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A LINEAR FTLTSRING PROBLEIVT TN CO}IPLETE CORRELATED ACTTONS

by

Ion Suciu and l l ie Valugescu

I .  In t roduct ion

trn this paper we shall concern with the following problem"

Suppose that a mgsage j .s descr ibed by a stat ionary process txnl*-
- 6

in  a  complete corre lated act ion id ,  f i ,  r ) .  we received th is  mesage

under  the form of  a  srgna]  descr ibed a lso by a s tat ionary process
? t + 6 t
[zrr ]*-  in [8,  ( t ,  f ] ,  which is the resurt  of  the t ransmision and

*..l i tu*ent perturbatj-ons of, Lhe mesage" The problem is to deter-

mine the best information about the. mesage {*rr}** at t}re moment

! = 0, from the knowledge of the signal {"r,J ;n to the noment
!

t \ =  o '  ,
\
\  

In ord.er to give clear meaning of the notions used above,

we  sha l l  b r i e f l y  repea t ,  i n  Sec t i on  2 ,  t he .bas j - c  f ac ts  abou t

stat ionary processes in  compi .ete corre lated acLj -ons presented

i n  [ S ]  , 1 6 l  . I n  a d d i t j . o n  w e  c o n s t r u c t  t h e  u  f  -  o r t h o g o n a l

p ro jec t i on  on  "  a  submodu le  o f  t he  r i gh t  L (S )  -  modu le  f /wh ich

gives a more clear rneaning of the term " the best information ' | t

usdd in  the paper .

In Section 3 we formulate the I -  opt imum l inear  f i l ter ing

problem and,  under  some theoret ica l  re la t ions between the processes

t  t f t  .  - r @t  * r ,  l -  and (z ' I* ,  we construct  the sclut isn of  th is problem.



2

In  Sect ion 4 we shal l  d iscus the prqbLem of  determinat ion

of  f i l ter  coef f ic ients .  We shal l  show that r  ds in  the c lass ica l

f i l ter ing theory,  the coef f ic ients  of  the r -  opt j .mum l inear  f i l ter

sat is fy  the system of  normal  equat i -ons in  which,  the corre lat ion

function of the input and the cross-correlatlon function between

the input, and the desired output apear as knorvn. Since, in general,

the cross-correlation function between masage and si-gnal is not

knovrn, this method to determine the f i l ter coeficlents is not

avai labte (eVen theoret ica l ly ) .  But ,  the formula of  f i l ter  coef f i -

c ients  sugests that  they can be constructed recurs ive iy  us ing the

techniques in  construct ion of  exact  in ter twj -n j .ng d i la t ions del i -

vered i .n  [ f  ]  .  In  some specia l  s i tuat ions ( for  example when the

mesage and the 's ignal  have the some'autocorre lat ion funct icn)

$re succed' to  show that  the autocorre lat ion of  the s ignal  and an

exact, j-ntertwining di lat ion of a contractj .on which intertwines

two contractions, canonicai-y relatetl  to the processes { *rr i* and

r  r@ rmine the coef f ic ients  of  the f -  opt imu* f i i i . t .{zrr}-- ,  determine the coeff icients of the l- optimu:
-- 

*" hope Lhat this idea wil l  permit to use the labeling of

the exact  in ter twl -n ing d i la t ions g iven ln  [ t  ]  ,  in  order  to  cbta in

recurs ive methods ln  f i l ter ing theory.

. 2.. C-ompleta.,.qorrelqted acti.ong

As .was introduced in [S ] , a cgrre]----------------3ted *clion

[6 ,  t t ,  r ]  where  E is  a 'separab le  H i lber t  space,  f {  i s

t (S)  -  modu le ,  and f  a  map f rom 1 I  x  $  in to  L (E)  w i th

is a t r ip let

a right,

the propert  j -es:

( i )  r  I  h ,h l  i s  a  pos i t i ve  opera tor  fo r  any  he  f t ,  ana F [nrn ]  =  0

imp l i es  [  =  0 .

