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ON INTERTWINING DILATIONS. VII
by

Gr.Arsene, Z.Ceaugescu, C.Foiasg

I'n £ reoid . ot i 0 n. Contractive intertwining dilations
constitute an interesting object in Operator theory occuring implicitely
or explicitely in several branches of the analysis (see e.g. 31, [4],
O, Ll e e, B, el | '[BE) ete. ). Therefore the
explicite cdescriptions of the set of all contractive intertwining
dilations of an intertwining contraction (for the definitions see the
next section) constitute a problem of wide interest. The existence
éf Schur type, extending the Adamjan-Arov-Krein description I (see e

[23, [2] ) to the case of an arbitrary contraction, was established
do. B9 Proposition 4.1. In the present Note we shall give the expli-
cite formulas.fonl this deseription, which labels, let us recall, the
set 6f all contractive intertwining dilations by contractive analytic
functions. Cn the way we shall give also an algorithmfor computing
the ch@éhe sequences of any contractive intertwining dilations (see
Definitien 1.1 below). which &s was proved in o , yields also
another label for contractive intertwining dilations. This label was
sﬁggested to us by a type of problem occuring in geophysics and
briefly described in (ﬂ , Sec, 6.7. The proofs of the«fermulas leading
to the algorithm will be given in full detail (see Sections 6,7,8),
but those of the explicite Schurwtype labelling (see Section 9),
exploiting these formulas, will be only sketched. :

‘ These are many further developments connectmg explicitely our
results to ij , [19] ,[36 : Cii}, N , and . These, as
'well as different concrete illustrations will be giien in subseguent

papers.



1.:|We: start by recalling notations and simple facts
concerning contractive intertwining dilations.

Let H and H' be some (complex) Hilbert spaces and let
L(H, H’) be the algebra of all (linear, bounded) operators from
H into H!. The space L(H#,H) will be denoted simply by L({#f}. In
the sequel T (resp. T') will he a contracﬁion cn H (resp. H')
and we fix UeL(K) (resp. U'€EL(K')) to be its minimal isometric
‘dilation. We will use freely the results from [}%] concerning
minimal isometric (and unitary) dilation of a given contraction.
and for n2z1l Pn¥P§ and P’=Pf’

¥
- n {ﬁ

i
K

e

14

. e Sy s K 4 2y D V=D
Let P Po PH( iy ik PO E
for
ﬁnuH+L+UL+.,.+Un“lL
and _
M=1

H;z H'+L"+U0L"+...4U L

where L=(U-T) (H)™ and L'=(U’-T')(#’)". We denote by T  the operator
L ml= 7 7 7 - SR 5 i o v ",.__'_s
PnU!Hn on Jn (resp. T PnU IH n) for every nz0; from the.pr0peltlé
of isometric dilation we have that TO:T and'Té:T' {of  course
= F=H1?
HO H and HO J )«
Denote by 6€L(E) the minimal unitary dilation of T containing
U; we have
e A%kD k Ak * *
K=o oatl: L U Lo #L K,
where
L = (G 1"y (1)~
We define
K=o 40 L+l 4+

and



then U*EL(K*) is a minimal isometric dila£ion of T*. Because
UeL(K) and GGL(E) are the minimal isometric (resp. unitary)
dilation of Tn-,it follows that 6 contains & minimal isometric
dilation of T; (dencted in the sequel by U B LUK, ) s (n2)) Tt s
easy to see that

n=1

K=o, " 5

b

*

A
U, =U IK
*n Ko

The notations 0', K’, KLy Ut K;n ¢+ U, +(n2l) are now clear.
By I(T',T) we denote the set of all operators A in L(H,H’)
intertwining T’ and T (i.e. T'A=AT). In the sequel A will be a

fixed contraction in I(T’,T). A contractive intertwining dilation

(CID), respectively a n-partial contractive inter+winin dilation
P Y g

Ay

(n~PCID) of A is a contraction EeI(U’,U), respectively A I(Tg P I)
such that

P'A=AP,
respectively

\

P’An=APEHn .

(n>0). It is clear that A =A. A chain of PCID of A is a sequence

{An};=0 . -8uch that for every nz0, A, is a n-PCID of A and
’ = . . -
PnAn+l AnPann+1‘ The applications
B ey o BRI 3
oI n’ n=0
59 ~> . (s)-lim A7P-
{pn}nZO iy . (8) =11 Pn A

n-ecw
"establish a one-to-one correspondence between all CID’s of A and
all chains ©f PCID of A.

As it was pointed out in Eﬂ ,[{1 and [gj the following spaces



F_(T)=F ={D Th+(U~T)h : heH} %)
Gl [ & S -
2] e s, y T
LRA(T)~RA~($A+L)efA
and
FA(T')aFA={DAm@(U'»T')Ah . hemy T
& L

A oy
R%(17)=R%=(p,@L ") oF
are .very important for the structure of all CID’s .of A. We use

also the following notations:

(820 PA(T)=pAzP:i%L
‘ qA(T)=qupfA+§ :
(L) (PA(T')=pA:pE§®L,
and
(1.3) 0 (BT’ T) =0, :F, > F
UA(DATb+(U"T)h)=DAh@(U'”T')Ah, b

All the definitions from (1.1) to (1.3) make sense for (A ;Tg e

n

' A

insdeac of (A;T' ,T), g6 the notatiens FA ; Rﬁ s
n b
A A - A
P I’l I} 5 3] e T ¥ood \m
o T e o, are clear for all n=0.
n n n

For the sake of completeness we prove here the followinc
&

2]



facts, which result from Dﬁj; Segy: 111 and{QJ, Lemma 4.4.

Litesmomoan 1.0, Aa) oo ads unitary.

A

5 ~n.)0.) =R.
() ({1 J,A,JA) RA :

bel L LT=poiiRtey @ Lt =p

Prrio o f. (a) is obvious from the fact That:

2 : 3
IIDATh+(UwT)h!!Z:IIDAThl12+§!(UuT)h112=llTh!%""ilATh§!2+
9]
ahl1“

: 2 : ?) )
1D R =1 int 1 =1 rang 1221 Dnt 1 240D =1 1D,hi1 %

ik
F)
#11(U'~T")Ah|{%=1ID,h @ (U'-T")ARIIZ (heH) .
A

(b) Let r=d+l, where réﬁp x diﬁﬁ and l€l; suppose that

£

<, (l—pA)d>zO, for every dﬁDA. This implies that <y, =0, .80

I

0 Ly ] L :
<d,d»=0 for every d*UA » Which means that d=0. Because r is in

R[ ; we have that <r,DATh+(U~T)h>=O, for every heéH. But d=0, so
Al

<1,(U-T)h>=0, for every hél, which implies that 1=0, so xr=0.

(e¢) The proef is analogous to (b).

Let .us recall the following definition frcmz[9] , Definition

Die £ i i -1 on 1.1. A sequence {Fk};w} (resp. a

; n 2 ) :
string {rr}k—l ; n21) of contractions will.be called an A~choice
W = L st e o 04 N . s Y

; : L e A
sequence  (resp. an A-choice string) if PleL(RA , R ) and

TyGL(DF ¢« Dox ) for every k22 (resp. for every 2<ksn).
. =l k=1

One of the main result of [i}(see Propositions 2.1, 2.2 and

3.1) is the following:
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between all CIDls (resp,, n—-PCID"'& n

There exists a one-to-one correspondence
21) of A and all A-choice

sequences (resp., A=choice strings of length n);

In order to make self-contained this paper, we will give

an alternate proof of this theorem; the objects involved in this

proof will be also useful in the

2, In this section we will

step", which means the structure

Let Pl

(Z51)

Hl)

(2 1) 4k dist elear sthat P’A1=APIH

‘We will prove that ety

A1

Al 1

'(DATP+(U~T)P)Ihl

aT’APIHl+(U'~T’)APlleT’APtHl=T

so A, is in I(Ti il ciina Ll

i

=A}(TP+(U~T)P)|H1=ATP|1

sequel.
study only the so~called "first

of all 1-PCID s of A.

; i , A el
be an arbitrary contraction in L(RA ; R and define

o5 A : g R
AlnAPlHl+q (cAfA+Flk1 fA)) (DA}4I P)!H1

is an 1-PCID of A. Indeed from

Moreover

A ] :
!l+q (GAfA+Fl(l~7ﬁ})°

:T'AplHl+quA(nATp+(umT)P)1le

7
lAL z

Al is a contraction because

2 2 A 3 - 7 2
IiAl(hfl)ll =|{ah] |+ g (GApAifl(l pA) (DAhﬁl)il <

SIlAhl12+!loAfhKDAh+l)112+l|F1?l~pA)(DAh+l)!lzs

sllAhIl2+lipA(DAh+l)l|2+i!(l~pA)(DAh+l)|!2=

mnlAh!i2+;!DAh+1zlzziuh+1a:2 :

el e,



-7 -
S0 Al igland 1=PCED of A

In particular we shall denote in the sequel by Ai the 1~-PCID

of &, asseciated by (2.1} to r,=0; in other words

Q. A Bt '
(2.2) AlmAPl”l+q UA?A(DNWI P)iHl.

Conversely, let Ay be an arbitrary 1-PCID of 2.

P’Alxz\PlHl , we have

-

llh|i2+llllI%;|!h+liI22!IA}(h+l)itzzllAhii2+!!(IQP’)A1’h+l)li2

which means that

LG i (bl o [ 1D bt | hEH, - LeL ot

This relation implies the existence of a contraction B:D_+L —>
i A

¢ r
L { /"

such that (I-P’)A1=B(DAP+I~P)IH1. This contraction verifies

‘ 25
(2~3) BPA’"q OAPA

Indeed

B(DATh+(U“T)h)=(I~P')Al(Th+(U~T)h)=(I~P’)Ath=

m(leP’}AlTlhu(I~P’)TiAlhﬂ(U”~T’)AhquoA(DATh+(U“T)h);

for every hef.

: ‘ *o kR 5 = ] :
From (2.3) we infer that pAB =0, P | ({0} @ L'), which implies that



i

2 2 % A
11 1=p, )8 111 %=1 1 17 12 102" (0 ® 1711%<

<ttt 1y a-pM o e 1112, 1rerr

This relation and Lemma 1.1 (c) imply that there exists a con-

traction P] in L(RA, RA), such that

(2.4) r;(1=p™) (0 @ 17)=(1-p,)B"1" 17eL’.

We have

5 A B PA - e .
(2.5) q Fl(l %)(DA1+I P)!leAl Al :
indeed, because (A]~Ai)(H’)CL' (Al and A? being both 1-PCID of

A),; we infer that

A i ) # A
<q Fl(inpA)(DAh+l), l'>=<(1*pA)(DAth), P1(1~p YD @ 1.7 >=
*
£ L - IS — Lty N ﬁ\’ [ g
=< (1 pA)(DAh+l), (1 pA)B 17>=<B(1 pA/(DAhkl,, g%

=<(I-P')A (h+1), 1'>~<q’o,p, (D,h+1), 17>=

o}
AT A

-

=<(I~P')(A1~Ai)(h+l), l'>=<(A1~A?)(h+l), 155

for every- lieH , 1 €l , 1'eL". which, is exactly %2,5), We use here
in order 2.4} the defiinition of B, {2.3) and (2.2).
Taking into account (2.5) and (2.2), we have that A, and Fl verify

also (2.1). So we proved the following

Lieimm a 2.1, The: formulas {(2.1) and {2.5) establish &
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one-to-one correspondence between all A-choice strings of lenght

one and lall 1-PCID’s of A.

