::1:? A *****P 0

. ^ , & * ' A l " C -

o  T  ? c n ( i , K ( H e ) )  
( t ' B z * f  A : - : : ? 0

are sal$ tp F.e- gs-g*l'slJ' 13 :legge *s g -"',-*ttniterf,
* . :

U  €  ^  t ' \ t  r l ' r r  r r  \ \U = U*"\ .r leJ:\nLtI ; .1l  I

a

tlhere ie .R g*e*-jg-gsg- -qs-{+'.q-gprugg-ess.

0 Cn(l i , I i (H))a112B*f_' .z ir '  -*"*"1

grulief ig-sma$g-{PF:!-asg.

,  T  I  A  * - *?c rqs (Xr l , (H ) ) / c - ( x 'K ( l ' i ) )  .

betl 'reen



^
Ie iids sgsgq.sp,es-gepgs i3 = p-'(z(;\) ) stst cr iq "q.htsiggg {go:g
the obvious isonorphj-sr*s be'uween B/Cn(Nrl((I{) ) , 

-f(rt) ggg A o
: *  

_ * "  w  . @  f f i w  
n ,  

.  _ . -  , .  t  ; ; ; ;

F^t"rrn 'P IJrr &r-\r\rr-+ *ov{ Z ;i ields arr X-exfeneiorr by .A ls qulte cleeif fro;r

above, for the convel'se also, rein&rlc that g- gives an isoitorplrism

betuieen

3/C. i (X ,K( r i )  )  C  c*u(x ' : r (H) ) /cn(x , i i (H) )

and. .[ r th.e iitverse o:e l','hich iri]-l give t]re $*mononoiphis:l E .

$ ince  B,  c  C*=(Xr l ( i i ) )  . r  i t  i s  ohv ious :  f l i a t  Arur (Cr ( l t rK( r l ) ) ;B)

, '  0  o  Q o g . D .

z- sr4'b. Eeual'5. fggBgc*''lgl 4.5 $}JgE p.n -eHsgrrl'ligg l'iq,u gj ggii-= = = = =

Ligs x-s*3s:r**g"s !x A . $&3s q**l L* -{:*sscsl}x -sssg i* r&g! "{s.}-
;9v^$ $.f-srg*rg is e* x-s.e!g*ele+ -qg -*e3}-qsg -hs eggg is:usgltesnf,*es
Z . For a unitorlg U u C-.u()lrl(11[rHa)) ]"* "q,(U) ,,I*,tr"*Lg ;"r*.r,* -::*:-T

,tgoltglpg*s
cs ,s (N ' I (Hr ) )  a  f  f fu fu* ts6  c r * * (x r l , ( I {? ) )

.  F  r - - r  ^  aggg ]g! 'c (u) *-"*":rpj_e t4e iSgppJp}lp.g !sg{ggn"*cru* (){, L,(nl/cn(xrK(Ha)
glg crss(xorqn2l/cn(x'K(Ii2)) igegggq !X oc(u) . gb* iirs. x-sxlss:

elprH" gsll*si -bu
u i  :  A  * - - - -Fc . {s (x , t ( I l i ) ) / c r (x rK( I I i ) )  ,  ( i  =  L tZ)

g,{r. g3grygle+I,.i{I 7 ? = &(u)o ?o jgg' gstg ,u+j'ug*y u €

C**(X'l(Hn lHa) ) * jle -qhe!.l use the notatj-on Tn * To g"F jee S.ggi-
gslsLcs sg _tbs x-ss1e*srer,fi gsi*esg Is r a "e*g z z .

I,et noEr for rc € X , px d.enot+ the x-homonorphism

p*.  ,  c*s(xr ' t ( I I )  ) /cn(XlK(r { )  )  : - . * }  r lK( r r )

which e-sr iociate,$ to p(f  )  the elenrent T[(f  (x) )  of t /N(H) .  i ' {e

r:h411 also clonote by I(A) the set of closed tl 'ro*sid.ed. icleals

n'{a n .L A
v !  J a  ,  ' -  J a  o
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4.o7. lgXlgi!*gg. !s! z , A *:? c*n(Xni(i l) )/cn(X'K(I{) ) }g e

x*gg*ggg. !g. 
'TSe.4 t+e g.P,

X > * f:::? I(er(F*" z) 6 r(r-)

j.s- -s.R}}s-{ j.}:e j.deaJ. sJrsbq* g-i "tbe x-sxfupsieg !x, A $e€i*s.g H zo

$&e X-exteuq.lan Se.fJlLe{ }X r- !g eqJ.}-ejl ggag3 ;lJ

n Ker (P. "o  ? )  *  0  '
x e l l

Le gagg Ker(p-ro a.)

}*tl z ig -sstle-g &lsg*ggjgqgg.

I t  is  easi ly seen that the ecluivalence of  X-e:r tensj .ons-preser ' \ tes

the idoat s}'rabol an<L herice also e;ractnesg and honogcneity"'

Given a map

x a x F^-*-** r*- e r(:r')

satisfying ihe exac-Ltresis condj-tj.c'n

n  T - = o  '
x e  X  A

r''te shall genl>je }g

Ex t (X ; -n ,  ( I * ) xex )

iin. es! e,fl p,qu*LysLesqs 
S*ryry s-f x-eEM l.qns pJ A si*b -gq

g r o E g . f  X g x q _ +  I - e I ( ; \ ) ,
'

Clearly, the X-extenslons consj-d.ered. are exectn
- l

In case I*  = 0 for  a l l  xeX e Y{e s i la i l  d.enote by

Exr (X zA)

.  the set  Ext (X;A,  ( I * )xeX)  r

Tfe d.ont t knovr *tr*t cond"iiions the ideal s;nabot nrust sa'cisfy in

orci.er that Sxt(X;A,(I*)xex) I0'  al t l rough in $ a a oertaj.n lorver

semicontiriu:ity concij.tion fo" itr* ideal synbot rvilt be considc-Ted.

vrlich is necessary forbhe existense of trj"vial extensiorre i 'rith the

given ideal synbol a.nd. rvhich wil-l be shol*nt also to be sufficient

] :rovid.ed. X is f ini te dimensional"
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I f  z clef ines an X-exi;ension by A with ideari  synbol ( I*)"nX

,a lence c lags.  .then Izl  e Jixt(X;A, ( I*):ce, i)  wi l l  d"enote i ts ecluir

Conolder also

zi r A a-*J t**!*ri,( ' f i) ),/crr.(xrK(ir) ) , ( i = tr 2)

t r i ro N*tnonomorphisms I ' r ' i th Ker(p*o Z. '  )  = 1* t  ( i  -  4-p2. ;  xeX). This'

yielria a'natural- .*r-monomorphisru

z,STD :  A :T**  cru"(x ,1 , ( i t ro i lz )  )  /cn(xrK( i Id-@Ha) )

f i i ' bh  Ker ( t r - : o (%-@r2) )  =  I -  f o r  xGX . l ; i o reove l r r  i t  i s  eas i l y

se€n tirat 1:rner21 ricpend'* only u: ktl o [zn1 o lirus,

[2" J .r Lz ,7 = [r, S rr1

is s r 'yeLl*d.efine.d opereition c]t Ex-tti" i.; j i , (1*.)l*,; l) ancl j-t ie easily

.$een thcl t  i t : r t (X;Ar( I*)r ,* . { )  endor ' recl  r ' r - i th Lir is operat ion ie a con-

rnutative semigrcup.

L,eii XrY be compact rnetrizable spaces and I t i i  *) Y a col1-

tinuous 'rrapr this )riel.ds e x*1:.or0ouio:plrism

G ,  C" "o(YrL(H)  )  : : * - * "  C ,u* (Xr l (H)  )

d e f i n e d  b y  C ( f  )  E  f  o $  f o r  f  €  C * * ( X r l ( H ) ) .  0 1 e a r 1 y ,

G(Cn(Y , t ; (1 r ) )  )  c  Cr r (X rn ( ] i )  )

and vre heve an induceci x*homomorphisrn

I  ,  C*u(Yl l ( i i )  ) /cn(Y 'K(H)  )  : - t  * *u !* ! { , ( i , I )  ) /c r r (x ,K(1{)  )  '

.  L,bt ? ;  A -:? Cr(.(Yn1,( i l )) lcn(?e1i(H)) cef ine a.n Y-extension 
'by

' P

f i  vy l th id.eal  symbol ( , t . , ) - , .w ;  then 6az u g*(z)  is  a x-homofloT*- J J C J .

phism of  A in to  C '€s(Xet( I I )  ) /On(XrK( I { )  )  and Ker(p*  o  (go(e)  )  )  =

I .e ( * )  .  So ,  i n  case  n*e5  IS (x )  =  O  ,  t he re  i s  a  we l l  de f tned" '

r reF*  et i l l  denotod by S* ,  tz ]  F*F [s" ( r [  : '  g* [e l  ,
t

g*  :  Sx t (Y ;4 ,  ( I  )  - . " )  - * * *P l i :e t (X i .A+ ( I ,  t  \

'dr j. ch j. s a n*hornciro rphi -- : 
trl'l 

:'ffi;^;:; 
"';' - 

:lll:-l;t I *, o )
l:ecomes a contra.va::iant frurctar froro nonvcricl conpact rnetri-zable

spaces to conurru-ta1;ive sentigroups,
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this section is devoted- io the stud.y af trivial X-extensions

tvith given iC.eal rrlrr.bo'l . Irl case X is finite-dimonsional- atld. ihe

ideal sy'rnbol lovrer seaicontinuous ir: an'appropri-ate sense r 1'tre shal-l

prove the existence of trivial extensj-ons and. also a gt;neral"ization
dYPe

of the li le;rl-von lieurirai#{rreoren of [q{7} (see alsoiq I, rvhi-ch

vril l shor.r thai U*itX;fr., (I")x.F) i$ a senrigroup with r.lri:t in this

C & S G .

i ' le yecaLl that th.e conipact netrizable spir,ce X is of dinension

open cover lng re f in ing i t ,  the, t  has ord.e t  1n (Ch.V of  t 'd?11.

The irppearanoe of finite-Cfu:ensior:elity requirerneute in -Lhe

stud.y of ll-extensions shcul-C L'e traced" back 'i;c a continuous s(llec*

t ion theorem of H.i i i ichael- ( t331), rvhich is also used. i i :  t l ie rele,tea

subject  o f  cont inuous f le lds of  } { i lber t  spaces (  eee LQ.4-"2,  { -0 .8"5,

4.O .8. ' l  ant i  10, LO " 
g in k4J) :

Erye rres 9Er }hrss&g! t+e sse-,F. sg i&is pslex ,ti, t#]. .b,s. es.ns-
rned. that, .tlre- .g.gll}p,ras.! sglgi,aeEfg jtpil-ce x h"*e glgiig A*ge.]}gis.
:*T:*T:-:._

If K C R"' lc a compact subset, tfuen given a coverins by open

subsets of lP,m there is L > 0 and a refinement consisting of

cubes rr i th edgeso paral lei  to the cr:ordinate axesr of length 2t

and" centers tn e'f . This, together with the fact that a compact
Drts.-4

metrizable spece of cLimension

(Tlrrn"V.3 :rnL43]), easily yi-elos thc follon'rj-ng useful factr Yile

shell record as :

2.7-.  Be$egb. I f X has d.itrteng*S

g131S gI x. &as e ge.g1*erlqs! e:lc& g.LeJl q_s!. eg ylig l*!.ffiep$ *s

nlore il:cnr 32nt'L ̂  r, q:clgJ: p-ps-g g-q-es gE fr..J



* A t *

2.2. Dsfrplllqs, Ig.g x g .sqspgq,I gq.leLgeh}g .H!"*99, e aap.  = = = = = = = = = =

X l x l - . * * * F I - . e 1 ( h )
:c

- .gsILsg lg$es ssL+-c*q$bsg*r (p"h.rssi*sS .L's..q-)'iJ -{ss s:Lasx 
i

gggge-"fig*I -Agg.Ue+gg, (xo)fln c X r tr-irrrrro* xo = xo gg- bg]i.L,
@

a  r * , c  1 o
. il.=L 'h "o

Denoti.ng for a G A and" J € i(A) by a/l the i-nage ofi a in

&/J u i t  i *  easl- l t r r  seen that t ] : ie l . "qoco condrt iovt  2.2 is equivalent

tc 'i;h,e fo]lor',llng r v,rh.enever , xo *P ::" anC a € A , \fte have

l1rrr ii:f ll a./t-, l!
n **' oo "-:r

(us.e the fact that l l  e./A* I* l! = ouFn ll a/I* l l  anrl consid,er sub-' --n "b
\

sequoncesJ  o

2,3o lsiiig*I}gg. Au x-eqissi"o$ -p.r A 0,efi;re3 Jx iag n-$ggwr*

pJILES z , rii.t$ gggj f4pet snr!*.} (f-)-.-, is qalte,d tqirrial. l;f' -*.- i( j(e/L

Jes,ss i*. c #-bsss*s.#is$

l . t ; A -*-*P C---(XrT,(lI) )
I f i S

- e g g b , ! h e _ t  p o f  = l  " A g *  I i e r ( d * o t ' ) = I *  € 9 . I e l l  x € X , i $ g J e

r c*u(;rri(ll)) *+ r(Ii) +.js .bbp" IL-aJ,c i * ( f )  '  f (x )  .

I t  is easi ly seen 'Lhat p o ld = e inpl ies
t -

a

I {er (d*o t^ )  C Ker(F"  o  Z)  = 1*

$or for lroraogeneou"s X-extensions by A 1 
'bhe eontlition

s 0' follorrrs from the first cond.i-'blon,

Al.so, flo-r -!$c sdls,3.s*s.g .eg J#ix*el x*-qsle*g;.s*g fi lg ssssgeg$-

Silg-t" the. ;"RSSJ ggglgl Ig l.g"g, Ind"eedn rve have fo:r x- ----P x^ ,I I U

t i rat (C- o p)(a) is strongly convergent to (.1- .o ts)(a)r so that
* n ! * o l

r : in j1r  ! l (dx*"  f ) (a) t [  ? t l (dx o f ) (a) \ ln *+ oo "i1 "-o I

rvhich is equivalent to

I{er(d*o l*)



-  7 i ?

*tL1S lla/1*,,11 >/ l[ a/r*oii

establ ishing our asssrt iot t"

' Io prove . that  for  X of  f in i te d" i rnension and L.soc" ideal

there exjsi tr ivial extensions lve need soioe preparatj-ons'

For the naxt J-r€Ii1lta. A is unital" mrd. separable (es alvrays),

is the state sps,ce of  A an<l  for  J € T(A) ,  E(A/J) wi l l  be

s ide : :ec l  as  a  subset  o f  E(A)  o ,

61*.11v1116 
-l

n  (A)

COh-

2. 4. lgggg" fi:rp::p.ne.
* l*> I"€ i( i r)  k) l . .g"go

fini'ce tlimension and" le t  Xa xF--*vX ]ras

'.i*l:* #Jse "q -siels. Y sg A slEI -iL*.
'  t *q l r -  =  Q ,  U s j g * s - s * e e

I  - !^
LJ

-i&e uses ggps-Lr:;3x gp ii(A),

X 9 x1*2 u)_, € H(ri)

such tha-b kr-- l f  - -
i ' '  Ji

. cotrti.:'l.11oi j-$ J.'o;'

f o r a l l -  x € , i= 0

glggg, Tl:e idea is to use the selection theorer,l of E'l:i i i chaef (b$i)

for the $ct.-valued tnaP

X l x | " * * - * . > E ( A / ] - " ) c I t ( A )  o

To this end. we give .,!(A) the metric
cn

d( ro s) : H 
2." \rt 5) 1( 

a") l

vrhere 11 arrl\ ( L and (lo)fl1 is total in A . clearly d incluces

the r,.rea"k topologp' on iI(A) anC E(rl) is a cornplete netric sp&ce

since U(A)'  is eorlpact for the weak *opolog:y. I i ioreover the bai ls

rvigr. respect to d. . are convex, ,eo thart their intersections with.

the e(A/I--) are conYex and- hence contractibLe "- - x

Thuso the only thing stil l to be checked is tlte lov'rer semic:inti-

nuity ( in ' r ; l :e selfse:of } i ichael) for X e x !** ' t l ( i r / :*)  C : l (A) '  l fhe
J!

J.or,ver semicontinuity contlition is

g i v e n  € > 0 r Y € X  a n c l .  f  € L ( * . 1 t - , ) t h e r e i s
J

a n e i 6 h b o r h o o d  V C X  o f  Y  s u c h t h a t

n(n / r * )  ̂t *  a  u (A)  ;  c i ( f , s )<  t  \  I  A

f o r a l l  x € V r



Shis is easiiy seen ' i;o be equ-i-valcnt for n'ieti: izable X rvith

v , rhencver  * r r4y  and-  f  €p(A/ I . , , ) ,  there  ere

f," € h-(.A/I.- ) such that f- .'--+ f r'ieakly otr '}t Jl

i \ iov'ro for thie refor:ai. l lation it is easily seen that it r i l i l  be

suffj.cient to prove it only for f ir: soioe dense subset of
A

i l(A/Iy). Thus vre may &ssrurle f = lc*J"(ta o ron * St ) r 'rhe::e

g+ 4 l l(:r/I..) , ( j * L-rn oo 11{) e a.nci pure. But 'biris rralies ir seccnd-
d . J

red"u.ctio:r pclssible, namely we may e,ssume f is pure. Then; coxrgi*

cic;dng TI* aliy represente'bj,orrs o-f ;i i 'rith IierTI_" = I_" , tvc
JJ lf ' ;Lt

l lave f lff" Iie-r'[r, = 0 o sirrce f II. ', = 0 a11ii.
* A r " n r rI n ) { l ' J *  =  ( l n K e r T l n  .- '"n

ldovu f  being pure,  our a,sse- i : t ion rol loyrs f t 'om (J"4,2"( i i - )  in[4.Xj) ,

f lrus th.c lrerule folLorrrs b)t applyi-ng the theorem of l,{ ichael"Q.}1..0,

let  C() l l lJ(A)) d.enote the set of continuous rr laps fr .orn X to

S{"q) r 3tA) being endovred. r'rith the lveak topology. i:fe cons;d.er on
- :  '

C(Xrn(A))  the topc, logy g iven by the metr ie  :
a

d( I t rG)  -a  s r lp  d ( i r (x )  rG(x)  )  )
XEX

rnetric on .n*(A) c.onsid.ered" j.n tire proof of leinma

id"e : :  "bhe c l -osed subset  A  C 0(Xr i t (A) )  c le f incC by

u,here cl is

2o4* Su::ther

?u5o &gsgg. *uelggg.
* > I _ -  €  I ( j r )  i g  l o s o c .

it

sq*urprfl#, sers dj 
: :m
a\
i -t1
d - 4

Proof* In vievr

the

cons

.CL

- d _ 4 *

X has fin:i.tc

Tl len there ls

-*9 $(A) su.ch 'i;ha.t

dirnensi-on and. X Bx

e ssllseqcxl, t*r] Fo o1.

Iier c). (x) T fn -'. nrro'r-rr LJ - V J -  V  Y  \ , 4 . y  A

of r,enrrna 2"+, l,-133f=t ma;r be

ln 5I " 
'Ihus all we have to prol.c is th.at

girren the metric S . Bu'L since S)- is a

E r \ o

any dense geo.uenee

is separabl.e ',vhen

c losed  subsc t  o f  C (Xrn i ;1 ; ;



:
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"i t  is clearl=y su:gf icient to pro- 're that C(X,S(A)).  ie seperabl-e.

This can be easlly seen arr folloyrs. The space X being compact
r , r ( j ) l n ( j )  ^ nand. metrizable, fix a tnetric on X and. consid.er {'r, I u*a r-,1:€11
L !t J l!=:L

covcr i -ngs ,  ( j  € t i f )  ,  b)r  open bal ls of  i :adir is ,1, / i .  let  fu-r ther
I | 1i \) ..^ / + \
l r n \ " l l I r r 1 . 1  ,

l-rr Jli={- be e, parti'Lj-on of unit subordjnate to lurlil*i*)
and @"C S(A)  .a  countable crense subset  o f  E(A) ,  Then i t  is

easi ly ceen that.  the maps i? € 
: l t r i t (A) 

) of the forrn

" 1 l - i II(x) = 
'L' ' 

9{ i ) qrt) 0,, ,
] r - i  

' . I L  * L
I L -  - L

(v . r i th  j€N ,0 f  €  @ )  ,  fo rm a  cor : r r tab le  d .ense subset  o fSL.Q"E. lJo

2,5. lbsqrqia, gg.E X 9.9 €iJllllg diins&p*+pj+ .gQ X a x b**
. F !  . Y  r t  .  I

1.9..9., / Jxax J* = 0 ' tit9,{9 e}"il€Ig g i.riJ#} il*s:'Lgestg*?