( i i )  r  L t t , s ]  =  r [ s , h l ( h , g  €  N )
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r ll!-r -€--, r sq -q * r r( i i i )  t  lXu Ai.hk, E Biei  |  = -Z* ) ]  air  l f l r . -s i  j  s.rtT= ,  
J=r  J -  J  J  n= i  F i  

K  t -  "K , ' J  J  J

The separable Hilbert. space t is cailed the p_aremq_tgl spi.ge,

The actiog of L(t) onto the g€lg_spege t{ is the map.T,(E) x t{*-l. l i

which ar j .se f rom the fact  that  H is a r ight  L(S)-module" The

corretat-iqq-g[ the ac+-ion of L (E ) onto f{ is given by the map

( 2 . 1 )  ( h r 9 ) - - + t [ h , 9 ]  r ( h , 9  e  f l )  .

To any correlated action [t, H , Ir] we can alLtach it,s mgeg]+.{.ins

gpqcg as the Hilbert space K ohtair:ed using Aronsznjn,s way in

construct ion of  the reproducing kernel  Hi lbert  space, start ing f rom

the operatorial kernel r n The l{i lbert space K is uniquely deterrni-

ned L,y the followi.ng facts: there exists an injective morphisrn

h*vh from the r lght  t (8)  *  rnoclule "H j .nto the r ight  L( t )  -  module

L  {s  ,K)  such tha t

(2 .2 ' )  r  Lhyh2 l=  tn ,  un ,  
,  

(h1 ,  h ,  e  H l  ,

and

( 2 . 3 )  f i =  , M u n t .

I, l ,rre precisely, the generators of .K have the forn

( 2 . 4 1  v h "  =  y { u r h ) ,

where T(arh)  ls  a  map f rom E x i l  in to  C def ined by

( 2 . 5 )  V  ( a , h )  ( b , 9 )  =  ( f  [ g , h ]  u . , 5 )  e  .
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\+h^'L
We saYffie correlated action t0,ff ',ri ls cqmp]glg ' t 't thts

injective norPhism V is onto '

I f  [E,H,r}  is  a complete correlated act ion,  v/e can def ine on

i l  u,^" f  -or thogonal  project ion on ' t  a submodule Hr in f l '

Indeedr w€ have

pRoPosITIoN. r,*l{r bq a gubrno.du]-e in L.he rlght t(s)- g9g*

H. FoL anI h € tf there exists a unigug. element hf€ ll :u$ tltgL fqg

qny a€E

|  |  
and \ ' .  aeKl .( 2 . 6 )  V h  a e V . ,  v  t = K .

" l * - x ; H t - *  
-  ' - l  - ; - ;  n - t l  r

l , loreoverr w€ have

' '  -ny h-hrl =i*t" r [h-hyh-hil =i": '  r fh-xnh-*J '(2 '7) r Lh ' rJ x€TTL xel}\

- l t Y  ^ - c  * ^ . - {  r - i  t r z s  ^ h o ' ^ * + r
wirere\ri'f i*o g.-9Psg9t39r5-.i3 t (6) "

3r. .g.rf  Kr=r.Vru*u, anc P*, ' "  the ort 'hogonal p::o3ecticn of

K on Kr ,  put t ing

(2 .8 )  on ,  =  na run

then c lea. rLy V. ,^  a  € Kr ,  for  any aet ,  and
l l ' t  4

&

vfr-n 
ra=Vna-Vhra=Vn*-r* runo= 

( r-l*, ) VnaeK f '

Ldt h,  be another eleinent in f f  v l i th ihe propert ies (2,6}.

Then for anY ae0 we have
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vhu = unrt n un-nru 
. ' 

"

fo l lows that Unr.  = PK1Vh.=Vhra,

have also

I

h e n c e  h - = h , .
L L

r t

We

t r  [ r r -n 'h-h/  a,a)  =/ lvn-r ,  
,u l l2 

=

= ff (r-Pr, )vr.al l2=inr/ lvna-ki '  =' ' 1  " *  k e K ,
= igrllvia- fv*o"o'x"t -:Frffvna-vtoo*ou n'=
= igrtr frr- foo"n, h-foo"n] . ,")  :
=  i n f  ( r  [ h - x r h - *  J  o r a )  ,

^.lgt

'tT
= V v f  E .

- c p n

{fnf*we exhibicl in the

w h e r e  f o r  a n y  f t n i t e  s i s t e m . l r . . . r . r € $  w e  c h o o s e  A l r . . " r A n € L ( t )

s u c h  t h a t  A O a = a O ,  k = l  1 . . . 1 f i .

The Proposi t j -on is  proved.