In order to emphasize that Fl corresponds to A1 by Lemma

2.1, weiwlll write
(2.6) rl:P(A, Ay

We will prove now other useful facts concerning the previous
correspondence. Let A be an 1-PCID of A and {Fl} its A-choice

string. Firstly we note that

(2.7) =D © (D BT
1 9k i

Indeed, from (1.1) it follows:

A A

F.oo={p. T.(h+1)+(U-T.) (h+1) : heH, LeL} =
: e 1

U(H)) +UL,

={DA Uh+Ul; heH, 1elL} =(D
] ; 1

1 A
=1e)

RA =(DA +UL) @FA =DA C)(DA BEHY) .

1 1 1 1 1

Consicder the operator

: DA b DA @0

B e
j Lo ey By ' 1

(2.8)(
(‘“‘N D 2 s b1 A ! ; 7. | f
DAy Almtflmq ) (ot (1-pp)0 Drl(lwfz{J (D P+I-P) IH,

o~ 5 '
Lite memoa 2.2, (a) w is unitary ,



() © l(l—pA])DA1=Of$ Drl(lwpk)(nAP+I"P)‘d1‘

P ri oo f. Using (2. 1) swesihave

) 5 9 e o 5
1D (h+1)x17=a|h+1!s‘~a:Al(h+1)a!?=:lhsl?+lalal7w;;Ahii =

Ay

- A _ S 4 1 - ?"'— N ‘!2
Hig (0,P, T, (1 Pp)) (Dh+1) )1 7=1 DBl 117
~1 e pr#l  (1=p. Y (D h+l)132+!!(1;0A)(n . +T. (1-p. ) (D b+135‘2w
e B N R : % W Pa b MR T
B BT R D R 1) T 21 1T (1op. b L 2 L e g
A Paibpn SR T G (9P

; i o s et 2 o T :
+Fl(l~pA)}\DAn+i)ll wIIDFl(lpr;(DAh+l)ll + 1 {1-g )(OAPAT

T 2
S N T | © =]
BT (1=p,)) (D h+1) 1] %=1 ImAlDAl (o il & 2 e het, 1eL.

So ﬁA is isometric.ﬁsing ((2.8) ;- (1:2) and (123) . we have
"1

: _-“,.; 5 - = = A ? Sl N o
(DA Uh)—wA D (Th+ (U-T)h)=(1~q )GA(DAI‘}H-(U TYh) @ 0=

1 il 11

(2.9) EA

=(l~qA)(DAh + (U'-1')2h) © 0=D,h D0 , hell
From (2.9) we infer that
il

(3.10) in, (Dp UUNTI=0, © (0).

The relation (2.10) and the fact that gi is dsometric imply (bl

1



and (c). Now (d) results from (c) and (2.8). By (c), we have

(2100 Bo (R Y= (0] @
Z\l Al W

7o) GP is unitary (see (2.10) and (2.10)’) and the lemma is
7.5
1

completely proved.

- 2 DVE P T Y g tar rat o
Denote by w(Al SR 1) W the unitary operator W IKA ;
: 1 1 1
consider as an operator from RA onto Dr + Bxplicitely:
1 it
(2:11) w + R e S
SoLEET 1

< \ 2k TR TN
“A3(1 fA]’DAl rl(l Pa) (DpP+I-R}IH, .

This unitary operator gives a slight idea of how to use

iteratively Lemma 2.1 in order to prove Theorem 1.1, This

e

towill
be done after the study of the connections between Lemma 2.1 and

the adjeint operatien:: this study will give, in particaler, the
: Al
analogous unitary operator between R and- Do * .

Y

3. For the begining, let Z be a contraction in L{H,H'y. Then

fl=ker D, @ D
BE {

H!=ker D7* @ P>
v s L

and the matrix of Z with respect to these decomposition is

et ; Zu 0
(3.1) ; A
0 2
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The operator Z, % ker D, ——> ker D,* is unitary and it will be

called the unitary core of Z; the operator 2_: D +——> D_* is a

pure contraction {(i.e., h€l , h#0 implies i!Zch!I<!!h!i) and it
L

will be called the pure contractive core of 2.

Note that 2 =0 1
thot Zy =0 if amd oot oif Z ¢
We will have now a closer look to the proof of Proposition

f and only if 7 is a partial isometryamd
R Condnscttens.

3. 2o 0a), eh v R + in order to connect the factorization of .a
Combnaction weith Conntsponcolemt Factoilzatiom of

its adjoint. For this, let H" be another Hilbert space, B"=B?.B a
factorization of the contracticn B" in L") by the contractions

Bl Tgih et anmd B A TR 0

6}

Define the space

F(B':B)={D,h @ D,,Bh : hell} C D B0

V}) 4

(3v2)
' R(B’-B)=DB @)DP, ®© Fr(B’.B)
Recall that by D{], See. VILI.3, the factoerization B’:B. is
called regulax if R{(B'.B)={0}.

In order to connect the factorization B"=B‘’.B and the facto-

% % *

rization B" =B B’ , we define a contraction from DB @)DB, into

DB,*GQEB* ., Because B(DB)C DB* and B’(DB,)C:ﬂB,*, wve choose thig
contraction to be of the form
B Ve ‘
(330 =6 ;
\ 0 B
where Y:DB, ted DB* and J is.the operator which intertwines the

terms in a direct sum. By [ﬁj ., Théorgme 1, the operator (3.3) is

a contraction if and only if YzDP*XDBf ; Where X:DB, e DB* is an
) g 5 i

arbitrary contraction. Define Z(B’«B)=Z, the contraction obtaincd



e
by (3.3) wath X=~Pg *}7 . Bxplicitely
B
B 'DE,)
(B4 Z(B!'.B)=2=J o ; 8 or
\ 0 B',‘/
Z(B"B):Z H DB@‘DB’ Fie "'"')’ 081*65 ’DB* s

(ad) ! :
2{b @ b J=R B’ é)(Bb~DB*DB,b’), 'bEDB, o he GD,,.

From (3.4) it is easy to infer that

GiBleB) Y=y & T %6 DB*»M«~«~> DB Q.ﬁn' E

. B,
(3.4) [

which means that

(3'4)m.- Z(B'nB) k»-u(B '3'*),

Lemma 3.1, The unitary eore of % acts between REB'.B

* *
and 'R(B" =28 ).

By oroifa ot bEDB and b’éiDB, i then

-y

112 (58" ) 11 %=1 135 1141 1Bb=D, D, b7 1121 1B/b 112+ [3b] | 2+

2 ‘ v s 2 el

+IID Dol ! ~2Re<Bb, DB*DB,b’>=lJB’b’II +iibl | —ilanls

2 * ’) : "
+l}DB,b’ll -1iR DB,b’il‘~2Re<DB*Bb, Dy /b’ >=

=[ b’ [ 1%~ (I1p bl 24118 ™D bf|12+2Re<DBb, B*Dy,b7>)=

=B

=1 1b@b" | 1~1 IDyb+8"D_,b" 112,

@ b’,/—P b G) ( b; .-DB[DBK;'D*), b*eDB* ; bi{:“D:
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This implies that

‘ w
IIDZ(b =) b’)l!:IIDBb + B DB,b’li,

; 3
which means that b ® b’éker D, if and only ‘if DBb+B L?;b’EO,
¥ ds = 2 i®

)

therefore if and only if b @b’ is orthogonal on F(B'+B). This

implies that

Ker D, = R(B‘.B)

~z

analogously (SGEG (304) nt, )

* %
Ker ibvi= Ri(B.B' )

and lemma is now completely proved (see (3.1)).

N

ig B o a3, (see Eﬂ] ¢+ Ch.V1E, Proposition 3.2

(a)). The feactorization B’:B is regular if and only if the facto-

* *
"xizatien B-.BZ is regqular.

=

Cigro. 1.1 a & v 3.2, (a) The Factorization B’:B je regular

if and only if Z(B’.B) is a pure contraction.

(b) Z(B'.B)=0 if and only if B and B’
are partial isometries such that the final space of B ineclwedes the

. 9rthogonal of the initial space of B’,

Porio:0nf. (a).is an easy consequence of Lemma 3,1, Suppose
now that Z2(B’'.B)=0; ﬁsing‘(3.4)’,it follows that B’iDB,xO which
means that B’ is a partial isometry., Taking l'=0 in (3.4}7, one
obtains that BIDB=O,'SO B is also a partial isometry. The

affirmation (b) results now from (3.4)¢, taking there b=0.
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We return to the situation considered in the first section,
namely TeL (i), T'€L(H’), A€I(T’',T) are contractions. We have that
% frloag g
ol LA

Define the unitary operator

@'A(T)zaA:OT @ DA oy DI\ + -l,

£345)
ch:(I + ¢)od,

where @:DT e L is the unitary operator defined by
¢(Dh)=(U~-T)h, h€H (see [ , ch.IiI).

Consider also the unitary operator

A e R N IR .
St A

where ¢! is analogous to g¢.

‘ } &
We will need also the unitary operators o *=o,*(T’' )} and
; A

72 A

* *

A B, * ol :
a =a (T ). Define the contractions:

®
\ A e T T RS * @
(3.6) S R e
%*
[y ﬂ"‘rv m *
111\ B 4] (A. J_)C‘F_& ¥
and
er\ 7 rm 3 / "*
2o (T’ ,T)y=2 :DA.G)L S A
(3.6
2 AL %
7 Z(T! .0 (o
w2 B) (e )

By wittue of M2 60, (3.5), (3.5)% and (3407, fthe explicite

*
formulas for ZA and (Zﬁ) are

(3.7) 2, (a+(U-T)h)=ha @ (U, - T ) (Th-D,a), 2D, e



..,/6,.

'

P v
* hie il

) “(a*x @ (Up-T )h)x(A*a*~DlDi*h)+(UwT)T*h, a,eD

(3-7% etz 5 T

A

4 A ek e o x : :
The formules for 2 and (2 ) < are.similar, because (3,4)" inplies

that

(3.8) | zAx(zA*)*

Ax

Note also that Fy=a (F(A.T)), R,=o, (R(A.T)), FP=a®(F(1.2)),

A

e =aA(R(T’.A)), so we infer from Lemma Sih

Coonpror Ll saur . 303 (a) The undtary core of Za acts
%

between RA and RA g

; n
(b) The unitary core of 72 agts

A
between R and RA* .

