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~

This ig the Ffirst part of a paper on humogereous

a2
il

C¥=extengions of C(X)®K(H) , which has been divided

into two parte because of its length.

_ The remarkable work of L;G.Erown, R;G.Douglab anc
P.A.Fillmore ([20),[12]) on extensions of the ideal
of compact cpérators by commutative Cﬁ—ulgebras has
stimulated further‘researoh concerning more general
eg-tehsions (t13, 021, 41,093, [231,[261, [201, (26}, (34~
391, [41-47)). This is motivated in part by the desive
%0 extsﬁd.the Brown-Douglas-¥illmoxre theory so.as to
provide a tool for analyzing the structure of CF-alge-
bras. '

In}particular suchva development might lead to a
bet%er understanding of the structure of type I Cat
algebras,

‘Also we shouid mention the general program for the
study of extensions sketched by L.G.Brown in ([9]).

A class of extensions to be studiéd, as suggested
in ([261), are those of C(X)@K(H). Among these, the
homégeneous extensioﬁs, congidered here, seem to be

more tractable. Let us explainwhat the homogenelty

L



requirement meang. Roughly speaking an extension‘of
CXY@KH) . by .a Cﬁ~algebra A_(separable.and with
uhit) gives rise, for each XéﬁX. to an extension of
K(H) by some quotient A/J_ of A . The msps which

aggociates to x€& X ' the idezl will be called the

J
X
ideal symbol of the extension. The extension is called.

heneogeneoustif’ J = 00 Fforiall "xeX. Under a suitable
L5

—egquivalence relation and with some additional condi-~
Tieng om X wand th (X finite»dimensional and A
nucleaxr), the_homogeneous extensions yield a group
Bxt(X,4) , which will be the main object oL eur study.
‘-For X ‘reduced to & point, this is just the Brown-
Dougles-7illmore group, but the consideration of the
more general EBExt(X,A) will be seen (in Part II) to be
also of some intefest for the sﬁudy'of the usual
extensions by X(H) . V

Péssing‘now td the regults of Part I ofAthis paper,
we Shquld mention a Weyl-von Neumang type theorem for
rather general (not only homogeneous> extensions of
C(X)®K(H) , a short exact sequence for Ext(il) in
tﬁe A~"§ariable" for general nucleaxr C§~a1gebras (this
is newtalSO‘for the usual Bxt-groups) and the use of
this exact sequence in extending the homotopy-inveriance
vesult of W.Salinas ([42])) from nuclear gquasi-diagonal
 0§~a1gebras to the ciass ofknucléar Cﬁ—dlgebras admit=
ting composition series with quesi-diagonal quofients

(this includes the type I C*-algebras).
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In more deteil the content of the'six'épctions of
Part I is az follows . v

§ 4 contains gencral definitions and some preli-
‘minaries. . Lo "

In %2 ,.aséuming the ideal symbolvof the exten—~
gion satisfies some lower semicontiy 1i%J requirement
e

limensional, we prove the existence

and! - dpefind fes
of trivial extensions and a genefalization of the VWeyl
~von Heuvmann typne theé:em of {[45])

Béginniné with §3 WC'COHSLdéT only homogeﬁeoua

yrp

extensions, Ve use the Choi-Effros theoren CYﬁUX\ to

el
g

o

show that Ext(X,f igs a group when X ds Tinitew
dimensional and A ‘nuclear, Also in § 3., we prove,
.under the same requir@ments, that in each equivalence
class of Bxt(X,A) there i1s an extension which ‘can
be realized using the norm-continuous L(H)-valued

: fﬁnctions oniE R,

In § 4 the short exact seguence ih the A-"variable®
(A nuclear) for Ext(X,A). is proved. This generalizes
FARE, ]
the exact sequence in ([10)) as well as the subsequent
generalization in ([9]) _ -

In § 5 we deal ﬁith.homoﬁopy~inva§iance for « Bxtli, L)
“Both in the X-"veriable" and in the A-"variable", Both
homotopy~invariance properties are proved. for nuclear
quaSi-J¢agonal 6l gebras via an adaption of the argu-
ment of W,Salinas (T42]) and then using § 4 extended %o
more general Gy gebrw s. Let us also mention a brief

digecussion of qu351wd1agona11ty in C =~algebras, an

adaption of the notion due to P.R.Halmos ([27]).
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In § 6 we prove a short exact sequence for Bxt(X,A)

-

in the X-Yvariasble",

Finally we should mention tha

Part IT of this paper

(=i

is concermed with topological pnroperties of homogeneous

extensions of  C(XIDK(H)

The aﬁ%hors gratefully acknowleadge helpful advice from

S.S8trdtild and A.Verona.



S 4.

Let H . be a complex, separable Hilbert space of infinite dimen-
. gion. Let L(H) denote the bounded operators on H , K(H) the
ideal of comﬁact operators and qI{ §IL(H?-M7? L/K(H) = L(H)/K{H) the
cenonical homomorphism of L(H) oﬁtdﬁthe Calkin%algébréo ‘

~Por X a compact metrizable space, Cn(X,K(H)) will denote %he
¢®-algebra of K(H)-valued continuous functions on X , where K(H)
i endowed with the noxm topology. Similarly, C%Q(“,L( 1)) will: be
the c®.algebra of L(H)-valued continuous functions on X , where
the continuity is with respect to the sw-gtrong op erator-topology

on L(H) (of course the CT-noxm is the sup-norm). Cleaxly,

a4
24

¢, (X,K() s a closed two-sided idesl of O REHTCHE o

-

Py
=
i

shaLI denote tne canonical homomoxphl o
: (A,L(H)) «~«->(¥=(X,L(H) (A,k(H)) o

Tor A a separable C™-glgebra with unit, an extension of

Cngx?K(H)) px 4 , ig. a short exact sequence -

() 0 s 6, () L B —Tp h —— 0

A ¥

where B ig a C R sleebra with unit, £ and o= are x~homomorph“3m%}

e stsen

o Dbeing unit-preserving,

Bor D a « —alvebra and M & D let us denqte
Ann(i;D) = {y € D 5 My = 0],
cda order not to cowpllcute our study of extensions it ig natural
to ellmlnate a certain tr1v1a1 part of B , by counsidering only the.

extensions swtlng1nﬁ the requlrements of the follow1ng definition,

2.4, Definition. An A~eyten ion by A is an exact sequence (%)

prieoriviniitieesipeonipusaliemipen g g

satisfying the additional reouzrnment :

A

i
@]
‘.

nn(e(o (x K(H)/) B)
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The following folklore-type proposition, in fact about multi-
pliers of Cp(}C,K(H)), gives a more concrete realization of X-ex-

tensions by A .

b o e oo oo o i SR

Nz, Propogition. Let (x) DYe an X-exten ,:;.on_'_i A . Then

tnere is a unique $£-hOTOMO rphism

@ Bre——> 0 (%, T )

such that ¢ep =1 , whers i denotes -the inclugion

¢ (£,K(1)) G C__ (X B(1)

\¢¥9

Moreover shic TNy oc’clvc and unit-preserving .
SEC VoL P

.32‘;_99__@_. The closed two-~sided ideal f(C (XGRET ) o Bl being
:Lsomo:c'om with C, (.x,n(u)), hes & natural faithful non-degenerate
ﬁ'-:’f‘e"ol?{‘c‘e"l‘ba‘blun on the Hilbert space :

2(x;H) = Yene b 8 i e CHi hh I® < +oo ]
Mqreove:b this feprasénté*‘cion is in the commutant of ube natur it
'repxy'esenta“cion of QOO(» on 62(.5;,}1). By ([2.'1], Prows2sl0n 4} the
rep.fe gsenta t:Lo:n of f’(C (.“,K(H))) hes a uaique extension to a repre-
Se_n_’bation of: B (whlch is unl”c-prss :w:'ving_)_., still in the commutant
o‘fﬂt»he representation of L (X). This yields unit-preserving ‘3€~ho»~
momorghiéms ¢, : B—>L (I) such that for b € B and f €
¢, (X,K(H))  we hev i ' '

G b 9(1-‘) £(e) | :
where g € Cﬁ(;"{,K(H))' g,lven by g(y) = C{%(b)f(x) . Moreover,
i) = e ki

Cloarlj, we may define t?(b) by ((f(b))(}:) = (Px(b.) proVided
- we prove that
X o XM‘{L,.(‘D) € L(1)
is'stmngly.continmus (for =m-strong ont::,nulcy cons*u dex B €BY -,
Tor %éH 5 “‘%H = let P denote the projection of H onto

@% and £ € C (“,K(H)) the constent function equal P . Then
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g(Y) P () %}(b)? ig an element g € C (A,L(H)) and this
1s equ1Valenﬁ to the contlnuﬂty of the map £ a:xbw~9<fx(b)§-é .,
i.e. the desired conclusion. .

| The uniqueness of ¢p follows from Ann(i((}n(}{‘,li(ﬁ)));C:{_( yL{ED)
= 0 . Indeed, if ¢p'. is emother s-honomorphism with 'e @ =i ,

“then for b €& B we have ¢(b) - (f'(b)éArm(l(C (X, K (100 50,55 (2, B(E)

S
 plsoy if '(e(b) = 3 en q?\bf( )) and egince bf(f) &
?(C_l(a,h H))) we 1nfer bf( £) = & Thus

Kere C &nn(f\c (R @) ) 5.B)

-

i
ray)
-

which gives the desired result about 1nJccUnutv QalloD,

by ‘ (

A.3. Remerk. In view of the preceding proposition it is cle

i R mwuw

H
N

that, frém now on, we mey, gnd shell assume, ‘for an X-extension (=

by A , that

~

¢, (X,K(H) € B €0, (X,L(H) .

.. -

A4, Definition. Two 2\-—-0 ctensions by A given by exact sequences
Pt 249

frosdbaoanibosfetsdiani o mnipipend

>
o'.:mg._;.:.....;(} (Jx,,K(HA))VCT o B /L‘;fx > 0
0 e C (%, K(H,) ) Sy By > 4 > 0

are gald %o be be e(lulva,il cnt 11‘ there is a unitary

Ue c (}L,L(I ,H ))
such that

U"B,U = B, end o-ggb) = c,j_gu*bU’) for b €3,

-

2.5, Proposition. There is a one-to-one correspondence between

e Zh A Al L o ST e Sm e Sy

L-extengions by A7

and wm’ml E-monomorphis

oo p Mcﬁggyzsx,gza))/cngx,xgzi)>

N




i s e

In this corresvondence . B = p“i(t(A)) and g is obtained from

pan— . e pesSane)

e

the obvious isomorphisms Qp%ween- B/Cn(X,K(H)) oA send L

Proof, How: 'z Jlel s an X-extension by . A is quite clear from
above, for the converse also, remark that o gives an isomorphism
between

B/C, ( K(H) C & (&,u\m)/c (Z“‘i,}’i EI)}

>.

and A , the inverse of which will give the %~-monomozphism T .

.1.

r’\

Since B (A,L\ﬂ)) itiis

obvious that £n¢(C (X K(H));3)
o= O 'ev.Q.o-EoD

A.6. Remark. ?rop031tlon 1.5 gives an alternative way of defi-

<

ning X-extensions by A . This will be frequently used in what fol-

lows referring to an X~extensionf§£ defined by some s-moncmorphism

T . For a wnitery U € O (X, L(H, ,H,))  let &(U) demote the

igomorphism

5 : * 5
stgk’Lgfii)) 2 MUfU € CﬁscA,I;(Iiz))

and let & (U) denote the igomorphism between C, X,L(H »/o (X,K(H )

end C_ (&,L(H;))/C (x ,K(H,))  induced by ot(U) . Then the X-exten-

S¢onw &cflned Ex

T, i A ——sC (%, 5,(H;))/0, (KK () et (i .~:' 1,2)

~ G -

- are equivalent, iff 2T, = d{U)O‘Za for gsome unitu*v e

ng;L(H{,HZ))¢:E3 shell use the notation T, ~ T, for the equi-

- Yelence of the X-extensions defined by v, and € 5

Let now for x € X, P denote the =~-homomorphism
- S(i, L(E ))/On(X,K(H)) ~wmww€>lL/K(H)

which agsociates to p(f) the element M(f(x)) of I/K(H) . We

b

shall also donoce by I(ﬁ) the set of closed two-sided ideals

O Lk, # et

Wree e



X3 % = Ker(p}.{o T) e I(A)

is called the ideal symbol ¢f the X-extension by A defined by Z.

The X—e.t engion defmred bv Zhel e canﬂd e“act ﬁl

k]
Y

f\ Kel‘(p O'Z) =0,

xe X
in case Ke?(pxo't) = 0 gggvall x & X , the X-exbension defined
by ¢ is called homogencoud.

It is easily seen that the equivalence of A~LAT9351ong pregerves

the ideal symbol and hence algo exactness and homogenelty.

Given a mep
B eyl € I{a)

33

satisfying the exactness condition

€Y I, ;

xeée X

we shall denote by~

Ext(:{,h, (1X)Xe}_)

o

the get of equivalence classes of X-exbtensionsg by A with ideal

- gymbol Ala k== T e’T(&)

Clearly, the X—extensions congidered are exact.

G f :

In case Iy = 0! for all xze X, weishagll denotbe by

_ _ Bxt(X,A)

the sets Bxt(@a, (T ) ).

X Xéa :

We don't know what conditions the ideal symbol must sdtisfy in

order that Ext(%;a, (I ) +) # 0, although in § 2 & certain lower

‘a-e
uemlcontlnultj conaltlon For the ideal symbol will be considered

which is necessary for bhe e&Lutence of trivial extensions with the
given ideal symbol and which will be shown also to be suffilcient

provided X is finite dimensional,

'



If_ z defines an f-extension by A with ideal symbol (I_)_

~r
5 o .“.Q

then EZTl@ Bxt (XA (-x)vév) will denote its equiva Jence class.

Consider also

o(Xp.‘L(H:))/l (’01\( )) $ e = &’2)

Ci) = I ’ (i :192‘; X&X)n Thig ¢

Zi f A

two 2 ~monomefph¢ smg with her(

.(

2>
#

yielda a-natural‘ﬁ-monomorphism

v

T,07, ¢ A ““‘“*""‘“‘3’"@ (sa,l( 1P H,)) /0 (KK, @H,))

4 i
with Ker(p o (? @®Z,)) = I, for xeX . lox reover, it is easily
sean that [hiéaazi depends only on Tﬁ {Zfl Thus,
CT‘;:L? + [,Z,:] = {2163 ?21

is a well-defined operation on Ext(X;4,(I_) _.-) and it is easily
o 3

) endowed with this aoperation is a com-

¢ 552
% HEA

‘seen that Bt ya, (L)

mutative semigroup.

