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Faculty of Matirem.atlee

,UnLvorsi.ty of fasl

Romania

Affljtpgln A cLass of boundaly-dist:l ibuted. lineat conttol

oyoleno i-n Eanach spaces is studfed' *, ma^:ciaum plinclple fol a

conv€x csntrol plobS.en associated wj.th euch syntern J.s obtained"

r$rngDrlcfro$, rn [i], [ i ] {see aioo [u]' shapte:: rv) vre

have . sludied controL problens wii;h conY€x soet srii;evion

aesociated, vli.th lLnea! evolution equatic:re of the fornrr

t r . r l

tr g Hilbett space E, uheye A ls the infinitesimal ge:rolatox of

a ettongly contiuuoug oenigroup on E_and S ls a lfneel continuouts

operatox f I9* a conttol  space U 1o So Thls oett tng i9 very sl l i 'bed.

for disttJ.buted contyol systems but ls qui'ho lnadequate fol

bound.ary conttol  syeteme. In fact to repreeent j .n the forn (1"1)

a.euch sys*em we ere Led to consicley unbounded opelatots B.

T" [g] fattorini has deveS.opod a genevai theovy of botrndaly

control eystenrs. Stalt lng from hl-s nadel we lntvoduce hels a

general cLaas of bo-uncl.aty conttol systems fol wtiich a ttmildft
,)-- 

- '

solut ion oxiste foy each summebJ.e control loxo For such syotems

''rrlo consider tire controL pro'bJ"em wiih convex cost cli*erion "and.

x r  o  A x  +  B u ,  ( '  =  * * 1 ,  o ( t 4  c . c
dt



t s E

plove a Bieximua princip}e j .n ' the subdlf feleni lal  form (sea

theorena 1 bolow) " I t  tnlns out that the class of boundary contsol.

systens studied hsre is 3.arge enough to J.ncl"ude the plincipal

boundaly control eystene of palabol. ie type (see $ect ion 3).

with

for a

whlch

3n other genelal approach to the boundary conttol prob3.ens

quadrai; lc cost has d.eveloped by Llong [fOl (eee also Le I

semigroup approach to thig plobLem).

Bcfole concLudo this section y'Je set fotth sons notations

wl lL  be used in  sequeL.

by

x l

3.o Given 9, Eaaach speco X and a roal interrral" [org] uu. denbto

S(OrglX) the Banach spsco of, aLL eonttnuous funotions
F

tOnrl -> X endowed lrith stand.atd norcl.

eo  Fo r  each  f  dp  1e

p-sufirmabLe functions on [Orf]

nodificstlon ln case p = oQ) .

30 Clyen anothot Banach spacs Y we

of l lnsay continuous operatots fyom X

dencts by I ,P(orf;X) tho space of sr l i

with vaLuoe J,n1,1. Tho usltal

I

d.enote by l ,(XrY)- the aL6ebr*

to I  endowed wlth the ususl

nolm l l  . l i  T,( l t?y) .

40 Given e closed, d.onoely defined Linoa.r operator A on X we

denote by D(A) ite donain endowed r+ith the Svaph $oxIR.

50 T,et I r x *-tT' = l- c<> r+ cx3] be a lowev eerolsontinu-ous
l n

oonvex funoiion. ffhe subclif ferontLel '  dP n X :-+ x 
o 

ie

deflned by 
I

(r"a, QY (xoi- t .Jn x.ur ft*o,* F,x)4 tr{,io**) rou *n *€ x-1,
I loxe X* le tha,  dual"  spacs of  X (whlch te assumod seal l  *d ( - r - )

the palrirlg between X snd X" For othot propertlss of, A 
Y which

w111 bs usod in the sequel  rue refer  the seader to . l -4] ,  [u] ,

[ul and [r.+J .
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2. BOUIqDARy Co$BROT, $YS$ET,{S To begin with iet us brlefly

desct i-be Fattor inj . f  s r lhe ery of boundaxy-distr ibuted sontrol

" o 1 tsyst em ( see l_r ) ,

Tret E be a (sea1 or conplex) Bsrach npaco and let o , ,be

a c 1 o s e d ' , } 1 n e a l d e n o e 1 y d e f i n e d o p € 3 a t o y j - n E . l e t r b e a

J.lneal operator (the bound.aly opesalol) rryith clonain in E and

lange Ln ,eone Banaoh spac€ X. 3ina11y, let U1 and' U, be two

Banash spe,ces whlch in seqrreL witrl be lefferod to as the contvol

spaces of the syctera

The contlo'! systen ne ehal1 ccnsldev 1g

( a , t )  y ( t ) ' * o y ( t )+81u1( t )+ f  ( t ) ,  r  y ( t )=Beua( t )  ove : l  [o r r ]

wtth lnl t ial  value condit ion

( z "z )  y (o )  =  yo

whero t f :Uf "*-+ n and SrlUa:? X aye Linear contj .nuous opela*ols

and [0rf l  : is a f ixed, l : r telva]".  f ]re controLlerr:  u1(") and u2( "]

s;e srurrnablo functlonet on [Orfl with valuos tn Qt and ii2'

lespectively. \fe shqll ca13. u1r u2 the distributed and bound.aly

contyol., yesp€ct5-velyo Hele f is a given E-valued eumroabLe

function

In appl icat ions th{) etate space E le e spece of funci ione

on some donain -CI of the Euciidean space Rtr, t is a pari;ial-

d*ffetant lal  opstatoys on A and. r s part isL dlf ferential
i a l  

r : J L .  ' |  . 'oporator ecti.ng on the boundaly I ol

*ggsspj"ig.g I n( o ) c D( g ) anrl the lestyistloa of r

to D( o ) ie continuoue reLative to glaph norn of D( o ) o

' I.,et AtE -+ E bs the linea:: operatol defined by

r )
( 2 , 3 )  n ( A ) = i y e  n ( o ) ;  s x = o f r  A y t "  o {  f o r  y € D ( A ) "

r )



.Atrggp.}ilg3 II fhe op€lator A ts the inflnltesi-ual genereiio]
l l

of a strongly contlnl lous oernigroup i$(t) iN > o \ on S.

Agsumetlgg III  Theto exists a l inear continuous op€latcx

3lU2 -) E such thet

( a " 4 )  o B €  t ( U A e E ) r z(8u) = BAn for al l  u e U,

(a.5) il Eutis ( s li rruil* fos alL u € u2

where S ie goln€ posit ive congtant.