I f  we put?r . -h=hl r  then c lear ly  we obta in an endomorpl i ism of

t t  such  tha t  7n?=h . ,  , L f i , h , s ;= r lh , f r -nJ ,  and  one  can  in te rp re t
. . 1  

' 1 . -  " l  " r  " l

% as  j  "o r thogona l  p ro jec t ion  on"  f { ' .
u t r

In  the  conte>c t  o f  a  cor re - la ted  ac t ion  {Er l { r t }we de f lne  a

r - s t a @ a s a S e q u e n c e t f n } : : o f e 1 e m e n t s i n H , s u c l r

that  f  f f r r r t* l  depends.onl .y of  the dl f ference m-n and not on m anct

n separately.  In the measur inE space K we consider now the

followr1g subspaces, relative to the 
ltationary 

process {fr,{J

€ 

'+1'

(z.gt *l =_Y"rr,, , ,

( 2 . 1 0  )  K :

Alsor for  the stat ionary Process

stdte space 11 the l inear manifold:
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(2 , t l) Hf = [heH; r,=faoerr-k,Ak€ L (s ) i  "

F \ l

Hence we have f f= \ ,dna t  o t  us ing (2"4)  K i= VI  f  4 ,h) .
1, +( t't^ -

he T{

It is known that for any stationary process {frr}r-] there

exists a unitary operator U" on KI , so called the shlft -c8elglqla -

attached. to the process {trr}t- , such that

m
U? V+ = V.r. .-  -n -n+m

Such a way, in a complete correlated act ion tE, t l  , l lvre can

express the process { fn} j ]  ,  as:  ' ;

(2 . Lzj frr=U5\3 '

where V€=Vf  - ' .

+F +e

For the stat ionary process [ f r r ]  *we def ine {9rr}  -  as

(2 " r3 )  s r ,  =  O-  f t6  - ) f r ,  ,n - r

so  ca l led  the  @ of  the  process  { fn } ] : .
- \ J €

A stat ionary process {hrr } ' - is  ca l led a Yrh i te noase process

t f  r [ f t r rntr* l=0 for m#n. r t  is  easy to see that the innovat i .on part

[ g r r ] * -o f  { f , r fCe f i ned  by  (2 . }3 ) ,  i s  a  wh j . t e  no i se  p rocess  and

G* is called the P,qe-q&igg-*:g{Isl-98Pt3.!g of the stationary
J.- a -_---

.  t a oprocess  t x *J  .-  t L  - e
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I f  the predict ion -  e l ror  operator G, ls invert ib leo then

sett ing

(2 .15)  f , r r=c i f 'g '

we obtain a whi te noise stat iqnary process thn]] :  such that

The process thrrl i is called. the normalised lnnovgtj-o-!-Xfocese of

{ fn }  .

Let  t f , . l ' l  and tOrr) l l  be stat ionar l t  pr :ocesses. I f  r f t r r ,g^J

d.qpends only of the difference m-n and not on n and m selrarately.'

then {fn}:: and tn"{i are called s@oFrglal'efl

p rocesses ,  and the  map n"+ t fg ( * )  f rom Z in to  L (S)  g iven  by

rrn (n)=r [ f : . ,gk+nl  is  ca] led the crgss-cor! l?1at igg f  unct ion of

{frr}i- and tsrr}]1 . on the space Kfg= K:UKL there exists a unitar5r

operator U, so cal led the gl tended shi- f !  of .  the stat j -onar l '  processes

[ fn]+^ and {srr}] l  ,  such that ur=ul '( i ,  un=u{rJ

For a stat ionary process { t r r } ' - ,  the t ( t )  -  valuecl  posi t ive

def in i te  func t ion  on  Z  g iven by  n* t (n )  = r  f  fo r f r ,  I  ,  i s  ca l led  the

sr l tocoJfelat io? {unc of  t fn} ] :  .  Using t ' la imark di l3t ion theorem,

there exisLs an L(t)  - .valued semj.-spectral  measure F'  on the uniL,

torus If such that

Ttris semi-spectral measure F is called utre ,g,ps-q!r4}1!g!{,L!3-

l ion of the process [ trr ]"- .  fn Ie J was proved a factorj .zat ion

theorem by analy t ic  funct ions and was found a character izat ion of

( 2 . 1 6 )  r f r r n , h r ]  =  r e

';rt

(2  .L71  r  (n )  =  l " - t t t an  {  t )  .
)
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Gf in this terms

t t  the spectra l  d is t r ibut ion F of  { f r r }+-ver i f ies the concl j - t ion:

