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DERTVATIONS OF NEST ALGEBRAs wITH valuns IN K(H)

by

C 'Pe l i g rad

Nat ional  Inst i tu te for  Sc ient i f ic '  and Tecl rn ica l

Creat ion,  Bd-P6ci i  220 t  77538 Bucharest '  Romania

egSqSA.Cq. It is shown that every deri ' 'raticn of a nest

a l g e b r a  $ c n ( H )  i n t o {  ( H )  i s ' i n e e r '

t .  rntroductioS aha 
"t . tgett  " f  

tU'

I

L e t H b e a s e p a r h b l e - H i l b e r t s p a c e ' B ( H ) t h e a l g e b r a o i

al l  bounded, l inear operators on H .n 'a V(n) the two sided ideal

of  comPact oPerators.

In |z l  t t , . 'e,are consid 'ered the fol}owing propert ies

which a von Neumann algebra AcnW) may havet '

_ - !  _  _ t

( p r )  r f  b € B ( H )  a n d  a b - b . a  € j ( ( H )  f o r  a 1 l  a € , f t ,  t h e n

be,A '+- ( tH l  .  ^
(P^) Every-der ivat ion t to* ' i l '  into ' ( tu l  is  inner '
, *  2 n

r t  ls  easy !o  see that  e2)  * ) (Pr) .  rn  Iz ]  i t  is  shown

,u A C B (II) whi-ch does not conLains some

Type JIa factors as a direct  summand has (pz) and so i t  has (P1)

too.
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I

i  In th is paper (Theorem f)  we show that every der ivat ion
I

| (.) dl
f iom a .nes t  a lgebra  )0  in to  . f l .  (H)  i s  inner .  I f  Sc  B(H)  i s  a  suba lgebra ,

I
| ,/j ,-\

wp denote by Lat '6 the lat t ice of  a l l  j .nvar iant  project ions of  W
l -  r  f  l r  a

IF  o [  i s  a  la t t i . ce  o f  p ro jec t ions ,  , , , re  Cenote  . fg { .=JaeB(H) ! {C i ,a t  
" fI ( f 

'
I f i / . a / ' - - ) t - ?

^{  subalgebra ' -OC B( l t )  is  ca l led ref  lex ive i t  5=al9 Lat iU L4 - ! .  A : :e-t '
) - r-.:) .)
{ lex ive a lgebra i f f i  is  ca l led a nest  a lgebra i f  ta t ' ;O is  to tarJ .y

I

I r -t Jl n/
Qrdered by inclusion L5j .  A derivatj_on fronr ,f f ,  into i( t l i )  is at -
l A * r

J .
l i n e a r  r n a p  D 3  J t  * + J t @ )  w i t h  D ( a , . d ^ ) = a , t ) ( a ^ ) + o ( a ,  )  . a ^  f o r  a l l
i  

-  L  - - 2 '  r  2 '  r ' -  2  - -
I  t  q t  ( -  4

&1,  u2 in  J [  .  r f  c  e  f f (H)  then bc,  
" * /  

i - *>f f (Fr ) ,  def ined by
C 4gc (a )=ac -ca ,  a€ rh  i s  a  de r i va t i on ;  such  de r i va t i ons  a t re  caL l -ed

I

I
inner

Theorem 1 .  te t f rC B(H)  be  a  nes t  a lgebra .  Theno every  d .e - -

r ivat j-on o:B r---+ff tn) is inner

This resul t  wi .11 be; :deduced f rom the fo l Iow- i . r rg  theore in.
! r'\

Recal l  that  an operator beg(H) essent ia l ly  commutes with J5

gebra rQ 
of B (H) which contains Lati$

o, S *>XtHl  be a

R inro J{ tut .

thar rlA- ['0"|n.

%h.={r ' ,  - *  c  }  . t  €  C,  t  €Sr( t i )J

n
Since S is  a  nest  a lgebra,  and hence

deri.vatj-on " fhen D lg is a deri.vation from

By LzJ rheorem 2;L, rhere exisrs Co e -YlH) suclr

.  Ler no=n-6eo. rhen oolXo. trre show rhab notSSlC("$.

and per,at lA .h. tn""": '*pap, and rve have:

i f  ba-ab e H fst for arl J*$ .

Theorem ? .  Le t  ?JCg(H)  be  a

i  r a l
We shall  denote by S"=" the essential conrmutant of n

Proof  o f  Theorem l .

ref lexi-ve, i t  fol lor.rs that the maximal.

nes t  a lgeb ra .  Then

a]:el ian von Neumann subal-.

is includecl ir ,  !B . Let novi

Indeed, let  a e 8,



3 -

o o  ( a . p )  = a . D o  ( p )  + D o  ( a )  p = D o  ( a )  . p

Do (p .  a .p )  =PDo (a)  p+oo (p )  a -p+paDo (p)  =PDo (a)  p

l ience oo(a)p=p.no(a)p  and sc  Do(a)e  a lg  na{8=9t  There fore

oorfiv->fini(rtf l"sv lr] corollary 3.ri  i t  fol iows that there exists

.oe fB such that oo='iuo' sj-nce no:G r*tX(s), we .have ̂ oe $!ur.

