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I NTRODU CT I ON

The alm of this paper is to extend to the case of

cocycle representations the main results of the Auslander

Kostant - Pukanszky theory on unj-tary representations cf solva-

b le L ie  groups.  Essent ia l ly ,  the i r  resul ts  prov ide complete

answers to the fol lowing fundamental problems: (a) the characte-

rization of type I - nesst (b) the parametrization of the unita-

ry dual of a type tr group; (c) the parametrizatj .on of the pri-

mit ive ideal space of tbe group C* - algebra (whlch seems to be

the appropriate "dual object" for a non-type t group) .,  The an-

swers to al l  these questions are given in terms of the coadjoint

action of the group on the dual vector space of i ts t ie algebra.

We have found. that the ldeas developed by t,hese authors

can be used also in the '-reatment of o - representations (ct

being a 2 - cccycle) and t,he above rnentioned problems get sinl-

lar answers which this t ime involve, instead of the coadjoint

act ionr  &r  af f ine act ion of  the Eroup on the dual  space of  i ts

L le  a lgeb ra ,  d .e f i ned  by  s ,  wh ich  we  ca lL  thg 'o  -  coad jo in t  ac -

t ion" .  Speci f ica l ly r  w€ prove that  i f  S is  a  connected and stmply

eonnected solvable Lie group with t ie algebra I and s is an

ana ly t i c  2  -  cocyc le  on  S ,  t hen :  (1 )  (S ,s )  i s  o f  bype  I  ( i . e .

any factor  e  -  representat ion of  S is  o f . type I )  i f  and only  i f

al l-  the orbit,s of the c - coadjoint actlon are tocally closed

in  a *  and  ra t , i ona l  (Theorem 3 .4 .1 )  ;  ( . 2 ' )  i f  (S rg )  i s .o f  t ype  I

t hen ,  i t s  a  -  dua l  (S rs )  ( i . e ,  t he  se t  o f  a l l  equ i va lenee  cLas -

ses of irreductible a - representations af S) is parametrized
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by the orbits of s acting in a natural way on the space Bo(6n)

of  a l l  pairs (srn) wi th s € a" and n an o -  character on the

" reduced s tab l l i zer " .  o f  S  a t ,  s  ( fheorem 3 .4 .2  ( i i )  ) ;  (3 )  the

spase Pr im C* (Sro) of  a l  pr imit ive ideals in the C* -  a lgebra

associated to (Sra) is parametr ized by the orbj . ts of  an equlva-

lence relat ion Pe on Bo (a *  
)  (gheorem 3 .4 .3 .  )  ; '

.As one can seer besides the replacement of  thu 
"o"ajoint

action by the a - coadjoint action, the only difference between

our resul ts ( I )  '  (21 ,  (3)  and the or ig lnal  resul ts df .auslander

Kostant [ r  ,  Theorems v .3 .  z,  Y.3 .3 .  ]  and pukanszky 
[ l  ,  Theorem r] .

consists in the fact that in our characterization of type r

ness the rationall"ty condition and not the integral-ity one plays

the essent ia l  r61e; the reason is that ,  the a -  coadjoint  act ion

being no more rlnear but affine, the rationarity of all orbits

does not automat,ically lmply thelr integrality (that this pheno-

menon real ly occurs,  is  showed in 3,5 by an example).  A more .sub-
tle difference, having the same source, appeari in the expllcit

construction of the irreduclbLe o - representations (Theorem

3.4 .2  ( i ) ) .  Namely .  the  rack  o f  the  in tegrar i t y  p roper ty  p revents

us from applying the Auslander - Kostant procedure for construc-

ting j.rreduclb-le representations. Fortunately, this point can be

handled by uslng the extension of the Auslander Kostant con-

struct ion whlch we gave in [S] .

Some words about the organization of the material ln thls

paper are now in order. In $1 we recall briefly the constructlon

of unitary representations of a solvable Lie groupn arong the

l ines of  the Auslander -  Kostant methodr &s developed, in [s] .  To

motivate the content of $2, Let us record that if, G is the central
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extension of s by R associated. to c, the a - representations of

S are in a one-to-one correspondence with the unitary represen-

tations of G whose restrictlon to the central subgroup R is a

mult ipLe of  the character t  -  e2r i t .  Thus, our invest igat ion of

the cocycle representat ions appears to be a special  case of  the'

study of the unitary representations of a connected and simply

connected solvable Lie group G wh6se restriction to a connected,

closed., central subgroup z is a multipl" or{rrren character I .

This more general settlng is approached in 52, where we glve a

"relat,ivized," version of the Auslander - Kostant - Pukanszky

theory.  Uslng thisr  w€ der lve in 53 the main resul ts i .n th is pa=

per which were already mentioned above. 
'

'F inal ly 
we ment ion that for  an exponent ia l  L ie group S,

the parametr izat ion of  (Sro) '  in terms of  the s -  coadjolnt  ac-

t ion was previously obtained by T.Sund lg l .
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f ,
tl r

Throughout thls section we shai-l denote by G a connected

and simply connected solvabre r,ie group with Lie algebra g. we

f ix also a c losedf connected, central  subgroup z of  G and a uni-

tary character I on z. Further we denote by e the Lie argebra of

z and by ( the l i.near functional on e satisfylng dI = 2nyt .

c lear lyr^ N = z. [c,  c]  is  a c losed, connected and niLpotent sub-

group of  G with Lie algebra n = z + f ,g,  g j  .

B y  g *

( r e s p .  n ,  z l  ,

o f a l l g € g *

(resp, f l * ,  zn) we me-an the d.ual  vector space af  g

while gl (resp . ni) stand.s for the l inear variety

( r e s p  . ' f  e  n * )  s u c h  t h a t  g f  z  =  |  t r " " p .  f  l e  =  1 l  ,

The  g roup  G  ac ts ,on  g ( resp. n) v ia the adjoint  representat ion,

and hence by dual l ty  on g*  ( resp.  n*)  v ia  what  is  ca l led the

coad, jo ln t  representat lon,  reav ing g i  ( resp,  n i l  invar j .ant .  we

shal l  wr i te  Ad (a)  ( resp.  Ad* (a)  )  f  or  the l inear  t ransformat ion

on  g  ( resp .  g * ,  co r respond . ing  to  a  €  G .

The set  o f  a l l  un i tary  representat ions of  G wi l l  be de-

noted, Rep (G) r the subset ,cf t ,he factor representations by Fac

(G) and the subset of the irred.ucible reiresentations by rrr (G) .