Let .26, be compact metrizable spaces and g : X efafi a éon—
tinﬁous‘map; This yields a m=homomorphism i A
| G : Cﬁs(‘.{,L(H)) e Ij(H))
defined by G(J) flsg' for f € C”ﬁ(K,L(h)). Clearly,
' (6, (LE(D)) € 0, (,K(D)

and we have an induced "~honomorph1qn

T g W(y 1,,( £)/0, (¥, EEH)) ————p 0 (X,L())/C, (X, K(H)) .
et  TaihisSaal (I,L(H))/GH(YEK(H)) - define an Y-extension by

A with ideal gymbol (ir)yey sibhen Go T = g*(t) dga ﬁ»homomoru

phiem of A into O (K,L@n)/c_ “,I&( 1))  and Kex(p, sl =

g(x) < ABoy Eim cade (‘\¢C‘K ( e s there is vell QCIith

85y sEEllsdeRstelby . cetele] b [u*(tﬂ g*tz],
'3 \( ‘ e
g LI ( -}‘-} )'\T&Y) '“""'""""""""”?}4 ( A5 g (—[&( ) }..&f) $
‘Wbﬂbh ig a knhomomorhhlwmc In parhlcular, for Wi fized, Wb (X L)
becomes & contraveriant functor from nonvoid compact metrizable

gpaces to commubtative semigroups.



This section is devoted vo the study of trivial Z-extensions
with given ideal symbol. In case X is finite-dimensional and the
ideal symbol lower semicontinuous in an eppropriate sense, we shall
prove the existence of trivial extensions and also a generalization

-
of the Weyl-von Leuﬂannnﬁueorem of ([45] (see alsol. QZDQ which

wmll show that Ext(x A (T )xev) is a gsemigrovp with unit in this
PGy

case.

(@)
i

We recall that the compact metrizable space X is of dimengi

[65]
)
i
}.J
e
}.-.x
s
(¢}

Sy

L if_for every covering by open gets of X there is
open covering refining it, thet has order £ n (Ch.V of [€91).

The appearance of finite~dimensionality requirements in the
study of X«e;t ions should be traced back tc a continuous selec-~
tion theorem of E.Michael ([237), which is also used in the releted
uubJer of contlnuouu $ie7ds of Hilbert gpaced ( see 10.1.2, 40.8.6

10.8,7 and 410.10,9 in [zn)

From now on, throumhout the rest of dthig paper it will. be agcus

med that the compact metrizable space % has finite dimengion.

If KCR™ is a compact subset, then given a covering by open
subsets of R there is & > 0 and a refinement consisting of
cubes with edges, parallel to the coordinate axes, of length 2g

and centexrs in,<£2m . This, together with the fact that a compact
) 3 & s )
2n41

oS

metrizable space of dimension £ n can be imbedded in R
(Thm,V.3 inl29]), easily yields the following useful fact, we

shall record‘as :

2.4. Remexrk. If X has dimension < n , then every open cove-

ring of ‘X has a refinement each open set of which inte rgects no

-

o

. more then 321“!1 ~ 4 other open getsg of it.



«2. Definition., Foxr X g compact metrizable space, @ mep

DXy I? e I(4)

ig called lower semicontihuous (abreviated l.s.c) if for every

o oy ot

i 0 . G ; ,
conv»rwm*f geguence z c o X = > hove
e 1t sequence (x,), , ¢ X, Lo s Xn - A, e heve

e :
Chin @ el

)

n=1 n )

Denoting for a e A and J € I(A) by afd the image of 'a in

%)

Wi

£y
("!

caglly seen that the l.s.c. condition 2.2 ig equivalent

o the fellowing.: wienever x. =—» T... and.: a € A g we hgve

n
Lime dnPatllal/T Sl Selladiz |
, 1 ~~> 00 S il
(use the Tact that i[a/f\q Sl Supnl!a/IX I and consider sub-

ol 7
HeqUonces), :

An Z-extension by A defined by the =-monomor-

‘phism 7 ; with exact ideal symbol (IJ;)}xe is called trivial if
iﬁgﬁg is a =-homomorphism

L - Pi b e O (X, 10D))

suoh that Dol - and  Kex(d, 0§L) ? for g&& x eX , where

il
h
—
e
~
»

Ay (A,h(h)) —w%> (h is jﬂg.ﬁgg dx<f)

It is easily seen that p6}4:= €T implies

K o K T =
. | Ker(dx t&) - xer(pX-o (%) 2 ;
8o, for homogeneous X-extensions by 'A s The condition Ker(dxo V)
= 0 follows from the first COHst“Ono

Algo, for the ex1s%encc of trivial X-extensions it is necessaxy

el

thet the ideal symbol be 108.05 Indeed, we have for x -—>»X_ ,

S n 0
That (dX ) v}(a) is strongly convergent to (_dX © v&(a), so that
ey : o :

Tim dng | "R o ) (a)ll 2 Wd. o w(a)\
S et st

which is equivalent to iR



e

lim inf e/l [ 2 l[a/Iv W
Ny GO )

establishing our asssrtion

To prove that for Fsi.of finite dimension and l.sac; ideal symbol
there exist trivial extensions we need some p“endratlon

For the next Lemma A is unital aud separable (as always), E(A)
is the state space of: A and-for J e I(A) . E(A/J) will be con=-

cidered as a subset of E(A)

2.4. Lema. Suppose., £ has finite dimension and let X3 xbt—>»
3 I_€ I( be l.8.Co Then given & gtete < of A guch that
_\Iv =0 by ille e Ulie o ap . T Dh ke w_ e B(4) , continuous fox
3 w4 Sasast e B e A e

o _
the week 1o UO7O“V on B(A), gsuch that wy[]ﬁv = 0y afervall © ek
Aty LU e R

h

o) = 0. G

-

+o uge the selection theorem of E,Michael ([

[

Proof, The ddea d
for the set-valued map
ol BT ) C H‘(x)

To this end we give }E(A) the metric

a(e,e) Z;, i E G s(an>\

=

H

~where \\an“ ¢ 1 end (an)n 1 ig total in A . Clearly d induces
the weak topology on E(A) "and E(A) is a complete metiic space
since E(A)' is compact for the weak topology. Moreoverxr the balls
hlth resp pect to d are'bonvex, so that their intersections with
the /I ) are convex and hence contractible.

Thuz, the only thing stild $o be checked is the lower semicinti-
nuity (in the sense of Michael) for X 2 x\mwé»E(A/IX)CZ BLA), Phe
Tower semicontinuity condition is . ,

given £ >0 , y€X and f£e€l (n/I there is
a neighborhood V C;X O£ such thau
| L(A/I )/\{c e L “) : Q(L,Q)‘Ei % g

aiois all e Vi,



e

B “
4

This is easily seen to be equivalent for metrizable X with

wiicnewes = —>y ond & e B i ticaeene
fve BOL/T . ) sueh uhuu £ > weakly ,
n 3 e
: o)
How, for this reformulation it is easily seen that it will be

gsuffieient to prove it only for £ in some dense subset of

S(“/Iy). Thus we may assume fT =.k“&(g% gk gk)h whexre
gj £ E(A/IJ} s (J = L4s009k) , and pure, But this makes a second
reduction possible; namely we may assume £ dis pure. Then, consi-
rering ?Tn any representations of A with Kerifn = IXT . wé
have f kf\n Ker?fn =0 , gince F \iv = 0 and ;
Y L 3
a5 .Ijm = (). KerT .
v An ‘ n n

- N . o s o I. : v S T
Now { being pure, our assertion follows Fiom (3:4.2.(ii) inll41),

Thus the Lemme follows by applying the theorem of Ilicheel.Q.B.D.

Let C(X,E(A)) denote the set of continuous maps from X 1o
E(a) , B(A) Deing endowed with the weak topology. We consider on
C(X,E(A)) the topelogy given by the metric :

§(r,0) = sup a(2(x),6(x))
, - xeX : -
‘where d  is the metric on H(A) consid red in the proof of anma

2:44. Purther consideritha.claéed uhbu@t QZ C C(X,E(A)) defined bJ
{:ﬁ* € C(X,5(2)) 3 P(x) |1, <0, W zex}.

2.5, Lermsa, uunpo 4 has finite dimengion and X 3 X b—>

—~—> I € TI(A) is l.s.c. Then there is & sequence {031‘ g of
i’ '~ (¥
continuous mans coj : A.wwﬁyuiﬁ) such that
m -
) Ken (D (A) for every x € X .
j=1 , |
: - ; : @ ’
Prool. Iu wview of Lemma 2.4, %ﬂjzjwi may be any dense sequence

A QL « Thus all we have to prove is that S is separable when

given the metric ({ . But since L ig & closed subset of C(X,U(ﬁ))



“it.is cleax'_l'y sufficient to prove that C(X,E(A)). .LS senarable.

w3

This cen be easily seen as follows. The space X being compact

and metrizable, fix a metric on X and congider \V£J )}ﬁ(%> open

coverings , (j € W) , by open bzlls of radius /3 o Let furthex

k= =4

and () C E(A) .a counteble dense subset of E(A). Then 1'b ig

i(?( ])} n<3> ‘be a partition of un:rt subordinate to }Lf(a)} Sk

easily seen that the maps F € C(X,BE(A)) of the form

: 0 R
l‘(") > @z 0, ;
(with jé& 9 e ®) . fom a countable dense subset of SL.G.E.D.

2.6. Theorem. For ¥ of finite dimension and X3 xv> I_¢& I(A)

Weiaiel ol o BT S0 there exisgts a trivial X-extension b A,
LeEeCoy [y 9 g £ DY .

with ideal symbol X ? xb—> I_ € I(4) .

Proof. Congider {ooj ?O,L a ch<*uonce of E(A)-valued functions
e =l
satisfying the conditions in Lemma 2 54 ramid whe:co each texm J,pr)e"l‘
an infinity of times. Let then ‘T[(J) denote the representation of

(J)

A -en H}({j) with cyclic wvector S associated with wj(x) by

-theiGel_fénd«l‘?aima:ck-ﬁebul construction. Consider further
00 - ;
@ H(J) ' P _ = @ rK(J)

and let ’,

e CT’TH

; xéX
be the set of those (h )x&X such *chat
ke §Ear) (d/
hx~%z(£- wa(x)‘l‘[ (q ))
for gome n'e W , Lo € \C(‘X » 8y € A o e 5,'5 n jel) , and
whore P, . £ 0 only for a finite number of J . Clearly, _[’O is
. d - i
. 8 vecltor subspace and gince

R ; Z_ / \ (ij(x) ‘f’qa(x) gwj(x))(a%aq)

: =1 4 < p,q<n :
‘we infer that X 9 zbk- b € R is continuous for (h )véA B



e AT ‘ A

Define now

* ey

&
xeX -

»i

. as the get of those (h{)ve‘_'}’ guch that for every & > 0 there is
¢l v tisfying s W e e :
(h );{ o Satisfying sup - I 1"}: h! u £,

11: g easy to check tha ((}I )

..

Pe

L ) is a continuous field
713

(o f-.“iilbe:t?t spaces (E?vf},io.i«?.‘) which is also separable (D’A «2.1)

-

Moreover if a € A and (L ) € [’ then also (0 Gaih ) - € P .

g
X .(3.6.{{ : 0 HoHead,

By (10,8, 701 (R41) the continuous field of Hilbert spaces
' Ie

M

((Ei’y),, . [1 is twivial ([213,20.4.4). Thus there are unitary maps

U, of  H_ onto H such that the set of maps X3 x> U 11 €& H,

v‘rliere {h, >X€-}Zﬁ e over [ , coincides with the set of all conti-
nuous I{-«v Jued functiong on X . Moreover, for a € A the function
Hia) = L —="T0) (Tt.(d))(x) U0 (2) U;,“ has the property -that
\A(zgf e {j(:i*;;,lfi). for every £ e C(X,H) . $akins also %L(a*‘f) into

' shis gives v.(a,) € ¢, (BTG ) ) T hemi ! € & pio 7L is a trivi-

al X-extension by A with ideal s;a,nnbol (Ix,) a8 can be esgily

; xeX
geen since .Kee:c‘ltv el and ‘IE,{ isof dnfinite mulfiplieity for

eve Ry e XenRQ D,

Our next aim is to prove the Weyl-voa Neumsnn type theorem, This

W:i,ll algo require several steps.

200, l’i"OpQS‘Lti n. ouppose X hag finite dimengion, let

Oy O (X, K(H) ) & > B > A > 0

be an exact X-extbension by A with ideal symbol X3 x I_€I(4)

R e o s

and let «w € CO(X,E(A)) Dbe such that wa:;:)\‘ly =0 ion el el .

B G

f{‘hen‘given & 20 w}.ﬂl el ae e B finite dimengional gub-
Wl =4 cnlxr o Ty e e
|@C) @) - peomn,n)] € £lbll 5 6P zex , (WHoew

and the lineer span of {h(::)g ey 18 finite dimensional.

e

spaces, there is h € C(X,H) such thaib




- 87T -

-

Proof., By N we sghall denote an integer N 3?351“}”:L

where n
is P than the dimension of X . Letz: A — b-_ﬂ(;«.,L(I“’)‘/C (“,A(h))

be the =-monomorphism which defines our X-extension. Since Tog =

plB8 end Moed_ = p_ep ; we have 'pyo‘eo@ = p o (p|B) = ‘3°{°(<1~\B)~

B follows that-v(‘nodv)(B) = (z) ° 'Z)(A)q Aléo gince hex‘(n 0w T =
Loy theme tiel ot (1) e E((po o“e)(l*)) B((9ted )(B)) such that '

Pt

_~

wix) e piieT = w(x). Considering now the state o (z)eTL . on dy(B)

C L(H) . endweing (24.2.4 ,Lr\E it is easily seen that we can

find a subspace R_CH , dim 1’\’.V =N dim W 4.4  guch that R_1LV
Sl : e

for every beW eond teR , R ’.L . This can be also written :
i L _ é
|{p(x)Es 8> (‘A’J(A)/(O’(b))\ < % el

for b € W s g & RZC 0 "!%“ =l

©
e

Coneider also an open neighborhood G’ Oy eiis nsinlny it i

ely § - b( )§ £ f’(’j-;'“j’ lbn
| ((y)) (e (b)) - (w(}i))(ﬂ‘(b))!l-\_ -:,1- bl

whenever <y € GX , bew, % €R. , HEl=2
=
Since X has topological dimension € n , there is a refinement

(G Gy C G!  of the open covering (CL) such that each

k)k =1 .? Xy : xeX

'Gk meet at most N other Gj=s,,
We shall now prove the existence of §1 € R4 k=llye0e54
uk ;
guch that

~

(«.’)§ Lt whenever Gy NGy ;é 6, end g h=1.

L.