By Theorem 2 uo=l l+et for some le C and ere{tu) .  Thus n=FCo+ 
"fL

where C=Cr*Coe { lH)  which completes the proof  .

The procf  o f  Theorem 2 cccupj -es the whole of  th is  paper .

In the $ Z r" prove Theorem 2 in the special case when the

diagonal  ,Qt l$o i=  non-atotn ic ,  fhe $ :  is  co l lcerned wi th  t? ie  to-

taIl1z atomic case and in the $ a te give the proof of Theorern 2.

2 .  T h e  n o n - a t o m i c ' c a s e

.('
L .e t  RT=(0 ,+oo1 be  . the  

mul t ip l i ca t i ve  g roup o f  pos i t i ve  rea ls

and p- the Haar measure on nf"
t

2"L .  Lemma.  Le t  h :  (0 , * "o )  t - ->  C  be  an  essen t i a l l y  bounded ,

measurab le  func t i on  such  tha t  f o r  eve ry  t ,  01 r :1 I '  we  have

h ( x ) = h . ( € x )  l L ' a . e .  T h e n  h  i s  c o n s t a n t  a . e .
I

P r o o f .  I t  i s  e a s y  t o  s e e  t h a t  h ( x ) = h ( d . x )  l L - u . " .  
f o r  e v e r y

a

d€(0 r * * ) .  Le t  I v l n  be  the  mu l t i p l i ca t i on  by  h  on  f , 2 (On*oo ) .  Then  S{n

commutes wi th  a l l  operators T € B ( r ,2  (  O ,+. ' ) )  def  ined by:
a

( r t f ) ( x ) = f ( t x )  ( v )  € > o '

By Fuglede 's  Theorern,  the operatorn T€ commute wi th  the



spectral  project ions of  Mh. On the other hand, bY the unj .queness

of the l laar measure, it follows that the

has no nontr iv ia l  invar iant  project ions

h  i s  c o n s t a n t  
' a . e .

For the definit ion and propert i .es of tr iangular operator

a lgeb ras  we  send  to  Ls ] .

2.2.  Proposi t i -on.  Let TCBtt t ' l  be a weak3-y c losed, rnaximal"
/1\

tr iangular operator algebra with non-atornic diagonal '3t ' .  Then
^, , /  t  ,  l  r \  "v t r - - i l  J .q ' =  i ; l  . r + k  l r * 0 ,  k € X I H ) J
V C S S  L

The hypotesis on f  una [Ol impl ies that  f  i *

hyp ie r reduc ib le .  By  lg ]  Theorem 3 .3 .1 ,  a l l  hyper reduc ib le ,  max imal

tr iangular algebras wi th nen-atomic diaEonals are uni tar i ly  equi*
' ) r  - i  { f  r

valent.  So we cal  assume t i iat ,  I {=L'L(O,+@) , f - l  and J =algi l  where

r f l r
4= ln(1 ,+ .co)  l f  e  10 ,+ 'x ' ;  and lP(1 ,+o . ,1  i s  the  pro jec t ion  due to  mu l t i -

I

pl icat ion by the charactpr is t ic  funct ion '  f , ;  o f  ( .1 ,+-"1 "  Obviously

S = frr f I"*t 0 , +oo1 . Let ,,or ue fli" . rn particutar b€ 5?:"u. since {R,

is a maximal abelian vorr Neumann

fol lows that b=rr+ft ,  where ,re(R
r-. / qa

r r e ' J e s s .  L e t  h r € L  ( 0 r + * 1  b e  s u c h

pl icat ior  Mh'  Ot nr.  We shov.r  that

fo re  t r= ) r . t  fo r  some ) ruu .

