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ON THB IRREDUCIBLE DISINTEGRATION CF THE REPRESENTATIONS

OF C," - ALGEBRAS

bv Silviu Teleman

In 4.previous paper we have proved an irreducible disintegration theorem for

the represenfations of C*- algebras lsee [ffJ , fheorem 3" 1). We recall  bhat in It tJ

rve associafed bo any cyclic represenbation "f '. g +KH) of Lhe Cx* algebra I n

Che comple:l riilbert space H, a measure space (P, A, 
f5 ), rvhere p is a positive, d -acldi-

irve measure, such thab 
f5 

(P) = 1, defined on a d - algebra A of subsefs of bhe set P. Also,

we constructed an integrable f ield {(Hp)gep; f iof Hilbert 'spaces and a f ield ( 'n 1
? r,1e ?

of irreducible represenlafions nf,.. 4 -+f (i-t^\, p 6 P, sucir hhab fhere exisLs an isomelrie
r r

isomorphism

,8
Y : Ft --+ \ u- Ap(t) ., ,  ' r  |  - r -

of H on Lhe direct F - inteS"al of Lhe field of Hilbert spaces, such that if x € H and

them in I tg] , depend on the representation 'I( ; also, some of the representations O? 
.

can be degenerated. By analogy with the case of the representations of commutabive C':-

algebras (see the Gelfand - Naimark theorern, frOJ , ch.IV, $ tz. +1 ib is desirable to

obfain a decomposition theory as canonical as possible.

In whab fol lows, for any Cx- aigebra V, we shall  consbruct a measurable space

(P, A), a t ield (H_ ) of Hilbert spaces, a f ield (TL )_ - - of non-degeneraied irredu-
.  P ' P i ; P  

'  
^  ? ' P € P

c ib lerepresentabio i . ' t !  ,  ' { ,  -+ f . f ; t ,  o{  V"  ,  and.avectorsubspace I  a f ,Ht  ,

such that f.ar any cyclic representabion 'It: W*ft{l Lhere exists a measure /3 , defined

on A, positive, finite, and such fhat the L2 - coropletion [' of the space fo has the pro-

perbies stated in the above mentioned theorem. As an applicafion we shall give a new genera-

lization to the contihuity theorem of P. I-6vy, as weil as a general.izati.on to the gener:al case

of the tlreorem of S. Bochner (aea. ki^aa\e*- Z I'v-Lr-t)"

1. I€t ' l i  ,  U -rftH) Uu a cycl ic representation of the C*- algebrag, and

I e t  x o € . H ,  1 1  x o \ l  = 1 ,  b e a c y l c i c v e c t o r .  L e t  $  C  ( r f f V " 1 ) ' A . a m a x i r n a l A b e l i a n v o n

( 1r)r *, e v(rr)' 
f;:.I ;y j i h; ;,1, i;tJffi :'t)p 

e e e v(rr(c)a) and

The space (P, A,f ) and the f ields (Ho)o 
6 n, 

( l fp\ep1as we have consbructed



rReasure on Eo (0), wtricrr represenLs "r"({

Neumann subalgebra and -15 ttre Cx - algebra generatecl by 
$ 

and 'ffCq) Then we have

b c %C&/ antt  3!  & .
. Let E (S) be the corlvex, A(if; J5) - compacL sel of the sta[es of 3 and

Eo(e l  =  {  1 -e .  v " * i  { t o ,  l \ t \<  ! }

. obviously, Eo(V).is a convex, cI'(4*i %\ -compacl set anclwe have

e x  E ( t s )  =  P ( 3 ) ,  e x  E o ( V )  =  P  ( V )  u  {  o }  ,
where p(S), resp'-.ct iveLy P ((4) are bhe sels of the pure sLa[es of Lhe Cx- atgebraS, res-

pec0ively V (see [s] ,  { 2.5.5. ).  we define the sLate fo € E i3r) by fo (b) =

= (bx^tx^), b€ 15. The cori lstr icbion t(t ' !-  + 53 induces an aff ine mapping o"",e(B)+E"{f j'  o -  o "
given by Tt(f ) = { o-n, 4,€ E"(1\) obuiously, rr i  is (a(diB); o-(g*; ?,)) *

conLinuous. Let o{ be the central measure associated to fo € B iJi) (see [f SJ , Lh6or€me,

z ; [ r r J , $ u ) .

(Tf")* C"i ) of the measure o4 i.s an orbireg+:l!

) .

lfgpfrtltg]. rne direcb image

Proof._ a) The measu.re ( T* ). ( e, ) represent,s 1(*'t{" ) . tndeed, for any
*

.CQ V, let us rlenote by Ir^Cc) the continuous, affine function, defineci on E-(V) 
"vv

l * t c ) ( $ )  =  { ( " ) , +  &  E "  L v \ ,
and by I_((") tet us denofe the analogous conbinuous, aff ine funcbion, defined on B($),

J 5
for any b A f5 . We have

'  
) , 6 ( . ) o . i T " - ) r , ( . T r ( c ) ) ,  , c e V - ,

and this implies that

( r r o ) * ( " { }  ( _ } O ( c ) )  :  0 1  (  } g q c ) . . r T * )  -  d  ( } , . ( m t c ) ) )  = =
o  

= ,  { " t . r ( c ) )  =  ( r r o ( $ , ) ) ( a ) ,  o 4 V , ,
the assertion is proved.

b) Let us now remark that the representation 'rr may be idenbified wiih

the Gelfand-Naimark- Segal represcntafion assoc;atecl to lhe sbafe o, = tr*f {*) of tfre
t o

C^ - algebra V" Let K.- : L-16tt)ot"t11-+ (Ti'( g ))' be bhe associated rnapping (seie

frrl , temma B). we t"u" I oro** ,;:; i: i, 
"nornomorphism 

of *-- atgebras 4see frrf ,
li'

theorem Z;.

I n d e e d , f o r a n y  g e f { ( T * ) * ( . { ) )  , a n d a n y  c . r 1 c r €  V  w e

have

.  ( n g ( ( ) T ( c 1 ) z o t v t c . t  r < , )  t
l.

I  q l ' r (c l  c.)  Af(n*)ot , (  )J =
E o ( ( 6 )  

-



=  (T * ) x ( r )  (  ?  I g ( c f  c . ) )  =  d  ( ( qhg  (X rc^ ) )  
"  n * )  =

= ,  ' {  (Cyo r * ) ( } g  ( c l c . )  u 'T r x  ) )  =  " t ( L t4p1 r *> (  } . r s ( r r  (  c I  c . ) ) ) )  =

:  (  K "a ( {  o r r x )  r r  t c , )  ao  \  r r ( ca ) . o ) ,

and this proves btrat we have

t x )  K q , q ) = ( o ( q o r r ' * 1  ,  q e  f t ( r * ) u . ( , { ) )
From (:F)lve infer thal t tre operator K, is a homomorphism of x - a. lgehras;

consequently, (**)*|.o ) is an crLhogonal measur'e lsee f rrl , lheorern ?). The propo-

sif icn is proved.

R.emark. From formuia (x) and from lhe fact that irn K^ : n-: p we infer tha.l
i m  K .  c } .  

J 3
V U\' 

|:g3:jgg]: n*( p(ii\) c p( q ) r-r{ o\ .
Progf.  a)  r -et  1e P(G)and t le U" be Ltre cycl ic vector associated to Lhe pure-  J , F -  

h
state p. LeL f^ be the pure sfate delined on .Tr r J3 \ by Lhe formula

P  
-  

t r>  
- * '

(  t *  /  '  \  t ' -  , ( j .  r C  . o  r  r  rl ,  (n'nr,Gr \  =" (. ' i r- | t0)t;  r  i ;  )  = 1r{ ') ,  (  € G.

For an5' ZeL tve have **(&)=h(Z)l , and, consequentl.y, fcr any elemcnfr ' H p
,0 g f,| of the form

{ '  :  e  
.h i l i r c i )+  1o

i=r  )

w l re re  R ie  3  and c . r€V" ,  i  =  0 , .1 ,2 ,  - ,  n ,  $ ,e  have

lA-

rrt&) = 
.€ ot( *."\ (*b. rr,) ( ci ) .r rr^ ( lo ) :

,  
L : {  

'  I

w
.ct=  e -  t t a i ) ( T r o T ) ( c ; ) + t t L " ) L u * a  ( r t " T r ) (  W \ *  C ! r ,
L = r  t -  . . ? .  

!

It follows thaL rve have tire inclusion

r T r t J 3 )  c  ( T ^ * . T ) ( V ) +  C  L u  ), , t
becati.':*i lhe sum fror:. the right-h.and member is closcd in the norm topology lsee [f J,

Q  r . n .  I
on the ottrer hand, since the opposccl inclusion is obviously truc, we have Lhc



- 4 *

equality

( 1 )  r r r ( g \  = = ( % " T r ) ( ? ) + O " U n

b) It  fol lows thatlrrst(g)) is a bwo-sided ideal of -Tto(s) 
, closed

for Lhe norm Lopology; from proposition 2. lL. ?, from LUI ' we infer that there exists a

decomposibion

( 2 )  , t n=4 ; *+ ;  ,
where f' and f" are posi[ive linear forms on T.(G). such that

p p ' P

r t  t ' |

i '  {.t rr : \\ 4t rlrt,(Tte )) ' i

and

l t i  \ . r  ( T L q ) ) :  O .t }  I " t - '

Since f- is pure, from (2)we infer tha[ there exists a uu-mber ] g fo, ' ,1 , such
. p

t h a l  
f  /  . ,  f  ( u  t !  r r f
* ?  =  , ' t t  ,  t !  =  t l - A  ) f  b

' We infer that we have

1= *n  \ l r t t  *  )  \4h  \ . t rb  ( t r (% ) )  \

(t-r ' )  r t$o \nn ( lr t%i) \ \  -  e.
Consequenbly, }. y' o =+ },* L ; it follorvs .bhat

I * O  E +  l o T * " o

and

> # o = +  \ \ F " r r \ : L :

Wibh formula (1), the proposil.ron is now an immediate consequence.
:

Le t  E i ( f i )= { {€  E (3 ) i  \ \ t  \ r r ( (4 )  \ \= .g  \  
.  obv ious lv ,  E r (S )  i s  a

convex subset of E(S). Leb us denote P1(13)= P{3) n Br{Bi and Po(S}= { o € P{.8) t
\

p oTi = 0 l. Frortr proposition 2 we infer that we have

D  / / { ) \  a  n  r d r \  tr o  t J5 )  A  q (55 )  : .  a  ,  
p ,  ( 9s )  u  p r (3 )  :  p (8 ) .

