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LINEAR PREDICTOR F'OR STATIOI{ARY PROCESSES

IN COIVIPLETE -CORzuiLATED ACTIqNS

irw.  " J

rON SUCIU and rLIE VALU$ESCU

1. In t roduct ion

T n t h i s p a p e r v i e s h a 1 1 c o n t i n u e t h e s t u d y o f p r e d i b t i o n

theory 'o f  a  s+*at ionary process,  considered as t ime evolut ion in

a corre lateC act ion which vras began in  f .a l  .  As in  the precedent
.

paperr w€ shall  fol lovr the l ine of Wiener and I '{asani precl ict ion ,' : ,

schema for  ( f in i te)  mul t ivar j -a te s tat ionary process l? j  ,  LBJ

The not ion of  conrp let i -on of  a 'eorre lated act ion,  which 'vre

.  "  
' ,  shal l  

, i l t roQuce 
in  sect i : "  2 ,  wi l l  permi te us to  g ive a prec5-se

. - . , . I t 9 t o . t h e p r e d i c t i b 1 e p a ' r t o f t h e p r o c e s s a n d c o n s e q u e n t 1 ytP,eanl

' to  
formulate more prec ise ly  the predic t ion problems (sect ion 3) .

S. ince some resul ts  f rom [A ]  are used here in  a 's l ight ty  d i f ferent

contexb, vre prefe.re to outl ine their proof . In section 4, r:nder l

the supl imentary condi t ion of  boundedness on the spectrat ,d is t r i -

bution of the process, similar to Wj-ener-l ' lasan-i boundedness con-

: l e  pa r t  o f  . t he  P rocess
.

by means of  a  l inqar  ( in f in i te)  I { iener  f i l ter .  The so lut ion of  pre-

.  d j .c t ion probJ-enis  are g iven in  terms of  .Tay lor  coef f ic ients  of  maxi -

ma]  outer  funct ion rvh ich factor izes the spectra l  d is t r i l>ut ion of  the

p rocess  ( see  [3  ]  ) '  . . .

' l
. i



The r:eader wil l  notj .ce t i ,at v/e permanentl-y us:{ th.e i i leas

f ron ' the Sz.-Nagv anC C. t ro iag r ;odel  for  contract ion [6 ]  tc  g ive a.n
, . ,  . . . .

operator  or  funct ional  noc le l ' for  predic t ion based on an operato l l
'  

, 1 .  ,

valued pobi t ive def  in i te  rnap (on i the rntegers)  r^rh ich corresponcls  to

'an in f in i te  va i : ia te (d isc: :e te)  s tat ionaiy , :p io .esu. l  . '  , , ' i  
'

2. Conir lete correlatg! actions ,
.

'  '  The hotion of corre.l .ated actign vras introcLucec' i .  in [4 ] as

spa-ce of

s n a c e i ,  a n r l

F , tdx W-,Xel is an ,t (6) -value.tV€i" eorretatron) t;it lr rirr: 1,rci-

per t ies :

( i )

1 . 9 . !  \
l l r i l

'  ( i i i )

Let noo, 6,  K be two l i i l l :er t  spaces: ' ,anci  Ut:  X,( t r } i -J.

F u t t i n g  f o r  n e } - C e >  a n d  \ . r € X C t , X )
i  _ - -___.___

AV ,= VA:, , . :
where VA is  the usual  corr lpos i t ion of  operators,  then i l ,becan,e.s  a

i ,
i ^ L { -  : / / l \ - - . ^ - 1  , , 1 ^  r E  . - ^  . ! - r ^ - -  F l  - a  f - r .  -  a  Ir r y r r "  X ( t ) - n o c l u l e .  r f  w e  c o n s i d e r  t '  o e r r n e c  b y

I ' tV ,VJ = U*Y
I

obv ious  f  sa t i s f i es  the  p rope r t j - es  ( i )  anC ( i i )

- (F u, rt')*Qoai si) =

f i :  r  Lv; ,4J B; ,

L ience l€ ,K ,  f  1  
j -s  a  cor re la tec l  ac t ion . 'Tn  fae t . .  as  t i re  fo l io r ; ing

t h e  t r i p l e t  { g , X ,  f  1 ,  v r } r e r e  €  i s  a  r r j l b e r t  s p 6 c e  ( t h e .

the parameter.s) ,  f f i  a r ight  XCg) *  mociule ( t t ie staie

fl[{,l ' i >,o ', fl [ {,41 - ". + {"'= o 
:.  '  , ,

rLl^r, l^,7= rt l^,,4^r1o . ' ,  .
- i

r Iz Ai&; ,? 6i3,] :Z A! f Ll ' , ; ,X;3 t"t
-  

i  
' S  - e r -  

" i i

( 2  . 1 )

then

have

, E siviJ
. J

! / i q . = t

I L 7 rt;ut
l )

5' 11* t r*
= /L-.J t7; 

"i
, r j

f i .

Proposit ion siror" 'sr any correla'ted acticn can bc erdre+reddecl. into cne



/
€ 3 -

€  + l r . i  ^  & , , * a
v !  L l l . L J .  L V t r ( :

:

PRoPoSrTrOi{  l .  Let  le,?L ,  f  I  be.a--co{re}atec' i  act ion".-  TirgIe

'  ; t  a.  Hj- lbert  space'J(  ancl  an algel : ra- i -c in ib '€ 'd0ing i r  - - -+Vn of  thee x l l

right dfgl-notiule pfl i!.tg t$e .r-iglr! {(€,J-mocrrte X(€,, X)g:iL:-lbe

rrropert-. ies
I--*-#

. :
l ^  a U  L r a r - ' t a f -  t  

- h

\ 2 .  z  I
g

(2.3) Trc qlen,eir ts oL the fgrrn y .  = Vt- ,d ,  wl ie l  o.€ 6 ald
t l  -  : l

(erlr'\
heX sPan .a  c lense  subspacg  i r r  J0 .

Tl i is fnrbl:clc-l i lg is tniqr-re up-to 4# un!tar) '  equ.iya.]e-nce
. - - - _ . '

Proof  .  T i re  proof  fo i . lovr .s  t i re  cr :nst ru.c l . - - i -on of  the.  Arr :nszajn r€: :

prodrr .c ing kernel  i l i l l :e r t  s race l r ]  ,  L2 j  .  r ,e i :  A:  t " f f i  anc"  \ f . .  , . '1"u (a'h)

t h e c o n r p 1 e x v a , | u e t ' ] f u n c t i o n r ] e f i i r e c 1 o n . A b 1 ' ' . . ]

' : : _

-
o r r t . h e 1 i n e a r S L r a n o f t h e s e f u n c t i o n s w e d e f i r . r e t h e f o r i n

- 
- /  \-  ,r ,  -  \--7 r 0 - '  \

. - /

. 
-- 

+ [,o,,1,,) 'F 4o*,3*r> = + (r4*'hi7oi't),

'  F o r  & 1  s . . .  r a * €  t  c h c o s e  a  €  6  a n < ] .  ; ' i . .  k  t t l  s u c h  t i r a . c  A - . a = a - . .
r  t !

