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(  i i  )  = - Z  (  i v  )  .  r v  ( . 2  . 4 )  a n o  .  ( 2  . 5 )  , w e  h a v  e

ln  l t r l ( e r  )  I  >z  n ( r  )
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B) ,  a  s imi ia . r  reason ing  rve  c leduce tha t  ( i v )  == ;7( i i i )  a ; rd  th is  enc l : ;

the  proo f  o f  the  l -emrna.

q ,  e .  d .

We ean now g ive  our  ma i  n  resu l t  :

2 . 2 . T h e o r e m .  l e t  0 z t 1  4 t ) 4 . . .  b e  s u c h  t h S l
-  

- r -

. + 4: {-t Lr-

t  ,  /  r n  ' ' L
t^ z+,>. , ./,-- + z + ,v> ano /. , i+ o'o .'  k=1  uk  k=1 "k

-{' {z<3

f 1
T h e n  t h e r e  e x i s t s  C l s l  2 s 2 4  . . .  ,  , 1 a *  h r  + .  *  z - +  \ r r  ' r t - t h  t h e

k=1  "k

p rope r t y  :

i f  f  i s  a n  e n t i r e  f u n c t i o n  w i t h

( z . t t ) g r ( z ) f  I e o l  a , ' s * .  l ( l r t ) l t oI ' k J

f o r  s o m e  c ^  )  O  , Y r ^  Z 1  i n t e g e r ,  i h e t r  r . h e r e  e x i s t  a r  l ' i  ) 0  s u c h  ' " l r a . t
.::- n- .i -

sup
r r^  1arnr , t , t  - r . ,  1 (  f  

' , l t t  f  (  3+  1)7 '  -a fn l ' l  1 ' ' t \ ' r , } (  i  )  i '  7e  c  '

t " k l

Ulglg_tle lup_remum can b,r +"aFen-9lgl--ltgit"L 
? 

( R .

_ j l ! _ g  L e t  u s  d e n o i e  ' d  ( r )  =  I n | t u ( r ) l  , r ) O . T i r e n  ] - ' t ' L e : : r n a .  2 . 1  . ,

t h e  c o n d i t i o n s  f r o m  C o r o i l a r v  1 . 2 . a r e  f u l l f i l l e d  . f o r  t h e  - f t i n c t i o n

Hence  t l i e re  ex i s t s  an  i - i c reas ing  func t i on  13  :  (C ,  +c>o  )  v -v  (C ,  +  o " )
+ o<)
(  Br- \

with |  +t  dr  z-  + o 'o such that for :  ever l /  funct ion sat isf l . ' ing
J n L
4 '

( 2 . 1 1 )  t h e r e  € r r €  d , r d  t  T  O  s u c h  t h a t  f o r  e a c l :  
" o  

t 0

s u p  -  ^ r  1 n f  i f ( z ) l  >  - a 9 ( r  ) - d '
r  o 4 T  e r  o + d , / r \ r o  )  t  i l = "

But  f rom the  above .  inequa l i t v  v /e  sas i -Lv  $e t

( z . t z )  s r r p  t n l r (  f  n ? ) l  > ,  - d J 3 f  t l f  ) - o '  ,  ? e  a , Y +  o  ,
t ' l l  4 4 f t (  l t l )

w h e r e  f o r  r e : , , l  !  , t h e  s u p r e m u n i  c a n  b e  t a k e n  o v e r  ? €  R , l ' l l 4 '  d J 3 (  i Y l )

a s  a  s i m p l e  r c a s o u i n r 3  s h o w s .

F u r t h e r r b '  a  r e s u i t  o f  0 . 1 - . I z o n e m c e v  a n d  V . A . l ' l a r c e n k o  [ 1  1 ] , f o r '  t h e



. t A
-  |  . i -

func t ion

such that

I
. L +

c

]{
t)<, ,

fo r  some cons tan t  ^ f ,  >  O .Then the

f o r  s u i t a b l e  P o s i t i v e  c o n s t a n t s  a

the  res t r i c t ion  -+  +  0  .

We shal l  g ive now the

2 . 7 .  D e f i n l - r , i o n . L e t  O  Z t 1  1 t n  1 , . . r 1 . 1
t L t

t > 0

s t a t e m e n t  r e s u l t s  f r o r n  ( Z  . l  Z )

and l , l renab l ing  us  a lso  to  remove

e . € . d .

