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lT o t o t, i 0 n $

f . ,et  H bo a comnlex separablc i -nf in i te-d. imensi-onal  l i iLbert
spacer r( l l )  the algebra of  a l l  boi ind.ecl  r i .near oi :eratorg on l I  ,j { ( r t )  'b}rc - i t l t ra|of  co; i : ; inct  o1:c:- ,atc i , ;o c7 ( I . i )  f l . rc rrannch , ,u, , , "*  o,
nuc"Lear ope:r: 'ators enrLcrwed. with tire nolrri l | l i f iA _ ,jr(]X.l 

) aircj. Co(l.I)
Ithe i{i lbe:: 't npace of' I ' I i lbert*schmiclt operators enclorveci 'r it jr i 'e

nor t l  nX l lZ  =  [ r . (5*3 ; '72 ,

let u($) be il1e gr:oup of u:ri-bn.ry ope:.ators end.oi:,,ed i.rith the_ _ _ - _ _ ,  v L , , r e { n u v r r  u : - . r $ U i J C | l  i . ; a t n  t . t l C

o t l ' o ' g ' -ope i ' r i t o : :  t op . ; . l . og ; i ,  Uo ( I i )  = , {UeU( i i )  ;  \ r  *  I  €  L , / . r i \ l  - . __ , , -O '  L ' - v \ r r t  7  t  * r e A \ 1 1 / J  e f t C O W e C
r v i t i ' i ; ] r e  n o : : i i ' i ; o p o l o g } ,  ,  u 4 ( l : )  =  

t V € U ( ] j )  ;  t r r  *  1 €  n  / : r r 1  ^ _ . r -
r v ' i - L h . ' i ; h c  : n c t r i c  r i  - ( t r t  i r r ? )  

' t 4 /  t , o  
. -  ,  .  

" n t r t , 5  c n c l o t : l c d

-  
- * -  * A w  t v " )  = l l  f t  * . i t t t t l "  a n i l  U . - ( I i )  l ' ,  / a r t r - \

1 1  1 - .  n  / ' " r f  
" { '  / - ' ' - '  

=  
t v  

( :  u ( J i J  ;
v * r  *  uz( l " i ty entLotvecl  r ,v:Lth t i : .e n,eir ic d2(r / r  r r ;*)  = [ . i l r  - "  V. ' l | ,  : .

LCoirsii icr nlso i l:e .bor:o1o,1:..c:r,-i. 
i l .ro1r# U(oo ) l.,r:ch j_; . l;: le . i i_""t

l-ir:rj- t o:il i;i'tr: c.Lasu,j.ce--l- rirrrta.r"i) {;-Tol'p$ ij i;:) l.r:r- i;ir r.t;speci; .bo tne
. i , ' ,  ; . r ' l , , . 1 . 1 . ] . r ; ,  ;  ; j

/ ' \," , ', \{ ii l ( i . ) n  r F * - - _ + {  i € u ( : . i ; . t r )  ,
\ 6  r .  I

fhcrc are Crj l lerent leal l i : ; i ) ,r: loj1f i  of U(oc ) as a sr,rbg:aup of U( j l) .
T'1" 1 ,. I* tvnlne [ i  

-Ls B$3r o::thononna.]- besisl of '  ] I  _*.r Lt _.: _ .

r- i i r*J.r"*o*' of { *,,  . .  r 
i : lc h" oc:-totcs t i ic

_  
\_4^2 . . . re , , t  ,  i l r cn  r ve  ca .n  i c i e i r . i ; i f y  U (m)  r v j_ ih

I

tv  e u( l i )  ;  y l l ler in = r  t ;Jor{ i ,  fo : . . ,  some n € n l l  .
' J h e n  U ( m ) f  T : t . f T . r \ . t i  ( : . r \ r  r r r : T \u ;  I  L  u t t i l i  L  uo \ . r i /  L  U( i l )  and.  U(oo)  rs  dense j_3  c . r l
' L l l n t t r n  d r n r r : \ ^  . , . - :  J - 1 -uj,.\- iJu 5r'ou.pf3 lvi i ;h i :r:sl;ect io the: ' ir  res:0ec.bj-ve . i ;opo10gies.

l i in i le l ly ,  s ' r ;ar t i -n3 wi . th  the cr .ass icar  grown 0(n)  rs ,c(n) ,s0(n)
r r ' r .  S l ' T / n \L'J- ,  r )u!-*rr  o*e can d.e: f i : re the c_:Lr:ec- i ;  l i i : r i i  [ : r .ups 0(m )rsp(cn )rs0(<r,)
or $u(co )  3 'cLipcc'r ; ivel ; i .  ; !1so, the f ; ror i l  s(oo ) .  o- f '  f ' : l r r i tc  perr : r l ta*
tions of i,T .can be vietvecl as the crirec'b l-irnit of the rrl,lmet:-,ic

.  r r ' ' r o t l ' l l n  S  1 -  \  n . t r  . . - r ' l
\  k \ ! L / ,  v L  L r r r  - . r C f f l U - t a t j . O f r S  O f  J l - ^ - - _ . 1 . ) I

N  t - ' ' " " r r 5  |
. \

\  j j } 'a l lo l) 'cct jc l l " i ;a 'bj-on o1'a toi :o1-o,1; icc.-1. l i : rou-. j : )  v/u sjral- l -  a. l . r , . i i - ;gs 11eo.r"r' ' \
\ '  . '  

' ; " .  
' "  "  " ' l ' r

-  \ t . - ' F i : r r r . , ' r , -  ' . . ^ *  + . * - - - -, ,". t .  -)oi l t l"r1.1t0Llf]  u-n"itr;ry rt: t l : :er:eir- i ;nt ion ol i  a Hi1b:.g yt space*., ' , $  
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$ 4" Eega};Siri}lgg=rgprgssgleIiepg'

f I i .rteyi[gE]r:l:ows ihat al] ir:::dducible
The classical i; ireorem o:

ns of  u(n) are reel izecl  in epaces of  tenso: 's of
ropresenta'ul-o:

deteryaj-r:ed s;rutetr;,r ty.pes classifie;d. i:y cec:r:easing n-tui: les of
, : . ,

integers m,t)rm2},  , . . ) r  En ct l l - l -ed t ts iSnaturesrt '
- ' L U

I n t } i e j . r r f i n i t e . c , i r n e n s i o n a l c a s e a s i r x . j . l e ' l . r e s i r l t i r o ] . i l " s f g x . .
'  r r  l r t \  

"the ITrouP U^ (nl .
. U

, t

segpeture Io',>, Ya2)t " . . ? rtn), O consid'e x' th*

-  
. ' , .  ; * .?

L. tL ,  $oy  a  pos i t i ve

ttYorrng d.iagrarnrl

the royri: o1' r,,hich }:ave lengthc ,"41 . o o 1-r'il* respeciively ar:d' incc::i

- - 1- - -^- . t 4 rfl 1.1I l'r fi 
'i-r)

i:'1. s'qrtare* 
'tlie ntunbe ::s L12, " ' n eI!1 e \"'11e:rc

.

.  
' .L r .d

f i ] l in.e f l rst  the - i j . rst  colu: :m, then the r leconcl  one and so oso I 'e 'b
, !  + J - 4 + * r U !

S ( l i )  eo:rs is-b! ' : : ;
P and.. a be the subgrouirs of the sytru:rc'bric {i-lcup

t !

of those peranutations lvhich conelerve the ro\"trs of the Yoru:g de*51:]anu

'  - ' - r :  -a l  Pennuta' t ions)"
and. reepectively its columns (horizontal and. vertl-ci

I ,e t  e (q)  denote  t l re  s ign  o f  a€  S i ( r ' r ) '

cons ide  r  the  representa t ion  f  o f  u (H)  on  I f  =  H6" '@1{  e

(n times) ' given bY
l n m

F(v)(rg*bi) : p, ul, i
**rrt*i,ior, $ oi' s(n) on I{* given bY

n m
Tr (c r ) ( fd ln t j )  =  

$ tq r l ( i ) -  
' i  r€  $ (m)

and. define the linear map "R : Hm *-*ry Hm by
q  . d  \

,  f t  s L t( q) St(q'P): '
( P r q ) 6  ? x  Q



'I?icn lt(H]rl) is

a:ri iii:g *tg;q"SH.!iW
ge;r!*-jjsr el u(ri)

A

an invar.j ant r: ui:space

g sji F is t,(iinr)
( F i  J , [  r  J o I r f ] ) "

_  v .  .. : -rr '  . [ j re 
S(V) ,  ? € t i ( ]{)  ,

-ll, -ili "=83:*tJlij,_b.Le. .]j)i;e*

i l - ,2, ' ihc f i i l " lne co] l i : : l ' i ; : : ' i l .ct : io i1 appl- : i -cci" ' i ; ' . . . r  11., , -  j .1r- :1;c3,C- o-,1 j j .  l ; : i - . i ;h

restrect  to 'b l :e s:Lgnetnrc ,n l -L.  . . ,7 n0_)2 0 ,  (n i  = 0 for  j  )p n) ,J
yieLck: an irrecl,rcibr-e .1:;]presentgt:ion F,. of u(Ii_*) Er,nc. i* : i-gJ'L lf. '

app*-r:*nt that g luCar I ig i*g. eqJ&L*} Iu,igq"! &H:,iJ p;_ -Lln fr",g.

{-o 3" fhe ;:ePresei' l tatioris p of u(jI) clcscr,rbccr j-rr *.a, r./ej:eJ '

firc'b consicleredr by I.l:),Iieg*l([rf J; ,t,rho p:r:c;.r*il t]r.at J*pgg ,.i,:,.g. _!A*
gL; j.:*-*lrtg',.I!,s -reJj:gjit-i+-l&E ttgp- s.S u(H) ii]-iris},*r:ltr -Ig[v-]ilg!gg
-F^ '11 / ' t ' t  \  - r  . -  -  ^
"-g.g -$il}l u(lin) ' *eslql}i)Sgq, -qJ*;i ;1;rl 'lllaq;Iip;L*.p; Jg[1Jiji9j.:V-il,;J":.r*S g:
t t / r .  \  -u1i:'-,"/ 9.9.!:J!-'1j{ilp;?All13 -Lc- ffs,t3*{ll-{i- .{!.;:$tili*:_cji" -i-:r ijr:iii:,lte 'L*r'r,r:i:rolo;v

thc; ' . ' - r  i -  :L 'e ce. l .J.cci  rrpl : . ; , ,c: ic i l1 ron-r. j . ; j { }  jLt ; . . t  j .ct : r- t : ; r l  .

l-.4" ": -q.'L-x;i|-t lto*.'il''-,|'cj.*sJl s.:,. -i,^rlg, s-t:.1'::v,*il{:.:0*j.*yJ "l-} 
{,t iil .,}.)*1jr--j".q,ij,

#i i*i$"r ig -e*i[?*c."tgLg "*; -ilr.:*:*{itJu*. r!)-t:,;-rl9,jt-r-r;ll'i.rx g,i uo(ti) ra:!"$
S# g$*$gly (rr.ot neces:*,x':i l-y poritrve) ;i ig:**lUg ".rJi5l A"ti.i i_.i,r,it lo.u
(t 7 l) shovrecf i;irat -glg ;\ftggggthJs, *qt1ge.gc*l5fg!*9n $i Uo(ji) *S-
p.FjPUlsg f* rlUfg l*ffi. ilowever, the general construction j"nvolves

*iixeel tensors ( tensor p:'oo.ucts ll lee j{ @- ., @H gTi g. . . @E) anci ihe
s.i'gllmcnt j-s no longer a straigh'i;fo:riarci c::tcnsio:: of the fj-:rj-te-

dlncnsional case (see[ * ]r l ,ei-r : la {.)  "

t roSo A. . l r - . l i i r i l l ov  f [ *  ] l  a lso

n -ia TI r'ir \ -'i
x. -o\*-r ,-Jr- ,e dl.E-Uigi€ gilc-q!