In terns of J! and B system ta.f)  can be wri t ten as

( 2 . 6 )  y ' = A a + 3 3 . u 1  +  o B u t * f  r  a 1 * 1 t

'  1 r  = z + B t t ^v  -  -  " 7  |

r 1
I f  u2(") i .s ccntLnuously r l l f fersntJ:able on |-Orf J *hen p can

be d.efined a$ a ilnildrr solution to the Cauehy probJ"em

' 
n * Az + BtuT + oBu". '  *  3u2 * f

.  
,  

. .L , . ! , . ,  e c

z(c) = yo ^ ,Ju2(o) .
I
j

Thusr. ln thie we ney d.eJine the soJ.ut ion y to the syotem
I

(e , t ) ,  (2 ,2)  by thc vax ia t ion of  constant  fovmuls ,
t

( 2 . ? )  y ( t ) = s ( t ) ( y o - B u a ( o ) ) + B u z ( t ) + j  s ( t - s ) ( r r u r ( u ) +  o B u 2 ( e ) -

-  nu ! (e )  +  f (e ) )ds

$ince the differen*iapfif ty o, 
""ntoottur 

o, lepros€nts an

uueal is t ic  and sevcre requixemrTt,  we ave Led to extend. the
1

coneep t  o f  eo lu t i on  to  (2 "L ; ,  (2 r2 )  fqy  genera l  u f (  I ' *  (0 rT ;U?) .

Integla'bing (foxmally) by paxts in ( 2,7) we get
" $

A r :(a "a )  t r ( t )=s ( t ) y "  J  *  s ( r -o )nu r (s )ds+J  s ( t -e ) (81u1  (s )  +
o o & ' r '

+  o l 3 u 2 ( s ) + f ( s ) ) d . s  e

frur uruu*p*ior, ,  on $(t)In genoleln unJ.oss we $.mpose furt

end B, the l lght ha:rd side of (e.A) is not weLl d.ef ined.

&ee.qryUf io$ IV lror each t € [ OoS] and u 6 Uo -



- q d

S(t )Bu € 
.D($) ,  

Thele ex j .s ts  a  pos i t ive funct ion y  €  t l (or f  )

sucir that
: "

( a . 9 )  l l e s t t ) r l l o q u n , n y  4 r ( t )  & r € r  t € l o r r l .
4

SJ.nce S(t)Bu 6 D(A) fo l  a l l  u€U2r by the c losed graph

theorem we deduoe that the opetator AS(t;)S ts continuous from..

VZ to S so that  (2.9)  rnakss senss,
1

Agsumpti.on IV irnpllee that for €very ur6 L*(Orf;U2)r

functi.on t *9 
J" AS('u*s) Uurls)de ls wol],d.eflnecl ae an

- t o
e 1 e m e n t o f i , . . ( o * r $ g ) " 3 y d e f i n l t { o n , f o g e a c h t r o € n

1 ' t 1
f  € I , * (0r f  ;E)r  ur6 L,*(oosiUl)  and.  ur€ L*(oor iTJi ,  the funct ion

1 T
y€ ], ' ' (orf  ;D) d.of ined by (2.8) ts the solut ion of

9f*l.ilii*ll,isttsl contror- svstem !2.1) i l;a.z)
$ince *he function t > J S(t-e)nur(g){is be}ongs to

al(orT;D(a))o yt" l  ;*  ; .  u*unlu*ud in *o, ,ot lowlns equ:.veten+

fbrnr
$ r
f /

r ( t ;=$( t l rn - *  j  * ( t -s )Bur (e)ds+oJ s ( t -s ] ( t1ur ( " )+  o  3u?(s )  +

let x o be a flxed nu.nbel J.n s(A) (the regolvln* of A) arrd

lu! f l  a 4 
* /or (t tg the identtty operatov), fhus y nay be

ttegayded &s solution to dlst$bqjg4 contlol" system

r l  = A w + D L o l + D u 2 +

y r  I f w

Dl*(4- f,oI)*tt,  t  D*(A*,rr ot)-t( sB* /co3)-g.

z1(utn*A)rDl l l l*D1v1, for u1e U1o tre ( Va

rr*1 f
ta "ro I
' , '

whsre

(e.r"1)

Senote ?ay U the product space ttlx Ue and by ,{ ;U *} S

the l"inear continuous operatox gi-ven b3'

( 2 e 1 2 )

[hon we ffi&;r' y6lsyite systen, (e.10)' as



o -

l ' t
w'*  Aw +.  z1 u +.  IJ - t f ,  o4tC r I

(2 , t3)
i r  E  f l w '

fhusr re€ ele ].ed to C.nterpxet the eolutLon y to te'f) as

$to glsrrygg vaJ.ue of a control systen of the forn (e"t3) rlith

unbound.ed ghs.qfl?tip* p*pggglol n (vre vefet *be veadet to t t:

fol defLnLtiou and theoty of obeoyvatLop for infi"ite diraensional

sys teme) .

Rernavk L rf u, ( rp(orr;ua) ai:d r  € tP '  16rr [ ) ;  ?p+ypt :81

we soe  by  (2oB)  and  (2 .9 )  tha t  y€  c (c rT ;8 )  "  :
3 EXAMPIE{ It shoul"d be obsorved that Aesump*ions IlI hae

e'one severe impl loat lons ou systen (2,1) 
" Tn paxt icular i f  the

ra$ge n(B) of,  B tu: ?r{: .alL 
of E thon the eemtgroup $t.)  nus:t

be enalf l ie (see €rgo i iZl  ,  p,254)o Howevero th3.e ccndi i ion i .s

l.ess restricfivo. than lt mtght at ftrqt eppeali to hB * ll 's she.l-l

seo hete that tt is saj;lsfied bq the maln boundsftrr ssnttol

systene govetned. by pe*aboLlc equatlons.

tiren

( 3  
" 1 )

MLxed Dlrlohlet t:robl?g L,et -C2 bo a bounded and open
r r  - f l *

subeet of R" with a suffJ.cientl.y sroooth bound.axy I o

. Constder th; iourri*o, contror 
"rui**

tli = tl

y ( x e o )  ! E

f  J . n  Q o J 2 x l o r t ]

for t  e lgrt j

ro(x) fov x € JL ,

I

where uG r,2( : )(> = [-X lorrl ), yo€ r,a(-n ) and t€i,z(Q) "

So fovnuLa*e this as a bound.ary cCIntrol" system of the fo::m

Cair) wo defino E * IJt * T3(J)-),  x * I{*yz( l") rua=r2(f )e's1Es,

Ba = r and (Hk(JI), fio( f ) aro usuerJ" $oboLev $paoscr on -{2 antr [- )

,ft_ ay=

- '  '  I  - - z t f r l s  a y |l l ( o ) = l f e l l?t-nl I, g e A o(3 ' "2)



lt
- r F

The opetator r ie the tlf,3ss6il nn*,:etor
1 t D - * -

wblch is well defined and belongs to iI"7"( i- i

(see T, ione-Mag€nes Lfz] Yol.L)o The opelator

6  y  e  y l f

for  each y€ U(o

A ts given b;r

Glearly Aseunptions I and Ii exe satiefied. To verlfy
o  p t

IV we deftne .the J-ineax Jpelatol SrU2 = Ir'(*t) -? I

t : " l l

Bu = wo wberu wu q-rr?(J).) ls the

ts the DfulohLet boundary-value

4 * a,  D(A) = H*(cJ f i  s2(.12) .