We obviously have that f e nr(S).

and
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proposit ion 3. There exists a convex set Qo C En(f3)) which is Baire measu-

rabte in n=(nT1TJ-ri;flthTproperties tliat f^ € Q, and o( (Q' ) = t.
o - - I r

proof. Let { * i \ , . . .bu an approximative unif in V Then (see f Sl ,  Pro-
'  t  ' v € I

posi t ion 2.1,5,  )  we have

,
lim +

it follows iha.t for any n €

(1) 3- -

By inducbion, we can find a

( r i ( r i ) )  -  !  j

N* th"t" exists an in e I, suctr that

k, . $" (t ('*i*))

sequence (!*)r..eS*of indices from I, such that jt = iL and

f , ^ .  (  t *  €  X**n ,  ^€ ,  h , \x .

It follo'ar s -;iA fi (w; ) *< n-(q 1 and, consequently, we have

_,? dw dr,r.+t

o (  ) , r s ( ' I r ( L i * \ )  <  \ * ( n -1w i * ) )  <  X * ( r r ( * i * . n ) )  <  f " . .

Let Q = l im x^(rr(w; l) . Then q: E(3)+f0,1] is a Baire measurable, affine-'l 
v\-) oo n 

- 
lw- 

' -l

function, and we have

( ' i

( u  )  q d - " ( : - ! '
E(T\)

t€r Q,.= { +e E(f{) ; i i+ t  = l j  Frorn (2) i t foLlows that x(Q,)= 1. Also, for

. any f € Q1 r,ve have

f . \ rt i*  {  t  rr  (u.,  ) \  : !  ,
L

and fhis shows that \\$"rr\\:! ; consequenLiy, we have bhat f € Ei(T|) and, bherefore,

the inclusion al CE{S) is established. On Lhe oLher hand, the set Q, is obviously Bai::e

measurabl.e, convex and fo € Q1, as a consequence of (1). The proposiLion is proved-

3::ll1r1-1. The seb Er(15) is o( - measurable artd oc ( E' ( J1\ ) a l' ,

Progf. It is an immediabe consequence of proposition 3.

Corollary 2. Any hounded, con,inuous funcli .on t :  E,(B ) -+ C is d. -
-=====-=:==

measurable.

an increasing seqi-renceProof. Since the measure o/. is regular, bhere exisLs

of compacb sets K*C E.(f\) , such bhat ,( (lL) t l'

Let {= 
"Y"K* 

and t*: E.(3)-+ C be defined bv

t * ( r ) :  {  
t ( { )  ,  {€K ' '

t  o  ,  { . E . ( f J )

0()^n,*r
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The functions t are d, - rneasurable and we have
n

I i m  t  t Y
wSoo t^'  

* "-(
It follows that t is o{ - measurable, because

d (  E r ( R )  \ X . \  : 0 .
and Lhe corollary is proved.

It is }<nown that the measure d. is pseudoconcenbrated on P(g) (see ftS] ,
I  theorem 2; f131 ). More precisely, i f  UcE(3) is a Baire measurable sel, such LhaL

Un P(S)  = f l  ,  t hen  
" /  

(U ;=  0 .

. It follows that by the formula

A(  r r^  P( ] \ ) )  : .d ( rJ ) ,
l - \  f  - - )  - , ^ ,  t  F  .  t o '

n^r{',1or.a If c E(f5 ) i/, paire t'^lrasura,&&r'uve colt€,ctly

define a probabilistic measure p on fhe cr-algebra Ao (P(S)) of all Lraces r,n p(3) bf

the Baire measurable subseLs of E(S) : 
--.-_.--

A " ( e t f s ) ) =  {  t r n  P ( 3 \ ' )  1 J  c  E ( a \  ; u ,  B a i r e r n e a s u r a b t " } .

I :r::: ! :11 r.*t p"(R)\: D.
I

Proof. With the preceding notations, r,ve have

t 1 )  !  : o { ( Q . \  :  f ( A l  n  P t n ) ) }

and
' ( 2 )  

Q ^ A P ( R \ c R ( R ) , ,
consequent ly ,  we have that  q(R)  c  p(3 ' )n t t . rand the proposi t ion is  proved.

Corollary 1. For anybounded, continuous function t :  E.(5\ ) _+ ( ,  fhe
_____ I  _____

funcfion e iq(f|tis- p - measurable and the following equarity hords

( ( ^

,  )  L l . a ' =  
\  f  l - f  .

En(5\) q(B )
Proof. - From corollary 2 of 'propositi<,rr 3, we inft:r thai t":e functicn c is c(-mea-

surable, where-as fhe set Er(8) is of -measurable in virtue of corollary 1 of lhe same

proposibion. Consequently, the integral in bhe left-irancl member of bhe preceding equaliby

makes sense, and we have

f f , r

\  t J - a = -  \ t ) " 2 ,
Ertf\ ) Ql

by taking inlo account proposition 3.
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Since the set Q, is Baire measurable, it follows that there exists an increasing

sequence of compact seLs L^a 4,,,n6$T, rvhich are Baire measurabie and such LhaL

ca (L* ) t  t  S inceLhe func t i ons  t l L ,  n  € .C I ' I ,  a reconL inuous i  Lhe funcL ions

A- :  ECts)  + C ) r'r. e I\f ,
defined bv

4."(f ) : 
{

are Baire measurable and rve have

\ '  o, , . lo = I
E[x3) Pc$)

(see [t t l  ,  lemma 1.1. ) .

I f  we denobe L= UL , we have
n>o fI

li-- A,u : t 7,_ ,
t 'a+ 'O

and Q, \ L is a Baire measurabie set, for which 
"{ 

( q.n\ L) : O It follows bhat- l

/ l  ( ( r ? . r L ) n  q ( f 3 ) ) : o ,
I

and, therefore,

(  tA"r =k_! 
"^*.1-"c: kE.(3) E.(11)

:  I  * " , L f  =_ l  t l - f  ,
Qrs l  Qcn)

and this concludes bhe proof.

o* J,11 =

f
q(]3

o*L f  =

I

Propositic-,n 5. For any bor,rnded, continuous, affine tonctioo t : E"(11)-+ C

we have

\ . 0 r , . . .  .

iniplies

t

t L + , ) =  \  t i - 4 .

Proof. since t is continui:t""t)f^, for any L
o

. , *  C 3 ,  s u c h L h a b : t  e E L ( J 5 )  a n d  t { ( 6 i ) - { , ( 6 ; ) l < L ,  i = L , 2 , - , n ,

\ b c { ) - t ( { " ) \ < : ;

Lei tOr, Or, -,  O* 
\ 

be a f inite part ibion of E(B), consist ing of Borel

measurable subseLs A. c E(f3), such that

$ i J ^ €  A i  : ) .  t  + ' c & j  \ -  { l ' (  & i  )  I  <  t ,  , i  =  \ , L ,  " . , \  )
for any i = 1, 2, .. ., m. ff necessary, we can refi.ne the partition such that, rvibh an ai'bitrary

select ion of  the points  { ,  e  Ai  n  Q^,L={ ,z , - . ,vrn,  we have
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I  f  ,  r  S  ^  ,  t  t r  r  r
\  \  V  d - " t  -  A a l ( A ; )  t ( . ! - l  )  \  <  f .

Ler f, ." ;:t:1r"" *"':;:e on E{g), given bv -

. t -  + ;  - , r A : \ r .
6 - -  4  " < - t ' r L ' - { r '

L = {  
r L

It is obvious thal Lhe barycenber b (f,) of d- is bhe

ancl we have (tCtl g Q ib follows LhaL- 1

) - a t { r  \  =

r  S  (  t I  / { " ' \ - { t ( ' i ) )  & " a t ' ( )= \ . & d  
) \ t " a  

-  d
t=t 

A' .

6  *  ( t $ , ( c i ) - ' f t 6 j  ) \ A " r ( f ) < t ,
L = t  A ;

for any j = { 2, -, Li consequently, we have

l L r 0 ( r l ) - t t - [ " ) \ < t
Since [he fun"Lion L is affine, we ha'''e

11ocu  11  :  *  
" (A i )  

t L { ; )
and, consequently, 

i=l '

\  [  t  l - a *  t t 4 , ] \ < 2 6 .
rn(8 I

The proposition is Proved.

Corollary. For an5l bounded, affine function t: E($1 ---> O, whose restricbion to

nrts) is coniinuous, we hatre
1

.  t ( 1 " ) =  \ - t / , . { 3 .) I

flfoo!.- Ib is an immediaLe fii'rk"""ce of proposition 4, of the corollary to

propcsil ion 4 and of proposil ion 5.

2. Since the funcfion -$*t E (11)+Eo(U)' which was alree'dy ciefined'

is conLinuous, ib is Baire measurable; consequentiy, the direct image S")r*(o/) of the

measure / is r lef ined on the cl-atgebrn &(Eo tv, l l  of al l  Baire measurable subsels of

E tkl bv [he formula

[ t n * ) , - ( / [  ( A )  =  d  (  ( n " f ^ t R  t ) ,  A  a  8 ( € o (  V \ \ ,

From bhe inciusions (r*)-\t {o\ ) c t E,,(3) c t Q, iL follows that

^ l *

point $tr1=.5 a1A;\.{r€ E(J5)
L.-t

tG(r)(0i\ - 'f" r'&i> \ = f .S ntAi\(r c4it -r,lo,ttu,'

=  \$ ,o r (Ar t { , t4 r \  -  *  J+ ,+r i  l - "z t { l \
L - = t  

-  d  , = t A i
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0=o/(Crf lq0\)randtherefore,  for theBorelmeasure t r f )*  (a{) ,  d i rect imageof d.  ,  we

have

t t " r * ) * 1 " ( ) ) ( i o \ )  = o .
Since { O} i, a closed subset of Eo ( f), f"o* bhe preceding equality if follows

. thab the exberior Baire measure, associabecl to Lhe measure (n*)x(o(), of the set {Ot a Eo(V,\

'  is zeto.

L e t n o w A c E o  ( $ l b . a B a i r e m e a s u r a b l e s u b s e t ,  s u c h b h a t A n  P  { V )  =  i l .

Then we Lrave

( (n* ) *  t .d ) ) (A)  :g

Inc ieed,  f rom An P (V)  =g i t fo l lorvsthat

t r r * f t (  A \  n  p (B  )  c  ( o * ) - t ( { o \  \  c  C  e . , .
and this implies bhaf

( ( t r " f \ tA \ r  C t? . )  ̂  P (3)  :  V  ' )

i[ follows ihat

d .  ( ( r r * f l t R )  \ C Q ^ )  - o ,

and, therefore,

a(  (  ( r r *  f t (  A))  :  Or

because ,( ( C e.)_o ""i;:;.J;;T:".