Remark that this implies §j I %k for Gy NGy £ @ , since 4 € W.
The 55’1,‘53 will be chosen by induction. For §&T, we may take any

vector §,i €y
3 -&'.&

then congider 4 £ i’l < i2 < (o & j’m £ j those indices for which

3 llfﬂll = 4., Supppde g.ﬂ_,..'.ggj have been chosen,



~ 18 -

-

G 0N G in # ﬁ Clearly m £ N by Remerk 2.4, It follows that

“s 1

> dim(d (”) g £ N dim W < dim R_
g=1 j+1

§4$1H = 4 and such that
J+i o e L
T §¢ - éfwz_ y (L £ 8 gw)

COHS¢QPZ NOW {qﬁ% a periition of unltw subordinate to the
L -

J.\."'

covering \Gk)km& . Then we d@¢lu9
EAW §
; : 4 /o
h(x) = Z:_Cfﬁ“(x} i

’ b . () ;
Since  §¥. 4 & vwhenever (z) @i“(x) # 0 , it follows that
i S 3‘ (9}«’" (?d ¥ v
Bn{x)l =4 for uli € X, It ds ariso obvious that e hlx) 4 V- for

x
ell =xe¢X and that the linear span of {h(x%,v@}{ is finite-dimen-

| otom ), ne0P - <eo<~r>>(<r<b/>l

é | /2,w* ’2 ~ i e “r
(f]w/':"e F P ‘e . )K( S _b(&knkky 57

z: %{& >[<b(x msg@ - (w(xk)(o‘(b))‘

2 ‘f’k(}:)l(w(x ~yw(xk))(c‘(b)){

S}
’ 2l /o £ Wbl
< ’r ('L )‘( (y - s
5 GPnG,;é W % Kﬁ JT
- i & Wbl | £ Wbl
T HE N T B G

k=
; 3£‘ £ bl q ok g
é % }b\! o 4"(1“_“13 (1\:2;1 (fk (“))
. : a
L. & LG DI S ¢ N 1 I

This ends the proof. Q.E.D.



- Por the next Proposgition, let M, = L(C™) be the C*~algebra

s

It si en’
Let also Cp(;‘x,l"‘:‘in). denote the set of completely positive wnital

of nxn natrices with the system of matrix units (e

maps from A to Mn endowed with the point-noxm %epology.

2.8 ﬂt_’roog“migzgg. Suppose X hag finite dimension, let
O s >‘on(}:,1{(ﬂ))¢i“ S B ey A > 0

.
e
b

~

be an exact X-extbension by A with i wml symbol X xvre—>» I € I

e

ey By

and let ': X —> Cp(X,M ) be 2 continuous mep such that W(x)|I_

iy

O ouw mlloicce X o Bhen oy 8 > 0 cand OV € Hoo 1 € WO B

s el SR IR e S I : < F gidd T SRl
finite~dimengional subspaces there is U : X —» L(C,1) 2 noym-

continuoug man guch that

U()U(X;='mn, ()(Q)-LV,(%;’")’xe}iy

hu (:x)b(x)fo) - ("{( ) (@b heg bW, (W) xeX , () beW ,

&

and the linear pan of U(A)(lf‘ﬂ) ~ 18 finite-dimensgional,
: xek -

o

Proof. There is a natural isomorxphism ([4%73,C &7)

: A Cp(a,i,) > C(A®IL,¢) = BABI,)

given by

ACENZ g 0gy®eyy)

where Yi' are the components oi“-'\:{, o€ '\{(e) Z r‘{ (a)e

Y -;- Zi : '&C,.‘(a.

~

Congider the exact sequence G'@bidw{ :

s A@:RL, ey ()

R Cn(}i,K(H) )@ 1 > B@m:n
Tdentifying C ’X sK(H ))‘ZLW and C. (;-,K(fn)) , this sequence can
be viewed as an xu,ct X-etteﬂalon by A@.u wj.th ideal symbol
et T RS :1:(.4;®Ia.v‘zn)o Congider then W = A(\y) & b(A@u 2
and eapply Proposition 201. ‘this. giveg g cont.muouu function

/ h. = (bﬁgq Y ,}iyl) : .X: "‘"'""> IIIL SU-Ch that

A

m

8.4

s
3

tEiled . h(xy A Veu o, @) <



e

() (Teid, )(b)) - <b(x;h( ) 5 n(x ,>‘<~~;-~ y (F)zeX,be el
0 T b).}.'l % 1 ’)ﬂ i

o]

and the linear apan of {@(xj}v_ b is finite-dimensional.

Let us define

; ’ ”n 5 “ ; ,l
S X >hle ) by 8 :{)e_j = n/zhj(x)
where 5 By 3l simiaiy € is 1he canonical oxrthonormal basis of .,
: vt g o ¥

Tren we heve

it

§¥(x)5(x) = n Z (h (x),h, (A)> €54 =

i

‘n Zii;j .1 ,J;h(ﬁ,gn(%)>'eij

g0 that d'
> : o :

I5%GI5G) ~ay fen 2 ¢ |K@ee; Hnen),n> - 2|

= nZ, l<@@e; i) ne) - () (1@ e, 3)[ <
W Sl 2 i
é rrrx»»éwg = %T .
: 4.6n~ %
Supposing < 1 (wh&cu means no loss of enorali*v), we have
M*’ O e ,:“ P __2
50 thet ‘ ; .
: ' A
56 - 800 (5™ ()™ 12!1 L R COETE Pl B
e V.J.Ipl
B = V2o &
s_4§ v )

589
 Ploelly, e a0 e
06 = 500 (5% G008 ()2

then U( r) -ia aniimdmetiy and élearly depends continuougly on

x &€ X . We have

\w*mb(x)u( o (%n(m;)n

< UG = Sl DI S G + 1ST(x) b(x)S (x) - ) ()
< (2 %«%“‘ -% ol + n Kb(\)h v ‘H%J(?&M"'(_b”\' -

: _
:{3%@tf%ﬁ)ﬁbutfrlz£’3\<ﬁx hﬂ”ﬁ J(x)y - @9<>K@®L %%b®eifﬁ

e e 5 g2
£ (WT 1 ;ffé’ Leman .W*“mn;%a) !‘guil £& ﬂb“s
- : 200

Ji



‘Algo, since U(X)(wn} = S(x)(¢™), it is obvious that U( ;('Ll*)_,LV
and the linear span of” {U(x)(&n)gyéy 1s finite-dimensional.Q.E.D.

\.4*
'

Let X3zv+—>I C LEA) “be aslig.c.bhmap wiidh ) I =0 amd
AN CoaEe R
let

0

B )iy B s iy

be a trivial .()."‘w.u.'bel gion by A with ideal symbol ZXa2xbv—>I1_&1(2)
Let also !,(1 A «-m>_t) c u. (,(X,Lw)) be the EwIHOI}Oi:{lOI'lﬁllism 1“33@
menting the t:;:’iviali’ty of this X-eéxtensgion by- A (i.e. o7 o

_end  Ker(d e ) , (W) xex). Consider also

) %
0 » C_(0,K(H)) € B T > 0
; n\,u.yﬁx... ; i > L , P id
an arbitrary X-extension by A with ideal symbol X > g I & I(a)

-t

{ith these notations, we have :

~

poeaodianiutolinadb v ondsontan i)

o e s®¥(x)s(x) = I g (%f) rex , :
svi(c—(b)) ~ b8 € C (Jk,xfﬁzzl,xi)) : ‘A(“V‘) b B,

2.9. Propogition. Thexe is S € C__(X,L(H,,H)) such that

Proof. There ig an increasing sequence O = Aoé A/lé ﬂg IR

“_‘Q“n“g 1 , of elements of C (.a,h(Hi))‘ which are constent on X

and. of finite rank such that :

Lim - fA. k- kll=0" " () k eC (X,K(H,))
v o i e
lime il - b =00 (B e B, .
s Jro « =

Sj_nce o8, (*i,n(li’. )) has an epr‘roximqte- unit which is an increasing
sequence oi‘ c,Onf*L ant finite ra nk elem@r\tﬁg thlu follows from (L4 1,
remaxks after the proof of Thms, 1). Congider algo {bj}jmi 3 'bj = bg')

a total sequence in B'o Then replacing SL'L by some subsedquen-

n=0
- ce, we may suppose that

I [M@r(bl,)) (85 = 45 ,_{L)‘/Q-;Hl 24 e il <o



o B

Qonq1d0ﬁ further B} €L (A,ﬂ(F )\ constant prcjections such

that

Usging proposition 2.8 geveral times one can easily construct norm-

continuous maps X2 x> U, (x) € L(I ,H). and finite rank projec-

< R

J
; I{.& B 1\2 s._<, s e e % 813.0}1 ’that

tions Rj'e L(H)
* ,

S R D R oA ; (16N

( ) . 5 S)

ii) V() ) aw 4 - R.)(H) ; (g

LN

(335)° WI 2R Db (RN el 2™ I R ar and i e

g+ K 3
R R e U’;kaj g 279" o Tm gy |
0

Ll g 1
Whe e - 20 o Ul (e ﬁ._l)/g_u 3(x) is easily seen to be

gtrongly convergent snd 8 (x)S(x) =1, . Aldgo since the A.'s
. e
Ld g . d
.

are constant and because of (ii) it is easily checked that the sum

‘defining S(x) is unifoxmly =-gstrongly convergent on X , thus

5]

defining an element S € C;v (wgg(nl,h))

Using (ii),(iii) and Db, = by we have
7 W'

il

Wl 0 \\'J; l,.U H

123 i k : 3
: e .Z?Mwm_ HU*b U “ 54D 4?? 2”(1~i)
led, gk 1>zl

/N

e W e R e L

A¢l,jsk LR q=

Also using (iv) we have
- _

e I h(@(*bl,nm = hy_g) Pl ¢ o0
SJ= Gl . 3 )

and uging the inequalities four H[(m - Aa_i){*,%&(w(b ) we have

i

A A /i“ . ) (S -
(A njmi). Vi(qibka\ﬁj B

&) 2 4
J Sl

gii “Vi(qﬁbk>)(Aj



~og L
i e \/eu*bu (a5 = K72 - oo N
= v e e Ha ERG R el
A 1 " d
o+ Z_ ”(A = ﬁ )/2 I%b U,.(A_, - A )/?" € +00 .
g8 e J‘ J i=1
This proves that

§¥b, 8 - Py (@(by)) € ¢ (A,K( )) for all kel ..

Since {_b 31,”1 is total in B  we infer

CIJ
m
we)
-3

-

Sl yl(w(b)) € CnCXQK(Hi)) for all
It follows that
Glak s (s ';?/ s fas
gbo °V1§¢SL)>) (1S uul(ﬁ(b))) 5
= (SFhhne - vi(w\b*b))) i
iy (GBS 1)y (D))o = 8¥B8)
B SN e < TR0 ).
¢ (1 (T(6") = ™S, ((1)) € G, (X K(H,)).
But this is equivalent with

w

BE. = By (b)) & € (KM H)) {5 9QuBeD,

2.10. Theorem. Suppoge X hag finite dimension a:nd let

Xarx‘kf«*’il' € I(A) Dbe an exact _:L.s»;.c..'mml gymbol. T}mn the

trivial X-extension by A with ideal symbol ZXdxv+—>I_€ I(4A)
2 5 o P, N

are all equivalent and their class is g neutral element in the
E]r OUD Mg;’t)(&\.,;k,(ix)xe}{)

s (X L(H\)/C (A,K(HU be m~mONOMO L=

plusms deill’lll’J”) X~extensions by A Wl'tl" ndeal uyubol & DD

Proof,. liet "C,T,_L Sl P €

a

e Lo € I(z‘a) Then assuming Ta ' defines a trivial X”C;;uel’ld:t_o}l
by A wi uh the given ideal symbol, we shall p:ﬁ*ove that Y_”C @‘C{J =
[2]. This will show that [Z,1 is a neutral element for .
LJ}:%(X;A,(IK)K X> ~and sinee two neutral eil-ezneri*l;s must coincide,

also the other assertion of the theorem will follow.



Congide

('J

i

0 = G (X,K(H)) Gy B > 4 £

0~ G_(X,K(H)) G By =oid f = O

the exact sequences corregponding to the X-extensiong by A

EE

defined via. ¥ and [PRE Denoving by H/l the Hilbert space

HBH® ... , by \42 s h %CMW(J&,L(}%)) the a-é—-r-.lonomorphism
(h(2)) (%) (h\cw(n))@w,(J(“))@.w :

(4~9L<~7 ) ) ]

L

B i \42(“;;) - gn(;;:g:u(zz&)) <

we obtain an exact gequence

O ey (X, K(H, ) ) S B
s Tl /l

2

o ja-' > 0
defining a trivial X-extlens ion by A with ideal symbol X2 X +—
‘“w"? I. & I(A};
By propdsﬁ“tj-ozx 2.9 there is 5 € (,,_(3(:{,3;(}‘-1 S such  that,
'SP?_(@(M)_»- 3 éc _(xgzc(}{ ,H)) for all bEB.
ﬁenote by. vV ec, (“,L(H ) the constant 1300 etry
‘ V(}:)(hiea h,® .. Y 0B 1 O1,® ..
and by P € C_ '

3

(X,5(H, ,#)) the conslent co-isometry

| l(x)(h&é‘Bth{a.w) : hfl_ .

Clearly V commutes with \A,)(.?:) - and hence with B2 modulo

Cn{X,Ii(Zi )).. Similarly, P dintertwines \4'2 and Yy 1sider

then U( ) @il m) HeH defined by .
U(x)(h) = ((T - S(x)8¥(x))h + 5 )v' *(x)S¥(x)h) ®

I  ®P(x)SM () . ‘

Then U ie unitery, U € C_ (X,L(H,A®0)) and (U)ot = 2T, .,



Beginuning with this section we shall consider only homogeneous

(ietls
X-extengions by A . Assuming that A is nuclear, we shall apply

R el &)

the Choi-Effros completely positive 1lifting theorem ({461,

sol4 1,[#4é1) to prove that Bxt(X,A) for finite-dimensional X

TY

ig a group. Using this fact we shall algo prove that every homoge-

neous X-extension by A ds equivalent to one for which

Ex

CLCEK(H)) € B cp(::,z H)Y .

- 3.4, Lemma, Let i A —>C_ (X,L(H)) be a completely pos 1L‘Wn

-ao-
oyt

map. Then  there exis e avgepareble ‘Hilbeowl gpace ™ H D H'and a

unitol s-monomorphism pe b —— C  (X,L(HE)) Suc’g}_ that

() (x) = P"(i( ))(x)lf for every a€d , x€X

(P denotes the otho“’onul nrogcc G oo St

, onto ).