The collection of al l  normal representations (for the deflnit ion

see  [9 ,  p .8 rJ )  i s  deno ted  by  Facn  ( c ) .  Fu r the r  R .p l  ( c )  s tands

for  the set  o f  those n (  Rep (G) such that  n lz  is  a  murt ipre of

I ,  and rve put  a lso Fac^ (G) = Fac (c)  n  Rep^ (G) ,  Facn^ (G) = Facn

( G )  n  R * p l ( e )  a n d  r r r ^ ( G )  =  r f f  ( c )  n  R . p l ( c ) .  F i n a l l y ,  I  ( r e s p .

8rl denotes the set of al l  cluasi-equrvalence elases in Fac (G)

(resp" Fac^ (G) ),  8r,or* (resp. Slor*) the subset consist ing of
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the guasi-egul-val_ence classes in Facn (G) (resp.
^  - )
G  ( resp .  G" )  t he  se t  o f  a l t  equ j . va lence  c lasses

I rr^ (c) )  .

F a c n l ( c ) ) ,  a n d

1n l r r  (C)  ( resp .

l . l .  Le t  g  e  g* ,  c (s )  be  the  lso t ropy  s t 'bgroup o f  G a t

g wi th respect tot  the coad. jo int  act ion,  g (g) be i ts Lre algebra,

"g 
= Ad*(G).g be the orbi- t  of  g un, ler  G, and ug 9.  the G-lnva.-

riant 2 - form cn x., induced by the 2 - cocycle -clg on g. Thgre

exists a unique crralactet Xg on the identity component G (g) o of

c (g)  such tha t  U*g  ZnL.g  lg  (g )1  i t s  kerne l  en  is  a  normal  sub-

group of  G(g).  The set of  a l l  subgroups f  of  e (g) containlng

c(g)o  ls  denoted  by  s (g) ,  F 'o r  r  €  S(g) ,  r f i  i s  the  inverse  image

in  G(g)  o f  the  cent ra l i zer  o f  y /aS in  G(g l /ag .  Fur ther  we Cef ine

A (g) as being the subset of  a l r  r  € s (g) wi t i r  r  c r# ,  whi le

A * u * ( s ) c o n s i s t s o f t h o s e r € S ( g ) s a t i s f y i n g | = r # . B y [ s ,

Lemma L.2J ,  f  e A (g) i f  and only t f  there exlsts a uni tary cha-

racter x of  r  such that * l " , lnr"  = Xg, the set of  at l  such qha-

racters of  I  is  denoted by f .

Now let  f  =  g. ln ,  M = G(f )  be the isot ropy subgroup of  G

acting on fr* ,  ^ = g (f l  be the Lie algebra of I I ,  and, m = ,Jlt tu. De-

noting by Xr the unique character of the connected and sirnply

connected subgroup N(f  )  =  N f l  c ( f  )  whose d i f ferent ia l  is  2nL. f  I

n( f l ,  and by Q,  the ident i ty  cCInponent  of  Ker  Xf ,  we observe

that Ot is normal in M, hence in the identit ,y component Mo of M,
I

and that Mo/Qg is a cennected, simply connect,ed, nirpotent t ie

group.  The funct ional  m € m* van. i -shes on {g = ker  ( f fn( f )  and

hence becomes a funct ional  on the L ie a lgebra m/q.  o f  Mo/ef ,  g i -

ving rlse according to the Kir i l lorr theory to an irreducible
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unitary represeRtat ion of  Mo /Qri  l ts  pul l -back to Mo wi- lJ,  be

denoted. Oo (m) .

Let  R (g) (resp. F (g) ,  I  (S) )  .  denote the set of  a l l  uni-

tary (resp. factor,  i r reducible) representat ions 6 of  C(g) such

that of  e (v)o i "  a murt , ip le of  xg" one may associate to : rny

6  €  F(g)  a  representa t ion  n(o)  o f  G.  Th is  cons t ru i t ion ,  due to .

Auslander and Kostant [t] and based on the Mackey ritt le group

m e t h o d ,  w i l l  b e  b r i e f l y  r e c o r d e d  h e r e  ( a f t e r  [ a ] ,  I S J ,  [ r O J ) .

One forms f i rst  the representat ion o @ po (*)  of  the di-

rect  prod.uct  G(g) x Mo and one observes that i t  factor izes

through a representation (o @ Oo (m) ) 
- 

of the stabil izer Mn =

= G(g)tr lo of  oo (m) in l " I  (which acts natural ly on f fo) .  one consi-

ders next the representat ion t (o)  of  M induced by (o @ oo imi)  
^

and one l i f ts  i t  to a representat ion t (o)"  of  the semi-direct

product MxsN, Now, by forming the tensor product t (o)-  @ v(f) ,

where  v ( f )  s tands  fo r  the  canon ica l  ex tens ion  (see. [ t ,  Propos l -

t i o n  r r r . 2 . 2 .  a n d  T h e o r e m  r r r . 3 . 1 l  )  t o  1 4 x u  N  o f  t h e  i r r e d u c i -

ble representat ion p(f  )  of  N associated vj-a the Kir i l lov construc-

t ion to f  € n*,  one get a repl :esentat ion'of  Mxs I{  which can be

dropped down to  a  representa t ion  ( r (o ) -  @ v( f l I ^  o f  K  =  MN;  no te

that K is the stabi l izer of  p ( f )  in G act ing on fr ,  and that th is

last  representat ion when restr icted to N is a mult ipre of  p ( f )  .

Final ly,  one def ines r(o) as being the representat , ion of  G in,Ju-

c e d  b y  ( r ( o ) *  6 v ( f ) ) ^ .

1.1. I .  RemarE.  An impor tant ,  feature of  th is  construct ion,

which is a cons-eguence of the Mackey theory, is that the commu-

t ing r ings of  the representat ions o and n (o)  are a lgebra ica l ly

i sono rph i , c .
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l a t e r  u s e ,  i s

i t .  is  easy to
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Remark.  Another .  feature,  which

that  t t (o)  €  Rep^ (G) i f  and only

see that  r i  (o)  |  Z  Ls a mul t ip le  of

we state here for

* _
i f g e g i . r n d e e d ,

o l z ,  w h i c h  i n

tu rn  i s  a  rnu l t ip le  o f  Xn lz .  But  Xn lz  =  I  i f  and .  on ly  i f  g lz  =  1 , .