-t- i. Jt ,,

4 r  t

gij} iA"$ *:g[q] x ? xH r- e I(A) o

Lgg,g.g. Sonsider ttjlF* & seguence of E(A)*value11 fuactiorts

satisfying the conclit ions'in lenma 2..5t ancl v,rhere each ternr eppears
/ ; \

an inf ini ty of t imes. .Let then 5i:Jl  d-enote the representat j-on of
/ ; \  l r u t

A on t ;"  qr i t i r  cycl ic vector l ;u '  associated rvi th cCr(x) by

.the Gelfand"-lTaimaric-$ega1 constntction. Constder furth.er
OO i f  - : \

T* : ,9uo;"

C T-T II-,
x G X  G

such that

nuu T Fn *1"
ancl let

r"
be the r;rst of those (h*)xeX

ll rt"[z =

m  n  . r . . : \  .  / ; \
h*  =  Q(p=  t ' . ' ( x )T l l " r , ( e . i ) )  l ; t ,

" j ; f  - i=1 '  rJ ., , '

f o r s o r n e  n € 0 ' {  n  ? r r €  c ( X )  ,  * i €  A  ,  ( 4 { i ( n - c ; e N )  ,  M d
.  I I J

where Yo n A O only for a flnite nurnber of i , Clearlyo Fo is
r I d

a vector subspace and. since
@

L- /* Y*G) Yn. (x) (oDn (x) ) (af,an)
j = t l - ( p r q < *  

' P J - -  t t L J "  J  j '

ne.infer that X +'x H llh* ll 6 tlt j-s continuous for (}r")xex€ ilc, '



Dcfine now

.  f  c T r T i I *
: ; e X  3  

sr*$ the *.:et of those (ilx)x€il such thai fclr evcrX, E > O there i

(h;)*u:{ € flo setisf;ring suFxe' ll h'.,. - h;r{ < t

r t  is eesy to chcclc ihat (( I lx)x€x ,  tr)  is a, contj .$uous f ielcl

of l l l lbe:: t  srraoes (Y?,t3r!-0.{.-2) 
" ' -d-: . ich 

is al"so separable ([ ,e4rLC"Z,L)

ii ' ior.eover if a € .,i i r::rd. (?rx):cel{ € .F' thcn also (nx(a)h.,-)rrn;f € ft.]

l ;31r (4.0.8"7 :r .r : . [gCl) the con. 'r ; i .n.r;r .ouri  f ic ld. of t i i ] .bert opaocs

{ f r - t  \  f i \  r r t - - - -  ! t - - - ^ -\ \r'y./-r€-t y & ./ is t:;iveal ([4f j3:1-0"e,* 4.] " fhi;-s the re ale r::ritar]r, :naps

ur,  of ' ; i i r ,  onto i i  such thcrt  i ;he sei  of  mapo i { }xt*-}u* i r*  6 i lo

r t r l i n ' v "a  (  n  
' t  ' . n r ' , " c . t  r r i r : F  n  an i  u ^ i  . t  ̂r!+4v*.! '  r.*32;q6X r.au1s oYer fl o coincides l"rj.th i;he set of e.l l conti*

nrJou# ll*vaJ.uec] farict:Lcn,s or1 K " Iiloreovei:, for a € A i;ire fr.mct:lon

p(a) ,  x Pl(H) ,  ( f(a))(x) * ur. 'J[rr(o.) uf, ,  *o" the propert i .  t l rei t

$(eri :r :  € { i () i , i ; )  for cvery f  € c(Xri- i ) .  fakin8 also !r(e.*) into

accormt  t i ' r is  g ives 
! , t (a)  

€  0oru( ;o ; r r , ( i i ) ) .  'Jhen Z *  pof  is  a .L . : : iv j . -

al- X-extension by

r leen since .Ker T["

' r . \r , . ' l ' rr  v '  d "f  Q. E o U./ L \ i l

Our n,ext airn ie

nri.ll also requ-i-re

ii r 'r ith j-deal s;ntbol (I*)*uX as ca.n be ea.sily
. ;

I* and Tfx is of infinlte rnultipHcrt;r for

to prove thc lTeyl-von l '{errnrann type -theoretne This

severa l  s tepsr
;

2,"( , Sropos:i.tj-on. -S.jlqpo^s_qt )i haq_ :Jlr.rtite clinension, let

"' 0 :T:*? c-(x'li(ii) ) c *" 3 *-9*e A ***-9 o

!* .*n -e*. .qJ X-g*lgJ#t-% !U A SiIh ij"q,gl g)'"_-"_-Lnbo1, Xa x F) I*€ I(A)

.ng* Lg[ t^] € fi(ll,;i(ir)) ,bg egs.li JegI c^:(x)lt* = 0 gg.r.*] x € x o

"Skq*giggl e )o -AS* 
' i /clI  

,&€ 
' ' i tcB 

{.UU|J,Sgieg:tr-:! .q*pl-p-g!*

Jill_9,93-, _i,.lt".ej:i #. h € c(x,ti) gpg* :If,*

r  
l [h(  x) l l

I t o t " l ) ( c ( u ) )  - { , ( : r ) h ( x ) , t r ( " D l  € t - t l n l l  ;  ( t t )  x € x ,  ( V ) b e \ T

3ng -tir*; *+t**s-a*.: .gp-** gg {r't=,,'l xe:l ifl Sl*ii&s, sh-:rcpq*,.':g*L.



/ \ * , t

vr€ shall. Cenote an integer lI 7. 3'-tt*t it'here nllog{. J}y

is 77 t ian the dinension of  X n Lei  E:  A *+ C*e(X' t ( l i )y0n(; t r l i (H))

bc thc K-rnonolnorphisn rvirj-ch ,iefines our 7--e:itensioi:. S'inc,e z o s =

p l $  a n d .  g t  
" d "  I  

F x o  P  r  v ' r e  i r . a v e  P x o  ? o q  =  P x  "  
( n l n )  *  g t " ( a " l L : ) .

I t  fo l lows tha t  (5 t  
"  d " ) (3 )  =  (Fr . "  z ) (A) .  A lso  g ince  Ker (Pxo E)  *

I r ,  ,  t h e r e  i s  , ^ t t ( x )  e  $ ( ( p * "  
" ) ( A ) )  

=  I ( ( r 5 1  o d * ) ( j 3 ) )  e u c h  t h a t

aj ix) o px" Z 
: 

,,,r(x)" Coneid"eriri6 nol,r the stfi,te ,*)t (x)oTt on dA(:B)

C l ( i l )  and. using (L4.,2,L in[ .g4]) ,  i t  is  eo.s i ly seen that rve can

find a subspace i',- C iI n rli-ra li.r. ,= li C.j.rn i,r 'h L slrcli that iLx.l-V

al:cl

t (d* (b )b , ! )  -  ( r . : '  ( ; r )  )  (  1 "g 'd  . )  (b ) ) [

for  eve:y  be iY anCL t  URr. ,  Ubl i  =  { .  "  t } i ls  ce*  be a lso wr i i ten 
:

l ( rcx) ! ,b> -  ( ,o(x) i toca l l [  <  f  r ro l l

f o r  b  €  f i ,  l  G  l l . .  r  l l t l l  =  { -  .
5  i L '  l

Coneider also an open neighborlrood. C; of x r such that 
,

Itb(v)! - b(x)!lt < 46sry1 rtr,rt
' I

l[ (,^r(y) ) (o.(b) )

r,,rhenever 'y € G; r b € ?iI , I 
e tt* r lltlt * {

$ince X has topologlcal cllnrension ( n , there is a refinernent

f  ̂  r Q  ( 1  1 d  / n ?  \(G6)f=1 I Gt C clt of the open cover3-ng (Gl)oux such tir"a'b each

G,..  meet et  : : tost  1{  other G" t  $ '
K J

-!'fe sira.ll not'.r prove -bire existonce of

such tha-b

h . , -  G  R *  ,  k = t l r o c a Q  ,
)I\. ^k

) ! r J  f o  v , r h c n e v e r  o j ^ G k { f i  1  a n c l  l l ! , r l t  = t :d"" (lv
^ j -  ) J  J r L  d

l l e m a r l c t l i a t t h i s i m p l i e s  b i t t U  f o r  O j ^ G t  I  f i ,  s i n c e  4 - e ' T i "

Tlre lOt * lvil1 be chosen b,:' j-n.cluction. For bO 
$te ll}a.y telce any

vec to r  f t  
u  I . * ,  ,  l t f t t t  =  L .  suppose  

tOn . . .n t j  
l r ave  baen  chosenu

tl ten consider t  (  ia < tZ1 *no ( i*  € i  those indj 'ces for v 'rhiclr



:  : _ _  t A

.  .  ' . .

Gl ^ Gir-L * f i ,  Clearly. ru ( N by l ienart a,t .  I"b fol lol ,rs ' th*t* B

S  a .  r l  , * d . \  |  ' '

Z-- dim(d-. (1Y) ko ) < n diia Tf d ciim R.
$=t  " i  -  t 's  x i * , t

"  
S  i J ' &

so v/e cen finci. tr*n a ll..,' , 11 tu_r l! = 4- and su'h tlat. " . J - 1 - +  A i * l  .  - ' ) J + j _ '

. J'i-:L

u*, 
lut) 'bt* r fi*t ' (t 6 s € rn) '|

& s "
:

Considbr rzow tTr.lf;-U a parti-hion of r::ri-t.;, suborclinate to the
correrinG (G'-)$_, 

" Tlien ure clelf ine'  K ' I i = L
'  

I r  t ' - \  
q  1 lonrxr = 

,ft ?ir"r*; b,, r

$j-nce k., -l- $u. r',rhe:rever q:l*r"> q!'7tr.> { t.r, it fo}lo.'vs thatJ J  5 K  . t J

l l l r (x ) t l  =  4-  for  a l l  x  €  X,  I t  is  a lso nbv i .ons urat  h(x)  J .V fqr

all x+X encl tl 'rat i;he rinea.r span of {rtt";} xeX 
j-s iirritu-d.j.men-

sional,

iYe have

| ./- , \ |
l ( i r ( * ) h ( x ) , t r ( x ) )  -  ( q r ( x ) ) ( q r (b ) )  I  \ <

€ rl__"Y
_ (p.,
rA  l 1 !
va 4l'k)'iflx) | (b(x) - n(:,ic) ) !n, h)G , ' n G o  #

r ! d "

' +

't'

ctY

,& tucx) l(r(xu) fu,ts) - (o(xn) (a(u) ) |
A;\-'|
f

T-
v--n !r(x) lt,o1x )  - ro (xk ) ) ta !b ) ) l  \<

*< {fl- tlt tt +

this ei:.d.s the prnofo QolI.O.

< l ^ ,. , ,qlrz:t"1,{/jz(") #,yfT +
Gunc, i  f i

3

ff
Y

L <,fr.(x)
k=l

'f nutt -F

€  [ b l l
:?:

€ llbrt
TffiT1I

L  [b l t
. TMTNT E l l b l l  "



Forbhe ne

of' ,l *n nrat

19* also

maps froni A

* L 9

orlr let i i , i* = i(Cn) be .the Cs*algebra- n

he system of matr ix u:r j - ts ' (o \' " i j ' . i  s i ,  j q : : "

note the set of  conrpleteiy posi t ive uni" i ;a l

or,"red. vith the point*nonn tcpology.

2o8. Eggpgu:dioir. $uoon,qe. ,'i i1;+$" gttilg. AS*g;Lgg, }-et
:;:==; 

,t**;) ) 5'*-* jr *!r*> ! -*> CI
l  l n t ' \ J " t 'L \ r '

"be eS S-E.Lq! .i.l-S"x'!.enel.pq .Fjf A \y"}!,h igg.q} Syg*1g.} Xa x!."*+ I,"e lijr)
a r  ,  / t - ,  r ?  1 , ! t  ^ i : ,  .  ieeg &i $: x *> cp(x'}l ) be q ss.l.t.i*srui)- nap s.wi] iUir* Y(x)lr-"

= Q  f o g , q l l  x € X " , f i i - q ; l r , ; J t g g  L > 0  * . , A d  V { I i  r a r * i T r * i i

$gl3g*iU$sllglgsg* ,p*BlS.jX,a"9*: jirege. ;iq u , x --+ t(snrli) -a glo*ju*

Sg.g}iglig]1g tilg! gqgll .tire;U.

Cp("1u,%)

si t l

th 'b

f l a

end

"xt Propo

rices wi

to i','1n

(S') x eX

' .  3

seg ,the. .r,-*-qqss epeq

Proof. There is a

giveir by

s.€ {ut"> ({rn)t x € x ls -risigs.-g1re.*sib&t,

natural isonorphism (ta+ lrt #J )

n I Cp(Aotl i rr)  :T:.>Cp(e6l, , tnl$) = i l (ASI'L)

A ( y ) (  L  i ,  j  ' i j 6 * i j ) 7 ' \ f t ^ \a * :  - r  I - r ; \ L l : . : /
J - r J  r J  r J

vrhere Yq are the componen-bs of  Yr io€.  Y(*)  s Lroi  ' '%- i (a)e 
, r .

0ons idcr  ' che  exac t  sequence s@i*u
'l'rl"

o :::-? cn(N'K(II) ) s liir, * 
? B ol"ln ** 

-:->

ld.ent i fy ins Cn(XrK(H))@tl i - ,  and Cn(XrK(Htt))  ,  t , ' i : i .s  $equencs +en

be viel'.recl es. e"n exact X-extcnsion by A@i;I* rvith ideat $)rmbol
+ *

X ) x l*> I-EI, i r ,  € I(A&I'nn)" Consider then ta) * A (Yl) e IJ(AS%)
Jr

an,rl appl)r Prppoeition 2.7 ^ Uii ip girres a continuous frincticn

1r . *  (ha r . . . 1h r r )  I  X  *>  ] I n  such  tha t

I th(x) l t

L
n

/ i@11 ***..*b fl
a  v a

* t l , h(x) J vs,\, ( S )  x e X



* 2 0

)

t(tc(:r) ) ( (crei.\,:.^) (b) ) *

an<l th9 i inear npan of

Let us tiefine

x) , t r ( * )> l  (  
$ , ,0 , , ,  

(v )x€ xob€ i ie i : i *

A N is f in i te-dj-rrensionel .

\{i irc";*er, )h(x) ,h(x)) * (o(x))((s'eidrlrxu*erJ)f

t3 , ,,,n irz.tJ*l t1b il *< E llbll:' t c  
A6nJ '  

!  " ' - ' r

<blx)l(
- f  r ,  r  *t ]
L*"^ 'J  x

.  s : x .**-) r,(0nrH) by [ i(x)e., = n'/Z]r.(x)
J J

where {"ar" ".ren} .1-s the canonicar orthonorniar baqis of sn .

Shen lve h?-r.re

so(*)s (x) = ,r Z ., ,  (Ir.,  (x) ol:. ,  (x)) e., -, =
.  " r . r J  J '  r - ' .  J - J

tS' /r ,E rL  Z r . r i  { ( t * * r - j ) n ( x )o i r ( x ) }  e "

SiO ti,.a'b

l l  . , J b r  \ n / . . \  n  
' f  

I  t r -  ^ , .  \ -  ,  r \  d l l 't1 ;"( : r )3(x) -  4. , . r r l l  (  u z .  o .  lc i**ur j ) r i (x) ,h(x))  -  s i=
,=  n  Z r r ; i (Ct&"r j ) i r (x ) , i r (x ) )  *  ( ,^ r (x) ) ( re* r r ) l  <

,  p l z  & 2
,+ bn_

4. (rdtj,oh rreanrJ no lose of generalit; '), 1'{e

- rr,i ff ( nrax{rr- t,.,$>'''lr,c tr-$t 312*D3 It"n (

[ [  s (x )  -  s (x )  (s* ( * )s  ( r< ) ) -Tz  l l  <  l t s ( : : ) t l l i r *  (s * (x )s (x )  ) * '12  \  <
n 

'''11

c  9 1  1 l n  c  
'

*< t(t * aZ)', '- (. ?
$'ine',]-lyr i:f :

u ( x ) .  =  -  ( x )  ( $ * ( x ) $ (  * ) ) - ' / 2  ,

tlren u(x) is an isorletry and. clearly d.epencls con.tiiruously on

x G K . i l e h a v e

f l , . * . . . - , ^ ; . ^ , *Duppo,$l-ng t <

l l  l ' !1* t ' - \ .q  f  * t  t  
* ' /2

f l  \ v  \ 4 ' l P \ 2 ' /  t

so that

l lutqx) b(x)u(:c) -  (Y(x) )  (a( b) )  t l  <

) l i l l b l t ( 4 - + t t $ ( x ) l l ) + | t [ i , + ( : t ) b ( x ) $ ( x )s  l tu (x )  -  s (x ) l i  l l b l l (4 -  + t t$ (x

have ;

t
A . '

n !n "' ft: $ rlr,tt ' * L r,i l(ocx)hr (x) *]rr(x)) - *i{i (x) ) (c-(u) )!

4-

" \ r  C 2= (? 
" fu)ri:t l  + s

n L .a r J

r?t *\ ?
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AIeo,  s ince U(x) (0n)  s

and the l inear.span of ^

L e t  X l x \ _ ? I * c 1 ( A )

l e t

i t  i s  ob ; ious  t i ra t  U( : * ) ( { rn ) l .T -

--  -  -F is f rn i te-c l imensionaloQ.I{ . i i "
J . E A

b e  a  l n g n c u  n a p r , ' ' r i t i r  -  T. ,= 0.  
X € X  ^

$ (x) ({rn) ;

{utx) (on)l

and

be a trlvial X*c>rtenri.on by A rvith id.eeil spnbol l{ ex ry I*€1(,i)

no:no rpl.rism irnpi-e -
l ' L  . ' - '  

- 4 - -  " i i $ ' - - ' t - ) " '

uent:i-ng the trivia,l"i.ty of tiris .K-e:ctensior:. by- A (i.e" s*o 
!.{- 

= id,.,
t  -  -  \  , -  -

.  ancl Ker(drr" tr)  = I"  ,  (V) x e X). Consid-e r also

o c.(xer"(il)) r.***9 3 -*q--* A .***+ 0

am arbit"*y X-exteneion by Jt vrith iclea,l symbo'l X )x t**-+ Ix€ I(A)

lYitir these no'i;ations, we have ;

o -.> cn(x,t<(Ha) ) h to ig.-" A ;7J o

Tirere is S € cgrs (; t , I( I I1r1{) { 'h  o  { :

sh(cr(b) )

s r ( * ) $ ( x )  =J  ,  ( \ t ' )  x

b s € c n ( x , K ( t i l r l l ) )  ,  ( \ f )

2 . 9  .

i troof. fhere ie al l j-ncreas,ins sequence

l J r . n r r n o i  * - ' i  n n
&  J V V V ! &  g & V r a o )

a

$$sb

J l ,

b e l S g

and of

0  =  A o 4  A a {  A e  (  ' o r  !

l lAnlt < l- , of elenents of Crr(XrK(HA) ) vrhich are constan.t on X

finite rank su.ch that i

l i ra  l lAn lc  *  tc l l  -  O
i  * t m  d  "

e  ( s )  k € c r ( x ' l i ( % ) )

. l i m  l l A i b - b * \ . i l l  = 0  ,  ( + ) ' n n B a  ,  "
J  *D0  . J  . J  .

Since Cn(XrK(Fa) ) hag an api:ro:cj-roat1 r:::it rvhich is an lncreasing

sequence of constant f ini te rank elomonts, thls fol lorvs from ([4 J,

remarks after the prrrof or tfrm,tl . Consicler also {orJ}=n o bj = O},

a total seqrler:ce in 3 'o Then replacrng In"lflo by sone subr:equcn-

CO r tle may s'rrppCI,ge tLrat

il [pq(r(brc) ), (,t. - Aj -t_)tlz] tl < a-J for { ( ii ..< i .



Coneider  fur ther '  P* l  €  C-(X;K( l I ,  ) i  constant 'prc ject ions
J I T -

ttra'b

A n S o * } . t A . i = A ^ l  r -
{,, tJ rJ ri (l

Using pr"oposition 2.8 several tirnes one can easily consir.u-c'b norm*

coi: t ivruorl# n{ips X> x ry! U*(x) € }( l l i ,H). and f ini te ra"nk projec-
,J . :r-_

' * 2 2  6

d + o o  !

tJhus wre ho.ve

such

tions I{.r € l(H) i lt:r - it' *< 6 r * such that
.)

/ ; \  t f i l r  r r  ( :  -  r t r \
\ . L , /  L , - \ J .  &  I  - :  O  \ , 1  s  l r " r /

J  i - *  " i  I  t ' J  e  [ ' l l

definins an element $ € C**(X':r{nrr} i)  ) ,

Using ( i i ) ,  ( i i i )  and bu = bf v,re hari 'e
tL Jr

4' f r r * i

L lluf noun tl = z L tluibkui ll
i * J  

& ' L '  
,  i > i  

- " i r

: ' . i

. ' .

