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OiS IliTilRTi"'rINIl' ic DILIiTIOI'{S. VII

by

G r . A r s e n e ,  Z . C e a t ' i q e s c u ,  C " F o i a g

f  n  t  : :  o  d r , r  c  t  i  o  i ' ) .  Cont . ract i .ve in ter tw. in ing < i i l .a t ions

const" lLute an in te: :est ing object  J 'n  operatcr  theor l r  occur inE J 'n tp l ic i te l ; "

.  o r  ex [ - r1 . i c i " t eLy  j . n  scve ra l  b ranc i res  a f .  t he  ana lys i s  ( see  e ,g .  f r l  ,  f ' qJ ,

{ : ? l  ,  [ e ]  , P , i J , 3 ; J , f 4 " J ,  3 r J  o  f o " 7  o  f z { 1  ,  e t : c " } .  T l : e : : e f o r e  t h e

exp, l ic i te  descr i -p t ; r : . ; : :s  o f  the set  o f  .a}1 contract j -ve in tcr tv , ' in ing

c l i la t ions of  an in i , i , , : : l rv !n ing ccni - : ract io i r  ( for  ' l -he c le f in i t i -cns s iee t i re

nex t  sec t i on )  cons l i t u te  a  p rob len  o f  r v ide  rn te res t "  The  ex i s tence

z r ' ! :  ( J ^ h r r r  { - r r rv*  L,vr rud - : rJ€,  extending the Ad; lmjan*A:cov*Kre i i r  descr ip t ion (see f43 |

f r j ,  f3 l  )  to  t i re  case of  an arrb i t rary  cont" i :act ion,  t {ar i ,est -ab l j "s} rer l

i r i  Lg ] ,  F ropos i t j . on  4 .L "  I n  the  p rese r i t  No ie  r v ' e  sha l l  g i r ze  the  ex1>J . i -

c i te  forur t i las for  th is  r lescr ipL i .or r ,  rvh ic i r  lahei - : ; ,  Ie t  us recaI l . ,  the

set  o f  a l t  contrac i ive in ter tvr in ing d i la t ions hy contract ive *naly t " ' "c

fqnct ions.  On t l ie  r iay rve s l ra l l  g ive a lso an a lgor i t f i rn for  comput . ing

. t lre ch0Otre sequences of a.ny cont::acti .ve intertrvi.rr i trg d"j" lat j"ons (see

Def in i t ion 1.1 below) . .  v ;h j -ch as \^ /as p: :oved in  fg3 r  ) ' ie iCs a iso

ar :oLher  label  for  concract ive j "n ter t tu in ing d i la t ions.  Tf r is  ]abel  vras;

suggesLeC to us by a type of  problem occur ing in  geophysics and

l : r i e f l y  desc r i l : ed  i n  (o )  ,  Sec  "  6  "7 .  t he  p roc f  s  o f  t he  fo rmu las  l ead i r : g

to  the  a lgo r i t hm rv i l l  L ' ' e  g i ven  i n  fu I I  c l e ta i l  ( see  Sec t i ons  6 ,7 ,8 )  ,

bu t  t hose  o f  t he  exp l i c i t e  Schur - t ype  l abe l l i ng  ( see  Sec t i on  9 ) ,

explo i t ing these formulas,  wi l - l  be orr l1r  s lceb 'ched

These are many iur ther  C,evelopments connectdrg expl . ic iLe ly  our

r e s u l t s  t o  0 4  , l t l l  , l z t 3  ,  ( z t J , l + J  ,  ,  a n c l  '  T h e s e ,  d s

vre l l  as < l i f ferent  concrete i l lus t rat ions wi l t  be g5-ven in  subsequent

papers
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l .  I . ie  s tar t  by recal  j - ing notat ions and s imple f ,acts

concern ing contract j -ve in ter twin ing c l i la t ions.