; ‘ h L A
Liemm a. 3:2. The pure contractive cores of N and Z
/e 2

verify the following relation

= b e
(3.9) A:A!FA'—GZ\A$(A lu )GA,'

P r oo f£f. The lemma follows from- -the equalities

A ,,;,‘,_ M ] P_miy Al Y
oA*Z GA(DAihﬁ(L-T)h)~0A 7 (DAh @ (U'-T/)Ah)=

* (AD,h-D D2, Ah+ (UL-T* *)T’AR) =

g T

i :
= *p L n? n - Lo o L4 (¢ =
gDy AT i ah Yot (7, ") 2 A

* : 3 S i -
=Dp"(T/2h) @ (U«~T*)A™L'2R)=AD,Th @ (U;~T") (Th-DiTh)=

mZA(DATh+(U~T)h).
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Tt s Tn}zzi be a choice sequence for A and define the
sequence {F*n}2=1 by
, Ao .
3«‘ A ? % :'1’}:‘
( 10)n 7 Ten? lvrn_l A'n

Dicaonpions - bveddaonm, 50100 The  Todrmulas (3.10)  , n21 give

an explicit one-to-one correspondence hetween the choice secuences

*
of A and the choice sequences of A .

P r oo f£f. We have to verify that {F*p};m defined by (3.10)

=1 n’
. . * 1. s o " 2
nzl is a choice sequence for A ., For this, note that P oidsa
' A" . A “
. 3 04 &
contraction from RK* into R (because ZA(RA)sR )} . Moreover
£ 2

A ' A :
DF =7 Dr* and D ® =70 _ . The ‘opéraktor I, “ls @& eontraction fremn

Jt A
%] 1 %] 1
Bpx suto p, , do lea s« condnactonm Frioom
A
DF into D * . The lemma follows now eas@yby induetion,
S &g

4. Proposition 3.1 and Lemma 2.1 rise the problem of finding

*
the explicit bijection between 1-PCID’s of A and 1-PCID‘s of A

given byithem. To this ain, define
’ bt

4 * .,_'A‘A. 'k’A, ; e
(4.1) (A ) y=U CU e g,

!

4 A i - o 2 o <~
1 1 Consider also 1*1 defined

by (3,10}

for A, an i=PCibes 2 wikth T(A,Al)=r

1°

*
is an 1-PCID of A .

1 ===

o *
Priiespeois i b ouns 4u 10 (8) (A )

b)Y BEA ., KRNI

N3

Al 45Y48h



P vilonanat!

~

e~ Ak
B=UBU’ IH

(4.2)

. %
We have to prove that §m(A }

47—

N A * D - s
Let Baghe 1-PCID of A defined by (2.1) with

1¢ OF, if we take

Bene
= .\l

For proving (4.2), we use that HIZL*+U(H),where L. =Ul =(IwUT“}(H)"

Therefore (4.2)

(4.3)

and

(4.4)

Prom (2.1) we have that

B(h’+1

—
N
o
[$x1

~

for every h'el’,

i

4

.S equivalent to

H
H,y ot
Bazp
F g
H 1l
Ll
L]
e *
:
: g
*)=A*h’+qk fo. powkE ‘1 = =)D *H’+I’*)
: ; B7R xR R T

l'*\C_L’*
.

Recall that Ty is ‘a partial jisometry from fl onte UH, ‘so
H : H’
; , - ¥
M M A - 7 1fm?  mim? ,_‘D
UT1 11*1 PUH ; analogously U 11 T T3 U’H’ . Now
H Hi
pintp boo=m wintmrms fan atmstprorta
S ST O LR e e e e e e (Rl T T

1,

=T A S om o p¥p Yap

i

il

.i-,\*
e ]

- 0 ~ A i '.* * .
Being thils | and the fact that A13H=A , we infer that

/i
dl

(4.6) V{ 1

*
(1L+U'h'):PnéA1PU%H’(l*+U’h')xP

H H? i
LAty =
‘U”l\ ke =

(@

=UT ATT/h'=un ! o /h’=van =ua"h
1-& i 1 3 J *.1 1 .Ll l‘}}_‘ ‘ . O 1)



for every hi'eH®, 1

Gn  the ether hand, by (4.5)

H i .
(4.7)  ByBA1+Ufh/)=p iGH(G’ 1100 )=
L
LP,M(h +t i*)ﬁbA h X haleiit o i
The relation (4.6) and (4.7) preve (4.
In orxder to obtain (4.4), we will prove
L]
(4.4)" Rt ,
P/ "Bh'=P "A h hiellr
* e
and
i
H! H
LY & i
(4.4)" B, B{U~T')h=P ‘A’ (U'-T )b’ nUefi’,
" % ket A
For (4.4)], we have
H it o -
PLlBh'xPLl?gt’*h’=Uq“§(T’*h’+(U;~T’*)h’):
* *
Kt
A ] . = *
R oy, ol (Lo #) (DT il S s
A*
~ * * A * *
=Ug GA*(DA*T' BGE(UL =T Yh')=U(u -1 Y& h's
N 2 * * :
={I-UT )A h hefl,
and
H :
1 * :
, A h (I-U7T )h>':<h",l\l(D;*h-«(UJI‘)Tii“L%:
*®
s 2 2 S [y ® 7 (4 i
=<h 7 t'xDTf"hy :<(I"“'U.D )A h (I""UT )h>,



for every he€H, h'e#’.
“The proof . of (4

preceding Propesition

*)l*‘Trt;
<By S, (UE=T0h T,
=E(U AT Y, AL (

=<0 ® (U’'~T')h’,

(U=

+<0 @ (U’ -T')h’

and

H

i

1

*

Bl@ = h

=<UB(I-U'P’In’, (

= < 07‘,* PA* (Dﬁﬂ -?,)?)l...
’}'<F*1(]—pA+)DA*h,J

These imply that (4.4)

(4.8) <0 ® (U’'~T')n’
=<°Akpz*(DA*D§‘

and

(4.8)" <0 @ (U'-T')h’

i

for every hél , hleH?

4)" will involve

(“A*PA*+T*1<1”pA

..20..

The last two relations prove (4.4)°’.

he whole cons trLcLJon

3.1, First, we notice that

*
(=T b=

2 *
DT = (U=-T)E h)>=

* e
(0,Px*T 1 (1~pa)) (Dyh= (D, TT "het (U-T) T *h) ) >=
2 ) ~l.'l y
7\ fi(D ])_L *h—(U"‘J., T h)>+
— = ¢ NN
I'y(1=py)D, h> bl wians

(T=ur yh>=

3 * ~ 2 * *
T=UT ) h>=<BADL,~ (U -1 WT4H8),  (U,-T Y =

) (D, - e "ot (ut-r YR, O@fU
(U - 'UT%), o@(%i—7ﬁﬂ>+
D@ ~T )h>, heH , el s,
" is equivalent to
2 2
0 4P (P Po*h=(U-T) T @ =
*
= (=t aipon ) 0P Y,
Fl(l~pA)DAh>z<F*l(1~pA*)DA*h’, Q@ Ay =T

T5)h>=

%
yhs



Por (4.8), the paint is that from (23.7)* we have that

(4 0\ D D2~J-]_"[ —tny M*A... !7*((“ ) yTv m*

-9) APp7h (U=RT i=-2, (0 @l =g H)

Analogously

(4 9\! D D7 14 ml’ mll { rA 4 Ny 7
1.9) A [,n »(U )L W i==2"(0 @ [(Ut=T0")h),

These means that (4.8) is equivalent to

<0 @ (U'-T')h’ Z;(O ® (U,~T )h)>=

“aPa
*
m<ov (O @ (U =-2r3hty, o @ (U =2 Jh=>,

But this follows from (3.9), because

<0 @ (U’~T')h’, (0 @ (U,~T Yh)>=

GDndn

A : SEL
=P {0 HU =D, o, p.7 1( 6 D (U*~$ Yhy>=
" * v F T o 7 . *
”<0A0APA(O G =r ety 0@ (U~ T Jhd=
L‘& ]\J. 4 -2

=<U *2 p 0@ (u'=-T yh', 0@ (U, -T Yh>, held,

*

so (4.8) is preved.

For (4.8) , we have (using {4.6) and (4.6)°

L (1=p, 9D, *h’, 0 @ (U,-T ") h>e<z IjizA)

* *
0@ (U -T Yh>=<T

2.kl )= #VD. *H*
175 (1 Pa )DA ST (= D) w

AT

3 "
=< T (1~o §I2, D, #hlt, (lmpA)[}DAh+DAT(T h)+(UmT)T*§]>=

hed .

heid

-

h'ef”

%*
-ty dly f
(=py )b, B

b (U-T)T hd>=



-29 -

A * 2
- f e n vl 7 Tk 21 F T T P
<(1-p7j (A B, *h @ (u’'-7T }DA o 11(1 pA)DA;,_%
=<0 @ (W=7 5h", FI(IMPA)DAh>' hel . hdee,

We have now (4.8) and G481, g0 4440 % wiiieh completes the proof

of the proposition.

Nete that, in particiler,

= * A\ e e A .
(827) 7=U"(AD) " (T 1Ly,
& AL

: % : = 1 . o 2 ' /“ by
We will define now the unitary operator between R“ and

Dv*’ announced at the end of Section 2. First, note that from

(4.1) it feollows:

(4.10) 0% (R, * )=R_*.

=D

Hedr el B0

ey

) :

and from the definition of Ri* ”

)

* ; * -~
o Y ®ONS 3y J e Wlies i iplie iiltne
RA (DA*+L ) & {DA Ajhfll#( «17F) )Jl : hlénlj
1 3 1
=(0, %L ") ofp, s7¢ 'vhoe (Ul -1 *)17 ; nlenr, 1telsy” =
n e TR sy . TR B ke, oo

1 il

= (D LY D, ! f+U’ 1! 5 heHs el
{ Al ) C)ﬂi\fl L*llA_‘ ‘1€H.! l%CL*} =

A

=D, % & {D *(H')},,
RORL



which completes the proof of (4.10).

Consider now the operator w,,*, ; explicitely

(A )1

CA

A
We finally define the operator w : by

Al Al 2'\1
(4.12) ) (Ti;Tj)xw : R 3, Dr’
i |
A A A
\ . * o 3
w l“‘(ZZ\) G A s SR l,
(A )
1
Al
Lemma d.1. The opevator defined by

fos

%
from R L onte 0. *" and
il ettt SR ol b
it
B A, 2
(4.13) GfiTep ) (0R@EUTL ) =D, = (1=p ) (0.@ 14},
i

£) (D *h’'+1' "),

4o
éL’ ¢

4.12) "is unitary

Tl

Piro o £4 Brom (4.12) and Corollary 3.3 it follows that

Al A

; ) 1 . 5 G
w is a unitary operator from R onto DF*. In, order to veriiy

1

(4.13), we have:



A, By i e A,
Coadlic s S (R e (00 B 22 ) e UTE - (lep )60 @00 11 )=
1
Ay Al
— e ¥ - 7 1t v1 8 e d 7N
Gl ) 0 © (DT
=k * (1~p % )r' (~D *Dz 144 (U __m!*)m:lt)_
B e g = e i e g
Ai.k "
=7 X * =19 L - * 3 =
L‘A ”(A ) (1 E\(Z‘.. ))U ( DZ}.},L }
i 1 i
Z ) Y.
gt : —T * CE -~ 1 t & ’
2% (a )1(1 P )1.D(A )1( A e lhe et
e 2l ¢

where we used (4.12), Corollary 3.3 (for A. instead of By (388

1

e
. : - R : 1 ;
(for Al), (3.7 lgEox Ai)’ the facts that W? = 1, T et
; : i
TiIL’: and (4.1). Suppose»now that 1'=(U'~-T’)h’', whexre hi€l’.