A eimll-a-r st*temeirt is pi:ovecr by

3. 'eprescntat j .o:rs of  t i  (  j I )  .

\

sborvsr thet -*Ja.g.$'' €q3ggflgf_Lill?.*g*

.g$* 9.9 :*;i:eg:Ls-l-h.l,e -tq pJ*-s-_ql$..d3,gqg-,

f , i J "Scga l  1 [aJ- ] i  f lo r  p i :y * lca l

\
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l-.6'.: For U( oo ) howeve rr' i;liere are tjls-ni*."olh*' irreciuc;'- Llle

o'ircct l inits of i ' : :r 'edu-yepr'eseii ie.t j.ons, for i irsiance e':rbitrary 
I

c lb le  reprcsenta t ions  o f  t i re  U(5- )  t  s '  
/

Iretr. for each n € H , fn be an j.r 'reclucible repre$entci ' i ; j"on

nl" rtf rr ) r 'nd assru:ic that f ,, "1 fn-vt e i-. e. 1 9o-nl- l. U{i:n) t ' :tt:
u I  , a r r l 1  ,  G i *  e u p e s r l v  

( n \  ( n )

tains ?- .  . I f  ?* corresponcls to the siSnature ot" '" ,  "nn )n| ' ' - '  9
J r r  

-  J n

then

p I  p  .  ( * , )  * (n1t ) t  
" . ( * ) :  

- ' ( r i+ l )  t4-  a ;  <  n+1)  r .
Jn '  J n+'r 

* j- t  '>t * i*I)r  t t t i  e \

anrL i'ii this case the ruultipl-:ci'ty [fr.*t t f,, J of fn in fn+1

is e:tact l) '  oire (t231)

$inee P- < fn+t , there o'Te isor'retric iroberlclings
J N

ir, ' He^ ***) i16P
'+ In-t"t

1  - - ^  '  ^ -  -  - . " - . .  -

such that  ( f * *n lu tH-) )  o in  -  in"  f *  and ' ,  moreo"rer '  s lnoe
J It+'J-' ;l

l f l r rnt  ,  f r r ]  
= a,  tho i r r to are r : i : ique ul i  to a sc&]ar fac*ci :  of  rcc-

c*rle {-, 0n :i:?re conrp-Le*:i.c:i l lp o-f th.e i l j-, iect I ' i i l i t  oil t}rc HP-to

aio:ii:: 
.b}ie j,.*' r; tlt.c:..i1 j l l a ir.'",u.'r,'a1 }\i-i) j..{.;:jen,l;*".;ic; l P 

" 
j. U(co )

$  
^  

i ' r " r ' ' r u r n v . *

w h . i c i ' l i s i . n r 1 e p e i : c 1 e n t o f t h e e h o i c e : ' 1 h * ' " l * o .

.fh,g qe-pgprs*ep-.te-tlq* f 
* (f+a fz{ ' : " ) -u, iq:glg-c$}s it'isl i-d9

d*r"*- i t-* f  ,* (fo{&l .":) d f '  '^ '  ( fd<f}{ '" ')
J;-;;;r #-

erc s.$r,Jeti:P! ;tg -*g sslx ri frr is- '*sul:rpl*-*! 3s' f; $sJ *Ll'
. , - , . - -  -  f ' r - - a

Sgg*lg;ggil,"X ]Rggg, i l 'g ($ 'Stri1ti lHt D'Voiculescu'Ld/ J' iII "2) '

L,7.  Later ($ i l  \ i ie shal l  associate a Cx-o' lgeb'a A(U(m ))  vr j " -b i l :

the factor representa'bions of  U(oo')  and ($ 6) f ie shal l  c l raracte-

r ize i ts pr{ni- t ive id-eal  space. Since A(U(m ))  is  noi ;  of  type 1'

t}rere appear all the patholoSi.es knor;,ln for this c&se" f,et

mcnt ion that 'A.A.Kir i l lov ( t  f  J)  atread' : r  poin ' i ;ed out ' thal t  U(o )

is not of  tYPe I  .



4-,{t ,  I iesulth simlrarbo those abcve p::ecented. for , ,U(* )  ar.e
t  

' t  
-

v a l i c  f o r  t i : e  E r o u p s  0 ( o o )  ,  S p { m )  ,  $ o ( c p )  ,  $ U { o c )  ( t * ) r l a f 1,,

l
I

?:!- gcp :re s entati.on.s .

'  Jn the s i tuat ion.consj-dered_ in 4rt ,  & theorern of  H.{{eyl  ( [as J;
for  inf ln i te-c l i i : rensiona. l  f i  see A.A.Kir i l fov[*  ] )  asserts *hat

: ;he conirsutant of  i tuCi i l l  
j -s the t ines,rs sparr  of  T[(S(rn)) .  A s imi-

lar  resuLt holds for  i i r f in:- te tcnsoy proi lLr .c 'cs.  i {ovever thc l :epresen-

taticnsof U, (i l) arising in tl i is r '/ay ar:e factorial nr *.rnn T'r-- 4 - ' ^ - '  v . . & v  t t ( u J  u  v : L  t r r y y u  a r @  ,

&s we sha l l  see .

2"L. Sonsrder an erbit::alT or:thonoEnral slrrlterrr od in H ,
( , -  \

:  e (  *  t . u t - r u : s o o c a a , - ; n . u )

antt tlefirre tire i{j-lbert r}pace V{" a$ tire von itcrunann in,ij"rr:r-te,
.' i ;* i : ,r i* i" ' ;p:r 'o(rr*b cf a $sqli i : i rc* of ;+11i.r:*: o: i  i i .  aJ.a:": i ; ;  i ;hc sj i l r . :r- i+7rec
'  

. ! 6  ,  - i .

aC ([af ] l  .  Tireie ar+ nl: ' iural rcir- i . 'e$etltei ir-a. i1s (oL of U" (; l)  and. )  L '

5t* of S(m ) clr1 W" sr.icir t i iat

f '{(Y)t.q ti) = 
,9* 

rf, ; v € %(}{) ,

T [ " ( s . ) ( . Q f  , ) = A r ' .  ;  c e  s ( o ) ,' - " i e 3 i '  '  
i E i -  t f l t i l

for al l  deeonposable vec' iors ff i  [  -,  e Wn' ,
F L s i

l '{ote tirat fo is t}re represerrtation of Ut(11) associatecl

vsj-th the function of pos:Ltive type
&

.f* (v) ='f, ' (vai l ar ) ; v € u4 (;) .
i-4 d J 

-r '
r J - - *

. 2 .2 '3bggg .g ,3 . (q ;s t r : i t j . 1 i i ,D .Vo icu }escu [ r r1 ,Y ) " IhgM

f'( g{ u,, (i-i) gg Yt* -{g a r,acjgf gH"Le;l-fllq.e.[i.on Sg S"g rr* gJ}g
J

. J

-t*s .Lqg*t**-*! .9i: f"t%(ii)) is,..Urq, ao-:t ll*;+ro sLrs.]?ss nelreJ:alsg
\;.,, r lfo( / q/* \ \. v J _  r L  \ F J \ r r  / , r  o

\
\.  , \  :

':/
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2.3. Ti le i>r 'c' l ' I '  oi- "; i i ig TLrcole:r

i;'ir*t ol:.i cot:side:rs i;he cii.iie

tli^e o:r:'c}:ono.rrtai 1:ais:l; ir;'i lller,:.r.-t.c o'i

and onr: ctefi::er; e*(u) o:rlY fior
.)

'1,:l-ll:r"i;c. l:rr "Ll:.: 'rr.: oLr,sic olls ilr'oviifi e

usirrg th.e conu:rutation 
"h"cloren 

of

g"(tu{* ) ] is genern,ted b;. ft"(,:(c,r )). T^b i$ vfe:l.i ]cn.tl',,;n -bh;lt *i:r.e:

left r*gular r'e;:resen'cs'r;ion of ,$(oo ) i"s factoi':Lsl of t;r 'Pe l ln

and r'rcrn tiris CI11c itrJ.e r.;.: tirnt Tf* (S(oo ) ) geneia'.uer: a i;;rpc JJ"t

f ' ,c-bo::  ,  he*oc f*  : i .s  "a 'bype I- t  faci ;or  rc i l rc: jcntr : i iorr  o: i  U(co )  '

P,;, cons'Eruc'bin{; a:: j..i:t.iiit-:i-te fi',:rllly of vi:'utlta'1i-y OrtilogonO'l rinrl

-1^^ . . , ^  . r - r - , -+  a4  4  r ,
equivale*i;  proiecti .c,:rs j-n' . f"(U(oo ) ) '" r o'rrc si ioir 's 'bi: .at 

f  . '  
' "*

aetr.uel ly of t ; ipe II* " l lorco' ' / i l r9 by a d-ircc-b co:nlrutatic:r o:: '+ l

el:t:iil; tiic.t 'biie fr:,,tci:'io:.i c;i iros:i-.-i;:1-'r't t;;pr: T* 1i r'-r:i-ionir-i'.i cor'i:i*

ilu-cLr.ri r';:l.*h t'e * ,rr-.ct -i,r: 'hj:ic i:ret:'':lc o-i:' Ud ( ii) anci hc'r:'ce f 
"t r;;:"re "rt'iil=

' i ; f: l :.1 I",:: j ..1' i: l i) i-r.-r 
.r;r,, i i .-O::1 i)- '. '  i io". i ;t ) "

l j :.Li: gCri.;:,: l-1- Cilf j{} i ir. j ' 'r i  r 'Oll O',r '; ' l  i lU':} i;L) i; i 'r 'C :i l ;C i; 
' i i ' iLi ' t f i1i '0:!; i i"rrl: i" l iL;tY

l i l  6  t j ( i ; )  c ic i ' : i : i t . r : t  L ' ; r1 l iu  i ;o- , :or ; i : l - i - l ; i ' l  i r  h*)  l id* ' / ' . i  cr f  i lO( f : t )  6

?,4. idol'r, givc:-r ' fr io ort}rononlal-. syate;:rc c'( ='{ttr*t '  fr 
-

in I.i , it is ira'i;ur:a.-L to crslc for llecessii1:')r aud' suffj'cient

tj.oi:s :L:: orrler t l iat t i:c lrf lpreselrte.tlonn fo and- fP bc c

ir reasona,irl-e conjec-Lu::e inr,: iht be tha'b bhj-s is the oase

onl;- if ti:.e3c cxist P- per'InLitel'b-'ron cr of:' lii t all oper*fol:

( o r ,  n a y  b e  ,  U € U 2 ( . , ' l )  ? )  a n c l  @ n € . 0  t  l s n l  =  t  s u c h  t h a t

A - r* € ti;) . i f e could prove only thc folloldng; f act
g t t u d t t )  t  \ r r e ' r ; "  '  r r v  v v c J

- e A

J

. ( . ) - .