1.2.  There is  a  s imple way for  obta in ing representat ions

in R (g)  for  a  g iven g e g*  ,  by ind,uc ing characters f rom var ious

r  €  A ( g )  t o  G ( g ) .  r n d e e d . ,  i f  r  €  A ( g )  a n d  X  n f  ,  t h e n  t h e  r e p r e -

sen t -a t j . on  o (g rx )  o f  
' c (g )  

i nducec l  by  X  i s  obv iousJ ,y  i n  R (g ) ,  The

co r respond ing  rep resen ta t i on  r (o (g rX ) )  o f  G  w111  be  deno ted ,  more

s i . r n p l y ,  n ( g r X ) .  W e  r e c a l l  a f t e r  [ S ]  t h a t  n ( g r x )  i s  a  f a c t o r  r e -

presentat ion l f  and only  t f  f f i#  = f ,  a  type I  factor  reprdsenta-

t i on  i f  and"on ly  i f  f # / f  i s  f i n i t , e ,  and  i s  an  i r reduc ib le  rep re -

sen ta t i on  i f  and  on l y  i f  f  =  f $ .  I n  add i t . i on ,  n (g rx )  can  be  de -

scrj.bed j.n terms of holomorphic i-nduction, as fol lovrs.

Let  h  be a posi t ive,  n  -  admis ib le  polar izat ion at  g  ( for

these  d ,e f l n i t i ons ,  see  l t l  ,  [ + ]1 ,  I e t ,  d  =  h  nS ,  and  ) .e t  Do  be

the analy t ic  subEroup corresponding to  d. ,Then D = Dof  is  c losed

and there exists a unique character XD on D which .extends X and

has  the  d i f f e ren t j -a l  2nL .g ld . .  Le t  us  deno te  by  K (G,D)  Lhe  space

of  a l l  cont inous funct ions 0:  G *  C,  w5- th compact  suppor t  modulo

D,  sat is fy ing

U  ( a d )  =  a D  ( d )  a c  ( d )  - 1 0  ( a )  | a € G , d  e  D ,

where A" and AO are the rnodular functions on G and D respectively.

There ex is ts  a pos i t ive G invar iant  l inear  funct ional  S* . f " /o

{ (a)  Ci ,  which is  un ique up to  a mul t ip l icat ive constant .  Consj .der

now the space of  a l l  c -  -  funct ions q:G * .C,  wi th  compact ,  suppor t

modulo D,  which ver isy:



: B

( i )  n  ( a d )  =  A D ( d ) * o a ( a ) - L  X D ( d ) - 1 9  ( a ) ,  a  €  G ,  d .  e  D ;

{ I I ) x * q = ( t T r ( x )  2 n i ( g r x > ) p ,  x  € h ,

where

(  (x+ iy ;  *q )  (a )  =  d  
v  (a  exp tx )  l t=o  +  i .  { -  o  (a  exp ty ) ' la=o

dr  d r .

for x+iy e gcrand Tr(x) stands for the trace of the operator on

gg/h + h induced by .ad x,  wi th x e h.  s ince for any funct lon g '

s a t i s f y i n g  ( 1 )  '  t h e  f u n c t i o n  o n  G  a r *  l q ( a )  I t  b e l o n g s  t o  K ( G ; D ) ,

i t  makes sense to put

l f q l ! 2  =  $ " r o l q  ( a )  | '  a i ,

and we Let. f l  (g,X, h) d.enot.e.  the comptet ion of  th i ,s space of

funct,ions wLth respect to the above norm. one d.ef ines f lnally

the holomorphically induced representation ,g (g, X r lx) as being

the representation of G by left translat,ions on the uitbert space

H ( 9 ,  X r  h r .

According to

uni tar i ly  eguivalent;

P ( g .  X ) ,

1 .3 .  F ix  now f  €  n*  and.  le t  g f  denote  the  l inear  var ie ty

o f  a l l  g  e  g*  w i th  g ln  =  f  .  Assurne tha t  fo r  any  g  e  g i  the  orb i t

*g  i s  Ioca l l y  c losed in  g* .  I f  n  €  Fac(G)  and r lN  i "  l . r r fed  by

the  orb l t  G.p( f , )  in  f r ,  then  us ing  [ fO,  4 . I ]  one can see tha t  the

construct ion involv ing l " lackeyts machinery descr ibed in l . r  cbn

be reversed. and provides an element g e gi and a representat,ion

o E F(9) such that r  (gr  X) is uni tar i ly  equivalent to n.  For our

purposes, the foLlowing resul t ,  based ot l  th is remark,  wir l  be

especial ly useful .  Before stat ing l t  let  us introduce one more

[ S ,  L e m m a  2 . 2 f  ,  n ( g r x )  a n d  a { g " ,  X r  h l  a r e

their equivalence c'lass wil l- be denoted
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de f in i t i on :  an  o rb i t

cohomology class [uo]

I . 3 . I .  L E M M A .

c losecr  and rat ional ,

i n  g *  w L l l  b e

H 2  ( X g ,  R )  i s

cal-Led rational if the

ra t iona l .

xg

€

Assume that any orbit X
rb€-

and let ?r c frr (G)\Guch

^  c  g i  i s  loca l l y
= -

tha t  nJn  is  car r ied

by the orbi t  G.p ( . f )  in f f .  Then there exists g € Si; r e A*.* (9)

and X e f  such that n is uni tar i ly  equivalent to n (g" X) .

Proo f .

that i f  g € gf , ,

ta t lon of  e  (g)

tsy what we

then each

induced by

have said above, it suffices to prove

o € I (g) ls eguivalent to a reprasen-

a character x e f ror some r u A*u.* (n) .

cons lder  an  arb i t ra ry  f  €  A*u* (g) ,  es  i t  i s  known la ,  p .465] ,  th€

rationality of the cohomologry class [og] amounts to the finitude

of the index of  c (E) # in c (g) .  Since c (g) f i  i "  c learty containect

ln r ,  r  must be of  f in i te index in c(g) too.  r t  fo l lows that the

abel ian normar subgroup y/es is regular ly enrbedded in G ( i l /eo.

Furt .hermore/ s ince f  € A*.*(g),  the stabir izer of  any x a f  t "

G(g) act ing o" i  is  f  i tsel f .  Therefore,  the Mackei  machinery

works and leads us to the desired concluiion.
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Besides the notat ibns arready i ixed in  St ,  rve heed a fevr

others which we are going to introduce now.

F i r s t  we  deno te  by  g (gn )  t he  se t  o f  a1 l  pa i r s  p  =  (g ,  X )
with g e g* and'  x E Gr-# and ny B(gi)  rhe subser of  t r {g*)  con-

s is t ing  o f  those pa i rs  p  =  (g ,  X)  w i th  g  e  g i .  The group G ac t .s

in an abvlous way on I (g ") , J-eaving B (gil invariant,

Nex t r  w€ wr l te  I  fo r  the  Ad-a lgebra ic  hur r  o f  Gr  i .€ .

the smallest algebraic group of automorphisms of g containing

Ad (c) , and we note that t acts naturarly on g (resp. n) and irence

by  dua l i t y  on  g* .  ( resp ,  n* )  and leaves  g j  ( resp .  n i ' t  invar ian t .