Let Ao (P (Vr)) be the Cl- algebra of the traces onP ((,) of al l  Baire Ereasura*

b le subsebs of  E (9. \  :
o  

\ v '

Ao(  P(g) )  =  {  u  n  P(W;  u  c  E" (V, ) ,Ba i " "  * "u r .  }  .

From the precedcing result ii fo[ows that by fhe formula

f  ( t J n  P ( V ) )  =  ( ( n n ) * ( l ) ) ( ' t l )  
,  U .  E " ( V " )  , B a i " e m e a s u r a b l e ,  w e c o r r e c -

t ly define a probabil i f ,z measure \F on Ao(P tV"n.
'  

h analogy "o lemnr;1.1. frrm ftt l  ,  we can stabe the fol lowing.

-t?roposit ion 6. For any boundeC, Baire rneas.urable function t ,  ErtL)-o C ,

we have

I  tA f ( " i r n ) * ( "< ) l=  !  tA f , ,
E,(V)  P(q )



1_0 - . '!'

'  
Proof .  For  any € > 0 there ex is ts  a f in iLe par t i t ion {Ur ,  E2, . . . . . ,  En }  o f

, / ^ .  r t  r ! - . ! - r - L  h - : - - ^  - ^ - ^ ^ ^ . - - ^ L t ^  ^ . , 1 ^ ^ ^ t ^  ^ A T i i  l l t \  a n n  n n r q n l

E {H), consisrrng of mulually disjoint, Baire measurable subsebs of 'E- (V), and complex
o

numbers  t - ,  t ^ , . . . . ,  L  e -  C ,  such  Lha t
L Z n

t  r r { ,  -  
5 , t , . r r , ( { )  \  

<  t  )

' It foilor,vs Lhaf we have

,  t "  .  f -  /T l r )*(" {  i l  -  x  t .  L(T ' i * ) r*(" / [  ( r i )  \  < t ,
\  \  

I A L L  F  t = 4

'  and 
E 'Lv)

l,\,

\  (  *  a {  -  S  t i f , (Eun  ? (VJ )  \  < t . ,

whence ,n" orooosrlF"',r ," noru *l=r|',*uot"r" consequence, if we [ake inl.o accotmf thc defi-

nition of Lire rneasure d-

Let now Ao (Pr(J3))be the f-algebra of the braces on Pt(3) of al l  the sets

belonging to Ao €(S)); obviously, Ao(P1(8)) is the o'-algebra of Lhe traces on Pr(S) of i

al l  Baire neasurable sul:sels of B($).

Since

Q'  A P(51)  c  q (3 \ )  )
from the equaliLy

P (  6 i ^ ^  P ( T 5 ) )  :  o / ( 8 i )  = 4 ,

it fotlows that by fhe formirla

'  ^  n  ? n ( J ] ) )  =  d ( A " ) ,  A  c  E ( f r ) ,  B a i r e  r n e a s u r a b t e ,  w e  c o r m t l y/ 5 4 t r 1
i

' define a probabiliby measure on Ao (P{T5)).

Let us now consider the mapping d='IT*\P{(S) , which is defined on fhe measu-

rable space (P1(11), Ao (Pl(T!))) , and takes values in the measurrable space P (q),

A  { P ( i l D .o '
The mapping d is measurable. Incleed, if A C. Eo(V) is Baire measurable,

we have

,  \ r  n (A n  ? ; " t ( ' \  , " , ' ( ( " r " fn iA) )  n  Pn{ fS) ,
_  - t

and (T(ri ' tA) is Baire measurable in E(S)

33"Jjl"=1J: rx[Pt)*f,'
proof. I€t A .C Eo tQlAe an arbiLr:r"ry Baire measurable set. We have

_{
f * ( ( 3 n )  ( A  n  p ( g ) )  = f ,  ( o ' - ' ( A  n  P ( g ) ) )  =  F , , (  

( t  * l - n ( A l  A  p , (  B t )  =

a r  (  (ns rn (q  ) )  a  (  ( t r ' ' ) . l n ( {  )  )  (A )  - *  f , (g  n  p (  n1 ) t

{  e  E . ( W )  .
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and the proposition is proved.

3. For any p €'-r (Q) tet us consirler the associated HilberL spa.ce Ho,

the associated irr^educibie representation ff* r I  + {(Ht ), and bhe associated canoni-
r ^ ?
cal mapping 0r: V" * Hn. We shall  define a Linear mapping Or, W+.T S" by the

v ?€ p(€l p
formula

o r  L c >  :  ( Q p ( c \ ) p € . p L v ) ,  . c a V  .

Simila;:Iy, for any p € P(9) we shall consider the associated Hilberf space I{0, bhe associa-

ted irreducible represenfalion rfn : B+ ff HOl , and the associated canonical mapping

9^rB* Ro We shall  consider the l inear mappings .8^' I t I  TSto and O)rX-+ tT Ht rp F 'J5 
!€p(rs)r G F€p.(. ir) l , ,given by

ars( , )  =  (  on t ( l )nn  o ,o '  a )& i  =  (  €o tT ,  )0 .  p l (B) ,  &  (  i \ ,

Let p I 
'il-H*,* T Ho be the canonical mapping.

. r . ? 6 g s ) '  g e q t $ '
We shall denote

t ( (4  )  =  ^  o ,4 ,  t ' (g \ : -  L* , .0n ,  l i i l 3  )  =  i - , -  Q;
we now define the tinear mappings rr : i-( Wl-+l(lt)u"a LL.: f(% ) + ICC) t v

w ( € v ( c l )  =  9 a ( r . ( c ) ) r  u J ? v ( o ) =  n i r n r c ) ) .
We obvious ly  have 

f  
(  fC$))= f {1 t )  and (  "  r  =  W.r

For any c €V, , the function p e+p(c) is measurable and bounded on (p (Q), eo{p (V))),

whereas for any b € f3' fhe funclion p r.+ p (b) is measurable and bounded on (tr(S), A^(Fts)))

respectively on (Pr(g), Ao(P1(11))). It. follows bhab we can define the scalar products

(0V(  c , )  \  Qn(  c  a )  )  =

(€$ (E) I QsUv,)) :

? ( . I c l )  A r ( b )  , € , ,  d  
" € W  ,

\ ,  &,€

& , c r e n

\
P(g)

\
Pcn I

a
and

( aice,l t
respectively

We have the,

we have

on f( q;l f (:i t ;nd ;l'( 3 ).
following properties

a) u is an isometry of f (% ) into [' ($,]. lnaeed, for any c' cz€ V

( v , € n C c n ) \  r ^ g g ( c r ) )  *  ( € r . ( r ( c n ) )  t A r s ( K ( c : ) ) )  :

l
E(B)

I
=.  \  t ' ( r r (c j

P(al

FLe: *, ,  4ror,

f

€;&))  = _l  t r  &:&) Lp^(F),
.)J p.l3 )

n -
c.  )  )  ,LF ( f ' )  : {  ( * (  cJ  c .  )  )  } , aG)
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=  d . ( ) r a C . l r C c . S c n \ ) )  = . t ( (  I g ( c { , c n ) )  " n r t )  =

=  (  c . t r $ ) i + ( d . ) )  ( x W ( . r - c , )  )  =  t (  \ V ( r :  c c ) )  =

f - n=  \  l L c t r c . ) 4 f , ( t r )  =  t O u ( c . ) \ € e ( c r ) ) ,
pr% I

and the asserlion is proved.

b )  f  \  f ( 5 3 )  i s a n i s o m e t r y o f  l l g 1 o n  I e l  I n d e e d ,  w e h a v e

(g (€o(&t:  \  f  (gr)( { ,2))  )  :  (A;  ( r ' .  )  \  9 j  c{ ' r )  )  :

ql*,! t  
q\t  A6,tt ' '  = 

*[r. , !(&iq 
\ Lf tpt :  (€s(4 i  t  2ol&,s),

for any (, &.O fs---. rnu fact that ( \ f i I} i is.a surjection on ICnlvias remarked

before.

c) u, is an isomeLry of f(g) into fn(R). This immediaLely follows

Let us now consider the mappings IJr  f ( f5)-+ H and U,,  [ tB)- l  H

u (dgr1, { " ) )  *  t r * ; ,  r {  P l&\ )  :  & x , ,  I ,  e  h ,

f,rom a) and b).

given by

The firsf one is, obviously, correclly defined, because

6ut6l=q !€P(s)ltherefore b = 0. r,et us now assume bhaL O; ({t) = O . we then

f eqt?,) '  and this imPlies bhau

Apr 11 =

diagram

e- I n€.,cer rrf, &p^tt ) = t \\€r({')( fnrt, = .l t(6"{,)
P''(B) = -,!. ft6r&t Ai,S)= {"(r*t t =t &*itf)

and this implies trraFiBlo = o.

OuLb ) :o =+

have Ort():o, .

we obviousrv have q, " ( g \ r(*)\=l)and 
l6,t)= f >,^t{-i4)dJ*(qe;(hri* u;in',i i=' t G,*(t'"i;t: { ' t€('*) = "t(x^(&i u,o,,

= ( t({,11",) AR(b r :_f r ( 6:4. ) AAn(r) : ( ojqe. ) \ f;(G"l ), b,,Lr. B,
una nri!(h),ws rhat u, is on i"o}i!?")v or Ii('8) into H; it follows ttrat u is an isometry of

f (S) into FI.

From thi: above i: rnsideralions iL follows that we have the commufative

a

V 3 *  t (V ) H

and, therefore, the equalities



( 1 . T " w "  € U ) ( c )  : T t { c ) : ( o ,  l g V r ,

t ) r .o  [1  :  I ) .  lL  .

It follows that Uou is an isometry of f(g) on a dense subsel of H.

4. Let Pbe an arbiLrary sef, ( HO)r.* a f ield of Hilbert spaces,
defined on P, and.& a <r- algebra of subsebs of p. Let f c Tr H- be a vector subspace
having the fol lowing property FeP ? 

---*"r*--r

( x )  t = L f * ) t , . *  €  r  +
=), the function f r+ \\qh \\? is bouhdecl and,,&-measurable.

From the polarization formula it then foliows thab for a.ny pair { = ({ i

? :  c l }y€p€f  ,  ihe funqt ion  F , r -+  ( {^p \po) t  
,  ?€  

p ,  i sboundec l " ro  .v * ; : ;T*
surable.