0 ( 4 , h >  _  v  
6

[^'ie :have

:  ) ,  (r t  A*, f i ,Jfr io, , ,A&) -  Z @: r tA*,h,7n,",o)=

' , t

-
'Tnus



i ' I i lnert. space

For an).

I 2 " s )

- is ohtaine<] i tr

x t9
e dv \ . ;e  ( ;e f l -ne

tlie usr_ra.J- vra-y fror:t this form.

. ir

U s i n g  { 2 .

P
I T

V a  :  Ye' o @,9"\

5 ) a-nd. (2 .4 ) l :re have

& e - e

1 11 ;'-'11,1.1 ll ' I a ilL
l t \a'111

t i r c re fo : :e  r / , ^  €  ? .  C€,k  ) .
.  . l t

.  h t
For anf it. ' t- I h^ € dxo v;tl

-L t'

( r t ' L , , 4 , o J o , b ) ^ :
4

&
: i l \ r  l ln , -

o (9,N") ̂

11;l  \rB

, / , t  t P
< - v  -  y- d c o , l ^ ) ' d ( h , { n )

(r t {^,1"7o,o),

- h n l
n f  u  v  I  _

I  L  h r ,h r ' )  
-

th?

tirc

]

Hence

anc ' l  the pro! ,er tY (2.2)

frorn the cpnstruct. i"on

- - - - - -  I f - h  -+v [  i s  an

v e r i  f j - e s  ( 2 . 2 )  a n d  ( 2 . 3 )  ,  t h e n  s e t t J " n g
/

.  XV,:a = \ i 'a
n n

:or X:K'----> JC such thatwe olitain an unj-tarY oPerat

XV,1 - V,-n n

-  -T i re  p roo f  o f  t he  P ropos i t i on  i s  f i n i shed .
: ,  .  r ) .

The Fi i lber t  space K,  un iquely  at t -ar :hed ' to

t

t j .on  \€ , tL , r  1  as  i -n  Propos i t ion  f  i s  ca l lec l
'  ( ' '  \ o  n !

o f  t i r e  co r r r i l a ted  ac i . - i . o t r  tG  ,  A [  , ,  1  .

, ' i ' ie  sa lz  tha. t  the ccrre la teql  ac ' t io i - r  L  €,bL, f' . t

u,"u-
j . s  v e r i f i e d .  T h e -  p r : o p e r t y  ( 2 . 3 ) ' i t  r e s u i t s

of th.e' I i i l i rert space JC.

ct t rer  Lnb€;dc ' l ing of  f t , in to  XC€, ! (Jwhich

eorre l .a tec l -  ae*

i ; cas l t r i n r ;  S l l aC is

l is a c-onpletg



11 -

r . t t - t e l . . \

. .o r ro1- " t .9 -gS! ig r . ,  i f  the  nrap  h  * t / j . ,  o i  UL inbo Y-CEr td )  i s  on to .
-_--

.RecaI1  tha t  a  f  -s ' iaLronar : '  (c l i sc re  L )  p rc , ' : , ' : ss  in  the  cbr re la te ' ; - i

. acrion It,W,flJ is a sesuence .[{*1j]9t erer..ent,s in W stcY, that

11 f p P t
. t t L,  u ,n" fon)  cepenos on l1z  o f  the  C l f fe rence n-n  and no t  @f t  l i i  and  n

. s e p a r a t e l Y .

r o  . r  t ^
For a /1 -stat ionary process I{*  \  -a l ' re use the fol loruing

notation
'  ' I  

l

Xt: = L1^' N 't 'k--V!'f: ' A;e k ce-: 3 :

n . .. 
'17.

W:-  V  \4S
l k

k = - a

o  * *

x * =  v  v e .  !
6. -o< +
,  . .  | <

Remark that vie also havd

s  \ /  \ r r ,
V +  -  \ /  w r 6
J \  Y  1 - l -

,  r y L  -  . ^ 4

4rr8{j

we say that t l ie f  -stat ionary pnoccsr ics I { - i : :  a l t :  {  S-\ : :

a: :c.  stat ionary 'gross-cor lgkrteC - i - f  f  \ f* ,?*.1 d-epends onl1 '  of

the di- f  ference r . -n.  
"

rrol . i  2.  Fgr.anlr  i -  -stat ior la lxJ-rocess 
{{ t l  

t : :ere

exigts an . uitarr:r oFerator Uf 93 5<! :ggjl-tn.ut

'

. n
( 2 . 6 )  V €  =  U i  V r

. r * i ' ! ^
l r  v

)na5y p]:osess 15^\:: is *;Fa$olarv Srojrg:Sorre.}qte9

<. r iJ - l r  { !  ? -a*  iec  there  ev . i -s ts .  a } -n  L rn i tAr . , '  opcrAtor  U. -  ony ! ' r L l r  {  - L  {  , t E a"-.- Y_"' ) f4l :Jl. 
*.-:T- r.4

- * J , )

: { ay.y = xl v t<7^

9:



6

such ,that

'uf  = ur l l  ) (L alc ' l

'k

f i f  + [  l l  :
"  dro,L*)  0(a,3- , ) ' r

uA:  t 1 ,  l t <3

, r *-  P r o o f .  S e t t i n g  o n  t h e  g e n e r a t o r s . o f  } - . . -

? r .  1  i.  t 1 , u b e  =  \ . 4  4  ,'  :  - * ,  - l ^  t " t *
'  

- .  l .  :
. o

c lear ly  t re  obta in an uni tary  { rpre;oaot  or ,  5L:  as-  in  Proposi t ion.