( 2 . 1 8 )  c d t  <  d F  . - <  . - l d t ,

where c is a posi t i -ve constant,  thetr  (see [a I  )  there exists a

u n i g u e  b o u n d e d  o u t e r  a n a l y t i c  f u n c t i o n  { t r t , 6 ( ) . ) } '  s o  c a l l e d  t h e

maximal outer funct ion of  the process t f - ] I ,  whj-ch has a bounded

analyt ic inverse {E ,E ,Q (  f  )  }  and

( 2 ; 1 g )  d r  = B  ( . i t )  
* B  

( u i t )  d t ,

tt
Q - z a )  G i = Q ( 0 ) .

Moreove r ,  L f

t / .  F k
{ 2 . 2 L )  8 ( r )  =  G ' ' +  }  I ' - B L

A . t

and

_,, S r.
.  ( 2 " 2 2 ' t  o  ( r )  =  G ' ' &  + ) l ^ n *

k- !  
:

are  the  Tay lo r  expans ions  o f  t he  func t i ons  tE r t rB ( f ) ]  and

{E r6 of !  ( r }  } ,  respect ive ly ,  then between the in i t ia l  process t f " r r tn- :

and h is  normal ised innovat ion process {hrr }* - there ex is t  the foL-

t rowing re la t ions:

(2 .23)  fn= f *on, r -o
k ^ o

and
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(2 .24) hr,= Xrof rr-L,
it* o

where the series are supposed to be convergent in the strong topolo-

g y  o f  L ( $ , K ) .

As a remark,  in th is case we have the fol lowing ident i f icat ion

for the geometrical model of predi-ction [K r\rrU] :

K= t2  (e  )

( 2 . 2 5 )  ( v a )  ( t )  =  0  ( e i t )  * , aet

k e 1 2 ( a ) .( u k )  ( t ) = . - i t k ( t ) ,

Hence the process t f* ] ' -and his normel ised innovat ion thn] l ;
11---

, can  be  seen as  opera tors  f rom t  in to  r ,2 (s ) ,  respec t ive ly :

( 2 . 2 6 )  ( f  
n a )  

( t )  = u - i t t B  ( " i t )  u

3 .  r -  o

An i-nput -  output system in a correlated act ion {6rf{ ' fJ is

: :  ca l l ed  a  l i nea r  f i l t e r ,  i f  there ex is ts  a seguence {An} :

of operators in L(S) such that the outputs {*rr}" I  are re}ated vr i t i r

the input,s [zn] '*  by the formula

and.

\

\ { r .  , t l  ( h , r a )  ( t )  = " - i t t * .

(3 .  t )  * r r=  Iopzn-k .
koo

T h e  s e r a e s  i n  ( 3 . 1 )  b e i n g  s t r o n g l y  c o n v e r E e n t  i n  L { t r K )  "
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In this paper we shall  be concerned with the fol lowing f i i--

tering problem: consider that the nresqgg-mg{el is given by a static-

nary process {*rr} t i  in the correlated act ion {6rf{r f }  and the obser-

vation or the measurement model is given by the stationary process

tznf i  in {Erf t r f  }  .  Under some theoret ical  re lat ioni  between txrr} ] i

and tzn I : : ,  to determine the'seguence [An]:  of  operators in L(S)

such that using fzrr)

the obtained outPut.s

as inputs,  in the l inear f i l ter  g i -ven by{ Arr}1,

o,o

(3 :2)  * , r=  X*^kzn-k

'  are the best j-nformation we can obtain about (*o] acting on the

observatiotr model up to the moment n. This means that

(3. 3) r [x,r-*,r,*r,- i^l = ]r,L r [x,.,-h,xn-h ]
heHi

The in f i rnum in  (3 .3 )  i s  taken in  the  par t ia ly  o rderec l  se t  o f

l i l ,e posi t ive operators in L(8) rv i th the meaning that '  for ,  any hef{ f r

we have \

a s  o p e r a t o r s  i n  L ( t ) ,  a n d  i f  B  i s  a  p o s i t i v e  o p e r a t o r  i n  L ( E ) '  s u c h

tha t  fo r  any  h .HX we have B<f  fx r r -h r * r , -h f  ,  then  B<f lxn** r r , * r , - i r ] .