Final lyr  w€ d.enote uy J l  the two-sided. idear in c*(G)

which is the j -ntersect ion of  aI i  kernels in Cr(G) of  the repre_

sentat ions of  G whose restr ict ion to z is a mult ip le of  the cha-

r a c t e r , l , ,  a n d  w e  p u t  c " ( e l r )  =  c * ( c ) / J r .  T h e r e  1 s  a  n a t u r a L  b i -

jection between R"pf (C) and the set of al1 non-degenerate repre-

s e n t a t i o n s  o f  c * ( c l l ) .

i f  a l l  representat ions

shall s&y that c is cf t,ype i._(m,od Ll
Rep^ (c)  are of  . type I t  or  equivalent ly

We

in

c *  ( c  l A )  i s  a  t y p e  i  c *  -  a l g e b r a .

2,L . To prove our results in this secti-onr w€ need^ the

fo l lowing lemmas,  which 'are.sr ight ry  modi f ied vers ions of  propo-

s j - t ion and,  Lemme on p.5 in  [Z]  .

2 " I  . I  .  LEMldA. Let n be an irreducible rer:resentation of

G whose restr ict ion to l I  i s  car r ied  by  the  orb i t  3 .p ( f  ) ,  where
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f  €  f t * .  The fo l lowing asser t ions are equlvalent:

( i )  I  is  normal  i

( i i )  
X",  !a local1y c losed

and rat ionar.  
Y

2  ,T  .2  .  LBMMA.Assurne that  f  e  n*  sat is f ies condi t ion
( i i )  above .  Then  anv facto l  rep:esenta l ion of  G whose nest r ic_

t i -on  to  N is  car r ied  by  l .O, r )  rs  o f  t

2 .1 .3 .  LEle{.A. The restr ict ion Lg N of a normal irredu-
cible represi:ntati_on of G il Se.tlgg by a rransitive asl -or -
b i t .

These claimes can be proved

af ter  not ic ing that  a l l  pukanszkyrs

valld when L = [e, C] is replaced bv

'  
2 . 2 .  W e  a r e  n o w  l n  a

of  th is  sect ion.

posi t ion to prove the main resul ts

2,2.I .  THEoREM. c ls_ot lype r_ (mo{_ }) i{ glgsl ly*if  ,
ror 

"*lLjL€ s;, xg .
prpoq.  Assume G o f  type  f  {moa , f  } .  Then C*(c l f )  i s  a

type f  C'* ' -  a lgebra,  hence any ?T € l r r^ (G) is normal.  Now l_et
g € g;  ,  |  € o*.*(n) and x € 

* t - .  
By [s,  Theorem 2.] .  (3)J and

Remark L .L ,2 r  r  (g r  X) € f r r^ (G) n theref  ore i t  j .s  normal,  Using
now Lemma 2.LnL.,  we get that  xo is rocar ly crosed and rat ionar.

To prove the converse assert ion,  Iet  n e FacI (G) .  As i t
is  known, i ts restr i .ct ion to N is carr ied,  by sc*ne orbi t ,  G.p(f)
in fr, with f e ni . By our hypothesis and r:,ernma 2 .!.2, it for.rows
that n is of  type I .

e x a c t l y  a s  i n  t Z ,  l o c . c l t " ]

resul ts  used there are a lso

N .
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2 ,2 ,2 .  THEOREM.  Assune  G o f  t ype  I  (mod .  ) , )  .  ( i )  Le t

p = (g, x) e B(s;)d*:-A***(s),.qng-kr.xje t ry qggrr!-?rf ion
of x (whiqh.:y::.Iy gl lqls !yl_L r,qTlra r.z (] i) l).  rhen the equi-
va lenc e c I a s s.-gf_i.f,re.drtc ible repre s ent a tion s p ( X ' )  d e p e n d s

only upon p, and wil l  be deri l : te, l  accordingJ-y E (p) .

( i i )  The ass.ignment p_e { (p) ind,uces a bi ject. ion of nGp /c
o n  t o  G ' .

Proof .  The f i rs t  cra im can be checked by arguing as in

[ s , 3 . 2 ] ] - _

Now let  n e rrr^ (G) i  i t  is  normar,  hence by Lemma 2.1.3, .

i t s  res t r i c t ion  to  A i  i s ' car r ied  by  an  orb i t .G.p  ( f  )  .  Thus ,  we are

in a posi t ion to.  apply Lemma 1.3,1 which en.sures us that therd

e x i s L  q  €  a f r  n *  t -  a  a  ( a )  . a n d  v t  a ,  
*

-y  =  94 t  l ' .€  O* . * (g )  and.  X '  €  I  '  such  tha t

r  i s  e q u l v a l e n t  t o  n ( g ,  X r ) .  p r : t t i n g  X  =  X ,  f  C ( V ) S  a n d  p  =  ( g r x ) ,

we see that r  is  1n the c lass t  (p)  "  th is proves the sur ject iv l ty

o f t : 8 ( S i l  * 3 1 .  :  ,

Now let

=  (Ad *  (a )  g ,  xa)  ,

aG (g) #.-  t  
.  Let

p  =  ( g ,  x )  e  B ( g ; )  a n d  a  e  G .  R e c a l l  t h a t  & . p ' =

w h e r e  X a ( c )  =  X  ( a *  l c a )  f o r  c  €  c ( A d * ( " ) g ) f i  =
*

max 
(g) and X t e f be an extensi.on of X .