1 4  ) * n  -  1 6  ' + 4Le t  1 l  (  a .nc1  J | . 1 '  
-  

L re  s ta t i ona ry  c ross -co r re la ted  p ro -. ' 4  )  - a  . u 4 \ J _ a

cesses,  anc i  iJ ,  r  Uo i :e  as above.  T i ren r f  roe put

/ t  ? \  11  f \ I  :  *  V  l r l  *  1 /  .a  +  \ /  l . , r.  \ z . l )  - € O \ t f  ( r  I  v r  J J J  u €  a  I  v  i - i
r . l  t '  gn rn. r l  ,%n+I

t i ien we have

* v*) l/': li v+,: *Y*,: ,* :

-  :  t l q t + V 6 1 1 * ., - " - r )+* Jqw

f t  resul . ts  t i ia t  (2 .7J def ines an uniLa: :y  operator  L i€o on 5<f j  whic i :- r l " @

extencis  both U,  and IJ , .
. r r J

.  p .

to  the f -s tat ionary procesor{ f^  t * -  anc i  U*,  t i re  extencler i  sh l f t  o f
a ; . 1 ^ i _ 6  ; J

t i re  s ta t i -onar1 '  c rosu- "o f ro i .a tec l  p rocesses  ] f  1 r^  " rnc l  {  g  \ * *( T o ' l - -  t  d * t  J - -



.  .Let us rentark

w h e r e  V -  =  V - .-  - t  r o

t h a t  f r o n r  ( 2  " 6 i  i t  r e s u l t s :
)I-4,v+ :  V u{ :zg

u \ e  - a a  l '  +  
-

fn r$nof fol-lovrs ) we use the foilo',ring notation .

( 2 .  B ) W * =
F

V v r
o 1

* * ^ ,  a-+"

.  
and

( 2 . e T - r =
+

The f -s tat ionar) /  P l :ocess

process,  prov ic lec l  f  LL,X* , ,J=o
r

-  We FaY that the Process ' t

xL/
- -  v \ o

i s  ca l l ec l  v i i r i - t e  no i se

conta ines the 'nrhr tc  nc ise

clet eruritr i  s t i  c

j -s c411ei1. a-

+ 4  c o m t o - i * r s
- €

tir:e dornain) . ltg f -:lg-

-  - *  |  l " /
L ) ^  |  J 1 - ,-  r  I  - f

T

l q  \ n nY d + t J - a

for nlrr:r

g  1 + *
7nt J_p

( q  1 + ^  i f :p r o c e s s  1 J * I - _

( i )  13.1 '*  t ;  stat ionary cross-correla. ted v, , i th 4t- \ : :  at ' rc j

f t t ^ , X * 7 * !  '  ,  e 7 ' t . "

( i i) \e c- J<l
I

!rii ) . Re f' [{^-X* , X*J ?. o
\

The f  -s ta t ionary  p roces  =  \ f ^ - \ " -  i s  ca l led
. I q  J _ a

i f  i t  conta i -ns no non:zeto wi r i te  no ise proce 'ss.

'  lnJe say that the f -stationary process {fJ::

nroviSg average of a r^rhite noise \7*\*-2 i f  t f - l

{ q ? r t -  a n c l .  X L - k : .
t d r y r  I  - o

TIIEOREI,I  1.  ( i ' io ld deeor '-posi t ion 1 n

u - f r ! ue decorirosit ion o:l l  l i le-,€e;It iOnar r , r  p rocess

I  f  ̂  l n  \
\ z . L v l { : rl*"+ f*

'  l , h

is. a rnoviggu av-cr.aS-e .oF a r'rh:i- ie l jg-i:e { t. l
* a o

- a or*.1j1l.r'here



conte i .ned ip  \ f  ^ \ : : ,  1 t ; \ : :

1

( 2 . 6 )  w e  c a n

Fy the lfolcl

h .a trr-. . \ ^  a  e

t ^
.  i l : L L )

tnrh r. ra

B

consi -der- - ' - -

' f  : u :
. t , * t

decomposi t ion of  the

iF_ a deter l l in ist ic f ' rocess and

lLu^,^1. .* l :  o for  i rny nr- IL.  The r . rh i te nqise 
IJ.^\ '_^_ 

is__the nay, inal

t r 'h i te  no ise process co l ta inec l  in  \ t  L*-LT.y. J _6

r '
Proof . Lrsing t.ire dmb@dcling h ----+V.

- - n

\ ' 7
+

j-sometr ic operator % ,on X w e+

\

Y . . :  H + t F s o ' A '
f

t . '

€
n (F\  =  @ u:F an l

- - f ' - o t
9 - -  n  u : v * .

n +  a f l

:Y,,* of-- ?rrPlun = o

: o )

no ise .  p rocess .  The  f - s ta t i ona ry

t , .  r * n  \  1 '
1u,^\ .  , l-deel. we have :'  '-a . '

: o

F: Xne-L)*x* ,
'  

L e t P b e

and Po be the
+

s p a c e - } . f f v r e

' , 1

t h e n  ( 2 . L 0 )  i s

Beca,use
' 

.rr1-i
F r .  

! -

'  t  Lq '1 7 =\/." PoU* ?"U
c t n c t l u '  I  t  f  t  t

i t  resul ts  that  {  q  lon is  a  vrh i te
t  d a J  _ e

the orthogonal  project ion of  Xn

orthogonal  project ion of  X.  on
+

-_, l r  . i \  = _ . .  q

put u,,-- Uf f V+ , ti, = U{-(I-p)1,/F

obvious and rue have ,

h ) .o  
.  

- .

onto 11*tF S.

the vranderj-ng sub-

- - h '

and g - t)*"P*14
d *  t  J  t t

trrf,,f.. 41odse f,"oeers IX^TI ;5: 16,nlarne4, bt

( i)  l l_t l l  is.  stat ionary cross-corretarect vzirh { **.  } : :  an<1

rLu^,xt, i =i-i 
"i^ *ir

f o r r n > n

( i l  )

f i i i \
r r  - * *  /

Vt = ?*ve *
J  T f

I-l tt-- j* , j... ] =

Pree c .x :
t 1 -

3
n ct ' L t ^ r , r , 1 * 7  -  f ' I  T - , ' i - * J



=vfPrvf-ufn O"Y = o.

Since  we  c lea r lY

( 2  " L 2  )

have

i t  fo l

whrte

in the

' ! '  l  l l , ' " o

Le t  1q ' \ *  b "  an  o the r  w i r i t - e  no i s r ;  -p rocess
t 0 a  J _ n o

-  . l q J , o

I rre sha-r.r  see that $'^\ : :  is con'tainet l  in IS * l l i

.See t ] )a t

( 2  "  1 4 ) Y,t. c- -r.

: :eraark ing t i ra t  the exLencled s i r i f t  UFJ ' :

b 
',{e nave

fndeed ,

CL>@', ' . .€

uf
I

qt  q  +-  i s  con ta i l c i l  in  i f  -  1 "^  .  T i :e  re fo : :e
a l  4  j  - . a a  

- ' a ' a J - <

Y, € c- 5- c: rl+(g) = Vf*

i< : :  J< :  =  n (F)

lows that  the process IU- , \ t -  i "  a  nrov ing average of  t i re
.  