Let  f /  and f / '  be some (compl-ex)  l t i t ler t  spacee and l -e t

L (H ,  11 ' )  be  the  a lgeb ra  o f  a l l  ( l i nea r ,  boundec l )  ope ra to rs  f rom

H j -n to  11 '  .  The  space  L ( f f  , f i )  r ' r i l l  be  deno ted  s imp ly  by  L ( l { ) .  I n

t h e  s e q u e l  T  ( r e s p ,  T ' )  v r i l l  b e  a  c o n t r a c . t i o n  o n  l l  ( r e s p .  t t ' )

a n d .  w e  f i x  U € L ( K )  ( r e s p .  U ' e L ( K ' )  )  t o  b e  i t s  m i n i m a l  i s o m e t r i c

d i la t ion.  l ' fe  wi l l  use f ree ly  the resul ts  f rom ?f )  concern i .ng

min imal  isorret r ic  (and uni tary)  c l i la t ion of  a  g iven cont- ract ion.

r . /  l l r  K  K '
Let r)=Po=P;) (  t  )  ,  p '=pl=Pi) ,  anc for  n> 1 i ) r r=l ' ] , in ancl  P'=Pt i  ,  t

for  
I

n - l

t f r , - l ' {+L+Ul+. "  .+U" '  
-  L

and

t i =  t t  r + L ' * U '  L '  4 - .  .  . + . U ' n - 1 1  r

w h e r e  l = ( U - T )  ( l { ) -  a n d  [ ' = ( U ' - T ' ] .  ( l f ' r - .  l V e  d e n o t e  ] : y  T n  t h e  o p e r a t o r

P r ru l l { r ,  on  Hr ,  ( resp .  r r l =p iu ' l f f  ' r . )  f o r  eve ry  n>0 ;  f r c rm the  p rope r t i es

of  j -sometr ic  d i la t ion v /e have that  To=T and T '=T'  (o f  coul :se

H  o = ! l  a n C  H ' = l { '  )  .

Denote f ry  Oel ( f )  the min i rna l  un i tary  c l i la t ion of  T conta in ing

U;  we have

[ = .  .  . + 0 * 2 f  
* + 0 * L  o * L  * + K ,

r,,rhere

Vte define
A *  *  *

K o = . . . + U  L  + L  + 1 " {

and

* *
U . = U  l K  ,

x *
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the t :  U*€L (K  * )  i s  a  min in ia l  i somet r ic  t i . i ta t ion  o f  T* .  l tecause

U( t (K)  ana f re f , ( f  )  a re  t i re  min i rna l  i somet r ic  ( resp .  r :n i ta ry )
. 

d iLat ion of  Trr - , i t  fo l lows that  U conta ins ; r  mj-n i rna l  isometr : -c

d i l a t i o n  o f  ' r j  , c l e n o t . e d  i n  t h e  s e q u e l  b y  U * - € L ( K - - ) ,  ( n > t ) .  i t  i sn  
-  - - 1  - * n  ' ' * 1 1  

"

easy to  see that

K - - . = K * + L + " . . + u n - r l  ,x n  x  ,

 : t
U .  = f l  l K .xl l  xn

T h e  n o t a t i o n s  6 ' ,  k ' ,  K ' * ,  u l . ,  K i r " ,  ,  u i . ,  ,  ( n ) r )  a r e  n o w  c l e a r .

B y  I ( T ' r T )  v / e  d e n o t e  t h e  s e t  o f  a l l  o p e r a t o r s  A  i n  T , t H , r - r ' )

in te r tv r in ing  T ' .  and T  ( i .e .  T 'A=AT) .  rn  the  seque l  A  v r i l i  l :e  a

fixed ggnt_l-qclj-on i-n 1(r',T) . ru gg!*lf.ectlle iLtsegr;{lgiqL.ti
(cID) , respectively a F-pgrtj.aI gonffac.t-j.ve iry[gg[rgi:.1jJrg -ci l.gjFjgfr-
( n - P C I D )  o f  A  i s  a  c o n t r a c t i o n  6 e I  ( U ' , U ) ,  r e s p e c t i v e 3 - y  A r ,  1 ( T ;  , * " i

such that

P '6=AP,

respect i -vely

P ' A  = A P  I  l ln n

(n>0).  f t  is  c lear that  A^=A. A chaj-n of_!_CID of  a is a sequel lce--:_-

a r  .  
6

[Arr ]  r r=6 ,  such that  for  every n>0 ,  An is  a  n-PCf D of  A and

PiAr.+ l=ArPn I l ln+ t .  The apl: l  ications

t "**+ ttr;,{t ilri i=o

r €r / 1 .  r  €  ( s ) - ] - i m A ' - P *' "n 'n=o '  {  \o '  
i i_  

" t r -  t t

establ ish a one- to-one correspondence ] :e tween .a l r  crD's  of  A ani

a l l  cha ins  o f  PCID  o f  A .