Suppose by contradic t ion that  h t  i

T h e n  ,  b y  L e m m a  2 . L . t h e r e  e x i s t s  t  ,  O  < € <  r

h,  (x)  =h,  (x)  -h ,  (€ 'x)  is  not  negJ. igeable .  We

f ? - l
operat,or Tt€B Lt"  (0 r+-o)J :

(re f  )  (x) =f (€ x)

(7
f t  l s  easy  to  see tha t  T9  €  J  .  Moreover :

a lgebra ,  by  LZI  Theorem 2 .1  i t .

aqd 
!1 

€{t" l  .  r t  is  obvj-ous that

that r ,  is  equal  to the mult i -

h t  i s  cons tan t  a .e .  and there-

s  n o t  c o n s t a n t  a " e .

such that the function

consider  t .he fo l lowlng

set of  operatoru { t ,  } r ,  o
(*

i n  L  ( 0 r + * " 1  .  T h e r e f  c r e t

Prcof



l

f  , trO -rr rr l  tJ t") = l{r 'rnrrg 
-t *nr, tJ t"r = (hr (x) -h, (rx) ) r (f x}=

=h,  (x )  f  (€  x )

The opera tor  S=r rur -Tr t l . i "  no t  compact .  Indeed,  s ince  h ,

is not negl igeable,  there exists SotO such that the set
. f

Ao= 
J f  

n,  (x) /  2,  5 o 1s not negl igeable.  Then the se'"  Ao i -s also

not negfigeable. An easy computation shows that the range of the

operator SY.*o

Th is  cont rac l j -c t j -on  shows tha t  h f  i s  cons tan t  a .e . ,  so  t t= i i .1  fo r

some .lre c, which completes the prclof .

,  2 .3 .  Lemma"  Le t  f l ce(H)  be  a  re f iex ive  a lgebra .  Then

(LarS) '= f i ,1(Ai i '

Proof . The inclusi.on {i;rn{c:,,^tf i1' '  is obvious, r,et now

be  ( r ,a t  f r ) , .  Then  La t f )C( .La t  b ) f l ( t a t  bo ) .  S ince ' f r  i "  re f i . ex i ve ,

i t  fol lows that b, t 'e 
'S. Therefore b t f i f i ' i3. .

2.4 .  Lemma.  Le t  !?cBtg)  be  a  re f lex ive  a lgebra ,  and p t i&

a pro ject ion.  rhen pSp=alg 
{n*r }ee la t6J 

.

Pl-oqf- .  By Lemma 2.3.  we have pe=ep for  every eelatc .B.  Let

be f i  and  ee la t8 .  we  have :

pbpep=pbep=pebep=pepbpep. Hence

Fffi pq"ts.{ nen I ee rat .€i'
{  1  / i \ 1

Le t  now e€B( I I )  such  tha t , , pcp€a lg . {  p .p le t l , a t ' :E r { .  T i ren ,  w€  have :
\

pcpep=pepcpep for every eer,at fS 
"



Therefore

pcpe=epcpe,
/.\

so pcp p9$.p '

2.5.  Lenrna.  Let  Ufa" t t t l  be a von Neuntann a lgebra vr i th

commutative commutant. Then.l i^tt ." minimal projections if  and only

I

if .,f 
' 

has atoms

Proof  .  Let  ee c(e be a

lhe central  suPPort  of  e.  I t
\ r' lo 

#'" corr,r.tsely let 7 €* J"

zrtz =B (zll) c ,J\n 
' 

, so Ji^ has

6. g;1gpggi l ion" Let SCBtHl be a nest algebra such that
*

al 'Y){ \ ! f i  has no minirna} project ions.  Then

t A  I  r , ^ f  
* ' r ' i \ 1

. { ' J  l u  I  v \ . : v -  I  L €  J { L n  )  I '

oof " Since .$ i" reflexive and Lat f i i= corcrrnut'ati 've' it

fol lows that S contains the maximal abelian von Neumann algebra

. f l  serrerared by rarS. obvi.ousl y, Q C fu n{tr*. Let b eQ,Jrr. rn
z

pa r r i . cu l a r ,  b , € (3 )n f$ - t ; " * .  By  l 2 l  $$  2 ,3  t he re  ex i s t  r r € ( f r n { f i I I
^ t

and C e  ( tH)  such tha t  5=r r+C .  S ince  b€  SBess  i t  fo l lo r ' rs  eas i l y

i ri
that  t re % ess, 

f ,et  t { ,  be the rron Neumanri  a lgebra generated by

/1

Lat :6  2  xo€H a  cyc l i c  vec tor  ro r  f l . ,and  
1€Si  

the  pro jec t j -on  on to  
. .

. i lp { rx^lr €Rr\ . By Lemma 2-3, fu'r=#li ' i l } i  rherefore' bv r 'enuna 2.3
-  

t  I J

n$ln f,as no atoms. Since Xo is cyclic f or p$rn ' i t follows that'

nfrrn j -s maximal ah:e1ian in B(pl l )  "  I t  is  obvious that the von

Neumann algebra generatecl  by 
{n.nler- i 'at50J 

rs i 'RrP'  By Lemma

2.4 p{Bp=atg I  n"o |  *  e r ,ut l ' * i  us ins i t j  r t reorern 3.  r . r  i i , ' -c , t r "w=
(1

that  p ldp is a vreakly c lcseC maximal t r iangular algebra inf l (p i l ! '

wi th diagonal  n 
(&1 

n.  N.ot^/ ,  l re s i row that t t= l '1 for  some . le C

Suppose. i:y contradiction that ,f4 is not a mrilt ' i-pl-e oJ tlue

.  r  f . +  T L , ,  \ A  ; <  u r ^ f  : r  - . , , , 1 * : * l e  n I  F ,  -

mi-nimai

is e.asy
I

be an

minimal

por jec t ion ,  and

to  see tha t  z (e )
.  n '

atom. Then 'z,A Z

p r o j e c t i o r r s . .  '

z ( e )

is an atcm"