Let 
f 

be a probability measure, defi'ed on,*g. we can define a scarar
p r o d u c b , o n  f  , b y r h e f o r m u l a  ( q \ r ) . .  :  

! , t r \ p o ) ) L f q \ ,  t , p e t .( l / t F

Lei tl c Ti H* 'be 
ilre set of a[ vector tiltas €P= (fl)b 

e p , such thatt € p  '  
*

5 t to ui Al.t bl c s c"o
P

one can easily show that Il is a vector subspace of 
, T H 

" 
and, also, that the mapping

?-: { *+ ( 5*,,{r,i" +,ii\"'
is a semi-norm on I; ; we obvioort, Lu" I C L

r,ut f.(r) ire ttre crosure of I in r; with respect bo ilre toporogy deter-
mined in I by the semi-no|m 

x: it is obvious thaf r1"l is the set of ail vector f ields

l":^ij:)lS,t.,Tr:O 
,,:ot"1have rhe property that rhere exisrs a sequenc* ( {^)reo

bf vecfor f ields 
€^= a *,^o)r.*a [- , such that

? +
l im  \  U ty\ - )a  J  "  )w?-  <t  [ ;  ry^(p1 = O.

P

A"f::91= For any 5e flithe runcrion p r.-7 t\{r(is 
4-- 

inresrab,tc. n
Proor' 

":t t : (! p)?ep€ I'foluno {.,: 1 f*)1e e,n4bu 
a sequence of vecror

fields from [^ , such Lhat 
'

- L 3 -

rr f'u- f, ( +,0) = o.^t: f.
P

It follows that there exists a subsequence of the sequence
we si:all maintain the same notation, such that

( {*}*r.o , for wh;.ch
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I im  \ \ {  4  r ' l

r \ ' > o a  
t n ' h  j t [ t : o '

Ib follows thab r,ve have

- {,n4, \\,1, , f- a.. e.

{*O {t [t are,k' - measurable,

null sel from..&4 We can.bherefore

g(€*-{)  :  (  t  1{"*r-3}\q A/*(1,,J",
P , '

L
\ aL74 Pt < { * !  -  {n  r i  & f , t t .

*,*t U) 4. + ao ,

I

\ \ \
J

P

Prqof.

a fundamentai sequence of vector Q

3,^ t {*) ,
t€P

we can assuite that

t  \ r f
,  " f r * t

P

r -  o ' u '

I im t  . -  t .  hr - -  a" .  e .
t \ - D e  

' w ?  " ?  >  /

and we consequenlly have Lhe following equalifies ,

* j i  
11  t ^o \ \ f  :  \ \ { rp \ \n ,  / ^ -o .< . ,

\t '9 4 r{ - /)*r- lt €11 5h{1a 5,h \\ t 
-- 

^ ^l ,- 
' , v,^}

It follows thab the functions.f r--+ \\t- \\- and p F-+ 11
I  ' - I '  "P

for any m € lN, after having modified them on a w -

wriLe Lire equaiity

whereas from. f;he inequalify

\ st^"a, \! - \\ {t l\t

it immediately follorvs that

\ < 11 {*^r- to tio

I

\  \  r r { * . r \ r p -  l I { t [ b
P

Hence we immediately infer that

,  f  u{r \ \ i
P

and the proposition is proved.

B5' the formula a o

( t , p \  r - +  ( { \ 2 \ * *  
J , * * \ po ) r  } - y t l , )  ,  r , , 26 t ' ( / * ) ,
P

we corlrectl.y define a scalar nlojuct on l='(7-,r" ) , which is thus endowedwith a structure

of a pre-hi lberbian space; let I-?1)ne the associated separated pre-hi lberbian space : ib can

be identif iedlvi.ul,  sef of al l  c 'asses of vector f ield.s, whichbelong ro f,?f ) ,  modulo coinci-
I

dence l ^ -  
o ,u '

:lg::3::=3: 
o'" spaces f'(,*i uno F'tp) ^r"complete.

It will be sufficient Lo prove thaL f 
t(,lr 

l is complete. Let ( {^)r-,o b"

:nce of vector fielcls t^= t t*^ )*. o€ lbl. Bydposing a subseqLrenee'

r,.' € $J
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and, therefore, from thc Schwarz inequaliby, we get

-'{o,u \o Lfrf l < f- ) .^ (i\f .
that the sequence ({^,n)^ro is a fundamenlal

sequence tt 
"0, 

for almost any p 6 P fti/ibh respect to the measulre 
f-). 

Let us define

t"  = l im t  . ,  for  any p € P atwhich lhe sequence ( {_,  f  
'  

converges i .n  the-? 
h. ) rc  

-* r f  
"^r t ,  )n>o

complefe space HO, and arbitrarilv otherwi:e.

We Lhen have

l i m  (  f r t  4  . , e  t

and, rhererore, ?id\.:il;J:,=i';::;, , in,hespace ru(/ t
The proposifion is proved. tr- --l sa

We shall say Lhat the vector fields from flf l are sh:ongllz square integralle.
vector fields. We shall *say that the space f?r*l is the 

", 
(l^l - completion cf Lhe space p

w 1 r e r e a s | h e H i 1 b e r t s p a c e i . . , " ) w i l l b e c a i I e d t h u @ o f t h e f i e l d ( H ) .

rviih respect to the space I' urrl ,n" measure 
f  ;  weshal l  a tso wr i te  

T* ,  & l^h l  ,  

p 'p€

insiedd of i t(f), if the omission of the symbol i' is nol creating trr"%*rgi, o', 
"o,.r,jr-rr.We shall  also say that a vecfor f ield { :  ( {t  ) lnO is aweakly square

integrablc vector field if the folrorving conditions are satisfieci.

a) lhere exists a lL-sulnmable function q : p -tlR, such thaL

I,L 
-a.e. on P.

b) fo rany  y?€(z t t r t he funcL ion  
t *+  ( { f  \ pn )pap ,?€P,  i s

From the Schwarz inequality it immediately foilo1vs Lhal we have

, (/-
1 i { r \ ? r ) ? \  <  V ( ! ) ' t l t  l r u f  ,  f - o . u . ,

for any r'veakly square integrable vector field { , which satisfies the preceding conciitions,
and for any slrongly square inlegrable vecfor f ield CI : ( o. \  € 12'

Z  
:  (7p )y6 .p t '  

f ) .  We ,  t he re fo re ,
infer ilrar rhe funcrion 

\rl_> ({F I pt)t , P ( P, is 
1,t 

-infesrable.

we shall say that weakly square integrable vecl.or fiei:ts {1 {,, are weakl.-
I

equivalent if

cti r 2r)r Ar,*if r

f

\  \ ( t
;  

-^+t ' t l

The Beppo T,evi theorem now implies

It{ p \\f, <t4tul ,

f 
-measurable.

C
i

D

(
)

P
( { { ' r  % \ rJ'y

f o ranv  
2=( l i r *  e r ' ( f ) .

(  p ) ,



proof. The uniqueness is an immediate consequence of the facb tirat if {gf'p,

,[ 
cto \ p+)t Lttn\ : o ,

- 2 .
for any 

? 
Lt '(alt ,  then 

.{n= 
o, 

t- 
o' u. ,  on P.

LeL us now consider a weakly square integrabie vector field

Let (, P +lRbe a ]L- inLegrable funcLion, such lhat

t t  t rn;  < ( ( f  ) . ,  f -  ^ ,u.  4""  P

a  a 2

We shall define a iinear mapping {- t t t{r'^) -o C by the formula

l , t p t  :  ! c l o \ d ' ) j  & t : , r r ,  ? * ( 2 r ) r n o € t " ' t r 1 .
P

From the Schwarz inequality we infer that

r ' - - - - 1 ^ ' - . . :  .  

_ _  

,  (  .  '  { ' ,  (  , , ^  a  ,  .  t \ z
1 0 c 2 i  \

. ! '
and, Lherefore, sinc" f 

?9^) 
is complebe, wilh bhe fheorem of F. Ri.esz i"l follows bhat there

exj.sts a vector f i< " o't  /  ?t ' '  
ef 'hl,  r,vhich is stronp;fu.Aquare integrable ancl) r u  B  = L s b l p € p  

/
such fhat

AcyS  -  C  ?  I  { '  ) - ,  y€  r ' ( / , ^ ) .

It follows Lhat tt is weakly eq,rivalent bo { , and bhe proposibion is provecl.

Remai:k. Examples show bhaf, in general, f li*>i" ndt a X77l - module. If I is

a {[fl- module, tfren I'lpnas the sarne properfy, btiL fhe converse is not necessarily true.

ProposiLion 1l-. The vecior space f l4) is a {TS4 - module if, and only if, bhe
- t /

properly holds

(x) For any weakl! sQu:are integrable vector field { there exists

integrable vector f ield {', .o.h ihat, for any 
?€f1f), 

Lhe equaliby

( { o - { i \ p r ) p : o ,

proolr- Indeed,.teL us assLune tfrat i '17r.) is a ff , . l-moOule. Let { = ({o)O.oU

be a weal<ly square inlegrable vector f ielci;  lel €' * (t 'o )t€p € f 
t{r*1 

o" tnu

square integrable vecfor fielcl which corresponds to { in virbue of proposiLion l-0.

have
f  - rti) t c{o - t; t 2r ) ,v ̂ ,i-ii,) ..= o,
P ;

I 
= (pui, * f 

tg* 
) . sv rixing now lef'V4, we have 7p =G,pl})f"f

I

Proposition 10. Any weakly

- 1 6 -

square integrable vecbor field is weakly equivalent

field, which.is unique up to a slrong equivalence.to a strongly square inlegrable vecbo.r

and if

{ =Go) € .ii t-t .
lee pee F

foliowing

holds.

e Tr Ft^
t€P t '
strongly

We then

a.sbrongly sqtrare

t^- o. ".
t-,i P

for any
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(2)

f o r a n y  7 e f 7 * \ ;- 1

irlr t {r- t'o r 2+)+ efrf ) = o,T
)
P

it fo

& - A . C .  a ' t *  P
t ,

{ 
t 

, *" infer thab

-  wzr
-/

T'tVt 1
\_
- \
tr-

, 1

A,J
_--_--,

H

1
'{t

r (f )
l -
l r

I  (Fn )

g tt(r, ) , for any ?e t*<f) ; hence, from (1), we geb

llows fhat we haVe

t  a  p t /(  { r  *  1 r  r  2 r ) r  :  ? , D
f\- 4' e' et\^- t 

,

forany ?€f1f)
Conversely, let us assume thab property (x) holds. If will be sufficienb fo prove

thar for any A €,lcanci any t T c{j)gre el'ty,), we have *o\ : cx*(f)l)t",f hfln""" xe

is the characberistic function of the set A. Obviously, 
% t is a wealcly square integrable

vector field.