Broof, Horscachiimier el "{{ : A —>» L(H) denote the comple~
tely positive map:

'\ir(a) Y(a ))(};) :

‘Let \g}' A = L(H.) , HX'_') H , be the Stinespring minimal dilation
. Gl Lo
o ™ N Dot Tuptlen Y‘" : A —>» L(H,) be a unital z-monomorphism,
P8 - [ y :

whexre Hg is gepareble and infinite-dimensionel. Congider ! =
Hm_$112' s Py the oxrthogonal projection of H‘ onto. H = H®O
2o £

0= 1

H}«;@HB and let \A ‘3’"@”({ . ODV:LOU.”J_V '\!;(a) —. X?&X(é)ﬂ{ .

Let I.—‘C. = (Tt e}}i) be the uniform closure of the 1Jne ar span
; xeﬂ = 5
of the elements of the form ((I - )\1 a)h(ﬁ)vsy vhere a €l ,

hﬁb(}x ;«.2) Then, if h, = h!@hy € C_(IL,H@H,), we have :

]
A X +

S B o
I _Z:_ L= PO (e OB Gl

24

-1 2 ey R e S (e n > -

i=1 A e o0

.Z: <"if' (a;)n! “{(d )h'> .
£i,j¢n



which is clearly a continuous function of xeX sl tEdicueaEnr i to
y

check now that ((H!&u M) is a continuous field of Hilbexrt
. oL >

& xek -?
spaces (10.4.1 inl44]). Since -X is Tinite-dimensional and this
field is geparable and each H%@H ig separable infinite-dimensio-

nal, it follows by ([,&4},&0089"[) that we have a trivial field. Hence

there are unitary operators Uooas H;CGH = HB gueh: that the get
of functions X x t-—d Dok & H., % where @) ceq rung 3 over .
SO = K
ig just the get of all continuous "ifgmvalusad functions C(}’29}€3)n
Defining H, = HPH N Ly @e(HL ) —~s HPH., , V. = I
efining H, I®Hy , V, ¢ H (LS - DH, , V, I, ®u_ ,
; s o " :
and. (Wla) =) = V. (a)V , we shall see that X3z (Wlad(x) €
P e e
l:(li,l) has the desired propertiecs. Indeed, since Mf ) maps
C(X BB anto iteelf, it follows thet y‘(a) ma 1 C(.A., ,..L) in’co
itgelf which entails the strong continui i:- of X3 %> \V\(w))( R

Also the dilation pro*)or ot p® is quite obvious. Q.I}ﬂ D

rem. Suppose A 3-(‘3 nucle ar snd X TLinite-dimensional.

‘i‘lon Bxt(X,A)" is & group.
& == e Lo 4

Pl;o_gj The proof is the seme as that outlined in ([33), only

) £

one musi: US(S‘-IIQIXHD.E 3.4 instead of the ;‘}i'binesvmn_g dilsation theoremn,
‘ ! A

Indeed, let ¢ : A —as C‘ w,.&(li))/f’“ (X }x(“)) define a homoge-
‘neous X~extension by A . By *x;ho C‘h.oi-«lj E‘f.ro“ theorem there is a
completely positive mag

guch that poW = T . Using Lemma 3.1 for ¥ we

“n

T Cﬁp(w*'\m $ %6

ek
get

PR eememe Gﬁs(}i,L(H&)) . H’ﬂ, D
. e & ; '_. ‘, i
dilating W e @3 denote the completely positive map

@ S ,A‘ %v@v C (&haJJ(}‘A)& .;.l:})
‘which ig the compression of H to I,I,L@H o Then [(p °¢)@toj

Whem € o 18 any t“",Lv;L«,L honm“c neous X-extension by 4, will be

4}

an inver se fox o bie J SO e



AT

Since Bx%(X,A) s a group, it is time to mention thaet keeping
X fixed we get a contravariant functor from the category of gepa-
rable nuclear C‘K-»alge rag with uwnlt, the morphisms being t’zo uni t-
bregerving #~homomorphisms to the category of abell‘am groups., This
pends in fact on Thm.2.10. For g A ~—> B & unit-preserving
avz-homomorphism . 3,*: Ext(X,B) M}i‘.xt(xm) is defined by
_g;iz] = [('C,og,)@tol

where % is any trivial homogeneous X-extension by A ,

303 Theorem, Suppoge X is finite~dimensional and A nuclear,

andi et

Tt bl O (X T(HD ) /O (X, K(H))
- L olest
define a homogencous X-extension by A . ’Ehcn theresdg
CoiibizmT> Cﬁs(}i,L(H));’Cn(X,K(E{))

guchithat LT = ['é,,] and .
-Z’:‘-Q.) & Cn(X,Lgﬁ))/Cn(X,I{(EI)) < C‘ﬁsgx,l:{II))/C‘n(};,K(u,
Proof. Consider cp Asen O (}( L(H)) a completely positive

1ifting for T and consider also Y

e | A —> OXS(}I,L(H')) a comple-~
tely positive 1lifting for some inverse of [ TI, so that there is =
unital m-homomorphism P Aie> C“S(X,L(H®H')) guch that
fla) - Pa)@W(a) € ¢ (X,KHSH'))

foi‘ every @€ A ., liet ¥ .gnd ' P' ‘'be bhe projectilens of H&GH?
onto H and Trespectively - H', Consider

P:a
‘defined ba @(u) @(a)@f(a)@?(u) @o.o ! By "‘I“JHOZ.,’J.OG. we have
Eedi=i o OCID] . Consider also

~» ¢, (X, L(He @IE')@(E@H')@..,))

P2 A —— CXS(X,L((H@}I*)@(H@HW@ i

~

defined by ? = f@feaa“ , and let



g . ‘ -8

- Ge (,K L((F@ﬁ’)@(’i@}“)&}.., , He(Hel") ®e(HeH" )&, ..)
be the congstent unitary oge tor such that |

{G(x)}((hieal )fB h,8ht)®...) = :1,,@(-; @Mi Je(h ené)@...

vE J e — C‘_‘&ES(X,L((H®H‘.) @ (HSH")® )
defined by
NG = Fe ) - @)@ + P (y( 2)) ()F) @
i ’ @ (2(p(a)) ()P + P (pa)(mB) @00 +
e u@(.?(?\a)\({\l?' + Pre(a))(x))®
S @(P(p(e) )22 + Pr(gla))(xiD)®. . ]G(x)
ig such that [pen] = [Tl : Indeed, :
() (x) - 6% () (B(2)) (2)0(x) =
(F(a)) () = [(2(p(a)) (0P + Pt(p(a)) (D)P)@.. T +
; G*{x}[ﬁﬁ( el ) .e"gﬂ(u))v{,m@“,](}u/ =
- 6% () [(B(2)) () ®(2(p(a)) ()P + “"(?(C))/\ﬁi}i*’)@.;a]G(x) =
- ¢ P e@(p(a) (0BT + B (pla)) ()2 >@,.;1e<v '
(1’(?('&_))/:: P+ PU(p(a)) (x)B") @ (2 (§=(a))(“)v + P'(?(d))(x)“')

0o

i

: @_..o - ;
= (B(x) ’*kf(’\)(“”)“”@(f(? &))( )33 * i".(gﬁ(}a))(}:)}” G =
o ( (?(a)J(MP @E( s s G e
S0 thdt cu”“rl"‘f :
- me) - ¢ *(a)e € C, (w\,ix.\(ii@if)wdead .0
Congider € 3 A —>C, N(,c\« L(iI)) a ?&~1n03:;011101phism which is
g_gilgj&g‘g‘(fo(a) i comstant for esch éeA) ‘and such that
7 & (A) AC(X,KE)) =0 ; ’
Cleaxly [pofy) =0 and £(A) c'c;n(:c, (1)), By Thn. 2,10, there
is & unitery U'e CKS(}C,L(H@H‘,H)) such that :
U'y(gﬁl)m'_' e (2) ¢ ¢, (X,K(H))  for every a&h .
(;ons:ldc:: algo ‘ :
T e o (&, L{((Heut) @(H@bﬂ’)@ iy 1».{@]}1@.‘,..))
~

defined by (x,) - U(y)®J( )63..0 .
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To prove the thco:em it will be sufficie nt to ghow that
' '4(a) e € .0, (X, LS., )) .
We have
' T(x) (qla)) (0T Xx) =
| = T (§le)) (0T -
- T [(2(ela)) ()Pt + 2 <g>\a>><x>w>e...]u (x) +
+ T(e” [c@mf(g))u)fe.; P‘(?(a))(x)ﬁ)®,..]c T(x) =
; U() (£ (e)) (U (x) @U() (§(a) (D T¥ () @ ... -
- U6z \( (e(enm«' + P (g>( a)) (D2 (D ®...] +
+ Teaetlod (ip(an) (21 + P (p(e)) (x Op)e...]

_x)n

C‘J?

SNTE T

Since Uf(a)U* € Cn(E?L(H)) s 1t is. clear that the first term isg
a norm—coﬁtinuous fﬁnetion ofs txi Solilee
o(a) - B(a) @¥(a) € C_(X,K(H@H"))
implies that . :

f?&a)P' + P'g( a)P e C (A,K(Uea 1)) ;
$in¢e U is zm-strongly continuous 11 Tollows also .

" UEg(a)zt + P'e(a)2)U% € O (6K(H) .

g0 that also the second term in the expression of ?qﬁaﬁ?* is

noxrm continuous.

For the third term, let us first make some oomputations :

U6 lo@(2(p(a)) ()2 + P*(e(a))(x @...]G T \X/(h @ h, @...;

E(X)G*["(‘B(‘f'ng’(‘:a))(*-’ zvi mwg( ))(\)E)@...] x

X (PU*(x)h, @ (PUR(x)n, + 21U (my) @ (U, + R ® ..
TG [oe(gta ))(xmu"‘f Oy + B((a)) (RPUN ) S

' ®(2( ?(a))(x‘P'U*( hy, + P'((8)) (x)PUM(x ;13>®.c.j =
U(*f)i"(;’( ))(.(L)PU*( <)h, @ (U(x)? (g’(a))’ )x"U*‘( “11 4

' o U(x)i”(ﬂa))( pU* '@kl ®. ..

i

-

i}

i

]

_ hence



U(xye*[o SCpla)) e + .:E:'<§(a,>>(:;);>)@.w G "*"C_J
= (U W(gﬂ ) (£)PU™(x) ®@U(x)P* (e(a)) (x)PU¥( qa.“)c“* +
4+ (Ulx ’i.(g"\ 9))(‘<) ”1)"\,-)@3 (:c)i’(§\, (x) ‘J*’ )@ es) @5

where 5. € L(H@H@“.) is the shift S{}'li@hg&oo)‘ C@®l, @n?@... Y
Since we have seen that U(K)P‘(”(&))(x)PU*(X) and

J(&);(f( "c)f'“*(x) are PO“ﬂwLOﬂﬁlﬂuouﬁ *unctJoau ok e X ,
this endg the proofs G.B.D,

Note $hit for = definin 18 a nomogeneous A-extension by A each
P o ¢ deflines an extension of K(H) by . A .and . denctine

the PBrowvm-Dougles-Fillmore Bxt for A , the preceding theorem

implieg the 1o11:wi;g SOl lary. & 7

X - ig finite-dimensional , A nuclear
Ende e A "“ﬁicﬁﬂ(ﬁ L(1))/C (Aﬁb(ﬂ)) definen & homoyeneonu X-ex~
boﬁﬁﬁon bi A o Then the mep X 3 x b [n ° Z] € Bxt(A) is con-
Leng: x2 & 23 con
tmnuous@

For whet follows we shall also define Ext(X,x 3A), where (X,x B

Lot =
“

18 a pointed compact netbrizeble space ag ‘the gset of those [2] e

il
vl
|

BRSSP T R AN

ﬂ(ﬁsn) for'w}Lch'[73 o z] ¢ Clearly thig is a gemigroup

Sl AT i fgritu~01m ,jo @L and A ‘nuclear, it is a group.



i

Thig section is devoted to the proof of the following theorem.

4.1, Theorgm. Let . A be & nuclear ¢ —zlzebra with wmiitl Je i

a proper (1 €'J) closed two-gided idesl and (X;x ) & pointsd £init

~dimengional metrizable compact space. Consider J = J + Lol coamd

~~ 3
» i A A i - SEh & S A S ARG R B AR S M1 e
100 ~=> A, q i A—~> 4/ the canonical E-nomomoronisms. Then

the geqguence

s ey =3 v;v- . o % e i o
: xt (A,XO 3 AfJ) ey Bxd (Asﬁo; AJ P nxt (z,zo 5 JJ
ile exact.

v

The proof ig quite long and will be carried out through a se-

guence of lemmas,
First some remarks,

Sinece - A dg nuclenr, (A/J and i are nuclear [4€] so that the
congidered Ext's are groups. o

Remark also that the non-pointed version of Thmed.d, trivially
implied by Thm.4.4, implies in fact Thm.4.1. That can e‘ﬁeen as
follows.-Since iosia =70 s quite obvious in both cases, we have
only to prove that Kervi c in Qe in the pointed case follows from

4%

the non-pointed case. Let £ : {xoi ~—>» X be inclusion, B : X —>

—p {XO} the constent map anda[Z}éfExt (X, A) such that of[e]= ¢
and i*ft} = 0 . Assuming the non-pointed version of Thm.4.1
there is [0 e Bxt (&, B30 " sulchithat q*ﬁﬁlm [Z]5 But then

ol - (/3"‘0 hilicl e Bt Wk, xR

and

a (f0) - (B e )Io]) = [2] = q_((g*e «*) [v]) -
| =[] - (p*o «™) q [0 =

=Prlie (A atyEel o) BT

which 18 the degired result.