From (4.14) it follows that

A
1
(4:15) - wi fl=p. )004@ U’ (US=T ')
lhl X ( )1 ) »\ ("{A )1(3 D(Z\ ) ) \A )
> ' ; .
.(-DT,h'+(U'*~T'*)T'h')=zA*DF (1-p, *) (-D, D B LG -
: " :

~T**)T'h ) =Dy #2, # (1-p, *) (2, 1) T (0 @ (U/-17)h7)=
1

=D, *(1-p™) (0 @ (U’-T")n’), heEN”,

1

*
3
£

by | 3 . “3; f * b
where we used (4.11), (J‘lO)l, (3.7} " (for & ) and Cerellary 3.3
* : .
(for A ). The reliastion (4.15) is exactl ly (4.13) and the lemma iz

now completely proved.
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As an application of the construction involved in the last

two sections we will give the following result, which will be
) 7

esentially used in Sections 7 and 8.

As we know (see (2.7)), the space RA is included in ﬁﬁ e
1 Tharey
Al Al
it is possible to consider the operator (l-p )]RA : RA R

1

et

AN
il SR, A
R LEE T
Al
A
lb) l
A
1 , -T
1
D > U *
Tl 1]
is conmutative:; that ig
Al Al
(4.16) Frw, =-u ~(l-p ) [R =
1. Al Al

P reoo f. Prem Lhenmd 1.1 () - [ for Al instead of A), we have

that (4.16) is equivalent to

A] Al
)DA By 1-p )(lmpA

(4.16) " Fw, (l-p.
1l A‘ Al 1

1

bt
bt

for every h1GH1t
o

n
h
”l}n=l

Because-(l-pA )Dﬁ hi is in D, , there exists a sequence {DA h
Al RN 1 2],

. S : ;
Where hi isin ”1 for every n>1, such that

(4.17) ~ gt

14



oy

From ((4.17) we have that

: n
w, D hy s
Z“xl Al l l &l l i

which implies by (2.8) that

TS e

e 1) (D B TR s
J_ A = l

Do
ASA

New,sfremd (238t Eolilows

’ o ; i ..nw..r
(4.19) IlwA (@F Py )DZ\ h']_"—‘ 'iDI‘

(Lop, ¥ (D PSE-BYN
1 1 &1 i E 1 &) Vi .

On thetotherihand, the relation (1.1)* fer A

k
A
I L e = RO o e
F = {Di’ihl @ U o} Alhl 2 hlcf{lj o
50
A] n A] n
I 0 i o Ly pr e L ! <7
(Irp )DA]ll (l=pi= Uy Alnl 5 nzl.
This implies by (4.13) that
A A A A
5 1 sl ] A 1
(4.20) ® 1(1-»},:) yp, hil=-u “(1-p l)U'q 1\1}1(11.—:
Al 1 1

e o A A i . ) : ae oo I']
smb Sl Spag (oApA+Fl(] pA))(DAPFI 2)hl o

1
A, A, : A, By
Because w ~(l-p ")D, hy ———> o “(l-p )
By 4 1

(4.20), (4.18) and (4.19) it follows that

Ay Al : A A
W Sll=p )(l~pw )DA“hlﬂlim w I ¥
ton, 1 n-o =1

g ik Ak S sl S by
=-1im Dri(l-p )Re (aApA+Pl(1»HA))(DAP+IMB)h1

rl—bm

; A : :
==1im B % [(l=p O R (B Peiopyete
P ) (GAL:A-%I 1 {1 ‘DA) ) \DAP% it B)hl-«

e " i
==11 x T by Pl Bt
lim DF,‘l(l pA’(DA 40 l)h1
0ty 4
=elim B, (1-p, IDy ho=-Tio, (l-p, ¥, h,
h->® S A;l 4.,\1 tal 4 s "Ll .l A‘&l

o ]
(1 pA )DA

for every n2l.

gives that

nEi.

h, , from

1
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As hl was arbitrary in H, the proposition is completely proved.

5. In this section we shall prove Theorem 1l.1. and the gene-
ral. formefePropositien 4.1,

A
We will fix A€I(T',T) a contraction and A a CID of A; denote by

{An}nmo the chain.of PCID associated to A. The basic way to use
12 (RS S

Sections 3 and 4 in this situation is that for every n21, Ay is

an 1=PCID of pri. Therefcre it is possible to apply Lemma 2.1.
L

to the pair (An~1’ An),(nzv, in order to cbtain a An_1~choice

sequence of lenght one, namely a contraction

.
’§An)': RA o3 g s , dwech - that

I (a
n 1
8l §

=,

A
B3 o % 7 A : e n“‘l[' G5 -4 ! A
(J'¢)n An(Ln~l+Lnfl> Anwlhn~lvq A Py rrl(hnwl ’An) i

e ) T + l‘ ', PR J [ ¢
fk=pr, )] fm bt gl choadl - S e
1=l =l

In the same way we obtain the unitary operators w, =we (T% e )
- G 4L

A A e i)
n n :
, Bl
and w l=u Npe ;T ) such that:
n n
R, e P
5 v 2 D o]
(J.Z)n An An_ ‘l(An-l i ]\.n)
1= B ==l . - D P +T =P H |
Ry MR FBL fop sl B, R ‘n-wl)!’n
n n n el n=i gl
A A
i D o 11 10
(BBl (m B (T s A
}\’n An An 1
e (0L =D N SR e
_ el M ne1
e
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o
We will define by induction a sequence of

contractions {rn}n:l

A
2 s = 5 o« Ny ™
and two sequences of unitary operators {QA }p~1 and {@ r}nvl as follows
\ R
“ P.=I_(A,A
(5.3) Bl
i
Q. =uw
A b
1k
A A
Al
2 "= P
anad nzl,
A
n—1 *
(5 [ ol A B8
o ‘"l'l"'l )
. =Q ow
Aniin A A,
n el n
. \n-l A
kQ Dg Gt g b
- 2 . N .
Lemma 5.1. The sequence {Fn}n“l . dig an A-cholice Segquence:

= A ;
for every nal the operator QA (resp.@ m) is a

a upitary from RF

. A

n el
A

(resp.. R ™) onto D, (resp. D *).

n n

Pr oo f£f. For n=1, the assertions of the lemma follow from the

definitions: (see (5.3)

el

1). Suppose now that n>1 and that {Tk}g;‘ is an
A

bt

A~choice string of lenght n-1, Q. (and Q k) are unitary operators
3
AP .
(1sksn-1) frem R._: (pesp. R 7). onto D. (resp. Dr*) such that
i 'k k
Ak 1 ; F. A 1
I =8 Fol@e - o0 Bni g , for every 2<ksn-~1. Define I' =a "7°r. (a ;
k e e k Akml : n EE=me
A )Qx rvdatifellewsd that I is a contraction frem D into D * ,
n° A n 7 [ Il
9l n-1 n=~1

- : Bl : .
which means. that {rk}”~] is an A-choice string of lenght n. Take now
ECSE



Q = 2 0w, and
0% e P | “n
A A
Q “«QA o w
n-1 i
Mha { @ I 1 14+4 ona ake o VG Y CAaUSC — C
+1e previous definitions make sense because N (RA ) Dr (A e
n n 1V " n-1 n
An o -’ An*l
C’RA and o (R n):ﬂr*(A A )C.R ; moreover QA (R. )=
n=-1 Ll s e e o fn
A A 2.
=q e VDI v e A e Rl o ol L R PN Y=Do#  imek
: An—l f (A A rn j‘l(An—l e A :
13 e n : n 5
An—l :
because T (A | Sl )i=0 Sy (1) )- . The lemma is now conpletely
1oon=1 n Aq~1 n
proved by induction. o
Note that the A-chocice sitring {Fy}ﬁm] and ‘the. strings {QA }£~l ;
: 5 4\’_.,' k T
AP n
{Q ‘}y_l depend only on the operator A (n>1).
k=

3 w
Doe & iin it ecn s 5.1, The J-choice seqguence {Fn}n_

1 and the

2 co o " 5 A
sequences {QA }n=1 i n}n=J will be called the A-choice sequences Of

A 0 G ~
A: resp. the sequences of in@é@ificators of A. For n2l1l, the A-choice
A1
ﬁ:}‘
gl

=

‘string {?k}§=l and the sequences {QA }Ezl Pt o) will be célled

k

Y

=1

the A-choice string of AD, resp. the string of identificators of Ao

The unitary operator mA ; defined by (2.11), was obtained from

1
{
a larger one, namely W, , which maps D. onto D. ® D (see 2.8). It
Al Z‘xl A Fl
1s clear that if we define reccurently
(5.4) (n :D ; 0,60, @ ... 00
n ol e ek s B
~ o~ o~ -
5 >
2, =(a, @ Q ) Bl nx2,



.._:))0 —

~ ~ ~ o9 s
where Q, =W then the operators {QA }n“l are unitary; moreover we
£ . =
e n ,

have, forievery ned
a7 ;
% DAQ JTl@“°'Gmfn~
)::D ’ P ’ N ’R =20 4
T {0}@{0}69...,@0F AR PR
n I n 1

A * n
(5.6) Q, .90, @...060., @f{0}))+Uu L=F .
T An A I“l ln-—l An .

i -

We are now able to give

Proeit oif Thewolem 1,1, Taking dnto acecurnt Lenma

i [e2]
5.1, we have to prove only that if {rn}n“

1 is an A-choice sequence, then

: 7~ Y iy
there exists a CID of A, A, such that the A-choice seguence of A (see
fes]

Pefinition 5.1) . ds exactly {Pn}n~1' For this, we construct by induction

a chain {An}i 1 of PCID of A, such that the A-choice string of An is

{rk}§=l o LE-m=l, starting with rl we define (by (2.1)) an 1-PCID, Al :

of AL such that Fl(A,Al)srl. Suppose now that for n>l we have An, an

. . , g n :
n-PCID of A, such that the A-choice string of An is {I.} considexr

K k=1

also the strings of identificators of An ;, hamely {QF }E:l and

Lty K
{Q A}Qzl . Define
- A
& r e n, * .
'(3'7)n I'n (@) rn+lQAn

i

. ~
It is clear. that {Fn} is an An*choise string of lenght one and so it

) s

27 'N',.:: A A
, such that In Fl(An’“n+l

defines (by (2.1)) an 1-PCID of Boa By

Taking into account (5.7)5 and (5.3)n , it follows that the A-choice

i

. ; it : . . ; s :
strlng»An+l is {Fk}kwi .. Since moreovex it is now plain that this An*l

is uniquely determined, the theorem is completely proved.
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V

. o I L S
Roem ax ke ol A {li} it is-proved that the one-lo-cne

ATy

correspondence described in Theorem 1.1 is exactly the same which

reswlts: by Prepesition 2.1, 2,2 and 3.1 fron1&ﬂ»

C eoir osd [iarxry. 5.l POk jevery nzi,

‘A o

(5.8) I (A JA Y =-w M 1-p MR
e n An »

»

P r oo £f. The corcllary follows from Proposition 4.2, where

A ' fas an 1=PCID'of A ) is used in place of A,.
n =il 1

We will prove now the general form of Proposition 4.1.
N > da
= (=] " y S . ®© s N .
Let {In}n“l be an A~-choice sequence and let {l*h}ﬂ“] be the A -choice

e
sequence defined by (3°10)n s {nzl). Consider the CID of &, A,

0 /\7'( o
defined by {Tn}nnl (see Theorem 1l.1) and A the CID of A defined by

x * 59)
the.chain ofsPELD of A -, {{& )n}nrl . where
e Aoy w D ) * - *
LR ST G S
* A%
(n=1) . What we have to prove is that the A -~choice sequence of A is

o«

s

ety For this, we give firstly the following result

w
Al
ADZHE_ ‘e RAl

\ Z?\

fae i) §
25 ax * * ' \ g
(A )1 (Z\ ) - g o /: A
R, *5D_* Cois ST R

e ey i s e

is commutative; that is

()

(r 10 7 = i 1 ( /‘.l /} f:Z < _‘ . /
5.10) AwAl—w U’ @ u) Zy .
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P r o o f. Because R, (D, , the relation (5.10) will be

if we show that

i ~r g A A
I (h+{UmT)h>z¢0A* (U’@U)zA (1-p_. )D

! Z
(5+:108 w n 7y

A% (1-p

1 =

1 (2 ), 1 s Ay

~

for cevery h, h in H.