Then  fa  =  a ra - t  €  Amax (aa*  (a )g)  and Xta  e  la  ex tends  X&.  rn

v i e w  o f  [ S ,  3 . ] ] ,  n ( g ,  X r ]  i s  e q u i v a l e n t  t o  n ( a d  ( a ] g ,  X r a ) ,

wh ich  means tha t  E  (ap)  =  t (p )  .  Converse ly ,  i f  t (n r )  =  E{pr }  w i th

P i  =  ( g i  ,  X i ) . e  t { S i l  { i  =  L n Z ) ,  t h e n  a f t e r  c h c o s i n g  I ' i  €  A * . *

(gi)  and xi  e {  tnr"n exterrd 1,  ( i  = L,z}  ,  whe obtain two equi . -

va len t  representa t ions  n(9r ' ,  X i . i  and  n(ge  rX2)  .  Aga in  by  [5 ,  loc .

c i t . ] ,  there  ex j .s ts  a  €  G such tha t  go  =  Ad. * (a )  ga  and.  1 i  l f  , ,  n  f f=

=  X ; t l f r  n  f 3 "  B u t  t h i s  c l e a r l y  i m p l i e s  p r  =  E . p 2 .

f e
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2 -3 - We close this section by rephrasing in our context

the main resul t ,s of  pukanszky in [Z]  and [A] ,
'  

The equivalence relat ion on B(g") .  introduced by pukanszky

in  Ls ,  ch . r r ]  w i l r  be  denoted  here  by  ? ;  as  i t  i s  eas i l y  seen,

8(g , )  : . s  le f t  invar ian t  by  ? . .  G iven 0  €  B  (g" ) /p  one fo rms as  in

[O ,  loc .c i t . ]  the  normal  fac to r  representa t ion  p(0)  l ' €=  J o  P ( P )

d u , 7 ( e ) .  T h e  k e r n e l  o f  p i 0 )  i n  c * ( G )  w i l l  b e  d e n o t e d  J ( 0 )  a n d  t h e

quasi-equivalence class of  n (C1) by f  (0)  .

2 . 3 . I . .  R e m a r k .  T h e  m a p  J  .  B ( g " r / p  -  p r i m  C * ( G ) ,  w h i c h

according to [ ] ,  Theorem 1] is a bi ject ion,  establ ishes a bi jec-

t ion  be tween B (g i l  /?  and pr im C"  (c  I  f )  too ,  th is , la t te r  .spdce

being view as the subspace of  pr im C* (G) consist ing of  a l l  pr imi-

t ive ideals vrhich contain J^.

r n d e e d ,  i f  A  e , \ r c ; ,  r t r e n  n ( d )  l z  =  I ;  r ( n )  l z  d u O ( p )  i s  a
nru l t ip le  o f  ) ,  s ince  every  r (p t l z  i s  so i  there fore  J (0)  =  . ] t r .

Conservely,  assume that -7(d) 3 J l  .  Since J(0) = Ker n(p) for  any

p  €  0  [ l  ,  p ' 9 3 ] ,  n ( p )  l z  w i r r  b e  a  m u r t i p t e  o f  I ,  h e n c e  p € g ( g i )  ,

rhus |c$e;,.

.  2.3,2.  B-egSIE. In a s imi lar  way one checks that the map

e t  T rc* ) /P  *  6 r ,o r *  ,  wh ich  by  [g ,  Theorerp  3 ]  i s  b i jec t i ve ,  es ta -

bl ishes a bi ject ion between B(g: , )  /p and Clor*.
t
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From now on we.shalL denote by S a connected and s jmply  con-

nected so lvab- le  L ie  group,  and by .5  i ts  L ie  a lgebra.  
'

3 .1.  For  the convenience of  the reader  we shal l  record heie

some known facts about 2-cocycJ-es on a Lle group.

Let '  a  e z=(srr )  be a Bore l  2-cocycre on s  rv i th  va lues in

the c i rc le  group T,  and le t

t --+ T i:-'- st Pc , s ----> e

be the corresponding group extension; preci-sely, ss = T x s with

t h e  m u l t i p l i c a t i o n  r u l e  ( t t  , a r  )  ( t z  r a z )  =  ( t r  t z a  ( a r  , a z )  ,  d r  . & a )  r
i d ( t )  =  ( t ,  e ) ,  p a ( t r a )  =  . . ' r a  i s  k n o w n  t h a t  t h e r e  e x i s t s  a ' w e l l -

d,etermined Lie group st,ructure on so such that io and po *r. Lie

homomorphisms. Moreover, when o is analyti.c, the analytic structqre

on So is exactly the product 'struct,ure 
of T and S.

Now ret  3c denote the universal  cover ing group of  so,  qo,3o*

- so be the canonical  project ion,  and f i " r3o *  s def ined as f io=p*ogo.

A litt le computation, invcrlving the honotopy exact sequence of t,he

f ibre bund,Le i lo r3o*s shows that Ker tF"t is a connected and simply

connected Lj-e group. l , Ioreover,  q l rer  ($*)  ,x.r  ($o)*r" i*  a cover ing

homomorphism, hence Ker tlol is isomorphic to R. We shall choose an

identif ication between them such that the restriction of qo to R=Ker

t lo l  becomes tn* e2r i t .  we get thus the commuting diagrams ,

o ___+ R ___> B" _&3__.', ___> €
J. 'n i1 , l ,^qo l=

I _> T -_______--__> S* _-_-+ S -_--_____-_2 e

According to r i  classical .resuln- of Mal_cev [f]  ,  there
tu

s e c t , i o n  o ' : s * d c .  T h e n  & : s  x  s  *  R ,  & ( a r b )  =  < i . ( a ) o ( b ) o

lyt ic 2-cocycle on S ano the extensj,ons

o ____+ R _____- s& F" 
"s 

__* €
. u N

o ----> R sd, fo -, s -------+ €

are iscmorSrhi .c.  I t  fo l lovrs that  I  € Z2 (S,fJ given by
tu

"2nicr  
(a  'b)  is  an anaJ- ;y t ic  z-cocycJ-e egui . , ra lent  to  a.

q:el!s)
ex is t s  anYc foss -

(ab )  
-  t  

i s  an  ana -

B  ( a ' b )  =
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As usual ly,  by an '  -  representat ion of  s we mean a

Borel map p of s into the unitary group of a separabre Hilbert

space wh ich  sa t is f  ies  the  Law p  (a )  p  (b )  =  a  (a rb)  p  (ab)  and p  (e )  =

= rd.  our ai-m in th is sect ion being the study of  o -  representa-

tions of S and bearing in mj-nd the fact that eguivalent, coycles

give rise bo equivalent .cepr'estr-ntation theories, by vrhet vre said

above, there wi l l  be no loss of  general i ty in.assuming from the

b e g i n n i n g  t h a t  d  e  z " ( s ,  r )  i s  o f  t h e  f o r m  * ( a r b )  = . " 2 n L  c i  ( a r b )

vr i th & Q. z ' (srR) analyt ic.  
'

The cocycle a (  Z ' (5,  f ' )  wi th the above property being

fixed from now onr w€ shall denote sa oy c, and p& uy p, furthe.r

we denote  by  o  :  s  *  G the  canon ica l  c ross-sec t ion  o(a)  =  (o ra) .

s ince Grr when vlewed as an anaryt ic manifol , l ,  is  precisery R * s,

the Lie algebra g of .G can be (and wit l  be) ident i f ied to R x 6.