( i i )  u . , ( x ) ( i r , l  )  c  { l r i r . r  - } i . t ) ( r i )  ,  ( v ) x € x
J  J T r ,  

" ,
/  i l  .  .  \  l l  

:  

1

tar-r..r ,r(I - Ri-,, )b.,,(x)i i-, l l  *< 2"J , (d) x €,7: ancr t ( k =< j
. J 

-r.rl 
J

( iv)  l lP- i l ia  (g(bi . ) )P" . -  uf l , .u. l i  € 2*J for  4-  < k < i  .
J l ' l  . j  . J  I i  J

4 l  r :

thb susi Z:-" uu (x) (A*
r j ' ' r  J  u  l j - r -

strongly ccnvcrgent at ;c i  $*(x) t i (x)  *  I . r r  "  Also s ince 'hhe J*. . ' tu. J I J

a r e c o n $ ' b a n t C r n d . b e c a u s e o f ( i i ) i t 1 s e a s i 1 y c 1 r e c k e c ] . . b h a t t i i e g u j ] I

deflnlne [J(x) ts uniform]y x*etrong];r convergent on J[ , thus

s z -1*: Itu;biJj[ + z *,, e*(l-r)
1 ( 1 , j < 1 c  4 " d  i > j > l

< z 4- ttulbkl;jl l + z zflr. '*'z-(i*t) . **.
L<i ,  j  < lc

Also using 
!rv) 

l.re hs.ve
oo
E= tl(Ai - Aj -ofln(ujuuu, - 

Fr(a(br) ) ) 
(n, - Aj -r)'l 'tt < +oo

j=I-  d

end using ' i ;he inequal i t ies for.  l t [ (n, -  ,r j  4) ' l2,fn(tr(bk)[ l l  v ire have'

E= tlyo((r(bk) ) (Ai - Aj-l ) (^j - Aj -n)' l 'yn(.r(b;)) (Aj - Aj-r) ' i2l l
i = 1  

I ' r  J



/ \

0

L
j =lL

[(1, - Aj -r):: ' l2u3br,J; (,t, oj -")' l '  - trr(a(br) ) (a., - Aj-n )ll +

. 
h 

ll{an * ^i-rlyzufuuuilAi - .li -uflrll 
( +oo .

rlirie proves t]:.at

s*bn$ yn(cr(brr)) e cn(x,K(tr, )) for all k € N ,

fiince lo,Jiln 
j.s total in B we infer

^  $ * b s - h - ( c ( u ) 1  e c - ( x r i { ( % ) )  f c r e , 1 1  , b € 8 .

It follolv,s that :

(b l l  -  s i rn (c ( r ) ) ) " (us  *  s ln r (s " ( r ) ) )  q

=  r i l F l * 6 5  -  U *  ( r { u * 1 )  )  )  +\ i J  r )
t 1 ,

+ H1(a(b*) )  (yu(r( i r)  )  *  ;s*bs) r-

+  (yo(c(b*) )  -  r i f ,bs)yo(c ' (u) )  e  cn(x ,x{ i ro) ) .

ilu-b this is equivalen'L ',;ith

b S  -  $ U * ( A ( x \ \  p  r - i  ( Y  t r r " '  r r \ \
r r .  . b ) )  e  u j l ( x e l i ( } I t r l l ) )  .  Q . H . i ) .

2,4,A" fhcorem. Slrotroce i I  i ras f ln i ie dimensi .on aircL let
. 
======= --:***- * ":T

X > x ry f" € I(A) !S e31 eJqq! ].g.g. ;lgq.e} gf,i,Sg}.,l3x'if -tle
gfi*gigl v'-g*e$,s19-$ "UX A i'i.ilU *gegl S,UsbP; x ) x 1*+ I* n I (i')

es-- etl es::ry.*IeJl! p,il,s -tirsts -qlpss is s. sssls*} -e]-s$s.J$, J* -Lher a  i , r  _  - + _ s . . . G

.reJ1tiilgg .i:;ltr (.|r;4, ttx/ xe5/ .

3,Igg-€" lct TrtL r A :*? Cos(Xrl(H) )/Cn(Xrx(H) ) ue x*ri lononlo:r*

. phiorns cleflning X-extensions by A witl i  j .deal sSrrrbol X s x ry

;3 fo € I(A). 33re4. assuining 74, d.efines a trivicil X*exbenelon

by A vritir the given i-d.eal eynboll rr/e si,.all prove thut'r; [Z ezal =

lent fo;*[zl " 
'rahis r.ri l l  shorv that [z' l is a n':rttra]- el-ct

i lx t (X;Ar(1x): ;eX) e*rd s inco tr , ro neutral  eJ-ements must coincid-e,

aleo the o'bh.er alssertlon of thc 'bheoi'etir r.ri.I l" follott.



r.r A,  : F  / l t  q
| - l

0ons-i-oor

o *****2 C-(Xri((i-i) ) F*** 3 t'**F A **::}' o
I I

o ::e cn(x,i((H) ) ti*::? to :& A -r***P 0

the exact sequ-enies corresponcl"ing 'r;o tite X-extensions b;r A ,

defi-neC. Sig Z and Z L . J)enottng by % i;he llilbert spa.ce

HSI{S.o,  ,  b$ Sz I  A*->Cs{$(Xr I (Ht) )  the i i *nonorno:ph1sm

( l . a ( o . l l t & ) . = ( p n ( a ) ( x ) ) s i F I ( a ) ( : < , ) ) ' s ' " o l '
, -  ^ * l  /

ancl iiy iJ,.) "[irc 0 -altie bre
" 1

p  . -  r r  / r , \  .  r t  l ' v ' t ' . ( i t  \ \  t -  n  f ' f  T . f ' H  \ \n a  3  H ^ ( . i l l  f  V - \ J r 9 ! \ t l r / l  u  t l i , g \ r t l l - t \ : r 4 l l  t
. l 4  

l l  ' . i "

rrc obterin an exact $cquellce

c -*) c.^(x,l{(H, ) ) q***-*> j3o A --*-? 0
: f , i . | L 1

clefinl-ng a; t::ivlal'X*extensicn b;r A wi"i;h itleal s;n"nbol J(9 x l**}

--;*:*. T a f f n\- - - i  t * ,  *  i \ J l . J  c
. .  - 4

3y proposj. t ion 2"9 there is. S € C*u(X'I( I" IA'I I))  ,such thet

s rz ( f ' ( b ) )  -  bs  €  c3 r (x ,K ( i {4 'H ) )  f o r  a } l  b€  B  ,

v ( x ) ( h t @  h ? ( E  ; . . )  =  o @ h [ € h 2 @ . . :

L and. i :y P € t*u(XrL(I lar i l ))  the consi;ant co-isornetry

F ( x ) ( i r n O h e @ . " * )  =  h 4  r

Clearly T conmutes lvitlr F"(A) ancL herrce r,rith B" utodulo
I  d _ .  I

Cn(NrI{(HA.)). Sir$:L1arly, ? j.n'berbv.rines laZ and. Pl , Consicler

then U(x) : tr{ ***} }I@}i d.efinerl by
'  

u(x)  (h)  *  (  ( r  *  $(x)s*(x)  ) r r  ' r  s (x) " r* ( ; i )s* (x) t r )  @

s  P ( * ) s * ( x ) h . .\ L /  *  \ e

T h e n  U  i c  u - n i t a r y ,  U  € ' c t i s ( X r 1 , ( i { r g € } i i ) )  a n c l  f ( u ) o z  *  z @ ? 1  "

8 . I ,  D o
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'  6 ?U  J .

Beglrrning rvli;h this section 1.,,e ehall- consld"er o:r1y h"oraog;eneoufi

X*extensions by A , Ansuming that 'A is nucleer, we ehall a.plrl. ir

'bhe Choi-l lffros cornpletely pcsitj- l 'e l i ft ing theorem ([,/61, $ee

alsolq 7rtQe11 to pr:ove that i lx t (XrA) for  f fn i te*d- inensional  X

is a Sroup'. UsJ.ng thi.s fact lvc shaL1 al-so prorr$ that ever:r hornoge*

neou$ X-e::tension by A is cqr-r.ivalent to orr.e for rvhj-ch

^  ( - f  V f  i i \ \  t -  T I  / -  t ' r  / W  f . I : . r \ \v n \ r ' L t r ! \ . 1  ! l  /  r -  l . ]  l b  v f l \ - i ' L t - i j \ j . ! / , ,  {

( P

3.L" Leltuna" let \r l  A ---> / '  r ' \r  r ' fTr\ \
-  = = = = =  &  " t { f l \ r * t r \ i r /  /

rn&t). Th.en"bhere exi:: i ; , i  a $ep{i,reble i{ i" l"bcv'b
-$&

ls:jjlt ie-Wg1ggg.g1l4igg 14, A t*A cxs(x,l(Il{)

(U ( ; ) )  ( x )  *  P ( i * ( a )  ) ( x ) l n

:ti:.e g.gbgscg+,el &s*Lqs.!les qi:

!e e -cirtJs'&$: tteeJ-ti;{.p.
snacc lI, :) ii a,ntl a

"L

) :*rqir e!

- & " 9 - W g ; g  a s A  ' ; ( € X

vrhcre a
x

vrc have I

spall

€ A  ?

l  v :  \

o11€O $ /  *

" obvioust;, \C ui * !'xi!( r) f ri !

i;he i-uriforra closure of the li.near

cleno'tcs

n
* l l  I

-i *?l

,1,, ( ao ) hl ' | |2 +
I r - L

z *
I - ( i  ,  j  gn

F r o o f .  3 o r  e e e h  x ' €  X  l e t \ 
: A **** L(lI) deno'bc 'bhe coarlrJ.e*

tely posit ive map

\ ( a )  
F  ( Y ( o ) ) ( > : )  a

le' i;. Fj,_, A *+ L(H-) , II*f 1{ , be the $tinespring rninii lal" Cj.la1;io::

of Y" o Let 'further 
l^tt : 

o *-" l(He) Ue a rxrital x-mononorphislrtu

whlre I{Z is ceparable and infinite-diraensic'nel. Conside:: }if =

H*@IIZ n 3r,  the or"bhogonal  proiect ion of  i { ;  onto I {  = } l@0 C

@Ha imd le t  S"  ]  
y ;@f"

ret tr c TT (n;et{) be
x € X  ^

of the elements of the forrtl

h  €  0  (x , i I  o1 i . , )  .  fhen,  i f  ] r .-  \  ' 7 "  
Z .  

-  .  J .

n

( ( r  -  F * ) F * ( a ) n ( x ) ) * *

hi@hi € cn(; . i ,H@iiz)  r

, r ) i . "(a,  )hn (x) l t2.-r

r
, / - *  (Y-(o1" '  ) t r ;  ,n i ;
l - ( i ,  j 6 n  u

(t!r a, ) hl l{( a,, ) ir3



lvhlcil is clearly

clreclc n"ovr that

* 2 6

a coir i j -nuouri  frmction of x€lt  .  I t  is easy to
( (Hj"eil)*efi "n f ) is e:. continu"oll,s f ie lcl of }l i lbert

spaces (1-O.{"" t"  tn i l ,4J).  $ ince x j .s f i ;1 i te.-d. . imcnsional  ani l  th ie

fieLd. is eeparable e"nrl each, i-"I j{eI{ is separabtre infinj-te*d,iniensio*

nal-n i t  fo l iovrg by ( i*4111"0"8""/)  that  wc ] tave a t r iv ia l  f ie ld."  j jence

tl iere are rur:Ltary opcrators ur. : r{lo}i *+H3 cu-ch that the $et

o:i' frurctionri K ) x $**? U.,ik € H3 r,vhere (hr,)**X rruis o.rcr r
is ju*t t i:.c #$'0 of *,l l  con*inuorie i{r*v*}ue,l fur:.c*:j_ons c(:i}I i j}.

JJcfi ini-ng l l l  * I i@H3 o Vx I i.I@(ii:eil) *-+ l i@H: , Tr, * IIISU* ,
J '

enc1 (y{e))(x) i  v- 'F*(a)v[ r  wo shal l  { : ;ec ' i ; }ro.t  }-p:r r-+ (f(e*){; .)  u
T  / r r  \  'J-,(] lu) has i ;} :<'  d-csi. : :e d" propei bics. rnd.ecc1, sj_rrcc Ft* l  maps

c( : : r1 I )S f '  ' rn1 ;o  ' t t se l i . ' ,  i t  foL lo ' :ss  tha t  .  I  ' '  "1;o : r - rse-1. i . ' r  ] . ' t  fot"Jor:ss that  f , (a)  maire c(xr Ih) lnto
j- 'bs* l f  r -"hiel i  cntaj- ls t l ie stroirg cor:r t i i :u i ty"  of  X> x f? 

(p(a)){x) .

a. lsc thc di latron property of  f  1s qr- i - i - .bc obvj_or is.  Q.u" l )o

?  O  l T t L . . n -)* c* $*$g/r$i$, ggHpssg A

J3;g.* slxr(x;A) " je g .${s.IH,*

$S g*gle.*S SSg x til$!-e-"*$ilssaqirs,1"

ff ip-fi. f ' l ie pn)of is thc sane as tieat orlblj"necl in (rg l), onllr

one mu.s-i; use .lrenmra. 3ori. instead. of the $tinesp::ing dilatiop. ,rlr*or"rn.

{r1d.eed",  lqt  ? i  A -*}  C$ej(Xet( I { )  ) , /Cn( i ; rK(} t )  )  def ine a homoge*

neou$ X*e:;tcnsion b;, ;t . By tlr<; Ch.oi*j, l : i fros i lreorcn there is a

oonpl-etely ir,,:si-t ive rnap

s u c h  t l i a t  p " Y  *  ?  o

t{

n :: :? S'€s(X?i,( l l )  )

Uoing lerilrra 3.L fo:: \a \,ie get

^  
A : * * l l > 0 x s ( x , i ( i t n ) )  ,  ] r t f , H  s

cienCiC th.C pq:r,rn1r,r'l:r' ' i 1r rrn(r!' i -f :i. 'Uc :nan

l f :

cl:Lla"i;lng 
'Y 

" .Jret +
:F

I  :  S T:***:  Crs(X$i,( ik6lI)  )

l"'rhich is the cc.npi.e$s,ion of F to !I{eI{ o 'Ihen

wliere ?^ is &.r;r triv-ia.l horrrogeneouil l(*ex,tensiorrU

e,n inverse for  t r l  ,  [ ) * i ]o j ) "

tcp " *l ca rol ,
r/jl ,f|,9 vi J_.J_J, uu
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$j-irce Ext{XrA) is a groupn it j.s time to nen-b.ion that }ieepina

X fj"xe;cl we get a contravariant functor frcrn the categorly of oepa-

rable nuclear C*-algebras wj.th ruri'b, the norpiriams being tire unrt-

preseY'ving x-horirornorphisms to the catego4, of abelian groupcl. Ulrie

depend.s in faet on fhrn.Z,Xo. Tor ) t A :? B a unj.t-prererv*:Li:g

Ei-hornonrorphienr ,. lrot n:lt(:irB) :?Ext(XrA) is d.efined by

t  t z l  =  t ( z " b ) @ c o l.  - d *  
- - - o r

where 7o is en.:{ tyivial homogeneous X-extensj on by A o

3o3, 'Ibggggr3. $Ju:qosg- X ln ItgUk-#*Xipprqrla], gg* ;t gggk.*lg,

e"tril le-[

T , A : :-*? CEs(.Krr(H) j /C-(xrK(I i)  )

d,ef.Lng_ ,q 4o*pflq;lSqg$_ X*SSb*4gl-Q-g .bj A . lXliq_n tl:e#q l-g

Y 4, :  
O -*  C** ( :Kr i , ( t I )  )z 'Crr( ' t r  i i ( i t )  )

qpehjiae,! [z]- [zol i*g

"{ (A) 
c Cn(Xrt( }1)  ) /Crr(XrK( i r )  )  C ClEs(X,r , (n)  ) /Cn(xrK(rr) )  "

Proof . Cons'i d.er S ,  o  - : , *  Ons(X,r (H))  a  completety  pos i t ive

l i f t ing for  7 and. consider also l l t r  A **> Cxs(Xr1,( t l ' ) )  i i  cor l i : le*

tely posi'uive l i-ftI-ng f 'or eome invei:se of I I l  , so th.at therc j.s n

mi ta l  x -honon iorph is rn  9 , 'A  ?  Cru* (Xr l , ( I i@Hr  )  )  sucS tha ' t

f( a) - O( a) @Y( a) € cn(x, x(u eur ) )

for  every a€ A .  l . ,et  ? a.nr1 3r be the project ions of  l l€H?

onto H and. respect ively I { t  ,  Consid.er
av

Q t  n  : : : : )  cuu i l (X , l ( 1 " I s ( t t oH '  ) 6 (uO l l '  ) 6  . .  " ) )

c ie f ined by  6 fu l  r  S( r l )sg(a)o9(a)@o,o  I  
: t  

t l .h , r i r "z to - .  \ . {e  have

f rJ * Lp . 6] , Ccnsiclei: also
tu

r  
.  A  * * 4  C r u u ( X r r ( ( U o l l r  ) s  ( n e l t '  ) s , " " ) )

d.ef ined by g = 
S€Ff@.*"  e  a .nc l  le t



Q ( a )  )  ( x )  *  $ * ( : r )  ( S ( a )  )  ( : i ) G ( : r )  e

5  ( i ( " :  )  ( x )  *  [ t r t f ( a )  )  ( : c ) P '  +  r ] ' ( r ( a )  )  ( x ) p ) 4 .  . .  I  n
^ +  

G * ( : r ) [ c '  i d ( p ( f { e . ) ) ( : ; ) ; t  +  ? '  ( f ( a ) ) ( x ) . i ] ) @ . .  " l s ( x )  
-

1 ( a )  *  g e $ ( * ) c  €  c r r ( { r l i ( ( ; l @ I i ! )  @ ( i { a u t ) @ * . o ) ) .

Cor:r:j-d.er fo ; "A, -*) C'c$(l{rt(}l) ) a }f-nononrorphisnr vr}:j-c}r j.s

coneta f i . t  (g^ (a)  i s  cons te .n 'b  fo r  each a€A)  and such i ;ha t
J ( J

Clear.ly I p . Fol and" fc (A) c cn(){ri(H) ) " 3y t}un. e"eo, tJ:ere

ls a u:r i tary U € C*u*(XrL(1. iSHtr , { ) )  *uch that

u9( r l)u* fo ( a) € cn()i, I((II) ) - 'co:r eyeqF *, € A ,

rJonsid.er aLric

S  o  r "  f v  r  t / . i : r 6 l . i ,  )  4 p ( i l O i l ,  ) @  o  o  "  .  I . i @ I :€  0 0 . * ( x 1 r , (  ( ' l t o l ' i t  )  s ( i l o l l t  ) @  o  o  "  ,  I i @ 1 I @  o . . ) )
d

cl"ef, l rrecl by fr(") * U(x) @U(x)@ . n o .
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To prove the theo""n_,i.* ei-Lr" be suffisient tc show that

u ' { " )  u t  €  c n ( x , 1 , ( I I o ] I s . . . ) )  o

\{o have

f r (")  (1(a) )  (x) t  "(x)  =
3: fr(t ) t f tai ) (x)T"(x)

-  6 ( * i  [ $ ty ia ) ) ( x j r ,  * "  ] '  (F (a i ) ( x ) ] ) * . . .  l f r * cx )  +
,  f i r*-r . ,* l '+  u r n l r i  L c @ ( P ( f ( a . ) )  ( x ) p t .  +  ? ' { f { a ) )  ( x ) ? ) @  . . . 1 e  T * ( * )  =

s u(>, : )  (g(  a)  )  (x)u4(x)  eu(x)  (  g(  a)  )  ( : : )u+(x)  @ .  .  .

Lu ( " )  ( . t ( g (a ) )  ( x )p '  +  L i r  ( g (a ) ) ( x ) l : ) u t r ( : r ) s  n  o , ]  +
'. frr*\r:#l '. . ,  u \ r , r u  i 0 @ ( ? ( F ( a i ) ( : r ) P r  +  F '  { g ( e ) ) ( x ) t ) s " , . J g  E " ( ; c )  .

l i ince uf(a)uf ,  € On(, i r l (H))  ,  i t  is  cJ.e*r  'uhel t  1; ] re f i rst  -ber:rn is

& nortn-contj-ir i;cun frrnction clf x , j l lgo 
,

' f ( a )  *  8ee )e^$a )  €  gn (x , i ( (H€DHr ) )

inpl ies t l iat

f ( a ) r r  +  P ' f ( e ) l  e  c . , . , ( x ,K ( l I s l i t ) )  .