The posi t ive gPerator

ls cal led the f i l tering - -e5J:or oper-.atpr

The  ex i s tence  o f  i *  i n  l l  wh ich  ve r i f i es  (a " ! )  a r l se  f rom

- r  A  ^ ' lr F,r-fir,, *r,-fiil* r [xn-h,*r,-h]

(3 .  4 ) .  G* r r=rL"n- f r r r *n -Qr l
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the existence of  the l -  or thogonal  project ion on H ,  Indeed, i f

we take

( 3 . 5 ) xn

' t h e n  
a c c o r c l i n g  t o  ( 2 , 7 1  i '  v e r i f  i e s  ( 3 . 3 ) ,

Since, moreover,  u i r ra Kf i  we have a k ind of  c losness of  Qn

to f{i, but }he problem to describe this closness by an approximation

procedure,  or more precisely to construct  the l inear f i l ter  of

act j .on {Akl :  such that  { fn}  to  ar ise as response of  th is  f i l ter

to the ir*puts i"rr] ,  seems to be in general very dj.f f icult.

We shal  determine th is  f l l ter  under  some theoret ica l  re la t :ons

a= J11Z ')(nt
n

which we impose to {xrr}]l and { "nt]
First ly we suppose that the

stat ionary cross-corre late<l .  Hence

model of the form:

processes [xrr]*l ana tr.,l!]are

they have a common operatorial '

\

x  = u n v
n x

z* = utu,

where U is a unj- tary operator ( the extended shi f t )  on the subspace

f lVf i  of  K.  wi thout lossing the general i ty,  we can suppose that

rc!=rc!=g.
Let F* and 1l  

"  
b* the spectr ia l  d istr ibut ions

tznl' , respectj"vely. We shai"l suppose that. s', ancl

equivalent wi th the normal ized Lebesgue neasutre dt

exist  the posi t ive constants cx,  c,  such t l rat ;

c*dt (dF* * 
"rltua

o f

F z

on

.  - + @
t * r J  * *  and

are l iarnack

! f ,  i . e , ,  t h e r e

( 3 . 6 )
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and

- l
.  ( 3 . 7 )  c r d t  1 f f  z  < c z - d t .

r t  fo l lows [S] t r rat

( 3 . 9 )  K = M ( F x ) = M ( F r )  n

( 3 , 9 )  K l  =  M + ( F x )

and

where

( 3 " 1 0 1  K Z  =  M + f f r ) ,

(3 .  r1)  r *=KX eu*r l

and

(3 . t2 )  F ,=KZeu .K3

.  ^ 1 @  , * r y

, are the rruroyatj"on jpace of the processes t*rrJ-- and{,n}]l '  res-

pect ively;  As in L?1, for  a wander ing subspace Fof U*,we denoted

b y  I i I ( r ) - 6 u * n r  a n d  l ' l n ( F ) = € u . t t .

. F r o m  ( 3 . 6 )  a n d  ( 3 . 7 )  c l e a r l y  i t  r e s u l t s  t h e  e x i s t e n c e  o f  a

posi t ive.  constanb 
"n" 

such that

( 3 .13 )  
" * r dF*  

1  dF  u< " l l an *
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Then [a ] tfrere exists a l inear bbunded invert-tble operator

S .on }{ such that

(  3 .  14  )  s [ *=  $ *s

and

(3 . i . 5 )  sv r=v*

Since c lear ly  SKz=Kx we have

( 3 . 1 6 )  S M + ( F " ) c M * ( F * )

:

$uppose now that  the j .nnovat ion space F*  and F,  are neJ-ated:by

( 3 . 1 7 )  F * =  U F "

Then denot ing

*
( 3 . 1 8 ) B = u s

we have su*=u]n, Pll* (r 
") 

c.M+ (F z ) and

( 3 .  f 9 )  V * = U B V " .

Le t  r i ov r  ( t r t rS ( f ) ] be  the  max ima l  ou te r  f unc t i on  o f  t he  p rocess

( z r r ) * ]  "  r d e n t i f y i n g  K  w i t h  L 2 ( s )  a s  i n  ( 2 , 2 5 r ,  w e  h a v e :

K=1,2 ( t )  o F.=t  ,  * f i=Q*iktE.