Thus‘1e£ T L ey CXS(Xg LR /e (i Rl ) be a_x~ﬁsﬂomor~
phism defining é homogeneous ZX-extension by A , such that .1f27z
= 0 4 All we must prove ig the existence of [ol € Ext(X,A/J) such
thaﬁ q*tcﬂ = tzj , and this will be achieved in the rémaining part
of thisg section.

iSince Hotds ﬁ{cl r‘ ere 1a a wnital completely p 14 ive map
reh

that »p oY = T (L461). Moz ‘eOver,

!2

S
=
£ 2
L3
N
e
2t
—~
ok
{3
A
},0\
e S
=
0
.
C‘

gince i is injectiva, 1,080 = [Tod] so Alhet uslng vhmewuio and

replacing [ T] by some equivalent ! OHO”CM ous L-extension we may

agpune there 18 a con

e

nt #-homomorphism implementing the trivia-
1ty of fZedl , iie. thers s o constent =e onomorphism
. o S - A
e. ¢+ Jd—>a>C (X, L(H)) such that
e 2 fr ps ) v g

~

J C:v \-\f“h °

F1i)

§,(a) -Y(a) e ¢ (X,K(H)) for all a

1

Congidexr also L e AX,L{H)) the congtant, possibly non-
unitali, K“hOTOMOfDMLSM generated by (fb]J) with the seme null-
space as  (§,1J) ([4],2.10.3). ‘

Let O £ u,-€ u

5 B e “Ujﬂ £ 41 , be an approximebe wnit of J

2
such that

- 1 . o : E

Us gt ._uj o (j e @ .
Jonsidexr E, € CyH(E,L(H)) the constant element which is the
g LI § i 5

gpectral projection of ?(uj) for the set {1} . Since f(uj+1)f(uj)
= f?uv) we infer F,Tip(ud) f(u ). Also cle rly _ﬁ(a> Q. = Ej

pet now {aj%jeiﬂlg ety {bjg C A  be total sequences. of

j.e m’
“hemmitian elements of  J. end respeclively A o

o

ince
and ‘ ' =

T - E-)f(b,)ﬂjﬂ s WH(Z - )?(b sl e 0 - o DAL )“

we may replac o Wl by some subsequence S0 that
:] e {!\‘) ke



~ 3

1) - nela) (ab)“.u o= for ‘1gw
(2) WL -8 *1) (b{)“ju g 27 o »1£'K

Also it is elear that if E - is.the, gtrong limit ofi. the congtant

projectiong Ej o then (I - ) is the orthogonal pfojeotion onto

the null-space of @ , in particular (T - )f(p =0

Let also ?j =Bk, (B e 0) , and conﬁﬂder

A2 heymen hell mOe 0 &P

et 3 + i) ') 3 3
Z_ e O (%,L(1))
2 3

we have (k e W)

Q: € C (A,?E\(I Jie Bhen for

?(ak)Q e‘Cn%K(I‘D) and (e(b,) - ¥,)Q € C (X,K(H))

Proof, Since

T S e e

J>1 : =1 jvk

k . “
< 2.ug>(ak>cz.- W Tt Bl < g,
- b4 4l j>k_ i

: o :
zz_\|9<ay>a s Zoigteagn + 2 ipley) (T - By )l <

it follows that 2. g( )Q is noxrm convergent and hence

J71 .
y(ak)Q = ;Z; $la)e; € 0, (2, K(H))
A similar srgument gives 5 ale

(g(b e *P)Q e C (Aaa(n))

€3]

G

gince

Z_ Il (g(y) - YL)Q I <

Jzik

jZ;,Tl Hg__i (_I - El—%ﬂ)f(bii)i)lo',ju e “Z“i_ipi?(bk).(z i

d2l 4%

i

J=2
i Z @ -2y )elb 0 + -52& Iz, P (b )0, ||

J
< Jzﬁ T = 250 p(o )8, I+ j% 12 oo (T - By )l

QeEDo

& +00

S 3
Pyglyd (T =By y) o

@

Q. ll -

Bs4279;