Then, the bracket operation on g = ft x 6_ is of the fornn

[ ( t r r x r ) r  ( E z ,  x z ) ]  =  ( o o ( x e ,  x r ) ,  l x r ,  x z | ) ,

wi th ,o € z ' ( t ,  R) .  A direct  computat ion gives the folJ.owing

formula expressing 6a in terms of  a:
2

I  , n ,t t ^  ( x r y )  =  -  ( c l  ( e x p  s y rs  
3 s 0 t

e x p  t x )  -  t ( e x p  t x ,  e x p  s y ) )  l g = s = 6

R

g *

3.2.  We maintain the above notat ion.  fn part , icular,  g =

x .6 as vect,or spaces, which enables us to identify g * to

6 * .  G i v e n  s (  6 *  w e  s h a l l  d e n o t e  b y  g ( s )  t h e  f u n c t i o n a r  ( r r s ) €

Since R is central in g , the coadjoint actj .on of G on g *

-o$-
factorj-zes through an actionvs on g * which, in addit ion, preser-

ves the h1 'perp ianes of  the f rom { t }  *  A*  in  g*  and induces on

each of them an aff ine action of s, depending upon t € p.. Actuarryn
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we are interested onJ-y 1rr the action

shal l  v ievr as an af f ine act ion on 6 *

s t_-> g (s)  "  Thls act ion,  which wi I I

action of S and vii l l  be denoted Ad*

fornull

of  S  on  { r }  x  6 . *  wh ich  we

,  v i a . -Lhe

be cal led

, is gi.ven

aff ine bi lect ion

the a -  coadjoint

expl ic i te ly  by the

A d * ( o r a ) g ( s )  =  g ( A d ; ( a ) s ) ,  a €  s ,  s  €  6 * .

The isotropy subgroup of s at s € a * with respect t 'o Lhis

act lon is  denoted Su (s)  .  I t  is  not  d i f f icu l t  to  check that ,  i ts

L ie a lgebra lo(s)  co inc ides wi th  the set  o f  t ,hose x € 6 such t ,hat

u r * ( x r y )  =  ( s r [ * , y ] >  f o r  a l l  y  €  d .  c l e a r l y ,  G ( g ( s ) )  =  p  t t s o { s ) }  =

=  R  x  S o ( s ) r  G ( g ( s ) ) o  =  p  t { s o { s } o )  =  f t  x  s o ( s ) o  a n d  g ( g ( s ) }  =

=  ( d p ) - 1 { a o ( s } )  =  R  x  a o ( s } .  T h e  o r b i t  t h r o u g h  s €  { *  u n d e r  t h e

o -  coadjo int  act j -on of  s  wi r l  be denoted y" ;  i t  possesses a ca-

nonica l  s lmplect ic  s t ructure which is  g iven by the unique Ad;(S)-

invariant 2 form t! ,  induced by the z - cocycl€ oo * cls on 6n,

when the cohomology c lass t+ l l  e  n2(ys ,  R)  is  ra t ionar ,  y"  wi l l

be ca l led,  a  rat ional  orb i t

N o w  g i v e n  s  €  t *  w e  d e f i n e  n s  :  S o ( s ) o  *  T  b y  n u ( c )  =

=  Xg(s )  (o rc )  r  r vhe re  Xg(s )  has  the  same mean ing  as  i n  I , l .  Then

ns  l s  an  s  -  cha rac te r  o f  so  ( s )  
"  

,  t ha t  r s  t "  (a )  n "  (b )  =  c r  (a rb )

n " ( + b ) ,  i t s  d i f f e r e n t i a l  a t  e e S o ( s ) o  i s  g l v e n  b y  ( d n s l e  ( x )  s

2n i  (  s ,  x  >  r  x  €  ao  ( s ) ,  and  the  re la t i onsh ip  be tween  t "  and

X g ( s )  i s  e x p r e s s e d  b y  t h e  f o r m u l a :  X g ( " ,  ( t r  a )  =  u t n i t n s  ( a ) ,

( t ra )  €  C(g (s ) )o .  Fo r  l a te r  use  i t ,  i s  t ' i o r th  men t lon ing  tha t , r  ES

in the case of ordinary characters, an o - character on a connec-

ted L ie group ls  un iquely  determined by i ts  d i f ferent ia l  a t  the

uni t  e lement .

te t  Sq(s )  denote . the  se t  u f  a l l  subgroup X o f  So(s )  con-
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taining so (s)  
o.  For I  € So (s)  we d.ef  ine XS as being the set of

a i l  a  €  S o ( s )  s u c h  t h a t  s ( a r b ) o ( a - 1 ,  b - 1 ) c r ( a b ,  & ' 4  b - n  ) r g ( a b a - r g - r ) =
=  c ( d r  a - 1 1 o 1 b ,  b - r )  f o r  a } r  b  € .  x , .  c l e a r r y ,  i f  I  a  s s ( s ) ,  p - r  ( x ) =

= R x  X  is  an  e lement  o f  S(g(s ) )  wh ich  we denote  by  f  (E)  and

r ( r ) #  =  R  x  l # ;  i t  f o l l o w s  t h a t  r #  =  p ( r ( [ ] f i ] r . i n  p a r t i c u l a r

xs  €  so(s )  .  Def ine  now Ao(s)  ( resp .  1 f i . * ts )  )  to  be  the  subset  o f

Sa(s)  cons ls t ing  o f  a lJ -  f ,  , such  tha t  X  c -  X*  { r .sp .  E  =  [# ) .  ob-

v i o u s l v ,  E  €  A o ( " )  ( r e s p .  i l l . " t u t )  i f  a n d  o n l y  i f  f  ( [ )  €  A ( g ( s ] )

( r e s p .  A * . * ( g ( s ) ) .  G i v e n  r  e s s ( s )  w e  r e t  f  r e  t h e  s e t  o f  a l l

cr - characters of X which extend ts i then f ," nonvoj-d if and

o n r v  i f  l €  A o ( s ) .  F o r  n  e f ,  w e  d e f i n e  x ( n ) €  f f i  b y  x ( n ) ( r , a )  =
= 

"2n i tn  
( . )  .