As i t  was poinLed out in ls l  , lnl  urra feJ the for lovrlng speces



( 1 . 1 )

and

( 1 . 1 ) '

are very

also the

( 1 . 2 )

( L . 2 1  '

and

( 1 . 3 )

^ 4 -

important for the structure

fol lowing notat lons:

f r ^  t r )=F, , i {D^Th+(u- r )n  r  he f f }
J 

n .fi ..i

I
Lno {r ) =RA* (oo+t ) oFa

( " )

o f  a i l  C fD ts  o f  A .  l , ] e  use

f to t t  
'  )  =FA= tDAh@ (u'-r '  )  Ah : h€f{} 

-

J '
[nA tr '  )  =Rt= (DF@L '  yoFA

0  ̂ + L
fP,o (r ) =Pn=PFtt '

J  
' A

I  c "+ l
[eo tr) =qA=P[^ ' ' 

,

fnn tT, ) =pA=pDraot'
I  ' a
I
I n ^ tAor'
Iq" (r ' ) =q^=P 

r'ole'

o (A;  T '  ,T)  =oA3 FA F-- ->. -  FA

oo {norh+ (Lr-T ) h ) =Dohd) (U' -r '  )  Ah n

I

!

Al -1 ,  t he  c le f i n i t i ons  f rom ( f  " f )  t o  (1 .3 )  make  sense

i n s t e a d .  o f  ( A ; T ' , T ) ,  s o  t h e  n o t a t i o n s  F O  ,  R a  ,  F'n *rI

A A A

for
t
lt

n

/ n  . r f r t  r n  ' t
\ . . n  I  * r l  f  n n J

I t  J l  r l

R t r P A r q A r P n r d
n n

For Lhe sake of

h" ,  or l  are c lear for  a l t  n)0--n

conrpleteness we prove here the following
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fac ts ,  whi .ch resul t -  f rom [ r+ j  ,  $ec.  r j . t  anA f9J ,  Lernna a.4.

L e m m a 1"1.  (a)  oa i_s l ] l r i t_arJ

(b )  (  (  I *P ,  1?n )  
-=Ro  

.

( c )  ( ( r * i r A 1  1 1 9 1  € l  l o ) ) * = R A -

P r  o  o f  .  (a)  is  obv ious f rorn t i re  f  act  that

l l n o t n + ( u * r l h l  l 2 = l  l o o r n  l l 2 + l  |  ( u - r ) i r l l 2 = l  l r i r  I  i 2 - l  l i \ T h l  l 2 . r

+ l  l D r h  I  l 2 = l  l t r l  l ' * l  l r ' A r r l  l 2 = l  l D n h  I  l 2 + l  I n r ,  A r r l  l 2 = i  l D A h r  l 2 *

+ l  |  ( u o - . T ' ) A h i  l 2 = l l D o h  @  ( u ' - t , 1 n r , l ' l  2  
,  ( h € f / ) .

.  
(b )  Le t  r *d+ I ,  rvhere  r€Rr ,  .  d (?A and 1€ l ;  suppose tha t

18 ,  (1 -p^)E)=0,  fo r  every  de?a.  Th is  . i r i rp l ies  tha t  ( r ,  5 )=0 ,  sg

(d ,E)=0 fo r  every  f i€On,  r ' ;h ic i r  n reans  tha t  d=0.  Decause r  i s  j - : r

RO ,  l ve  have tha t  < r rDATh+{L l -T) } r )=0 ,  fo r  every  h€ l / "  Bu t 'd=0r  so

(J - ,  (U- r )h )=0, .  fo r  every  'ne l { ,  wh ic i r  imp} ies  t } ra t  l .=0 f  so  r=0 .

(c)  The proof is analogor:s to (b) .

Let  us recal l  the f ,c l lovr ing c le f in i t ion f rorn LgJ ,  Def in j - t j -on

3 " L .