=C.3 , Hence

2 .

l t ,s dia$on
6 V r  _ l_,<1e44 _ -L

P r



@. rndeed i f  ' 11 .p=. l .p  fo r  some. le  O,  then i r r  par t i cu la r ,  roxo= iNo.

Since tre$,rCf i  and xo is cycl ic for  Q, i t  resulLs that  r r=J,1.  l lence

r r . n f  c .  r .
By Proposi t ion 2.2,  there exists cep$p such that prrPcP-

-pcpr rp  fT( {p r i ) .  There fore  r ,  (ncn)  -  (pcp)  r . ,  /$ ( t t )  ;  Th is  las t  f  ac t

c o n t r a d i c t s  , r e ' 8 ' " r r .  H e n c e  r r = J . 1  f o r .  s o m e  J e  a .

3. The -.Lg9allv. atgmig-casg

- e a

Let-  V C B (H)  l :e  a weakly  c losed,  maxi rnal

/'.1

t o ta l l y  a tdm ic 'd iagona l  W.  Th .en

t
\ ) .
t l  "

th is  propost ion we need the fo l lc iv ing

two Lemmas:

'  3 "2 .  Lemma.  Le t  lF  ne  an  i n f i n i t e ,  coun tab le ,  t c ta l - l y  o r -

de red  se t .  Suppose  tha t  I ,  J  a re  i n f i n i t e ,  c l i s j o in t  subse ts  o f  F "
;

Then,  there ex is t  tvro in f in i te  sr . rbsets  I ICIr  JrcJ and a one- to-orre

3 .1 .  PrgposiLi_qp.

tr i .angular algebra wi th
; /  |  i

V"""= '["] . t+tc 
\"\e 

c ' k'r l( (H

'  for  the proof of

m a p p i n g  f  t l t r - > J ,  s u c h  t h a t  v i ; : - h e f  I

V( i )  7 i  fo r  everY i€  I  t .

ryqgg, ,  Ler  f  . { (+ , , , { " )€FxF
t

i ) S i  
. t o t  

e v e r y  i c l l r  o r

( , l ' l
J{ -< ta 1 

-t^ie denote:

cF ={ r c(i . I)n r |  (Y/ (L: ' t)

( t ' , j )  + t i ' , / ' )  i

( t
)  L " l .

- J;a
i ' )*  F /  

rv i th

s. /- ,*i' d,r,J J"f j' I

. F
If 

'*=f, 
then JxI C l- ancl hence every one*to*one rnapping



q r I  € J  s a t i s f i e s  q ( L ) > r L  f o r  e v e r y  i e l .  r n  t h i s  c a s e  i ] = I r  J r = J .

Suppose norFt f i .  We show that  F i ,  ind.uct ive ly  ordered by inc lusron"

Let  t* ]uno c % be  a  to ta l l y  o rde red  fa rn i l y .  S ince  f "C ( I xJ ) f l 1 -  r

w e  h a v e  y A  (  ( r x J ) r 1 f  "  r , e t  ( i , j )  ,  ( i ' , i ' J  €  V  
F . ,  r v i t t r  i

( i r j )  * ( i ' , j ' ) .  s i n c e  
{ A }  

i s .  t o L a l l y  o r d e r e d ,  t h e r e  e x i s t s

d o e a  s u c h  t h a t .  ( i ,  j ) ,  ( i '  , J ' ) €  i "  .  T h e r e f o r e  i # L '  a n C  j * ) '  i . i h e n c e
,

\ l t |Q .V t  so  g  i s  induc t ive ly  o rdered.  By  Zorn 's  Lemma,  f  ha"  a
o(

maximal element nj .  i f  r j  is  inf in i te,  then i t  is  the Eraph of

a funct ion I  wi th the reqt i i red propert ies.  Tn this casr. j  f r .= i : r rFf ,

- /and J1=pr"F '

I f  r :  is  f in : - te ,  then every one- to-one mapping
- f \ , r \ n

cf :  [prrn'o t-->[Vrrt 'o sat isf ies Y ( i) tr i  for e"rery i  €f pr=ul " 
" .  : :  

'

In  th is  case I r=  UrrF j  and j r=  pr t r l .