3.3. We intend now to acl,apt the procedure of holomorphic

induct ion (see I .2 j  in order to obtain a -  representat ions of  S

start ing wi th funct ionals s € 6* and e -  characters on subgroups

in Aa (s) . To this end we need first an adequat,e nolion of polari-

za t ion .  
'

we shai-r  say. that a Lie subalgebra h of  6c is an s -  po-

la r iza t ion  a t  s  €  a*  i f :  ( l )  h  i s  a  max imal ly  i so t rop ic  subspace

of 6C for the bi l inear al ternat ing form oo + ds i  e)  h *  E is a

t i :  subalEebra of  6ci  (3)  tz is Ad so(s)- invar iant .  inthen h n

Lo, alais a maxj .mal ly isotropic subspace of  [a,  o]c ,  re lat ive to

t he  res t r i c t i on  o f  r0  +  ds  to  [a ,  o ]C  , lz. wil l  be called admisL-

b } _ e .  w h e n  - i ( 0 a  +  d s )  i x r i )

pqs i 'b ive,

s ince the pul r -back Ea g of  ro  *  ds co inc ides wi th  dg (s) ,

i t  fo l lows easi ly  that  fa  is  an {admis ib le ,  resp.posi t ive)  c l  -  po-

la r i za t i on  o f  6  a t  s  i f  and  on l y  i f  h ( t z l  =  ( . l p ) - t  ( h )  (=  R  x  l e )  i s
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an (n  -  admis ib le ,  resp .  pos i t i ve)  po la r iza t ion  o f  g  a t  g (s ) ,

where n = R + [g, g] . This remark and the known facts concerning

the polar izat ions ensure the existence of  admisible,  posi t , ive

cr  po la r iza t ions  a t  any  s  €  6* .

I^ ie f ix  now an s €.4-,  a posi t iveo ad"missible a.  -  polar i -

za t j -on  h  a t  s ,  a  subgroup f  €  Ao(s )  and an  s . ' -  charac ter  n  €? .

Let e = bA orf f inalyt ic subgroup of  s corresponding to e,  and

E -  EoX. CIearIy Do = p t  (eo) i= R x Eo) is the analyt i i  subgroup

c o r r e s p o n d i n g  t o  f , =  h ( b l A g ,  a n d D = p  t ( n ) ( = R  x  E )  c o i n c i d e s

with Dof ( [ )  .  I t  fo l lows that E is c losed and there exists a unique

o -  character nE on E whj-ch extends n and has the di f ferent ia l

(d r ln )e  =  2n is le .  Cons ider  the  space o f  a l l  C*  -  func t ions  q :S  *  C,

with compact support .modulo Eo which ver i fy:  '

( i )  9 ( a e ) = A u ( e ) b a s { e ) - L n u ( e ) - t s ( a , e ) q ( a ) ,  a  6  s ,  e  € E ;

( i i )  ( x n q )  ( a )  =  ( x * o  ( a ,  ? )  ( e )  - 2 n i ( s  , x ) + L / 2  t r  ( x )  )  q  ( a )  ,  x  €  h . i

( i i i )  l l q l l '  =  
! r r ,  l q  ( a )  l " a a  <  -

where the-  symbols * ,  Tr  and l , rchave the same meaning as in  I ,2 ,

wi th  G,  D replaced,  by S,  E.  V le te t  l {o(s ,  n ,  fa)  denote the comple-

t ion of t ,he space of functions conside.red above, and then vre de-

f i ne  po (s r  r t :  t z )  as  be ing  the  s  -  rep resen ta t i on  o f  S  on  H , * ( s r r t rh )

given by the formula3

( o o  ( s ,  n ,  f u )  ( a )  e ) ( b )  =  a ( a r a - 1 b ) e ( a - l b ) ,  a r b  € s

Let s,  Lt  n and h be as above ?$ 19q3 .3 .1 . LEI,S{A .

g  =  g ( s ) ,  |  =  f  { E }  X
A

=  X  { n )  €  f '  a n d  h  =  t L ( t z l  , :lsl' Po ("*r*lr-!).

and p(gr X, h) "  o are uni tar i ly  equivalent s -  represen$t*g1g

o f  S .

P roo f .  Fo r q  €  H a ( s .  n ,  f z )  d e f i n e  T q  €  H ( 9 ,  X ,  h ' )  b Y
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(Tp)  ( t  r a )  =  
" -2n  

i t  q  ( * )  .  Then  T . :  Ho  ( s  r

isomorphism of Hilbert spaces which

9 ( 9 ,  X r  I x )  o  o .

r t r  tz)  *  H (9,  X,  !L)  is  an

in te r tw ines  po (s ,  q ,  h ' )  and

Ouing to this lemma we may extend to the case of cocycle

f ,€py€sr) r i ta t ions Theorem 2. !  in  ISJ .

3 . 3 . 2 .  T H E O R E M .  L e t  s  €  6 * ,  I  e  A o  ( s )  a n d  n  €  ? .
-

(1  )  The equ iva lence c lass  o f  the  o  -  representa t ion

po ( 1:1* 3, -9-*: :gli:p"*l :***-e*:19:::- "L :^:g::*::rjgr:" -

s ib le  a -  po lar izat ion h at  s ;  accord ingly ,  i t  w i l l  be denoted

in the sequel Po (*f] .

(2) po !.1 rl ) 1: pf illlv i f  and.  on ly  i f  l f i#  = f , ; "when th is

r-99L-P" ( u rU*] " ilJyel l*1l and  on l y  i f  t #  / t  i s  f l n i t e .

(3)  po ( l r l ) .  *  * !g1-  1 i f  and only  i f  [  €  A: - . ,  (s)  ;_**;**_^_",:- max

when this is ?-9r*,oo t"-:l"l**:--.1."q:1"1i f  and only  i f  Yo ls  local ly
$ .-*^.--***.

c losed in  a *  and rat ional .

a n d  l e t  n '  € #(41  Le t  x '  €  Ao(u)  be  such tha t  f ,  c '  r '

be an extension of  r l .  Then.

P o ( s ,  r r t . $ ) r 1 v ,

v
where ir stands for the pull  back to Ut of the character v of the

abelian group Lt /L, and dv is the Haar measlrre on the character

g r o u p  ( I ' / I  ) .  .

3.4.  We are going to t ransfer now the resul ts in $2 to

the context  of  cocycle representatLons. To this end, a few pre-

Ii:ninary comments are in order. First we note that the r6}e of

the central subgroup z of G is played by R, and the character tr

( resp .  the  func t ionaL 1)  i s  exp l i c i te ly  g iven :  f  ( t )  =  *Z t t i t
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( r e s p .  1 1 , t )  =  t ) .  N e x t  v r e  o i : s e r v e  t h a t  c * ( G l l )  i s  j u s t  C * ( S r c l )

and the map ' lT + no o establj-shes a bl jection of Rep^ (G) onto the

se t  Rep(Sro )  o f  a l l  c ,  -  r ep resen ta t j -ons  o f  S ;  t h i s  b i j ec t i on

preserves the factor ia l i ty ,  the type,  the normal i - ty ,  the i r redu-

c ib i l i ty  o f  representat : -ons and a lso the re la t i 'ons-of  equiva lence

and quasi -equiva lence .