TIl and

f ) by

solut ion

l a  . r \
\ J  e t l

In othet vrords,

unl.que (geneyaliaod)

problen

Ln JL

$,il J *u/f dx= 
I"H 

u" roy eri rf cH}(C- ) i"i"#(-fl) .
- f L r

r-)vz r .'Hele 
^gJ denote.e the out$srd nornaL derivetlvo of \^/ rrrhi nh

" v * v  t )  
r ,  u  , , r s  I

ts 'ar91L defined as en -eiement cf ll.'t d'( 
f ) . Yld need the fblloiving

losma i

T,EMMA 1 ggg.-evggy oe,n42( f ) pgghlgs (3"4) bsc--a--usl$gs

solutLon w,, { T.,2(l2.) s-+.ttpjy&gg
It

/ vlo

*ot r

l ' O

s  U[ '

( 3  
" 6 )

s" '
0.7)

&"I"9 Ci' i *

ll 'oolioz 
..,) 

4 clllult*-t72(r 
I 

c

nt/2tf I rhsIt *oC Hl(s) egg

li *,rli*r* 4 crllulinla(r)'

1, 2 efr.g*Ro,SiiYe-spssj.glp-^$i$gps*@9-g$ u "

I &ggg. T,et 
'u 

€Wa!Z( f ) i the existence of, wo ratlsfytng

(3.5)  is  wet l " -known (see €rgr  [ fOj ,  p"??l j  I t  fo l lows 
. f rom 

the

fact that the oporetor A wi*h domain II*(1}J.f i uz(.12)' is

on'uo oa LZ(C) and the function*l J' I " H 
u" i-s

' i  -  -  D  i - .
oontJ.nuous on-Hi(.1}) ft H'(*2) " Aleo the riniquenees of euch



*"'r ll 'Hll urr(r) 
-ilYllrlc*nfrcr

B F

w-- ls J-urmeriiate. 0n the other irend by ttlnacsr inequality
tl

and by (3.5) Y,e €tee that
' r r ' t l i

f no(Y ,r{ cluli$ 
flz*t ll a-}ll nz.,r) 

ror a1' y € #t't

{hereuy p lovtng ( : "6)  !  ,

Suppose now that u € li?z( F ) " Shen again by rrtracett theolen

thera ls fo6 ttl(ff) stleh that 
"yo 

- * and

(3.e) li ruii*r*rJ 4 cll"rli;laq;1
' t "

whoro fi ls indepenclent of u" 0n the othev hand, l-t follov;s fvom

(3.5) and Greenrs Sosmuls tb.at the funct ion z o Vu * wu

sattsf ies tbo equation

for al.l

(3  
"10)

r 1
Shts shows that z6 H;(JL). I lence rvo€ IIr  (12)"tr 'urthsrmore, by

( j "g)  and (3" t0) -  we get  (3 .?)  as c la lmod.  [h ie  conpletee the

nroof of the lennme.

In partlculal, Lemrna 1" ehows that Aesunptlon lII ls

;"raY 
* 

:rl 
*n"u l-u Erad 1/ 

dx

Y€ ult-al  AHz(-o)" Heneo

l"(y)! * ciiroli 
r ir.(r,Jtl y\ln-i(JL) *oo all Y*r'(rz)'

eatlsfiod" $1 regards Assumption IVe $re observe flrst that by

(:.g) end (3"7) *t folLovrs that BuG (r,2(-rZ), 
'H1(-0-))r72 

fos al l
.1

u€ l'( [- ) end

tr .rr l  [ t  soi i  t i . , .  .  {  ci iul i  D.- .  fov alL u€ 1,2( f  )  ""I IYZ(sL ) 
" "L"(f )

Hste (i ,2Le), i t l(11) )y2 denotes the interpolation spae€

t

t  y(xoo); yG r,2(n+; nltrr-,,, 3t G nl(n+a la(olJ t ' ;- - ' ; :  hU l"



Inasnucb as the sernigloup S(") geneleted by A is enalyti"c

(see €og.  Lt{  vol . r r )  r re have

,  r l  
r r l  

i l

t3 .tb) ll ns ( t ) roii.2, 
", 

. 4 c t-' ll yo il ̂
. ! r-ra) 

-u"Irt(-OJ

o
for all yo Q L' (-O) and t ) o "

0n the other hanC a,ccord{ng to an intovpo.Latlon vqeul.t due
- r 1

to T,ions [ffJ-, fle have for aaqh. yo( H*(Jt),

0.ttt ll as(r)yCIli .zLcr)L c *4411 rollnl({r) ror *t:
' r - D

Thus inte:lpolating between spac€s H'(-Cl) arcl ],'(A) rie rie€

by  13 .11) r  (3 "12)  end.  (3" t3 )  tha t '

- ]  . - 7 / 8 t l  , tr i  
a s ( t ) B u l l - r , ^ .  ( c  7 - 7 / B l t  o t r * p . , n r( 3 " 1 4 )  |

-' 
' 
14' (fL) I* (Jt )

- , , " ' ' . . :

foy s,11 u$I,2(-ft) a:rd t)on Lleyo S Ls a poslti.vo constant

rrra*p*rru-"i or u *ra ;. fn otr,*o wordss lnoquality te.gl rror**
E t ^

wi. th r ( t )  = $ 'Y*t /d,
' i

Thus we have sho$ln that 9v$3-qp (3.3) gg!;Ls.f{o-g

4spqpr.b-:loilq I gp.3S lviyith A e*g B sSS}4ggJv (3"3) ge* (3'4)
I

respect ive lys

. Mt*gd .I{,ejSE_*nn !g-cblo$. Considot the bound.al}' conttoL aystern

( ) . n

f r  a y =  f  i n q * J)-x[orr]

(? } t t  f . ,  i - -( 3 , I F l  X J +  o V = n  i n  2 * l X L O o r - 1' o n  
" .  :

y ( o r x ) * s o ( * ) . ,  x € - 0 -
' 9 - ^ . '  

2 ,
whore trn€ :,z(f l),  t+Ld(a) ana g (the boundary ccntrol) is l"n

I,2( f )" uun* a 5.s a nonnegative constant.

Dof ine  E =  tz ( l } ) ,  UZ *  X  *  L2{  f  ) ,  S t=  0 ,  B2 =  T ,

r)

o y =  A y ,  n ( o ) = H ' ( - O ) a n d

A ie *r.r** O1r

( 3 " 1 6 )  A y =  a y  o n

? r
t  y * 

"yn 
p$ n *he oporator' a n

n(A)* Irn na(f")e "*l.ft : " J ,



Deflns ths

* 1 0

r)
r _ . .  n . . r 4 l  I -oi ie3gror  .Ul lJ  \  i

q

) -1 r'(.(i) by 3u * au Ttlhoy€

E u  *  A z o =  o

Q 2,,
0, Zr, * X:J = U

6  o n

# **'/? ll rnllI

l i  
'es(t 

)nuli_, .  ̂  .t-(.C.)

t l a  a n d  u e  L 2 ( f  ) ,

c t*l?. .