3.3.  Lernma.  LeL H be a separable l i i l .ber t  s i :ace and
e

.an or thonormal  bas is ,  Let  {  r * }** f  bu a bounded segLlence of

numbers. .Then the operato.r r.  def inecl by r:xc=rsxs is clompact

on l y  i f  t he  se t  { r "1 .  has  ze ro  as  the  on l y  l im i t  po in t .

Proof  .  Let  f ) : lN * ->X be a one- to*one mappi -ng.  Then the
.''

o p e r a t o r  U : 8 ' t - - - + H  d . e f i n e d  b y  U ( 0 r . . . 1 ,  0 r . . . ) = X 6 ( e l  i s  u n i t a r y
e

and U-IrLi  Ss the niul t ipl icat ion by t i re bounded sequence irr l rryJ .

on 92.  fn  th is  case the resul t  1s wel l -knoivn

.  Let  now f  Uu a.  vreak ly  c losecl ,  maximaf  b, r iangular  a lgebra

wi th to t .a l ly  a tomic d iagonal  5 i . .  I f  f€B(r I )  is  a  pro ject ion,  \ re

d e n o t e  b y  h ( f )  { " t h e  i : u l l  o f  f  i n f "  [ : J )  t f r e  i n t e r s e c t i o n  c f  a l l

ee la t9 -  such  tha t  f €e .

By L l ]  Theorem 3 "  2  "  - f  the to ta l  order ing of  Lat  f  induees

a  t o t a l  o r d e r i n g  o n  t h e  a t o m s  
{ . - j s € , , o f & n V  

m o a n s  o f  t h e  r n a P p i n g

from pro ject ions to  the i r  hu. I l .s ,  which is  one*t -o- .one on f i ie  a tours"

J.. ?" .-
\ . "S  J  S  E: ,

cornl:1ex

Lf and



(l

n. rr
b=r*k ,

I

r= -f'1+

i s  n o t

'  " \e==r"

e
5L*A2.

rir t
Z ^ =  I  sz \

Let

rve have.h(e")=o?.r .= ,  for  every seX.  s ince r ,a- t fc  $ ,  i t  fo l lows
^ r l

tha t  every  eeLat f  i s  a  supremum of  a  fami ly ' l t r . te=)  |

Frogf-of  , t f -qposr l ion.311. Let . l  * .1. . f .  be,  the atoms of
.  t  s,r >t/*,

r * l  , ' 71  /  t  ' t

b €  Yesso t i ren  in  par t i c t t la r  b€  4*u" .  By  I -zJ  Theorern  2 . I '

where r(R and k,  e K(tr)  .  obviously.  t€ 91o".  we shov; that

k,  vr l - rere ieC.and kreX(f f  )  .  Suppose by contradict ion that r

of  th is forrn.  Thcn ,  by Leruna 3.3,  the =ut { t " i  
"e l there

u" for  every =e X n has at  l .east .  tv,ro d: f ferent l inr i t  points

Threrr ,  there ex- i -sts t rn 'o inf in i te sr tbsets f , r={=i  |CZ,

( i )  Xr r t  7  z=f i

( i i1 } im : :^ l=Ji  and } i :n . r .  Z=)Z
l1*qc 

tn 
i l  f  * r  on

. ' r )
( i i i )  1 " " - " t  l > € o  f o r  e v e r y  n , k  (  o { .

13y Lemma 3 .2 ,  there  ex is t .  two in f  in i te  subsets  Zr . ,  C  ; I ,

s -  , - T  -  s
2r r (2 ,  and a  one*Lo*one rnapp ing  9 ,X ,  { * .222 such tha t  t { (s ) ' (  s

fo r  every  s€211.  ( r f  the  s i tua t ion  V(S) ) )$  f ro fa ,  then we cons ic le r

the  inverse  nra .p  Ct ,  Z  
" ru r f r . )

-  |  zz .

t f ( s )
i f ( s )  i f  s

t l  - -

;  iCL  and [o )0  such +-ha t :

L )' o l l .

* t , ,i f

= j
I
t

obv ious rv ,  ? (s ) f s  fo r  eve ry
t e

is in jeetive and cf ( 2' ,., ) 
= j22,"

Let,  xo€er l i ,  l lx=11='1 for  every

" t-"^ |
s e X , , f  ( s ) < < s  i f  s e l i 1 , ( f l =

" L ' L l a

se I .  \ r le c lef ine the operator

r q e B ( I I )  b y :
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. to show that t"atfC Lat E . Sj.nce 
",r.r| 

ee f,at?is a supremurn of a

We show that r' i eT. Since

€ a r

Q l

f  ami ly {r t  t . " l }  r  we must show that

By the remarl< before the proof of'