. :
t .

i '  
" x ' l -

r:o i) ,cr r-i !r, ' i  o 1 .i :1Ti ( c -i '  . l4 f )) "

^ l  f  ( . ,  L  , . r l : r ) - r , r r  J . "  tq - L  
{ C . . , f - , , C ! 1 , . I  L . ' - 1  : L ' : * u  } * . r i t r

L  - l j ] . j r . u  { 1 9  r  
" L t  

' r

'u",,hich oncr re *l:Lr:+Lt U(4; )

^  + . .  |  \  , t - i  ^ ' 1 . .  i  a  n 1  n r l " i '
V  e  U ( C Q J  r  l T i l l o l ' i  - L - i i  u r u i j ' r

l r r r  . , ,  , ' l  ; r  a t . - ' ' 1 . , - ) - , - ' ]  - ' ^  J -  :  ^  "  ^  - i  r ' { 1 1 r ' r ' - 1
i . ' . )  A } L  1 ! . \ - :  j t  J u r r - ! i ^ i U '  r J - L ' f , 1  

" : l f - : ) t ' ; j : : i r

ii-'rJey1, tli.at th: corll:lu'btr,r-1'b

1 r f
a  r ' , . 4

A -  t  a . l

r  T T f r i \
L - r  v \ - - l

- l  
rr  

- l  
nc'"]  *

. - . /  J t  v  
d ) 4 -

r:."1;

0 i

f r. t
1 " i r )

cotrdi-

qr.r.iva,leirt

if r:"nd-

u €  %tu i
ubr' =

igggggll lg*" 
($ " S'b:: i i . t i l ' { ,  iJ"If,oicu}escu' ' [ 'df J' V) "

erg "al]]1}g3}s)j1.t *3]l ih$'..E *:s #l*l;;,s- ggti':. Fot c r.li

C 31;qg1;*rc. 1'}qg s- : lii *.FF **> rli - Foc "g,U-ej] ffl!

li-nrnflbn * 0*n'61n;ll *' 0 {g.H g}U.!igi&-

a:i-

, ,ft

R
f:.iliC- f 

'
d

fi'[ an.J

Sr, € # , \&n[ = {-



b

, t ,

.Lct us r,'1-tj0 ie.e:rt-Lon

is s.r: qrihoncrn:a.l 'basis

lnc: ;cec: ' -ng Der luenccs o: i

^d- 7a. n 
o

r fP {=::=:r)
d s

t l r ; . ' b  i f  e  =  ( ? -  .  ] r  = . r  c  I- .1: t  * l - .  r  , r .  .= ,- : i  '  \ i ' - ic: fC {e-^! t : f  € i , . i

or i i ancr- {-"{ , {;f "l"l atri.ctr; i
L  . r r )  < "  r r )  

I
po $,i-^l; j-ve :i- i l te$.l :L.s , then (.L471, '/"a 

" T ) i
(g) n-C l.i': such tl'rn.'b 1r - i rkF\ '., \

o 11' 
= J,' l1f'J rl' 7110

' $  
) .

Iror U(n) tire cleienii inai;ion of ,?.1:1. irued.u.cible :: 'op::e$efl.tations

itr equivalent' 'bo the C.et*xnj.:rc,t-i.cn of e,11 j. 'cs cher:acte::s, -i; i :at i$

of  a l l  - indecol t l :osr:blc ccntrel  fur i rct j .ons rc of  pos- 'Lt ivc t ] . ,pcr on

U(n) trit ir ?t-(t.) = {1, ' l 'he e:lp1:i-ci-i; foglu.l.a of char.actess of U(n)

is C.ue to li. i,reyl (f2$ l) *

Ior U(m ),  t i re cletc.rnr inai; j -o: i  of

cJ-c,s*if"i-c::"ti-o:r ;:o t ofj j. :':'.:'ecii"ici"ble

I.bg- p-hfirp,glgi,t,

, ' ,  t i - . t ,  . . -

ij-:i.r-:ec t

3"4,,  i i lore general l . l ' ,  le t  G be a-gror i1 l .  ancl  f l  be t i . re $et of

c la;rues cf  ccr:r jngate elemer. l ts j "n G .  I ,o:r '  S€G let  B e f"  c i .enote

its oonjugec;, class end fo:: a central fu;rrctj,on x oil G let X-

clenote the cc:::i:esporrcli.n,g fr-rnction on F . .f..fl.} hoiriorirorphisrn

(P: G x G -> G d"ef in.en ar l  opcr.at ion ; t  @t .on :
\  r '  -  - - - - "

.  A  r c r A  t n ( i "  r  
) ^  .l;3.tsz b2 fi r:i t 62

Jn rvitg'b follo','rs r,:re sh.r:.l-|- as$Lrine th.c e:,:ic'l;encc ofl a. ho;nr:r,io:,nir:ismY
.Sll!1'-|r. ,th+,t $nc, -qp.c_::a-L-i-on tr S rr on

t t|  '  bc cor:r. i lutati .re . nsgoc:!.a'Li-vc
-..n,*s+*d*2'1.,6

gjr"cl t:i-tn ncu"u::ei1 e-l-ei..,c:'tt 0 (uile r,c e G G is 'i;he neuti:ill eleine;nt- - l #  M * * *  * . * . * , * " ; *

of G ). 'Jiien. 'biiere ra:rc Lromomor' hj-sian cp.- : cn **+ G such tira-b
t 'r-l

.  
' ' f " ( t r t r " o " e f , " ) ^  

=

\
\riro:'r:hisin of



J"  2 .  Iggafg l ! "

p-o Fr,.iJJ$. !;'ng. S* G J'*lk ?* ( e ) =

a €j.4';1.j.g, Egiisy.*^'* l$p.{e*seJ!*q,-t}*g} qf G

7, (f,a@ f,i) =icYol t tf,rl

le.!
4

ix" tli: g s.ggHgl f ' , . r ^ - l - i  n r r
r  * i lu  u  -Lv : l

of  Y  €  u (n)

tclSiether i.vitir

$

A J l

o i

Then ?L is the
s;-;.; .- 

/

aI as* e*]ri ;g I
; fL,f,2 e f'

The si.mPle Pruof of this

partj-cular cases this result

proof s , by E.'iihoina (t l1 TrlZo

the following corollaries

:

theorem v, I i l l  be glven in 3"8.Tn some
' :

wae for.:rrtl, wiiir raiher Cortplicated"

ll anrl D.Voi-culescT ([3f ]

are obviorrs i

e l--$- a f:=+.ii"g- :,ii&sP;;

f i  r r i  *n  ine in :L '  L 'c3 : 'escr I *
.*-*j.!i..Y* .;.*.Y;*: -5;'*;;';#'

? ? cor.nr 1"e,ry (D.Voiculescurll/ l) . f]e -!S&r€ J]ffira5 eg -tji{s.
) o ) c  V - V : ! Y n = i ; S * : : e i .  \ # '  ' v  - ' - - - - "

*_* ' * *_* . . . * ,

gi#r.ts fp."Jel gs!-rss-e{}]Eeltg"3E 9i G' .+.t}, St-rll e iirIi-I"Q. i'ag-t-g!

{e P {g"g-qp.t.atAas G

3.4. ggl:i lggg (.D,voj-ci-rlescuol'tf ]) " LcJ G,G' he -t '$ Sroryi

crri:i r.qfrri nr:: .'hlte h.r,'r:c{;jlsfrefl -j.:,i 
'1"'r 

.eilti cr'} I G t --'*} G ,?r ,li#i}9-ll!'['*
5::--1;:1il-;;;; --:j:'r:x, $,;*tr*J*r':;*:-:-;;; ;;'

$rl"p.33' .s-!lp} i'iu"t- t4r o (ear x ao) * k' o (f'

' ,1 ' .r '13 {i ' i ; iren 
€ocrorcprp.p-e-n1-a-ti!9il o.j. '\r I *il?-- J

11 |

ta t ion  or '  G '  .
# F .

Belov.l rve consider some exarnPles.

3,5,  I f  G is cormnutat ive,  then fa = G an6 vie can take Y,as

the group operat ion. in G .  Thus, ' Iheorem 3,2 impl ies the.  wel l

lmol'nr characterization of cheracters of corunutative gj:otlpS'

g .1. -\

a c r  a

3.6 .  I f  c  
:  

U(m ) ,  "bhen the  con ju8e 'cy  c less

is detc:r:rinecl- b;. the eigerrvalu.es trO, " '  " rln of

their rnutrtiplicj-t ies. i '{e shall therefore lrff i te :

. h
V  = ' ( 4 "  \  a  4 " . n " )  .. I r . . n t . . - n t l . t * t

! t
v

1r
T



- lL{.r

Tirr tSroup l-l(oo) carL bc as lvell i :.ealjr,cC on i i6}i: with rcsile ct to

thc ortironc-rn,tal- ba$ j.$ {e, - o . . L m, { .. , '  ' t  r--c, 'rr r:r 'c. ' 'rTr.
.  L , J - r c l ^  . " ] @ t . t r a e u " " " ]  I f  ' , L _ r u Z =  u i u : r )

C U( i l )  ,  
' , ;ncn  Vtg i l v2  €  U(cx> )  C U( l {6 j I ) .  The tnep

y : 
u(* iu ut* I a (vrora) F*l**> ya@vz € ui; )

j.s a iromoilc:rpirism vrhi-ch irrtluces ojl f ilre ope::ation

{} u, . ' . o'Arr, t 1 . o ' ) S (f 
1 , . . . ,'fm, t , . . * ) = (trl , . * . , Arr, \tt , . , " , !eri}, t , . " " )

ctr : l ' " ' i  c ' - f r r i  ne ^1.1 t l fe  fCClU" i : - 'emCntS in j , iL .r . . r *  v # , J A d  & r ^ { _ )  ( r . L  J t r \ j  j t  U i f  J - t I  - )  o  . L  o