Z  + o o  ,

n e ' l  I  c r t

4
:  Z - +

u t .
' I !

oo and

-F Oc

7-
t -  4
]j.= |

cJ)C,o=  (L2 r+  1  .1 tn  en t i re  func t i on  f  i s-  
J U r l

- s l-ov:lrr clecr e:, s ing

i f  t h e r e  a r e  a  a n d  M ' > O  s u c h  t h a t

s u p  E ( q + l ) l > t  I ' . - n l e r ( 9 ) l - u  ,  +  1 €  H
a l -n l v l  t uc (7  ) l

7 6.1\

O : *  u s  r e m a r k  t h a t  a l l  k i n d s  o f  s l o w 1 y  d e c r e a s i n g  f u n c t i o n s  c o n -

s ide red  1n  [1 ] ,  tB  ]  and  L9  J  r " "  < . r - r - s lo rv ] y  dec r :eas ing  fo r  so ine  su i ta -

b le  func t i on  cp  r?s  the  above  men t ionec l  resu l t  on  en t i re  rna . j o : : an ts

f r o m  [ 1  1 ]  s h o t v s .

F r o m  T h e o r e m  2 . 2 .  w e  i m m e d i a t e l v  g e t

2 .4._Q_9r_9_l_1.3r-L. L et co1 ,u] ' .ri"uJ anrl f  b e  a s  i n  T h e o r e n  2 . ? - . ;  i h e t t

f  i s  c - r J ,  ^  ,  - s l ow l - r r  dec reas ing
i - t < J

In  order  to  a-ppl . /  the above

w e  r e c a l l  s o m e  f a c t s  a b o u t  t h e

resu l t s  t o  u l - t rad i f  f  e ren t  j - a l  ope re t i o rs  ,

t p  -u l t rad l s t r i bu t i ons  co r t s ide rcc i  i - n [ :

[ 4 i ,  [ 5  ]  a n a [ 6  i  .

F o r  K c R  c o m p a c t , w e  d e f i n e  t h e  f u n c i i o n s  s p a c e  t  
_ , ,

c -A  , r r \  { ^  pT , . n (  Y )  =  ?Y f  l  4 ( t )  co (L t ) n  l z  +  " '  i
A )u r lK )  = . J  .P€c ; "  '  - r . r ' I I '  

t cR '  I

L  f o r  e v e r  t ;  r 1 7  O r n  7 , 1  i n t c g e r  
J

.  
(  Y  d e n o t e s  t h e  F o u r i e r  t r a n s f o r m  o f  f  )

C  C\
^)ru =+fto /..tru(r )

' I he  e lemen ts  o f  t he  dua l -  7 *  a . re  ca l l ed  cd  -u - ' l - t r : ad  j s t r i bu t i ons .

h  - . h e r e  ' i  - e  a  s e o u e n c e  C z  s t  2 s n  4 . . . ,
J " v I : ! ! v

f  a l  <  r n  l  * 5 s n 3 ( t )  I
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The  r run ion i l  ove r  aJ  o f  : r1 r  u ;  -u l - t r : Ld i s t r i bu t i ons  co inc ide  wr1 ;h  the

r r u n i o n r r  o f  a l l  r l o u m i e u  ( o l  E e i r l i n g )  u i t r a i l s i r i b u t i - o n s  ( s e e  [ 6  I  ) ;

t h e  n 2 r ^ a m c t r i  z : - t i O n  o v ? r  c r )  n r e : , e r ' r T , s  a  s e f i e s  O f  a d v a n t a g p s  a m o n sr *  " '

wh ich  we  nen t i on  t l e  s ta -b i l i t y  unoer  u f t rad l f f e ren t i a l  ope ra to rs  o f

. c ,
eacn AJ uJ .

A s  f o r  c l i s t r i b u t i o n s ,  c n e  c a n  d e f i n e  t h e  n o t i o n  o f  s u p p o r t  f o r

u l t r a d i s t r i b u t i o n s . I f  S  e  E f  i r . "  a  c o m p a c t  s u p p o r t , t h e n  i t s  L ' o u r i e r :
A   ,  - i z r

t r a n s f o z ' m  S  i s  o e f i n e o  b y  S ( z )  =  z S r e - '

)  R  Dof in i * i . l_ :  i r /e  s : i ' ' , r  tha t  t i l j r  c , t : -c . / a :
z r /  q r f  q \ ,

pact s_uppor b is lnvertible in l)ru 1f S * XJ,,, = '/J c^:t

- r - _ I r r a f , rl n  f  3  J  t h e  f o l l o v r i n g  r e s u l t  i s  p r o v e d  :
a ,

S  is  inver t jb le  1n  / . ) "o  i f f  S  i s  c r : -s l -owlv  decrea .s ing .