' f J

s j .nce  Y tn ) f  n  fo r  every  s<T,  i t  i s  easy  to  see

art
Therefore Tr; ;  eJ .

every (f, 
"*" 

)urn 
.tt "

is  re f tex ive,  then i t  suf f ices

t  ,  -  . ,  ' .*1 / 'n 1..  \'TEL(r.xs),J = $gisr Xqrsr J

h (er)e r,at t ,p

Proposi 'b ion 3.

fo r  every  scE

I rre have tr (e. , =# 
f 

,

t h a t  h  ( e - ) e  i a t  T S  .
S

I'Ie shorv '

Indeed,  l re  have:
/  ' - r  - " o * \
\ r / l ; ; - l + , /
\ r l

nov/ that the operator rry-TG; r is t lot compact'

t+fo
. \

,"i,p,tsrJ

'  
Le t  s=r$- t?" r  and pu=r " - r?* ( " )  fo r  eve : :y  se I .  By  bhe

pr :oper ty  ( i i i )  above lp "1 t r6>  
0  fo r  every  s€211 '  te t  p l -  he  the

project ion of  H onto the subppace generated by 
{ t r r r }  ue i , r r '  and P,

b e t h e p r o j e c t i o n o f I { o n t o . t h e s u b s 1 : a c e g e n e r a t e c 1 b y \ ^ l i l) -  
*s "J  s t l -  22

\:
S ince / - . r ,  anct  L . r2 are rnr rn i te  suhsets of  )  ,  i ' t  resul ts  that  p t l i

and prH are in f in i te  d j -mensional .  I t  j -s  easy to  see tha ' t  the ran$e

of  the ope-rator  sp,  is  prH and so $ cannot  be ccrapact .  This  con-

t rad i i t ion s l :o l , rs  that  r  is  o f  the form;="1 ' l+ l<,  and '  hence

5=J ' t+k wi rere ie  A ancl  k=kt+k2€tK( l t1

4 .  The  genera l  case

The proof of the fo.Llowing

!. 
-l

L 3 J  t e m m a  2 . 3 . 4 .o f

Lemrna is sini lar with the Prool:
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of  pro ject j .ons in  B ( I I )  and

rvJ.  r f  .c . f l ,  is  an atom

- r
4.1;  Lernma" Let  oL be a maxi r la l ,  to ta l . ly  ordered Lat t : -ce

the vcn Neumann algeb:la gener-"ated

1 '

t r ( e )  t h e  h u l I  o f  e  i n . { ,  t h e n :

. r
p recedes  h (e )  i n  

"L  
.

,,RI

and

( i )  r r ie )  - *  e .d
( i i )  h  (e )  -e  immed ia te l y

Pqp_of_. we prove at  f i rs t  the fo l lowlng asser t ion l

a)  I f  e re  {  and i f  Lhere  ex is ts  
"Z€d 

t  e r le ,  suc} r  tha t '

e2  immedia te ly  p recedes € I ,  t i re r r  e r -e ,  i s  an  a tom ogSr .  Indeec l ,

suppose that 
" l -e2 

is not minimal ' "  
fRf .  Let  * l€fRf n* a project , . i .on

sugh  tha t  0#e3<*L - .2 .  Then  e r<e r *e3 ( . I .  S ince  r ( ,  i *  max in ta l ; ' v . l e

have that  er+ere o[ .  This  contradic ts  Lhe fact  that  e ,  i -nrneci ia . te ly

- - (,i'I
precedes * l  ln f , .  There forg  er -e ,  i s  an  a tom o f  1Q. ,

Le t  now eeQ'  be  a ' i ' a tom and h  (e )  the  hu l l  o f  e  in  J  '  r f
I i

StJ  ls  a  pro ject ion lvh ibh does not  conta ins €1then f . rom i : , l in imaJ- iLy

o f  e ,  we  have  f "e=0 ,S inde  J  i - s  t o ta l l y  o rde red  i t  f o l l ows  tha t
r f I I f'

f S h ( e ) .  T h e r e f o r e ,  f < h ( e ) - e .  L e t  f o = Y { f e  {  |  * h ( e ) - e J  .  T h e n o  f o €  " L

and  fo - (  h (e ) -e ,  Obv j -ous l y  f o  immed ia te l y  p recedes  h (e )  i nJ . .  By

a )  i t  f o l l ows  tha t  f r (e ) - fo  i s  an  a tom o t . (R1 .  S j -nce  f . l . h (e ) *e ,

we  have  e (h  (e ) - fo .  The re fo re  e=h  (e )  - f o ,  so  fo=h  
(e )  -e  €  d ,  and

l rnmed ia te l y  p recedes  h (e )  i "  dc

4.2.  Lerruna, LettBce(H) be t  , r*ua. algebra,  f r ,  a maximal-

abe l ian  von Neumann a lgebra  wh ich  conta ins  ta t * )  .and d) f ,a tS ,

a maximal total ly orc lered lat t ice of  project ions in fR. Suppose

that the von Neumann aigebra f i ,  generated by is total ly atomic.