[ i tur,;, b]." ?heorc::r J.!, co:rtj. l .nr:us centrc.l_' fr.r-asticn X_ of

nr'n' i 4-' ir*- ' t-*"^'- cn U(crc) r ' l i t l t Xil l  = { , is c,. con'Liiruou.s c}rarerc'i;eryV i r . i -  UJ  V U l r , ,V  H U

of U(oc ) i:: end on1;,1 if i

r l-ct:,:::t: j-;:e,J b; p :1 ?- lUCf l ;

{4 )  :4 . { , f )  =  r i .e

x.(1,.)

r er:C h.er:cc K , is

-i I t:r. co:-Lt:i:tu-itul;

1 ?  
"  

\ ' : /
\' (i"j r' i '.

l l l f l  I  1 . i ! )
v \ - : - / h.iiv',: e rtr:tti i*::

r-u-t \

n  - 1 1
t * o *

( ic fJ )  j
' l-1r.i n
U J T J - U  \ / C i L )

: . ' i  
' '

. 'a: '  : :.\ .l

p (a )  =  Z . . ,  ez  anzn

w l r c r e  * r r ? 0  e l 1 d .  Z n e  n c n = L  b e c a u s e  p  i s o f  p o s i u t i v e t y p c

r _*t1 
p(a) 

:  
O .  I {oreover 7,  lU(n) is of  posi t ive type ,  rv i r i -ch is

eqr.r ivalent to the fact  that ,  t i le coeff ic ients in i ts d.eveloprment

wit i r  reepect to th.e charactere of  U(n) &re ar l  posj- t iv 'e"  , Ihese

coeffieien-Ls ean be coroputecl ani' we are lecl to thc foLlo':ring

concllt ion ( cf lee l) :

( 3 )  e t ( ( c r . . n ( j - i ) ) e s : l , 3 g n )  ?  o

for aLl ir.rtegcrs rn4) . . . > rnn s

'Ihe series (2) viri l ;h cr, = 0 fo:: n 4. 0

\ the conclit ions (3) \rete str^l, l--i-cd" by l: l"Thoma
\
\ " i ;h  the  cha iec ter$  o f  the  f l l t roup [ i (oo) , . : t : r

ani i  sat isfy ing

11 COllr , l .ec'UiOn

n  j : J r r '  i ' n c ' r r - l *
J - t J u q *  v



of S.f i rorna shol '{s t i rat P(z)

: ' r !

€ Y r r n l 0 i 0 € e i

;  )  > 0  0

i  o  n f  * i : o  f n r a l
- L t : )  w  L  v J r l ,

s<} 4 -rt &)
-FTF

. l l  . l
=  t l  = * * .  l l

4 -A 17.

;  * d  r * G i  / J  i  = 4'  I * 4

< . '
d^?t  ,  ?  

"  
&;  < + lo

- E t l

:ji+t. : :: a : : ,

: , - i

:
. ' . . : i t '

e. :

t . . ' ; r r .

. a

4 .l.'lr a.

;1 -rh

, u

i  b " v t
J

f (G) ,  f4 ( { i )  n

ll i;o A andi
. :  

t i

and F ' A ' 3 the von l{er-unarrn al{.{eb::as fJenerated- by

p^(G) rcspect i -ve ly .  T i ie  rest r ic t ion of  the t race of
)  z '

( 4 )  p ( : r )  =  z 1 l i p o ( a )  ;  n u ( z )

1'Iith n

< +tr)

&e {ormulas (t ) and. (4) -ggj-ilnrfgg the eharacte::s of all :tiit.;tte

ff,rc to r l:()'o re s en.t ri,!iPn':

u(n)' gn dg-g-el:rpg!L:' gE}J

oo sj.t iv-o sif lne,tures.

U(o,: ) yligb' triren ::estriclsd. to tnc

Lq LIIgg repregsrrt?'tion's af U(n) i'ri'll:.

3.- !  "  Sirni la: : .  ch,s-racter iu*. t ions hol-d- for  the groups O(oo )  r$p(o) )  I

S O ( o c ) r $ U ( o o )  o r :  f o r  t h e  g r o l l p  q t ( m r k )  o v e r  a  f i n i t e  f i e l d  k

, :

considerecl  by: i l . f lhorna ( [*A]1 "  Ovi i . r :gg tc Co-rol lary 3 '40 one obtai 'n$

charac-[ers of 0(oo ) r3p(ori ), e .bc, by re$tri.ctinS the ai:cve cle t,e ' i : ini ir '*.

,  ^  r a l  \

cirsre.ctr : rs oi-  u( t r )  J.
, / r \ l

n - -  : i f  r r . '  ) .  t ' l r i : r  r r ,? ' i ' , j l ' r . i ) ' " '  c l .acs  f f "  o f  f f "  6  S(oo )  :  t ' '
J l: c i'.ij i.) u 

'; i) \ LIJ / I l/;i.i;; ';tri:\r 'Liic't.i

Coter*inecl nv t l ic Cecpgpor:i t j-on of tr inio cycles' t f  Crtr 'C'; r ' j i 'G;
q v  v v  * g

tlvo finite pernuta-bions ot' G,T , ii:.cn they c"eterrnine r'- i'inite i"ci'*

mutation s; tJ 0-., of the d.isjoint Lmion liTtJ h{ id.entif icd. vri. i ;}r
- ' t-  t

'  
i '6 swl operation on tl:"e

W ,  arrd.  th is procedure v ie lCs the d ' i rec 'c swl operar l

corresponcling rl " o"I"it1ir^-ttl tlie eharacters of [;(q) ) were

de t e rr:rine d. by Ji ' Thonat C t lt ]l .

3. B. lgg-gt: gf ]be.g-reF 3 .2.

g,e-c-e-s.sjrtri g.{ -!s9. #g@ c*o.ll{i-[isir* r.,et f 
be

f ini te factor representat ion of G and- assixxe A(g) = Tr f  
(e) ,

o r 1  * r ^ a e . e -  T r i  + 4 .  C o i r s j - d c r
wl rere 

'Tr  is  'che norrnal -azeu uL"<ivv t  -a

f4 (u )  =  F(V(g ,e) ) y r (e )  =  f  (9 (e ,s ) )

;rffiii



* 4 , 2 *

'!aj i  y iclcls fai thiul  ty 'aces on ir  anC ]3 ,  Since Se6 ;:  69f i  .= g ,

we ha ' ; ^e  L l r (e .  (n ) )  -  .T l r (p^ ( . r . ) ;  =  i f r (e (s ) ) .  ' ; f e '  j - n fe r  f - : : o tn  th i s  t i r e t- - \ ) t \ 5 / : /  @  ' - ' . ' . J 2 t l , r . .  -  - ' - 1 . \ ) r c

",ir A 'll ',-ne isoncrl,:iri-c, in parti.culelr A r:,nil 3 eure algo

fac-i;ors. Sj.nce A and. i l  ar"e con:iiu' i; j-ng subfelctors t f F , i 'b

fol l  ovs tnet

^ .  f  a  -    \

i L { - g t @ 9 2 /

Ql .P+ ' - i  n - l  n r^ t  n { }  * ' l - r  n  mr r ' l  ' 1 " - i  : r l  - i  p . ; : ' l ;  j  r y i  - i r r  
COf ,_1 i t iOn. .  COngf  Ce f  I {U  R . L * + U J . V r ; V . ;  V I  L r i ; i  U r L : {  V +  J L - t . V \ / <  U l -  y  l .  U . j

^^+ ^u .  ^^ -+*^1  fwrc t ions  7 , . ;  G * * - t  0  o f  poc i - t i ve  i Jpe  su .chD I :  t .  V . | ; i a u J - ! ;

ts (c)
i € r:) , !'/e h*"ve

T n r ' l n c A  " { " n x
! l t L a v  L ;  g ,  J  V  J

{ - € i , j g  n

n €  H  l e " b

,  t { } g n )

*nri" g* € ii *
, t  

'

fhen .d-efining

,  t s n ( m ) .

F (g( $1, 82) ) . r::(f. (al f r( e2 ) ) =

c , . . . , , .  =  a , " , ^ / r r t  i  ( o i l ; g i i - { -
- ) - r  L 1  1 , /  j !  r ' ' . : -

l a  \  -

(t : i  s S rff1.) ? l)c L;t lcj i  "djt i"t

A  _  $  ( 0 ( 1 ; € n _ tL]].:r;r+rr - o lr+{4 s r r  r  t /  * !

''che

that

{ a <

( 5 ) *:31 f;,rqo rp >, o .

(vrith Slo*+p

-

t l f - . - . -  =  9 - ^ - ( e ,  .  .  .  r € r S 1 . * - - r  o e  .
"igl}4-p tlt l-I l  

- '  - '  - 
" "I(I11r1-r

on 1;he ( lm+p)-,p1ace),  rv* have

: t f  ( ico,no)  t  ( t<r rnr )

i f  ( kn ,F1)  *  (k r , rFr )

posi t ive

0 4
L { i r J {

'na'n? (fe@ f,{)
4

+ s irn

( 5 )

( f , . e * '1
I rtrl At

( c " !  ( , , 1  t - t t ^  1  
*

'  t u l f _ T n + n _ \ O l -  * . . -  /  /  ,
.  

* tZ  
" ' t  rv l l  

- .5 ' ) l i l 1 ' JJ . t

^ - " ' ' 2  |
l e

Sir:ce X is of

Letting n **t

type, th is gives

c . ? .  y ( d ( s i  )  4 )
f i r n r d d

'11
n

L  l u r l '
1r--A +

o

6 l
o a ) v l

(t - [tf, i@rl) )

1. . , ,  -  
i r  !

1 $ .

-t-oo , tll1.il s].ve$
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'':i\iii::, 
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$irrcc

r r"*tr-,
$;lCL tri1u-

ft is a ,bcnigroup"witir en involutive autcreorphisil

{Ai f t l  has ihe etruciu:rc of  i in i , rvolut i ' /e 
'Bi i rach. 

aigcnra

eet 3 of  fu.rrct i ' - 'ns ,  f  € too (p) 'such ' t l : -at  t ' (0)  = L enci

q-'

L -  e t T ;  r ( f n o t : ) 7  o , '
{  € t , j s n  

- a  - j

for  a l l

together t'ri 'bb the bcunt1einess
:e

sho',vs i;hat f h*a+ X is erl

n  G  l 1 ' {  o  & L r o o . r a n  € '  i l  ,  f ? r  r . . } r f *  e  l -  ,  i s  b h e  s e t  o f
)i

s t a t e s  c f  8 ' ( F )  .  T h u s ,  r e l a t i o n  ( 5 )

of  funct ion$ of  posi t ive:  type o11. G t

injcctrr,-e a:'; i-nc nep Ii *+ P . .