First, we have

~ ~
o 1 } oy S o . Y e iT }oul1 1 e
(1 Pa )JA (h+ (U-T)h) éALF (1 pA)(DAh+(U Tih)

Z. W
e REE R 1
! *
=D * 7, (1=p ) (D h+(U-T)M) =D +* (1-p™ Y2 (b, ht (U-T)R)=
Pip o AT A By el AR
n" - 3
=DF* (l-—pL ) (D, *Ah @)(U*~T ) (Th~DTh)=
= A A
]'k
* o o’
=D, * (1-p= ) (0 ® (U,-T ) (Th-h)) th, hewy,
*1 2 :

proved

(ht+ (U-T)R) ,

where we use, in order, (2.11), (301031 ¢ - Corollaey B3, (3.70) dad

o~

A
: A ‘ c » _
the structure of F™ (see (1.1)‘). On the other hand, we have

2p )0, (it (U-T)E) =

*
(A )l T Al | :‘"
=0 (U'®U) (1-p ")z, D, (h+(U~-T)h)=
A.TA ,
. 1- =3
=m( )1<6®G)*(1—p l)(D *A, (h+ (U-T)h)D(U mm*>(—92
‘ : Ay g *1 71 Ay

i e A -
=g “(1-p ) (U'eu) (0 @ (U, =T ) (ht (B=T)h) )=

< *
(& By " |
e 5 (l"p ) (O @ U*(U*I_Tl} (h+ (U“T)h) >:~

g

s S |

BEL DG TR e W 1y C R
D w1

l*l
A, : .
=Dy * (I=pi 940 @ (U =T }(Th-=hl) (. B EH) ;
*1

(h+ (U-T)h) )+

where we used Corollary 3.3, (3.7), the structure of F * . (3,10}1 X
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(4.13) and the properties of isometric dilation. The lemma is now

completely proved.

2

* (o]

Priop oS ¢ d.0n 5.1 The cholce gegnence.6f 5 is {l"m}ﬁ_ﬁ1
and
b e
; : 2 N n ¥ )n o
B 2o IR = (U Q 2.9
(.),11.)n Zn I\A (Grou) ) Zpfa g
n n
o W
asfeq ¥ rr D = , o] k
(J.ll)n 4] -li\ U ( (A ) 4270

0 A
o pegnd e )qllw] are the sequences of

}

for every nzl, where {Q

(")

*
ddentificators of A ,

P

=

© o £, We proceed by induction for proving that the choice

: PR R o o R o P i R
string of (A.)n is {l*k}k=l and that the formulas (3.11)n and \g,il,n

are true, for every nzl. For n=1, the .results follow from Proposition

*

-

4.1, Lemma 5.2 and (4.12) . Suppose now that n>l and that the A “chotce

. * . n ; . o :
string of (A )n is {F*L} ; the formulas (3.8)v1 and (3.8;& being
'Y o 1 ]

(A*)k}n

=1 the strings of identificators

- - i+ n 3
true Wl h {Q(A*)k}k=l and {Q

n

g

e o]

W

% ’ i
of (A )n. Considex A .y @s a 1-PCID of A with the A -cholce s
N )l i

A

- Iy
(A, , B =0 ™'

1 By (@, ). From Proposition 4.1 it follows that

neds A
n

* A * A
the A -choice string of (An)lrU A U’I( ’+-L’ ) is

* * *
g (Ax o (A ).):Z ri(én’An

From (5.11)n ; (5,11)% and the definition of Fl(A, ’Ankl) it follows
: : 3



* \ o AnNn ('A )n Py & oy 1\1—1
{5 2 A @ =T by / r 14 o ¥
(512 Fl( ’ *‘“n)ﬁ @) 5 (9 ) aAQA \QA ) In+19 2
n n
(Qzﬂl)*'( A *Q A,‘rji,
. i da R, * =
; S R ) L
n n
(7’*) A
S AT 14 3 BP0
L U i ¢ 01 * ¢ 5 *
ey du ) Teone1% @™ Hepl
n n

But from (5‘9)n+1 , it follows that
% Axptl. % Ao ond] . * Fiooh Tk
& 2 \ =17 "N Tl a5 7 e qpT il .
ig‘ld) (A )n+l 0 “n+lL e R TRIRRE o

A % * ~ ] * 1 *
- “(An)lU’n!(H’+ Tk HURLY Ty,

s . . - I 3 5 A 5 . . Z * <

‘wich implies (by (5.12)) that the (A.}nmcnolc; string of (A )n'J ie
*. el
€T . :
(@ 2 ,+IQ(“* « This means that the A -cheoice string of
‘ pn A )n
o AR e S o | o . ;
. Using Lemma 5.2 for the pair (An i An+l)’ e

Bl sy el

have W
%
L (Ah)
Z =(U'D) (w

A 72, . p

1)*
n+1l An “n

&

and then (5.11)n+1 follows from (5°11)n + - §5.13) and Lemms 5.1.

From (4.12) (for the pair (An ’An+l)l’ we have

*
A A A A
ntl * n a5, n+il
W =(z ™) w( 1. O Z i
which easily implies (5.11);1+l and. therefore the prbposition is

completely proved.
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6. Definition 1.1. shows that the notion of choice sequence
involves operators defined on different smaces, constructed in an
ite?ative way. This is not the case in the classical extrapolation
theorems [%], B{}, Dﬂ . In order to obiain in our situation an ana-
logue of Schur indexing, as well as for the sake of awplicatidns

in the theory of wave propagation in layered media, we give now

" "

a more computable description of Theorem 1.l. To this aim we
first define the " observable sequence " of a CID of A; then we

givg iterative formulas in order to connect observable sequence

and choice sequence of a CID of A.

Consider again the typical situation of thisg paver

-~

(i.e. T €L(fl), T'€n(H’'Yy, RE€I{T’,T) are Fixed contraction). Let

A be a CID of A and let {An}::j be the chain of PCID of A. Tor
every nzl, we have :
: n-1 n
(6.1) Beme ol . D L +UH,
and
ok HEE =i i gy, o
n n :

Dbef:4dnition 6.1, PFor n2l and lgkén, the operator

will be called the k-th observable operator of A .

The string {Sk(An)}ﬁ=] will be called the observable string of A e




'“3@"

: ; 5 n 7 : 5 .
It 1s ebviously. that {hL(An} k=] 18 uniguelyv determined
, I = ] Y

by An.

Lemma 6.1. For an n21, the observable string of A

uniquely determines A _.

Pk one £ The eperator AnéL(Hn’Hé> is uniquely determined

by its matrix with respect to the decommositions (6“1)n and

(6.1)5. From the definition of an n-PCID of A, we have that

P'A_ = APIH_,
n n
which means that o is uniquely determined by the operator

(le’)An. On the other hand

Y - § 50 n
APUq!HxAPTngzTénAnlHzﬂéﬂ”AriH:
|3 i L A
N 1 = n
= U’IP’)\Y}iH: ‘I‘; A,

=(14P')T£kAnlL*=

L
n
% 2y n i —]
r(I"P’)T’k[APiLw+ 3 ek iSE(AnU :(1—p')T£k[%p[L*+



o

and therefore A is uniquely determined hy its observable string.

Riemark 6.1, Let n, mzl and I=k<minfn,.m}: then

PR o 7
S:(An) ’k(Am)’
. . - o . . 7
just because {Kngbw is a chain of PCID of A,

This remark Jjustifies the notations
) )
(6.2)n B oR) = Sn(Am), nzl,
where smzn iz arbitrary.

A
Definition 6.2. The sequence {S (i\),’»n_~

LN
called the ohservable sequence of A,

A
C.oreo l 1l azxryb.le The abservable gequence of A uni-

PO

A
quely determines A.

Remark 6.2, We do not know vet tfe - conditions
| Gﬁg&%@ 5
for a sequence Sq:L*r~9Lf; nzl,; such that thercilexists A,z CLE

of N such that Sn=SD(A) for every nzl,

We will try now to undexstand a little more the observable
. A '
sequence of A. For this, note that from (2.1) it follows

(6.3) Sq(A)=q"o,

) A e
AP (D BHT-PY L 49T {1-p, W(D,p1-R}] L
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Define the onerators

iRO(A):L*P?L'

(6.4) »
(RO(n) = qPo,p, (D.P + T-P)| L
. [0 Prky S O
R{A) :R_»—> [

(6.5) ‘( S R
[R(A) =(1~-p) (D.P + I-P)L

A A b i * )

RELLA Y R s 1

(6.6)

R* ()= g™ R®

These definitions make sense for every An instea

therefore we can define the operators:

O R
(6“7)0 RO(A)——B (A) ;
(6°8)o RO(A);*R(A) "
(6.9)o R(’)(A)=R’(A)

and for any nx1,

e  RO(R) = U/ TPRO(A )L oL
oy %
= 5 e ]
(6.8) Ry (R =R(A) 2, 20, — L,
0 PRy =7 D Ayt
(6.3){) . Rn(n) U R(An)(ﬂ n)

F%&m(6.35 it follows,that for nzl we have

~ A ¥ A
(Ry+r! ()T RY_L(R).

: bt 2l
(6'l°?n Sp(A)=R__4

nxl
121,
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A P
Liermim a 6.2, The onerators Rn(A) and RA(A) are

injective for every n>0.

Prio-6 f. . Prom (GES)n and (6‘9)n, nz0, it is clear that
the lemma will be proved if we show that R(A) and R’{A) are

injective. But for 1. = (IwUT*)héL*, where hél, we have that

ks

%

R(R) "1,=(1-p,) (D,P+I-P) (h=T" Th~(U-T)T h) =

=(1=p,) (Dyh= (D17 “h (U-T) T "h)) = (1-p) Dyh.