Since U is x-strongl; ' conii iruor-rs it fol"J-orvs el-so

u(Ff (a ) r 'o  +  I r f (a ) r ) )u*  e  c r r (x r i { (H) )  ,
so th.at also the second term in the expression of frr1ta)fr* is

nonn cont:i-nuous.

,,,t'or tine tliircl terrn, let 1rs first nake some conputations :

/  
f r ( r . ) c * fog ( l (g (a ) ) ( x )1 "  +  3 '  ( f (a ) ) ( x )F )@ 

:  "  J  c  T r (x ) { r ruo  he@, .  n  ) , ,

/  
=  f r ( * ) c *  [ o  @ ( ? ( g r a )  )  ( x ) p i  +  v ' ( g ( a ) )  ( x ) p )  @ . . . ]  x

/  ^  
x (FUot * ) i rue  ( r ,u r ( : c )h ,  +  P 'u * (x ) l ru )e ( ru t r ( x ) t r ,  +  3 ,u * (x ) i rn )s " . . ) *

= f  ' ( * )e* [o  * (p(g(a)  )  (x )3 'ur ( r ) r . { -  +  p '  (g(a)  )  ix ) lur (x)nr )s

@ ( l ( g ( a ) )  ( x ) P ' g * ( : r ) i r 2  +  P r  ( y ( a )  )  ( x ) p u * ( ; i ) h r )  @  . .  . ]  =

*  U(x )F ' (g (a)  )  (x ) !u " (  x ) :nz@ (u( : ; )P( f  (a )  )  ( : r )3 'u* f (x ) , r r  +

+  U ( x ) P '  ( f ( a )  )  ( x ) t ' s { ( x ) t r r )  @ l  .  o ,

]rence
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"u rhere  
.S  

€  f ( i {e } i$oo, )  j . s  the  sh i f *

i i t * ) c * [o  o ( : : (g (o )  i ( :< ) ] r  +  . ] ,  ( f  (a )  )  ( : ; )p )@ .  "  d  G  U* ( * )  E

:  
( u ( x ) .  

I ( f f  
a ) ) ( r * , ) I U n ( x ) e u ( ; * ) p ' ( f ( e ) ) ( x ) p u n ( * ) ( b . o , )  o  s *  +

: {- (u(x} rig{ e) ) (x).v r u+(,-r) e LT( x).ri (g( a) ) (x)i lun(*) @ . . " I " t

l } (hn€hp6. , , )  *  Osho@irrG. .  r

$inc* wc have :. ;e3n 'bhat U(x)pr (g(a) )  (x)fUt(x) and'  - J '

aa t  r  . * ,  i

t l (n) : I ' (g(a))("c) l?tLI+(x) ale noim*cont inuolrs fwrct ions of  x € x ,

th. is cnCs t i :e ,proci f .  ( ; . j i " i lo

i$'o'i;E, -Lirirt for z .cleflning a homogeneous X-ex'Lension by. A each

ilx o '{ de"fi:res alt e:<tons:l"on of K(H). b;r i. anci t lenoting by Hxt(;l)

thc iiix"tsl'rn*iJouglae-3i1-Linore }hit for A , the preced.ing tJreorero l

ir:rplies. the 1lol"Lcwing corollary i , " '

.

3.4. gggg}lgg. $w.pp-*.e x ig €kl-ts-gteee*J-s;ral A npp,Jgsg ;

,€.;l* r, ''A :?-c;s(x,j,(ili ilcrrtxf it(H) ) *,g.g:roe g lrqlo,qne$sglg, x*g-
":

lg ru*g.hs A "  lhgg j , j re .Sru,  X 
"xr*+[p_" ' i l  

e  Ext (A)  jg  pop-

-Hesglige

i, lror ' '",rirat folloris we shall o.lso de"{]*g- Ilxt(Xrxo;A)o l&g;gg, (Xoxo)

rs a uointcd -qq$psg.! sslig:Ls*.is $,tl&Q,p,r "Rs, -thg. eqj g.g -tbg.ge E z] €
l ixt(,trA) f-pg gh}_qh" lpo o Z] E O " C1ear1y this is a semigrolrp

and,, tf x i.s finite-d.i::rerrsional anc A nuclear, j,t io a sroup



Atrr* {'$' *& i - u  \ l \ t 4 O

' i  r :  r : - . on  *
v  r : L U V  V  a

th is seci ion is devotecl  'bo i i re proof of  the fo l lov,r i r :g theorem.

4'r'' Slsgsgg' lg-!, ' A ilp*eJ$g.}q-+g c*-@, J c A, : , :  , . .___:___l* '
,a T?5o3,.gI (1 d J) cl.qsed iv{o-lsi*qgdJd-_gg,}*?,nd,_- (l{,:ro) -a*gi$l,e.+.:i"L*lJe._;__,

:,4*glgsgp$s-japjpi-?,q.plq*s*o*ut-ffJ-"qps,q.g., ,iq*?+ssJ f = J +,u.{i.^ cxld- -Ji. J;:*

i : "J -*:+ A r e : A *-+ s/J -{q.g---!-?r1gr;Lc-a1 +:-horio*o*:.jsms. ?}-r.en

the seou-ence
i ; ,

|  {aa -  \  
-r t  

,  e4-j : r j i i  (Xrxo;  A)  Ext  (Xrx. ,  ;  J )

. '  
:  

l

fhe proof is quite long and. ',vi l l  be carried. out through. a se-

Iienrarlt o.lso that the non-poi-nted ve::r: ion of Tl.nr.4.L, tr1.vially

impried. .b i r  ' r } : :n.4.?J. ,  i rnpl i .es : ! -n fact  rhm.4.r- .  That can be'r" le*r l  as,

fo l fov,rs.-$ince i*  o e* = g ie qui te obvlous in t loth case€rr  lvo have

only to prove that Ker i*C lnr q* in the pointed case follolvs frora

the non-poini ;ed.  ca,$e, Let eC :  t "o l  
*+ X be, inclusion, p I  K' . ,  +

t ' l* l""o| tne constemt i:iap end [zJ e ;xt (x, ir) r*uc]r ilrat oct[zl = 0

and. i,rtz] = o . Aesulning the non-pointed version of ri:rg.rl-..1 b.oldsr

there is to-l € l,txi (x, J\/J) su-cir tha'c u*[r3 = [z]. l;ut then

l " / J )  

"  

l

end.

quence of lemnras.

3irst. $ome remarlcs .

Since A is nriclear, 
'A,/J 

and

consid.ered. i ixtts . are gruup$.

q-(tal - (.r3* o orJ)fo-l) '* 
[u J- f r 1

* r?J
,  n f z l

vrhich J"e the d.eslred. result.

: :
d

J s"re nuclear l4&7 ro i ;hatrthe

cr*( (p* " cc*) tsl ) =

( 13* " *t) q*[g^J =

( [3n  ,  oc* ) feJ  =  [e ]
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'Jhus lc:t z r Ji **) c"*s (X. t(II) )/cn(X, K(li) ) t ie a .$-1llcl: iori ior-

i lhi sm def-irrirrq a horLro{r:eneous X-ex'bension bJr 1,, o such. thitt l ..[zJ=: )  s  r r \ / r ! t v  L u r  I t  g  
i i

a 0 "  A11 . ' ,vc nust prove is ' ;he exietence of  ta- l  € Ex'L:( i ; rA/J)  sucir

that  Qo[cr]  *  [eJ,  and. th i r i  wi l l  be achj ,eved" in 'b i re remaj-ni .ng per-r : t

of t lr is sec'i; ion. 
'

'$ince lt is nu.clear thcre is a r:nital corrrpl-etei-y pos;rtive nrap

Y :  A T l C a . - ( l i r r , ( ] i ) )  s ' ' - r c h ' b i r e t  ! " Y "  *  ?  ( f / 6 1 ) .  i ! , t o r : c . r r s y ,

st t lce i  j r "s r : r ; ico 'brvc,  1* ie l  = [Zo: iJ so t i :at  ueing t ] l : r ,2.110 ani l

:rcplacing f t l b;, Flonc equiva-Lent l:o::ioilenc,cr).c )--extenriorr. rrc nis.;,/

a$irlure thti:e is o *c.p;rri_trg:lt s-.iro:rlor'rorirJlicnr irr'rplcmenting thc trtvj-1.-

-  - l i . l - . t  
n ' f  l ' - z -  : 1  i  -  * 1 - r ^ . , . ^  i a  ^  , , ^ 1 - , . a - f - - 1 . . J -  . * - " 1 ^ ; . . . , . .&*v./  vJ 1.-o i j  ,  io(; .  ihci :c is a cc:r ; : ' i ; r ' :et  ] {- f io i to- i i iornhj.g: ; t
A,

f ,  :  J  ; *FCi r$ ( ; t? t ( i l ) )  such tha t^ o - r . , \  
- 1 ' ? . , \  a  ( t  ( " f  r l  f ; l ) ' r

. )p \ r , ' ,  - -  & \ . . ! /  €  Cn. ( r l r l i ( i : ) i  fo r  a l l  a  g  TC"  r l "  e

#onsj-der also g :  J '  **)  C*rr( ; . i r . l , ( I i ) )  tnc constan'b,  porr . ; : i .b i .y non-

turltain x*homotnorpi:risrii genera'i;ec1 by (Fol J) r'rrth the surire null-

s .p i : i cCI  as  ( fo l i )  ( t ,ad  l ra " to , i )  .

I r e *  0  6 u O (  * A (  d r .  r  l l u . l l  € a - ,  b e  a n  a p p r o : ' i i m e ' u c  r : : r i - b  o f  J

su.ch that

uin- l t i  : *  * i  s ' .  ( i  e t i ' { )

Oonsi .d.er: '  X,  € 0ir$(: ' , t r1,( i l ) )  'uhe. constnn1;.element r ' rh ich :Ls the

spec ' i ; : :a l  p ro iec t ion  o f  f  (u .  )  fo f  the  se t  { t }  .  $ i -nce  g(u ;+ t ) f (u ,  )

*  P(u . , )  \ ye  j .n f . 'e r  l I * , rP(u- , , )  =  f (u* ) "  . r r ,1 .no  c lec . r l ; r  P( r . i - ' )n . . ,  -  X . r
"  , )  J- r . [ , ,  J  -  J  J  J  J

ancr uj  € g(ur) (  t j -n,  .

r , . e t  n o v r  
{ t j l l e t i i i c  

J  ,  l b j t S e  6 t c  i t  b e  t o t a " l  , s e q u e r l c e s  o f

herrni' 'sian elernents of J a.ncl r-"cspectively .A ;

$ ince

I t  f , (ao) t t .  -  n- j ) i t  (  l l f (a , r (a  -  'u j_r ) ) l l  €  l t  o , , - ( t  -  u i_1) l l

ancl-

t t ( r ' -  i , r j )g(uu) :Lr - i l  *<  l l  ( r  *  f i j )y (bnur) l i  <  l l ( l -  -  u j - l ) (b , "ur )  l t

we mey rcJr}l,ce 
{"r}3 * u,i b}' con"rc subscqucnce so bh.at
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U g( au) - f ( a,-)E, tl < z-J .  f o r ' 1 < K ( j  ,

\ \ (1 -  s j+r)  (u, . )ur l l  < z- i  ror  13 k (  i  ,

Atso it is clear that if fi is the strong limit of the constant
t -proJecrLonf i  Ei  ,  then ( f  *  f i )  is  the orthogonaL project ion onto

d '  r " :  l '  -  '  -

the nuLl*space of  f  , r ' i r i  par t ic r r lar  ( I  :  S) f (A)  a  O o
:  . : .

l e t  a l so  P ,  *  E ,  -  H .  ,1  ,  (Bn '= 'O)  ,  and . ' cons id .e r  :J J J :

y k  =  
3 ( b k )  

-  
E =  ( r  -  ? 1  \ o / h  ' r r :  

L . 3 i f l b k )  ( 1  *  5 i * r )  o
j  l t  

-  
i+L'r  ' .  "1c'*  i  t rA 

-  i  )  '  "k '  l -  J+a'

(r)
( a )

'  
4.2,  L,enina.

we

3 *  ,  Q o  €  C - ( X , K ( I I ) ) .
.) .) 4r

c-

Z_ Q. ,  €  c*^ (x r t ( l i ) )
. ; r l l  J  5t ' iJ
J . f L

eee (g(rn) - YilQ e

I - , e t  0 < Q . . <
J

q =

'Ihen for

cn(xrK(H) )

n  \ l l  t
J5j r ,l ll sr

l

,

hence

t

,, Ti! \n l l- s-i +4 '/ v\t i ll
r)

k
L l le (a r . )Q; l l

j;,1 rL 
f,=1 

J rr 'J
' 't-

I!|

j=1 * \  qr  j  >k.

e(&.,-)Qo is nonn convergent and.
J r L , J

g(au)Q =  f=  f (a * )Q,  e  cn (x ,K (H) )
.  J  j V L ' .  

r L  J

A sj:nilar argument gives also

L
trzrL

heyg. (t € r,I)

g(au)a € cn(x 'K(H)  )

Sggg{" $ince

it follov,rs 'bhat

oi  r rn 'a

L
j > k

l l f (a, r )  ( I

L, ll L piilb,.) (r
J>rL I>rL 

&

j - 2
ll-+, r'if( bk) Q j tl (

L
j>r7.

(g(u, . )  -  Yk)Q € on(X,K(I I ) )

. a  I  t .  \  r r  \l l  (e (b , " )  -  Y ' . )Q*  l l  <
J I ! ] \ d

hilr*
L l l  t i

J 7 1 - '

(r  - ,  Ein*)g(bk)siaj l l  +

*  s j * r ) f (uo)ar l l  + L
i>rL

Q .  E  o ' D o
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A ') ' r,,rrnr^{}ae firere s.re consteii i  "frnii;e r 'si lk pr'o:iectiorrs (i . < P..  - T e J o  
{ y { : . i* _ * ; =  * * @  + . + + : . €  ' - l  -  lv u

sucl i  that '

(st uo) - f( b1-) ) (a
"  . r \  s  . lL  i s4  J  r I

d  t t t

for all i{ 6 li'I , i
. l

y:r'ooI 
" s].nce

(1f( bi() f( bk) ) jr j = (V( brr)

* [Vttrr)(f(qi) * i{ i rr)) + i" l f ,bk)Koj) * t t{uour)) +

4-(1f ( " r , . , .u . , )  -  P(b, -u . , ) i l?"  €  c* (x ,K( I I ) )  ,r L J ' t i t j . r ( j r r '

ti:.ere ere fini'tc ranh constant projections Q-u ( ?, sucir -blrat
d . J

l t r v  
j

- ,  1; ' )  i
l l \  _ T b r . )  *  g ( b k ) ) ( P J  -  6 l J ) i i  (  2 " r  * o r  4 E K € J  4

It 
.fol.lows 

thart ' i;he series

i-e iloriil-.conlrergent to

l $b i { )  
- g (bk ) ) (H  -  

ha i )

r . t f z ,  \  - / i  \ \ I x r  t  / \f lK i r r )  -  f (bo / , r r ; r  h ,  e i )  €  cn(x , i { ( } i ) )  .  Qo} loD.
J>rL d

t i{e norv con,s'bruct reclirr 'entiy a se'b of constant f inite-ran}; self-

adjo j -nt  pro ject j -ons {* . ,  . , } - ,  - i  \  , ,  "  i ,et  I i "  . ,  be the pro ject ion
'  \  + - t d J . L r < ) . / e  r l u

Qo provid.er l  b; '  Leruna 4,-2.  Sincc Y,.  and ?{ arc const*nt ,  onie
d r l J

R.{ ; &r.e co11,$trr-r-ctecl" :f'or fj-xed. i and. all j € $'. r we cen find
I ' r  tJ

R.,*o -i e conr.ltant f ini 'be :l:s"l 'r. lc seJ.fad.j,rint projectlon. such that
.L'rr t .J

R* ,o - .  ib the cons'barr t  f in i te-rank sel faci jo lnt  proj** ' i iot t  onto
J-r r r  J

the linear spen of the renses o:L' the ti*rrOr, s r iU 
{ k S i+i+4 r

l*- i i  < 4) , '  a.ttd. of *ro j  ( l , ,r i th convent- 'r-on *iro = 0) " Hote 'bhat

H-. * -{ P. , }1. _,, ( R.i-a . anrlu sj.nce
r l r j  d  4 , d  a r + t ( l

we also have

and so

Yt .* i * i  *  (Rt+t r i " -1  + n: "* I " r ;  *  i ' t i * { . r i { - t )v*nt r i  fo"  a6k( i+ j+2 '



* 5 5 d

Sonsld.er also :

Q c  L  F 1 r  i
"  7V4"  

* t r r

r vh i c i i  a re  cons tan t  e le lnen te  o f  C" - (X 'L ( I { ) ) .  t hen , ,Q<B<Qt<  Qt t {8 ,
' fiit

and ( f  *  Q,r)Y,-Qt € C*( i l ,K(I{))  for  a l f  k € t i {  .  Also c lear ly
i r  -  n '

Q r  Qr  ,  Q"  are Pmject icns.

4" 4. lgggge [vo, el e c" (X, ii(H) ) fr.I et] lc e r|.{ .
: . . . , n

rroorr uonsid'er S-, -r = R-' -,, - R*.a ; t (R^ ; = O) ' l lJr'err the
L t J  -  r r J  a - r t . J  u l . J

S, * fonu a famiJ.y of pairuri.se orthogonal selfad.joj-rrt cons'bant' - 1
.r- ,  1, l

f ini te-rtnk proiect j-ons. Also B can-be wri t ten ia,s '  ' '

OO . "1  *  i , . 4  _  \3 = L- ( {_ .  f f  $ . i . . i )  .
'  i = l - ' i = 1  

d  '  * t < )

Note that S* ,.Y'-$* * * S^ +P+YrJ-rS{ -i r so that
. U t U  J f u  l t i l  i ] ; t r  v  *  d  - L t , . J

in J
3 = L ( + L R 4  j ) ,

; > 4 .  
d  i = i -  

e ' d

€
,  . Q t  =  L  i i .  r ,  Q t t  =  z  R . r . ,  i

i > r L  
d t d  i > 4 -  

d ' L t ' r

S- u-T,,$* -.i = 0 rvhenever lt ll >. Z r
D t  u  n  J t . J

Also, i f  rnax(i+irs+t) 77 k+2 and. l i -el  >r Z ,  r then

S - ,  ' Y r - S ^  +  =  Q .
r t J  I l  D t  u

Indeed, since iso, tYr.si ,  j  )* -  si ,  
SYtcss, t  ,  i t  vr i l l  be suff ic i-ent

' t o p l : o v e t h i s o n l y i n c a s e i - s ) ' 7 1 ' l d o i v r i f i + j { s r ' t t t h e n

t-j >t 2 and tire assertj-on follorvs fxtrtn the preceding d.iscusgion"

'Jhus cre are left with the ca.se $then i-s > 2' r i+i > s+t , anC

I t - j t < L .  3 u t  t h e n  ( i - 2 )  +  t  a - 2 ) t  i + j - 4 )  k  a n d  h e n c e

a v q - s_, -'Yr-s.* r.| *S^ + ir
" i r j t k - s r t  I  J r J  r -  r ' L r t r  s r t  .

= $io 
i 

(Ri-Lo t+l- * ai*L, t * '  Ri-L, t-t)Yr.Ri-2, tss, t :  ,o '

- &loreover,

Ynst r j  =  YkRk+ i r i s l r i  =

a (I t t .ui*4, 
i+r 

'L Rk*i*Lr 
3 

n Rk'* i* l ,  
i - t)Yt 

l i t  oio i$in i



- :,6
l ,
l

be eriprssseri as a finite

foJ-lorvs ti:at for i+j >/

of $.. *Yr"S, i  o
U t  e  l !  1 1 , . ;

r.ie have :

sui?

k * C

which. can

'IJIUS al;

; .

(rvith

}',treharie

[r,, *:{

*
o o l
X - r " i i .

/  t . /
Z i - \ f f i

i = k - + . ?  - { ; 1

. i - i  + i f
-1

' " r )

r(.1_
lx t  g { ,  lp l  (  {-

k+Z i:* T.{ L
^  ' i = 4  ' i = 4
' r J

($tno., 
;*pYtosin; 

* ur, jYh$iu-', ,  jnFl ) ):

t# Fi.,si, jJ) n

But vie c[111

1 ;  5 ' F-c { *B
. l

Using 'bhe

,m
* i  i4 t  d

VrrS lfaVe'

.lxl$" (f rs y
' j " ) i f f i s1 - . ( s i * " . , 1+pY t . s i , ; - s i , jYks i -o . , j * p } ) ) .