A 1 - bR 8 - ~ A—-' ey e SRS R ey <] o AL § =
443, Lemme, Theme gve ccongtant finite prenlk profections 0. <P
~~~~~~ 3 J )
Sueh Fhat

£y - §oy 70 (B~ % 25) € Cy(X,K(H)
foxell xew. : ;

E’ﬁ fe Blden

s

1
i

(‘\E('b,,) - gagbk))pj > S ga(@{))gz(uj)_:%

o4y
o) (elup) - ") + (RD W) - Wopng))
{ a, N f~
+ g R R o s
ey .*‘_‘)r J
there are finite rank constant projections Q. £ P. such that

IR )P (b JNF = QDN 1278 i Tor e Bk

i8 norw ~conv1““enu to

(b ) = elb I)(E - Z. 9.)
il B Lo

() - e(b,))(E = 2. o) & 6 (K@) . QE.D.

.

37l e

Ve now congtruet recurrently a set of constant finite-rank self-
e e s Te Rt e the proiecti
3,-,{)%:1. jed o Let tlla{) b the projection

¥
Q. pxovided by Lemma 4.3« Sinee ¥, - and Pj are conatant, once

1~
AN

R, .. -are congbtructed for timed® 1 euwd ail §€ W' we can find

RLkﬁ,J e constant finite -rank selfadjoint projection such, that
‘Ri+i, ig the constant finite-rank selfadjoint prcjedinHIOQto
the linear spen of the ranges of the Pd k)lgﬁ s (Mgkgitj+s
s-jl € 1) , end of Ry 4 (with convention Ri,o-m'o> . Note that
B, PRl M and, since ¥P ;= (:a-*—vj__i t By 4 By TR
we also have '
VR ¥ R’ﬁigj + Ri+i,j+i)YkR’,j for Leleitj+2,

ol oy A



Consider azlso :

: 5% d =1 Fod
B2 e Sy ‘ A i Wt B. o
Q e o e Q ; jzz;g_ 13’3 ? Q : 32"‘;7_5_ Ty
which are consi.cmt elements of \dx.,ll(ll)) Then P04 B Q' < QLB

end (I -QM)¥,Q' €C (X K(I)) for all k & Il . Also clearly

Qs Q1 are pr010cblon

404, Lemma, Mﬂ]eca@wn for all ok el .
Proof. Consider S comeRL oo R : R . = 0) . Then the
e LT g asloig! (Bo o) ;

Si j form a family of pairwise orthogonal selfadjoint constant
b .

finite-renk projections. Also B en be written as :

Q—Q J el sl
B:L(Z S § )
T e
Note that S tYkS 443 f Ss,t?tY:PjSi,j s 80 that

Ss,tykoi,j 3 0 whenever |t -« jl 2 2

Also, if max(i+j,s+f)'2.k+2 and  |i-s| 2> 2 , then

» : i : * . : : : el
Indeed, since (S Yol o e S NS 4t will be gufficient
4 v don lea, b !

to prove this only in case i-s » 2 . Now, if .i+j £ g+t, then

v

t-3 2;2A and the assertion ¢o¢1ow“ from the preceding dLSCUS 3ion.
Thus we are left with the case when i-s » 2 , i+j> s+t and
|t-31 €4 . But then (i-2) + % + 2 2 i+j~L > k and hence
G5 = & Y - z o ¥ i
e s e e T

[

gl Bag gt B it

it

i, b= 1)

t
o

.L"? tk)u’
Moreover,

e T LD e
S B

e ' D ™ ; ™ :
= S e d Brceanda [yt Riaien, -1 Tifuas , 54, 5



which cen be express

e

:)j 6 L

<

as a finite

b 35 . o
A Syt
Thug it follows that for i+j 2 k+2: we ha :
e R
kK33 g, iplgd itety, JHprl i, g,
J«S J lc el éﬂ A lp‘ & 1 g J }&. :L‘{"Qiy 34-'5 ¢
Gwith the convention &, s 0 whénever 1<€0 or j
~8 o ;
We have :
: o) J Bie
<y g g e, smael + 44 o -
[ }-—sjiu» B X Al 'EKL,,S : ])
L 8 _}mq ixﬁ_ J ; £ l,a
J=1
e o e
B L e
o o b o = Lbpaias sifi e
= J Sesline
ot -1t I 5 G ot
+ ( A‘a?;mn lw\hm“’}:' ( Z s :‘Jl o, - ""ﬁzkc i 1 0t :)i -‘E{
Jokes e R e 2 »d
: k+2 ] o ;
= Sy el Jme T e
J”E,ng =KLy
+ Z—v ( Jm—m '.;“w“" ( ( L4 ""d 1, Yl{St 0_}
. & ‘,j:‘\-::i J I“iéi’tﬁ“é‘ﬂ,- ale ,’]./3 21 J ML

Thus,

%o prove that
prove thet for fei¢l
[69)

But we can wrwte
J

;
o

TR

Y] ’B} é (/ (.ﬁ-,{x
, IBL €L, vie nave

&l

) XE 4
dtet, 4k 1L

(x ,»»(1‘))

—i+1
el

oy

l-ad

g
JI. J.-ux,

00 -
@(Z:‘

i’g"') "'G( }'ﬁ. Qj

C =10 e = W . o ‘Y_S.l,) -}
oﬁﬁf?p J .L.‘}’ ""l.s l”ﬁ, oL J g f} .L'%“(xs, J+p 11. ,3_9(}
A B - (2;]‘ ‘LL i »
+ ,Z- e e 2 .
CEke3adel ’*“»J*F sdad
Uging the not ions
, ; + B ] 0T
e G S NSy P °L~—ww“-~-—— and e
Tl,alﬁ Tl kG0 0 g L B il
we have 4P
. 9
@ ) (Zw Shne TV = He T-
oty B J 1{“ =7 ed Lgd T led Lad

=< O)e

3

)

S :
g K Aoty P

(H)), i% will be ‘sufficient

b e

]~‘1 4+

!‘N—vwnm.-»«

4

R

e



Lol

where Qx p igos finite sum of constant finite-rank elements and
~ : : ; :

hence clearly D, /36 C (.;.;,L(T{))
; 9

Wow remarking that T. s =0 unless i>li-« Bnd A s

1sd
follows that

00 j=2 : ik :
0 - D = - Sl ooy ok
: ‘j } a+ﬁ :

+ EL. G0

= J=k45.i=3-1

The FTirst sum defines an elenmenty-

(s, ¢ =, )T, . are constant :
S A5y Lsd Ll
% : *
° e T. aT = T F’\ =
> :L,;J EI,I}. ,J ’n 14. O

Tl

o
oL

ST S i s
Led Lso i=j-1 1yd Lsd

C (J.L’h.(l», ) since

finite-rank, (l,J) # (m n) =

and

whenever 4 £ 1 <£ J and 1i+j —> +00

shows alsgso that the second sum i

The properties of these elements

lemmsa

b4eDo Lenma. JWe have

W e e, <A,éé;<H$>' ;
(1) I -Es QB eq <@n

proioctions 3

S DS e ol WM:»O
“(31,3 T, ,J)l il

. The seme kind of axgument

- - - -

g dneC (.A,I{(&)) { anD.

axre

and

summarized in the following
~ o '~ » Eis o, ) 3
QuEQty, QiR newael dad joint

(1:11) (I pe \"Q{'(A) & ¢ (A,Y(ﬂ)) 0 L
(iv) (Y(e) —-§>(a))(l D Sseie (MMI{)) for every 2 € A

we

(v) [e(a),Bl cc (A,K(f))
(VL) ["{m) Blecc <A, 11))

Proof, (1) By the first part of Lemma 4.2, we have f(JW Q€

cn_<>5;;m§.>> . Yoveover, (IN(T -

obvious.

N \ oo
i pad

-

0 , which makes our agsertion



elfedjoint p l‘OJBC’blOﬁS and 0 £ 0 = BieiQlhs O

=

(i) follows immediately from the fact that Q,Q',Q", .ars
e

(iv) is a trenscription of Lemma 4.3, since

- : s & 5 3 o

{1 < Q) =gle~"(1 = @l) ~Q =18 = Ji,

-~

- (1ii) By the second part of Tiemme 4,2 we bﬂvo (?(b}') - Y.Y)Q‘
: ¥ 9 A

CI%(A,“(.&)) Algo we know that (I - Q")Y Q’ & C f K(H)) "so that
(7 - 0”‘?\0,)Q‘ € ¢ (A,T'T/) Since (I - E)f(ﬁ_ ld Ca) (T = B) = 0y
: i i) ' B
we infer (I - Qn) el D.K)Q' é Cr(ﬂ.,».( 1)) .and since i “}kéu is

: e .
totel 4n ‘4 1t follows that (I = ig”)g’(ﬁa)ig' () G},l(iigli(}?}’)a Since
021 -Q"<gI~Q, it follows by (iv) that (T-Q%) (ea) - Yia))e

&t i ;s e Uik S i A T iy 4 T
C X KR Jor all “d'e & JMHence we have
e i

w

‘i?\"lﬂi)»g]:fj‘(’l‘k%’ﬂ = [p(vy)-¥,,B) + [¥),5] =
= L(b)- Il s QT BQ! L
20 {g’(bf),,g € ¢, (%,] (Vf)) ‘Dy the secon& part of Lemma 4.2 and
by Lemms 4.4.- . -

(v i) Ve have ' ; :
V()31 =[¥a) - ?(am] + [p(2),31 = [a) - ¢(a),1 - il
e o \ [9“) 1 e ‘
where. g6 iege Ta s (l ~ 0)(1 - u)(l ~ Q) , assertion

(vi) follows from (iv) and (V) ( 32,3{)@

Using now the Choi~Effrog thecrem, there ig @ unital completely
pogitive mep \?: LSS 2 4 such that qo = idA/J sabongider
also the c,ombloholv positive map

Cl) 4,9(0 s AST “""‘"’“?C ((xgu(i)) o

“ince <f>(q(a)) Sosed for every o € A , us‘z'rg Lemma 4.5.(1) we

. - 5 i
() Piqa)ar -Ya)er € o (X,KEH)
(recall aloo that f(a) ~Y(a) € Cn(;}is}.{(}{)) whiene aiesd o)



L Rg -

L el .
Since QW idsg a constant projection we mav uge Lemma 3. 1 atloe
the compression of 4? to the e, ge: of Q” o Thig yields o Hilbert

gpace h‘1 y & unital z~homomoxrphism

r& A/J z_x,T_J(I:{ ))

, ﬁs
and a constant arth] 1somcufy

Woency wA,L(H,,J&))

~e ~ Sk ~
W= Gr o and  Wi(ala))¥W = 9" Plq(a))Qn

P
Consider B, , Qp , Qf , Qf € Csm(i,ﬂ(J})) the constant elements
gLy - A5 fra g}

defined as follows :

= s S s = it = ;

B, = WBA* , Qp =wWQW* , o =wQw® , QY WQUWE = Wt
ol SRR - e A G G
Note that Q, , Qé s QF are projectiens , Q< Eis,gis Q) ond that

A ~

(Rl 1\ ¥ 1Y * Y 9?
(.‘3’. ) Bi“l = ‘N(B . 3 v! BO_ = \1J e

prpiiaeregersy

(I - Q )\A(X/J)Q,L c o (K, ))
(u(asa),B,] < Cp (XK, ))

-

o
]

Proof. We have :

i

(2= TP pCala)dF® ((x - AP pcata)Fy)
QWmﬁwﬁg';wmwnww<wn¢; _
W3t Pla(a*a)) Q™ - Q' P (a(a*))T alad)TWT

it

T

lad

Q'<s Q¥, we infer that

o

o

Since ‘.iP(Q(a))ZD:" —-'kf(a)ii" € Cn(}i,K(H)) and

-

+ WY Hf(a*)Q”1f( )Q'J € C*(X,K di»

(- G )p(q(a))@t) (x - ow(o(a,m - QY (a*e)Yrw® 4

But W(g*a) - “‘{ w*)"{(a) £ C (,h,z«'( ) e 50

. ‘x;;@"%(a""a)@“&i* S “\;’:'J;‘):Y(,_,*)gn \gf( .1).3'3*\,;':* 0 ‘
WQ' (W (a*a) - "%’h“)‘f(a))\gfw  MCET, = m)"g(a)g )“'((I - GW(e)Q e
o € ¢, (%,K(H,)



- by Lemma 4., (3¢m)

n -

Thu

(= «"g)y<q<a,>><;zg)*<<:£ ~ ﬁ@f)ﬁ(t‘iﬁb))&i-) € €, GLK(,))

I - 'Ezgpww )G e Gn@-:,}:i@i,}) ,

thus pﬂov»ua the first assertion of the lemmna,

Since (I =~ G y.(qfn)) QY & O (x,B(H

H(O<a})i£}a =W “\g"(:;.z,)‘-;{"'f?‘?' =
(Teail }y\o( )w i Qig{q(a))?& - %T Yur® ,ﬁ
2 mm(m( ST '3% C}Tg((_;(m;;;gvr;f* ~ WMWY (a) QL
1 18

< W - G W(eIE T e 60X, K(H,)

vn\ W

i

o

[&L(O(",/SDH] - e ee i G ﬁ)) .

[}

and using (ﬁﬁ} the second assertion follows from Lemma 4e5.(vi).

oy T
‘:‘20*‘40 DQ

Let -G € CFO(K,E(H,HQ)) -be the constant element
P % :
i Tl N e~ o
gis B/ oW - By /2
a4 :
In view of (==) we get
' 2

: v i) . : ‘ e o A
6= B2 - 5% - Wi - B2 - - 5202

B a*
o e | G (R )
: \G I -5 9 2

18 a constant selfadjoint projection. iote alao that

Eg @ OIW 3‘2- 8 H % Ivi s
K : Ay

4eT. Lenma. We have
(i) [\W@a o a)(4) ,St) C o (X RESH,)) ;

G ((E @ pe)(a) - (PO poa) () (T -R) € ¢, (KRS )



forall ae€ b

(111) (Y@ o) (DN € 0, (X, K(HBH,)) o

-

o lonis ance I =

Trom Lemme 4o5. (*V)o

- 41 -~

~

€ (I - a)EEIH s a@sertion (ii) follows

A g0 since S & Q"aai

4.5.(1) and the fac

tha

L
LU

Ex

g, » essertion (iii) follows from Lewuma
J. s ‘

"8 -W)(3) & 6, (XK.

n view of Lemma 4.6 and of Lemma 4.5.(vi), in oxrder to prove

agsertion (i) it will be sufficient to:show that

G Wa) -~ (poa)(a)e & O (L,K(H,H,)) forall aeh .
A whe

But

6 (e) - (gea)(ae = WE2I - 572 (e) - (roa)(2)if u/gu _ By
e A : =17 o~ Cailon e i :
| x;:[,sfz(zn}s) Po] + )5 - rea) (a)iE P52,

o syl el
go that in view of Lemma 4.;.(VL) and Q!B = B Ldb will be

suffici to prove that
()G - (\Loq)('a)wQ' € 0, (X, K(1,Hy)) .

as follows

But thi~ can be snen

T = Groa) ()T -

i

. »
by'Lemma Ao liil) iy Liemma 4.6, da& (ﬁ) . Q E. D°

WI-GMWa)T' - (1-<z”)(\».oq)(w)“1Q' -
+ )T - Gyoq) ()0

W(I-gOwa)d - (1-0")(wq>(u>cz'w +
+ W3 (y(a) -@(o(a);m' €

¢ (‘;,R(H,_{ e

-

- - ~

The next lemma will be the final point in the proof of Thm.4.2,

4.8. Lemma, There ig

Proof. Denote by

a

2

[c] e E;’:'b(A,A/J) such that q,[el=102].

the Hilbexrt space H,, H@HZL and, since

¥, ~a ~ ~t
By STl e mait e S 0n, QY -0 iape conutant operator-valued

-~



¥ & o PV s
<) SITLS & N - W { 7 7 f»\, it i | T o
 funetions on X, let 5 $’>.O ' Qo’ Ql QR R,O y 45  denote
the corresponding operators, Qons exr also the pu;‘ojec.'t;ion DO =
E.®21.. .4 Notehthat
o i
o

e : -
A E R Q )‘?‘3—' ~H 0
o ﬂ, ey
and that the compression of pelreq) to D (H,)  is a uuital
z~homomorphism |

~

s O (0, IHGD AL

ﬁ'_q:)?
X

Denote by

R e Cs»z:s.* SisE ’(S}' (1 2>> )

Ty A ——=> 0 (X, L((I-5,)(H,)))

@1 . é\. 'i"'}"‘f“‘“""““"'“'“?c \;s_g.u\(}) & (:[“*QO)D‘(ZS.Q}}
82 P i _;»Gg_sfx,zlg (T~ szb>(£{g)))

e
1

died Sy g
%y (@) (2) = 9 (W(2) @ (pog) () () | 2 (11,)
u?wcr - (1-8,) (4(2) ® (goq) (a)) (=) | (14 ) ()
(8, (2)) () = (D, - (1-8 ) (E) () | (3, - (T-n, ) (8)
(6(a) () = (-0, (Bla)) () | (1031,

By Lem,n“w £.7.01) it i‘ollow* that D O'X end D o %, are x-homo-

&

ded

4]

the unital completely positive mape

1
£

2
(

i H o

4

moxrvhismg and by Lemma 4.7.(ii) Do @? amd hence also po 6,1 are
also RMBO&LLOMO,‘L"{LL e, |

Yoreover by Lemua 4 7 (Gl RS o cm}(J) =0 Binee

(I.-«S?.O) ss {{)O s )S Ihﬁ ":.. Qg@o ,'

it follows by Lerma 4.2 thatb »

‘ | 35(:1‘,)(13 m“(:[' -9)) € 0, (X, B(D (,)))
and hence (peo 6,1/( =

Tt Yoy J CFZ ’ g“,l 3 9“2 be the homogencous }iwe}:‘tensio;s by |
A determined by Do §5' . po%ﬂ : p&?ﬁig D 08‘1 5 p°®2 s aen phe
homogeneous X-extensions by A obtained by adding to each of the

above =m-homomorphisms a trivial homogeneous X-extension by A



e iz

We have then in Ext(X,A .
[¥]=04] +1%] -
["]f[‘rﬂ f"f[JE] ¢
[¥]= o i '

‘-Moreover, there are &Ti] ,‘Bré] € Ext(X,A/J): such that

q*[ﬁ"&] = [h’“.ﬂ 3

q*D?2]=?[éEJ

Also by Lemma 4.7.(ii) we have

(%] o [62]

It follows that

[=]

it

[ d1] s (621
[ dy] 'f[gé]
[44) ‘-[371]
%[.Tz] - 9,[0y]

i

f

{1

sl

Ll [o] =[]

Q.E.D.



Thig section deals with the homotopy’ 1¢vuM1;ncp properties of
Ext(ﬁ,ﬂ) both in the X and in the S a@tivariablets i ln fact ‘these
twowhomotopy~inv vience properties are related and fh@ir prool
reduces in the case of quagidiagonal C’halﬁohr 5 to an adeption éf

)

the urfuwoﬂt of UGSHYinaé (L44)) for the usual AXE=ground.

The short exact Sequencé for Ext(X,A) 4in § 4 enablesg us %o’
improve the result of Salinss : A may be any CT=-algebrs having
a compogition serieg with uuaSLdiagonal quotients. In particular,

W

A may be any GC“«V“~&lgebrao

First we neec a few iagonality in C__(X,L(H)
but since this seems a rather awkward intermediste degrece of genera-

lity, we prefer to digress a bit, congidering a more general situs-
tione

Let L be & unital CT-algebra (not necessarily mep@rmble),
‘{4;‘L a cloged two-sided i&eal and D Lawwmxlwk. the canonical
homomorphiom (These nototions will not éauﬁe any confusibn gince in