In virtue of proposition 10, there exists a strongly square integrable vecbor f ield

€'= C{/F)p69, such bhat

( nAt.t)To t f.)r= i{it 21)1,
By nraking successively 2= { and 

2=

for any y e f"tyl .

t L\ \xa t t l f t  T ;  t1  =  un( t , ) (  xA( f ) { r -  {d  r  fu) t -  (Xo(? l { r - f i  \4  \  
=  o ,

ir ronows bhar zo€ e rif), and ,n" #;":,,1"' l^rrl"i"o.
' 

5. By applyilig the consfruction we have just made to Lhe spaces (e{91,notetUl);rrft6l

(ftSl,p',(et$)),f,ftOf) and 1 PotB),An(P.(1})\, pr, [ (tJi) , we respecbively obtain the complete

pre-hi lberf ian spaces f?(8) , f2(p1 and fttp, j  ,  a.nd the Hilbert spaces i1U, frtCFl

and iip,f From what r,ve have proved ab ! S, we immediately infer thab we have the

foliowing commutafive diagram

a
. "(0
V - -  >

1  H  -  
:  

' r

in which [, 
'o;, 

U, U, and 
? 

are isomorphisms of Hilbert spaces, and we have the

follorving inequalifies

( f  
"  L  " 6 * )  c c 1  =  " l T (  d ) ' t r o  ,  4 e  c ( o

(*)

q o r n  =  t i - i i .

We obviously havet = V-1, rvhere V is the isomorphism from tfrs], theorem 3.1).

t\,1 u[ tlq (pn
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- e

3g"::'j1113: 
r", f,) is a X (f,)-rnoduie.

proof. It wi.il be sufficient to prove that for any function t, € Y*(f,) ancl any

E e Vt , vre trave

(tc$l 9rtc, )rn vrv"t 
e [ztr) .

Indeed, since the function

K , )  F _ }  i l a r ( " o \ - t ( s \ g r t " l r 1 i  ,  f  e  ? ( 4 ) ,

lfi

,wlrere co& {L is an arbitrary element, is t" -measurabie, by taking into account the

fact bhat we have

q, r rF  ) ( t ]  t i  9 i (T(c ' ) )  -  t ( r rkcL \ \€L( i r (c  ) )

for any 
?.e ?r(5} ) , 

we infer that

|  ^  -  z  t  
(  

t t ?  \ \  F t ' l . x t * ' ,  
t  I

!  uenrc")- t (br8r(c) t [  Af ,Ct , ,  =^)- , :?r(xtr* i ) - t (T*(b))6?( 'T i ' (c i ) l l ,  df^( l )=

P(e) '  
= [  r r  € ,  $r(e))  - ( t . i ' " t l 'u)ar( . , ' ( " l )  r fp  A,<( t , ) ,

rvhere ihe functionotl\* has been exbencled arbitrarilv on Po(f$)..since ft{p} is a

f71sl -moduie (see [fol , theorem 1.1and proposition 11 above), we in-fer thab

(t""n'n ) 0- ('ircc I ) € f\r ),

From the racb LhaL the represenLation Tf is cyclic, we infer thaL ihere exisLs a

sequence CCr.)^aNof ele:nents of V , such thaL

r(z)  i im \  t t  €_(n(c*))  _ (  t . r ( , ' ) ( t )  €t(rr(cr) , i  &f  rp _ o.
N_b og 

prc;r l 

r

' 
From formulas (1) and (2) it fotlows that

tu , :  !  r ,  e?, "^ l  -  lQ l€ucc)  \ \ ;  Ar (h  j  =  o ,
vr--5 oe 

p(g )

and, therefore, t €ftc) a f 
t(f) 

. The proposibion is proved.

g=g!* l lL rhe sysrem i  p(g) ,  Nolpc% )) ,  f , ,  C Ht, )p.r ,o,  ,
is an integrable fieid of Hilbert spaces (in the serrse of W.Wils).

r't *i \

Proof. If is an immediate consequence of the preceding resulbs and of t ftOJ ,

bheorem 1 .2 ) .

We resnme the resuits alreaCy obtainecl in the fol lowing theorem, which is a gene-

ral ization of theorem 3.1. from ft.3]

L
rl
L ,
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Theorem 1. I-Et, V be an arbibrary Cx - algebra. Then there exist

10. A measurable'space (P, Ao), where P is a set and Ao is a cf -algebra of

subsets of P;

20, A f ield ("n)o 
epof 

Hilbert spaces;

Bo. A vector subspace I. Cff H, , consist ing of vecl.or f ields 3 = (ft)trn 
,

whichhave toe property bhab bhe funclion pr+ \\{t l l t ,  F € P, is bounded and Ao-measu-

rable, for any {e I' ;

40. A field (r\ )pe e of non-degenerate irreduciblc representation"l nO, 6 -tfl(Hr,),

p €P,such tlrat: for any cyclic representation n ' V"-,tU4) there exists a proiiabilily

measLlre f, , defined on Ao, and having the following properties :

a) the L2 if,) - completion ['2(f) of f determines an infegrabie fielci of

Hilbert spaces (in the sense of W.Wils); a
b) there exisbs an isomebric isomorphism V : H --+ 

\ Hn&*1f) , sti.ch thal

if x€ H.and V (x) is represented by the sbrongl), square i.nbegrableluu"io" fietd ({1)bu* ,

then, for any ceV" , Lhe vector V (.t f  (c)x) is representedby bhe strongly square inbegra-

ble vector f ield (n'rtcl{t)p.e, &rrd the equali ty

€ u.r( (c)  a \L:  \  ut r tcc) f1\ i  &i : (b)
P

hoids.

I I""1. We shall  take p = p ( E), Ao= Ao (P (V)), Lhe Hil.bert spaces HO, F € P,

being bhose we have considered above; t=l(V) , whereas Lhe measure d- is th7t given by

proposit ion Z. The property a) is a consequence of the corol lary to proposit ion 12, lvhereas
,  4  - .  - (

property b) is obtained by laking V = LTJ" tl ) and by taking into accounL formulas ()r )

from $ s.' rnu bheorem is proved.

. sents 
Xo, 

i .e., 
to=(rgr.>. 

fne fol lowing prcperLy is a varianb fo proposit ion 3.

3fi:glt:i13. 
The"re exists a Brire measurable co::vex set Q CE"(W), which is

" 
contained in E (V) and such thaf q.€ Q and f@) 

= t.
6 e I

- progf. Let (y-. ). -_ be an approximate unit of the Cx- algebra V We have.
I  t €J

L = \ t 6 , t t :  b f  X " ( * i ) ,
t
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and, therefore, there exisfs a sequence ( ui L,_ r, 
such that ** a *j.. 

.*nO f-ttc*^\tl.

r r  fonows rhar we trave )u(*. . )  < I r ( t r t  \  ;  i " t  \ ,  =;$ X* t* j )  rhen o< V< 1.
V dru (t 3ol+r

and Q is a Baire rneasu.rable, aff ine funcLion, clef ined on Eo(V),We have k'(&) = 1-

and .  r r .  r
\  V & 1 * : ^ 3 :  \  I * ( * i _ ) , L n ^  E  ! J : *  f u ( L i - ) : 1 * .

Eo(g)  
_  t  .  fu (w\*  

{ . .  /  i r * f ,_  e  q ' *

L e b  8 = {  t e e / f \ ' , ,  V ( + ) = t \  w e o b v i o u s l v h a v e t h a b  ( b e Q , Q -

,  ' i s a B a i r e m e a s u r a b l e ,  c o n v e x s e b a n d  A ( q ) " ' ! .  t f  4 e  Q  ,  t h e n
I

.  n .  | ,  ,  r  / / i  /L >  u { - r r  -  q . ' 4 ( \ , i )  >  f f i 1 t r j * ) :  v t i ) T L ,
$

and Lhis shows thaf \t{. t i=i- .  The proposibion is proved.

C o r o l l a r y .  T h e  s e t  E  ( V ) i ,  l t - m e a s u r a b l e  a n d  , u ( . € ( g ) ) * -  { ,

, In parLicular, let us consider fhe Gelfand-Naimark*Segal represenfation nB,, '4 u

-+f (H,  \  ,  associatec i  Lo , fu€EW"\  ,  iu  the Hi lber t  space H-  Let  {^AH, be
- d o  

;  
g o  ) c  

d ' -
', thi:?or""upnrrding cyclic vector and denote bVB the C*- algeb'ra generateci in Y(H* )

nv 1(14 ) and b;i a maximat Abeiian von Neunrann algebra 7 c ffi^lg ) )' Let {" g"og(F}

f u a o
be the siate given by

4 , t G t  =  L & t . \ - { " ) ,  { '  e  r \ ,

We obviously have to= \oo T?" = n[($" ) Let &. be Lhe central measure on E( B),

associated io f
o

. In virtue of proposit ion 1, lhe dircct image (Tfl  ) (-o(l is an orthogonal
L d ' o ' *

probabilit), Radon mea.sure on E^ ( 8), wnich.represents go.
: -If 

bhe approximat" oni? { ,r, \. . * of the cx- ileZa*^ V , used in the proof of
.  I  r t € A

proposit ion 3, coincides with the approximal;e unit useci in bhe proof of proposil ion 1.3, and

if the subsequences { o*^.* 
"no \ o\*\ 'nn*"otn"tde loo, Lhen, from the equaliby

X r t c ) "  * r J  :  X -  ( ' K o - ( c ) ) .  c e  V ,
v  t e  

' a -  w -  ' ' )  - t

we immediabely infer fhat we havc ,q 
"t": tg , and,'Lherefore, Qr:C'ff. i!{1.

Obviously,  E.(V) 
1. .  

*  ( f i )*(x)  -measurable sel ,  andwe have

t ( T l ) . t a t ]  ( E ( U ) ) : l
? ? *

3::f::j!":111 a) Any bounded, conbinuous function t : E (V \ *\ f. is

/  - r  \  - I l le&surable;
L , '

b) For any bounded, conLinuous function t : L( lx )-l C the

t'-measurable and lve have

L L ( C n : ) _ ( , i ) ) =  t  r A f .
? o - " "

P ( g )

(T: )
t o F

f unc r ion  t \P (q )  i s

\

E(.%)
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Proof. a) Since bhe measure a( is regular, there exists an incr:easing sequence

(n,)n> o ot- :o-oact  sets K",CE&">, suchthat  f  Ct t i ' l , .Cu) l (K*) t  A Let  K = U_K,

"nJ 

-i',.ErLW)+ 
C be the function defined by 

ao ̂  l\>

The fr"rnctions

to(!1 = i 
t-(r) ',"tu *-

t  o , l € E o ( V ' ) \ K , . . .
t are Borel measurable and we haven

^gL t"': t *K '
It follows thab I is (.nf,)*t t) -measurabic, because fC$)*C,z il ( E(q)rK) = o.