.  t  l . J_^  :  i

no ise  process  {1^ ! !2

Let  us  see t i ra t  t i re  v l i r i ta  nn iqp  t  q  \+o  is  a l -so  conta inec l  :
L  ) ^  )  - a

J: -stationa,rl '  FrocF)s= i{^ \: :

(1) For an1' a e f, anc r''t 2 n we ira-ve

ftr s q J o, ̂ ) - = V" uf* ?.;+^, u)r: (Prug^'':-\o)-= o
\ , t T - t d * J * t - - / t  \ ? t  t  A f  + .  O  < f  I  i ;\ ' - € r \

r , i ;e harle also:

(2\ Ue -- ?-\/ ,  e c X+-\ . t  ' A -  J  f

n 1 r,t | 1^] - l[1_,X,^7 -_V" pry'-v** p]wf : c
. ' {3 )  f  L { - -X^ ,X*J  =  ' ' L+ - ' ;  -  " {  'F  "F  r

f  ^ 1 _ 6

I i ence  the  v r i r i t e  no i se  {1  q '  j - s  conLa inec r  r l l  1+ -  1
l J * ) - a  

( ' 4 ' L J - P o

confa j . t iec l  i "  l f^ -4*^
.  t r t J _ a

,  t oo .  F i rE ; t I t  o t *  
,

, f or al1:/

J-recause



.  ! A
I U. .  .  + v

F r o m  ( 2 . I 4 )  i t  r e s u l t s  t ' r a t  f o r  m  >  n  ! . , i e  h a v e-  t L  Y v ( ,  t l q v \ :

I t X ^ , X : J  = V f * ? , u ; " y .  -  d

a

I tf--gi,X:7 = r t3^,A:i - t- t gl-.ell =uf*PrY- rtXl,XlJ =

=Y"V.* ry5:,,5:l * f tf-&tl- / 'txj.xi^J= rt'L-tj-'gj"l

i t  r esu l t s  ( l ; y  Lhe  fac t  t i r a t  l I '  \ . * ^  i s  con f .a i : re r l  i n  l f  l * -  r  l - r r , - .t d ^  i  - *  i . -

Ru f  LJ;3^r3 i , ,1  >ro .  i lcnce h ' \ * i  j -s  conra. j -nec. .  in  \Z ?,+-  -  :L .e. / ) + t . _ a  
t J " n ) _ n  )

{q  1t*^  is  the 4; ra:< ina l  v ih i te  i lo ise conta ined in  I  f  l . * -
,  

d m \  - o  t h  i - n. . - .
.  T ,e f  I - I ^ \ * *  be  a  l r h i t e  no i - se  con ta inec i  i h  L r  )  t n  n ' - .

L . t a l _ a  U r r t r u ( ;  t t v J - l ) r :  L L , r r L q r J i E u  r l t  
I U n ,  1 _ _  .  

. f i l G l l

-we liar.'e

't +r1-+t

f  l ,u^,t ; l  = V*P uf V = V* ? u+'- '"cr-?)V - 'c .' t ' r L

l

Because

.IIerrce

which

rt follovzs thar \{-q-: ' ancl

a ^    n

! ' I-{^',y,,^l -o .

l O  t * a  :
{+ \  are c l ioss. .corre late<l  andr r,l4 ,_ ao

o'  
The  fac t  t ha t  \ , f p  c  \Y+  i s ,  n l - r r r i o r rq  :r  r r  -  - ,  v  - \ r  i s  cbv ious  ,  an r l

o  P F p  D  Q . ' tKel L{. .- [ .^, [* J = Rel 'Lun,f.^J* Re f tq-{^,?,,7 )o ,
----{herefore rhe n'rr j te noise W^l: :  is contained jn tr t^\ : : ,  dncl rr lz

t h e  r n a x i n i a l i t v  a t { ?  t ' F : n l P  t + -  i . .  r e s u l t s  i l i a t  I l  \ * ^  i s  c o n t a i n e c i- ' -  l d m J _ n  + ' ^  1 1 * . J  _ . o  
t :  

! , + r  J _ o

i n  { t  1* -  t ;e  j rave  rhcnt d n J _ _

rLT_,,t^l = 
\* W, =l ru( r-PJ V = o .

' o '

5f Nre

( 2 .  r g ) f  = 1 1 '
t a h

f [ 9.^,t.]* R. I l1^,1^l - R* ff I;t^,1*,j < o
' o .

j - r ,11>I ies 1-  = 0.n
, t

e o f i  s L d  e r

+- $"'
n



I 1

an other  decoml:os j . t ion of

i lver'a.ge of the white noj-se

and

+  n + t

( w , e , u t  Y o * )  :
J 

'' 
.. "*-

and VnrC is orthogonal  on U"

From (2"1-3) t^re have

. l r :
the form ( 2 " 10 ) anC i"{-1:: :-s ;: rrtoving

( , l r + a q  ( _ c  1 1 - &  r
4q'  q '  conta ined j - i r  

i t r -_  1_ _ r  L i len ,  LY' d ^ ' - -

i ' c  f o l l ous  tha t  i q t  + " -  i s  , con ta inec - i  i r r
t 7 J  u J - o o

-  h / 9  ^ -  - e r

= J<'r :  I -L+(F )  .  I r loreov*r ug , t  c & .  rnceed,

\  - f r r g  q t  -  \
* . , r 1  -  L '  ' T a t  d ' * t t t l a r 4 ^ 1  

= O

e . e(J

V,€ c-  -F.
J

the maxinal i ty of \3^\: :

\ q  \ r :  . I l e n c e  V , tL d m J  - *  l

by

] - 1 '
1

se. :

(w" LrJ*'\1.* ,- t  t  l '

X i  ,  i . e -

( 2 .  t  5 ) v f = V r t t * \ t . r '

i s
{

1

, ' ^  1  a  l

t z .  r t )  /

LeL us clenote

f

obrri-ous that I g

n  t * 4 ' .  
t  A '

t. ! and l:ecau
t 'A  J  -ao

L . t  , , r l ,

v*  -  J ( , ' "  €k- v o o  ' o .  -  - - &

q: F.F.
i s  a  wh i te

4

and g : Lr"^P-V 'l'hen it
. t F

t \ i L  j  ' ,  T

no ise  p l :ocess  .  con ta j -nec ' l  j .n

* i ivr. so r';e

. r l

C,

( i )  ( r t

( i i )  v € ,
l.