1= a +4?'li ul\_ r  v  , r  u r r p ( f  
)

Honce Assunptlon IV ttolde with

ao€n}(G) ls the ryoiutlon to boundaly-va.Iue problen

(  3 .1? )
-fL

r c

Ln

Ln

1 l ^

ConsLder ou the ptoduct space H*(nJ X H-(-C.-) the biLinear

functJ.onal
: .

r f
(3 "rs) a(yo f )= J (y Y+grad v srad f )  ax- I(u- "v) 9 do' j ' r '

. - 4 l n  ?  -

whero u€ H*7t( f  )  ( the tnteglar )  u f  ao nust be legarided as
1 l o - -  |

t h e v e ] . u e o f u a i , 9 € r y ' ! c ( r ) ) ' $ i n c e a j . e c o e l c i v e , t h e r e
1 1

l -s uu€ Hr(3) sai; lsfying a(zouf ) = o foT ull  y € *-!*?)o In

otber $olds,  zt ) .  = Bu Ls the solut lon to (3.17).  Frorn i3.LS) we

see aleo that

t! auUr*tu:i 
). 

o liulln**( 
r )

In parttculaqp wG havs eholun that Asgumptioq III hoLd.so To

vert{y Assumptlon IV rve notice ttrat sigce the oporatol -A ie

soJ.f*adjolnt and pcsit iver wo.have

t:.ao) 
'l\ 

ls(t)volir,n(ol { c *-'l '|1 rolio,(*l),/?)

for aft" t) o *6 trroe D((-A)72 ). $inco nt(-l) '12) * Hl((}) w€

naff sewrite (3*eO) as

llAs(t)yolisz(.o)l l  4 t P \  v z J g l l  
, 2 t  n , ,  

o  *  F  d / O r l  ' l

r-ral 
- H*(-C)-)

' l

for aLl, t lo *6 lro6 II*(O)u The lattsr sombinod wl"th (3"19)

yLei.ds

( 3 "ar)
t .

for all

7 ( t )  3



. ! 1
t t d

&gggl$ 2. It  shouLd. be emphaslzed that eutinate (3-ei.) *s
o

not optimal. 0bsetvlng that the opexator B naps l'( | ) into

o3/z(O) a nharpet setj.nate can be obta:ined.

SgSSg& 3. In the preceding exeJrnples tbe l,eplacien cen be

loplaced,by any second. order symnetyic and el1lpt ic

d.iffeyentlaL opolator on ;[,

3. IIfll'PGnA]j CO$VEX COSt CRITIERIA, In thie section y{e

consJ.del the following unconstrained. boundary-distllbuted

control probLenr nini"mizs

oubJect  to etete

equat ion (2"1)

^ Hexo 14p 1a and lo l  pn[ ]  X SXII IX UA :- r"Fi= 1- . , r  i+" ." - l  ,
tl
LUSX,E *-+ A ero g5-ven funct ions whlch wtlL be preeised la*ey"

Ston nc$, on we sha.Il assume that the spgcee E, UJ- and. U2

egg-.3-g.{Lq.Eyg a+d qt.r,tggJt-gg3ggg tosethe r thelr d.uals I{*, L,r*

Tc n
( p )  )  r ' n ( t psp t r t  noa )o t  +  f  ( v (o )  ey (T )  )

o

t n  y € c ( o e r t $ ) r  o * . € r p ( O r $ ; u 1 ) i  t  *  l t l t

and Uf .

lTe d.enois by U the product space _UlX UZ and. d.enote by I .' !

( reep" t l  ' l t  )  the norn tn [  ( respn U).  The pair ing between su S' ' -

e n d  U  ,  U t r  w i 1 L  b o  d . e n o t e d  b y  ( o r o )  a n a  ( . r . )  ,  l e s p e c t i v e l y .

- Final3.y we d.enote by Fr n ? U* *1 E r U :*$ Ur the

dual l ty napping 
: f  E a:rd U, respoctively., I t  should be secel l"e$

(eoo sego [a ] ,  F"13)  t f ra t  undes our  aesumpt iong F and.  F .&re

siqgLe valued, LnJective and demfeontinuous ( i .e. etrong3.y-

seekly continuouu).

We shall sssume also that Assunptions I r.z IV are satisfied.

ond that funct ion /  Ln sonditJ.on (Z.g) belongs to lr(Ouf )

whexe
t : '

p ( p * I ) a d n  d  &

with



G r r 4

As lena.fked oal l iey, the solut j .on y tg system (Z.f)  fs

continuous Grr [Or' l ]  and hence (Fi nakes s€nse

As se6n in  Sect ion 2,  the s ta te syo iero tZ.L)  can be

btought into the foym (?"13) wheye r!  = (u1ru2) € UIXU, = Ur
n = A - ro r(  f ro € a(A)) a-nci  A is given by Cz.rat,  ,u*
r , r  t o , r lX  EXu  - :> f r ' ue  < te f ined  by

L( tu$ ru )  *  l o ( t r y r r r l ru2 )  fo r  t r  *  (u luoA) .

Then problen (r| can be equLvalently expressed. asr leininise

(P)  
io , t , x ,u )d t+  

{Wto l ,y t rD

*n  y€  c (0rT ;&)  a rd  u€  r ' ,p (0 rn ;u ) .  subJec t  to
t _.1w  = A * i z 1  u +  f

Jf e l f?t.

'l

Here f  € r r*(oor;n)  is  a gh'en funct ion.  The eolut ion o- i  (4.r )

must  be understood.  in  the sens6 of  (A*g) ,  l_ ,en,
t t

1 /( 4 " r ) '  v ( t )=s ( t ) v (o )+J  ns ( t - s )  a  u (e )ds+J  r t t - s ) f ( s )ds ,

(  4 . r )

o L

p

. * /  m( ,  cJJ- a, - o . o
iYe notlce that Assurnption rv s:?d the condition imnosed on

tmpLy that

(4oa) f i  I ls( r ) , , r  l l  r , (uru)  4 f  ( r )  ror

where  f  e  lP t  (o r t ) ;  t 1p  +  TF t  -  1?

Seside the abov'e aseumptlons on g, U, .& and B
t)

hypotheses on L'o and. L must be imposedr
- f )

(A)" Ths functj.ons T,(t) and ( aye Lourer ser,licon'tinuous

and. cor:vex on SXU (for saeh t) encl $X ff i ,  tespectlvely"

Furthes&ore, the following cond.itions h91d.

(a) 3or oach. (yrr. l )  e SX U 'bhe funetions l(- !r ;"nv) s [grf ]  **

* 6  [ o n r ]

further

$

and J I ( t rsrv)B [or t ]  * f  DXU axe lebesgue ne&,surab] -e.