-  , - -  - 1  r .  1
I n  L  5  J ,  L6  J  we  ca l - l e t l  Lu  -u l t rad i f f  e rcn t i a l  opc :  a t c rs  a l l  l - . 1nea r

6^
r a t o r s  o n  J J 6 r  p r e s e r v i n  t h e  s u p p o r t .

v t , L

Among  the  a r  -u l - t rad i f  f  e ren t , i a l -  ope ra to rs  we  d i s t i ngu i sh  a  pa r t i -

cu lbr  c l -ass def tned b. , '

2  . 6  .De f  i n i  t , i on .  , ' i r l  oDera - ' o r o. f  t i re  form

f ( D )  = a . u D k  ,  c u € ' o
K = l

i s  ca l l - ed  e .n  LD  -u l - t rad i f f e ren t  j  a l -  ope : ra . to r  r v i t h  cons tan t  coe f  f i c j  en t .

i f  t h e r e  a r e  c ^ ,  n ^  7  C  s u c h  t h i : . to '  o
n

1 r ( z ) l  e  c o l c , r ( r z t ) l  o  ,  z ( t  .

( * "  nen t i on  tha . t  i n  [  5 ] , [ 5  ]  we  ca l l - ed  c -o  -u l t r i L i . i f f  e ren t i a l  ope ra tc rs

w i t h  c o n s t a . n t  c o e f f i c i e n t s  a  m o r e  q e n e r a l  c l a s s  o f  o p e r a t c r s , b u t  i n

a p p l i c a t i o n g t h o s e  f r o m  t h e  a b o v e  d e f i n i t i o r ;  a r e  m o r e  s i g n r f i c a n r ) ,

a r  -u l - t ra .d i f  f  e ren t i a l  ope re r to rs  v r i t i t  cons tan t  coe f  f  i  c  j  en ts  have  t } , c

proper t v  tha . t  rhe  se r ies  Z  c * l ; k  conver {es i . f fEJ , ) ,w i t } rou t  requ i -
K = l

r i l t g  add l t i ona l  p r :ope r t i es  fo r  t he  func t i on  c ,< ->  (as  the  conC i t i on

(M.2  )  o f  s t i i b r l i t ' ' r  un< le r  u l t r : ad i f f  e ren t  j - a l  ope r i i t o rs  i n  t he  f rame '

o f  Roumieu  o r  L - reu r l i ng  u i  t r a rc l i s t l i bu t i  ons ;  r  n  t 1  O  ]  )  . l , i o reove r ' ,  eve  r - , r

u l - t r a d i f f e r c n t i a l  o D C r i l - t , c l '  o f  c L r s s  ( i , i .  )  c  - -  1. - k . ,  o r l  r . 1 , . i  ( s e "  I r o l  )  i "  ; r n
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r - r :  - u l t rao i f f  e ren i i z ; ]  ope ra . to r  f  o r  a  su i tab l -e  func t i 6n  Cr ) '

, , r / i t h  t he  above  co i t s i r l e r :a . t i ons  we  d i rec i l ' , r  ge t  f rom Theorem ? .2  .  z

2 . 7  .  h o p o s i t i c n .  I e t  C  L t l  L a ^  L  , . . . b e  s u c h  t h a t
- - i t a

+ o o
1

L--, + z-
v 1

K = l  K

+ F  a n d

<-' t''

/  rnf
/ ----::-' f

k=1  "k
. / _ + i F .( 2 . 1 3 ) t , Z + o o  ,

T h e n  t h e r e  e x i s t

+ ( F-t-
O  l s t  4 s n  z  . . . 1 S 1  Z +  6  t  L  '

I  t -  '  
k = 1

o p e r a t o r

1:  z +  o < r
K

wi rh  cons ta t t t

s u c h

c o e f -f , ha t  eve r l . ,  @ <*  a  -u l t r l ' . d i f f e ren t i : . 1

f ic rents  i l_ lnver t  j  b l -e  rn.  lJ  c+s1 ' )
t ^ n  1

We sha l l -  aPp i : r  th is  inver 'u ib i r i t -v  resu l - t  in  some

.  . (
I .  I t  1s  c l -ea r  t ha " t  t he  Gev re "  seq t l ence  t k=  K  ,

t h e  c o n d i t i o n s  ( 2  . l ' ; )  -

r r .  f , e t  t k =  k ( r n i < ) (  , ( 7 1  : a n  e a s v  c o m p u t a t i o n .