our applic@ulons = W(Mu(u)) and: K= (h, ( . We will

make the following agsumption sbout K :
Eheres 1o f;g increaging gequence J:‘;aL < ”J? € eoe

: : o lea il
gﬁ sewie? gint nrojeetions dne Kig
whieh is zn - epproximete Lmit ofe K.,

The set P(K) of selfadjoint projections of K is not filtering

e
o]

03
[}
3
D
H
i}
it

-

but has a weaker property. For £ > 0 and P,Q € P(K)

‘we shall write

o

: - P 'fé Q ife lpi=otiiiEe

Then our special assumption on X implies that



o i

for < any Qi’QZ € P(R) and 2> 0
we can find Q; € P(K) such Jrh" t j
o R
For a bounded function f : I_’(K) >} - we define
" linm inf £(P)
P&P(K) -
as the greatest lower bound ﬁof those T € IR , such that for every.
P € ) cmdis it >0 there is.’ Q € P(X) such that £(Q) ¢ v
B -{4:, Q . Also we define .
‘ lin sup £(P) = - lim inf (-£(P)) .
; P €P(K) o NBOSIET | ‘
Fox T e dgel S G “ the modulus of c-!,uz:asi‘s;ri gngularity
a(Z) is defined ag ‘
e wq(Z) = ) imint (naf H(I-P)aril)
e RP&L(l) Higes 4. "
end the modulus of qp}aszd.isgonality Qd{ Z.) is defined ag
e T
- Remark that ; L ,
qd(Z) = lim inf (ma:'«: If [I’,a] o)
| S PerP(RK)-aer. :
algo since ;’;‘or k € X we have :
| lin sup 1\(3:-3)1{;? Ih=o
Pef(z} -
we esgily irxfe;' that
Halepiy - al (e} >~~1>1 ex Ip(a; ~ el »
: ‘1@@1 - :
\qd(( . }”1 > ad((al e L)\ Ef lp(e —allll .
5y 2 ggggg. Let. {Qai o c,E(h) be guch thet Q iZ;J Q4
then theie ate {(,, jeu P(K) such \,m’c :
e Q' M_ , (3 ¢ W), end jlimoonqj - g = 0
;,Ei;fpwoﬂ'g; Consider first tﬁb projectiona P,Q € P(K) , P f Q

y S o



v : - 46

Then (A-£)P £ PP € P 5o that we have the polar decomnosition

QP = wa where a = (rQB)(2 and w = QRP(I-P) + f Pl en

whw = P and ww*'é BER) ,wwe @ . .Aluo Nw - Pl 2 3¢ and hence

T

H*WJ* - Pll €6¢ . Denoting by B(P,Q) the projection ww* , we

Uging this we define recurrently {Bi j§ 121 e ©FP(K) so that
g i - | 0 i 7

Q s s and e i Q.

Cleaxly then Q. . <£Q. ., - and it ig'eagily geen that

If follows that
20 y petiel .,. — %
2 B =g e e (6/20)79 = (5/2)(3/5) ;
; 15 S| 1,0+1 ;

o
J=d

Hence for Jj ==>4+00 , Q. . converges to some DfOJCvuLOl Q
: L)

Clesrly Q £ Q4 end lim KhQ, - Qi“ f O s TQeBD,

5e2. Lemma. Consider a subg

@

ot

t SLCL , guch that p() is ge-

arable, iﬂpﬂ the‘follouln” Sa T‘tﬂonﬂ are equivalent :

(i)i%fgWﬁ?ﬁLﬁeﬁﬁw zaﬁ.myﬁwe WKZ)zO;
(31) Thggg is en appr@xipaﬁ. {” % em & P(K) such that
Qy & Qypn (jie W) , snd . lim - [f cajill e 0 e all B e SITxK".

Proof, . That (i )*“b(l) ig immediate.

it

For the converse it is clear, assuming (i), that for L
2 ? }\_E i\‘
L a sequence with {O(“l)}lvéﬁ{ denge in pGQ) , there ig a sequence
7 4% A & 3

%Q{}. - WCHRE) “which is" anapproximate malt ol K  such that
a4

lim ﬁ{gi,a&]ﬁ =0, for 2ll k€Wl , and Q) 4( Qi¢1 s SHee e
e .0 n T _ s s r Ao L
follows using Lemma 5.1 end the fact that lim iie® plll = 0  for

s ; : ‘ j w'>.m ‘ J
every b.€ Ky Q.E.D. :



A subset -2C L , with p{SL) separable will be called almost

liagonal if it gatisfieg the egblvw¢e”t conditiong qﬁ Lemma 5.2,

Disi S ggggggﬁggg. A homogenecoug X-gxtengion by A , defined by
b oy e (A5 L(H))/C. (A,‘( 1)) is called quasidiagonsl, if |
-4 : : gt
(Z(A)) is Jnog dla”Ouul with respect Lo, the ideal C_(X,K(H)).

It is easgily seen that if 'Zi, 2, define equivalent homogencous

X-extensions by A , then Z& is quasidiagonal if and only if Z

{80)

-

is. Thius we can speak asbout guasidiagonal elements of Bxt(X,4).
Also, as for the usual extensions by K(H), it is obvious that
the gquagidiagonal elements of ﬁgi(AyA) form a gemigroup.

Recall from ([4&]) that a2 unital prﬁrubLG CF-algebra A is
called quasidiagonal if there ig a x«monombrphism §>:.ﬁ*~ﬁ?jLﬁﬁ)$
?Cﬁ\f\vﬂhi = 0 such thet @(A) is almost diagonal with respect
to the ideal‘ K(H) (ige.,dn the vsual gense).

g0l view of Tﬂm.Z;iO, alhe i quasidiagonal‘and X Linite-
dimensional, then any trivial homogeneous.Xfextension by A. ig
quasidiagonal,-ﬁoreover 1t is algo clear that the existence of a
trivial homogeneous X-extension by A which is quasidiagonal,

“ins ureq the ﬁU&S iagor 311ty of- A .

£ ,
A be g nuclesr guagidisgonal C-zlgebra

" 5‘4[}(‘0

and X & fiaite~dimengional metri Z“blL compact gnace. Let Lzl e

Ext(X x[0,2], &) be such that 1¥(LZ)) = 0, where

i 8 XX {0} ———> % x [0,7]

.

ig the natural inclusion. Then it follows that [2]is guagidiagonal.

Proof, In view of Thm.3.3, we may assume

z(a) € ¢ (X x[0,1] ,L(H))/CH(E x 0,4 ,K(D) .



Gt b ——p C, (X x O L))
be & completely positive lifting for c Benote f irther by

e b %K Eo 1_(

.*he natural inciusion and by

)

 defined by

. el 2 (oo )
= s M O {1‘ PO SN ... % )( t}
' dy # £x[0,2] —— X X
the netursl projection.. . .

g s -
‘l:’m szq‘yt ¢ Ogc‘vﬁl

m =

4 e -~ oy C e W i ¥ Y e Iy gy en v 3y 1 Bl
tHere ig o naltiural number n o duch that

(»{)(ﬂ ))(M i=iela g ilie sl . Menem)

whenever |t -~ %'} 2/ s

Uging Thm.3.2, Thm.3.3 end the Choi-Effros theorem, there is

completely positive map

i L X {0,2) ,1(H"))

such 'b}mt pon defineg a homogeneous (;«Jﬁ [0, ’il])—-oul,c;lw-on by

and [pe (cg@’z)] :
"L‘lln cmmle uDlV positive map
B: 4
defined’by

(Q(a»))(&,“ = (‘-{>( ))() ’c)@@ ((C?( ))(xr*)@(n(a) Kyt

2 c, (X% [0,1]} -,3;( @em@u)@ .. SHel'))
ceLe) n-times -

)

‘DE‘;:‘

detex&nines an extension, and

k=1

n e b
pol = Cel + Z (5@ dyeyy) (21 + Tpenl) = [21.

COH‘”‘.‘L@@I" also the completely Domitive mep

'\" fk "“"‘"’"““"““"’) C (};.,L(,u @(H@I“ \® e a e @(H@W‘ )))
o - n-times :

U{’( ))(x,i) (ce(s))(mo)eQ ((Lf(w))(x{, >@(1L("))(M“>)

ﬂui

Clearly powy oof ines a houlof“fmoou (XX [0,1] )~extengion by A

end Tpe yi_}

Aiiend 8. 2.0 . Singe '(e,j) & Cj,l(zixﬁi),{t] LD ),

A.



s 49 o "

For (k-1)/n ¢t &«%k/n, (1 £ k &€ n) define thée unitary operator

Ut (= L(H@( 1] 1')53... S(HSH'))
n-tines

by
U, (£ ®(f,@ ”')c—a @(L @:")) e(g),eza%)e @(y @:;;1)
where '
g5~13 Mg cm)
§y:= Tyq o (083€k-2) 3
e 7 o
Bra = (k = n*b)/.sz + (nt - k + 4) "232‘0 :
i ifo. e
g = ~(nt -~k +-"l)’232'k + (k - nt)/_‘?fo 5
3 & "f;} s loplie st ai i
It is easy to see that U't depends continuougly on +t & [O,'E:j .

Vv e ¢ (xx[0,1] ,L(HG(HBH)SB ... ®(HSH')))
- 1“b,LT’l“”

With these definitions 11, is nénv eagy to see that
NVO(a;)V™ - y(a )l ¢ 5¢ TR LR s B
LSinece  p o'\? defineg a homogeneous (X X LO 1) )=extengion by A
and [pew] = 0 , it follows because A is qusgidiagonal that
" 9d(¥(2y) ,...,,"{‘(a }) = 0
: end hence . :

'qa(e(ai),...,,é(a )) & max N 'VG‘(’aj)V* - ‘\{’(aj)l\ < o5 .

. 145€nm ‘
But since [po©] = [Z] = [pow] ., we infer
qd(ce(\ ,,..,‘«f’\a i as qd(G(a,i),...,}e(am)) S G .

Hence since & » 0 was arbitrary we must have

q(ﬁi(.({’(aﬂ,)"f'?(?(anl)) =0 4

ot

Rl ~<
@ 2..49,{

which is the degired resul

5.5, Pronogition. Let A ‘be a nueclear guagidisgonal e ~gloebra

end sspuné X ig Tinite-dimensionsl. Congider also the man



sz

i
L

&3 F x [0,1} § ) =i
Then we have ¢ Gt

Il =0 =5 iSUEED) = 0 o fon  BRl e Bmnl@pe oAl 1),

SRE

Proof, Let E'Z-:le}}'fui?( 0,21, A)  be such thatb i’:)(['zj‘,)
In view of Thm.3.3 we mey asgsume

@) < ;‘1 (% [i 1"1 L(}I))/Cfn(};ZX'[O,i]_,, Mh))

D L o> ¢, (X Eos‘ﬁ : }T:(E‘L))
be.a completely positive lifting for €.
a total sequence in A . Denote further by

= t 2 o o \

@ . W..}C (;\'9 () )
the completely pos 111*«*\ mep

E () (x) = @) (at) .
By Proposition 5.4, L2l ig quasidiagonal. Thug we can find an

dacae m:mo gsequence 0 = “90 < ?«’L £ P.€ ... of seliadjoint pro~
4 o

jectiong in G.ﬂ,l(X,K(H)), which ig an approximate utnit for CH(X,K(H)}
& WS

For 3.9 O there is an integer ¥, 23 such that |t - #'l¢2/N
‘implies
Vel 6), =By (x, 6 < (05472, 2
1P ) (1) - Ea )l < (#7204 k<30

P.(2) = (12 M)f@\a)(w{_,_v _> + (2 )ébv»v(x? )

J+ _ J—Fﬂ.

flor j}‘} 0, we h&vo .365;?’ = oe» = el @’i is completely

=



Also we cen find V, € 0, (Xx[0,2], I(H) such that V2V, = I

J

and VJ.VS" =(I - P.) , J 20 . Indeed it suffices to uge (40.8,7 in
b’

- [A41) for the continuous field of Hilbert spaces
§§§If~?j§y))H)y&}{xmyﬁ, (Iij)cgm oA, ).,
Censider then the completely positive maps

Wt A 0 (X, L))

defined by

(O (a)) () = gvgf‘%jga)vj)(x,i./gjy .

Also congider : 1-.33.41
H = @ (@ 89
jeo k=4

where the Hj’k arescenies ofit Hi 'anc'i let
' MR 7 O (X,1(H))
be the unital completely positive map
: 0. -1 ;
et @(qav sl
- 320 k=1 Jas
Remark that peW defines a homogeneou. X-extension by A . This
follows from (1) , (2) , since
%,k;aiaS) - ”&/' k(u )Y k(cﬂ ) €& C (J{,L\.(H))
and

Y lern) - Y ule) Y, *?(ak)“' <
€ ll<r - P, 1)(‘% ag) - Ba 3B W+

:LC‘1

+ "(334. = P.)@(a-a ) ~‘-‘i’(a.)‘P(as))l! L
o & ';'ij)‘?(q ® 5B+
G o BB T =y b B )% Bl

i g
which, by €1)., (2) , ig @oeaTd - ap A éias < dle

A " : { = ' N r o 3 d_b_ 4 ned
Let also P,j,k € Cn(tA,n H)) - and Vj & Cnm(x ,L(‘d)) be definecd

. 5k
by
P 1(}2) - Pj(x,k/‘i‘ifj) Toir i 2RO R0 & abie Wy
(.1;.) = (3:,}(/1‘1'7.) For . 4. 2l il Jaog I\;j»f'l .

;J"




N

Because of (3) there are unitar ries U, . €C, M,h(q)) + I,
2 g J.

2 005, A S dana i, v micinibinan

©

g e N D e

U i
gl i’*-’l Jelsd gk = 0 Gtlile Jk

J,LS

J
lldjfk H ( ey e WL R R

S
N
N’

This can be done by S%“Fhwfd arguments (compare with the first part

the proof of lemma 5. ) iaking tor U, i the sum of the parfial
E ) X
: § - 2 : . i
isometries in the poler decompositions of - (P. ., =P, ) (E s ek
; tils SRS e di‘i,mr¢
S 1 T a2 EN w2 L -
ke <J B e ,k)(T Jet, k-1 ,kui) 5
We shall now cons truct

H. ’E‘ 4&,,&1(“5.}4_ )\
S S e C U(J\,’L(ue E”))
i

Ple G (.A. b('“ }l;)

winlch will then be used o cauutruct a cerbein unitary

Since ‘ .-

it will be sufficilent to describe the components

By

e g oe i)

o
g %0

of e Those are

R e e e
R] 3 O if k2 2  and ol

i
e
-

i
(ah
C. g

whe re.
* 4 &
SN B0k 2 and Q. = Vo gk, " v, £
Qgg}i @ & € Jsi ; - 91( 3L 4A J,’l il
NMoreover

¥ ; Gf
i £ K= 0 £e ~ i é'v J {3-
- !‘UJ,’L“ B0 b me o s ) B o) B 0Ty 205l



< \‘§}7j+13§-~1)j s2

[@( 2,) s ( ey

SNA
NG

T 20 L
_“)(_ij’a_@ (czl{)“ @

)] R S ‘CP (ok

H

W

‘ i
JERLIN T RICOR NS 433‘

) zzuaknuuj; i --!flu :

Hence in view of (4) €3) viand - (4). 4.3t follows that
R @o(ak) - YWa )R € Cn(X,K(h,u'))
Since {8}, ¢y 1s total i AL 1% follows tHat
d@}o(a) '\g R €0 (X,K(H, }“)) “for alilgba e A .
Next T€C_ (A,)J(l L,H)) is defined by its components
e CW(A,L(HJ’k L,
¢y
These axe
) =@ A e SN 2 aand D st D o ; e S
g 5 Sy 3,13.-*‘1 ( ;}4-1,23_: g,ﬂ } '%j J,BTJ
It is eagily seen that ?* ig constructed the same way as R

pexrforming the symmetry

ol poedp Aol on the

segment [0,4]. So, the

game kind of argument as for R , gives mp® = T and
W. -—‘ﬂ. ;
Ll @(@ Qg0
seizelk

" wher L for kK €N.-2 =@
whe e Qj,k ’ @ fox c.\ Iej 2 and

. D

= = B et ey Duns Vo .

QJ,Nj 4l 3,hj»1€_gf1?ﬁj~1 3,ﬁj~1) 3,kj~i

Moxeover,

M=

it (a)"‘ el K (:{f

1)) MerTalidss a € A .

S

Finally we construct S as the sum of two operators 2 S2 .
Here S/l is . --1 ;
Koiloe '
I -V i - P, V. .
ﬂ. - g(fﬁ ( 3 1’( el k 3,1{) ,],k))»
Clearly S, a projecticn and [Si,'\{(.ﬁx}l = 0 . Text, 5, will
‘be such that _
k J Yl L " j, .4 2
S (")(I‘“ Dl (1 <kaNi-2) and Sy @Y ) = 0.

Sy
artex



v ; i : m5llJ:_m

el AR
5 v < D ¥
The "n"tm «e“T ement’ Or b2 from HI?: to ci'j’kT“L
o Lag & T o
8o,0k = ViU, e

is glven by

Fed B

Since : :
£ (o 5 }0 - % 7 P
IS5, 5,15, y\“ e (280 5l =

e = My, 5 o T
= ll§*¢;3+1,1§+i L 1) = (a M‘j-&i,l{--&i 2 1;],1:»}-1”3,]{—%1 5

18,5, Wia)] C ¢ CLE@Y))

Also for S =5, + 5, it is immediate Thet

5.« I ~"RR™. el Nt s 1 S

..M(

fhe Mndteary U/€C ('%Z,L(I-IGBH-')) is now defined by the matrix

5 ¥y T syl e
e B where

Up,g €C G(XﬁL(ﬂ)) V.U g =0
Y L(H

s

1.2
Ugyi & Cﬁg(iﬁi,L(ﬁgHz)) :
£

1
51
Yt
P
we

D (o
it
w

: 2,2 € € (X, 101D
Wle have ‘ d s ;
IK®OMJ@¥R@U-e(iﬂWJ@QRMNJéCnmuwH@W))
for all a & A . H * | :
 Thig cvi.ves
inted + [pe'W)= 1302) + [p=VW]
&0 ,'i:hat.- : : ' \

v

iXcel=0 == iflel=0 . Q.E.D.
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Yor our next purpos es, it will be: useful fto meke the following
working definition.

-

Bebuulefinition, g nuclear geparable unital C"-algebra A ig gaid

Hy

ox everv finite-dimen-

o have %he homotony inverience property A
‘gional X and [2] € Ext(Xxx[0,4], &) we have

% Etl =0 = iflz] =

0]

*  Thus Proposition 5:5 means that nuclear quasidiagonal C7-algebras

heve the homotopy~invariance proverty.

Endowing the space of m-monomorphisms Z: A —>C__(X,L(H))/C__ (X,

%8 =g
K(H)) defining homogeneous Z-extengions by A with the topology of