.  f ) . t 1  f ] . t _ a  q  1 : R e f ] v j  q  1 - - -  r i T  - 7  1 =( i i i )  J 1 . g i  L u " -  Z * ,  L *  J  
:  r ' r - e  '  ' - ' , ' ,  

{ n ^ "  
' ; * , *  

:  
^ n ^  J  

-

. = v.: ?*v - \r-n ?.w = Y*?rV -V *.P*Y = o ,'  =  ' v .  ' F t  -+  : f  ' , l l -+  t  ] .  +  +  ' r t  *
t  ^  - + a f i

i t  resui ts  that  t l re  vrh i te  r ro j .se)  pr :crcess 
U"* \ : :  

is  conta i i reC in
- \ n , _ _

Lhe cletermini .st ic proces;s \O'41^^ ,  i . * .  . In.=0 .  There fore 3l  = L ' !

qrnrl conseqr-rently 
V,e 

: F
,  t ' /  .  - q t

.  I lence r ' . 'e oJ: ta in t .hat  K.J:  K"*= t r /6-r1 -

* r t '  6 )  ^ * . 1  r ^ . .  / . )  ' r E \  l )  r 6 \  i { -  f n l
6oo  =  A  ,  . ' n<1  l : y  (2 .15 )  ,  ( ?  "  f  G )  i t  f o ' L lo ' v ; s  t ha l -  V . r r

have  u '  =  u  anC v '  =  v .



;'

1 2

nhe proof  o f  the theoren is  f in is j redf

.
.  f  ^  1 + e

r h e  p r o c e s s  . l c f  L '  i c  t h a  i n n o v a t i o n  - l ) a - r t  o f  t i r e  t ) r o c e s s.  - .  . _  r d r y r l _ , o n "  _ _ :

I  o ' t  + *
I  t  1  and i t  is  ca l led the innovat ion-process associatec l  iy i th  i f  q+-
" l ^ r - - p  -  t A J _ @ .

-H reo l_c t10n irrob lerns

. ! .

,  ' I i e t

correJ.atecl
I

3 .

tf;1_:
act i .on

b e

te ,
a f

3(,

{ { , .

-s tat - j .onary process in ,  the comp-1.et -e

f " \  .  Deno te  b1z' J

( 3 .  r 1 y =
v v o w l t ,=> \  4 "

'  '  1 3 0
, A * € X r e > 1?

Ty

where Au are f ini.tely non-zer:o operators. Irollolving l,, i iener anc]

i . lasani  LzJ,  we ca. l )  b{ ,"  t i :e [ , resgnt ancl  ] , rast  oT the proces= {*_qu-
-  " ' t t J ' ' P

and j-nterpret i t  as th_. t.ota.l  infcrnation obtainecl acti-ng on t ire

p rocess  up  to  the  p reden t .  mon ien t r  ( t ,  =  0 ) .

, To precl ict. the process at the next morqent (t = 1) rr.reans to
:  A . Aobtain the best informat ion abou' t  f r  in terms of  the elernents in Ho,

The fol lor ,v inS proposi t ion vr i l l  precis ize th is

r,.t If l+-
trr  )_eo

v ih i te  noise

PROPOSITTO}J  3 .

be the maxi -mal

be_ a Ia  -s tat ionary r r rocess an<l

ls"1: co i r t a ine r l  i n  i t .  Se t t i no

( 3 . 2  ) ,
 
f =- 1 €-r

1-f, J

we have
t*l rn

l F ' I, g d

; , ;
l f  - f
r r  ' 1

Ancl

t t  l ir-h , rr- l{-f

,  , - l
I

r).
{ - t
J I I I

4,ebl"
where t ire inf imurn is taken in of thethe ,set erat-Sr_rs in{([,,.

I95. ut':' t€ t v.le have 'i\

; ros i t ive o



( 3 . . 1 )

r 3

- n
{  f - r { - _ 9  9 -
\  

'  -  l . r  l a  >  l t

"ta
A .  \  .  n Y t ' ( r ' r r p  A
I .  i n ,  e  ) : t ^ + / - , '  \ '  t  f i , t *  ] a f , o , )

t  
J r K o o

uihere the i-nf ir,un i-s tai:en over a l . l -  f in i te  s is ter .ns d . ,  1 . . . 1 a - , -  t n
r  t t t

(-
G anc l  a0  =  a .

-  -  r  L - . , . -
E L e  F  l v t ;  j r q v ( ;.  For anyP r o o f ; ( s e e ' [  4  ] )

tl
?

.)
l { :
, l= i^l- 

$,'{o u

: ;^4 ll

Ir4*-

that

f ,  - h l
L J

in X t€) sr-ich t ha t .  f o r  any  he f i {o

1  t  F f r  - r
J - - I r r
t ive ope.ratcr

choose

0r+,- f^,t,-{^:*;o; - (rt5,,2n|a,o) = (t'PrYo,o) =il$'fal1i

& ,  " t ( f t .u+- ryo j , * * )=ll : ",*+ L
*,i.o €'

/Y14,
\ - '  r  r ' r . p  D  1=  i ^ {  Z ,  L t L t r t r . J a j " a * )

. . r ,---re*e e 
* ' i= '  g

O . 6 s  4

t h u s  ( 3 . 4 )  i s  p r o v e d .
' 

S----f A

Let ,no i , , i  h  = f .^U,{ -n he ar , r  arb. i t rary  e le tnent  tn i (o  "  For
.  & - 6

any a e S ,. sett ing ak=-Al.a \^Ie ol:tai ir  
&

( f t . ! - n  o  o t  \  2  A  f  . f - S  
A  *  \

L r ,.,-L,+,,-{-,] a, a) : (r Lf,-\"A *T_.. ,I, - 
tlt{-ilo,^);, ' e  

'  t z -  
f r

; tw1t 
tn^'' 'tt4t'l

: f- ( r L{-,r|i7n;,"")= I @Lt;,4.Jo,,o)--,8 Utfi,#ui'oi.
r  r .  .  

- r 'J  ' t  
e  i lx=- i  5  i , r=o d

l>*= 
- '  '

r a

F r o n  ( 3 . 4 )  i l :

t 4 e  4
l ' l r  - f
l r r  * 1

Let  A be

re.sul ts

A
c c

I  
t j . - t l

a ycpi

< 1 1  f r
L - 1

; r g : F. . - \ :

-h ,  f . , -hJ

For: any a r r c l a ,  t . . . ,  o ' - € F ,  \ ' / e
I ' n v

r.k € X. CgJ"



a l
L L I

dr-
, 'r*

I 1 1

L '

such that  A, .a
-t<t

/tr \
(/f a' a;

r trren we ol:tain
tvw

ft.r. +v\'

rf -f A f .{.-f oif-, lo,o):Z ULf; '{Jar,af
"  t4  

F- r '  
' ^  t 'K  )  t  1  , ' . ,  

t  t -J '  . /  x r i -o  
u  ) .