I,{ovo if ' t is inulti l :.1icai;ive on F , 
' i ; iren the col:respo:.i i1l-ng

^
representat ion of  gt tRl  i$ or:e -c l imensionel  and. h.ence i r lcct ic ib-Lc,

U* i i r6 ;  (? - .5 " t , ,  2 .5 .5  in  [5  ] l  i t  i l o l lo , , ' r c  t i ra i  I  i s  en  e ;< i i ] c i ; :e

\
point of K , ancl hesce f is then b fortiori an e:ct::e.ne point

of I i , tha'l; is t l:e character c:f a fini ' ie factor' l :eilre6en'bstior:"

'

3-'j" 
-jl i -i;l:C tl,bOvr: ',^l:i:iC:f C:i .r.l.i:i:-)::Si.t;1, !',"-j ;3.T ;.i.,:r'I (' ' '/ i. ' j1-"i- I :j 'a: ' ';:

rg jf,3,,ttJ+l]tti l l;-i*:r oi' (i gr,::.1r,-:'atts ll flect;, '. ' ; ';:::-*n *cri i;aj-n* 'i;;:* (l*ii i-: ' l

, ,

nui ing sul- l : : -ac' icrs isol j lo: :pir ic to i ' lse1f.  ' . i lh is i - inpl i -cs i l ia i ;  ] lo i  G

as eboveq a f - i -n i te i .ac ' i ;or  repre$entat j .on is ei" 'c l :er  of  type I I ,  o-r : ,

Ior  t r *pe  r ,  i c f  ' [ ee  ] ) .cL
. :

3.10. Using a der: intcg;rat ion proced.ure ,  D"Voicgicscu ( [eZJ)

- -  t  v

shorved that -ev,g# dS,IL:ti* IgSE!*gS .o-i m$.+i.-Ue ty-pe. S U(oo ) "c:rp
t nbe exten-{e*{ H Sg4}ijr}ritr to UO(}i)'

$ 4. $$E=$gpg!lggg*g[=ggg*!*gg=!u!9'

In th is sect ion vre introduce 10; i$- funct ions of  posi t ive type

o n t o p o 1 o g i . c * . t r 8 r o u p s e n d o t { e d . l v i t h a o n Q - p a r a m e " L e r a u t o m o r p h i s ; n

group, bV a cbraighi; 'fonrerd arta.!-og)r virih Ki:i l i-statcs on Cfi-cLlri la-
()- " *-a' r '-J r.

m,lcal systerns" This l ' .r j"11 be appliecl.tci s. certain class n - i r  f r r - ^ + ;  ^ s d
v  r  *  q a v  V l . W  j L i j

'$i,3',ito*,{"
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x ^ - - ;  . ! - - t  - r , -  t  -  - -  r ' r  / r - \ '  , 1  ̂ " - . . i . - ^ . +  , i . . - - - ^ .o.r. 1]r)sr- r,-L re ulrD(r o.o 11,l ( i i )  c1e:: ived ::rom thc ci i .aracte -T fo.:rnuj-a
'  ' 1  r

3"5 . (4 )  b l r : : c *> l -ac - j r , i r $  e  sce l -a l ' l J y  f t  pos i ' i ; ] vc  o l l c i ' a to r .  : l h : . e  no - i ; : . ou .

j)uov{}g ui;e - ' : 'ul }: l i . i lcc j .n gcncral i 'Js d-ott.r t  di-cporc: or an;l col ' : 'cspon-

ci: i-ng C6*ciynti : i i j -cal Di, ' ; ]"er], alrd inorsovore ib lead"s to paey corirpu-te*

' r ious e

4.L.  I ,e-L G be i i  topological  grou{.)  end H e t  Sd* d ; ' iu- t (G)

il, oilo:-p??.ra],1e1;e r au'bonorphi"srn ilroup suc.lt tirat for everli t,,; € g

tng ni;pr t i: i  ) 'r F*Pnl-.(g) 6 'J is ooilt 'd:i.nuol1s.

l\ conti:11,.ou-s furrc:t"i.on I r ri .* ' It of porit i- 'rc t;;r irc r-c cellci i

I ' f t i l i  
'vj-th 

rcnpcct 'to (dt)tc 
l_i i.f l  fo-r' evctry glrh € G tirc;::c ig

i; bor.r:riLcil coir;i:tuous i'u::tct-i-on F." .,^ ccfi-:recl on tirc ci:'i.il S =
b t  r ^

r - t
\  z G 8i ;  O ( i ie z (4-J ir i- tn colr i : lc:;  valucs ' , ' rhicl l  i -s l .ni l l l 'c. i-c j . .r bi;c:
L

: i :r"Lcrro:r' of $ errtl rL:cl: 'bi ir ' , ' i ; , fo: ni. i. i  € t ' :" e

' i r r  
l ; t - ]  .  n f . , ' J  f : 1 ) )  i ' . \  i t - r - - ! t )  -  f } ( r i  / h ) . . )

. t ' l , ^ h \ . 1 - { ' /  -  L ' \ i , q v . i - \ j l l . /  ,  ; .  r - r . " r - r ^ r - r . ' / '  * ' . " " . i ; \ r ' : ' ; , . ) ;  o

: . , 9 1 ' -  1 '  : " ' :

i j u : i - : : i i l ' , j ' . - . i . a , ' l . r . l : , : ' ; . ; ' . i u " l : : . i ; . i . ; . . . . . i . ; . | . l : ( ; : : l l : l l l . , . l : l l i |

; : ; ' :L; :c i i>1e, - l - i  is i i i , l . . , "  to ni 'ov,:  ' ihc j 'cr- l -- i .ur ' , ; i : t3 . i : i ; ; - : r l l - t ;

ts-qppi:irj,eg" luc*t P bp s: gpJrj:at:a!La.."j:::rg.Us: efl p-q;uil-'r-g 'l;:ips
- . _ _ _ - _

on G . i 'J,;S rr l-L'r;h ::cr:ne;ct to t irc conti-nucus one-0i:t , l tmretc:: ertt to::ror-
3d.*,"j '"t ir:...q &@

pii j-sn f ir:oul l  (o(.,.) -.  , , ,  of G . I ,ct e bc 'bhc clrc: l i . .c i-ep:{ 'clc:tta-
L  l r s U l .

-b ioa oi  G .  wi t l :  c : rc l . i -c l 'ecto: :  "v4 ,  r :s*ocietc i l  to 0 .  l l i r t : r  i1: .c
-+'-{-"--d (

fqgcgg*,git"p* f ,r; :* pjxf'*d igi"'J' !:a! :.q- 1 lg gJJ,g g

$e"0ar'r: i j i1l i i  vtrc'bol '  fc:. t i lel von l ieuinsir l  n:L.1q-p-rg €(C)t* gpi, 4ggll j lg
. * < i r @ # #  t , @  J  

. f f - -

l , \

H (s ;? ) , .  u , tttg t*Sj,ql_q'j iL1LCj*gS]{U* -r#}l -q[ f(G)" ffjgg5ri'is.

is. -!99 Lqs.l*j *oJs ,82 , i9 Lrxg.

- . ' - j  
, :

' : .  ,  i  .
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A - D - ' [ i r . n : r ] l -  t h a t
T  a  L  a  r r v  v r * - !

potit ive si$i]€i 'bures

i r o r a f i x e d .  p  e $

'Jhen ptn) ,is
- t \ l

a n d  p ^ l n )  *  0'  - u

Sror every

A * A  n / i
\./ * V.^ 'l)

i ) r i l

. o

.  ' !  L "

ile cha:rr'.u'i;c's ij(<n ) *:-r:::espo:rcli::5 
'r;o

' / , r \
? (^ /a ) rrv''{

d . re  g ivcn  by  t l . re  fo r l i i u l t i s  )ovo ' .L r  * * ' . i  I r l - i
I

7  /  ^ \  I  

I

i n  3 , 6 o ( 4 ) '  l . e t

t 
'-61

r J  =  { r r r r . . r ^  a . ) * J -  >  4  oi L  *  
\ u L t / - '

- ! }

Bn analyt ic fu-: : ict iorr in 'bire open clJ-sk tr* 
r$:;  lz l4

on $o$l.p ncisirllor"ii.ooC of thc segrlent f0r'r"c'c ) '

B € i,(l i) , l i5tl 4ii , ts ] O t'ov]e c1t:fineu .a fu$stic:n

u4 (il) b;'

O r , r { r ,  *  de t ( v ln )de t (Fo ( i l v l po (s ) - r - )

- e-Para:ne 'ber
lloreover, if l{er lB * 0 , tr':i€ have a continl.loufli on

6roup { *tl i € [i of eutotnor"pi't-isriro of, Lh(ii) definer]' by
:

r  I  J -

d..F(v) 3: l l i tv3*it i v € u4.(H) o

fhe nairr ::esul'h precented j-n 1;his sec'Lion j-* tlie fo'[lov:i':lg

' 'clrc,l:gi-n i 
' 

. 

"'

1' Fq nl '-'1") -- Fo::' <)''rr:tT'r i]
[ - - 1 -  { i i r no r - ' - '  

/ r :  i l r ' - ' ) f  + i  1 i i rD ,  , . r o i - c l - : - l c f i 1  c t l e  L fu i  o  
' v r i . /  a  ; r y - r i  ; , ; . ; q i ; - r kL i t  ) .  * i : f n y * g g  \ t  o u  u r ' ( * v r r -

- q H . ; S  3 - 5 " ( 4 )  e g } " q i { , g i f f  B  6 l ( l { )  r  l t l l i < i r  r  B ) z  o  o  O p , B  i e e
a r  / ' ; r \  

' j - . f l  
h / \ F - r , n a r n Y i

ssiltjJ}regg. ji'-llg-lrgJ g[ lg.sijjJg i$lg. 9$ u4tilr ' *Jr,*lLijJ.*%Yi*;rr

r/ __ .n n .",..en 0_ n le iijiis gIII Epsrss-!. _!g jhg s&-!_ojlp*r#I3Jhe T lJ F vr -gliy.i: _oprB 
*Ll {u'|:^r .Ii.*;;: ;:';:

e  , 1
SA.:I.'J), t*.ult € R

. n A . . n

. '  4 .+ ,  the  proo f  o f  the ' fac ' i ;  i ; i ra t  O =  $nr '  i s  o f  pos i t j ' ve  ty 'pe

conslsts of appn:xinating th.e operator B by diagonable oper-aiore;

and. tirus reclucing the problern 'bo tlie fj"ri:Lte clinrerrsional c&se.

rr T{ - H is f irritc*di.rnensional, 
'bhen

J l  l ,  -  r r I I

?r, : u(}{rr) } v b***-} det P(v)

posetive tYPe on U(Hn) e^trd

' F  ^ Y . f t r )  ;  V € U ( I i n ) .  '= ^yo 'F*i . . '  .