D  e  f  i  n  i  t  i  o  n  I . I .  A  s e q u e n c e  t r k ] ; = ,  ( r e s p .  a

str ing t fg) l=1 ,  n) l )  of  contract ic.rns wiLl .be cal . l -eC an A'-glgi .gg

ge-gpgnce {resp. an A*cho_ige.,.S_tl:},UJ} if rt€L(RA , RA) anrj

f l e L ( t r  ,  0 r *  )  f o r  e v e r y  k ) 2  { r e s p .  f o r  e v e r y  Z < k < r r ) .r \  t k - 1 "  ' k - l

One o f  the  main  resu l t  o f  ISJ  (see propos i t ions  Z .L ,  2 .2 ,  anc i

3 . 1 ) is t ire fol lolving :
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r h e o r e m r.1" Mqlq-lo.:qnLjgggs:gssleqpe

!gt.t l ig.gg_g!1 CID's (ISS.p., n-PCrD''s, n)t) <if A and all_ A-chr:ice

:?ggllencee (rqsp. r A*chgrcg qjIi lge cf, le,.]rgtb n).

In  orc ler  to  nake se l f -conta inet i  th is  paper ,  r rJe r r , : -11.  g ive

an a l ternate proof  o f  th is  theorem; the objects  invol -vec l  in  th- ts

p roo f  w i l l  be  a l so  use fu l  i n  t he  seque l .

2 .  In  th is  'sect j -on we rv i l l -  s tudy only  th .e scr-ca l lec l  " f i rs t -

s tep " ,  wh ich  L r r .eans  the  s t ruc tu re  o f  a i , t  l - pC ID ,s  o f .  A .

Let  f  . ,  be an arb i t rary  cont  act ion i .n  t , (Rr ,  ,  RA) anr l .  def ine

( 2 . 1 . 1  A I = A P l f { r + q r \ ( o n , 7 r ^ + r l . ( 1 - r ^ )  )  ( u n l ' + r - F )  l i / 1

I ' ve  w i r l  p rove  tha t  n t€1 , ( , { r  ,  l l i )  i s  an  r -pcrD o f  A .  rndeec . l  f ro r i i

( 2 . t )  i t  i s  c l . e a r  t h a t  p ' A " = A p I f f " .  l , t o r e c v e r
I 1

AtTl -Ar  ( r r+  1u-T)p)  |  f f r=ATp I  t {1+qA (oOfar* . f  
I  ( r  * fA)  j  "

(oorl+ (u-r) p) |  i l r=T rAp I i l r*aAla (norr+- (Lr-T) r,  )  |  t {r=

= T ' A p l i { r + ( u ' - T , ) A p l  H r = T , A p l  f / r = T i A r . ,

so  A ,  i s  i n  1 (T  
l  ,  T f  ) .  F ina1 ly ,  A l  i - s  a  con t rac t . i - on  because

I  l A l  ( h + 1 )  I  l 2 = l  l A h l  l 2 + - l  l g A ( o n p o l - r ,  ( t - n r r )  ( D l h + . l )  |  t 2 s

< l  l A h  l  t T + l  l  o o T n ( n o h + l )  |  I  2 + l  I  r l i l - p a )  ( D o l i + t )  |  |  2 s

s l  lAh l  |  2 ' r - l  lpA(nnt r+ l )  |  |  2+t  |  ( r -po)  (DAh.r -1 . )  |  |  2*

* t t n r , l t 2 - r - l l n n h + i l l 2 = l  l h + l 1 1 2  ,  h € t { ,  l € 1 ,
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so  A .  i s  an  I -PCID  o f  A .
I

In part icular we shal l  denote in the sequei  b 'y n!  the I*PCID
I

o f  A ,  a s s o c i a t e d  b y  ( 2 , 1 )  t o  f 1 = 0 ;  i n  o t h e r  w o r d $

^ n -
( 2 . 2 1  A Y = a p l l l , * s " q  ^ , f  ̂ ( n J + r - P )  i l { ,  .

r  I  -  l \ , / t  J . \  r

Converse l y ,  l e t  A ,  be  an  a rb i t ra ry  I *PCID  o f  A ,  Because
I -

P 'A.  =/ tP I  H.  ,  we have
I I

I  l h l  l  2 + l  l i l  I 2 * l  l h + r  i l ? > l  l A t  ( h + 1 )  |  l  2 = l  l A h  i  t T - r l  I  ( r - p , ) R r  { h + t  )  |  t  2

which means that

I  I  ( I - P ' ) A r ( h + 1 )  |  I  s  I  l D A h { - l . l  I h € t / ,  1 6 1  .