U s i n g  a g a i n  ( 3 . 4 ) i t  resul - ts  that  A < f [Fr-t ' r l- ir1 .

By th is  proposi t ion 'we see that  i f  rn  sone way we can deter-
r \  

-  - - -

ra i .ne f t  ,  then i t  conta ins the best  in format ion we can ex i ract  act ing

on the process up to  the morrent  t=0 ,  a-hout  f f  .  Th is  just i f ies L ls
/\

to  ba l l -  i ,  t t re  prec ic t i l : le  - I rar t  o f  f ,  anc i  At f3  = F[ f r - f ,  ,  t r . .?r ]

t i ' re  prec l ic t io i r -e : : ror  operator .

. '  Noul v;e can fornrulate ,nore precisely the precl ict- ion probleri is

t"n t l re  fo l lowing manner :

( f  ) To rlsfernine a segu.ence of  f in i te operators l r ,r . . I \
m '  ( i l )t t \

.  ,  f - ' - - - -  - * ' i * - - , , ' "

-  V . n .  , \ ' r -  L o  -   in  - ( (€)  such b i ra t  ( iAr f - r )  
tx l  tenc is  s t rongly  i "X(  6 ,3 i )  ro  i ;  "

,<

(2)  To cor l ipute ' ihe predic t io : t -er ror  operator  $  f  ]  .:

supposed to be ,knorr:n is the correlation ftr-ngtion
' .  ' - :

. . ' . .

r t  is  c lear  that  l . (n)  is  anX(€)  -vq1uec1 posj . t ive c tef in i te  funct ion

on the group of integers. Using lda_j_nrq,r1< di lat ion theorem, w€ cdrr

represent-  [ (n)  on the.  form]

_ lni
'  | .  ' - J -

f r ,  .  |  - l - n t
l . ( n )  =  \  e  

- ^ . ' d F ( t )
a  

I  " r  \ ' ! - '
\,

r -  o-- '". 'vJliere' 
F' l-s on X (6) -vqrueri-senri;spectr:a1- - 'nri:asure 

on. t l ie unic' l- i- ir.ensional

to rusr .so  cq , t l -c r l  * i . " " , r ru r  @& o f  the  i ) roees ,  { f , . ,1* : - .  r i  i s  easy
_:T_ r l r_oo

to  ver i f i '  tha t  t } (L .Vo.  E ]  r i i r " . *  l l  i s  the  spec t ra l  r i reasure  Lr f-  . t  t t

t i re  u r r i ta r l '  o l - re ra tc - , r  i ' I .  i  c  + 'h^  \ r r , .n t ra l  c l - t iaL :LO^ o . i l  F .  I ihen  no- 5  - -  -  
J '  

t  - - \ ' ,  v y r - \ '

rnnr ' l rq i^1r  ' r r j .se.  we cenote r t :  l :1r  L ,$0,  v ,  E J  .  i r - r  f  : ]  u , :  a t tac l ier l  cu v r i . t -  L t ; J  I \ r j t  ( 1 .
J  

r , . . . q L Q q v l l E \ - L

(n) = l- Lf;n,., , f.,l .r



'
I f

. ^ c
funct ion tL,3,  @Ca>] which is niaxi ' rnal ,  wi th the property thaL

-  
r  c le ta i - l . s  t3 l )  '

i t s  semi -spec t ra l  measure  fu  ver i f ies  %*  
f  '  ( 'See fo : -

. -

fn  [3J and [a ]  we a lso p: :ovecl  that  
, . r i

__M f , ,  ; c< - l ) t  .  -
)  F  \ C  

u " J " - d , ( r c i l 4 , , r a ; ) - -
(rlt: &,&)= ̂,::,t,  ̂r{4, 

j'
r.ti-

-  \ q  (  ; ( t , - $ t l  f  t
J

I  K'5=o o

l r ^
:  (@rc7*6ros e 'a)

In  fac i  ! ' ;  is  t i re  spectra l  d is t r iSubion ' : f  the rnov ing average
. w l

pa r r  { u -3 * -2  o r  { r , " , }T .  we  a l so  i r ave  t o< "AL f l < f ( 0 ) '  A l r J  =0

;++ . [  +  lF  i s  u" r . r * i jn t i . rAL f  J  =  I ' to i  i J : r  { t " } : : .  
i s ;  vh i tc '

J - I r  1 l . - ^ Yr  I I J - o o  
.  . F

n o i s e p r o c e s s , A [ f ] 2 L L t , l f o r i i n ) l . ' r ' i i . i t € n . o j . s i t l l ) I o c e 5 s i l ' P , , 9 - -
.  ^ * J  . : r  f  - . ' l * -  ; -

v ih i te noise process containecl  in l t , . l l l

C o n c e . r n i n g t h e f i r s t p a r t c l f p r i : < 1 . i . c t i o n p r o b ] . e r n s , t o d e t e r -

rec i i c t ib le  par t  f  - ,  o f  f  ' r  ,  i t  i s  ra t l :e r  d i f f l cu l t  one '

. , ^ ^  f l t - A  ^ i  =  n  
' ' r t r n  

, r , ' l  =  0 ' f o r  a n y  h € f f i o
F r o n ' ,  t h e  f c " r r t n n l a s  I ' L i l  ,  9 f J  =  u  r I  L t t  I  : j f l  -  \ /  r

and

i " -  n 1 = : i n f  [ t [ f - - n  f , - h J
i  L g f  '  9 t  I  : t ' ' -  |  L r l  r r  '  - 1  ^ ^ J

LeN""
,^

we can inter:pret f l  = ir-rg, l ike on orthogonal ( in I l  )  clecor,rposj-t-- ion
'  

U , O
o f  f .  w i t h  r e s p e c t  t o  O G o .  F r o r '  t h i s  i t  r e r r u l t s  a  k 1 1 < 1 ' o f  c l o s r : e s s

I :

.  o f  i . ,  to  b(o,  l :u t  the pro5lem to Cescr ibe t6 is  e losness '  i :y  'an 
.