. 3

;;i t
* !  I

4

; V €, U4 (l i)

is a cen"br"al function of

v  / r r \' n )  "  1

rr,ihere 14 run
,  "  

over  a l l
"he 

po.r: i t ive signt i tures \>f " ' |  
*rr? O



trI}'! /"1 n \- f I
* t t  f t  v  t

I -
I

firen, foi:

ee 'r;(;,:(3) )

V.g U(I \ . )  .we have

0 (vi * ?", (:BV)

vthi-ch sho','re tirat

,Jhen , toyr*

str ip S *

fur:c'bj-on on

intcr ior  of

-  A t ^ t  / ' . r \ r r \-  v \ ! a { - \ i i l v , /

the

$ encl

= ff c*Ln(lv)

s Lf *f 'rr(f,r(B)FF(v) )
I

11t l  is  of  posi t ive type on U(H*) .
{ I

4r5* ' ro. 'see that 0 =Srrr,  in l i l , r$ rvi f l r  respect to {**}***, ,  ,
r . r r r r o ' {  i l r , r r  I f  1 " ,  . 4  T T  / t r \ .  1 . .  J . 1 . - - .  - L  a tulrr.u-'Lrur v ,lr €; u/l (i:) such l;ira"i; v * r , li -. f are flpi"te r.anlr

1  . t ranfi_ 0.e:tl-ne

Fo ur(z) = det(vq, ' rm)r1et(po(vr* l t#- ' )noCnl*t l  .

rrrel1-r1e firrecl, bouniied. continuous
I

;  O (Re z( { -J  r  analy t ic  in  t } : "e

i s a

{ r e  u

Fvr,*,i(:-t; = S {'/s,{"i; (:T) ) , lnr, ,r (4,-i j- i; )
v  t  r t

v ?" ! i

, In this section r',Ie associate a Ctr-algebra to a d.ir:ect l init of

compe"ci, €i}loups 
","hich 

reflecte',th,e factor. representations of the

dircct l i init gJ-lou.p. This Cx-algebr,a .burns out io be approxinatcly

f,inite.drtneneional (Aii*algebra) r,ncl Jlor such algebrils l,re 6ive a

di"agonalization trlat reo.nccs their study to dynanical systeurs of a

particuJ-ar nature. 'Ihe i-d.eaLs of thc AF-algebra and. sone classes

of represcntat ions cen be eani ly hanr1led" using the a$sociated.

d,Snnarn:ical systen.

5.1. let G be the d-irect l j-:t j- i; of i;hc cor:rpact separable groups

t * ]  -  G o  c  G a  C  . o .  C  G *  C  G r r + r - C  : . "

sueh thet sn be Iia.ar negli"gibl.o .iir G*+I" , i.,re denote b;t A(Gi the rl. ,.''
"  ' f . '

"q,..8'



enve J-o prD ing C*-ar,l g;e bro.

'uhe direct lirtit of Z-

i-rnbeclCin6s induced. by

_ L.(:

of the invoLu*ive
a

f L  r ' L l r .  \  z  i , : i f n  \
i _ f l  !  t \ - T . i /  L  j t i \ \ r $ , ,

r j - r  d  } }

a a f r .  \  -  n n f ^  
\J" i  \  \ ; - -  /  

( -  l r i  \  t r ,  ,  ,rl .rr 'r1-' 
'

nol1ned. algeb::a clef:i-nctl as

along 'Lhe isotnetric

.Iflen i

Sbeqrep ($.$trEti l$, 3)"Voiculescu' t t?] i l f  "1").  A(G) *S .a c3*g"J.Sg-

h,ss, shssp gcsie.s "{spgs,s-s*3.*i}s*s w i* $iss.33.ag s*} "!hs -€sss,s"s
geaf;s;seg!+-!3.pns" 9J G, p*g iihss.s -o.$, $b-e G,rts. ghry J*j"ss#**

,s"ry*tr s -the $ry sg .ths ecl+svqlssss 9s s-eJre3i.alislE.

5n2, the Cx*algebra. A = A(G) is er.r: A1i*a.1gebra., ,*l:ai;

is an e.scendtng sequellce {o.rrlrrrrO of f inite crimcneiona}

gebras irt A vitJ:

f a \\ ; /

I'or r,n arbetrr.rry

in tlte sense of ''r;hc

I* r/cicule gcu.r ["]"7] , i *{- ) .

a d 1:91 ia - .ro
4 " t

C"-*u-bal*

bas is

llach

{'(sL )

Uo A*, t

Ali'-algebra (t) yie heve e. cliilgonalii;*.tion :le'i;Jrod"

fol loxing thcor'ci j) .  l

Th-*c::e:

t h e r e '

l h  \ r r . - r /

11. t. 1; o U Iit.;"T1 J-il e

exi-st$

a) e Ua1;l=qAl e!:eliaq t{-e.p}glgg-b,Ig

b) e .s.qs$,i.!"is*s} gvlpss.L*liqg ? |

a-t .i b
v  J . l r

A @ - ) C

la' t

c) q t*lrsr:q*qg u g,€ "!bg gpii.*gt .eq-o-ge, gS

M gle3.

( i i )  l l ( u * x u ) = u { F ( x ) u  J S g e U  u € u  r x  e A i

( l i i )  g  =  c * l . r i r ( U 0 )  =  c . l . i i l . ( c U )  .

;rum of C and" f be

tire group of holnco:norpiristns of .tZ inclucod by- U .
- D  - .

Consicler the i{ilbe rt tpc{ce glC.fLl with orthonorrrral
a t

{  t  ;  t  e SL} and denote by ( ' l  *  )  t i re scelar pxcd'uct '

f € C (g ) Cefines a rfmul1iplication ope rritorrt tf ot by



t ' o ' ( i r ) = f h  ;  1 r € g 2 ( S r )
.  r  s  l '

ancl. caci: trLenen-b f e It t l"efjnc$ E\ rtperrau-tation opcrator" Vrh on
q

. h  /  t  t \  r  -

[* (ra I bY
' A

,  * 4 .  ^ nv * ( t i ) ( t ) * h ( t r - ' ( ' b ) )  ;  t € s r r h € t ' ( - r - r ) .
{"

.t e'b

A(se ,F  )
- a

] . r "  - r '1 ' . .  r i 'x  -1  " "cbrs,  ge i r r : la . 'uod j -n  L(L ' (Sr) )  by the operators T"oUL, t/Jrtj \z -c1,&li
I

a n c t  y *  ( f  € c ( f l ) r f , € F ) "
0

$h*n 'r,irere exists & ls-iriorrrorplli*ra

A s '  A(-s2rr . )  :
i.

f t l i ^ + 1  . f ! - r s f
u  uv  j . t  u l .L { ,  u

. !

I ( x ) ( t )  s  ( x t l t )  ;  t 6 S t , x € A n

tr ? Qllrr:  Ji ieigoiral j  r,a' i ; ion of ; i  presenteci. ' i i r  5.2 is no'r, ir , i  al l- ,  *  I  n  . L l t v

ccno:' .Lj.cl, l .  i  : : :7l ' : t t l1, o'1; l ; .r: : :  'L' i : : i : : i i r :  : i . t  clcpcirLl c;:r ' t l :c c::p:=cflsio:r (a)

l

iioi'icver, {r,rj sho'r,fiL riu-b$cqucLtly bit lri,i',i:'::eger ( I }, a,ny ti,ro

clynarn:i,cn.1 sys'i;eras (Si, ft ) , (-Slt, Ft ) arisi.ng fron the selilc A by

such a rli-agonelizatj-on ilr.e isonorphic.
a

,  5n4*  In  the case A *  A(G);  r  the d.pna* l ica l  system (  (G) ,  (C))

c.an be d.esoribecl as follol'.ru' :
A'Jhe polnts of -SL are the slrnbols

7 r  / + \ . :
t  =  ( fo ( t )  - *?  o . .  *?  JL* r ( t )  : *3 f r . ( t )  *> . . . )  ,

A
rrrni'r'r'e 4

i  u r * & v & v  &  i

{

[ g r r t t ) ; f " - 1 ( t 1  l 0  '  r f  t € s i -  a n d  a o c s z  r  t h e n  t  6 6  -
if and only if eitirer

(e.) t € u)

o 3:'

(b) n^(t)  = 4-oo t :ntL fpr  every r : l  € f i l  -  lhere is s eco iv j - t l r  . , . .'  
u .  o i . - : ,

t, i.k .r;
. ..f -tF.:



,*r.if ;
' . " . '

ot:

{g*" ( t ) * r (s )

o

(c)  no(t)  4.  ' i 'oo

o

< Ili

I
I

I
. t

I

I
I
I

t s )  $<n

,Ihe prin:r--,ciVe
# @ @

of thc orJ:rts:
@d #d

;  seo0 ,  f , . , (s )  =  f r , ( t )  ,  i r r r (s)  =  }<. ( t )  t

o.nd. 'bhe. set

-!- f' .r i
- L - L * i : - / +

: ,'ji,

f r * ( s )  =  f . ( t I ,  \ r ( s )  
E  t r c r r ( t ) (v)

.!
/ r \ [

r ' t  L u /1

is a.n infi-r:ite eet ,,

iiar a pelnlilrta'bion 8,'- of i;ire set
(  r . \  

1

{ t  e  Sa ;  no( t )  =  rn  r  f r , . ( ' ' ; )  
=  f ro  } ,

A
(  m€.tr i  ,  f i i r€ 0n) ,  let t '* t ' {r :rrg.nrtr)  be t l re }raxsforreation of

SL su-ch tftat

* ( 'L)  =  I  i f  e i ther  no( t )  4  l t  or  f ro( t )  I  f *6 \ "  0 '

ancl
k,  (  b ;  -  ' :  k* ( t )  1%-, -1  ( t )

f,(t) : 
(s'!f"!t) ++ e oo -J$Ji f*(t)) 

:list*+fr*n-.('u) *-* n 'o)

in "bire con-b::,ar"y case. ,fi:.e 'brc;nst'orrnatio:r e;roup I-1 (G) is ge;:'ajrultecr-

5.5. Conce::ning thr: ideals of an Air*alsebra A 1'/e recolci t irc

follolving result

$bggggg. 
($.$-bri i t i lso D.Voiculescu, [f f ]  t  I '2) '

p*e-els d' ir +r-e ;4 Fljls-qtlo,s silh Ss s']ssssse

*  .F  ins r  s

5 . 6 ,  l e t  I
Then t,r, can be

I

C s g(St)  and

ie  a  s ta te  o f  A  r

associai ;ed- to Q.t t r
t

bc & F:'Quasi*j-nvariant probab:il i i ;y neasurc on SL

regari:ci-ed" ff.s & siate of' 'bhe 'cotriittutative C$-algebra

'bh.erefore

9t^  = 14"  ?
I

, I . ,et 
Ttp f :e the cytci" i .c repvesontat ion.of A

. ltircrr Tf* j.r: l '. stan-ard- repi'escnta'Lion anc1,
I
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in f*,ct , Tn coinc'id"es irJ."bb 
'th+ 

rej)re-scirteit lon given by the l l::reger
I

con$'Lruc'bion ([S]) apri-J-ecl to i;irc ri.;,rna;:r:i-ca1 s;rrtcia (.CL, f r lui.t' l