(b)  shote er : is t  xo 6 r ,2(c l r r iE)  r  so€ t r*(Ort ;u)  and



1goe  L*  (o , r )
' ' '

t r ( ts : r$)b

u , o

such that foy al l  (yru)€ n XU,

( y r vo ( t )  ) + -  d , , oso i t i >  4 .go ( t ) ,

point  pair  (yrr r2)  (  gX h

if tliore oxJ.s* functigT*

satlefyLng oystern (4-f)

. l / - l n  m i -
t l o U c  t r E J V t I  L .

i"s ca1Led at*a5::abLe foi:

/h
. (c) For oach yo€E theye Ls- a nelghbouyhood U o! Fe,

functlons a € ],Pt tons3, p{ Ip(org) and a napp3.pg

( 4 . 3 )  L ( t r y r  : ( ' u n y ) )  &  o ( t )  B o s o  t e  J O u r

( 4 " 4 )  l l  - t ( t n y ) l l  4  p ( t )  E o € r  t e  l o r s

a l l  3 r ( ( / "

t '

r

(  s e e

( 4 - 5 )

'  l r  '  -
H:o:  $( t r f1u) s (vruur)  c lenotes the solut ion to equat ion

e "g . [ 2J  - "  Po41 )

n
where d nft  )rEXu;=.1 P*X U* J.s tho subd. i f feren*taL of ' r , ( t )"

notice that concLj"t i t :n (a) lmpt J.ee that ] . ,  ( tey(t)  ru(t)  )

J.s a r,ebesgue neasurable" funct icn of t  whenevey y(,)  uoa u(")

avr) l,ebsegug naeesu.rabJ.{-r func*ions (this nay be seen fronn

fornnula (5"4) belowi" Tt ca:r be shown that l f  cpaces E and u
I

are separabl"e then (a) ie satisfl-ed J"ff tr is s souvex norroaL

i.ntegrarrd :i"n tho senqe of Rocrcafer.rar, (seo [rrl ) " xf T, is

independent of t tlren conditions (ai and (b) autonaticalS.gr hr:ld.

-, .  As regatd.s (c) t t  j .s sat isf ied in paxt$.cu.Ley t f  the

i{qg4}.F.og}"*3 aesocialed wlth I iq finj"te on EXU (other

eituat ions Ln whlch (o) hokis a.r6 discussed. in [+],  p*pl-?)"

fot

*"zr

ptoblom

t  t(% -Y), s (;p-", * *? r(;;v ;; I  :  "

end.

( p )

u  C  lF (o rn ;u )

y  4  S ( 0 r T a $ )  a n d

sncl sueh that

C+,e l  r , {bcy ru l€  n l (o r r ; ;  y (o )  *  s }s  y . (T )  *  yz . .

fho set of all attalnablo pa3.rs will be d.enoted by co-

Denote also t,y,u t t I  * 
t rrrrya)6 nX n; {b*'uyi I *, *J



q L 4 n
' ' i - ' ^  

1 1

tho effective Comain of b , Ouy ne:ct assumptj.on J.s

n
(B) rheye is  ( r1ov2)€ crAD( g )  such that  on€ of  the

foLLorving two conaitions hold.
. . ' '

( 4 " ? )  I r € t n t j x € n ;  ( r y r " l e  n t / ) ]: E  -  (

(+ "e )  y2€ tn t ) . . x€u ;  ( r ynx )Gco l .  j

It miglrt b; ,roti*.a that i,n gener.r t+.el r*rie for
inflnite ClmensionaL systonas boc'ause i.t o*qutu.u the compJ-ete

controllab*lity .
fhe nnaln yosult of this pepsr, Theolen I" beLovr may be

rgSa"uded, as a rrra;rinun prineiplo fsr out bcundaty*rriettlbuteC

controL plobS.emo

rJHE0Ral\{ 1- . $gnppSS 3hg}_*g+}" *qbSge*hpg-t}egg.g*gg_ sy$t qs ( a.r ;
t)

e&*, f.Egg!-igg r, (. ffi" Sj]gg--q--g$e4-pgig (tro,uo)

fu-gpi,i@-;L*-*H.g.]]lsn (ri tl"epg'gsls. i-f, -tRe r-exlM
po 6 s(0,Tiso )  f i  rp ' (orr rD(/o r r " )  )  *n*  o*  € 11(oor;$r)  shigb
se!$ef,*y_ elgJ$ I'r,l_r3 vo 3&$ uo gTsteg

? - -L-  ^
(4,e) 

;: , i l;": 
l oo : r"rr I ox) [o'rr

(4oto) nl s * .d*po 4 Qo 0n [orrJ
. '  :

( 4 " t r )  ( q (  * j ,  A " n * p o ( t ) ) €  D r ( t r i l q ( r ) s u o ( r ) )  R e € o  r 6 J o r t I

end .-t g,FFeggggglp!,,y_S op4ij+ o gg
n

( 4 . t 2 )  ( F o ( o ) r - p s ( r ) )  & t ( r o ( o ) E y o ( r ) ) ,

I{exe Q rtt) rsX u **} F*x u" ;; 1{ rEX s **+ E*i ru
{  e  }esp€et iveLy"

0f courso equatlon (4.g) ruust be consideyed. in tho sense

o f  ( 4 " L ; n  r  l o o " t
f i , t

yo( t ) *s ( t l yo(o)+  
|  r - r$* ( * - r l  /  oo(s )ds+ t  $ f t *s ) r (u )ds ,

, \ , o



while t+;ro) rs t*rr** ,o in. '1irr;- sense, i,"u.,
T

(4" ! i l  not t )  i  
s* ( r - t )po( r ) -  

f  
r "as- i )eo(s)ds,  o  4  t4  T

tL

whele S*( n ) te tbe sernJ"group generatod. by the adJoint A'* of An
'.

, *  i iBy A', If- we have d,enoted the adJoints of A end n

rospect ive ly .

right into the ploblem end 'Ihe-orem can be gained

fron the foJ.lowing eimpLe exanple. Minini.ze
' f : (

(4 "14)  )  B(x ry l *u t )  )dxd . t+  J  r t tu (  c  t t )  )do

ln ye s(0 i l i ! 'z(Jf))  end u6 IP{orrr12(.0=)) oubJcct ro

( 4 . 1 5 )  R + -  a y = o  J . n  Q = $ x [ o , r ]o t

( 4 " t 6 )  f  =  u 1 n . :  * [ - X l o ; t ' ]