( u k ) ( t ) = e - i t t  ( t ) ,  k e l , Z ( E ) .
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( v " a )  ( t )  = B  ( e ' i t ) a ,

'Clear ly 
B appears as an operaLor on f ,2(e) which commutes

with the mult ip l icat ion by . i t  in r ,2(a) and

' ) )
B L ; ( r ) c L ; ( E ) .

It, results that B can be represented as the pointwj"se mul-
i +

t ipLicat ion by the boundary funct ion B(e' ' ' )  of  a bounded analy. t ic

f  unc t ion  tE  '  6  ,B  ( I  )  ]  .Le t

(  3 .20  )  B  ( ^  1= i ^k "o , ( a e o )

a € 8 .

Roo

be the Taylor expatrsion of n

N o w ,  u s i n g  ( 3 . 1 9 )  w e  h a v e

. (Vxa) ( t )  = {UeV2a) ( t )  =s
- i t s  ( * i t )  I  (e i t )  a=

\

\  re- i t leik.",5"tst B*a=
\  ? K/-)
\  r s t a  $ ' o

: u-i hoeou+ ttnt.I uo 8". =
v  v  

P-o  k+s-p l t

, '  u- i tBoooa *  E"un*t fooon-k+1)a 
=

r-'* k'o

= . ' i t " o 8 o a  +  F * i P t u n u ,
P = o

where

\-( 3 .2 r )  Ep=  4 "o tn_k+ r .
K-o

FIence



(v , .  a)  ( t1=u- in t {v*u)  { t )  =
i n

= 6i (n+1) hoeouoF;t (P-t) hn..
I

Clear ly then

(

process of i"rr l l l

domain as;

xrl=
.=

1-o:'n-)'
J*a

:
6 s+' l

t:- -

ai= XfJi -= ) -Br@s-r+r "
J  i = o  

J  " / -  -

.  K = a

where

(vg-a) (r) = (p*zv*r,.)  ( . ,  = 
Ft 

(p-n) %nu.

If thrr]+- is the normalized innovation

then the l-ast relation cani be vrrit ' t 'en in time

(3.22) ir ,= [unhr,-p ,
f 

--o

and us ing (2 .24)  for  t "n t !3r  v I€  obta in

*  - .Sa '  rYr>^ ,  \=^n- / r"p'LP'sEn-p-q'
f"1 L=a 

-
o - 4

=X( Xsz: -"r" ) zn- j .
j=g '  S=o

}le conclude that

( 3 . 2 3 )

In this way vre constructed

coeff ic ients given bY

a l inear  f i l te r  {o : } l  w i th  t 'he



1 6 , -

.d-:1,
(3.24) Aj  =>1"5" j_uBr@s_k+1,

S=o N+o

which solve our I - oPtlmum

The f i l te : : ing -  er ror

( 3 . 2 5 )  G * r = @ ( o ) B  ( o ) *  e  ( o ) @ ( 0 )  .

B.EMARK l - .  The predic t ion problem for  a  s tat ionary process

{ f - ln1 whose spectra l  d is t r ibut ion F i -s  Harnack equiva lent  v i i th
. n.r_J

the lornra l j -zed Lebesgue measure ot r  S,  can be so lved as a par t icu*

lar  case of  the f i l ter i -ng pro i : Iem i rere considerec l .  Tndeed,  i f  v re

take * r r=f '  an<l  Zn=fn. - I ,  then i t  is  easy to  ver i fy  that  { " "1t - :

and {  z- \+^ sat is fy  a l l  the condi t ions imposed-  above.
t  f I  J - o o

I , loreover, in th.. i-s case we have S=U and consequently B=IK.

Hence 8o=16 ,  Bk=O for  k+0.  Thus the coef f ic ients  of  the predic t ion

f i l ter  are g iven bY

( 3 . 2 6 )  a . = * n .  - f t ) - , . ,) t :1-ses'r l '

f i l ter ing problem.

operatcr  G*,  is  g iven bY

coef f ic ients  of  the lo l iener  f i l ter  for  p : :ed ic t ion ob-which are

ta ined in

the

[ s ]

4, Tire-cjrrypuFat*gl €- filLeq coefffcis*:

In  the c lass ica l  f i . I ter ing theory,  the coef f ic ients  of  the

opt imum f i l ter  are obta ined as the so lut . ion of  the l inear  systern.