[vurni  6 On(xlx( l l ) )*  i t  rv i l ]  be suf f ic ient

, lpl -d t , \,i'e have

to

R P 'L l l ' i l lui.hd,,;+/rsi,; * $i, lYrrsi-,,, j-F)) €' "esp .3 f f i : - f r  i  : " i s
c  n '  f Y  r / r r 1 \V 1 1 \ J L t i \ \ ' r ' t l  I  '

rvrite

PP i+fi)  ( r  i l h i * S " * . s  Y s  \{** \ 4!- -;--i-+ 
p,- - "i+ar, j+p*Hio j,

j*1c+3-P i=I--o( d 
. ' 

Y '

nota'cions

( :  v q
" i" t-*,  j+p*l i" i ,  j  t  * i t a n d . . s ,  {  *

* r o

o

j + F

#-n"', jr i ,  j  ) n' o*'f

Yr.$.n .. =. Ze . . . L rd  t . { t ( 3 "0 lF f , J "  
s i * o r ; *py l c$ i r 3 ,

r' )
q  v  - /  (  v f f
P - i  . { * }  *  a : - - - . - _ - .  u - i  - i 4 1 ' u . i . ^ " r  " i 1 . f t- L l J  n  ^  t c l < 1 ,  l p l  S 3 "  

i r . l  r "  r ? q r J a ' P  r

thc convent icn Sl  ^. ,  = 0 whenever i  € O or j  -*  O) ". L ,  i ,

oo :i
+  L ( . L
.  j = ] c+3 ' i=L

fhus, to prcve that

prCIve tho.'i; for l*l({,

o 0 j
( ' t  f  ( Y  c r  r n
v - ,  n  -  ,U  \4 *  i ' i  i * t  " i* t f  j = 1 C + 5  i = t  

* ? . )  * t d
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-  
, l

hence clearly D*-n € Co(XrIt(H) ) .
? IJ

l {ow remarking that Ti,  j  = 0 r.rnless i  > L-x s,nd I2"4 ,  at

follovt$ tbat

@  
' j

r r . j a m " 7 - . n 4 1  \+  Z - \  L  s . i  - r r ;  i  L  ' t . i  i r i : )  '
-  J = k + 5 - i = i - 1  

- t ' J ' t ' r u  i = i 4  
- r r J  & ? c i

Ihe f i rst  stu: l  d.ef ines en elenent.of  C*(] l r i l ( i { } )  s ince

t  \ r {  -  - 1 -  l :  : \(s "  . r  -  r - !  * )T*  a  & f ,€  cons tan t  f in i ie - renk '  ( i r i )  F  l rn rn)  * )
' a r j  a r J  t s J

.  : )  t o *  *T - ,  . .  =  T - ' *T .L .  =  o  a r1d .  l l ( s r  r  -  T . r - . i ) r i - i l l  *+ r ' )

whenever A < i < j encl irj r*-+ +oo , fhe setne kin] of_argrnnent

sJlofrs a.tso 'rnat the sccoitd swn is in C-(X,I((H)) .  Q.E"D.
J I

i :

l{e i"ntrroclnce tlo\,'r the follovging notations 
:

'  ' aJ  '& t ,

h =  r t  q \ . n  -  6 r = ( T - E ) + O t  .  6 t t = ( f - i i ) + Q r t ,V  r  \ J  -  l L r /  +  g  t ' 4 '  =  \ - L  -  t t l  f  W '  )

. - D r = \ J - r r / r J ) .

f h e p r r o p e r t i e s o f t h e s e e 1 e m e n t s e r e g u r I I I a r i z e d ' i n t h e f o 1 } o v r j - n g , .
: .

Lenuua o

tlolo LelruTla. . tr"rle have := = = = =
p

i r )  
g l l )  at '  € cn(x,K(I i )  )  ;

'  
F  

' -  
l v  &  4 .  M .  a V -

( i i ) r - E < 6 < n e 6 '

pro;icc'bio,qs- ;
*  " "  p  - e- 
( i i i )  (r  -  6") rn(r l)O" € co(x,K(l{) )  ;

( iv)  ( l i (a)  - f l * ) ) ( r  -8 l  € cn( i l 'K(H))  $qr .ws-uf ,  a eA ;
'(.irj 

tg(*l ,SJ c cn(x,K(]i) ) i 
"

(vi) lVcnl ,fiJ . crr(x,Ii(l{) ) .

a  / . \

{Sg-Sn \t  /  By the f i rst part of tremma 4,21 we have f (J)Qtt €

*r r ! * r l i ( i { ) )  .  i io reover ,  f (J) ( I  
*  n)  

:  
O ,  whLch makes our  as$sr t ion

obv i -ousq  
'  

, ' ')

m ' . j - - z
c  -  n  E  t  r  

- Y  t  ? -  - ) r i ' .  - )  +u*r[3 - u*,13 
i  l f .r tr=**ffn,1-a)luir i  

-  
" irJt '" , i '  

'



( i i )  fo l lovns in-mediateLy from the fact  t l rat  QrQt rQt l , '  .ar i

self*,cljoint plojecti-one errid. 0 < Q < B < Ql

( iv)  is  e Tl , r lngcr ipt ion of  Treni i ta.  4.3t  s ince
' f + Y r 1 - l T i r \ / \ f i f' . - L  -  \ t ) , .  I  ( I  *  H )  *  q  =  $  -  a

( i i i )  i ly t 'he r;econd- part of Lerrr ' ra 4.2 we hc.vc (9(lr-)  -  Ylr)at- €

), ,)Y.,-Qt € Cn(Xrl i ( i r))  so ' i ; l :+t
v 1 . r . \ l t 9 i ! \ r r l  I  {

( ;  -  i ; * ) f (bk ) i ) r  €  On( ) l , I i i x ) ) "  S jnce  ( i  -  i t ) f ( i , - )  =  f ( i ) ( : i -  
. .  i r )  =  0 '

we i i r fc r  ( f  * ' [ , , )  g( 'oo) l '  G Cr( j i ] I i ( i I ) )  .nnc1 s ince {qJ k€ t j l  ic

total :r-* A i- t  i - 'cJ- lorvs i i ' * t  (r  -  ' ' .  
")9(: i )T'  c cn(jc 'K(i i I )"  '$inc*

o  4  j -  -  [ , ,  <  r  =  6 , ' i . t  f o l l c t ' s  by  ( i v )  t i r e i  ( : r - " i ' ' )  ( 9 (a . ) ' -  V (a ) )  €

- f l  f  : i- trr ' i t)) fo:: '  r ,1.1' 2a E i: ,  * l icnce \ ' , 'e htivev ' l  \ r ! ? ' ' ' ' " " r  " -  - ' * * r - .  -  

;  - r  / ^ , r  r r l r . r \ \. '  ( f  *  6 " )  1 f (g ) [ t  c  L r r \ , , ' y+ ' r " r . , r  a
' .

(.r) Te hnve

[g(rr"),fi] *[q(-:. 'rr),]lJ * [g(rr.,")-Y]r,P'l + [xr,,,31 *

. "  [y(brr) -Y]ruQ' i lQ' ]  + [ r , r ,B1

i io  [g tno l :SJ *  Cn(KrK( ] i i )  i ry  'b i rc  se cond pe ' r t  o f  Lenna 4 ' .2  and

by ler : : rne.4,4"-

(vi) i{e }ravc

tY(* )u$ l ; [V. )  -  f (u) ,5 ]  . .1 , : , ; t ,  '  fY- ( * i  *  f  (a)or  -  5J  *
+  L9 (L ' " ) ' 3  j  '

r v h e r e  a . € , A , I i j - n c e  1 -  5  *  i r  - f i l t r  - T r l C r  - E l  ?  a ' s $ e r t r c n

(v i )  f 'o i - - l -ows from ( i r ' )  anr l  (v)"  Q'r t" l '

.Usi:rg 
noiv tire Choi*I*ff l:os thecrcn$ there is a u:rital completely

posi-tlve mfi.p 1, : A/J *:P A such 'bh.at Qo $ 
'::: id6/; " Consider

also the complc'f;cfi, posrtive lnal)

Q - lJio ,f ;^ I*/J ** *'.P c*s(:i ' ,1(i l) )
' f l i i i r ce  

g (U(a) )  a  €  J  fo r  evesXl  a  €  A ,  us : i -ng  l ,e 'u ; ta  4 .5 ' ( i )  \ i ' fe

1:a'vc
N

r - . r  6 i ,  ,  .  .  y . .  e { ,  \ r i r r  G  f t  f ; :  i ( f  T T )  \, . : t l t  . r -  r i l ( a /  / l J "  -  L ( e / q "  r =  \ r t t \ l t - t i \ \ ' { r /  )

f  r a n c - r  1  n l n n  ' l h : r *  p { a . )  - U f f  t t  €  C  i ' X ' - T f f r ' i t \  r ' ; h o r r  n  ^  r  o r

\ J - r r v c ' . i 4  . * * , - v  
J  

\ F ,  J . \ a x . /  v  t ' J 1  t t t g * ' t ' t i / l  \ ' l J I t j l I  A  Q  d  j  o



p

$i.nce Qtt is a constant projection we inay use lemraa 3;*. for.

the cornpression of + to the range of 6'o . $his yielcls a llj-lbert

space H,n , a unital x-houomorphisrn .'  ' t  '

F :  A/J -)  C..o(Xrt(Ha )  )
| "

bnd a aonstan* partial isometry :

such that

lY € c lqs(Krr , (Hr%))

g  6  f r t  K u t , ^ .Ccnsid.er " L ? o A t " { 4 t o 4 - * \ ' '

clefined. as follows I

( ( r ' -  6 { lg (o( * l ) { ;1 " t t r  -  6 { lg ( r (a )16 ; l  *

= 6i .ytq(&ta.) )dd - d;. f te(a*t )6;yttc* l l . , i  a
*  T{6 '6f  qta*a)  )6 ' r r+--  }T i l '  f  ( , r (o*)  )6"  * (q(a)  )6 'w* o

$i -nce Qtq(a)  ) .T"  -  Y(* )6"  €  cn(x ,K(H))
e p--^r ^r '  '1t t  \ r fe infgr thatE l J l u  - J ' * ,  V " r

Bur 1f (rrn) -V(a*) l t r(a) G c,"(x,K(l{)  )  ,  and so

(: l-t,f i i- ) I the constast elerirents
X g  

\ * ' r  '  \ r \ L t  t

fr - irfir.r* 'n - r+fririf 7,r - ,;,;firrir* fr,, -= 1,Jfrtt,.ntdt' - rint/forL  = ' i i x ' i t '  ,  Q4 =  lT ( . i t { '  r  t { i  =  c t tc ' l ' l  r  wa =  i | c " ! ]  =  } ' { r ' l  .

P N r ! . f r

Note that Q, r\ t  ^t?
.L r vi- t v4- dre proiections , 8t( Fi*[i* ${ anC that:

, - -  -  
,  .  l l  , . .  :

/ \ 'v 
iff rix ff' - fr,rrrF(*x) Bn','i = !i- , - ., -4- = B"rI- .

t t F

4,b .  J reuna.  !?e  have ' l ' '-  =====
.: ,' "' . '

(r - 6il yt*rJl61 c cn(x,K(i"h) ) ,

'
- l  * -  r r  s

:

Sroofn f{e }rave !



. ' : ,  .  ' '  
'  ; _  

t r ( l  _  .
t v

. j

by l " remme 4.5, ( i : - r l  ; '
lTlL: r ^
allLLLi

r  r -c  ' .( (r - at)i^(o(a) ).T{)* ( (r - hi) i t(u(a) )6;-) €. c,"( l . t , ir(Ha ) )- !  : L  n .  1 . .
- -  I  !  !ano_ nence algo

( r  -  6 ; ) y t ( u (a ) )6 j  € .  c , r ( x ,K ( r r4  ) ) ,
thue proving tire first asserti-on of "i;h.e lemnao

$ i n c e ( : - f i g l p r o ( e ) ) b 1 € C , ' ( , t ; I i ( i I a ) ) , ! / e s e t

P(t(* l l f i ;  -  .#1tf(a)r tr f i i  =
f ' r  t t r \ . . /  r  I  r A .  

.  
,  . b . e

I 
(r - ';;)tri,r(er) )a{ * Ti:p(u(a) )ii; - ' ir tr(a.):r{5.i =

*  ( - ' r  f ; r r r , . l - " 1  t r X .  - . - - *  ,F t+  *  i i i ' J$ (c t (  r i )  ) i ) ;  +  t i6 r t  Q( ,1 (a)  ) [ , i y+  *  tT [ r rg" (a ) { ' i l *  -
i : L

- ' i , t  -  { ' t )  . l f (a)T'\J# € cn(; i ,K(r ir))
a f \ -hy ( lt) ailC Loruea .+. 5. (i: i i) .

& * e N

$ince ii., !: .Jn I, e, , it foi.lo,,,is tirat.I 'r '.L :r

f U f i ' . . r ( : , \ - \  f f f  f l , ; t r f o \ - r o , , t  r y l  €  r  / - . r . r . , t : . r  \ \L p t r i \ i - i i  l r r { - J  L l d  g t 6 r l i ' i - e . i i o 3  s  v r . . , \ a . r r , \ i r ; . i . /  r& f l  , J .

/ \eilcr usL]l.S (lf l i l l  t l ' te seconci ass'ertion folloiv,s from Irernne 4.5.(vi).
r l T i n
w - 4 o r l i

ra' t t

$0 that

1-6 A CO

* 3/?rr f<-L

-L i_l1

\

I  € c*- ( : i ,  t ( l i
I  '" '"

i ' Iote alsn tirat

s r-,, .
tll

)Y2w = trg(r *Tz7'/.2

lx Gr

\ e  r - %
d. jo in t  p l "o ject ion.

6o0, ' "
"'1"

nstent Ere

4."1 " &g,Jgg. iie- 4pLe.
( i )  [ tV6 l  foq) . ( i i ) , -SLJ C cn( ] ; ,K( l rO%))  ;

( : i r ) r  ( ( 1 f  @ p " q ) ( a )  ( f  @ F o q ) ( a ) ) t r . - S t )  €  c r ( x o n ( l r @ r h ) )

leb G € #xs(xrl l ( i l ' I le)) be the constant eier:rent

In vielv of (rue) \rrc ge'6

r * f'Lf (r - i;'/2 
-o

* (r * fia 71i2rug1/z



* 4 L '

( i i i )  ( \ re le" , i )  (J)St  c cn(Xrx( i {@}ir )  )  o

S L o g € . s i r ; r c g  I : S L
- '^t1

frorn leruqa 4"5 . ( iv) o .

Al-sc s ince C € f i t t@fr,  I  o.s$€rt ion ( i i i )  fo l . lovrs f r .om lerarna
" "1"

4.5.  ( :L)  end t i ie  f?" !  thai  (  E "V) ( ,1)  g C,. tX, i i (H) ) .

J -n  v ie rv  o f ' l r e t i u r ta  4 .6  a i l d  o f  Le r lna  4 "5 , ( r , - i ) r  1n  o ld "c r  t o  D ro i r c

5 ' "as,eel'tj-on (1) it wj-lL be suffjicicnt to sh.o',v tha'b

.  G VIa)  (p .  r )  (a)G a c- ( i ta l i ( i i , ih  )  )  fo i .  a l l  a  e  ; i  c

l)Lt t'

s vi". .)  -  ( i* .  q) (a)c = i i fr?2(r - 3)1tv(*) (\ .o,1) (a)rrE72(r - El ' lz=
= r lpy2(r-!) ' ,2,Ytr l1 + lrgi i l f rT2ft&1!z (f"n) (*), i tr t ' lz$-E)'12,

$o i ; i ia ' l ;  in v ie l 'v  of  l ,enuaa 4,5.(v i )  and. 6 'T112 =: t rTz j . i  lv i l l  bc

suffrcj.en'r; to prol'e titet

vrr f (a) { '  (pon)(a : . ) l ' f6 ' '  e  cn(xr r ( r t rnn))  o

3ut thic can be seen as i-ollolvs :
i

l{S(a.)Q' (y.'r) (a)6', = 'rT(r-6,,iV(*)6, (r*6i) (p" u) (a)ud, +

= tv(r-6,,)1(oi6' - rr-dg)(t "u)(*lhllf ",.
v - - - e

+  l Y q t t ( V 1 e )  -  9 ( , r ( a )  )  ) Q t  e

€ cn(x, K( lr ,Ha ) )
.  by  l ,e tuns  4 .5 , (a i i )  ,  Le ln raa  +" ( r ,  an ,1  (x )  o  Q, i l .Do

tire l:ext ler$na will be tire :final poih-b in the proof of thm" t,.l-o

4'o8" lgggg- gheig ;.s [s-] e li'xt(xrA/J) Si]gs t4s:q, t*[r] = [zJ .

X-io_o_{, Denote by }1., "bhe ll i lbert specc H., = Ii@}Ir ancl, sirrce- 2 . * t L L

l a * 6 '&  r  i 4  I  v  u  Q t  n  Q t t  u  Q ,  Q l , ' Q t t  a r e  c o i r s t a n t  o p e : ' a t o r - v c . l u c d
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functions on x o let so, q", Qc, a,l , Al o So , f i; r Tg d.ei:,ote
the ()or"re$pondini; oper"ato.i:so consj-der al-so ,rhc project:Lon r;^ =

o
E^ S Jr- o Notc that

l l  I I t r. '  
r  - %  4  ( r  - s o ) s j , o -  €  E ^ s i r r -  -  n , . . , ,v r*1 ',?

ancl ttrat the corilpressicn of gO(p " A) to D.(II2) is I utriial-
gr-hor:rono rphi- sn

I ? r A -*1' Ciis (i ie i,( (t:-Aa ) (IIz) ) )

t l ie uni ta l  completely i :c,ni t i . re nan$ r lef incC h. . r  :J . + \ r u  v j l

sr. (H?)

(x)  I  t t -q)( r {?)

I c,ro : (r-so) \ (i{2)
(0 ; (a)  )  (x )  * r  ( r *no)  (F(a)  )  (x )  |  ( r -$o)  ( I i2 )  ,

3y 
.Irern:na 4o'1. (i) i f fcllor.rs 'bhat p o tI- c,nc|- p o XA a,l:e x*honio*

tnorphj-srac air.cL by lbnuna t,o-(.(ii) p o 0A ancl henso also p. gt are

alr.:o x*h.ourolno rphisns "

Horecver  by Lerr rns,  4 ,7"( i i i )o  (p  
"&, ) (J)  : :  g  .  $ ince

1-r 11'  1\  \  ;i lu  ( r  -9o) (  Do *  I  { -  a;  Srr i .  = Ql l6o ,"1. \''
j-t follorvs by T'renm*r 4.2 that

F ( J ) ( D o  - , ( r  - $ o ) )  e ,  c n ( x , , I i ( r r o ( i i 2 ) ) )

anC. hence (p 
" 0/j) (J) * f i o

let f , d'1 , dz , fL J fz bc tJre lronogeneolls X-extcirsions b:y

J i  c l e t e r : n l n e c b ; '  p o F o . p o x 4 - ,  F o x z  r  F o 6 a  ,  F o 0 z ,  i . o " ' u h c

i:onio6er:: 'ecus,X*e:; 'bensions by Jr crbbai:recl b;r acld.ing to each of thc

above x'-]roraomorphisiirs a tri..rial honrog;eneolrs X.-extenolon by A o



. . . .* & 3 -

We have then in Ext(XrA) :

- L 1  ,  f r } " l  
'

'  :  t f , ] = [ o * - t  * L o z J  s

[ ? l  = l d r i  + l d " l  ,L " J = L - r .  u  a .
t ' , . 1-  L t J =  o  o  :

Mo reove r, the re are Lta I , Loz I e Ext (X ' A/J ) such that
l

,q*po. l : [ ro ]  ,  .
q*[ra] =ldol .