( 4 . 1 ? )  r ( x r o ) = y u t r x )  x 6 * Q .
o -  * 2 ,where ' '"€ i: '(Jz)o TI:e function srJZX n **>R is continuou.s and

convcx ln y, Beasuyable in x and. satisfLes

o

t  e(xry) l  *  c l  y l  z  + 6 (x)  a. .e o x€ J i  o I '€  R
o

whero e 6 L'(fr). .As tegards the function hrR **fr i i ;  rviLL

bo assu!0ed coilv€x1 Lovrel eem{contlnuous and co:[!i:r!!e rlo€n:s

(4  -18) L t n r  h ( u ) l t u i  s  * c 0 n
! ul-> ao

In particuJ.ar wo asJr take functj.on h as

(  ho(u)
h (u )  =  |

{ .  + c c

u€ Un

ottrerwl,se

Where i:o is a ccntinuou.s convex f.unction on yeaL axj.s a:rd Uo

i.e a bound.e& and cLosed inteyvaLn

Slearly Aseumptione (e) and (B) s,rs satfsfLod where'

r  *  r ,Z( l } )o u = ur *  r2(f  )
L ( r , y , u ) l  !  e ( * , y ( x ) ) d x +  J n t o C o  ) ) d o

Jt
I
t



- 1 6 *
tl

- f t r

and L le doflned by
A '
ll'  Y ,  \  O

L $y I2)=o tf S1=SI srrd * + oa if h * Yo.

t n Q

in

i n E

rryh1l.e to****r*urr*, *orru**rons ( +itz) t*ao** t',r

( 4 n 1 t )  y * ( x r o )  =  y o { * ) s  F o ( x u r )  =  o  & r € s  x € - ! . 2  "

$ ince condl t ion (2"g)  ho l ,ds wi th  a  funct ion Te l r (Or f )

vlhere 1(r 18/Tr Ft€ mus* choose p in the sontloJ, Qpace

r . ,P(or t iU?( f  ) )  euch that  p)  I

T h u s b y [ h e o r e m 1 " , e g 1 v e n p a i r ( x o o u o ) J . s o p t i r n a 1 f ' n

problem (4"14)  t f f  there exts t  po € g(or t l12($. )  )  n  t ,p t  (0r t ' ,

ulcc.lf '  *1iO)l *o q"€ r,1(o,t, la(-O)) satJ.sryr"e
(4 ' rg)  r"  (  4*22) G

4o PR0SS' 03' $HA0$S'I'{ L " $ince **u +qSF.tS*,ppgf J.s stra*.ght -

foxwald. we eonflne ourseLves to plove the gggg€S$ly of

eonri i"t lons {4"9). '  (4*tt) Co1 optlnaS"ity" Ths J"dea of ths pxcof

cCImes from the auttror wortc f3l (see al"so [+1, $hapter Iv)"
/)

Iret I ',u snd. ('p s. F2gE deno*e the funetions

cu)*inr{ 
h 

( ty*ft 2* t i  u*f ir iz)+ i,(t, f i , fr1 i

(f , [ ,)  e rx uj * t(*, C(yuu) )+ + l l  ? i . ,r t toy,u]Jf 2

(A) = Hl(J1)Anz(Jz)
r !  / ) '

and D = -B wtre:,le B;T,"( f ) 
"- 

l '(fei ts

[hon as eao!. ly eeen by (3"5) ttre adJoint

so tfr*t

q4 "19)

t  +;aol

t +"ail

.Yr '\
Boy = -.9.- ( / )-ry fot all

0 n  -
eys tem (4* t0 ) ,  (4 " r f ;  becomes

Q n o
ffil * aPo I ee

' n

ao€ d ,P(xp xo )

k € Qr,r,,o)

d.efined. by equatS.on
k

B ln glven by

4

v(L ' (J t )

( 3  n 4 )  "



f )  r r  
1 7

(5"2) tr(r,1,v2) = rnri  *a; t tr l- f ,112* lv2-i212)*{.Gyinl,
, N  !  .  -  t  i t  d  -  A( r1, i i (  nxuJ = { t  J , i t r1,x2))+ + l i  X( , , (yrnya) l i  2.

'nre xecalL t".rlo1, n.*r, ,n.ii,ur*l 
-*ru 

t: a!€ n*r..- 
'

A :'  
d  Lp( t rJ fcu)  E , , r -1  {Gr(yn u)  -  

J : ( t  ry ru}  )
\/P rt

r,-r (cz(r1 ry2 l- ljtulr 12 ) )
n / )

d ( rftyr2) 
g

d'Lffelentiabl 'e on EXU and EXE, respectively" f lheix dJ.ffexentiaL
n  n , 0' 0 I'tt(t) and 0L p are glven by .:

(  5 .3 )

( 5 0 4 )

where GJ. * ($, g ) and QZ * (f rF) ate the d.uaLity mapplngs of

Ex TJ anri sX P, f€spsctrrrrry" rt urrooro nu ouuonrrra thet in
vlr tue of &ssumptfon, (A) anrl  oquaLity (5.L), I , t  ( t ry(t)  ru(t)  )  l "s
a lebesguo meequrab],e fusc.t ion of t  whenever y(" )  ancl u(") alo
Trebesgue m6 asufabl"e . .

tret (yoruo) ba any optf*uf pufr of pnonir*
t .

E Iwo * n *Xo. Consld.sr the approximating problem

!5"5) rnr I ! ,"rrt,y,o)*p*1i1ts-troli p)at+ 
lrtut

t r "a l

(P) and let

i * | y ( s ) * r o ( i l l ' J

whero the infimum r.s taken ov€r arr. u€ r,p(orTiu) and

J'€ S(0rf iB) satlsfying system

Assunpti.on (A) and by (5*t;,

u€ U, w€ have

1.( to vru l  > ( rnns)+ (uo,u)*so *"u"  t  € ]0uT I
- 1

whexe go € i , * (gr r )  is  independent  o f  
_p G

Tn palt icu}ar i t  fol lows by (5n6) that prgbJ.om

for gach ,r)  o a so1utJ"on (furu*) (un$"que becauso
f)str lct ly convex)o using *he fact that r ,rr( t)n ( r  a:rd.

J'n u e4d. s are Gateaux dlfferenti.abloo we find thet
eatisfy

I

(4 .L1-  .  By oondi t ion (b)  ln

(bo jJ  wo see that  for  a l l  y€H and

, F  F \

l ) o ? l  n a g

U l s

th9 norms

f ,  i r  \
\ d t r  l a , ' 1

r P l

&r,oL 4(1\ 4



r ' l E d

(5  
"7)

)dt+(  1r{  r

rnasmuch as s"(t) [ ' *  = nos"(t)

( 5.ro) l i  ,r*lz*s" (t) l i  4"  I ( g x ' U r )

n(** ) Yre alay. i.nfes that

f  ( t ) ?  t € [ o * s - ]  c

In palt icuiar,  l t  fol lows that . l* I f*po €T,, "  
(Orf auHlo Shu.sr

substl tut ing y by (4rl)r  in (5,7) we get aftsy soae sal"culat i*ns

Lnvolvlng Subinit s thooren that

(5.lr j ,f n--pfl l l uo*u*tiP*?̂ ? (uo-u* l= ?, / ,F( t r t  ruf , )s  &*(?,  te Jorr i

and using (5"9) we find the tranevevsar$.ty un,ru*ro** 
r

(5" ra1 
I  nn,o)+ 'F( ro(o)*?(o)  ) , -F f  ( r ) ]  *Q{  

f ( i r * (s}  uxg i r )  ) "
3y (5"5) vre have

t
(r"r3; t  tr , , ' -  \  *L

o ,^ ( t t * 'o r )+n 
* f iu*

+ * rn(o)* ro(o) l  
2E 

JT2 1  < l

n-uoilY)dt+ {.,*tyn(o) r} 'o (r) ) +
I  t -  t "

A

T,( t rs . r t ro)dt+ t  fuo(o)  ero(s)  ) .