Th is  re la t i on  imp l i es  t i r e  ex i s tence  o f  a  con t rac t . i on  R : tA+ l  - .+  L ' ,

such that  ( r -P '  )  A1=B (nOl+ l - r  )  |  t {1  .  Th is  cont : :act ion ver i f  i .es

( 2 . 3 )

Incleed

npo=gAonpo

B (DArh+ (U*T)  h )  =  ( I -P '  )  A l  (Th+ (u - r )  h )  =  ( r -P  '  )  a r t lh=

*  ( l -F t  ) t r rTrh-  ( I -p '  )  T iArh= {U '  * t ,  ;Ah=qAoO(OOf i r+  {U*T)  h ) ,

for every h6H " 
r. ^

F r o m  ( 2 . 3 )  w e  i n f e r  t h a t  p a B * = o * p n t  ( t o ]  @  L ' ) ,  w h i c h  i m p J - i e s  t h a t



o' 0 '

I  I  ( r - p ^ ) s * 1  ' l l 2 = l  l a * 1 ' l  l 2 - i  l o ] r r A ( n  O  r ,  I  1 2 <
" A , *  

-  '  r  I  t u  I  t v A y  \ v

I

? ^ r ^ 1
s l l r ' l l ' - l  l p ' * ( 0  g )  1 ' )  l ! ' ' = l l ( 1 * p " )  ( 0  @  1 ' )  l l { ,  L , 6 . L , ,

This  re la t ion and Lenma l .L  (c)  imply  that  there ex is ts  d cor l - :
* a

t r a c t i o n  f  r  i n  L ( R " ,  R _ ) ,  s u c h  i l r a tr. A-

( 2 . 4 )  r ; ( l - p A )  ( 0  6 )  1 , ) = ( . 1 - p ^ ) B * 1 '  ,

Iotre have

7\(2 "s l  q ' " r r  (  r -q)  (noe+r-p)  |  / t r=At*Ao ;

i ndeed,  because (a r " -a !  )  w 'JCL '  (Ar  and a !  be ing  bo t i r  t *pcrD o f

A ) ,  w e  i n f e r  t h a t

a
< q " r r ( r - p o )  t n n t r + t ) ,  1 ' ) = ( ( r - p a )  ( D A h + l - ) ,  r l t r - p A )  ( 0  @  1 , ) ) =

=(  ( r *pa)  (uoh+f  1  ,  (1-pn)B*1. ,>=<B (1-po)  (noh-r1;  ,  t , )=

= ( ( r - p ' ) a ,  ( r r + 1 1 ,  r r > - < q A o r r p a ( D A h + r ) ,  1 , >

= (  ( r -p ' )  (e r -a ! )  (h+ r1  ,  1 , )= (  (A1-A ; )  (h+1)  '  r ' )  '

f o r  e v e r y  h € f i ,  1  € 1 ,  1 r e . L ,  ,  w h i c h  i s  e x a c t J . y  ' ( Z - S )  
"  v i e . u s e  h e r e

i n  o r d e r  1 2 . 4 J ,  t h e  d e f i n i t j - o n  o f  B  ,  t 2 . 3 )  a n c t  ( Z . Z t  .

Tak ing  i n to  accoun t  (2 .5 )  and  t z . z ) r  we  have  tha t  A ,  and  r l  ve r i f y

a L s o  ( 2 . I ) .  S o  w e  p r o v e d  t h e  f o l l o w i n E

L' ,e  L n.

L  e  m  m  a  2 . L .  T h e '  _ f o r m u l a r i  ( 2 . 1 )  a n c  ( 2 . 5 )  e s t a b r i s h  a



^ 9 -

: , . . -

one- goT)ng_corrgipgnCense !e.tw.e_err . all

o n e . a n d  a l l  I - P C I D ' s  o f  A ,

A-choj-ce strings_-o-f, fepEl,t

In order to emphasize that ft corresponds to A, by Lenrna

2 . L ,  w e  w i l l  v " r r i t e

( 2 . 6 ) t t = l ( 4 ,  A l ) .

@n* 
Irte will prove novr other

.  correspondence.  Let ,  A be an

st r ing.  F i rs t l -y  b /e note that

( 2  " 7 t

usefu l  facts  concern ing the 1: rev iot is

l -PCfD  o f  A  and  t I ' , - l  j - t s  A -cho ice

(no r+ t * r )  l i t ,

I :,1 .

R ,  = D  -  @  ( D "  u ( H )  )
. t1r f t  r  l i  .