4\
Then ftI=[.

F::oof "  3 i " , .e  the  inc lus ion f { ,cR,  i s  obv iousr  w€ must
. l -

tT-r
be .the Blomis of l l (r.  trfe show that

(
1""]"1,

ri\ r1

show that XCW' . Let



en

T f

J-

is an atcm of

h (er"r) =e' then

in S,. Suppose

L 2 ,

f i ,  fo: :  every n( lN. Lec h(en) be the hui l  of  un in",L

.n is minim.al i" tfr. because of the maximality of

h (err)) cr, " By Lemrna 4 ,I r h (err) -"r, € 
"L 

and immeclia-

re Ly pre cedes ir ( er, ) i* $ lgL4eruE6a.illpre,od-4Ae1fy'

. From the maximalit) '  of J tn fr, it follows

is minimal-  . in R. r f  eef{- is an arbi t rary project ion,  tJ:en

" Henee *6flr. Theref,i"",ftcfrr.

fol lowing Lemma is an easy consequence of the fact

a lgeb ra  i s  re f i ex i ve .

4 . 3 .  L € H r T r E .  L e t  * q c e  ( H ) be a nest algeb::a.  r f  eel ,at  6 ,  then

that er.

"= 
,Egn

{enl€q,+o}rhe

that a nest

e B  ( H )  ( r - e ) c  S .

4 . 4 .  i e m m a .  L e t ' f t c a ( H )  b e  a  r n a x i m a L,abel ian von.Neurnann

la t t i ce  o f  p ro jec t i ons .

+s a ma.>lj"mal total ly

Proof .  Suppose by contradic t ion that  there ex '  
r {Jrsr ,s *o.pe . {F,

P o . P  { J . p  s u c h  t h a t We deno te :

.tCltl a maxi.m.al, tc:LaI1y crdereC

ro ject ion,  then J.n={"  "n l .  e " [ j
ce o f  p ro jec t ions  in  f i .p .

algebra,  and

If p6ft, is a p

ordere<l  ]at t i

] U d. p be total ly orrJered "

p > t r t u P ]  )  e r = ^ J

{ u o ' o

Jn  = { * *J ,

Je={ ..  t E P < - " P J €z= VJ.,

,  
S lnce eo "p f  J  .n  i t  f  o l lor . , ,s  that  erp)eo .p  and e,  .p(€o.  p  .

o n  t h e  o t h e r . h a n d ,  s i n c e  
{ u o . n } U d . n . i s  

t n t a t l . y  o r d e r e c l ,  w e  h a v e
(  t . . f  -  - -  ( '  r

6 [ "  = *oUJ,  Let  f  €J- t  and e €da .  Then e<f  .  InCeed,  i f  f : ie ,  then

fp (e .p {e r : . p  wh ich  i s  a  con t rao i c t i on .  i t ence  f  }e ,

Fur ther ,  ! ' . 'e  show that  eo.p+ez ( r -p)  is  comparable wi th

every  p ro jec t i on  fed :
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a)  I f  f  ed t  then f  .p  )#o .p  and,  by  a  remark  above f ) "2

so  f  (  1 -p)  T te r (  r -p )  "  I ' Ience f  7eo.p+e2 (  r -p )  o  .

(
b )  I f  f  e 4 2 ,  t h e n  f  . p ( . o . P  a n d  f  ( r - p ) * ( e 2 ( 1 - p )  "  I { e n c e

f (eo .p *e2  (  l - p )  .

I l e n c e  t . o . p + e 2 ( f - p ) i U d ,  
i s  t o t a l l y  o r C e r e d .  I t  i s  o b v i o u s

t h a t  F o . p + e 2 ( l - p ) f d .  T i r i s  c o n t r a d i c t s  t h e  m a x i m a l i t y  o f  '  T h e r e -

fore "p is  a 'anaximal ,  to ta l ly  ordered la t t ice of  pro ject ions

in f l .p.

*r,t

* pioof o{. T}}eglgl 2. Let QcS U* a maxj.mal abelian von

Nerrmann atgebra v,rhlc i r  contains LatGt J)  r ,at . f i  a maximat total ly

grdered Latt" ice of  project ions in S, ana {R,Ctf t ,  the'von } Ieumann al--

gebra generated byJ,  "  We denote t ry p(fr f  b.he'sum of al l  atoms cf ,

$ l t  drrd q=!-p.  obrr iousfy t i l f  .p is total ly atomic,  and Sr.q is non
-at 'onr ic.  