J 
, ,  1fr1t ,%,op) iy)+( ?u Lp(t t r*su*)+ t i  uu-%i iP-? F (u, , ,*

- oo ) ,  u ) (ru(o) nf t  ( r )  )+r '  (v 
r(o)*tso(o) )  r r(o) )  +

!  
( l r t r r i r (o) , r r to) ) ,y(s) )  s  o

for al l  u € f,P(ort;u) 
T{ 

y satisfylng (4"L; 
o 

,

we see.by (5. i)  ane (5"6) that ?g,uitr4, ,urr) € r,p(our;r{) a:ra
'd 

r lr( tryt"rop) € r,p(oru;ul).  r ,et pu(u(orr l$f ) ue definec hy

(5 .e ;  n* ( t )=s*( r - t )n , , (nr - /  so(u- t  l?pr tu ,sr , (g) ,uu(s)do

wbste

1 / )(5*9)  *pp( r )  F  d r {  u ( ; l . r lo ) r&(s ) )
r\ f)

( dLU d'enotes the d.|fferential reLatlve to secbnd argurnen*)
We observ* lhat  by (4"e)  t f re operator  A"x$"( t ;gu {e
continuous f lom Sr to Uf, fol each t g LOrt j  and.

l i  a * s * ( t ) n " f i  _ .  ,  _ . 4  6 ( . u )  r o s r e  [ o u r ]  o
I , (g"ut i*)



beeause L* 4
. f
t )that { uf t

thlr I r* J
subsequenc€

I"g N
/ ) n

I ana {ua{ for all ,(>CI. Tn
{ -  / '

is bounded ln LF(Orflu) and

.Ls bounded tn S(0e[ ;E)"  Thus

*f necesc aryr w€ nay agsumo

o F T ? ; weakLy tn IP(orr lu)

h :-? Y woaklY*stal
/ .  \  ,  N r  -

Y,{(-t) -> f(t1 weakly ln S
T-

GLoars.y ( t r [ )  € s(0rs;E) X nF(or t iu)

pal t iculay,  i t

by  (4 , r ) t  th ts

extyac t j -$Sg '  e

that

fsllows

iup3.lee

( 5 , 8 ) ,  { F - i r )

on p,. aff€r

(  5 "14)

Cr. r r l

(  5  "1?)

Lln inf
It":l o
I

c<r^
1 n  I  ( 0 r [ i E )

fo:r ee.ch *C fOrsl

s at isfy o quat i,on ( 4. L ) "
On the othey hund, we have

$
(  6 ' N  l l  - . rJ l(t,ii,'ri)at+ {, rtrto),}( rJ)>

o
and.

lR( t rJrr i ru^)dt  >,
t l t

(5"re) r.rro inr ln w,.ib),v;(n) ) z I cie "l,fe sl l
I4*+ o ' 'i'

whiclr 5.n conjuction rryj:th (5,t3) and (5"1"4) irnpLy

T

I t r i , ; ,uo )dt+ { , ,uo(o ) , ro ( ,1) )

I
(

o

T
J rtr , iof i )at
o

st longly  in  IP(O' f ;u)

s t longly  in  C(Sr [ ;E)  . \

she Just l f icat ion of  lnequal f" t fes ( f* fg) ,  t f , fg l  ; *  eeen by
invoklng reLatlons (5oL) - (5-4) and the weak Lowet
somLcontinud,*y ot l; on SXS and, of convex LntegraneT

- J  l ( t r t s ru )d t  on  r ,P (o rs ;s )  XT ,p (o r r ;u ) ,
0

Wg haye in mind. to pass to LtmJ"t ln equo,tj.ons
end (5,1?ln [,o this *oonou, *or* e pr$.oxf estl-nates
rl6cos$o,.!fr $be fi.rst j.s given by

r$,{MA i .  [n*,r) ;  o .F e L] n o
Sroof " sLnce the proof ls esssntlalJ.y tire ,$cr,re p"s .bhat pf

Lomma z tu [3J (see arsof l ! ]  p"?30) Lt wt l t  bo only outt lnod,_
Flret we s,ssuume that condit lon (4"T) irolds lo€.,  , thero

u p P u o  1
(5.ref r* :-? ro



€ x i s t  y € g ( O r f ; n )  * U

that

e0
?'t -

u€ I ' (O IT ;U)  sa t l s f y ing  (4 " f ) t  and  such

o

by S eeve:rsl

.&.

*onr*r.ru

f  { r to) ,  y(r )+ e u)  4 -s fos e l l  I  h  I  GL c

o f

and

Aesunptlon (rt) thnre exiet

vhs [onr] *+ u such {,hat

o  €  r ,P t  ( ou ' I ) ,  F  €  I .  P (ou f  ) ,  a  ) o

l l  r l r ( t ) l l 6  p ( t )  * . * .  r € l 0 r s f

r , ( t r l r r u )  6  r l ( o u r ) ,  y ( T ) 6 $ n r { x c n ;  ( y ( o ) r x i } 6  D ( { . ) t l ,

Sherefore,  there J.s a>o and G}o suoh that
il

t b ( o r v ( T ) + q h ) 4 c  f o t  a l L  h e E ,  l t r l 4 t ,
Ifoxt by 15.L2)r we have

(5. t9)  (n*(o)r$ (o)-v(o)  )* (no(T)a4.(n)r*r (n)*  e r r )_ +

l , (s(y 
(o)*ry(o) ),s;r( o)*y(i l  2 4 y(r,a(o),rn(r) )

*  t l * (Y (o )  rY ( f  )+  q  h )

whiLe by (4 .L;  t  ,  (5 .8)  and (  5  " t t )  we E e€ t i ra t

(rp(o),h!11-rio) )*(n1(s) sr*t* l-y(r) l>. 
{ f*, ,r.(; ,{0,? )

-1 $

+ p-r f l  u*-uol lp)at *  
; i ( r( t r t r , ru) * .  p: l l l  u*noi lF). : ' t  , 'l - . . s

Combinlng the latter rryi th (5, ig) we get

(  5 "20) In f ( r ) l  4  s  rox a l l  f  >

ae claimed (ln the sequel we shelj. d"enote

constsnte independent of p- )

I,et ? I EI S *) n be the conv€lc functl.on dofi.ned. b),) . 7

CP (nrrha)=J.nf  
i  J  t l t ts t ro)+p-11gr, r f1 p)dt ;y(o)*ht ,  y(r )  *  hei