$tp. is {r fec'i;or rcprenentartj-on if i ;nci only if gr, ls f l-erg;oc1ic'.
l l

T[p is a ,i inite ve;oresent*'r, ion lf a.ird. only if t ]B equivalent
I

'Lc, r:Jonc F *i:iivari.ant plobrihilit:r sreirslr;:c on Jl- . j;ioreovr-il, ever"a"

fi,nlbe reprssentatiotr o1' A is quasi-e,quivalen* to sor,re TI'p :
t' r-l

ILp ie scnrifinite if and. only j"f the trs.nsfolrnation gi:oup | | j"s

[,r,-mei-usurab]e; i.e.1 'bhere exj.sts & I *invs"rlant ;:igna*finite posi-
t

tive rnea$ure on -f2 , equi-valent "bo 
f . '

S'or d.etaile and" rnore preci*e dharac'beriuatlons of the -bype of

T [ ] L  s e e  ( t t T ] ,  r . 3 ) .
I

5 ,7  n  3o r  ! r "  as  i n  5 .6 ,' -  t

o f  A ( s t , F )  0 n  t 2 ( 1 2 , F )-  , t

(2 t'rp \ 
''l.t 

= -Fh
5 U - \ * f t r ' +  

-  r r r

I

g:rd

there i-s a uniq.ue

such theit

a *
.  1 ^  / '  T e ( { 1
;  n  E  J - r  \ ' \ ( r l ' { :

I

r€-representni;ion fi"
I

)  n  t e c 6 s l )

then

frn
( eee [ar] , r, 3) "

<:> f iT ersodic

(--> 
|0t 

is eqr:.ivalent to 
fZ

? i s'r i r reducible

and"

@
I  t ,- r 2is equ:i-valen"b bo"

r lhe p: : ' imi t ive ideal  sp i lce of  A(U(m )  ) .

$or the group U(n) , the d.etennina.tiotr of characters, the

deternrinetion of ir::i:ed-ucible ropresenta'bj-ons orbhe cle'tennina'uion

n{ '  n ' r j r , r - i ' t ive ideals  of  C#(U(n))  anrount . 'bo the s?J i le  ih ing.  Of  eourse

. R  r -
S o t
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tru.e for a non-iype I Sroupn ii l  par-i; icl l lar for
th is ig

U ( o q ) .
' 

f iere

of tbe

no longer

1'{e give a

0s*algebra

co:nplete doec:- ' iPt ion of

A(U(oo i )  sssocj-a. teci '  bo

tire pr"ir:r.r-i;ive iaosl $Pace

tl(oo ) a,s irr $ :i s

'  
i  ^ . r - a

n- an6. f be tlie conlpac'L spelce and its SI"oLlp oI
5 . 4 " ' l e t  j

.bransformations provicrecl by the diegonal-izni;ion of the AI'-at,l;cbra'

A(U(oo)) .  By 5.4,  the po ints  o f  -SL are n- l '  the fonn

r  =  ( f u 1 f , t

l v h e r e e * i s r , n i r r e d . u c l b } e r e l ) r c s e n t a t i o n o f U ( n ) ( n o t e . t n a . t" : - * - -  )  n

tf fr, { frr*t , then L gn+t 
: 3"] : 

o) ' Accorcling to t}tc de*crip*

tio:: ';'rit5 signa'bures of tirq frrt " 
and' of the relations fr. { f*++

(see t "g l ,  i t  fo l l -ows 'b} : r rL t the po i r rbs o1 SL are t i ' rc  symbols

( ,  ( n ) 1 * - 1 1  ?t  = {  ( r i r l " - .  ( r  }  ) 1 - 4 .  j <  n }  4 , . {  n  < n o ( - b }

iirhere :

{. S :.r^ (t) -d rcrr , ".(:r) 1' 'o; & ' ,( *nd ,t, \ ; [et"t,, l : : l i t '  tdi>z:: ' :"r i  i}  "
-  O .  d  

'  
" l - ' i  

u

| .'Therefore, 
a point of Sl- lo,.lcs lilr,.r the pict*re trr

a* .2  b  means o.€ b .

*!{ )
( ' { " q  \  * t ' l

-r$'t 1* *' - n)"
€ \ / - R -

,o!3)-€**) *!if ( - *). ,-t,]
&.t"&R=-:-  r ' " "z \  - (  

' \  :
i a \ ^  

' \  
/ a ) -  \  ( 4 ) -  * ( 4 )

- rn;: <*-T to;''i ****-. ni'R<***-;/ I*4 
R./ '.L r< ./ t;

F  
' \  (  

' \  
4 /  

- - \ -  (  \

$$ry t t9 -  3 {e**1-  1g<**#  !€

- /  - . /  t i -  - / - - - \  . - r '  
- \  

/  \
{  6  - - - - d  \ * - L  \ - r . f r - - ' a

!€ 4-w !{ <-# t* T-- li ffi' rt \--

,  , '  :
'  '  '  t  q i  '  q  t  |  3  '  C  C  t  t  I  t  '  6  t  '  '  '  q  '  '  I  r  t  a  9  !  3  t  a  I

t  I  a  a  a  I  r  a  t  +  r  t  '  '  '  o  I  t  t  I  '  '  '  c  '  '  o  |  '  '  t  q i  '  q  t  |  3  '  C  C  t  t  I  t  '  6  t  '  '  '  q  '  '  I  t  t  a  9  !  3  t  a  '

fhe d"escription of the topologry on 5?- arrd tlre clescription of

the -bransfosnat:r-on Sroup 11 follow obviously -ror0 section 5'4n

'Lh n ( t )  a  +oo is  ad"herent
R o u g h l y s p e a l c i n g r a p o i " t t € l l - \ ' { ' i T ' r r r r o \ t r l * - t - \

. b o a , s e t c o c . s } . i f f o r e v e r y l t h o r i z o n t a l l i n e i | i n t h e } : i c t u r e

o f t o n e c a l l f i n d . a p o i n t i n { " , o w j . t i r t i r e s a n e ! | b e 8 i n n i ' ' 9 ' '



r[rt i l  'uirrit l ine. ; 'r lso, 'Lhe genera'corr of I change i; jrese be5;rn*

nings nrlorrg ' i ; ir.ernselves, lca.v{.::,3 fixed. 'b}re rc$t of t}rc picture.

6,2* l{e rees.l l f::on 5.5 'b}rat t ire prinii-t ive id-esls ,.rf ;r(U(co})

coff() '$ponci. i i l  s, cnnolrical l ' , 'crl i  to' i;hc closu-r*s of t lre orbiis o::..[ .

rrri lre these setso 3i.rgt!. some notatioi:s.Jn ttre nel{'6 Iremira vre d.etenrrilre t}rese se

i i o r  t € ' * ( L  a n c l  L  < i < i r ^ ( ' L )  r , v e r l e f i ' e
U

:' ,''-l
; . ,  f )

r:r(t) = su.p {*j")ft1 ; i  d 1 1  < n o i t ) !  g  B u, {.+ qo}

Z ,*, {*oo} .

^-F  J .
L r ,  t z  r

r"s Lncres,-

i 4 . < j

i 4 < j < t t . n ' * J

f lrese clefj-nit ions can be easily vlsualised on tire picture

I t  i s  c t  ear  t l ia t  to ;  ( *1 i ;  i s  i lec reas ing  o  { l lu { t ) }  r .
o i - n g a n d  l j ( t ) > i i k ( t )  f o r a l l  j r k .

't

;  { . ( j * ( n c n o ( t ) J

t ' 4b"3* ftire ne:lt lrer,$lla i]Jtfl\Te:r$ a naturn,l converiJe question.
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t !

i:t1tr lllven Ir. € 7 r"' {-'l 'ml 1 irlo € H !r
ra,& I.{*{..*J 

J r,
lerrrna.. IJor

sse& "ts*

: , ,

6.4n Using the above rei*arkrs ancL lci:irnes, orrei obia.ins the fol}a*

rving reeul.t 
:

$bggl'gr* ($.str;iti lE,' D.Volculescu-, &T]' TII't) " $Xi p-T';u+i3r*rg

- '":.* , A(u(,x ) ) psgl .U.s i-qffi{d u:"}.b "Lrs-eRgs,j.ns+ sJ: Hs 0---s,4tr i.ru
''

sc! gg sll "!gs -slg*sls '
\-  '  

r  * { t , _ i C ! t , i ' r r t } l }  4 < ; < n o ( ! )
S L !

,, . r,.nr:i .i.fir, :r'l l. L A;i 4.+oc r ]'IS. hggggl€ry "g:i-919s "ot!) I 
+oo ![r** ]-?'"{ 'ti*'j

, l  r  .  r l  
"  

n "  r u . . 1  - . ^ l

Hu{+c, - , }  3  1 , . , ( t i  } "  i , - , - , r i [ )  ] ,  ] , ; . . , " , . , ;  i i )  >r  i -1($)  G i *  * - { - 'co}  3- L ' - r  
J  5  J - ,  , ' - . : }  . ) ' ' L  r  d  -

r r  r  - ' {  r i l ln.n f 'or  a l }  a < i  < no(!)  r  l t ' *  F$gg.0_I n^ t F J e tli $Jii;r *l*; "9.;a 5
r {  r

a  )  I i - ^  /L \  . ( l )  -  r , { ( t )  >  r ' i * . ( f  )  =  i ' ' i n  ( t ) * i - l (g )  '
n / 1 t t l * J - l '  ^  J  )  J - - . '  " ' o t 3 '  u  - '

( ) . 5  - .

Namely, l f  e is a factof representa"bion of u(oo ) (or o:f
J

t h e n t } r e k e r n e } o f f e o r r e s p o t t d . e t o t l r e , s l r r o b o l
r  |  ( n )  ) t

I,- i = suPfsuPi*i '" '  ; n > i lJ
d  ,  , 7 t ' ' )  - t i

1,1* = inf{inf { rn)11'-,' i n > i.tJ
,J 

r+* 
L*r.!* ( ..yI- j -Fa ' -- / .) ,, J

nhec€ rhe firs| 
,*:y- To.,the 

t|T* 1nf a.r€ **o*1, otn*,.1t 
"

sisnatures !-{"r, : : : ,r#r) 
€ rG) rvhich appear ln Slu(t ' )"

fhe points h €. Prj-rn(A(U(m )) I 'v j- th n^(!)  * +oo corre*pond to

I  5  
U J

factor representations *f I U(* ) , r,vhiLe ttre poin"bc 
3 

r'vith

*o(t) = no € IN correspond. io felctor repreftentat lons of '  u(no-- ' l -) . .