Let$o=atgJ.  ;  Since d f  r ,at t -&,  we have SocB" Let now

te r$ l"" .  r t ren b€ r . [*ss.  r r r  part icular  b€ (SorrSl l ;=" .  From ! .z]

i$ r ,  3 i t  fo l lows that  there exist  re ($oOS"l '  ancl  kcK(H) such

t h a t  b = r + ] i .  B y  L e m n a  2 . 3 , ( ' t $ r n { t ' j . R r .  f i e n c e  t r ' . R r .  S i n c e  b € S 6 * * u ,

i t  f o l l ows  th .a t  t . $ j *uu .  Us ing  Lemma 2 .4 ,  Len ima  2 .5  and  P ropos i -

t i b n  2 . 6  i t  f o l l o w s  t h a t  r . q = ) t . q  f o r  s o m e  . l t e  c .

On the other  hand,  by Lemma 4.4,  
" { . .p  

is  a  maximal  to ta i ly

o rde red  l a t t i ce  o f  p ro jec t i ons  i " . - (R .p .  Us ing  Lemma 4 .2  v te  ob ta in . .

{R.r.nJ, l tr .n" Therefore the algebra nSon is a weakly closecl,  maxima-l

t r : lanEu)"ar  a lgebra wi th  to ta l ly  a tomic d iagonal  Q.p.  By Proposi*

t ion 3.1,  r "p=, l rP+k,  where I re  c  anc l  kre l t ( i l )  '

r=rp*rg=\ZP + ka r- .tr, $ : .,\, I +

w llet'e ft *

I{e consider the two possible conCj-t ions on t}re cl intension

I .  d im pI I  <  so "  Then we have:

( r . -" t . )p +
( ), * ",1^) ft)

ke .=  f r  1+  k  )
+ k, € Kfi-i)

o f  p I { :
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IL  c l im pH= Since r=. ) r .  i+  ( i2*"11)p+kr*"1r .  r+  ( ) r - "12)  q+kz,

f rom tuEl ,*""  i t  for lovrs that  1;1r- ,1r)n,  ( . l t - i \2tur{(uuu.  r f ) r lJ ,

thenr.  obviously p,  qef t i "*" .  t r {e shalL shovi  that ,  th is is not the

case and so  ] r=12.  We examine the  fo l low ing  two poss ih i l i t i es :

I )  For  every  e€d.  w i th  qe l .q  we have p .e=O

t r r I r
fn  th is  caser  w€ denote  eo=V{eeI le<c1J6"1 .  obv ious ly  €o(e

From the maxirnality of 
"[, 

i t follcrws that eot'O. Since eo€,qtq ana SrA

is non-atomic,  i t  fo l lov-rs t i rat  c i im eoi{=oq.I ' [e have also dinr ( I -eo)H=aa

. r (for l-eo7zP and d.im PII=oo)
@-  

B y  L e m m a  4 " 3 ,  e o B ( H )  ( l - e o l * % .  L e t  C e e o l l ( H )  ( l * e o )  b e  a

non-compact  operator  ( for  exemple the par t ia l  isometry  €:pI ' I++eol l )  .

I , le  have:

qcp=qeoc (  1-eo) p=eocp=ce}C(n)

q .  c - c . q = q . c - q .  c . q = q c . p  d T <  ( H )  .

H e n c e :

Theref or" i .#$1"=u .

2J There exists eoedvr. i - t l " r  qeo({  and p.eol0

Za) Suppose dim peol i (qr .  Then, s ince dim pl{="or w€ have

d i m  p ( r - e o ) I I = o o .  B y  L e m m a  4 . 3 ,  e o B ( l t )  ( r - e o ) c { i J o .  L e t  c € e o q B ( F I ) p ( 1 - e o )

be a non cornpacb operator  ( for  example the par t ia l  isomeiry

'  c  ! p  (  l - eo )Hr *v  qeoH)  .  I { e  have :

qcp=qe"c ( 1-eoI n=gf'K(lI)

I I ence :

qc-c.q=q. c-qcq=clcp t ' ;  Kf  t l t  .
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rherefor" q(f i Iurr.

'  
Zb,) Suppose dim peoH='a.Lot C€eoPB (U1n ( I-eo) be a non com-

pact  operator .  We have:

pcg=peoC ( 1-eo) q=ctlt(H)

Hence

pc-c.  p=pc-p .  cp=pcq f  S,  ( I I  )

Therefore pfs iess.  So,we have shown !hat.  in any case,

the  s i tua t io r  p ,  q€$;ess  is  imposs ih le ,  such tha t  l i= i r .  Then,

r - l l  .1+k2 where  ; l re  c  and k r€3{ (g)  ,  whencu o=. i ' " l+k+k? wh ich

completes the Proof .  '
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