I

aproximatj-on procec' l t tre seel-.rs t-o be very corrPlicate' I lor 'rcrzetj.#.tt t t
d^\tu':L"S5'--

s o m e s u p p l e m e n t a r y b o u n d e d ' n e s s c o n a i , c i , c n o l t ' l r c s p e c t r a l d . f f i F ,

s i r n i . l - a r t o t i a t i - n ' p o s e d i i l ' l r ' i b n e r a n c l ' l ' { a s a n i j ' i r ' t h e m a t r i - x v a l u e c l

.  case IS]  ,  vre shal l -  c le ternt j -ner .  - i -n  'c i re ' r re>: t  sect i "on,  f  ,  
aS a s \ r l i '

( in  s i , rong senFie)  c f  an i l f j -n i te  ser ics o i  c lcr i :c r r ts  f : :<>rn ' f fo .  .
t

.)

to  any  X,  ( f i - va lued semi -spec t ra l  r i ieasure  F  an  o" ' ;e r  L ' - l ioundaA aua${*

I

\
/ r \  ^  / f  .  \  -
t T  l a r .  - w ;  I  -- K  J  J  J



I 6

4" Linear pledigtor,

'  
, '  Tire supplenientary boundeclness 'cbncl i t fon 

on F is the fol lowi-ng:: :
:

there  ex is ts  a  cons tan t  c  )0  such tha t

( 4 ' 1 )  
. f i r u "  <  r < $  c - t a .

'  
I fe shall  begin with the fr: l lov.r inE
'  r .  

-  
t  

:

n h a h n d i m ? n r a  t  ?  ( l  , n .PROPOSfTfOi. I  4.  Let  F he an {( f , ) ' *val_uetI_seni-snectf ; r1 rreasure

9n' I ' ,  tE,q @cat!  I :e i t -s-  Jnaxi-Ljral  outer fu lct i l ln,  -arr<]  6;=@rolr@ca>.
l - - -

I ! " *  [  v q r i f i e s  t ? r e i ' c g n d i t i o t  ( 4 . r )  i f  , a n d  o n l ] i ' j f  { - € r T r @ , C f ; 3

ig.S-ft"".A"A .".tlru- frrn.ctionjrhlcLJras a Fpupc"lgd alalvf.ic ilvcrse,
4

F,^ =F ,  C, i i r r  U= Cin- ,  F a i r i  ther-e ex is t -s  . j , i ,  j -c ler r t i f icat - icn of  {6 .F @tai '
\ t  "  

-  
-  r - '  ;  

-  t ' - ' j

ryi!.il arr inveriabj€--ls-qlic-rige]Il*c funcrion le ,t, #orl sr.rcir tr.rgr

'  t '  ^ \  
Q C o l  =  G ' /\ 1  . 2 .  !

I
r - T- r,€t tt , t , QIOJ rrr an io'enrj.fication for t g ,.f, @/al !.L,roQl:..

. t a -

'  as  in  p ropos i t ion  ana { t ,e , t (e ) }  l :e  i t s  inverse ;  Then there  ex is t

I t s  0 , . t . )  anc l  t ,u t . )  anc lthe ,Fatou l i i i i :
= l

'  ' r  T  i + { - ' T  i r -.  t ,  a r(4 .3)  dr  =  U"+ =. f r  9( "* ' ) '  I (e ' ' ' )c ] r
- a

t r o r a n y . t r i g o n o l . e t r i c p o 1 1 z n o n r i a 1 p a n c a € e w e h a v e

t l i

,a)  =# l r r  fcd-) ,y 'cei l ' tqf ie<
o

) l *  $o" t f  d t

2,Tr ttt r. ; "'

i ' lpre-) lnd,Irct la,cL) 
=* 

l ' i  
. icet*) fceit)a- f i^At >

o o

\
&1I

t f pcut'l ltd ( Fc*la.
o

. t r E
< ll f ll"#i t y'reit

- * _ - 1
€tt I L{

27r

v * ttf lt-- i ]' 
'pce'*l 6 rci*) l"'"") o-11Ldt



# rrVlr-" Y, ,r"'*, l" rto-n* dt

hrtflt-'J Y et 1
' ' f

t -L u0 11* \var
L T ;

o

i . e .  F  . v e r i . f i e s  ( 4 . I ) .

'  Conversel l r ,  s t lPpcse

the sPectra l -  c l i i -a t ion of  F

Cing to E ,t l ' ren

L 7

' T T o

where d and !f,are the multiP
J J

uy f , tu i t )  respect iverY , f  , * t
J

continous furictio" 
Y 

on !f l rve

2.fi,

operators

sul ts tha. t

l i ca t i on
t - '
L \  T J -

l .  l L  ! 1 ' t

have

2,8

l rp"L{
l l

o

in  X (€)  generhLer)

f r r r  any Posi t ive

that

and

F

( j

v e r i - f  i e s  ( 4 .  r )

i-s the unitarlz

.  r r  L X , V , E l  i =

operator  correspon-

,i

def- tnes an inve:: t ib ' le operator f rorn

'u w. i th the s l : i f t  operator on t t2 (6) '

,)
i i"  (t) i ' ;hj.cl:r

c l e a r l y

int-.er:tv'rtne s

: '

T,

y ya{iL Qlogzto) o I G *€Zr o> 5,Zcot o)o

i l u
a l

IXe  l l  =  l l  . .1  '2€ ' \v )w t l

. . t ,

= (@to>*@rc5€Z(a) a",52co:a-)=' i l 6ro;g:f6]cl.i la In" tl*

X (T t.r*t'o*) : T 
t'*'o^

X*t t

Then

X ( O v ^ k * ) :  n  u * x x * = t o t
thi0 \)ro

A t 4

rhus f l  U 'Y,= tQl  r ' :h ic i r  i rP l ies
a21b 1

that  r , ' re have f ,  
I  

U 
.  

oJ:v ious (4 ' '1)

bounded atrcJ tire corresi.'cn(r,ang @-
'  ^-t 

Tirr:,  one:, 'al '-c.rr 6't  i l terttvit lc+s t- 'hd shj"ftsr '  t l l t ls '  i t
inverse @"-  i i . " . .  oPera l -or  -  +

treconres frorir 'at bc;r indec.," anali ' t i -c 'Functi<-rn 
{ Fr 6rf2Cflf  rr lr i-c}r is t ire

c
i nve rse  . ' f  t  € , @rat \  .

(1 : y  t he  fac to r i za t i on  theo rc r r r  [ : ] l

i rnpr ies  " tha t  L t rg ,@ta l3  t=

is  a l - 'oun.derl  oFsraior vi j - th botrnc' je ' i

r - ,et  uE cor ls j .c ler  lhe qrpcrator X;F-+f,  c ie t tn$ ny ) i  = 
" t /2Q'(c)

v;j:ere 
"= @(o)*- g) rc) .

lie iravc
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:Her i i , . : i  X is anuni tary oi :e.rator f rom 9onto S.
.  T . Cr r  we put

then v,'e have
f c^ : : x@ca> a e b

Sc"i --XCI(o> --_Gtagzro) @ror - Gh
I

c lear l ) '  l t t . t  {g ,€rQfefJ  i=  an orhe: :  j r lenr i r i .u* ioo or  g .e  non*
f  / r  r i :  '

func t . i . cn  I -C,J - ,@(^>t  .  The proo f  i s  f in ished
a

T ^ !  * - - - -  f  -  ) + 4  '  
' ,

tueE no\ , " '  {  L" t '  i ie  a j :s ta t . j_onar : /  process v" ,hose spectra l  den_L  J r  J _ d .