Also by Lenrma 4,7 n (1i) we have
'  

f i ' - t  r  r  t
.  L d z J = L a a l  '

:

It follows that

F[*J - [d*1 ' [4]

.,

r  I  r - 1= qoltrzj q*Lral

l q * ! t%]  
- [o -u l  l .  Q .E .D.
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O  - / r

This u*ct'ioit d.e*':ls viitir tl:re I:roi*otopy in"ra:"iance proi)o-y:'hicn of

l i lxt(X'/r.) both in .bh.e 3I e.nd- in, the A ;rrr.rs3jsbLen. J-n feict these

1,us ]rcrinotopy-11ivai' ieincc.pr'oper-bi.es are related. and 'bheir proof

i:etl.trces j-:r. 'i;ire cf.sc of quor;i-itiegonal .Js*ali;cJ:ras to gr:r a,cli,..i:-i:ion of

tlrc u,r'gi.rncn"t of fi.rti.,riners 
'fflreJ) 

for, -bhe u,gueil ,!:lt-grou.prs

fhe shcrs,t exact $cc"rrence fcr E:i,;( i{r; i i i  in $ 4 eirairle,e Lr-s to
-ir''rn','6'11o i-lrn -"esuJ.t of Sgli-nn.s : j- t:ta;r i:c any CH-algebra lii:r.irinfi

'  . inr1. '1. ' i ' ' , i" t ' .- ,  ge -r: j-cri  i i ' ; i -- i ; i r  ,1uur*id. i*3orral quot-ic: i , ;s" In plrr.- i icu1er, '
r - t  ( / v r , 4 r v  u I  v _ t - v f {

A nlny be auy GCil-CF:-algebra"

Fi: 'st rve tlte{-: a. i. 'cv,' facts about qr-*.: idiasoirirJ-its' in (l*o(:i, l(}i) ),

bu'h rin-ce l;h.i-s seems r.r :i:a.ther &rvklvard i::ter.nieilie'r,-e ,Jeg;:tc of gene::a*

j ' i  - L ' v .  
v r { - .  n r "G ' f t r t 1 .  t r r  r l - i  r r t o r r c  n  h i  t  nny r c r " i . 4n r r i  r r o ,  6  r 1n  1 .A  aa?1  AHr . \  I& r t J . '  v J ( :  1 . r J t i r ( 3 J . '  t j u  L L J $ * - - u  c !  v r u t  \ , v l r u - L s v & + . r - 1 . ,  o , l 1 O 1 3 e  g e f f e f i L l  S i t f i a *

- ! - ' i  a+r
u J  \ r l i .

let  1. ,  be er lur i ta l  Cx-.algebra (not neces$'J: : i "1y neparable),

ii e Ir ii cl-o$ed. tv'o*r:id.ec1 i-des.l aiid p i tr.*?, l/li the ca,ilonical

iromornoqphisnr ('Ihese notations l,rj-ll not caur:e s.ily confusion since in

oUr '  iappl ic ' . r i :Lons L = C'  / ' r  - "  /1r \  \  ') ; . ( ; l * t ( 1 { ) )  a n d  I i  =  C n ( ; i r ; t ( F I ) ) ) "  i , c  r v i t - t _

t::*ke tire follol.ri-ne assi::nption s.bout lt I
- 

rd@'.-.€*

.!hg"fg -!;i ,;gr }jlg&c**S*.AS -ggglp;3tg lJo $ 1," { *..

s.f qs-:,*-!,gU-e;e} l"iili9.9!.la;tg ;;] 1{ ,
. :,l lgh .U;. qn q"ppro:ci.:ra-be r-rn-i.'b of K !*::: :*"*- ::*::***"*T :*"* ::

' Ihe set  P( i { )  o: i l  sel f r rd. jo inb projr :ct j .ons of  I i  is  no. t :  f i i te:r ing

i"n generalo but ]ras a iveaker prope:i ' ty, 3o:: A >" 0 and. PrQ € p(ll)

Y{.e shall i'r::ite

" r t  I  r l  ' . .  
!

P f  a  i : f l f  l l r , ' - i ) : , t i  s € ,

Then ou.r' Ll1:ecirr,1 anr:unp'bion on 1{ irnpliec 'bhert



for ?PY Q1r Q2 6 3 (K) and. e

we can find Q3 € }(li) such that

a l  1 a 3  ,  Q 2 1  a : ,
g

11n'r, . bound.ed. fr-urction f : P(li) ---+iii, t{e d.efine- v *  q

l im inf  f  (?)' : * " * - - ? : : l * \ * /
3 € }( i r)

'&s 
the greatest lolver boirncl of t l rose r 'e f f i  r"$i lch., that for every

.
3 € P ( K )  a n t l  L > o  t h e r e i s  Q € ' I ( K ) ' e u c h . t h a t  i t q l € r  a n d
5 \ t ^, " *  Q . A l s o \ : i e d . e f i n e

e
)

l im qup f (r') = Llm :inf (-f (P) ) ,
P€} (K)  F?Y ix , {  l  

-  - "

gS g f*;rite qcj E c i'i ee tilg$"ts$g ei ffi
q( z ) le &jig*g ,as

.,t!
l

q( Z ) = l j -n inf (max ft( I-})api l)
.  p  €  l ) ( K )  a € f  

' "

qd( L) = q( Z, l -L*) .
. . .

' Reioark that

q.d( E ) = lir,r inf (urax ll [], al tl) .
'

' also since for k € K t"re have

l irr sup ll (I-P)lt} ll * 0
$?3(I';5 " )* 

*. '-- " -
'1'{e easily inferLhat

1 n( ( ar)f=r)

f ra( (ar)l=r") - qd.( (ai)f=r) l< .Tyl__t[p(a., - ai ) l l  .' ' l < l t c n ' -  f ,  *  
'

5,4-' lgsgg. }s-! tqiti€ [.{ c P(K) k sw} "t}LR3 Q' < * Q*,* '
tle* 

Sry e-b {oil;.;'- ut*l sse} gs!= 
-r r a'-,

n f  . r ' ^ t  , i a  N ) ,  _ @  l i m  l l  Q . t - a l f l  = o o'  w . i  \ w i + 4  r  \q  9 ' *  j  + o 0  d  r

9gg.g$" Consj-d.er ' ' f i rst  trvo project iono P,Q € 3(l i )  ,  P 4 Q ,{-4!r l .a
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fhen {4-s-)f € }Qlr < } $o that vre trrave th"e polar decornposition
'  l l a

r.]F :a vra v/here a * (I,q:ri1'/z and- r-r := QP(ff-f) + fSp)-'y2 . Tlien

w t v r ' = 3  a n i L  v r r v # €  } ( i i )  o  v r " . r d € Q .  A l s ; [ i r - p l l  < 3 g  a n d h e n c e

l l tnr  -  l f  l l  669. *  Denot i i?g b;r  S(?iQ) the project ion t r ' . r r ' i& r  t {e

thus l lave

i i ( : P , Q ) 4 Q  a n d  t [  E ( p , q ) - ] l l  { . 6 L  ,

Using thrs tie cidfine :r'ec:-rr;'cnt1y iq'.i 1l g,i *.J € ?(?i) so that
r  r . r L

Q . r  . i  * ' ? *  a n d  Q {  i  =  i i ( ( i ;  i - 4 t Q * * E  o ) ,  ( t * i s  j . . L ) "
J c . i  J  . t * J  r . J - r -  r ' r - I 9 , J  . -

0lee,r iy '  'bJ:en Q.:  . ,S.  Qr*n n ancL i t  i -s eas: '1 l ; r  ,scen that
: L t d  . L - r - l - ! J

'  ! lQo *  ' -  Q{  ' , *o  i i  €  6 j+ t - i ' to* i  ' .
s g J  + t r ] , . +

-Lt .fol-i.ovrs tnat
oo

l f n  ,  . \  l l
Z-* ti H'i q * V"i -i-'-tr ii
i = i  & t {  & t l i r *
w

C o * '
*E  rc lLa ) * r  =  $12) (3 /5 ) -a

d 
- -L

llcnse for j *"*P +oo ,

Cleai:ly Ai < ei*t ancl

+cQnYeL'8us ro

t[ Q{ - Ai ll = o
c 0 :

soriie I)":i ection ai

.  Q . E . D *

p(.s1)

;

i"1.ri -i
& 9 d

l im
i +

!

a

-1 (-1 a.-1 r) _5.2. &ggpg. ggilS*dgg e "e$!g.9.3. S)- c :t s ,e*r-Ls.J} i:lsg

nr:rabl-c. Then t;::e -fo1lovii-n.r, l asrsortrons sre ccluivalen'c
**,"..a*..i.."-d

(i) Lqg -eJ+xs tjstb-s. s&.se! E, c' -ft- i{js ir;rl{c. c1d( E )
t '

{if ) Tirere is n.n apr).rc::rlrelte r-l ' : i 'L { Q.,l .:, z .r 6 p(It)
I  

i j l J q [ : 9

- r ' 1 o
v ,

sllch tl:et
: '  #

Q . , € Q u . . , r ,  { i 6 u { )  r , * * J i  l i r i r  l l [ u . , , r { t l  =  o  g g g g } }  a , € s t + i (
d  d ' *  j  t > O C  d  ,

'gmg$. 
Tlie.'b (i:1.) =+(i) is lnxteciiate.

tt;" ih.* *orlrterse it i* cl-ear, asnrming;

S? a r iequence vri t i r  [n(n., ;1] r1c' :"cn iu
l ' ' * - k  !  k 6 s {  

\ L V I t } - r v

tnti. . .:.- c P{;i) tvhic}i i$ an a.lrproxi-r:rate'l * j i j G t l i  b

li irr l! [.t l ,,a,J[f * 0 , fc':: all ]t 6 i l tr I olld.
j+ oo 'J *''

J:'ollonr:, usi-ng lerirm* 5.1- and" ̂ bhe fac'b thart

e v e r y  b € K ; q " i r . n ,

( i ) ,  t h a t  f o r  { * r r } k E [ i (
p(S.l) , there is e ssqlrenc(

u:rit of ]i , such tl:at

ai, #u a,!*. ' 'n"" (:ti)

l i r n  l t [ A l , u ] l | * o  f o r
j  - ) o o  d



A-gS,se!

l!;s'figlgl t i

t l l

-tLC t , Ieib

i i  sa1; ief ics the

pi.s-) g-ersg#g!3.g rrilJl ,!rs c.p.},Lp"* elgg_t
equ.i ' ,relent conciit ions of iel,rna ,i,2"

5.3, !s5i3i.!199. & gsssgsgslis x-si"tr,*s,iss 3s A ' gsgineg !x
.Z r ii -e C-.(il,I-,(H) )f C^(X,K(H) ) i.q _cglkd q-rirui.._cLj,+ng-nA]-, iS:ti.i:r 

- 
-Ll -

2 , '
p-'(c(*)) +..'i- e}1se.! g5a,sg;lq} Sjb -{sil,eg} !-o -!jlg. L*gsl c-(x,I((:i)).

It is easil; '  CIeen ii:at if TLr ZZ definb equi-valcnt honogjeneous

X*extensions bi' A n then ZL is c1u-asi.dia,,gona1 if ancl only if 
_7 Z

|s. lfhus \*ie sen sireak about quriridiagorrat eletients of l l ;rt( it lrA).

Alsor os fo; :  i i re r isual-  e; : tensj-ons b: f  i i ( l I ) ,  ] t  is  obvious i ; l :e ' t

the o*i,ra:sld.ia6ona1 elenents of' i t: l t(XrA) fomn a. senj-group.

itecall frcn \E4LT tirat e u$ital oepar;rbl-e.CH-alge'bra A j-s

called quasicl-iagonal if t i :"ere ir: el ir-rnorlo:nb::phrsm f : .t -** l(I{)?- . .

f ( l r )  n K(H) = Q such that f  ( l )  j -s almost diagonal  wi th resirect

to the id.eai 
' 

K(l-i) ( i . e. , irr the usual sense ) .

In vievr of Tlua.Z.LQ, if A is quesitl lag;ona,l nnd X finite--

dimensional, then any trivial honrogeneous .X-extensi-on by A is

qui i .s id j -egonal .  lo ioreover i t  is  a lso c lear thai  the eir istence oJ: 'a

trivial horoogenecus X-extensi.on by.-A rthich j-s qua.sidiagonal,

' insures 
t l re qua.sir l iagonal i ty cf  A o 

'

5.4. Prc,-.os-'it i-on" T.ct A lle a n.u.clcc,r rtui-.'rsiclirlgo,nal CH*a-l-i,lebr:a

and" X a fi,':it:e:-*lltg1glq-*gl 31etilg,?p1.e. -qg&pggl glg-qg. J1eJ C,zJ €

Ext(x x [ont] , n) !e -{*gb tii*.! il( tzl) = 0, $ngetJ

io : X'x {oi *->x x [0,r.]

na,turill i_4c_}us-1o;1. !!s-4 r! rqllg:lU !jlg! fel ig .L1.rffi-lS1,a3*gjH*"

t#g3g, in vievir of Tirnt.3,3, \.Yo nay €dssulne

I  e(r ' t )  C cn(x x [0, '$ , t ( ] t )) lcrr(x x [o, ,qJ ,K(t i )  )  "

i

i  c  ' F l r n
d '..{dF



I,et a:lsCI :

q : A -*n2 Cn(X x f0,4.] , t(i{) )T
be e corrpletel;;r po$itive l if t ing flo r Z . Dcnote fur.t ir^er b;'

i* ! x x{t} *---:--> li x [o,r]
. T t J

y the natural inciui:-on ernd. by
. :

i *  I  X x [ O , t ]  - * 7 X  x { t i
tt

l \

t i :e natural projec'bj-cn.

l r i x  &1 t . , . e&*  €  A  t * r c  e  >  0  "  $ i : r ce  g (a r )  e  Cr r ( ) { x f ; , t ]  r t ( i { ) ) ,

ti:ere is e natur*l nunibur n such tilat

t t ( q p ( a ,  ) ) ( x , t )  *  ( q ( a r ) ) ( x , t o ) l l  <  ;  ,  ( L 6 i (  r a )  ,|  . J

,, 1rshe nerre r  l t  ;  t ' l  {  z/n a

Usi i :g Thnr.3"2,  Thm.J.3 anc] the Choi-Eff : :os theorelnr t i rere is e

- a t acompletel;. '  pos:!- 'r; ive mnp 
:

n :  ; i  * *9  c- ( l i  x  [o , t ]  , i (H ' )  )

slrclr  that '1. 'ary rtef ines a hornogeneous (Xx [0r{)-extension by A.
v

anc lp* f tot l i  :  
o  .

The completel3r posi 'b ive map

0 ; 
rr .:-t cn(x x [0,r] ;]!o @(r1g]{:.]*ti*eE!"reil:) ) )

-r lef incd by
n

!0! t : , ) ) ( : ,ot )  :  l f i " )J(* , t )  @ S, l f la)) (x, f i )*  ( ' t !a))(x, f i ) )

d"e*ermj-nes an extension, sncl

n

[p .OJ = IEJ + .F-  ( i f , f r r "  i i l / , r ) ( ts f  + [po1])  *  f ,zJ.
. k=t 

'Lt '

Sonsid.er al-so the conrpletely positi-ve nap
'  y r  A  * - * - )  C . , " (X , r (E@J4@H' t@, . . - s jq@.Hn) )

r  . . . .  J I
n*times

defined by

* lo( {a)) tx , f i ) )  .(Y {a ) ) (x ' t )  *  (g (a ) ) (xno)  o ,E  ( (9 (a ) ) (x ' f f )@( {a ) ) (x , f r ) )  .
' :  '  '  {L*J

Cle-arly p oV d-ef ines a homogeneous (Xx gXrt l  )-extension by A

. - - r  p . -  - . . l  ne n 0  t P o i r / l s U 6  '
L *  I  J

).



A A

by

Ut(foo(:suof{)e ,.. o(rrreffi)) = gCIo(so.s$i)€ .., CI(qr@;)

where

d  +  ,  ( C < j < k * z )  ,t r i - "  * i + 1 -  t  : . " . - d s
4 " l r t  l l n

Br -e  ( *  
:  

n t ) ' l f *  + -  (n t  -  k  +  L )  ' ' f  o  ;
. 1 i c  . 1 l o

8k * -(n't

S. i  *  - f ' r  !  ' ( r l+I-*< j< n) 
'  '

, J d

It is eesy to see tirat U.{. d.cpends con'tinuously on t € L0,{] .
L i *

Sonsider also the unita.rrr' * . : l
: . .

v € cn(x x [o,a] , j ,(us ) )
-lI- U IltrL; iJ

rl o'f i tr n rrt ?r'rrF V * J i r V S  V . l
'

1T(v 1' . )  = TT
: 

', 
).,r1 

,, 
: 

,t a r,,:
With these clef inl t ions rt  is no$I e&sy to see,that

l lVg(a*  )v*  -  V(a*  ) l l  <  5s for  t I  d  i  €  rn  o- J . - }

I  - i \
$irlce p ,'y d.efines a homog;eneous (X,x [Crt] )-extension "by

r  . F  : . tand [B . VJ = 0 , it fo]"lows becc.use A is que.sidiagonal- that

n . 1  / a , . / -  \  ^ " / A . ^ ) )  *  0q L r \ Y \ u 4 - r r . . r t I \  
r i r

and hence

qc, (e(a1) , . .o ,a(a*) )  *  
orJSI* l t  

v9(ar )v{  -  {ar ) l t

But since [po€J ::r [zJ = [p "Y] .,  rre infer

q d ( Y ( * { . ) . , , . . , $ a * ) )  
;  

q d ( O ( * a . ) ,  . . , 6 ( a * ) )

Hence .since €. > 0 was arbi brary we mqst have

whieh Ls the d.esired resul t ,  Q.Hoi) ,

5.5, Erqpqs1rlqp. lq_t A .b,e- a n!18-1-e.'q{ $L*p}-**,gs;gJtR}

assune 
'X 

is f in i te-c l l tnensi-onal .  Consider c lso the
@

r l  + t
6 i  t - i

I ' U

€ l 5  .

€  5 t  ,

and

f :*--.:1 | (?tr) i-\1at:r
Ml..*@

ma,p



r 5 0

. 7

a 4  :  X - * - * | X x [ o , { ,  i * ( x )  =  ( x , t )  .
' r  l t  t ,

. 4

th.9J1 _TS, gggg. :

i : ( te l ) "= CI  E=i ,> i l t rz l l  = s sg$ EeJ e j j ; t r (xx [c ,$,  A) .

&lqSS, let  [zJ€i lx t (Xr( ' [0,1] ,  A) be such t i ra 'b i t ( f4)  *  Q .
' :

In vj-etr of 'Ihn-3.3 we ma;"' assume

z(rr)  c c-( i i i ,  x [o, t ]  ,  r (H) ) /cn(x x [o, t l  ,  K(H) j ,

Iet . fur iher

& : A **-+ C..(7; x [o,t] , i ,( ir) )
I l  

'

be n conrpleteilr i iosi.t ive l ift ing for U , i,et al-so {0r..,\ -,, o ,r1 
'C .r1. be

J l J e r ' i
. r  *n . r - - ' l  na^r r6 i . ! faF ]  i  i r  A  l )enOte  f i f f  i ;he : f  byCI L, (J tr (t-L iJ \> Lr, L/-{' J.lU (; 

. JIt ii. o .L L UJ

J

&' :  A -*-*-*-)C*(Xu:i ,( i i ))
. 6 ! t .

t l i o  / a r r i 1 t 1 ' l  n ' t n - l  r r  r r n c i  { - i  t r , '  ? i r i 7 1( r l t r ;  v \ , / t : r i J1L? uu- , -J  ! (J$ l -  t r , IV  U l i l i ' .p

'  (#(a)) (x)  : - .  ( f t " ) ) ( ; , t )  .
lsir P:nnositlon 5,4, LeJ is quasiuiagonal, Thus lve can fincl an

increasj-r lg sequei lce 0 *  lo 4 '  T+{ Pe € c .  G of  scl fe.c l jo int  p} . \ ) -

ject ions in Ci l (XrK( l I ) ) r  vrhich i$ &n appro: l jmate u.ni t  for  Cn(X, i { (H))

and satisfies ti:.e foliov,i j"ng concl:l-t ior:s :

t t  [ ] i o f t a * ) l l l * t - 3  ,  r  ( ] c s i ;

( r - r r ) ( + { u r ) & ( a u )  - * C a r a , r ) ) l [  < e - i  ,  ' 1  < i , l r { i .

For j l t  A t i rere iar an integer I ,T-1 )7 3 such that l t  t '1421!I l

. i s { * , , i ^ ^  

J  
-

Iri4J J J-si ij

llpi''i rli vr rr

Srl . ,  ;  
( r -nrnr)  *(a) (r-r ' .3*1) + (p;+1-r5) 9!a) (p;a1*Fr) ,

. . F - R +-Fnq i  \  , ' lru-L' J p v r \Ye have i l .$j = P"S = ? encL gj is con:i i letel; '

p0i3]."ul-ve.
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giis (x x fc,l] , r.,(ii) ) uu"i, that vt,.t. = f
d  J J

anCI. VjVi 
:(I 

- P3) r i  > o . Ind"eed it suff j .ces to use (1.0.8.? in

fhfil fo" itr* eontinuous field. of iltlbert sio&cert

( ( ( r - i . , ( v ) )H ) ) r6xx [0 , . _ ]  n  ( t :P j ) c ( xx  [ 0 ,1 ] ,  i ^ i ) )  .
r J .