I  
- - I  - - I

rndeed ,  f rom (1  .  I )  i t  f o l l ov i s

F ,  = [ D -  T ,  ( h + 1 ) + ( U - f  ,  )  ( h + . 1 )  :  : n e / - l  t  l e l ]  =
^l ^1 r- r

= (DorUh*Ul; ln€.H , I € L ]  
- =  

1 9 ^  t l  ( , 1 )  )  
- + U L ,

t t l

R ,  = t 0 n  - r " u l )  o  F , ,  = 0 n  O  ( D r ,  u ( t l i )
" t I  ^r  ^r  " r  ^r

ConsiCer the operator
t

t ; T i ,  T t ) = 6 a .  :  0 , .  r - 1 - - *  D ^  O  ? n
t .  . , ^ r  

t a  t l

n
4., =

L
{"nPrrot l .  ( l - fA} } + or. ,

[ r  
ta

( 2  "  8 ) J

lf*, I o^no' ( r-fo)j.

@

o
.

'

(a)  to l

(bi  6 *̂
1

}-€--iini&15y'
0A

nor{oor.=noo

., 1

p ^' r -
Io ]  

CIA,

L L c m m a



P r o o f .

( d )  6 A  ( l - F n  ) D o  = 0  @  D , ,  ( r ^ p ^ )  ( n A P + r - ? )  l i / r  .^ r  " 1  t " r  ' r

L ls lng  (2 .1 - )  we  have

l  l 2 = l  l h + l  n 2 - l  l A r  ( h + 1  )  t  l T - t  t h i l  2 + i l  r  l  J - 4  t A h i l  2 -l D "  ( h + r 1^r

* l  lqA(oopu+rr  ( r - r ro)  )  (non+t  )  |  l2= l  I  not r+t  I  I  2

. , ^
- l  |  ( oApA+r ,  ( I *pa )  )  (noh+ l )  !  i "+ l  I  ( I -q ' ' ) ( o A p A + r ,  ( 1 - p A )  ( D A r r + l )  |  l ' * '

=f  l noh+ I  I  12 - ' l  l pA(no r r+ t )  I  l 2 - l  l r t  ( l - po )  (oo r r+ t )  I  l 2+ ' l  |  ( r *qA)  ( .oaFn+

+ r r ( l - p a )  )  ( n o i r + ' t )  l l 2 = l  l o r ,  ( t - p o )  ( D A h + t ) l l 2 + l l  ( r - c l A )  ( o o F ^ - r ,

+r ,  { t -pa)  )  (nu t r+ t )  I  l2= '  ' to roo ,  ( r r+ r )  t  t2  ,

U o  n o ,  i s  j . s o m e t r i c . U s i n g  ( 2 . 8 ) ,  ( 1 . 1 )

(2 .g)  6 , ,  (D"  uh l  = f r "  D^ ( rhr -  1u- t  )  h)  =  (  1-<t
^1  , . I  ^1  , t l .

a n d  ( 1 . 3 ) ,  t f i Q  h a v e

Â ) s - ( D , T h + ( U - r ) h )  @  o =
A A

h  € , 1 ,  i - c l .

h€ l f  .
. l

= ( 1 - q ^ )  ( n u f r  +  ( u ' - T ' ) A h )  €  0 = D n h  @  O ,

F ron r  (2 .9 )  we  i n fe r  t ha t

( 2 . 1 0 )  6 o  ( D , ,  U ( g ) - ) = 0 ,  O  i r r .' . I  . .1  A

The relat ion (2.10) and the facL, that  tO, is j .sornetr j .c impLy {b)
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(d )  resuLts  f : :on  (c )  and i2 .S)  .  By  (c )  ,  rve  havea n d  ( c ) .  N o w

( 2 . 1 . 0 ) '

( 2 . l 1 )

6 " .  ( R ^  ) = { o }  @ o -' . r  * t r "  t r  )

( s e e  ( 2 . 1 0 )  a n d  ( 2 . f 0 ) ' )  a n d  t j r e  I e : n i n a  I sso f fn is uni tarv
^ l

completely proved.

.  D e n o t e  b y  r ( n t ; T ' r T I ) = 6 n
,*1

consider  as an operator  f rom R. .
, t l

the unitarx opq-{_a'q_or ffo lR,- ' 1  " t r '

on to  0 . , "  .  Exp l i c i te ly :' r

o,  -' 1
(
I

I
.{
I
I. t

t

ul ,
" ' 1

a l n

J.