"b) Since the funcfion t is Ctil*Co<) -measurable, whereas the set E (Uil is

%r*")- 
measurable, it foliows thaL the left harid inlegral the equality makes sense, and

we lrave ?

_J- *Atcnf l*(or:J = ! * * r,o[1. (.( iJ ,E(g )  C ,
as a conseqLrence of proposiLion 13. Since fhe seb 8"C EJ %) ir Baire measurable, iL follo-,a,s

fhat there exists an increasing sequence of oomlract sets Lr^-C Q rn-€$d , which are

Baire measurable, and such that fCrr{,1* &/[(L*) t I since the functions I i r-r,,

n € N, are conbinuous, the functions ,>E: f"(%)+d,ne$,given by

n*c {1  =  I  
t ( { ) '  

1 t t ^  ,
I  o  ,  I r E " ( V . ) i L *

are Baire measurable arr.l we have

(  o,  J-r  =- [ , .a" . t fcn{")oc,r ) ]  = [ ,o^ At tn i \ (dg
. PiWl Eo(01 " E(Wl 

- 5o x n '
where we have ialien in[o accounf proposition 6 and the ccrolLary to proposiLion 18.

By denobing L = L)L , we have
!\>.O n

I i m  A : t 7
W]^L ' - I ^ .  

-  - ' - L  
)

and 8\ L is a Baire measurable set, for which we have

follows that

f ,T)"c/f l (G.rL)*? .  rr

f , (C8 - r . u )  n  P (g ) )  -  o ,
and, fherr:fure, we hal;.r

f

\ t A fc*l-)*(r )l = 4 ),,_?_I-rr.r;)*ca [ :.
E&' r^-+ 

*rc)

(L
h.-) eo i  a^Itr

P(g)

f ,
) ' . .

P ( g )

= -  I t
P(g )

and the proposifion is ,:roved.

0 . F
l w L  6 - 0  = A*
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}:1l:j:ltj11$: For any bounded, conlinuous, affine function t : E ( 9) -+ C

we ha.le

t c { o ) :  i  t A t c n } ! * r - ' t , ; .
EIV;

Pr"gl,- From rf." f . l i l f , . t  %eE(V), and this implies bhat L is defined and

conbinuous ab 
*" ,  i t  fol lows Lhat for any e: > 0 there exisbs a f inite subsef {"r, ",r, . ,

, .  \  r  L 0  s u c h  t h a t  f  €  E  ( V ) ,  a n d  \  { ( c ; \ * X , { c i ) \ 1 1 , ' v =  l , Z r . . r w r i m p l y
" n f  " '  

V  ,  u q \ / r t  w ' r 4 e !  v  !

t t ( . { )  - L c X * ) \ <  s .

,  Let { A., A^ , -,  A \ be a f inibe part i t ion of E- (V), consisf ing of Borel measurable\ - - 1 '  2 '  '  l n t  o  -

sr . rbsebs A.  C E (Q-) ,  such that
I O

4 ' , { " e A ;  : >  t { ' { t i )  - 4 " ( t i ) \  <  1 ,  i = ' t , L , - - . , w ,
for .  a .ny i  =  1,2, , , . ,m.  I f  necessary,  we can ref ine Lhe parb iL ion,  such thaL,  wi th  an

arb i 'urary se lec l ion of  L t rb points  f .  e  A,  n  r l ,  ,  i  =  1,2,* . . . ,m,  we have
)  r  . h t o

I  \  t  d"[(r i ,r,,(d ) ' l  -.tr tcrr;)*(d )l  (Ai)t C{r )\ < c .
E(v\ L=r d-

v be iire Radon *;.': 
Hi ?rT::o,^ r \ c{ i
L=4 

u-  t i .  r ^n .
4

i t  is obvious Lhat the bary center &CU) ot t is Lhe poinl 4tvl = 5, fCtl-l*C"ri l(+;X.e

€ Q, anct, l.herefore, 
de ' L

I &tv)t ci) - fu(cj )\ : t .$,tc";)oc,r Itni ){r (.d ) - J;nt*;:Attnfir.ta[[*
Ett%)

* t  g, f  aTi")*ra )J(4,)f i ( . i )

(  { . ,c . i )  - - f  c " j  J )  A { -c r i i : * ( " /  ) lc ' ( l  \

t  { , c . j )  -  { r . : ) \  A  f i . ' ; ) * t " r ) l  ( { i  <

-, n; conseqnently, we lrave

I t ( , ( ' t v l ) -  t ( X . )  \  <  t .
Since the funciion t, is affine, we have

wl

.  t ( { r ( t ) )  = . * t c * ' f , . ) * ( ' / ) J ( A i ) t ( { i )
c=r  y  v r

VY\ rr ,&  \
l = t  A i

W \ (
s'-. \

&st J
i = , {  A i
Y  i = L , 2 ,for an
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and, bherefore,

. l

t I t A f(n'[4t*)l - tt l-) \ < 2s .
E ( V )

The proposition is proved.

g5llly= For any bounded, affine function b : Eo( €l _+ C
restr ict ion f.s E{V). is conbinuous, we have,

, whose

f

t c X u l :  \  t , l - f .
'  

6 1  r -  r?u0
Proof. It is a immediate consequence of propositions 14 and 15.

7, Let us now consider, for any f € Eo( Qy , tU.e associated Hilbert space H'f'
the coruesponding representation Trt W -+ Y(Hc) , the associaleclcycl ic vector

d. e Ha , such that \\ {.. ftt= \\,Fil , and the 
""r,ofi""t 

mapping Q , W-* Ft - wiiich-n .  b  - !  
+  t' J J

are all obtained by the Gelfand-Naimark-segal consLruction. Let 0o, V -+ rf H,
be -the linear mapping given by le1*6\r

\ t r ) = ( ? r t . \ ) . - .  c L Vr  -+( .F*(v I  ,  '
and lo(V) c. " l r  F(" .  the vector subspaceim Oo If  we consider in E^((,yv  " '  f u F . L V ) +  

'  - o  
o ' - '

the g--algebra A of al l  Baire measurable subsets of Eo(V), i t  is obvious that condiLiorr

{>F) from 
$ 

+ is satisfied. Let l;$ be the vector: space of all sbrongly square inte-
grable vector f ields, withrespectto z probabil i ty regular Borel measure 

l- ,  which re-
presents fo € E t V l. We have tlie fbllowing generatization of a theorem of E. C. Effros
(see [+J , rh. 4 , ftt] , rh. B).

3g3:'ij!94=19: rhe svstem i(He\.u.(q) ) \irVt| i, un inregrabre rietd or
Hilbert spaces (in the sense of W. Wils) ir. rnO'Jnrr: if, the measure 

f- 
is orthogonal.

+t 
L We shall define a mapping

rL : I;(g ) *> !t..
by the formula t i - (g-1c))  :  Q,  qcy.  c€V 

to.  
t "  o" r r "v - t a '

. l

= } . ,  ( J . c ) (4 " ) :  t  l o (cx  c rG)  & /^G l  :Y' 
drw, 

*-

=  I  + ( cnc rL t ( - f ) =
E  t w t

\ {o+ (c )u ;  } . y t { ;  =  t \€ , ( c ) [ t
)

calculated as in { +1. lt follows Lhat u induces

i l q ( c r t t ]  =  $ - ( c * c r-Lo  
{ -  e
t o

I
t\)

L L V  I

V )  i "for any cg W (the norm

an isometric isomorphism

of Hilbert spaces.

IN

l..L

[ (

'  [ ' r V }  *> V,
T o
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Let us assurne btraf { (H+\+r'"r*,, i  f 
( %,)} is anintegrable fielcl of l{ i lbert

spaces, in bhe sense of W. Wils (see fio] , def. 1-. 1-, and th. 1.2. ). Then, for any Baire

measurable funcLion 7:  €rL4 )  -> C the rnuibipl ic-abion operator fUtpt t t l+t ' fe l

is defined. It incluces a continuous, i inear operator tu u f G; (V\) . r,"t

S e f ( {-{r ) be the operator defined bv
I' r4 

5* = r T* Lt--''

For any En, I U Vt we have

S-1 l r  (c \  L .CG)  =  (  iLTu &- t ) t * "C.  \O.o(co)  =  (DL l  A- t  )  A+" ( r<- )  =
* ,  t t o  ' t o

:  l t  f  t2 (4  \  €+(c<-z ) )+n  
* ,%,1-  

= ,  f ,  f ( * f i c l2 (4  t  € r t * , ) . f .+  r *J -=

= "I1-,  Ccl  (
+r o

and Lhis impl.ies

f f t  )  (g, ! . rc  ) )  = T1"(c i  5t  ' ro" '  ,

S ^ r e , ( c )  = t r . r ( c 1 S . ,  ̂ € q ' ,
e tt -ro x"

consequenbly, rve have t^ U (*gr( (&\\' on the other hancl, lve irave

( S * € r  ( c n )  \  € 4  t c o ) )  * * i , , . * t 4 , G r t c r  )  ( 6 *  ( r n ) ) {  ̂ f r 4 r :
-  *  t c  

' I o  -  
E L V ,

r. =  \  a  t l t l t c { , - n \ L f ( { )  - ( K * t L \ € t , ( c t )  \ € ; " ( c r ) ) ,
a(v" ) a @ .

for any {,- iretl ; Lhis shows that rvc have St: 
\(/^(}),7€X f/. Since the

mapping ** S*. obviouslyisa * - homomorphism of {*;yS ini;o f( HSo) , from

Tomifa's fheoreni rve infer that y- is orthogonal (see ff f] , th- 7). Conversely, if f,
is  or thogonal ,  then the system {CH+ke AW") i  t ' ( (61} i r  

an integrable f ietdof Hi lberL

spaees (in ttre sense of W. Wils). Indeecl, it witl be sufficienL to prove Lhat for any OnLcn\=

* { €g (u\ \/r€?*(w )e 
r;c v) ,  w h e r e  c - e $ ,  a t r y  Z e t | y )  a n c l a n y  € )  o ,

ilreie exists u Cg V , such fha.t we have

.  \ l € " ( e )  - ( * ( { ) Q + ( * , ) $ . e c g r ( \  < t  ,

we nave

Qrkt - z.\sQr(c.) \f 4,,"({) =

€ntcl )6 A7* 4t -

: - ?
\ l  l .

z

Lhai.