Consider then the corr ipletely posit ive maps

1J.  -  r  r ,  - ; ; , , * i  n  (^v '  ry 'u \1Yi 
r i t  

!  r i  ---*/ t*s\Atir( l l ' )  )
. .

defined by

(1 { : , , (a )  )  (x )  =  (v }Q"  (a i )v . )  (x , l r , / i { { )  .
. .  , J r n  J  , r ) . - .  J  . J

Also consid.er j [ i 4

H r  =  @ ( S  s i ' k )
i >o itJas ,  . l r v  .  r ! _ s

lvhere the }ii 'L *r* copies of H , and. let

be the unital conpletely positive map
. t r A
$ i i _ a

} f  =  O ( . g - V r . u l  n '
^ i> 'o '1c=1 

-  ' ' t  I  o

Remark that p olf clefines a hornogeneou$ X-extension by A " fhis

folLovrs frora (t) , (2) , since

1[ *(a.n a-) l t  o(*, ,  )  1l  o(g.)  e c-(x,K(H) )
d t * t  &  s  d t . ,  &  d t * t  u  4 r

and

I q ,k ( *1* " )

\< ll tr - rj{.r) (9(aj-asl - Qtur)S(ar) ) l l +

+ t l ( l ; i+L -  p i ) (0(ara*)  *9(nr )* ta*) ) l l  +
rJ

+ l l (r  l  t r*1.)f tar)Fr*Sa*) l l  +

+ [(P3+r * ] i)t(ar) (r j tr*t, 
: 

r j)ftau) [ l

rvh ich ,  by  
!n )  

,  ( .2 )  ,  i s  <5 .2- r  7 -  €  i , s  E  j

.  let  a lso 3.r  . , .  € C*(xr l r (u))  '  and. v.  )  ra r"  ' { } { ) )  be dei ' ined
. J r A  . ' . r .  j r k  *  t * s ) " ' " ' .

by

} r - r . ( x )  =  ? i ( x r k / t { r )  f o r  j * }  O ,  O <  k 6  3 { 1 ,
Ql

" : , - , t  
=  u ' c * , r o / m l )  r o r  i  > 0 ,  t  *  k  < N j * t  c



t . . .  : -  E 2
J *

. i

.Becau,se of (3) there are txrj^taries li-r '. € U-(,trli(it)) + I ,
'  L t t r L

i V O , 4.4 ic € Ii, , such that

I t  f P  : P  \ t i * F -  - 1 : l  - Pu" .  r . \ r+ , ,1  ̂  j< . -1  *  f i - l c .z l r r j ' r k  =  t j+Lr ic  -  t j rO,  '  
,

, . J f  t r  J ' r ' r t I ! - - L  J t : i -( 4 )  -  '  - - ' '
r r ' r r  r l l  < ( j - r t - ) " 2  ?  j P o r t < k ( $ - , .o l u i r k  _ .  

r

This can be done burr o*anclard. ergrxlents ( conpere l'/j.t3: thel fl::st par"i;
.  ;  . .

of the prtrof  of  , tentna 5.  )  iatr ing:r lo. i '  U. i  v the sua of  thc part ia l
t J t l !

isornetr ies in t 'he pole: :  decornposj- t ions o: i  (Po,-rr  u.- l ru. . ,_.)  (?. ,  , ,  1r-_d
.  . J ' I ' J , r r  

" l  
f  n  . J ' i . ' . L t 5 - J -

-  F r  , ^  n  )  an i l  (T . -F r ,o  , . *P "  , . )  ( r " -P*  ,n  , .  , ,  -FP*  , -  *  )  a
J r i : r * L  J - r - - l . i i L .  J r n  J - l ' J . s l ' * * J .  J t r i - : L

Tfe slrr+J,J. now const:uct

i t  A  i - . !  f t r  r 1 r ' r  v v r \ \
1 1  *  t H S { r r r r t r \ i . 1 r " f i '  /  l

s  € c .  r x ^ T , ( g t . g r ) \
i g s t ' * ' # \ ' {  ' L L  /  t

, C I  6  C o " ( X r t ( I { '  e H )  )

wilish qrj.ll 'bjie:r be used to construct a ce-J'bain unitariy

r T  6  ^ " ^ ( x , L ( I I 6 D i i r ) )  ..  L '  "  r l i s , _ _ , _

$ince 
- 

* -o* . i  *
- t J t l r

I { r  i i  S (  @ H.J or")  
,

j Po " 1i=3-

it will be sufficient 'bo iiencrlbe the components

of R , These arc :

R i r r .  *  0  i f  k ' 2 t  2  and  n l j , u  *  
" J , tu j , l . (P ;+1 ,o -P j ,o )  

.
' t

' It rs easi.ly seon tha-b it*It = I al1d.
^ 

I,Ti_4
l u t + t =  O ( 6 )  Q *  ' - )

" i>ta 'J't=1 ''t t ,'

v,nhefe'
, t  l t t  . T )

i ,  n(ni.r{-,4-P; ,a)vj ,a o

n l l  =
t *

, l . id ( a1) (?i  +1, r- t j ,  a)u;,a[1$

Q * i - € 0
J r e

I l loreover

if h Z and" n  - 1 r\ { - l  n " -  Y
.  d t *

(  n  \ i i
4  \  e l r a l  ^ ! i

rJs
-P i  o  )S '

a l  9 *

l l  R;,*S0 ( *u) - q

l[ u ., a (?i *a ..,-Po ̂  )So ( o,.) (P. ̂ .n _ a-  
t J ? r  d r - L 9 v  r J t v  

- ,  

, * t  
d r r t &
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( l l tr .+r.,a-33,a) {ur,o+o (ar.)-

:
1/fiT i/Tr

d:' i  (a,-)ui.al l+ [Hi- ' i  (ar-),Fi+r-,a.-?1,d] ! l  (
t !  J f ' r

fhese s,re

i{oreovero

I

, r t  ( - >  D  \ r r  \ \V i  1 ' \ i ; r - A  V  
-  t - i  1 . , l v i  1 " ) )  .

. J t i t .  J - r r t . r \  t J t I  J t r L

^*r l 'c, nrrrl)] = 0 . i,treX"b, $o wil-l&Ilo Lot r E\JtlJ = \J . r: 'r(, j l  - c

(a <s glrr-zi  **a sr(x) (: l i '1{ i4) = o :
d

1/r+

( l l t$ (uk) , (? ;a1-33) l t t  +  l lQo(a. , r )  -  q j ' i (on) l l  'F  z ! [ap] l t lu ;n4 -  { l l  e

and (4) , it follovue that

e  cn (x ,K ( I I , l i r ) )  .

I{ence in vierv of ({) , (3)

R Oo ( ap) \fi a*)It
. :

Since t*tlf.. Ut is total in A . i 't follows that '

' . * - O r  r  - l - '  \ ri t  g ' (a)

l{ex'c f  € C--^(X,I(} i r ,H)i  is def inecl by i ts conponenbs
:t'i)

T{ v G c=".. ,  (xr l (Hi r  kr}I)  
)  "

d t . "

r t r  -  o  ' ' : f  k<N{ -Z  anc l  T i  N  -A .=  (P - , * , r  r r  -P i  
f f  . )U i .h i . i l : i . I { . - 1  .

. + . i  1 r  
-  v  a

J r [  
-  

J  J t $ i - r  J - r l r - t ! - l  J l $ . i  J r - t - i  . J r * o i
i J ' J d G i U

ft i"s easily $een ihat T* is constructed. the sa$e way as R after

performing ihe spnr:retry o{,P {.-oC on i;ire slegrnent [Ort]n [jo, thc

' ,  TS*= I anrlsame 
]cind 

of arsument as for 
i;,;*tt*u ^
- ' i  *

f n =  9 l ( 6  Q ' t b )
j> 'o  k=1"  ' i t *  '  '  l

v*here Q* r- '= 0 for k < ${-2 
'end.

- J r E  J

Q*- * -n = ltru* /1, t1 * Pi id -o )V-l T,I *rl .
J r , . r i - - L  . l r 1 f - i - t l * i + { . r i d - i - *  . J r . . , i  &  J e r r i - - !

, J . J d d d

r1 (a)

Finally rve constfllct S

I{ere S, is Tii -4' L  + l i - r

s a  =  @ ( 6  ( r
r' 

i7o-k*L

Clearly St is * P"o;ect ian

be su"ch that
. :  t -  - i  1 - r X

sr(x) (H' l  t  ̂ )  c H' l  t  
lr  rr- 

,
t:!

as the sLxn of two

. i l n . r  ^ 1 1  a  4  A
IU i  a tJ -J -  i J  L  r t  .

operatore S, ,  So



r d  
'

'1 L 'i lr.r-i
fhe ft iaatri.x*elen.entn of l l2 from iI 'Jt^ to HJtr' 'r- ' t is given by

n  ' " ' * '  T T  ( p  n  \ r ro 2 r j r k  =  v ; o k - n 1 u ; r l c + t t r - 3 + L r k  -  Y j r k l u j  '

$i.nce

l l  t r  + a r F  l - .  \  4 r f '
h  u r ^ i - t Y l l  - t . t & E r )  '  . . H i . t * , t , ( a * ) * r ,  j . r i .  l l  =u , r . J 9 t L  d t + "  u  d t r L . &

.- rr r' .,, 
' 

. o(h+l.)ii l i, * r rr, r : .D \rr
l 

l l l. ' i+L, tr+L 
- t ' i 

r k.i-11 IP '\ 3sl tt ' i-r{.r ir-r{. 
- ri 

u h+'I"/ ui 
r k*L ."

r .  . / r r'  T 1  t F  :  *  p *  , " ) g r ; / t l j ( a - ) ( p o " , r 1  r .  *  p *  , . )  l l  -t l r k + L i t ; - r 1 - ; k  
J r r i  

*  i r  ( J " , - r r n  . r r * .

E een thnt

f  c  r "  T( rT{r  )  )\ -  - n t r t r { \ \ I I  /

lJ rJ

c*o(x,,r(: t{) )

cxs(xeL( : l t  s l I )  )

cur* (xr l (1{r} io ) )

c$s(xr l , ( l - i ' )  i

s0 that

if re: * [p"1fJ * itra] 'r tp;]fJ

n __r\ ..f [eJ = 0; : v * Y r *ijral a q,n  "  n .

* ro  ?  , r6 - ( i i - r { . ) r r } f *  
-1c / I { .

r t \ .  j l l , k + L  n 1 i + { . , ,  
*  J 1 * o ) u j r k . r r r  -  u j r k + - { - Q  J l a o ) ) X

x  (?J+L rk  *  P i  
r k )  l l

.  =( i r+l) / l l . *
€  1 1 a * l l  l l u j , i i + t -  *  r l l  +  l f I '  r ( " u )

/  a \

l l F l ' l  ? 1  J 3 '  t  I l
\ / t

Al.sc for

fhe unitary U

( t t  \' " j . r i ' 4 € i r J * . 2  '

U r a G
.  . r*9 *

.  
? ?u{'u 2 *

U o a  6
.  ( r - L

. u,-
E n Z  €. ;

i,fe have

and. (4) i t  is easi ly

[$ao. ts tn l ]
c .i + .i  ̂  ; *.raed.iate -bhat
" 2  

I t  J - D  J l l !

= I - itit* a:tcl $S* = I - t{T

€ C**(Xr],(H@iit ) ) is nnrv clefinecl

where

f ?
l lr - a a

a t - &

t . r ,
& ,  L -

T T
t v t dL t  *

t t
,  " o  g

a ,  ! '

d'ttu, ( au) ll

the matrix

u(Qo(a )  @V(a) )  =  (  Q t (a )  s1 f (a ) )u  €  cn (x ,K ( r r@Hr  ) )

f o r e l l  a G A .

'In}s 
$l"Ye6
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3'or our next purposes, it rvii l  bt;.usefu-l to make the foll.owi-ng

wor!:ing definitlon.

5.6. lggigii*gg* it ruefs-*t esls,{*pj,s. g$js} c*-glsgHs A }s "sst".d-
to ]ravc tl ie hor:ro-forl-r ' invr,ri-ance ni:oocr:tw if for everry fi:r j-te-dinen-
:: ::: :-:: :-*-T :--***-::- :':s*i*"* T 

** 
:*

p,.Lqna* X .Agg tzl € 5xt(X x [o,4] , Jl) Ir3. ]tre"

Sfzl = 0 *-) :'Lf [eJ = 0* O b , r  . _ L

(41-e,{e. i- , X *? X x [O,a] ie luilg. iif-kg-y:ol i-(;t) = (:;r'c) ),

" Tirus ) lroposi-t ioir 5.5 meens that nucl-ear quasid.ia8onal O*-elgebras

have iile hoi:rotopy-i-nva.rir'itce p:i:ope rb;r.

End.olving the space of gs-moncr*orphisns z: A T? Cxsi*X*l(H)) lC*.(X,

Ii(ll) ) C,et'inirrg honroseneous ,'i-e:.itensions by ir tiith tl:.e topoJ-og;.r o:i'

point I1oilrI con\rcrJeenee, tr',ro such rt-Iiloi1oij-I,:rphisrns ax'e cu.lJ-ed. b.o:lotopic

if  they cun be joined- by a contlnuous cl lrre in this spacer.

5.7 * I;iqpggr:E"r.Q*. I,qt A Ig e rg-cf,gaJ' c**;*:gh;p rrulgh bas irl"*

hornoton., ' i invar:i. i t"rlcg nronerL-r'. X.y fi"ir lbe-cir:,rcnr;ionel con':ac'b rret:: i--
* - * ; . - & &  w . i b * . * ' # | * - ?  . - . * , F . . ' f f i t @

iek ep.ige, {,3 i x ::?v eg*!33$g!*B€:r,s, .#3.. [zo] , froJ €

}l:r'L i Y n ) tllr ny1 \',,C hO.Ve :s l \ u \ J t t j r . /  c  + : a -

fo rgn  :  I l x t (Y , ; i )  *+ . l i x i ( ] l r i r )

eff. es"eel ;
/ - i i \  . i - ' ^  T  € t t 1d .  Z -\ r r l  ; a i  *O  X - *  .  

_ {

Sroo: f .  ( i ) l ! ' i rst  t-et f" l  6 ] ix 'b(Xxf0,4 ,  A) ,  r ,?e shal1 prove

i;hat if rzl 
: 

jf rel

incl-eed., by the s;muoe t:ry aC |*-** l-* ot of the segment fO r {

'bhs-b i: f zl = c €=+ i{ tzJ = 0 . Iltoreovero s:Lnce it and

*gg &g*rglq"H.}s,
r- -1

L ? - l = L 6 , , J  etircn

we :i-r:.fe::
*

- i  4 . ' rad
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h G
J v

surjective yre ir:fer ti iat i lfe]r-*+ if te] Ceili ires an s,utoirioiphism

of 'Llrc group il:,;t()irA), 3ut since for eveiy tal g $xt(Xrlr) ttrere

is [e] e rxt(X * Fl,tJ r rr) su.ch tl:r.t if; [e] = i{tzl = [q] ,, i, ie infer

rha:l; i$ [zJ = :f tcJ ah'ia]'s.

Nori.r sinee lr, 'r,g are ?ror:otopi.c, there is ll : lt x [ort] *+'r such

i i ra t  I ' o io  -  f  ,  F " i4  
:  S  r  so  i ; i r a t  f r f eJ=  i f ; ( t r$ r fe ; ;  =  i ; * tZ j

fol' a-1"1, f el € i.;l:r'i;(Yrji) n'

. / . .  \(i i) $i.nce Zo and. E4 are ho:;rol;opic, 'uherc is a s-honcno:lrhisn

U|+ !  f r .  -* - - - - 's"  r :  /  F ' f  ' f '1  /7 r - r  r  / r r \  \  ' r r t  / ' ; '  r ' - ' ' : r \  \  \Ui f  \  LUraJ  ;  t * , . , j \ r " r I r \ r r . /  l . / \ z . , r f  .Ae ! \L iL l  i '  I

euch 'i;j.iaii each

A 3 a r;**-:> (q'{ a) ) ( 'b) € c*s (;i,r(}r) )/crr(: i,r i(ri) )

Crefinc* a hontogeneou-s X*t::ltcnsicn 'u]' /r" and.

(cr( a) ) (c) * ?o ( a) aifa (ryt a) ) (4^) = r4(a) * 
.

3y the ] leirt le*Grr"vbs theoreir i  ( i33J'

l \ r  r / i r \ \ . / n  / * r  r . - / r r \ \ \
, r (  & r t J  oCos , , " r  , , \ . i . r . /  l /  v r l \ . . " r ; : . \ r r l  /  /

is isorno::phj.c r,rith

c.(  rc,?L] ,0r*( : i : , i , ( l i )  )  )  /  cr-(  [o, lJ ,cr.(x,r{(} I )  )  )  .

l ) t {  t

cr r (  [0 , {  rc r r ( : i ,1 ' . ( } i )  )  )  Y  cn( ] ' i  x  [b r4 ,  I ( ( l i )  )

and

rY r ' t i r  l ' l  r i  f  Y T,/ l i )  \  \
n \  L * ' r r J  l v $ _ $ \ ' ' i r ' ' J \ r L t  t  i

-. ifrj-s i$oiaorphic rvi-i;h a C'*-crit lalgebrc of

coo . ( xx [o , t t ] ,  t ( i l ) )  ,  :

$o v'/e get a u^nltal a*rnonono:r:phisrn
(\,
nr : r i  ***s+ c*_(,Yi x [0, '{ ,r(H) ) i  cn(x r fO,t] nltt tr) ) "\J

' J l i

T'L i r , r  onni l r r  s, ject ]  that  t r"  c icf i i ies a hor,roger '1cous (X X[Ori l ) -e:<.- i ;c ls ion+  v  * v  v l J r J * & i J

l:y "A ancl 'bJra* j-ft&l * ttoJ , i{f#l = fu*.J . $ince .i -'a rl -i
)- ^ crrl* L,

( , f L

are h.ornotopic, t"d.l = hoJ follovrs by (i) . Q.r,'.I).
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Recal-l that two i:nltal rr*honcrac,rphlsns 
lo rfl. : .ri ** B are

'called hoinoiopi.e if there r-s a cllrrie joinlng theirr in the spece of

x-homolaorphisrirs end.oweC 'v'rith the topoiogy of poi.nt-norrfl convergctlce.

i t l ren ?roposl t ion 5o'1.  ( i i )  i r lnred" j .ately 'y ie lc is tho fo l lor ,v ing coro11ary,

5.8. gggg'llg.gu. L*iL B !"9. e rilslgs{ l*u,ql H.gi.e*h}g. c*-*l,trhla

..*g A ,s gis-r-eei c*-g,:.tr"$a i'&igl: $+g Jjis. Lowi;srx-sngesl*its-s
?r1'nrrnrr*:r -i".,r* 

f'urtire;: ii bS -i1,4f_!-g_-l+:-q$j.gj.ol_-qL ar,ncL p^r 6, r A -*rF. ttl 2 * v . i v r  u , )  a  J u  v

) V  J  L

-bg b-ogA"J.of:il; rrn:iial- *-1':.o:'ro::rorliri.eins. Thci:.
*lsnt.€lEE''i

fo* ' fa* : rjx'b(Xol) **:? jrxt(?i,A)

ldow rve shall p:roceecl- tcl r,,'icLcirbhe ciass of Cli-algebrais ivrth ikre

l:onotopy-i::rre rj-aace i) jspe rty.

Ior the ne:lt lerCnas all idealir arc cloced. tv;o-sid.ed.
ru

anci for every iceal J € A , J d,enotes il le cr*aLgebra.

J C A g* j;pp}.. Sh',uS ;{l J klxg. tee, ] psp*ts;ox-;,$tair.e&gg,

&Qug3gpx-.*sgarlegss. &tqilsl*u'x,ress,iSg i*, le}js$s il*} A hes the

Proof. Consid.er "blre C'ias:reun

i ixt(] in [0,{,3) ***-*- I:; 'r;(xx [;,{,; l) 4**** E:: ' ' , ;(]{^F, i l , A f J )

n -?f\ n ,'t t t r: 
''l

e * v  v \ 1 4 L , ! o

nni l  n" : - '1 )1r . ' r4

qT = CI- l  * - I

V .

a u-nitsl

'  l +

.l\/..| ?"nCL

rt'-:st%lr,sqf-g;T}ll€ c**-g].nglge .#3

| .: its -; rf-

*  
J ^O : *L

nxt (X, i)

tt $ 1..{ i6=rt $
Jlxt(I{,*.) **"* : i lxt(: irA/J)

Ti:e horiaontal rlf,!-{s are c:iact because o:i l i '}r:ri.4.A, alsc 'b}:.e verblcaL

G.rl 'o1rTS a'L bo'hir encls elre isono:,;ph:'Lsrirs sj-nce x x{o} ancL xx{a} i irc

c:1early d-efoma'i; j.oir re-i;racts of x x [0rC " sii ice 1;]re cli-r-.1ip.,r.r:r is

conn'r-rtatj-ve witir r:.ny of the tvlo .rertical $,rrows :i-n the lr:i-<1<i,1e, v/e Sc-i;
'chat the-v nrus'L be equelo Q.Ji, 'nD.
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5o10. lgg:g. lg! -{. jls' e p!.L*"s".,.J c*-_q}ff-h,t*e J C A glt +4gal,
q 

: 
* - * itli ' 

"ths. s*rei,ilss* *aitsn-{;ni1}ss" S.il*s {-qrigs{: ;[,hel .j

l$ig !]Lc_ }.oii:otoni,'-ir:.ra-r:ia.nce j:lcr.pS_iU gn* lg.i [s] e li:rt(X * [;r$, ;i)
k4*d^e*l.*

.}p- gllq,rJ "!hrl.g i[fc: = Q . I]L9J.tJ::"l:g l.J.,i t<rf € j!:rt(X x [O,tLl , i,-/J) ;

s3* Iba! Qof cr3 = t?l g,?* i[ tcr] = o

f l ;sgj- Oonsic1er j  :  {  xFrt j  **>I the p}"oject ion ;(xr. i ; )  = j i
' ' r y

. ancj. let :i : J ***)A bc the r:;tr,rral ;i"nclusio::. ,31ncc io : )i **-*

.  . . .  . -  f i -  - 1*-+;', x [Ort"f is a ho:notopy-cqni.ralcncc it fol. l.ot-is t irat

4rF . ' i?-.r.r ' : i  x ;Ort1 , i) ***^* p;a1,(,i r l i)
' i  o  i l i a  - t  - ^ , . .  