péint 110 X1 convexgénce, two such m-monomorphisms axe called homotopic
if they can be joined by a continuous curve in this space.

5.7« Propogition., Let. A De g‘ggggﬁar c*-ploebra which heg the
homotopy&inVa riance property 'X,Y -ijﬁ“i€~uﬂﬁﬁﬂ l comoact netri-~

zable spaces, f;8 : X —»Y - continuous maps, and EZO] ,.fza] &

& £~ A 7 3 ,4, 9
Bxt(X,A). Then we have :

(i). if & - end g . are homobtopic, Hhen

£* o*® : E Bt (Y, 4) > B (X, 4)

are eaual -

(=
\

i...’\

1) if T, and Z, are homotopic then E?%J = [2;

Proof.. (i) Biret let Lel & ukt( >(B)ﬁl 4) , we shall prove
thet i¥C2] = 5 By .

Indeed, by the symmetry o t—»l-KL of the segment EO,&} we infer

that i':[zls G "‘EZ'} = 0 . Moreover, since i’g and :‘L;i“ axe



SEG

Surjective we infer tha' Z]%-$3ﬁ'f2] defines an automorphis:
of the group ﬁxu(u,”), But since for every [ € Ext(Z,A) there:
g el o v:( KF‘ 05 A) such that i'gféjx "g.‘_ ] Lol , we infer

that 1if (2= i,? [2] always.

Now since . 1,2  Brelonotoplcy: thewreniaid P " S O,{L] -~ ¥  such

i

55 s T3 s Rl 2 e . Eees o¥ ::"“ wy i 55 )
that Fod =€, Fed, =g, 80 that f7Lel= ,‘fg(rﬁﬂ’?}) = 2nlel
for ell CZ1eBXt(YyA)
(ii) Since Z, and T, . are homotopic, there 1s a x-homomorphisnm

(pait .é‘ww@ (.zn( [U '_Ll 4, M,L(h))/u (A,:'_TI))}

A3 a v (Wa)) (t) € O (X,L(H))/¢, (X,K(0)
defines a homogeneoﬁs'K-—c‘;z:;;'i;czﬁ@.(;:ﬂ by A  and
_ C@(@)(0) =7 (e) wfd (@(a))(A) = z(a) .
By the Bartle-Graves theoreu (L333), v
0 00,2150, (%, L(m)) /¢ (X, K (1)) )

cis is OI‘IO‘C‘ph“C with

. ung [‘g,:f_] ,@n(mf))) / Gn<_ ,1) ,cl,l(}f:,K(H))). :

B : :
e e AT T oS “*‘ . i
Cn(‘[(),’ljsdn.(l}&,li(vh) )‘) ol Cn"j‘ »([_b 1], mm
and
€, ¢ [0,4] O ST
ig isomorphlec with a Cﬁmsubalggebra ol

‘ ij % (0,1, .h( S |

80 we get o unital m-monomorphisn : : i
Tt oh '”;;_N? O,’Z&J,LGD) / Cy(E X [0,2),E() .

It is easily secen that 9 defines a homogeneous (X x[O 'Y])—«, xtension

e gm‘i that i’é[‘jﬁ?_‘} = ["é:o] : iéf@"}%x I:Z.’,i] . uz.z}ce L aml 1&

are homotopic,. E’Z,L] = [?O'] follows by (i) i Qo D,



o BT -

Recall that two wnital sm-homomcrphisms fb’fﬁ $harem B ave

called homotopic if there is a curve joining them in the space of

#-homomorphisms endowed with the topology of point-norm conversence.

-

l,n Proposition 5.7.(ii) immediately yields the following corollary.

5.8. Corollaery. Let B be a nuclear unital separable CF-alsebra

«4:‘12 S o A 2 =)
eand A g Lc}ear C ?‘geb?a which has the homotowy~invariance
property. Let further X be finite~dimensgional and fb’fa { A =23
be homotopic unital %*MOWO”O“‘13(m%. Then

i JQO* ¥ fﬁ‘* : }EZC-ECX;B) “M .’S}C't(:f;,ﬁ)

are equal,

v

9E
<5

Now we shall proceed to widen the class of C*-algebras with the
homotopy-inveriance propexrty.
For the next lemmas all ideals are cloged two-gided and proper

and for every ideal J € A, J denotes the C*-zlgebra 3’? Grl 5ds

5.9. Lemma, ‘Let. A be a unital nuclear separable C -algebra and
- :
e Rt : [
Jo€ A e adeal s Mhicn e A/ T end dishave. he }Oﬂotoameﬂvaz iance

propexrty ;ﬁ follows that A hag the homotopv-inveriance proverty.

Proof. Congider the diagran :
D 0 ) e \::u(xn[y 7] ,A) < Bxt(Xx[0,1] ,4/7)
3 BT ST ..g. : . 2 o s : y
i iG=1% i if ig=11 L

Ext(X,5) g :a«'(u,n G BxE(X,A/T)

The hori ont 2l rows are exact because of Thm.4.4, also the vertical
arrows at both ends are ilsomorphismg since X K{O% and }{x{i}‘ are
clearly deformation retracts of }Zx{ﬁ;ﬁ . Bince the diagwam is

commutative with any of the two vertical arrows in the middle, we get

that they must be egual. Q.E.D.



gell, Zﬁmj_mg Let A" be o nuelenxr Cg‘imalg{ebra, Al L e pdeel,

espas [roeiiiedn

q : A —>»A/J" the canonical homomorphism. Assume further that J

s 20

heg the bowotonv—-n‘w” riance property cnd let E‘ij R o o e 0l g )

be such that i¥fzl = 0 . 2.‘}1@11‘1;}1@1?9 ,,LL (o) & Bxt(X x [O,f!.‘, o Afd)
guch that q (0] = [e] gnd i¥(el=0 .

- TR TR i - 4 - ¥ e . .
Proof, Congider j : X X0,1} =—>» X +the projection J(“,' T =

130 e

13

nd let i : J =~ A Dbe the natural inclugion. Sincs im LS

%

—p LR f’()y“} 18 .2 ho oio')y-r\mrvwlence it follows that
" e o 0 oo
g 3-’(‘)' e &[(; 45 ki) - Bt (X ,d)
is an igomozxrphism, Hence ( (21) =0 ddplies 'iﬁ_ﬂZ] R0~ e e

using Thm. 4.1, there is [¢'] € Hxt (% % [0 S, 0430 aueh thatb

¥

qfet} = Czl. Then vie mey te el e g s b

g S - -
et A7 be a-puclear CU=allasbraand e J,€ JBC..

o W
en incresging sequence of ideals, such that \J .k = A

= N -
L,

also that J“—{’I/Jlf hog the homo Lony«-m ariance property Ifox all
NS A

W n b :mu WEATE &

ke . :lllgji A" hag the homotopy-invarisnce property.

Proof. Let 12l e mExt(xx[0,], A) be such that ivCed= 0 3
We shall first prove the existence of (o3 € Bxt(x x[0,1], 4/3)
such that Yen [v}:-;{i_] = [@"k'] : [G"O'l SAE AR o LU"k} = 0 , where
ST A/'Jl'i -TQ»;;» 1%;/'(1‘1(_%,_L , (J o = 0) , are Jche cémomicai homomo rphisms.

fimdee&, gince 3'1{%‘1/ J I ?1:.:zz.ve the nomo*aopy invariance property,
the existence bf the [G"’k] ith the above propexrties follows by
ugin " Lemma 5.10 recurrently. '

We shall now prove that this implies LT} = 0 . In view of the

-«

‘above, there are Hilbexrt spaces Hk: 5 1*11 : hi}; . Hk' = H' i% s (k3 O)

E-monomorphisms @)
A

T e PO S 0,1 yL(H,)) /0 (X % [0,4] .1 BEEE) Doy

A



S5O

1 A A
® nomomorpn:nsms( S:k:

€ bl > O (X d0, 1] SECHIONT

| U'k € ~;%S(JI. % [0,4),L(H )
guch that
r folle=lo ] , Ezo)
pef@ By, og ) =t - (k30) ;
&(Uk)c Tl = Diotif 4 (I8 0)
‘Define also completely po:*..L“G.LVe maps

. s AT et (T X ( F ‘
W AT p o (el s L(Hy_5))
r 0 g ik by taking !

== i an % L , (o ¢ ' 0, . . )
oo TR B a) Bl B o0 S B iE ed ]
Dey oilnm by Cﬁ{ the completely positive map tf}k-,.k s 1% ig eagily

4
@]
Ll

seen that

pey =l L, 6 k30,
(Pkm_\u ':(ﬂ\\g’k s (V') k.20

\ Ll
and @ |Jd is a 3#-NOMOMO rphism,
h k ;

N i 5
Since. U}, Q ig dense in A , it follows that the completely
positive maps C{Dl, are point-noim convorc*;ent to gome wnital =-homo-~

morphism c‘: P A C?S t x Lo ’J'] ,L(‘I Y). Sinee C{)\ J C?L\ e

hence (Docp)(u.) (Do(gl_)(:z) = @) (,,) for-all a € Jl,_o Again by
the densi'ty.of uiioﬁ'l, in A ¢ we‘lnfer poy ={!-. {"L‘hu:::; [(r(')']:z
= 0 end since [:r ] [G‘] Eé’] ,oithe Tiemme. folllows @ QuB.Ds

® .
The next theorem involves compogsition series foxr C -slgebras,

he definition of which can be found in (4. ).C.,E.Zij)



T ; . 3
Let A be a geparable nuclesy unital C lgebv«

o~
having a composition series (Jf)oc o< such that qf,ifq? o
.a?l o & < D e B e e ) W

quagidiagonzi. fhen A hag the homotopy-invariance propczty.

. , .
Proof. We prove by transfinite induction that the qf have the

homotopy~-invariance property.

(a7

e
The atep from Je ‘to d, 4
< i .o .?—‘ J..

e

follows fron Lemma 5 9o

.

In cagse P ig 2 Iimit ordinal auo Jf have Tthe homotopy-

/

.ﬂﬁV*ﬁluﬁCO property for all ’E our assertion followg from
Lemma 5,11 end the wemaxk that A Tbeing separable, we can Iind a
sequence §% £5%:£ ceo of ordinals, y < /3 (F) 3 € W such that'
?’[3.:7 e Q.E.D. |

Since GCﬁmCﬁwalgebras have comﬁosition geries ents

with CCR ¢ 1105
see [44),4.3.4) and since CCR-C™-algebras are quasidiagonal @i

i
L440),

we have the following corollaxy.

)013c v 9

I

oll

= : I

: _ x : * ;
ary. The GCR separable unital CT-glgebras have the

- hOHOuOwaLnV‘“TﬁnCG nronerty.




"In this section we establish a short exact sequence in the
X ~"variable" for BExt(X,x ;4) .
For the short exact sequence in the X-variable, some preparation

is necegsary.

6.1. Lemma. Let X be & finite-dimensionsal compact metrizable

Space and

AR el
tions with

of o H for every y & Y . Then there are continvous funetions

5 i : : Y _ o ;
Z~>H , (nell) , such that ien(xﬂlnetﬁ is an orthonomrmal

ea

g

2

hagis of - H-"or evoryrvx € L ahd &n‘ T=ce 'y (ueli).

-

Proof. Let {hnknerﬂ be a dense sequence of non-zero elements in

H , each veector occuring an infinity of times. Let also {Fnlnﬁiﬂ g
be an increasing sequence of closed subsets of X such that
(G 9

Y St W X
A ne@kn = INY .

i 5 it 2 ~ &
We shall construct recurrently continuwous meps e L w1

satisfying ¢ . i :
LA s i B o~ e fh\/ 2 N J ; i
ny&mqn,mgnl.;><eﬁzbgﬁd>m n,n ) x eX
and
n 5 e >
o 7 G o3 e 4 = - ™
uhn‘ ‘£§i<ihn’ekgx ; ek§1)“ € (n Bow el R
Clearly the constructed E; will then satisfy the requirements of

the lemma.

Suppose E% have been constructed for k< n (if n =41 , the get

B4

void). Congider for each x & X, the get S_CH ,which!
EAN

]
=
=
A
=
KX
0

o
5}

ig the set all wectoxe of length 4 ~in  H - which mre ovbhogonal

<
o
C-M
221
&
~~
x4
rs
St
»

1. .< k& IL} o At .18 egsily geen that the set~valued func-



w Gan

ower-senicontinuous in the sense appearing

f

tion X2xp—> S C H 1is

in Micheel's theoxren ([333), AFao iF 5ae Yph Ewhenail N0es {'f.‘ en

N = nll e{A'.'gz.‘.}f\S,_ ;é ¢ for some héE€H end x€X , then Q is
contractible, as can be easglly seen using the map

P(,8) = ((A-t)hy+ ST ((A-t)ngs $2) | he €8 -
Algo by ('ii).&éix [?ﬁ]) ench‘ 5. is contractible. ‘ﬁ?}fms the set~valu~

P

ed map . K> X b—y5, CH gatisfies the conditiong of liichael's theorem.

136.‘”11»)_“3{; P e RN
22 ;

and considering M C ¥ the clogsed subset of ¥ on. which 1 ggw-)li / “t

o

let g : MwY —»H Dbe the continuous map which 18 equal to 5,( <) h%

o

for. x € M and equal to e_q(x) Por L xiey . Mheme g (@) e o for
£ W5

each x € M WY . Hence by Michael's theorem (f“a}j), there is a conti-

P -
0
g

o o o u Ld . " ; -
nuovs map 6. : A —>H such that e, (::) €5 deriali R A  and
P

m

IN
o
™
5
=8

?”'Jn 1 (}eiu”'f‘)': g o Clearly £ o (*f),%' ( )7 =0 -~ fomall 0

: ’ 2 R RIS
% Ko o Hllsol sanice
e 5 I ; Vv ; M
L iy, B S = 1) - § @) Bl
we :mfer that
b, - gvghrﬁcl (x)7 gk(x’ I

X Dbe a fini Le-dimensional compact metrizable

space snd’ X %" ‘o cloged subset. Let further UMNY ==e> T¢H) . be &
#-gtrongly contim qous map guch that U(x) ig unitery fox each x€ Y.

| v o .: te & J_.“., i UL Bkt “ i R ) TR el
Then thexe }”g "q‘ SISO 10M“ v contbtinuous man U : ¥ —3 L(H) ,=guch*thav

aNon . : Sodt oL B -
) uni ta rﬁy) Tor x € £ and 404\ U

BV ery
S aradm—— Ll i ool

Froot. Let {4, S H be an orthonormal bDegigvor i L lew

further e ¢ ¥ —~>»H be defined by er(y). = U(y)f. . Congidex
4 i 2 B!



ided by Lemma 6.1, and define

ns - 5 ¥
then the e : X —>H provid
% ~F % oL
Ll 2 ennr TLEDE .0 by U(A £ = ew( Sl
is clea LLV unitary-valued and strongly-
it

k~¥>tﬂyﬁ & L(I)

Then

* N i
continuous, Since U is unitary valued and
it is algo =~strongly-continuous. Q.B.D,

followu that

ati anlv~continuous,

Y endowed

If ¥ dsa closed subspecesof VX Jithen congido“ﬁnﬂ X/
.with the bage mpoint ¥/Y , we shall write: Exb\i,i,;) ingtead of
Bt (/80 pEd0),

Y be a closed gubspace of the "H’b“*diw
mengionsl metrizable compact gpace X and let i ¢ ¥ ~» X and
J ¢+ X —>»X/Y De the natursl meps. Then asguming A . is nuclear,
» Weshave the LOLTOJlﬂg cexact sequence
(3

Rl 104 i
Ext(X Y;A) e Ext(n.,n) e Ex G (Y A)

-

ient to prove

Proof., Clearly s g8 =0 Boidh m¢11 be - el
shat In 3D Ker 1% Tbu“ let [z] e Ext(X,A) be such tha
Ext(X,¥;A) such

we shall nrove the existence of C[o] e

xez) = 0 ;

(¥,L(H))

that J *CGﬂ =eBE] »
Since ~"'Ii‘e:] = [_L*CC)] s there isg = unitary UeOEW
1¥(z) and of some cont gtent trivial

:molemeni,m(w the oquLVxlence of
xtension by A . Thusg there i

t&)(lx) /“\lx(lz)

honmog eqeouo

fo f L ¥(

V: A
we have :
- el nvte o

Y,L(H)) by (%( 2))(y)

¢ i.&x(ﬂ)) for

V-(
lew

rollary C 2, there

o«
(&9

_1n¢j:taazy

.
il
L

By Co

Lo - - . o

UlY = U . Then using the theorem of Dug
(el .,

iA.(a) - u(e | DU e ¢

s Such that defining

(.ix.,u( f))

a ¥-monomorphism

Yi'o(a)" &) vel,

5~ (z(a)) .
i

su tha

guch

undji for



that g

'm
S

clearlv two such
le i

Thus dedfinin

go: A ———>0C

by @Ca) = plg) 5 where' g

_ : v
we have '*(G) =(U)eT and

chthat' g o j € "r(

the

fn

there ig
g(¥/y) -

by an el

B’Q((

Y@O( ) € m(H) . AlE0,. :
0, (B/2,100)

(ZQ/Y LfH)) such

ement of

51 (2() T

- w

EQ«-:} é": aJ.tL’t<..ka.£;.ﬁx.)c Q:«J};..{Ja

sl b
preceding

propogsition is

agncc

end J

Sro b R
vie nave vi1C
A e

exact scguence 3
e

:
R 4 »
Bxili Yk st Bxb (X, x

-4
R e

natutal meps,-fon pucledn il

g not nuclear,

» -

O ;I“) "’“‘““’"‘;}w ,_.vr L < .4{ 8 ]—. § ;‘5.) { ZEU

the sproof ‘o Propogition

andirRemat arina gt
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