Therefore, frem Lemma 1l.1. (b) and (c) it follows that

* * 5
R(A) and R’{A) have denscec range, ‘'which means that R{A) and

R’(A) are injective.

Comol larve.2. Lot ns0.a) Tha Sactorimatics

. . A
Té . A is regular if and only if Ré(A) = 0,

b) The factorization

A Ty is regular if and only if R_(R)=0.

. ~ p
i Tnokhe next sections A will bée§ixed b v M@

of A; we will denote
LG
:{nv—Ran) ;
RII:RH(A) i,

R’=R’(ﬁ) for.n=0,
nin .

and



il

2~
S =5 (&),

for-n>] .
n. o n

We will give now iterative formulas for the

R}

we infer that

%
= /.I‘ G
Rl R\Kl)ZA

7

3k
which means

e ( *
R1~J R'Al} =)

(l-—pl)DA i

il Bly -
=Dr (lpr)(DAf+IwL)IL*:Dr‘
1 . i
Therefore
(e B Ry =R Dy,

=k

Suppose now that n>l is given and that

(o R R

Then, from (6.8)n and (5,3)rl it follows

R =a_R(a ) "=a R :
no A An) e P (An) il
n 1| A ¢ |

=Q @, (lupA )DA IL =
n n

so that

(atls.

Therefore we proved (7.1)n b2l by induction.

R
@]

e fRY .het start with the seguente R T
0 and {Rn}nmo Let sta t with the sequence {ln}

n=0



. Indeed, for (6.9)

Py
(@)
@
[

A similar formula is walid for (R} L

and - (4.13) it fellows that:

i\ ;& ]\x
* * % 1
Ri -“—‘-“Q IRI (Al) UF!I,::-Q 1(1"‘}:) «)Uiiir:
=D *(1-p™) 1L =p *R’",
I] Fl C
sO we have
I= § *
(7'2)1 Rl RODF ¢

1

A similar inductive argument (as for (7;1)n) implies that

! ‘=R CDoA=RID %, o, i
(7.2) RY R -10p*=R(D; Dy
n 1 n

We proved thus

Riramiesong it d o n 7.1, For every nz0

(] .____‘O'.g_’]"' R
Crids onn bl
where
R =il= BebiieP )l R_=R i e
BB B TRyl e Dp
: ¥ n
R =q" R R/=R'D_ *... D_*
(] A QRDG I ’
1 n
and Rg depends only on An.

o
I

The case of {Rg}1=0 is a little more complicated. In fact, . the

. . O, @ o ; g
iterative formulas of {Rn}n_o give also iterative formulas of the same

+ 2 ® ';7 _4 7€
type for {Sn}n=1 s Broms 6 )n and (6.4) we have that

RO=q"g p. (D.P+I-P)]L a
fo 4 O'APA DA =0 ) " an
n An
R =U' "q "o 'L, n21.

i



Define the operators:

(T e e 0 e L
1 n
N
oD
*
n Z\n '
and
\ . g2 D7) T O I
(7.4,n in-DA @ Url @ B arn e |

Y "U’*n An(cf + (a " A Y (1 ?;*
b e AnpAn 1Y% B pAn))‘A

n

,Jan, arvem} Mz,

Taking into.account the direct sum DZ\ ® DI‘ B sne @il

I which appears
1 (
n
. \ L 4 Je 1 avae
in (7"3)11 and. (7. )ns we have
Ao
z\n ; f!
K= | : where
(7.5) i X0
n
'
n
X, /)
Xo L. 3 7 and
n ° * A
X:{ o e S 1£j<n
J
and . :
e} 1
(Bl 5 where
(bl ¥O:0. —> L7
n A -

Yi:vn_h—ez/ 1<j<n ,

3

for every nx1.

: ~
From the definitions and the properties of the sequence {8 }

(see (5.4)n v (5.5)n i (5.6)n ¢ n21), we dnfer that:



k5~

) ! ' W
C7 ) S o= =Y xo+le1+,..+Ynx’
n el nsn Sy S o ST T n n
> Ol st ‘..1 1) -
e RoayOuulaty  ayliiyled
n nigrménm.snon n n
¥#* o v al
(7' €) " R'H & X""
y n
3y RARE S By
(7'6)n \nrn+l n

for -every nz1.
Thé aim of the rest of this section is to give iterative formulas for

g (4] < . . . . 2,
the sequences {Xn}n;_l and {Yn}n~1' Let start with the study of the

0
sequence {Y g
sequence { H}H=L

Lremma 7.1. With the notations of (7,6)1 and ('7°6)2 2

a) y%=p

O

|
bh) Y2~x1

Pir oo f£.-a) Let D heD i fho€HYy; using. (2.9); we have

. AR
TSRl L S e P e S e
i 1 A EA e O e L Sl B
] 1 1
A
=u""q (o, p, +T. (A, ,A))(1-p, )D, Un=
N e B o
i | S
* Al * Al o
=0’ T Sl ¢ i, ¢ _mr 2
v’ g cAl(DA1T1h+(b T, h)=0" ¢ \DA14<9 (DF <23 2 1)
=U’*U’(1~P')Alh=(l~P')A1h-,
and
YO(D Ll.— i.kz'vAz +P " ~FE Ak
5 Alj—U q (oA Pa 1(A2 ,13)(1—~pA ))usA wA_(DAh)-
2 2 il
A ; :
i B2 0 2 2
=0 g “lop Py 0By o Ag) (15p, »DA Uhe
24y )
ok

<y *q 2. Ip, T ¢ T



L

*" Z\k,) =
Sur “[b Uh @ (U'-T4)A,Uh|=
by th

(=T e A =t (l~?§)T;A2h~(i~k YA, h

therefore

b) Let Y1=Drl(l~ph)(DAP+I~P)h1€9F1 (h1€H1)°

Then, using (2.11), we have that

=g - s
Y79y (1=p, }D, h,

1 e 1
Because (l-pA )DA,hl is in DA » there exists a sequence {D h }n
i 1 1 l
1 shai n AR v E nu o I ~ Xy i
such. that DAl hl —> (1 pAl)DA1hl ; Where hlcﬂl for every nzlt

using (2:9) . we have

e =U’*20A2(o (2 A (1-p. 187 w. (1 )b h, =
71y 1 A pn Ty P Py By e |
i) 2 SRR 1
A
. 2. D ~E n
=AM G = (gapl (A LAY LY P Sl B =
oo 0 e Ay By By
: *2 A n n
=lim U’ g 6A D, Uhi=lim g (U —T2)A2n1:
n-—=e 2050 n-—-e
*
= L5 ’ i u’ -Pry ¢ ) 1~
lim U (1 -p! )A h =lim U’ (1 Pl)\cA Pa 11(A1 ,Az)(
n—>eo n+eo 171
A A A
=11? ¥ proo 1, *n et e ¥ 1 It "
=% ) Pl)(wu ) .2wAl(l pl)DAlthL o e 1 ) rzyl_
-R Fzy .

" Taking into account (7.8)i + the lemma is completely proved
! 4

Lenma F very n,mzl and 0<js<min {n,m} we have

Then,

i



LS

n m

Prr o o £, Thids sulfficient toiprove that 4f n>1l. then

j...v‘j ey Y <
Yn*in+l " for every 0<jsn.
To apply Lemmai7.l for (An*l : An F An+l)’ ins?ead of LA, By . Az),

which appears in this

e e -
denote by Y7 the operator "similar" to Yi 2

situation (i=1,2; 0=js£il)i. Then, by (5.4)n, (5.5)rl and (5.6)n , we have

el EEE IR
Y=t a 1D
1-"n A -1 Fl(An»l ; An)’
=1 .n
=L : 9
At s Ry i)
n~1 il
anc
=0 o) s n-1
Y 9, w(&n P Y reees Y ), §
n=1
: ~ O~ O o1
2‘2]\ (£n+l i ey ¢n+1)
n-1

The lemma follows now immediately from Lemma 7.1.

This lemma enables us to define, for every n20,

n n
=Y 7

(7.93n ey

where m>n is arbitrary.

BT eopuods i il je | 1.2 Bor all meral,

e Ppadioiy o
11

(7. 10) ¥2=y2=Rr’D
n m.l Q 1

Pr oo f. From Lemma 7.2, we have for nx1,

.0
N -~Yn
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so that the proposition follows from (7.8)é and d7 00 -,
; n

[ee]

We fix now our attention to the sequence {Xp}qml p
S P B e
Let n=1 and hn~l£ Hh"l s Then,from (2.1) (for An instead of Al), i
follows that
2 2 2 2 ‘ 2
D n ! = o AN 1 H < I =2l Ay 1 =
I 2 hnwl | 'Ihnfli! ’iln“nwl'! llnnmlll ['Zn—lﬂnml;‘

n

1 S

This means that there exists a contraction

»

: o
('L,ll)n B DA PUSRR 1.~ DA
n-1 n
B 1 =
“n JA X DA I”n—l .
N4 N
Using (7.3)n i (7.11)n and (7°3)n~l . We infer that
£ o) <, -_:”’T
‘/‘l“)n+1 An+1 Bn+lxn !
where
~
B W@ @ DD D B DD
(7.13‘)”’_}_l (n+l A I‘1 Ty A I‘l I
g ~ F fé*
=0 5]
n+1 An+l el S
We will need also the cperator
A0 )R SR GO IR W » G < )
(7.13)l Bl' A A Fl
.=0.B
) it B

The formulas (7.12)n:,-(n22).Show'thatffor:understanding thévStructure.

of the sequence {Kn}:=l,we must focus our attention on {Bn3:=2' Denote
@D @

by Qz the "projection" from DA + DF onto UA and by Qg the projecticn
n



e

from the. same space omto U, ~, {(l=j=n); nzl. The key step is the

L.

following.

Lemm.a /3. For every nzl

A A
o ot P n e N n
T BT =R T ) (=0 (N D) T 9
(=7 L4)n+l In-%—l [nkl ,“n) cAnxl Cis S ) Fn+1("!l] ODFITL]_\NP“ .

P xr oo £. s dn the proof of Lemma 7,2, one can' Teguce the

preofiof W) (for ned) to that of . (5.14 ) . 50, we must proof only

L

(7.14}3 and (7.12).,. It is easy to see that the proof of (7.14}), is

2 2

a simplified version of the proof of (5‘.14)3 ;, which will be verified

in the seguence.