t h i s  s e q u e t ) c e .  s a t i s f i e s  t h e  c o n o i t i o n s  ( z . l i ) . s o  1 v e

a i t s t / e r  t o  t h e  q u e s t i o n  a s k e d  r n  [ 1 ]  c o n c e e r n ] - n g  t h e
r K

o f  u . l t r a ;d i f f e ren t j  a l  ope ra i i o rs  o f  c l a , ss  )  
t<  !  ( l  l , : n ;

'  4 = 2 '
o ( >  1 . r n  [ t  f  o n l v  t ] r e  c & ; q €  d '  >  Z  \ ' , ' 3 s  s o ] v e C

I l1 .  I ' i n : r . 1 f17  l ve  r cma- rk  tha t  t he  above  p ropos l t i on

I l I  2 - 3 . , f r o n  I t l  .

pa r t i cu la r -  cases .

c ( > 1  ,  s a t i s f l e s

improve  Theore tn

Shov rs  tha t  a i so

. . i ' , r t  n o s i i i v e l - lv ! , r r  i , v L

j  nver t lb l l -1 i ;1 ;
( ? -

)  l -  f  o r  : : - 7 l i l 7 ; 1 v/  ) r - " -

i s  d e c r e a s i n g  a n d

e : , f i q f r r

d t  =  0 (

1L

{- cro

I
I
I
J
A',

( ) { r  I
:'?a
t . l !  7 1  I

e " t - '  2 :

a ( r )

T h e o r e m  I I I . 2 - 3 . f r o m  [  1

c o n s i a n t  c o e f f i c i e n  t  s

( -  r  -  l /
s e q u e n c e  l R f . J t J @

r  s u f f i c i e n t l v  l a r g e t

- l ' )
I  -  oa e i r  I  i '1 .  t  -u l t ra .d i - f  f  erent ia l

l . , k J

i s  i n v e r t i b l e  i n  u 7 : *  r ,  f i r
1  K* l

f \ T \ O ' ? i  -

d

N a m e l - r , , 1 e t  { l l k l € , , 1 ( r r g l e r u , / / L  
i s  t h e  s p a c e  o f  s e q u e n c e s  f r o m  f  1  I  .

I f  t h e r e  i s  l q U ]  e r l C s u c h  t h a t  t h e  a s s o c i a t e C  f u n c t i o n s  l i ( r )  a i n d

Q(r . ) , t o  the  sequence .  t k  =  *Yn* - ,  and ouAu-,

.  \  I r l ( 2 r )
i) n r---l-TC"f

1 1 1

then br i

t o r  w l t h

sui t:rbl. e

As fo r 2, r , frorn ii) tre gei



. l n

' l t 7 l

;-E\
^ r ' r  \ r _  /  -g ./a

so tha t

Cons equent lv

( z . t  4 )

zt t"r (r )

l ' 1 ( r ) ln t ' l ( r ) L  r l ( r " ). c  \  r  /

l , t ( r )1n l ' ' ( r )-2_-
r

':5zdr z +
I

+ o a
f
I
I

dr ./- |
J
4

+ F

4

4 , C h . 1 1 , $  2  f r o m
+ o a -

5-  
J - l l tU

t  , - -  .1

K = l  K

f l i l ^  ( z - l t )  i s  e o u i v a i e n t  t o
L ' ) J ,  \ L .  ' - l f  r

+ i>6 .'

I t  i s  o b v i o u s  t h a t  c o n o i t i o n  ( 2 . 1 5 )

t h u s  P r o p o s l t l o n  2 . 7 .  e x i e n d s  C h o u ' s

f o r  t h e  s e o u e n c e  \ t k J  f l o m  1 I ,  ( 2 . i

1  Z  r { .2? .  can  be  so lveo on l - r ,  in  the

c o n d i t i o n  ( 2 . 1 3 ) .

i m n 1  i a o  n n n A ; t i r f n  ( Z - l Z )  l , n d: l l r P f , I s J  U U I I U !  U f  U t I  \ c  t  |  )  J  C , I  j

' resu l t . le  
t  us  s t - i i1  rena, r l r  th : l t

- \
5 )  ho lds  on l - . , . '  f o r  d  >2 ;  t he  case

f rame o f  t he  l -ess  res t : ' i c t r ve

( "e  used the  non-quas iana l r r t i - c i t v  o f  the  sequ.e i - rces  f rcn  - ' lC  )

Rrr r l lh  o nr .  om

( z  . t  j )
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