of the norir lal .eqqat. iol.  The unknowns of this system are the coeff i-*

c ients  of  the f i l ter r .  the known data being the coef f ic ient ,s  of

the autocorre lat ion funct ion of  the inpul  and the coef f ic ients  of

the cross-corre lat ion f  r :nct j .on betrveeu input  and desi red output .
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The coef f ic ients of  our I - -  opt i rnum f iLLer sat isf  ies also

the system of normal equat ions.  Incleed, in the precedent sect ion

we obtained the formula:

(4 .1 )  x r=Bo@oh' - r  +  ) -A1zn)  n - r  T j  J  r t -J  ,

,irhere {t nfi" the norrnalised innovation Process of { ""t3
-  n  r  .  ' t  n  r ^ -  l -  ,  -  € * n m  I A  l \  t . 7 a  l . r k \ . F i l ' i n '

s i n c e  I  L z t ,  n n + l ]  =  0  f o r  k <  n ,  f r o m  ( 4 . r )  v r e  o k , t a i n .

l - 1 r  -  \  f r n  -  . l  r \

I Lzr., Xn I =LL Vv' 
",-j 

J "j
i-o

Thus the coeff ic ient .s {A*t-  sat isfy t l re f ,o l lowing ( inf in i te)
'  J r o

system of  r tormal  equat ions:

( 4 . 2 )

ln
l c
t , .
L.-

+

A

2

+

) A

A?

: 2 )m-+m

\

I\

+ Q

r-l I

Lz\

* [ z

r ) A r

)  Ar+

r ) A r

( -

( o

m-

+ n
+ 1 "L Z

l r (

( o

( 1

( n

Ao

Ao

Ao

)

l

\,

* 2

r )

\0

)

T

-. |--t I' -  Lz  r  x ' .

f':'-
_ 1 1
l t z{-2E *  

( m )

where I t rc l=  J ' [ " r , ,zn+k]  and f , " r * (k)= f  bn,xn+kl  are '  the autocorre la-

t ion funct ion of  the i lput  {  z- \ r -and the c lxoss*corre lat ion funct ion
.  t r  )-  6

of the input f  z. \ t -anO the desired output l ""1l lg  t L l _ *  
- - @

In  the univar ia te case,  the ce lebrated Levinson a lgor i thm

LZ) ,  fAJ permi ts  us to  determine the f i l ter  coef f , ic ients  [n :  ] I

in  a  recurs ive way,  the computat ional  work involved being less than

usual  f rorn.  the specia l  for tn  of  the rnat r ix  o f  the system (a11 the

element ,s  qf  ; rny g iven d iagonal  are equai - ) .  s imi lar  a lgor i thm v/as

obtained ft: :  t-he matrix valr-r.ecl case by l l 'obinson and Treite' l

, l ]  p^uL 45-\8?.
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( c f .  L3 ] ) ,  bu t  he re  the  task  became a i ready  more  c l i f f i cuL t  because

the a lgor i thm involves matr ix  j -nvers ions.  Compl icat -ed problems ar ise

also re la t iv  to  the s tabi l i ty  o f  the so l -ut ion,  because the system

i s  i n f i n i t e .

In  the operat .or  va i "ued ca.se,  such considerat ions have,  however ,

only  theoret ica l  s ign i f iance.  But  even f rom th is  po int  o f  wiew,  the

normal  equat j .ons (4.21 are not  sa 'L . is factory in  our  f i - l ter ing prr rb lern,

s j -nce the va lues of  cross-cc l r re l .a t ion fu .nct ion C - (k)  are supposeci& Z r X -

to  be known,  whi le  we have no in format ions about  t i rem, fn  such

si tuat ions the so i -ut ions of  the f i l ter inE problem is  deter tn ined re-

curs ive ly ,  s tar t ing wi th  an in i t ia l  est imat ion based on a "pr ior  s ta-

L is t ics .  Fol lowing th is  i ,3ea we shal l  show that  the pur :e operator ia l

nrethod used in  I f  ]  for  the recurs ive construct ion of  in ter twj -n ing

di la t j -on can be apl ied here to  det .ermine recurs ive lyr in  some spe-

c ia l  cases,  the so lut ion of  our  f i l ter ing pr :ob lenr .  This  par t icu. i .ar

case sugests that  the label ing of  contract i r re  in ter twin ing d i l -a t ion

presenLed in  [1 ]  ,  and the recurs ive met .hod used there,  can be

apl ied ta  construct  our  f -  opt i . rnum f i l ter  in  more genera l  s i . tuat ions.