¢ : W
Liet xel. @D~ dnd D n} a seguence such that D hn~aﬁm i
A [ 1 A} 1 n=1 5 Al 1 r‘xl

3 n &
where hleHl for every nzl. Then

~ ~ ~ % [ ~ %

(x € 0)= ) 37 0Yy=11 3w
BS‘X & 0) QA D3QA (x @ 0)=1lim qﬁi 2
3 2 n-+co 3

(D

L, Bp. anteiim o, D, uhDe=lin 8 ay @ o
=1l1m hio=iim ] P o kin g ) =
i A3_3 éz 1 e \3 A3 S 9 iy it

f"#— ~
Q. x)® O=E2x @0,

~ n ~
=limidodeB D, - ha) @i0=(a . B
il A2 2 Al 1 A2 2 Al

where we msed twice (2.9). This re]ation means that

t

(7.15) 310, @ 0, @{0}=(1-Q3 ) ra (1-Q )ID 0. & {0},
; 1 l

which also implies that

LR T
(7.186) Q3B3~Q333Q2

Take now an element yzevr such that
2



Y
‘A‘ “ £} P
925& (C © O@“{z):’(i“p& )DAﬁxll ; (ulé hl)
2 2 )
We have
* bo P
B (0 & =020, &, (0 @ v, ) =05 [ieps. 4D
Bl e e “933 LGl A3L3 ] PA?>JA

3 3 2\2 F? 1A Aq 2\2 1
=0 - (l=p. VD h.=0_ D, (1-p. D h_ =
. & A i A A Rt y
]\.\3 A3 1 -12 Jl( 2,]\5) 9 [2 1

B2 2 2 3
-~ IO o '., *ﬁ) ) iy T o
where we used that L3(DA?U{l) & (.)A?)UHZ) .
We proved that
3.2 2
Ba=D. O
7 B Q333 Dp Q5 .,
3
It remains to study (l—Qg)BBQ;. For this, take again y,€0, sucl
£ Ly 4 -y
¥ : N, ® s
=Aaiml ! Sl nc sequence 3o with D
QA2Y2 (1 ?Aq)Dﬁzll ; (hiedl) and a seqguence {DA?hz}n:l’ with
La l

— (1—p2)D h, , (where hg EHZ for every nzl ). Then

Ale
(7.18) (-0 8.y, =(1-0Ha_ 5.3} v, =
= SR dneg 3 A3'3 A2 2
5 n ~o n
=}im Q- .p. B D, ‘h-=lim Q‘ w, p. D, hy=
e A3 A3 3 Az 2 N Az A3 A3 A3 2
r DAz@ 3[‘4 (Av,A5) . "
S ML Riatdetiat oy DR
E Ny BT ¢
~ AZ _ -
Shfgien o g “Yilo cpy 275 (A, A dlap WD, Heos
e .7\2 A2 A2 Naian 3 B, A2 2
= (=g T30 6By 2 A (=P JD, ko=
A2 e, 3 A2 AZ 1
A A ;
- Pocii 2, %
=R, (l-q %) (a 7) B -
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where we used (5.4)3 ; (5,6)3 Wikenma - 2.2, (2.8)and (5,3)3 —The
relations (7.05) ' (7.27) vand (7.218) imply (5.‘14)3 and the lemma is

completely proved.

The final step is to study the operators:

ol R R I -
(738 Sl 2 ®7; ® Op
n n 1 n
B i
Cn="Q] (l"q )(Q ) ’
{sce (7°l4)n) W2
L eem ma %.4. Por every nz2;
; *
(7.20) c=[Ca-1Pr
; n n an
*
iy
n
Pr oo f£f. We have that
Cn:UA@ DI‘ c? CENIREE - 0, r——'—'—é'ur*
1 n n
A A
PSP o SO RN oo
Cn~ Q. (l-p )(QA )
n
Fromn (5.8)n , it follows immediatly that
* An An *
(7.21) P T TR e R L W L
e n 1
. On the other hand, take x €0, €)0r ®...00, ;' Such. that
' e 1 <2 el
= . T Then:
3_QA DA hn—l Sy €-H Yoo Themns

n-1 n-—-1



i A ke _
C, (x ® 0)=-a “(1-p "), (& B, b @)=
n n~1 “n-1
A A A A
n n i g ot n i
=0 (1-p ) Uh L, =80 {(1-p U - A =
e )DA “n-1 ) (U n) nn n-l
2 A
=Qrt (lep v U {L=B VTR B =
S n-1'"n"nn-1
A A
n-1 =1 > ;
=0 ol 1-p U’ (1- Yo ol
DFI(AW"J 5 An)( k ) g Syt oy

Anm'l An;]
gy "4 g F i A =
D’nd (l=p S0 {n~1)“nmlhn"l
A I
R R
Dt o &=p )0y ST e ®
n n=1 n

where we used (5.,4)n o (BT Y il Xy 052 T I3 a1

proveda that

g * L L. * T )
g 7 03 =D * e 1 I < D IO
(7224 C 10,00, @...00, @{0}=D.*C__, (1 QH}IDA@/P ®...60, @{0)
1 n-1 n ! 1 nel
The relations (7.21)  and (7.22)  imply the lemma.
 Lemma 7.3 and Lemma 7.4 suggest the following discussion.
Let I':G > G’ be a contraction between the Hilbert spaces and 67,

Define
(7.23) IO > ' DD,
JATh= Ak D
r ; ‘
Dr

A matrix computation shows that J(I') is unitary.

‘-»'-;;7 e

Returning to our situation, we define for n=2 and 2<k<n, the

operator



~ A5 Y e 7y n '( ]/‘
{T‘ i OR gy 2 :\n o) TN 2 Rl ar
(7"34)11 Jom ,?AO!\AC)JI. @ . "q‘f}rhl @ Jrk‘t’), : .C?DFn b

A ! { .
—> F.@R @D, @...80.x & o
72y 47 S

1 LEF"E“MEE, S

which acts as the identity on each component, excepting those fraied,

3
on which acts as J(T, ).( ). We will need also the operators

DD as [
TﬂO’F Cﬁ..CﬁF
1 2 n
—> @]?A o l\f 7 o DD
P]\ < @jfj\gbf,,@ D v "

LTty ,

defined as above, (for n=1).

k

3 1 ™ wolE ) ‘—
(7.24) Jn(ll),rA;\Pv

Ceonsidexr the operators

lﬂj A e
(7".25)1 Al~,f0£1 D\QDF; > Uﬁ@ur]
and , for n22,
i B ; i 1 b,
(7.23)n : AI'VA@DI‘*]@DF?@“'@? i 0A€99F]E{9...@Drn

which acts as the identity on each component, excepting the first two

5 3
on which acts as Al.

Lpesatm & - 75, BoroevVery n=2 : -
(7.26) ' & b

n BnmleJn(I‘z)...l.cn(l‘n)Cr.1 ;
where . =

Ot b e

e DA_@DPIQ;' . 'G‘QT)I‘V}__1 DA@DF1®. : .Qprn—l@prg

is the canonical inclusion.
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Pr oo f, The lemma follows from (7‘14)n and (7,2())n i R

note that the right side of (7.26)n makes sense because Jq(rp) is..the
5 (3 2

identity on FAQRA ,which will be identified with DA+Lf(for k=2).

Coor onle ey vl Bk every n22

x° =
| i g A
(293, st g T e AT
1 L) i Ryl = 1
i hn hn~f
| n-1
: v
}x‘ “n"'l
2V
Cﬁr* .
35

‘We conclude this section in

Poraoap e s Bolorn T 300 every n2e

s A ' e
n n

(7.28) .
B Y

bn+1=

where Y7 is given by (7.10)j + (BL3sn), and (Xg)gzo are obtained

recurently by (7.27)n =

8. The recurent formulas obtained in Section 7 requires the
fﬁrther study. .of the £ikst objécts involved in the construction. This
" will be done in this section. We start by analysing the connections
between Sl and 82; these turn out to imply a slightlj different

formulas for. (7.27), n=2. d

The whole idea is to use the fact that

D tL=F, GRy
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~§3

Freom (6,10)1, it follows that
%

8,=R; +P’F,“ a=0 c AP (D BI-RY L %

i

+qATi(1"pA)(DAP+I~P)5L*

Define
(8.1)" {x’mp (D, P I-PYIL, i G F
lvr-cAG +F . #—> L!
haleip s Slkdh . )
and
(8.11" X"={1~pp) (DpP+I-P)IL, L, —> Ra
yi=ghr S AR e L0,

A
With these definitions we have
I
;::,I‘I
(8..2) LO VAo

S}=Y’X’+Y"x"

F V/a..g’
- . : . . . iV _*N :
In order to connect 52 with S1 it is possgsible to use the same’ as in .

proving (7,27)Y1 , n=2; the final result can be stated as follows:

Tiet consider the operators

A A 3 - -

(8°3)O AO= PA(l"C_{ )UA —pA(l"‘C_{ ) FA - }‘A
]‘1 . A :®, : @

(lpr)(l4q")0A = { gl (g ) R RA,

and for .any fizl,

n ’ :
i3 sE PR @ o F. &
(8 )n Ay FA RA Drle’ Dr,n P rAQRA@DFl@...CWPP

" n 4 0 . 3
where Ao acts as the identity on all the components, excepting the
first two on which acts as AO.

Put also



S ¢ A

Z}xn“‘z)z\'}(n andaG

¥"=(1l-p )XO : for every nzl
X T EY el

Then we have:

Lemma 8.1. With the previous potations

! <7 r
(8.4), 1 %
ry o l', \rrﬂ
1,1 AOL‘ 1 (rl) N
1
Y N
.‘xl UDI‘*
1
e e T leg € ok, 3o then
A~
(4 —t
a Babiadian, By by
. 1 s
}" 1 = =
1 (1-p,) (1-g™G, D, 1,
\ e ]_\A A *
Kl R
5]
va
Y5l
q AJ r]'ﬁ.l :

Py (1-dy ) (0,0, +T; (1-py) ) (DRP+I-P)1,

(1-py) (1-q,) (0,p,+T, (1=py) ) (D PHI-P)1,
‘ Dr§1~pA)(DAP+IwP)l*

On the other hand



/%’ //i D re) Py B BEl=P)1
1 i 1 ARy E
AoJl(‘l) bl L Ty G e \ (1mpA)(DPP+I~P}l* =
o 5
- o sy /
rl/ 0 DF1 By / 0

A A 2 / Y,
e B o e s RpiP Rl oEN L,

A

(1~pA)(l;qA)0 =l

N
2 pﬁ)(lwq YL
\\ 0 0 ZI/ DP (1“pA)(DAP+I~P)l*

. ]

s I ol B TS /2 S8 S o b Vi
Il(l PA)(DA‘!I Bz

p,(1-¢") - (o

APatT (1-pp)) E (D,P+I-P)1, \

A F e
(lnpA)(l~q ) ,(cApA+Fl(l~pA)) . (DAk+l~P)l* }

§ % =y v DT
Drl(l By b b e =By L

~—

which prove.. the proposition.

In order to connect (8.4). with (7.27)1,1 , we note that

1

Lermaia 8.2,

e :
A= oJl\rl)lDA é)DFI

Pir.oowof. Aonatrix computation shows..that

i ; e
i L )[;APA+P1(1 PAi]' -{1-q )Dr;
AOJl(Fl)[DA<$ Dr; = el
5.l P
By “Pa) =

therefore we have to prove that
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.A 3 =
(=) ["Apf\.”l “"PA)]\

e
Blm /
D ;

Fl\lmph)

and that
i ~(1~qA)DF*
1 1

* .