" - :  

:  

: ^ : tie iln iso:rtor',oh:Lsrn" .Ilence :-i(-:*'Cell * C irnplie n r-*bh,, v o

tr.si-ns 'rhii"if .{-; tirr:rc is tdf e, s:rt(X x Lort} , h/.)') su-cii tha'b

q*[st r€ fal , 'r'h.en ]i,re rxey takc ts'] = f *r1 -i{ to [dJ n Qnil")*6 w  d  d  * ' O

5"'Jt" LO**. lru'L A Is .* .r"rt.*'lgiil uH-;*gg-Fryl ixxl Jn < J re J=.. :
n i ' r  ' i  n n r , o r : i t i . , r c '  q r r n r r . ' l r n n  n - P  ' i  r l n r , ' l  . r  . - , r r n i . i : i r n ' l :  ; F l i  - t *  

-  t  

t , .  o - : t " ^
" . ,  r ) r r ! t q \ ; . { f , V U  V !  j . \ i \ ; ( t . t i ) . t  i ) U - \ / , L I  { / , 1 . t C . l  U  V r  r ( * , r  -  J : l '  .  j L i ) } : f L u . l t j ,

i i=:L 1(
N

al-so 'r;hab J.,-, , i  J,- ltr.c t ire irot,:o'Lofr:r-i:evirrio.nce ttr ';.pct't.rr -ior all
i i-t-,1- I 'r

k € I,i{ . 3hg_* A l${i Slg. l:elip*"tqix-f*IeruJl*S. Lrc:S.IIU,.

&g*q$. Let  tz l  6 lx 'c(Xx[o, t l  ,  A)  he such that  i :  taJ= 0 e
v

\I,;e slr"all f:i-rst prove thc exj-stbnce of [,r,-] e ll:rt(X x [0,tJ, A,1i,c)

suctrbire.t ,rr*[v**rl = tqrl , [*ol *t*] l o:[si ] = o , rvircre
t ^ f r  \  A / ' r '  l t  , 1  \  ^ v . A  . t - h - -  ^ j , * ^ * - i ^ . , ' l  ] " ^ * ^ , * , ^ - n n 1 - . ' -  .orle i kldk:*+A/Jtot , (Jo = 0) e o,r'e tJre canon:i-cal hor.ror:iorpir:Lsms.

E

-[nd-eed., since Jk_nl-/Ji. l,n.ve tire h"onotopy-invarieirce properi;y,

*he existence of tire [ff,rl r"tir tire abovc p]"operties fo.llolvs by

usi-ng lrcnuta 5.LO recur':L'cl l . i , . : . , ' ,

i{c sh.c.ll }1oyI pr\lvc 'Lirat this i.mplies trl = (J . In lricvl of tire

eboveu t i iere are }I i lbcrf  spacee I{r .  , .11i,  ,  } l i l  ,  i l i .  -  i ILSHil  ,(k} 0.),  ' l

r ' l  r " i  rync  fT  I3!*ix0nomox1:hi.erns g'.,r,
I\.

vi, r A/Jo c.r€rj(;{ x [0,1] , l(t l t .) ) fcn?, x [o,t] , i . i( ] is)) ,
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.
le-homomorphisms ft

o- : a /,T- - ,,* -b e /v x fn ,i-l T.rTTr \ \
5 k  

D r r l  v  
k  

- .  - i fg  a r t  ^  Lw ' t  rJ  t ,L i \ I rk r ,  . /  ,

u-nital. completeLy positive maps \fk

"fr. : AIJ'.,-4 ***-,> c
& 

. 
rt.l '.L

ancl unlteries
,uu(" x Lo,{-J ,],(Hil)) ,

uk € clis(x x [o,tJ ri,(I{golrHil) )

such that- - - - - -

L s j c ] = L r i i  r  ( K . > a )  i

p ' (fn@i1fL o elr) = qi{ , (k > o) t
. t \' A.(uir) u stlrt = ! oyk , ( r:. b" c) .

f o r  O < j < k r b ) ' t a l : l n g

.o '- * fios(to " qr.) and' Tj*t,r, = f**i-ts("1(ut*j.a)" tfi,r"Q"u*j-d
l o r l {

i lenot-in6 by 9'- the eonple'cely- poeltive nr.ap ep.,- ,, o it is ea,sil-y
"  l K  

- r  
l r r 9 . . ,

seen *het :

PoYt  =  a r ;

Y t . r L l 3 r . * 9 k l f k
_  i o

ancl 9i, I Jfo is a x-honomorphism.

'Since Vflofr. is clense in A , it follorvs that the conrpletel-y

porsi.tive maps 9t are point-norm converp;ent to some lrnital n-hono*

. norTirism 'cp ! A *-+ c"{s(Xx [crra] rT,(Ho)). $inee .f lTo = Tr, I 3i.
l ^ g P

hence (p  "  9 )  (a )  =  (p .g r r )  (e )  =  s i (a )  fo r  a l l  e  a  i k "  Aga in  by

the denslty of -floIr. in A , rve infer p o y - S'; Thr-ts ,[T;] 
*

:a O end^ $ince tV'iJ * laol = tt] , the Lenrma follows .. Q,.il.D.

s' Ihe next theorern involves somposition series for C-"*s,lgebrae ,
'ulre d.ef ini ' f ion of yrhicl .r  can be foi .rnd i i :  (  4.3,2rtZCJ).

'  ( \ t )  k > / o  '

,  ( V )  k ) ' o  ,



'  
. a AbU

t : ' l
' q-42- ryheore[r' ]g! A ]e e e.wgraFj*e qlg].e:g,g iqtltg] c*-h}selggJ e & u .  * * * :

.  : : == : :=a=  YT

tlrlgig$ e ggrug-*fj}g* gg-il,.q,S, (Jp)^ a s1 ,. -q-uc_11 tlal 
.Jo.r.r/J., 

g5q
f  u s  5 ' S o {  

@  
J - . r  J

M. g*gs A lHg jhe hgsg.Is-nx-3rgg{}mci. p"fq-o-9-l''bJ. '
:

t

-  l  .  . ,  r t  -  t  |  !  
e

Proo-f. \Te prove b)' transfinlte indr"rction tha'b the Jp have the
i , J

houro topy-lnva.riance prope rty.
. a r e

The otep fron ,Te to Jo-u,t follov.rs from lretnna 5.9"' J  -  5 - r r
"  # '

Irr case S g oc is a liiri'b o::C.inal and Jir hc.ve the h.onotopy*
t - J

in.variance p::operty fc;;' aLL .9 4 P oui" a$sertion follows from
I

iernna ?.{.{ end the rgnrark thn^i; A bei.r.ig separablen we ce;l find. a

; tl'T su.c.lr that's e q r i e l l c e  e r . < f l ^ (  . c o  o f  o r d i n a l s ,  ? . r a B  $ )  i e-  . v : L  r J  t  -

* :--ErTci r ,\, .f 1\ 
'i:l 

T\
t ) 6 .  =  t v r . * ; t f  

1 p  r  4 r * * J J r

f  d - *  J ' i  l

$inoe G0n*#t'-al"gebras have c<lraposi"'tion series v'ri-th CCII cluotients

(see [etJr4.3"4.)  and.  s ince C0R-cir*a lgebras are quasic" iagonal  f f+/ /T,  '

r'/e have the folJ.olring corollarly.
. 4

5.L,3, $ggg}lgEu' ghs ccB sspsmhle g#*el c**s}sshxge hsss ibe.
- hot'r io"bouv*i:rverj-ance prope rt. ' /" '

F*@.#
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$ 5

'1rr this seition vre establj-sh a sliori j exact sequencs in the

- t tvar iab le r f  fo r  i l x t (Xrxo ;J r )  .

For the short e:ract sequence in tire X*vayiable, sone prepei"ation

is necessa.ry.

6,,1-' lgryc: kj- x .k "e -{i**-!e-9';lis"g#"ag*J, .gq.rJ}gsl, g,elm-pehJ$-

ffi3_Le- ei4} Y C X ,A cJ.p_$-pq jrJ&993._Arlp,g3g e," : Y -*-ts H irge. fw}g*
t iOn$ r l i ' i ;h i i r , . ,  n-,"nrro i"*r i  J;hi : , - i :  f  , '  / -") l- --*:-

.q"{ H for cvev'v tr 6 Y ffltcrtr thrr'; ', i-r :rl.C cor}finu"ous j' i- ':rctions

f.., : l{ *+ li , (ne[,i) r s]tg.* l_L?i {e^( 
.t

t L  -  t  \ ; l e u l l  r  9 1 1 - - - -  L  n . X l j n e [ i

Yle shel1

satisfSriYlg

. x  l " '
" n l * '

a.nc1

;#. "*1 s-g-tlgriq"3gq,L.
- /rr a f i i i \
5  

. , . * !  a !  /  o

glg.g$. let ttJn€rN be a d.ense rrequence of non*zelro elemen'ts
+ t - l r ! . r l

H , eaih- vecto:: rccurirrg an infj-nity of t j-mes. T.,et al-so {O"}neN
be an increa.sing sequence of  c losed gslso*n n ' i  Y such thatt

.  l "  t  l . { 1  Y \  v- n € [ i  " i l -  r \  \  *  '

cons'bfuct recrirrentlSr contingous rilaps E : X ** H

A-

. n  r .  r : ( n  : > ( 6 r r ( x ) r f r , ( : i ) )  =  d o , , * ,  S f )  x  e l {

i,n

llhr, - 
& an-,F*(:r)) 6,.t*) [l < y.r ror arl x € Fr, .

Clearly the constlucted. fn v,i i l . l  thcn sa,' i; i .sfy the reqi;irements of

tire ierir:ta.

Suppose G'k harre been constrLlcted for k ( .n (if n * L , 
' the se"

o f  k < n  l s  v o i c l ) .  C o n s : L c i . e r f o r  e a c h  x 6 7 - ,  t h e  E ; e t  S * - C l f l  r ' , . d r - i - t : h '

ls tJ:re set c;f all. ,rector$ of leng'bh Ft in II v,ihich ar:e orbhogonnl

,  f / \ t  /  \  ^  9' b o  
{ 3 r . ( : : )  ; 4  € k ( u } "  I t  i s  e a s i - l y  s e e r l  t h a t t h e  s e t - - r a } u c c l  f u u r c * '
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t ion X $ x t:> S* C il is lol ' ;er-scraicon'bll luorfs j"n the

in  l i i i chee l '$  thcoren ( [ i3J ) .  A lso  i f  f -  4 .y2  n  then i f

l l f  - h l l  < ' : t l ^ s - , t $  f c r s o m e  h € 1 {  a n c l ' - x € ' ; i  e

c,rntractible s &* can be easily. seen rr-sin8; ihe tnap
. . t  t  e e .F ( * , f  )  s  l ! ( t - t )ho+  t f  l l - -  ( (T  - ' t ) l r o+ -  t f )  r  h r '

Alr:a by (Ac.B.a :in fzIJ ) esch $=* :Ls corit:r'actible. 1)}:rrs the s'3f,-v6f1l-*

ec1 nri.r,p ;{.9 x F*;p-$""cirl $o.ij-sfj"es 'l;h* condi-'t;:Lcngi of liiich.a.e-1-ts t}:-eorcrn.

I)e:ilinj-::;; $ : :i *-+ il bY 
.r,_1.

b(:r) = ii'" - f- tht'r'1-jl'(xD t-t"). 6" rL t;TT-

*rril" con,"'l;i-d.exing; l{.e Fr' 'i;l:e slcrseirl r:ubset oj:' ll'r.,. *n 
"r}rich 

tl$(x)l\>"'1,n,

let S : Ii i,*y **Si{ be ti:.c continuolui nrap,vnich j.si ccil:al to 
$(xftit(;l}l

f o r . x € l : i  a n r i e c l u e i l t o  e - ( x )  J l o r  x G y . S l i r ' e n  g ( : ' l ) G S , *  f o r

each :i G i:? r..,,Y . i lence Uy il i,rlreeitn theoren t [::J), tirere- is a ronti-

nuorrs lnap t'n : li **Il cuch i;ira'L 3o(:r) € S* rlor al--L x 6 'd anci

^ r 1 r , . " . . : r \ ' F r r Y / - - \ \ = d ' . ^ : i o r a l l  m < n e , n i lA" I  ( l { r - ,Y) = g .  Cl , :ar ly .derr(x)  te1{" , \ ) i ) /  r r r , r i

x G X .  A l s o  s i n c e

11

\h.,, .fl., (hrr,Fr.(:r)) 3,"(:*)ll = ti$(t:) -1
i  r r  

k=t

vre infer tha'b

fJen,se aPi:earing
T

a  =  { . f  G } I  ;. L

,Lhen a is

$txl ,trr(:c)) 8,",(:r) \l ,

is ( 7p on rrn.\ ll

6-.2. $efel1,?Ig" igg x in e im;#-=#rq*Xre;lel S-q'*.Ll* i:*}JiZslJ*.

; ;' s s:esgg g$,bspi. lsl f.';:L*s; ir ; Y **P t(Ii). 3e e

ff-e-tll-1i*L{x, _q.a-t$i*ggg }Hf" fir}s}: -kr}ii[ u(:*) ap- wr].ani fp-{ -qgq} x€Y;

Ilirren tne re is er. H-nb::o:rnll: -q-P;gh;;p.'ig Sqp T ; T **-P L(il) ' S'S3 $hRl
*J#:;J -i#-f,';;LY" ;:X i:l " .Y.-:;.;-":lr*;:'&i' *;*;;*:;'-;*

/\t 
/t\' I

f f ( t , )  i *gg i " t i , .S : ' [g , r :  , ] " : . cJ ; f ,  x€ ] (  3*L+ U iY=U'

n
l l  t r  f l n  

' \ M " l {
tt  "n ff i*--1-r 'ch(ri:J/ 

e1*i>:"-

and is '  *  O on l \ ' i  "  Q*r t InDn

(- ' '  ' f  '- rr be en. o::thonormal bas:r's of 11 n le'c
t " l t i *  [ ' - ' ]  

*  
"  

wu  Gr r '  v  j '  w l r v : r v

y *+ I{ be cl.efinecl b.1r e*r(f). = l l(;r)f- ' , " Cot1sicle r'

' I ) " rnn{  
T .n  " l :

" L  
. L L ) V !  o  J J V  v

:'*"-*
furbirer e-. t



t iren tire. 6r, ; X *,+ g provid-ei, b;v Le:i:ma 6.tJ-, nnd. define
a V N

i l  :  X **-p r(H) by Tt:c):r = f (x)

rhe* xs x; ar"r * i,*,- ' ;; 
"r",*".;;;;:* ; i l ;.. *"* s,cr.oiiAry-' * - ( - ) - 1 r

^a

continuoltsr Since U is i-rnitaiy valucd ancl sti:on5i1y-conti-nuou-s, it

fol loivs that i t  is also x-stron6ly-cont1::uous. QnJJ.i l .

r f  Y is e. closed su-bspace of x ,  then conci. iel" i -ng xir  endovct1

. rv:'L'bh tl:e base*1:oint :i/y ? rrre ahall wrj-tc. i lx-b(jiry;A) j.nsieari of
Tiv. t f  - ; i . / ' . /  v ly ;A)  

"
J r l \ u \ r L /  L r L l  L . . X L l  a

A ? ] ) *ot :o : :L t i -cn.  I ,c l ;  
. , :  

he: r  e . - lo" J. 5I---.-*.-,==*-- *-: * ii: ;1 *--..QggJ *.Sgu."c.g. s-E -ghg, j;:g:L-g-gi.-

gzunie*g& iir_9-jtEi_T,i:b1e Se;*pqq.-t- **AiS X -ffii _lg.ii :. I y *# ;l +:ad-"*:*'
j : 'y *y X/V .Q,g ;b]re. r]g3grel ILOJH, Tlre;l qFilqjllgq A i,q &Llq}9-*Ir

. .  , ^ t . . I  ^ , ' r f . -  ] " . . ^ *  c r - 1 1 r r n , ] 1  ^ ^' I/9 bryg "!,b9. Jg+J€\Ggg gs:-*:*, t.ur.ltvl*sJi

Ext(XoY;A) *Jn+ llxt(XnA1 **iI*-e tr):ct(y*A) .

3,rgg€. Clearly i+ o jf = O r so it w;11 be sufficient to pro1;e

that r* j+ ) Ker i+ " 
' rhug let tal  e rJxt(rrA) re such that

ir teJ = 0 ;  rve 'sh.aLl prove th.e existence of EqJ e $xt(Xryl l r)  euch
'  F + 1that j*tc] = rzl ,

Sj.nce i* [23 = [ i *Ct ' ) ]  = Q ,  there is a rmitary l le0]rs(- : :e l ( ] i ) )

implernenting the equ.ival-ence of i-t(z) and. of soirte ,.cqpplpll_t- trivial

honrogeneous T-e:ctensi-on by A " thus tire;'e is a x*monomorpl:rJ-snr

F ^  r  A - * 9 r ( i l )
l \ . ,

r fo(;i) 
r\It(H) :. o , su.ch "rhat d"efining

r./e have
r :  

A 3*-bc, {s(Y, } ( } i ) )  by  ( r ia ) ) (y)  
]  p" (a) ' , (s ' - )  r&yy

| t ( a )  
- u ( f  l Y ) u f  e  c i l ( : r , f i ( I { ) )  r o r  f  e  p 4 ( e ( r , ) ) ,

Corul la{y 6,2, t}rere is a r-rnl i ;ary f f  e Cr"s(X,1,(I I))  su.cir  -bhat

Y = U " 
' lhen rising'bhe tircorern cf Du.g;lurciji fo::

p(a )  -  u ( f  lY )ud  e  un . ( : { , t i ( l i ) )  ,
I

llrr

f l
U I
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I  vr€ ob' fa in tnat  ioy everXi  a.€ A ,  
'bhere is g € C--- . ( : l /yrL(1I))  srrch

:€iJ

t i r a t  s o j e t ( p 4 ( z ( a ) ) ) f *  a n d  e ( Y i v )  - F o ( a ) €  K ( i i )  .  j i i ' e o ,

clear iy t lvo such Sts C.. i f i fer  only by r-rn eletnent of  Cn(X/YrI t ( i l ) ) .

f'hus Ciefining
* * \  \  t *  , + v  l - q  l r t

cr: A ***t c*s(X./y' j-,( i i))/crr(:</f , ir(n))
1 1  -  - A

by cr(a)  = p(g)  ,  r ,uherc '  g is  sucl 'L that  { to i  € f r (p-a(e(a))) f f *o
'  ' r  

t . M '

vre l . rave j*(qr)  = 01t i ;  "  7.  pnd fql  e Ext( , l ieYiA).  ,Q*i t ' .T lo

Th-e folloi; i lr-g consequcnce of t}:.e irrcccd"i.n$ proposition is

:ifr-lirled3-etlO i

'  

. -  , '  n .  J ; r * i  + ' . n h ' l  cb+rt* ggsgl}plg" lg.! x -be e i;i$tls-!+ruS}9eAt "ssl)j?.ss! sq.Lri;-4*"v,*"s.

. * ,p*9.* i  vc."X eE"U&g.gj , "#g} *o€ YC]: .  Aqgrg-t iagHr,  i  :  Y*-bX

,21st j ; ): *--F:rlY *e gn'y"g€p} *s#,, Sgg mglgsf A i }i#g ihg.

"s*H[ ,ssiJtgr#. :

pr,t(xrY,Al *ja+ Sxt(X,;:,",;A) -*f-" Ex*(Y,xo;A) 
un

o '

6u5. $gglg$b. In case A is nOt t tuclea:",  t l re proof of Sropoeit ion

. e .: $til} 'shovrs that i* o ja = 0 and' Ker. i* c rrn j+ '

, ' ;  l
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