J  *  b  
[ o

( y ru )  ea * i s f i ee  ( 4 , t ) r  J  ,
C1early f ls J"owev senlcontinuou,s and. i.ts effectlvs domain ie)
the very oet Sr. f f  condj. t ion. (4:S) hol"ds, 

- thorr.  
.bhere exl.st

yC c(0r t ' ;E)  and ue :Lp(Opf;u)  nat is fytng (4"r ; r  er^d" sueh * l rat

fEn , , ( r ) I1  fs  boundef l "
L i l r

l lfe eontinuo the pxoof of thsoronn by not:icirg that *n r.rix.tue



e ? , L

a n d f o r a t 1  h ( s ,  I g l L f ,
( r " z t )  r ( t r l o ( t ) + E h r v h ( r ) ) 4  o ( t )  8 r € "  t e  J c , r [ .  

r

Noxt by (5.i1) ane definit j.on of Q t 
f 

s€ have i
(?, r,f(t rlp ,uyr) rlp- vo- e a) + ( ,*aro Fl. * E(uo- up) ll o"-op,[l B*p ,
o f  - " n ) 7 4 * ( t r y ; r r u p ) - a ( t )  r  8 o € .  t € ] O r s f  .

Invoking (5,5) ane (5.18) tho latton yields for a euffj.aientj-y
snall f ,
(5.41) I  ?, T,f(r ,{ , ,up) I  4 c( l l  u* l \+ F )( l \  uo -

+  l l  a * n ' n * l l  ) ' * d ( x ;
o € r , B u ( o r * ) .  w e  s e t  g t  = ? r ' r , * C r r , y p r r l p ) "

Lremna I  and (F-  8) r (5"10)r (5 .A1)  we oh, ta in

l l  ,r*n*n*(t) l i  Ls(((r*t){.  
f  6(s*t)(r+i f  u"(s) i l  i

t

{ ,o *  a i l  t € [ * ,n1 ,( l i  a 'non*(s)l i  + l \uo(s)*tr(*)1\ F*l)ds+r

gt

, c ( r * o X i ' i \  z ' , r ' n n ( r ) 1 \  n ' 6 s f / n ]  r o s  C I L $ a w
d  - r

where rin ,(t) = 0. ], l [e nay there fore aonclude fron (5.ee) tn*t' t  - l o

t  T .-, )
1 I [ /* nt tF I p'at 

J ls bomded whero a ls some positxv* cons*
\  T * r ,  t  , l
tant. By (5's) we see tbat 1 ln, (t)l j  are unlforn)"y hounded CIn
r r t ^ "

LT -u  rT) .  Nowroason lng  as  aboye w i . th f  rop lacod by  T  Nq,  ws

get after eone steps that I n*fru p,^_ }1 i* bounclsd i-n\  - -  r )
&Pt (o rTau* ) ana
( 5 " 2 i l  l r * ( t ' ) l L a  f o r .  r € [ o , u ] ,r
It shoulrtr '!re 

observed, that (5.4I) atso $.mplf.es that

r? fls1o r l i v * +

;  E + 8 "  t x C J O r S I

I{r;w takir:g tu"towhere

accouni

(5 .aa)

Next by Xoungt s inegua3.Lty w€ have
f T

, j  , 
I 

6(e-t) i l  n*(s) l i  l i  ,rn r'tr*(s)l i as)F'et;1ir ' 1=

f*d g

1 (  j  I  f ( t ;1 n '61 /n '  j  l i  u*c">t i  i \  , ro n" n*(s) l i  ds *
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In* !C , t (oot ;n*)  ls  equiboundod and the neasures {  
o f  o f  =

= i  e*t t)dt ;  o measurable subset of [orr ]  ]  ate unifolmly
@ l

abXoLutely contiiluon$., fhen aceotding t-o Dunford.-Pettls cviterlon

in Banach spaces (eee Lf ] ) ,  the set  t  nni tu ,u*al iy  conpaet in

t l(orr;nf,). Hence there exists a subsequence ( 'agaln denotecl gn)

such that for l"t :+ o e

t t "e+ l  noa*  nor
Extlacting fuvther

( 5 " 2 5 )

(  5  "a6 )

1 -

weekly  in  l ' ' (0rT;E ' )

subseguenc€s, $te mey also assun€ that

p., (T) *) F* lveakly ln F+
t " +

Pn :-:t Fo weeklY-staY

(5,27) AnII"p,**----* ,. tnlfnpo weakLy' 't'L

It foLLows fxom (5"2il  and (5"4) the.t foy

C O - L

i n  1 ,  (0 r f  tE^  )
' * t

i n  ] , Y - ( o o f  ; u )  "

each ' *  6  [ o r t l  ,

s* (s * t l t o (s )ds

J.n the vresh topology of !r,

slnce 4.(t) :*+ yo (t) unlfotmly on [orf] and 3' is
I -  

v

clemi.contlnuous on S we raay pass to limit in (5.ta) to qbtp.J"n

(  5  r28 ) ( no (o )  o -po ( r )  )  Oh ru (o ) , xe ( r )  )  "

[he Jueti f icat ion of the f i -nal aseeEtlon J.s rreen by recal l ine
r.. /) n' /) P

that 
ld  ̂ ( f  

( r*(o),  sr(r)  )  C'  d( (  
J*(r*(o),r*(r)  )  )  and the ract

that 'dL is d"emJ"closed i ,n f i 'X E (see 
1:g. [ . ,27, shert l r  TT),

Bo concLud.e the proof i t  renains to vorify equation (4"LL1"

3y (5" t t )  and def in i t ion of  ? L"  he have
I

T,f(t*F;,. ru*) 4 li lt oyoo)l(nfr.***y)+ (f rfpf+li u *Bpli n-' 
:

f ,or  a l r  ue rp(0u$;u)  and ui*  o€ c(CIus;E ) .  

E(*  *u*) '? ;u>

Integrat lns oves [Oof] and lett fng 
f  

tend to aero w6

obtain
. T s :  . *(F"e9)  J  r , ( t rJbuuo)a1 + S r t tcsru)c t t  +  J  t tqr*s6-$)  +

o o o
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+ 1 t t ' I J t p o  , E o * u )  ) d t

( l { re  have usod.  hete re la t ione (5"15)  ^ ,  (5 , }8) ,  (5 ,27}  and the

clennl.contlnuity of th.e duality mapping E . ) $tnce in ( 5 "29) 
ttie

pai r  (yru)€ e(OcsiE )  X f ,p(or [ i l t ) ' i .s  avbLtvary  we Ees,y  conc lud.e

by a standeld argument tbat
- '

n
( q " ( t ) , 4 *  r l * p o ( t ) )  

" d  
n ( t r x o ( t ) , u o ( ' t ) )  B ,  € "  t  € 1 o r r  E

thereby eompl-et ing the proof .
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