5y

The first equality is a direct conseguence of (2.8) the second follows
f o
from (4.16) and from

VAN A A

-

o o *
(11 (0,801)) (Dm=—u *(1-p D@ 1) (Dyh)=

% |

~

b

A A1 A 1
)5 \ TFm? 7 [§ e
(1-p ") (U El)AlIlh

=) 1(1-~p “)D. Uh=w
)

it

Al A,1 A.
=4 ‘(lwp'“)U'(l*B‘)TiA thF (1-p™) (U ~-T)Ah=

: 1

‘ I
——Drl(l*p )DAhl'

(where we used (2.9), (1.1)°, (4,33 and (1.1).7).

o hHse o x e 8.1, Tor every nzl

y 1 h=T-n=1
=y ’!v’ + :” i + 1 +.,..1TY \
Ooeel iy Y Xn71rY | Rl t
whene Yy ¥, Xé:X’, xg:xﬁ are given by (8.1)" and (8,1)"
noA -
¥'=qg D, ...Dp A for n=l,
1 n
i
and
: £ Y .A g !
(8.4)n - BE = 4
X" % 7 1
? B e mies]
,, 1
ey kn—l
Xn Xn—l !
0 ;
Dp*
n
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T i r
(8°6)n An~AOJn(Ll;ncaJn( n)
Riemia -k 8. oBrom (813" and (8.1)”, we have that
X'=W*’ (D P+I-P
(8,7) N (IAP ‘L)i!‘-ﬁ.
XU=HY (D, P+I-P) 1L,
where
W= = : +] ——> F
(8.8) (9] PA DA L A
T W] W P, 1) >

From this and from (8.4)n L taz1), it is easy to obtaibh the existence

the operators
o G -
Nn : DA + L — ;z\

W" : D4+ L+—>R
n

and for nzl

k
e A P Ll <L
Wn 2 Dy +'L G DFL 1£ksn -
_such that
r .37
Xn v\'l'n
(B9 Xp = W (DaBTaphlLy ! {n20)
Xi W1 5
xg W

and



(8.10)
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9. Tn thils csectioniwe shall make explicite the one~to—-one cor-

D

respondence between the CID of A and the contractive analytic

i Py *
LR SR Ve valued functions (see E{I,PIWDOSitiOﬂ 4.1)
£y
1 13 * 3 1 o /-\
To this aim, let us recall the construction nade there. Let A be
a ok N - 2 ; . ©
5 Fixed CID ef 3 with the A-choice sequUenco. {ln}Q"‘7 it is easy to
i 30 g 8 =
o0
see - that frxomil 3 .. 5 it is possihle to construct a Iy - cholce
193 leSr s 2
Y v
sequence (where T € L.(] Ry is congidered to be in I(QQ OQA);
{ £
(9,4)T,1 see ‘below ). This Tl - choice sequence gives a «¢U, TYOE Iy
* * s i A
which, because intertwines the unilateral shifts of multiplicity R?
*.‘777\ s - ) ) + A o de ~ s 3 4 futester pA
and R®, is the multiplication by a contractive analytic &(RA s
' §
valued function s(z) with s(O)=F1; fhe function s(z) will be called
‘the contractive analytic Lg“n,ﬂ - valued function assonciated to A.
tho A

This correspondence isYone dP>CTlhﬁ’ By . preoposition 4.1. With

obvious identifications, the Taylor coefficients of sl{z) are rlxnug

the terms of observable sequence Bt Ty This means that we must make
B s ,/\
explicite the connections between the obhservable sequence of A and T

e start that by describing the objects which appear in the

study. of (CED' s 0 T 61(0 o GPA). For the contraction 0, we will fix

IAN
A
the mtnj aal 1som;ghic dilation V. being the unilateral shift of k=

A

tiplication R,, that is the omerator
p N :

VA:RAk——e RA

(9.1) VA(rd@rZQrSQ...)=(O@rl@ré9...),

5. ERA (n=1), where

AA=RN@R&9R&B diwis

The space RA will be identified with RA@{O}@{O}ﬁ ..s3 in this case the

role of the spaces L, and L’ will be played ba R, and, respectively;,



Vﬁﬁkzif}OYAg The same considerations can mﬁ made with the minimal
: : o . sA, @ " .
igometric dilation of O nalely e LE{RY ) ) .. 1t 15 easy to check
!
that !
/T: =\ R
{ - v X
I AT
1 A A
Ry =200
(9.2) o
: = > LA
Eed T{Jr Y@ T1f~rLRA}
1 .
e TR
ﬁ\l-_j(lrl)n],'
L pa
$
where

(T)2'=(1 & V™ I(r]) (£ @ 0)=(-T"x B D *r") (r'eR™)
(see (7.23)), and

(9.3) o 1(VAr)--JFlJ,* e Iy ) fx eRA)a

. Lo ] -
Consider the sequence {Yn}ﬁ~1’ where
P @ S

for every nzl.
(<o}
From the fact that{Fn}n_l is an A-choice sequence and from (9.2) it
= '
o ) : A :
follows that {YT}}‘]wl is a Fl ~ choice seguence.Denote by Fl the CID
i Jil=

of Iy corresponding to {Yn}:~l by Theorem l.1. We identify now the
i n=

il

AN
objects of Yl, analogous to those of A described in Sections 651
2] A
1 the observable sequence of T', and by
b i

" P! } & = the
IS n}n~ >kAn}j=l n=f{ ndn=1 f

and 8. e denote by {qq?

(g}

n=
" >
{y’,. Y s by }n___l} ,7{ e
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] - Tediid N > $ ooy 20 vz %
operators analogously defined for Tl Syl iy i }n=l}' {Aé};mo,
0
e r“ n ! o . ™ : a - i
b e ,{{\é}jzl_n:],{ﬁn q=1 in Theorem 8.1 for A, From Theorem
8l (andrmpre: precimely (8u1) 4, (B.1)", (7,10)q(nzl), (8e3§n{320))
one can easily infer
LSesmimeas00 L. e have:
)
\ N
9.6 Vol = RSN
(9 ))n Yn O(\ ) Yn-1
0 0
(9.7), 6,.= :
0 0 * . i [1 f
X ws o [ A . R
Dr17A‘.VARA- (4 i’”‘h
0 0
(9.7)n 5n =
7 |v_R
Drl\A N I‘l DI‘ ¢]
T . R
ks Jn(;z)...Jn( n).,
\ 0 I
n
1 N
n
O i 0
*
0 J(T D
! 3 ( l) Y. )
¥u

yhere I, is the identity operator on n components prescribed by the

oy s e

tvpe of the matrix.

Consider also the analvtic L(DA+L,L’) - valued function on

{2 ; Jz}<l)

' (z)=VY_ 2y oliails
\1(4) Vliz‘y2+z ‘{13 ’
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where
\ y , SN
e A SRS L TR T
B3 £5 A £

{see (7.10)n and (8°9)n)'

1
a8

he key step in obtaining a Schur-type labelling is the following

Lie-momea: 9.0, Foy every na2

T N e e S

Ui ! 7\ A ' o jsgv
(9.8) Hln]}(z)(lmq )siz) (1~p.) g _:(lmq )gﬁpA +

A
G S

3 {1~7
n"l 3 A ,)]\) f

where

P

2
2 Batiee, s =T

s(z)zso+zsl Sy =Ty

I I : : . ; £ h e . 3
and the first term in the right side means the n coefficient of

the analytic function in the brackets.

The proof of this lemma implies a descend induction using the
previous formulas; we will omit it here because of its lenght

(thougt is rather straightforward). 5

Denote by S(z).the analytic L(L,,L’)~valued function (on

{z:1zl <1} defined hy the ohservable sequence of A (i.e S(z)=

-y

= Sl+zS?+z“S3+...).AThe Schur-type labelling for CID’'s of A is gl

ven in

T heoxrem9.l, e have



have

whence

=6

7)= QA(OAPA+S(2)(1“DA))(I 2(1=q") (0, P+ (2) (Lp,) )t

orol £ Usding (9,8)r for n2l in the definition of ¥(z), we
1

1 S0 S el 4 A ] - 5
~Wl+zwvwz ﬂﬁv,..fwlvu U}(Z)(l‘% )S(J)(l“P \]l &

e -

A n
4 leqy™ A -1 s

= Wl+z([Q(/)(1Mq ,q(f)(‘*ﬁ i] +2L} 4)(]“" Vs (7)41 o i} + i
+ z(?1+7w )(1~O\\@\p )+(7q S8y (1-n \+7 q 52(1 Dy )+
+

=y +z?(z)(l~qA)s(2)(1“P_ Y+2¥{z (me ;@Kmﬁ

5 ] s -
G Elo @A @ E Bk Pa) q sy{l=p,),

¢

Ay A, A
(910) Yzl l-a(l-qg X@ApA+s(z)(l~pA))=i s\z)(lpr) +q Gy s

because

Y179 Iéko +T (l~pAﬂ "

From (9.10) it is clear that

Y(z)

and (9.9)

The

=q"(§,px*5(2) (1-p,)) (T-2(1-0™) (g,0,+5 (z) (1-p) ) 7L,

follows by S(z)mW(z)(DAP+I—P)L*

formula (9.9) can be seen as a generalization of the formu~

la of the characteristic function (sees@?] p RN £1. 1)) & Endecds

take H'=H, T’=T=0: in this case RA:DA and R

A.‘,;
1]

0A=j(A>DA*



Ll
; H
Consider Flzwj(A)?7 PR Dy vend T. =0 for.every nz2: then (9.9} ime
: 5 2 n

plies in this case that

% ¥ 1
(O L aA) S(z):»np*(I«zm*) =)

This means that

Bzl == A% 5(8) skz)N P, ,
A A
where C)(z) is the characteristic function of A.
A
On the other hand, (2.9) suggests a cascade transform %@.
i i DA 7
v)l—(J\A-) ﬂﬁ.).
Indeed s wensider the LiL, L") (resp il L) o LGl H.)7”~ valiaed
I / S ? i1 %N

funetion, . analyvtic foriz 3 |zl #l} ,;defined by

L

*

7\ L7 . 7\ '“]_
aA(z)rq @Apﬁ\L»A(lmq )§ApA) (DAP+I~P)

(resp.

din o Sy = - =l
by (z)=q (T428,D, (1-2(1-q, )Fxp,) .

i

A =1 -
cA(z)=(1~pA)(Iez(1~q‘7@ApA) (D, R+T=B)f Ly,

8, (2)=(1-p,) (I-2(1-MGo) Ha-a™IRY )

Cioirie 1 lia vy 9.1 With the following notations,

S(%)=a(z)+b(z)s(z)(I~zd(z)s(z))nlc(z).
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Footnotes

For G a subspace (linear, closed) of i/, the notation

i : ! : ; o
PzPG means sthe orthogonal projection of Hion G; in this
case 1-P will be the orthogonal projection of il on H @ G,

s ; ’ Kok
Foria econtraction+A in L(H H'), we put DA:(IﬁA A) and

DA=(DA(H)) , I being the identity operator (on any Hilbert

space) .

The role of these operators in the study of CID of pointed

omt dn E’W] :

Foiag, C., Contractive intertwining dilations and waves in layerec

media, INCREST preprint series in Mathematics, No.28(1978) .