. s i t ' - y  F  ve r i f i es  (4 ; l ) . ' r t s  p re i i i c t j - r : n -e r ro r  ope ra to r  [ [ f  ]  =  G  i s

then an i .nve: : t i l ; le  operator  on. t  .  r ,e t  {g , " t r * -  be t } re  r*a: , : in- .a l
.  r  _ Q

t  1 + 4
v rh j . t e  no i se  con ta ined  i n  { . t " ! _ -  }e rn .o te. -  t  l ) _ a  .  v - .

.

r A  r l  
' ' l / 2

\ 4  . 4 1  | 1  =  G ' l  
- o

n r n

'  (  t l a s
f hen  I  h  [  . .  i s  a  v r ] r i t e  no i se  p roces .s  such .  t haLL  f I  ) . - o o  ! , l v v u r ' a r  o u \ / r r . .  L 1  l a L

ff . -. l  f

t Lltr., , ltr., ] 
= TF '

l !  t l ,  -  
s  

. :

[  , r" !a is rmdlisec innovation prgcessThe process I j i -  q '  is ccrl l-ecl the .no:
.  L  n t' L J - Q

. ; ( - r * a o - - - - - - i l
.  o r l f _ . t '

[ ' " n J _ , o .

'  C  ^  ^   ^  1
r '€ t  l6r t r@fal !  be t l re  nax inra l  ou. ter  "nnct j -on of  F . i -c- lent iJ . . i -ed

. E S i n P r o p o s i t i o n 4 . T j r e n t } r e g e o ] n e t r i c m o i e 1 f o r p r e d i c t i o n c a n

be .  c i rov /n  as  fo l l ows  : '

,
{ - / ( ' \:  L , L U )  , v.:= r- | re;

\ r  = (d lF  0ra , ) f t )=  @(e, * )av * l u  
)

i F -  1
f ]  =  tho rnul t ip-1_icat ion vr i i l r  e t t  o i )  L . ,  (6)  ,

? ie  havc a lso the fo l lovr ing ic lent r f j ,ca 'b ion for  our  processg3as

crperators :fronr F rnto i ,2 {.{) :  
r
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fr, : a ----+ 
"-int6(.it) "

l r : d -"n

Let  us \^ / r i te  a lso t i re  Taylor  expansions of  the funct ion

\ € , t , , @ ( ] ) } a n d i t s , i n v e r s e | E , Z , e L c > > 1 u " f o l 1 o r , - s :

' r \
( . ,1 .s)  wL

1 / 1  €  ' l : r  ^ K
t r \=  GL/  t '  +  L A)*  A
t 

,r-- l

es

*f 92;l^ .
K = l

pRo})f,srrroi; 5. !$ I f^1*- L€-. f-stationar:'--nlqiiqss-ljg-gc
i - r r J _ o o

.  s i - :ect ra l i  c l is t r ibut ion F rzer i f ies the l )o l1n( ' iedness conr j i - t . i .or '  (4  "  i )  .
_ . - - - - . : - - - : - - - - F .

Then we have

' a

. t ^  ? \ ,  +  =  L E h *' t ' I  
"  /  /  rn  

E.  
t \  ry l :K

v;lrers: i:4g-series. are supPosgcl to i:e -ciXyg-€ggft- in the.-stlo$l !g,pe-
l n  r  r ^  \ z  \logy on K tU ,  )< )  .

r - - - r J i .  ^ ^ - i  ^ * ^  C
Proof  .  ' , , Iork , ing. rv i th  the ahove i< l .ent i f icat iOns,  for  any a €.s

we have

and

l-=o
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ancl

4

l
,LJ

k : €

a-rl 
(na-r<) t 

rr"r*)EZ &, :

series and the conratutat- ion of the

which appeared.  d i , reys is  ver i f ia i r le  in

::

cU.st r ibut ion F ver i f ies the l :ouncler lness conr f i t ion ( 4 . 1 )  , L t , 6 , @ c t t \

be the at ta-c i re i  nraxir . ra- l  outer funct ion ancl  {Ert ,Ez(a) i  be i ts rnvel-

sg. Tllelr the preclj-ct-i-t--le p-a.rt 
i * f is given l-,y

6

Y l  r r O
) . L , : I

F" 
r t@-D-iF =

n

rihere E.. is

'
Thg precis.tiol:srror o-lErraror a [f ]

( 4 . r 0 )

Proo f .  F ron r  (A

i
t--...-

rf\E.  =  )  ( * )  a ,
J tl , "lo+j "" i 'r. .

h = o  
I  t l l

I

1 q

f l
and

_A

. 7 )

t .  ^ aa

= G'^4^: Z A.
k=A

6_k_f+ =
, 4 r

i : @(qx@ro) .

&

{  a  - Yf{ }^"- t:.

( 4 . 8 )  1 , / e  o } - i t a i n

= |e @te,*l X et"r C>*a : z'& @(eG) SZ ce{u) Qt :

The., conve

op.erators with

an obvi"ous niann

TTIEORRi.I 2

( 4 . e )

rgence,  o f  the

the summat ions

6 r

.  Le t  { t .1* -  i regFst -a t ionar , , ,  p roc-g  r . rhose snec t ra l
t  t t  J - t *

m-k
0n =

n-k
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t l e l  S = o  
i  l ' r , - K - s

ea

/ f -= L I  L
i= 

o P+s'J

o o i

n  - ) \ p  Y ( f  @  C >  \ P'r*0"*)*. .\ .: h\?:r*'"-i.iltu_u-, -'  .  I@-D_j  j=o  f  
- -  

v , - t ) -J

, .

The convergence of the series ancl the cctrnrutations involvec1

are  eas i l y  ve r i f i ab le

fn su.cn a v/ay vre can

us ing  the  l - i nea r  ( i n f i n i t e )

l i .nea.r  predic tor  or  Wrenet '

*

obta in the

€ . i 1 t ^ r ' ! :
l ! J  L . g !  r , 1

I

f i l t e r  f o r

,\
prec l ic t iL , le  par t  f *  o i  f '

-  r -  so ca l - lec ' ]  theI  - ' . t  '  .  . .  t
L

prec l i c t i on .

1
t -

,F

l

>.-'.lli
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