Now le t ,  Eo (a* )  be  the  se t  o f ,  a t l  pa i r s  q  =  ( s rn )  w i th
t a a

s  €  6 *  a n d  n  €  s s ( s ) f  .  T h e ,  g r o u p  s  a c t , s  o n  B o ( a * )  b y  ( a ,  ( s r r r ) ) . *

( A d ; ( a )  s , n a ; ,  
. w h e r e  n a ( b )  =  c  ( a r " - t ) - t  u ( a - ' , b ) g ( a - t b r a ) n  ( a -  l b a ) ,

b € S o ( a d j ( s ) ) + .  C l e a r l y  t h e  a s s i g n m e n t  q  =  ( s r n )  *  p ( q ) = ( g ( s ) r X ( n ) )

es tab l i shes  a  b i j ec t i on  o f  80 (a " )  on to  8 (S i ) ,  wh ich  i nduces  a

b i j ec t i on  be tween  the  o rb i t  spaces  Bo(a " ) , / s  and  8V ; l / c ,  By  t rans -

por t ing the equiva lence re la t ion P on S(g? v ia  the above b i jec-

t i on ,  we  ge t  an  equ iva lence  re la t i on  ?s  on  6o ( l * ) .  o f  cou rse ,

Po can be introduced independently of P, but we see no special

reason for  carry ing out  th ls  po int  here.  .

Remark a lso that  (ap)  *  z  6*  *  g* ,  . the t ransposed,  rnap of

the  p ro jec t i on  dp :  g  +  8 ,  i nduces  fo r  each  s  €4 "  an  i somorph ism

af  symp lec t i c  spaces  be tween  (ys r  o l )  and .  , *n , " ) ,  t g (s ) )  ( i n  pa r - .

t i cu la r  Y "  i s  ra t i ona l  i f  and  on l y  t t  
"n ( " ,  

j . s  ra t ! . ona l ) ,  anC

that  Y"  is  local ly  c losed in  a"  i f  and only  t t  *n(" )  is  J-ocal I -y

c losed  i . n  g  * .

F ina I I y  l e t  us  no te  tha t  a  c lass  0o  €  Bo (a " r /Ps  may  be

iden t ,5 . f i ed ,  v ia  the  b i j ec t i on  bg tween  Bo(a* )  and  8 (g i l  ,  t o  a

c lass  0  €  A  tO i l .  Thus ,  by  im i ta t i ng  the  cons t ruc t i on  i n  lO ,  ch . I l l ,

one  may  fo rm the  d i rec t  i n teg ra l  0o (0o )  =  [ *  p^ .  (q )du - .o (g ) ,  where' a o  ' o o

u,)o is the Pul i

c lass  o f  pa  ( t rs )

back

w i l l

o f

be

the measure u0;  the guasi -equi -va lence

denoted by 6s (00)  and i ts  kernel  in



c * ( s r o )  b y  J o ( 0 o ) .  A s  a  m a t t e r  o f  f a c t  g o { 0 o )  =  p ( 0 ) o q ,  h e n c e

f s ( 0 o )  ( r e s p .  J s . ( ( ) o ) )  c o r r e s p o n d s  t o  f  ( 0 )  ( r e s p .  J ( 0 ) )  t h r o u g h

the  na tura l  b i jec t ion  be tween (Sra) f ,o r *  ( resp .  Pr im Cn (Sne)  )  and

c:^-*  ( resp. Pr im cn (c I  r  )  )  .norm

The above remarl.s and the results in 52 enable. us to

state the maj-n resul t .s of  th is paper.

a n y  s e

. 1 . THEO:IEIVI .  (Srq)  - is  o f  type I  i f  and onty  i f  ,  for

3 . 4 , 2 .  T H E O R E M .  A s s u m e  ( S r a )  o f  t y p e  I ,

3 . 4

*
6 l Y -

5

2 l

i s  local ly  c losed and rat ionaL.

( i ) L9l*s*:l:: rl- t*9-lr":J*j-**- Afi,* t ".1 ..s:9--1 1

wi l l  be denoted accord inq

€ [ be an

c -  character  extanding n.  Then the equiva lence c lass of  i r re-

ducible c l  -  representat ion?.. .p" (*" : :J depends only upon q, and

tY, Eo {*o,) '

( i l ) The assi-gnment q":"8" !gl induces a b i ject ion of

Bs  (a  * )  / s  on to  ( s , s )  ̂ .

3 . 4 . 3

: B ( l n j / p a  *

. THEoREM. T.hg**et. r*' q: il IY:1_.:"95_'T "-c_:J_q,*-L_"***
!9-r o ) ilor* -1-{s -Pi j-e*c-!*i:e-'6 s

3.5.  In th is c losing sect ion we shaLl  exhibj- t  the example

promised in thA introd.uction.

Let S be the connected and simply connecLed. Lie group

with Lie algebra E = 
rlr*ut, 

the only non-vanishing utt"R," bet-

w e e n  t h e  e r t s  b e j . n g r  [ e . r ,  e s ]  =  2 n e " ,  f " r ,  " u ]  
=  - 2 r e o ,  [ * " r e u J =

=  Z r e o  ,  [ * u ,  * u ] .  =  ' Z n e r .  c o n s i d e r  n o w  t ^ l  €  z ' ( a ,  R ) ,  r , r ( e r r e i )  =

=  L / 2  6 i S 6 5 O  , L . S  i <  j  S  6 ,  a n d c h o o s e  e € Z ' 1 5 ,  r )  o f  t h e

form g(arb)  =  *2n i  &  (a rb)  
w i th  t  g  z " (sn  n i  ana ly t i c ,  such tha t

0 r  =  o ^ .  D e n o t e  b y  { f r r . . . r f e }  t t i e  b a s i s  o f  A *  d u a l  t o  { € ' ! r ' . . r e s } ,
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B y  a  d i r e c t  c o m p u t a t i o n  o n e  c h e c k s  t h a t ,  f o r  s  =  t r f r * . . . * t 6 f o € 6 *
* \=a

S o ( s )  =  S o ( s ) "  ( = [ i o ( s ) o )  i f  t r  =  t z Y 5 r  t s  =  t r r  =  0  a n d  i s  L s o m o r -

phlc  to  7, :  o therwise.  On the other .hand,  s ince the centraL ex-

t,ension g of 4 correspondlng to trr is lsomorphic to Dl:<nrier 's

L ie a lgebra,  a1 l  the orb i ts  i f  the e -  coadjo inf  ac- t ion are local -

Iy  c losed,  I t  fo l lows that  (S,o;  is  type l ,  a l though only  ufewu \

orb i ts  are in tegra l .
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