I t f " (c) - (* rber ,c . l )+e L(w \ \ := f  \ t
L(g  )

= I  \ \du(c,r tAf ! { )*  I  o, i ) (€+(c") \
E"(%) ' I  E"LV)
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By taking into account the fact that the measure 1,. is orthogonal, with Tomita, s
theorem we infer that

o[* : K! ( ''{f )* : uff Nf ,
and, therefore, from the preceding equality, if foltows that

l \9" tc )  - (?( { tSr tu t \ r r , (s )  \ l  =  ( \  
Q 

cc,  _  K i  er "cc .>11
since Kl er(c.)e fi , frorn rhe facr niar €, ( Vi ,, a dense subser*o fo {o
foLlolvs that there exists ,ce V, , such that

\ \ 6 r ( c \  -  ( z c { l G f t r - r ) + .  
E  ( v " }  \ ( < € ,

and' thererore' (*tf i  €ota)+*ar*r; r;(,;; 
*. '  

ro" proposi.rion is proved.

_::=Yg 
n y is an o"irtogonal, regular, Borel probability measure on n -r( # ),then Ao(EJg-il==a dense vector subspace oi t-2 (/-L). 

c

Proof' Here Ao(E 
, 

(Vndenotes ttre uect/or subspace of C ( Eo(V)), consisting
of all affine, continuousrcompiex functions, defined on Bo( Q) andvanishing a.f 0. It is
obviorrs [hat for ^ny <e V, and 

V e X*(f) we have

)

o f H
fo

t |  ̂ sqc) \z ̂/' - | Trtct F er *
F-rc) o 

r. (V )

- t
E ( W

Eo(V, )

*i* I r(c* r- ) Ar- *

f  t q \ z  d . h :
f u l t

+)"
,  = {" t t .1 t c ) J

{ .  )
J O

CI["(^) 11") - ( of tr.t €.$"

l i  66 (r l  l \2-  -  (  6g.tr l  i  o( ;

where we have used ihe

( of;o

K; fr, ' s{"(")

y  f * , L r *  f  r q \ ' r y
)  L tg t  

'

X r c c )  T * r  I  y V c " \ / , y +
{cu) "  t  Fn

+ un;f , . f  :  us$(c)-nfr f ,  r r" ,

,  i t

Schrvarz inequality unrler fhe iorm
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? -  t  .  /  . Z

i ) ,u  (e)  \ " ( { )  :  \ ' f r  c ) \ '<  { (c*c)  \ \ . f  \  <  1 t

ro" o,.J r g r'o{W), ancl l.he facb thal Lire measu ru 
l*

an immediaLe consequence of Lire prececling inequaLity.

Remark. The preceding corollary is a generaliza|ion, to the possibly nonsepa-

rabie case, of lhe corol lary Lo Lheorem B from. [t t ]  .

B. In this secfion, as an applical ion of t l 'eorem L, we shall  girre a general ization

of the following well-known bheorem of P. L6vy.

Let ( I t  )  ,  be a sequeirce of disbr ibLrt ion'  n ' 1 1  > u
ponding sequence of character is l ic funcbions. I f  l im

L_) e

(! is bhe characterislic funcLion of the distribution
I

func{. ions and ( (_)o,",o fhe corres-

F,,(o) 
= (4|,t),for anY a€ lR, where

funcbion F, then

t i m  (  t L r  (  t  n r

" . ; ;  

) t " t ' Y w . :  \ f  
^ "

rR. ^ IR
for eny bounded, continuoris firnction { r g, -+ e (see [zl , $ tz.z\.

The prececiing theorem belongs to I larmonic Analysis, since ttre characberist ic

fr.mcLiors @ a.re bhe Sfieltjes-Fourier trausforrns of the Radon measu.res p. , whi.ch
l W { i v

correspond to the distribution funcLionu Fn, n € lN. Several rnafhemaficians have

successively exlcncled Lhis bl ieorerri  inLo Lhe frame of Abstract i larmonic Analysis. Thus,

U.Grenander, in [S] , extencled this Lheorern Lo lhe case of local. ly compact groups

sati.sfying the sesond couniabiliLy axiom; R. ni. Loynes, in f S] , bo the case of l"ocally

compact gr:oups which satisfy [tre first co'-rntability axiorn; P. Ii{arl.in - I;?, in IS], for

arbiLrary localiy compacL g'rol ips (see also t ' i .Heyer [e] ).  in'  fGJ and tql bhe pre-

senled proofs mal<e nse of l"he Tomi.ta disinLegration bheory, as it was exposed in f10l ,

bub, since Lhis l .heory was shown noL Lo be correcb (see J. L. Taytor ffZ] 1, the exten-

siqns given in fa] and [gJ remained under cloubb.

. The first correct proof, in whicir l.he irreducible disinbegraLion iheory a-pparentiy

is nob used, was gi.ven by Ch^ A. Akemann and M. E. Walter (see f i ]  ,  proposil ; ion 6 ).

In this article P. L6vy's lheorem is exbended ancl framed in{.o the Lheory of Lhe Uf-atgebra

ass;'claLed Lo an arbifrarSz loca[y compacL groLlp.

In wha.t follows we shall furbher extend P. L6vy's Lheorem by fram.ing ib inLo a

cornpacily theorem and by making an explicif use of the Chcqueb-Bisirop-de f,eelLrv-Wils

decomposibion Ltreory.

I gratefully acl<nowledge the uselul discusions I had lvibh It.I{eyer, rvho introduced

. 

rne into the problem and informed me aboitL lhe perLinent bibliography.

a) Let G be an arbitrary, topological, Iocally compacL group, and U : G-+

-+Xfi) a ::nitarvrconlinuous represenbaLion of G, whele Fl is an arbi lrary HilberL space.

' For any Vrt e FI, the complex functi.on

I

c e c )  :  \ r C c * c )  ( + \ )
y"

is orLhogonal.  The corol lary is
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? * ' ( % { r l ) ,  r € G ,
is continous and bounded on G.

Let M1(G) be the complex vector space of all finite, complex, Radon

measures, defined on G. For any 1,,.- e l4nCC) , f;he integral

-l t-*r \p) ,}-.p , {, p €
exisLs, and fhere exisLs ft,nrnrrJ, continuous, rinear operaLor

(F ( \ r )q  \  ?  )  =  5 ,=  r  \  ?  )  aL , , , r  11 ) ,
The opera[or fi-tf:) is 

"on"3 
the Fourier -

I
corresponding to bhe represenfation U ,(see [Sl

, A

mappirig 
1- 

r+f tU) is a )F - represeniation

Y (Hl lsee f.:] , proposirion 13. 3. 1. ).

H
I

Ftu)€ f(H) , such that

{ , p s  H .
Stielfjes transform of the measure

C F - '

,  913 .3 ;  L6J  ,  p .L47 ) ,  whereas  the

of bhe involutive aigebra M^(6 ) into

It is well known Lhat in Flo(C) the foiLowing iopologies can be con_
sidered : d- ) the vague topology: since t ' t{(c) is the clual of f lre nornrcd space K (G)

of all fhe conLinuous, complex functions, defined on G and having compact suppor;s, in
'which 

the norm is given by

$ * *  t t f  [ - , : : j  t { c 6 i 1  ,  { e K c G ) ,
.rire vague topology is bhe Lopology f'(m.C[i.i(G)).

p) ttre:t *weak topoiogy, Y\{(G) is, aL the same time, fhe dual of the Banach

space Co (G) of all continuous, complex functions, riefined on G and varr.ishing at infini.Ly,
eudowed with the same norm as above. The:E -weak topology is the topology cr ( m{c6);
c"( c )) and iL is ohviously sbronger than Lhe vague topology.

The lwo topologies coincide on fhe norm bounded subsets of 1r1{Ca),
but a vaguely compact sef can be 'rnbounded for the norm.

f) the narrow topology: any measure from Ftt(e ) canbe exteqdecl, with
tlie help of regulariby, as a Radon measure on Lhe ,pu"" Cb(e )= C(ne )or rffi,ffi''ooo"
complex functions, defined on G, space which can be canonically idenbified lviin Lhe spacr,
of all cirr:tinuous compiex functions, defined on bhe Stone-dech compacbificalion pG of G.
The mentioued extension yields an isomebric imbedding of lt\'(C) into C(1f e ft , and the
narrow topology is Lhe topology indLrced by the topotogy f (C(pG)*, C(R C. l)
Obvioursly, Lhe narrow topology is stronger than the * *weak topology (see flrl , ch.D(,

Q  s . s t .- $

J l rrt" Fourier topology. Let T(G) c cb(c) be the comflex vector space of
all fun::lions of the form



, - " -

(i) 
gt+ .,4 c.+t"{; \ 2; ),

where Ut'' , G --+ Y(U,) are irreducible, continuous, unitary represenLations, and

€, g: € H,.oni*n;*rfurhe For.rricr topoiogy on Ylt(c) is the topology i(l,i 'Ce) I, \ t l L  L \  . r  - " '

!F (G)). IL is obvious thaL the Fourier topology is weaker than Lhe narrow topology but,

nevertheless, i f  is a Hausdorff bopology.

b) Let P (G) be Lhe seL cif all conbinuons functions of posiLive fypO, defi-

necl on G; Leb P,i (c) = t t(€ p(c); q(e)- t\ IL is knorvn that bhere exists an ati ine

bijection t: Pte)-+Cc*Col{ behveen P(G) and fhe set 1c*{ef)* of all positive, conLi-

nuous linear forms, defined on Lhe Cx- atgebra C*- (G) of the group G; the bijection r; is

given by the formula

I t { ) ( f t x i ) =  [ q * , J , F ,

rv l rere1.. l -  r ,  a lef t - invar iant  Haar rneauo"f ,o* c,  x-e Lt  ( .G),  q€ PC6) and g, t lCA)+

--+ C(A) is bhe canonical injectioir (see [g] , q$ r.?, 13.4 utg 13.9). Moreover,

w e  h a v e  l t  T ( r 4 )  \ \  *  1 4 ( e ) =  \ \ q  \ { , o , f o r  a n y  q  €  P ( C )  ( s e e  [ g ]  ,  $ 9 2 . 7 . 5
a n d  l - 3 . 4 . 3 ) .

c) Lei '( i ' .  G -+ fCW) be a cyciic, continuous, unitarj/ represenLa[ion

of G and f : C$CG\-+XCU)lhe corresponding cyclic representa.tion of the Cx'-algebra
r ! l

co(c) (see f,SJ , $ t t.9). j-et {e H, ll{ \\ = 1-, be a f 
*cvclic rzecLor and 

fueE(Cta)
the corresponding sfafe, girren by

g , ( ' c )  = ( f ( c ) € \ { )  } c G CJTCG )

- t

For any maximal, commutative von Neumann algebra 
3 C ( 

f CC*(C ))')' we shall con*

sider: the Cx-algebra S , g"n"rated by g(dCCl1 and 
$ , and bhe corresponding

measures * rf ,  * ,  consbructed as in the preceding sections.