\  f i rs t . ly ,  le t  us remark t i ra t  the coef f j -c . i -ents( ) ' -  and
\ - K

vr l r ich apear  in  (3 .24)  are v , re l l  c le termined by the autocorre lat i .on

. r-L 'f r rnct ion I ] (n)  o f  the known input  { " r ,  1  and, they can be obta inec i

{at  least  theoret ica l -y)  by the s tandard decouvolut , ion net} iods "  } ie

*r r+ l  v  Z- " t r  
l , \ o

( 4 " 3 1 .

shal l -  concern on the determinat ion of  the coef f ic ients  Bk in

( 3 " 2 4 ) ,  o n r  o f  t h e  o p e r a t o r  $ .

Our  suppl .emenbar l r  assumpt ion is

( 4 . 3 ) s*Kx c .Kz -o o

Let  us denote i i * * .  =
e a F

no= Vu|*v*s , nz= 
! 

ui$e

r.f/r$ u uz+

.  t l s rng

ano

for any k€K:



we have!

rrrTd

. a2ro

and i t  fo l lows that

we have

(s U {} vra,.,k) = t Xull v".r.,s*k1 =
q ) t o

= (Xu*vrarr,s*k) s (s lunvrarr,k) =

=(Iu*|svrarr,k) = tfutv*un,k) =
l2to ,ftVA

=,  T r r*nrr  r  L l'  1 't-"t '  
7*a" ' k) '

h)ta

We used (4.3) and the fact that ufr * IX?VIK;X

Thus

- t s

hTto

:  '  
s Y r g l v u  =  T u o l v  aG  2 +  Z n  1 -  X +  X  n

( 4 . 4 )  S H ,  = H *

\  r t  results.that srrrfc.Hj,  Putt ing

\

(4 .s )  r i  =  r " f *X

(4.6)  s i  u**  = u"+si

and

(4 . t )  s f  t r j € I r x )  *KZeHz .



2 o -

Let now T* and T, be the contract ions def ined by

(4 .8)  T*=P*U** Hx

and

( 4 . 9 )  T r = P n U r * t{" z

where P* and P, are the projections from Kjonto I{* and from Kf; onto

Hz, resPect ivelY

If A is the operator defined from H* into H" by

then

(4.11) f f i *=P rs{ .

Indeed, for anV keKj we have

(4 .  r0 )  A=F"s f /  
" * ,

Apr,k=P 
"sln-k=e 

zslk-P zsf t r 
-r* ) k=r rslk .

Moreover, for anY h a *ig vre have

AT*h=AP 
"u*l=n 

rsf u**h=P ztlz{. s-;h =

Hence

*P 
rU r+P rS"ffr 

= P"Ur+APr.tt = TzAh.
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( 4 . L 2 )  A T x  =  T " A o

Thus Sf appear as an exact intertwining Ci lat ion of  the

operator A which intertwines Tr,  and T, (see [ t ]  ) ' "

I f  we suppose that S is a uni tar :y operator,  which is the case

vrhen the mesage model 
[x, . , !  

ancf  Lhe observat ion model l rn l  have

the same spectral  d istr ibut ion,  then S i tseLf appears as the uni .que

exact intertwining di lat ion of  the contract ion A def ined on l I ,  by

Let, Ao be the operator on t defitred by

( 4 . 1 3 )  A = t 1 " " .

( 4 " 1 . 4 )  A o = v ; A V " .

Then vre have

' Q tt the ,, f- orthogonal projection on " the submo<h:l,e'  wne rg  Jo  I s  Ene  - -  J  "  o rE r l ( . ) gu r l d r  P ruJeuL r t J r t  v r r  L

VrAo=v"v[ xv r=v *vf, sv"=v ,rX, ,*

Such a way, in the t ime domainr w€ have

Ao zo= E*o,

generateo in  H by zo"

This  g ives to  Ao a c lear  meaning of  j " r r i t ia l  est imator .

Hence,  at  least  in  th ls  par t icu lar  caser  w€ can determine the

coef f ic ients  of  the f -  opt imunr  f j . l ter ,  l :ased on the autocorre iat ion

funct ion of  the s ignal  t r r r l  anc l  pr lor  s tat is t ics  which produce the

in i t i a l  es t ima to r  Ao .
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