+ f f i ,  }  LL2.  hzV ,  '  o  2v I , . , )V * . ,  V l i t iT  ' " '  y '  I I2V ITOV *oo

there e:rists a Poi.lt"t
.;;=;i:.4 * - G-...,..-

t .
a

t  €s ro

=  I , , ( - b . . )
J U

l r i th rr^(t^) = +oo
U U

,  tr j  
:  

,r i i to) ;

sucJr tirai;

"i / f T
d €  l + r  .



f l t ' t ^ , \  + ^ -  ^ ' 1  ^arrc) 'uopo.t.ogy on th*
\

{ st,r,,a Ln "/ | 1- 'i -l- /1 n \
\ u v v  L - L  r . J  g  r r - L  c ' J . e  - ) , 1  o

i ir: i .nr(;,(U,,cn ) ) r -; lhclrc

*s etreri,.lCtere dei:1i:ie o

t : 'JtLj-$ -r-C"' f '  f , .1--1. s'Ji ' l : -J

?{r *
.

si.)rice i ir i ln(A(i;(co ) ) cer,i1 also

I'or inotr.:nce , i;}te; one pol-nt Lr,e ,6

" - -  t l  \1 , 1 ( , f - , )  = . . o r l  T i i  - f  h  \  - .
a r  ) w  

r  '  r r r \ f r u  )  = " * o o

be i iescf ibed.

{ b*}, .
jlo;' al-i j ,

I io:- '  t  g r)r . i . in( ; r (U(oo))\

-*r,:if*!W#-'of ! ancl {i:_,
r l L ' Jo f I

, {.oi cb)l i
(! ll i ,vill

v.ri l l  be calleil .t lre

?:e cal-lcil. the l-oiu,'e::

upper

si"*tt_?.*ggg

g.t .  tn 1.6 i ' le ho.ve i l . r - r i locietei i  l . , r i th ever1, .  point  : f  ,= ( fa{  . re

n. u { fr.{ n. n ) of sL an j-rrech.rcj.bre repr:e$entation gt o:i

U(+o) r.rhj-ch is the cii,rcc'b l irnrt oJl t lre F f 6
;  J p  i ) &

On the other hamcr, let lA be & corlplc,r;el}i abornic F-qu_asi_

itrvlrriant p::obabil it,; t: icDiiu.r,e conr.rc:r ' i ;.r-.atetl on ' i ;nil .F*o:rbiJ; f tt;,

$he it, fo;- all S 
g I \./e h.*ue

.  ,  , '  |  . f . . .  . , .  ' .  
t

t r '  ' ( '  ' '  ' - ,  ;  ) r  i '
t t",

;,..e' i;s . '-1 c* -j.,k '..r1 .1.j1-.\r*

-bire::e jiore -bir* re'pyefie-ntat j-oir p.
" ! d .

) :r.

f ( n )  
: ;  n "€ f l ( r ) n . r :  y , { { u } )

Clcirr ' lyu !d is f l*.crgodic e^rrtj.t
l s  i rx 'ec ius ib le  ( rsce  5"7)  o

I,,{orcover", I{er f* correcpond.rc to frTl en<l the 
""llr"*"ontatj_oncr t -

9," a:rd F.h are eqr.r- ivalcnt (, j ,$'Lrl1tir i l , i l .voj.cul""*.,rr l [r iJ, rr l . i :),- r  ' l -  ' r  '
Thu$r gxp"'H, ;J'*gJt[]*q ;r,i--c-*l ?J *l(u(o )) yh]g] g*gl*sp-gr:.;g _!g

"* "{s-ql"9"x 9g,.3-sgs,-g{t"trs^Jd** .q-,[ i](co ) ]g #:e Jre-tr: el ; ] i' ;eggq:Jrg-

"{:CIi}ges!l.fl'h"!*9l s[ u(oo ) "{,t}:sh *: "s "*igws li*rll sg js#gss:i,Js.

M-g{ -U}g  u (n )ne .  
:

6"6* rJhe follr.ri ' i ing rct;nl 'b ultows 'Lhat 'ulre r.eprc$cnteltlons of

U(oc) corresi:ondin$ to i:ou:rcled. signatur*c cem be c:l 'benderl -bo

Ilo$*con'uj-nuonc r-'ci)r'eser;.'r;et-ions of' U4 (Ii) (i,riiile1 u,silr,r.ll5r, oll-y
-Ltre s'brong-con-i; i"nr-ri 'b}r is i: 'cqr.ri::s4),



e:ci f l t t i . i  . r r  r r r r i  r t r t f l  * - ' r r r t : i ' , v t f r " l ' *
.*. :* :g*t+*.:-::!l 

:"; J;i";'-'/:1:) :'r -"
. r : r ,1 i r . r t  cV() f l r r
-,j:t_l\tr ;:jJ-* -Y--'-:i-?#:

rr ' l i- i  nrrr sC, , cif
*Ki:.j:-Y;; ,; "*-

g, r .  consic ler  o.  pr imit : -ve ic leal  J of  A(U(cn )  )  cor l :csponiLin; ;

to a bor.urciecl uii-r:er a,nd loi''rer r!ryratg-re e f;$c1 1eb lt/J * A(U(m ))1J-

usrn3; .Lh.er abovc ilropor-.ritJ-oi-1. oilc obtr,j-ns tire follorving

{a.n-r.o-it ar-w ($"$tri it i}r i,n DoYoi-cu-lctrsl-1e L{iJ ,2"9). Ih9'ig "Lg' "a
=x=E' ir i - ' :=* -  )

sff lqgl-cgl jlg"H**s,gt!,igs*,gf gJgggJf'Ltr;'-0,i

'i"l$i 
l}j,#l;l;lfi

u(ri) ? 
"i 

F:*-*t d:l € l 'u'i;( 'r-'rJ)

i*? e .aqalpis*,It.*s$o tr*i*-:*n*g g$r* J:q.ggs-s!. &q -t*s. s*J-o;ui-gge'i'ffir-q*

:g:*il;'**i s.* u(H) i r'::a Srp- ag;.si,..&?*s] "!4LsJ*rml sq l'r'rt(A/J) "

$inco for arbi-trar}, si$na'i;ures a similar re*ult cLoes. not irol-d'

vre heiii to replace irr $ 4.the cx*algcb'a I', i; is co*dj-tion by a glro.-lp-

'bi:.eorc-bi-c iffi$ conclition'

e.g, !'or the finite-d'j-nrensional Sroup U(n) it is ]<ltot"n1 tira"l

the eisrra.Lureo cS.aosify tl ie s3tnriretry typcs of tensors over Iin s

I ,or init tclr lce, thc SilE:ai;urer: of the - iortn (&,1? e '  " r4n03 '  o '  tO)

- ' le'the nignu'trr::ca of, tlre
oorresponcl !o 

aritrs;'rnme 'ric tensors l.liiile tlre rlr"$ng-'i;

form (m001. . ' r0)  corre$pont l  to  s l i tu t ie  t r ic  tensors '

.  r i f  r d  t l  i ' : r \
i  |  \ . ' ,  L ' r  ' " " /  t
t f :



r i o  4

li'cll' 'i;}:'e infinite*cl.funens:iclnal c&tre, rre cail caJ ihat -i;he upi)er
,  : - .ar.d ]owcr s3-g:rliti.r"ses corrcfijlond i;o syrnnr:^tr1y i;;,,.Dcs of tcrr*ofg. ,

cvc'r l i r or il ia'f flre p'iin:l,te"-e i-{..:a} epec.b::uro of ir(u(..n )) :r-s
aescribed in ter:nrr: of slr'rl::etry "b;rpes of tensors over L{ . rrr J:,act
vre shal-l- $*ic ls,e e :" "LLiat il:re Tc.0i,c:r:cn l;*..i;rons o.i U(oo ) cor,::o$llc:1*
t1.in6 tc ur)"ocl' cig.r151-i;r-r_r.c Oj n l! , (;i€ tlt) e i:.rlrl" l-ower sig:rature
tt j  = Q , .(: i€ 

f j ' ; i  ? i{ 'rc real- i  zcd in Epace s of anti-s3,rrn:ret:; . ic tcnsors
over  J i  e

In  'u ] : r r ;  
;cc 'h ' i  o i t  i r l  g6; .1; i - i -1 ]gr"  r ,  nr .  1 : - i . . ' !  nr ' : r  c1.  r : .1  tc i :  n i l  i -  , .1- - i . i r , , r r . . l . - , i  n- . . -, -  u  ; J \ . ! _ , -  r r - ;  L . r . r - - L C _ - 4  U . , j " ! . . . i , L .  U J  i r . : _  . .  y r r ! . v r . v J i u

sigir.ature i-{i a; 0 u ( j€ 0{) 4
I

J'' iso, i;hc*e f 'e Llresenteti-ons arc rclr.tcd. to fl:.e restrictions of'
' i ; ire gaug;er*invariairt ge:r.erali..bcc1 frce states f tff:]) of .the 

CAlr_
eilgebra to 'Llr'e srtbalgel:i:i"I, of geuge-ir:vi.rrian* eleruents" Ilr :fac.i;, tire
nain resnlt prcscntcd i ir t ir i-s secti.o:r can l:e vic.,, 'rcrl ac tirc cl..ss:.l-
f ica'bion accorcling to 'cyPe a.rri l  qui:.si-equivelencc of theso restrj"c*
t j-ons 4

" { u 4 - u  l - , c t  A  6  j . , ( l i ) ,  C  (  l i  (  I ,  r r n d .  d e f j . n c

I T  G  T ,  T . I T \'  -  ' 4  \ i r l

-Z

$ 7 " sg g5g g g= g;! rI Sgrg- *r= s*!3 g*r,r,;rg,,: r* g= ! gr !t rg "'

u:ii ir+si-*:i.ve "i;;ipe oil ii" (Ji) j, r.*nc,ni.r "[i]ic)rc prer,cr:_tr:ci i:l ii + , f.o:i:. r .

: . . . i i ; i * ] , t " ; i . . ; . ' - i . . ; . . . l i : r . ) i r ] : i i ; . i . l . ; l i :

qi;.i.'nli-**ciu:i.'tri.licl:.cc, ;,*rr1 al-lo,r;.,: ,ti:.oi.; irc:,r i;h.c co:i.-l-',c*:)o*ri:i.ii;; rept:c*
ficnteti-i:i:l': cir* bc 'cali-.',edL i.* clpr:rccc o:i crn.i;i;:r;;ri.rrc-l.,i-c -Lc.r:lro::s

oYer i{ . "t i l j" these }'eprerjentatlonn, r,vh.en resti: ic,;cii. to LI(oo) ,
cori:eelpo::c1 to thc iqliler si.giri"r,twe t.. : a u:rrcr- i-o ihe J-oi.rcr

I

.' .i"

"d,' 
'rt\.

Y/ , (V )  *  de t ( ( l * ; ' )  r "AV)



'ttheir 
t\ 

i-s a cort't:l.nuou$ ft.r.rrcti.o.n of posi-'Livc -i;;rpe ovl Lh.(fi) s

i.,ctu;r1l-)r, S' coL'i'cclJoiroru a$ :ln $ 4 u io 
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