Th.e bi jection'C indu.ces the bi jecbion'ClP(G) , from Lhe set {(c) of

ali pure conbinuous functions of positive type, defined on G and equal to L at, e € G, to fhe

set p CC*Ca))or al l  pure- siates of the cx-algebra cx(c), LeL A(G) be bhe (f-algebra of

sub;ets of Po(G), which is t l i : :  recipr,-rcal ima.4e through t I  P.CG) of fhe o--algebra

Ao(e(c+6-G ))) ,  coustructed as in !z for: Lhe Cx-alg-ebra (4 : C*Ce )

any 
f"e e, C6 ) lhere exisLs a probabiliby measure

defined on bhe $--aigebra A(G) of slrbsets of {(G), such thaL

i
for any Ve Y\iCG) In 1,,,

Theorem 2. For
$

d

( q,) =-

rt icular,

f A r G

\  V  (q ) , t ' " ) ( q ) ,
P q ( g )

wJ na\re

C . ( r

\ (( * I d-n(q) )*'r1'for any g 6. c.
{ " ( *  )  =
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Proof. From the Raikov lheorem (see f g] , theorem 18. b.2) it follows fhat
E\q(G) is  a  homeomorph ismf romthe space P l (G)  ,  endowedwi th6re  compac lcon-
vergence fopology, onfo fhe space E(cnca>) , endorved with the topology induced by
.0 ' -CCcJ.cG))* ' r  c 's(G ))  .For any t€yl t (G) let  us consider i t refunct ion

i: (cn(a tt-* C, Bi'en bY
+ ,

i c f ) :  v ( " c - t ( { ) ) ,  $  e  C c * c G r ) :

Obviously, T

is conlinuous,

ness and the

in-fer that

$ )

lEoCc*(G)) is an aff ine, bourded function, whose resLrict ion Lo E(c*Cot)
in virtue of the above mentioned theorem of D. A. Rafkov and of the finite-

reguLariLy of the' measure v . From bhe coroll ary bo proposition L5 we

, * C ^

i c X . )  =  \  $ 4 \ L f , ( * ) ,
- P(ct6 ) )

where Xu= tr(Y") € E CCcal) . LetJbe thedireef image rhrougtr ft t  pccecG])
of the measure {*' . lt is obvious ihat for fhe measu""n\ttru, defineclrihe firsi equalit3r
from fhe statemenL of bhe theorem holds. The second equality can be ob1ained bv tal<ine
O = t1- , the Dirac measure at g € G. The Lheorem is proved.

Tlre preceding theorern is a generarizatLon bo the possibly non_separable
case, of Lhe proposit ion 18.6. B from tA]

d) I€t ris norv remark Ln"t f., b.ny measure $ € lrlt(C) we can injecuiveLy
associate a function i : R"CC:r\ -+ C by the formula

u ( Y )  =  i ( V )  , q 6  q c c )  ,
we use here the finiteness of Lhe measure ! Ib is obvious that the function t r,r,hich
we thus associate to the measure \) , is bounded and nf **"urorable, as a consequence
of proposit ion 14, b) and of ,re crefinit ion of the *"a"u""4f

on  i heo the rhanc i ,  i i  i s  easy to  see tha t the  mapp ing  l t tCc " )a$ r+ i *  Co ' t * t
is a homeomorphism from l4t(e ) , endolved witt rne Fourier lopology, inLo 6Pocal
endowed with the simple convergence toporogy (i.e. , bhe Tikhq.:cv toporogy).

3"-:=-Ta3' The subsets of r'nf Cc) , which are metuizabie and compacr for
the Fourier topology, are compact for the naruow topolog3r.

Proof. Lel M c Vti CC) be a compacb, metrizable subset (with respect
Fourier topology). Here ttf iel is the set of all positive, finiie Radon measures

to the

on G.

a) M is norm_bounded. Indeed, let

to t .,rn G. We have i Ctl : \\ $ l[ , for any

1 e Po(G) be the constanf funcfion, equal.

9 € Y\l CC) _ ; since trre mapping
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,\
. i r -+i lCl l  is  cont inuous, the set { \ tU\\ ,  t€b/ t \  is  compacf in 8, .

b) Any ultrafilter t^fon IVI converges for tlie topology induced on M by the weak
l a - - . \

topology g(tt*(C); P(At) .  lndeed, leL {-trbe an r,r lLrafi l ter on M. Since 1t{ is compact

for Lhe Fourier [opology, thcre exists

l i r n  \ . S = $ o 6 m .

Let u.s now shor.r' bhab for an}' e A PCAI' , we have

"\ 

t 

.-,

l i r n  U ( q )  = * t Y ) .
Ir€ {J ._,

(trere we have denoted by V(q) the inLegrai of bhe funclion q wiLh respecl Lo the

finite Radon measure V )r Indeed, to prove thi.s, we musl sirow bhab for any t > 0. ihere

exisLs a seL ft^ eW , such thab
e

t i t . t ) - n " t ' ( ) \  l L  r  t € u e .

I f  this be not true, {here would exist a- r{"€ PCG) , and an €.} 0, such f lrat, for

any ("7eq"J" there exisLs a Uaru- , for which

\ i . r . ( " ) - s " , { " ) \ > e " .

LeL {q\^>r be a countable hasis of neighbourhoocls of q fcr the Fciurier

i;opology (V*cJ.t) . From (1)',ve infer fhab ftn LI 
', n)1. Consequenlly, for any

n  6 $ { r * , l h e r e e x i s t s  
"  

S * e Y  ,  s u c h t h a f ;

 / \
(2) \ v*({" ) - v" (q") \ )- €o ,
an.d, obviously, lve have 

lT* 
V* = Oo..r tot the Fourier fopology.

Let 
fo 

= Ct("ig CeCC, )) l  undf be the posit ive measure, defined on

bhe f*algebra A(c) of subsets of {(G), given by the {.lreorem 2. l,et I(C) be Lhe complebe

d--algebra of subsels of P"(G), gene::abed by A(G) wibh respect Lotf. Then all ihe functions

f, :  QCa)-bC,rl6Ytk\are ftcl-measurabie, and we have

(B)  i . c ,4 , )=  I ' i * , t ( )d , f tqy ,  n -c$rT  .
Po(c)

By i,al:ing itrg6 sscouut bhe f'.ct that

*+ o"* \ i*(q) \ <. + o., ,
n€ t\.1 q€ qCC)

from the Lebesque clorninated convergence theorem and from bheor:em 2 we infer thab

t i m  V * ( q " \  =
!,r, _)ao

and Lhis confradicts inequality (2).

:  ! , ( q o  )  ,\  \ . * r A $ q q 1
P"Cc)
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c) If 9,V €l<CG) , then 
?" V is a linear combination of four continuous

functions of posii ive type (see f ':J , corollary 18. 6.5). From we have just proved in b),
it follows lhat for any ultrafilter {f orr M, rvhich converges for the Fourier Lopology f'
$oe}l- , we have

. t i T _  V ( y " q )  =  $ o ( q * t " * ) .
rl e {',I

d) r'et now gg Kcat and ( [r, )xe.n- be an approximate unit in K(G)
(with respecb Lo the convolulion). We have

& - ^ -  ( [ r r r t { )  : Y t
X€J \

.uniformly on G, ancl, therefore,

r i m  i c , g )  =  i  r t a \
V € ( J  

' - 1  '  ' o t Y ) t

for any q € 
.K(G)' 

Indeed, this foHows from bhe inequarities

/\
t t r c q ) - q r ( ) \  <  \  ) ( q -  r ' * q )  \ +  \  i ( r r . *  q ) _  C " , , ^ r * t 1 4 ) \ _ r

+  t 0 " t r ^ n ( ) - $ " ( q ) \

+ uCo \\o., \\ rrx y _ y \\,.

e) Let now g > 0 be an arbitrar5z posifive number, Tf an ultrafitter on M and
-  -  ^ b "  

t  v  w r r  q r u r  @ l l  I  l s l  w l l  l v j l

cf 6 C (aL L"t t be bhe limib of the ultrafiiterfup for the Fourier ropology. Tirere
exists a compact set K c G, such that

.  
o  

g " ( ( ) > t t  9 o \ l _ e .

r,e[ norv (" e K*Ce ) bu such that

7 - _< (F, < l.
We then have 

- 
K

t t vo t \ -  { .  <  } . ( .V " )  <  \ fou
I

. and, therefore,

v,ct-q,)  < e .
since lim \19!l = ll to ll , from rvhaf rre have just proved it follows that therev€ €J
exists a f: e {.J, such bhab

and

[ 4 u - r <  t \ u \ ( \ f o l t  + c
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i , , v , r * s  . i r ( y - ) . 0 , ( y , ) *  e  ,

for: any V 6 \J We infer that we have

4  , a . \I v r q ) - g ( q ) \
!

for any Ve IJ By taking into account the faut that qq"e KCAI , from whatwe have

' just proved in d), it follows bhat we.have

' \  ,
. r i i n -  $ c q )  =  q ( { ) ,

r €Lr
L

for any A € L-(6\ Consequently, any ultrafil.ber on M converges for flre naruow
" l :

. topology. Consequently, M is compacb for this topology.

Corolla.ry 1. On Lhe lnqru* subsets of -b{ (C), which are compact
=='======-:: 

- -+'

and rnetrizabie for the Fourier topology, fhe narrow bopoiogy coincides wifh the Fourier :r

l.opology.

Coroilary 2. Let (U \ be a sequence of finite, posiLive Radon rrlessur€s ?
==:===i=- h'rn6 h{

orr the locally coinpact group G. If Lhere exists a finibe posiLive Radon measure r) , such

that

: .  l i m . i * , , { ) : $ r { ) ,
t! -) eo

for any pure, continuous function q , of positive bype, defined on G, bhen the same eqLla- 
i

lity holds for any bounded, conlinuous, complex function q , defined on G.

This corollary exfends F. L6vy's Lheorem to arbiLrary locally compact groups. .>
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