Yi t

I t '

Io
u  

: " )

1 t-fal ) oor=o, 
i  

( r"?A) (DAp+.r-p) | t" lr

This uni tary  opera 'Lor  g i -ves a sx- ig l i t  j .dea of  r rovr  to  use

i terat ive ly  Ler .una 2. I  j -n  order  to  prove Ti reorem 1.1.  T i r is  i t  lv i . l1

be done af ter  the s tudy of  the cohneet ions between Lemma 2.L ancl

the adjo in t  operat ion ;  th is  s tudy vr i l1  g ive,  - in  par t icu lar ,  the
f r l

analogous unitary opel:ator l :etween R ' ancl 0a *
I

3 .  Fo r  t he  beg in ing ,  l e t  Z  be  a .  co r i t r ac .L ion  i n  L  ( t t , i l , 1 .  Then

/ {=ker  f } ^  @ 0 ,- 2 .  - 7 ,  
]

f f t = k c r r  D o *  @ , . *
' l r t )

and the matr ix  o f  Z h respect  to  these decomposi t j -or :  j ,s

( 3 . r ) ?r-
. .  l J -



;)lt':;

The operator Z.- : J(er D- *:-?
U 7 ' ker Dr* i -s uni 'bary and i t  v,r i l i .  be

cal led the pni tary  go.qe of  Z i  the operator  Z*  r  0Z

p u r e  c o n L r a c t i o n  ( i . e "  ,  h € 0 * t  h l O  i m p l i e s  i  l z " i r l  l < l  l i r l i )

0 2 "  i s  a

aird i. t

wil l  be calleC the gg5g_gg:ggg!. ivg_corg of z.

l {o te that  ?  n=0 i f  and orr ly  i f  i t  is  a  pa: : t ia l  isome t ry  amd,
Hta-t Z^=o i{ and. 

"-l*c 
t:7 Z h e, p*ta- co,r.AaatJ,rn

i 'Ve vr i l l  have nor+ a c loser  Look to  the pr :oof  o f  proposi t ion

3 .2  (a ) ,  ch .V l - t ,  [ 4? i l  ,  i n  o rde r  t o  connec t  t he  fac to r i za t i on  o f  . a -
oouka,ck'a.n w*ti -ttu- c.orcil.aporwdnal 44.to4it*-tlqi>-1 ef

i L s  a d j o i n t .  F o r  t h i s ,  l e t  f / "  b e  a n o t h e r  l t i l l : e r t  s p a c e ,  B * * 8 . " 8  a

fac to r i za t i on  o f  t f , *  con t rac t i on  B ' ,  i n  L ( l l r t l , , )  by  the  co l l t r ac t i ons

B  i n  L  ( f / ,  t l '  J  a n d  B '  i n  L  ( l i  ,  
, l / , , )  .

Def ine  the  snacc r ,q

( 3 . 2 1

f  ac  bo r i za t i , on  B  "qB ,

a contract ion f rom

a n d  I l '  ( 0 g ,  )  C  0 - ,  n ,

,B ; rnd the

oB @ DB,

v/e choc;se

( 3 . 3 ) J o
B Y

0  B '

/
I
t
\

f1'
v t ;

I'

s

\
I
I

I

J i

f,tJ

where Y:0-  r  r - - )
t J '

terms in  a d i rect ,  Thdorbme I ,  the operator

s.. the operator v,rhich intertwines tl:e
*  and

Lrn. By

a contract l -on i f  anc l  on ly  i f  y=DB *XDg r  r  where X: \O,  **

a rb i t ra ry  ccn t rac t i on .  De f i ne  Z (8 ,  .R )=2 ,  t i r e  con t rac t i on

f r t n ' . 8 ) = { D B h  @  D n r B h  .  h € t i i  c  t B  @  t B ,
1
I
[ n t n ' . 8 ) = o B  @  o r ,  o  r ( B ' . 8 )

Recal t  rhat  nv F+J ,  sec.

c a l l e d  r e g u j - a r  i f  R ( I l ' . n ) = { 0 } .

i ,  fn  order  to  connect  the

ri.  zation B t '  
* 
=E 

* 
.8 '  * 

r wc , lef i-ne

0 , ^ , * @ l ' - n  ,  B e c a u s e  B ( 0 * ) c  n  *
, t s '  

- - t s  
. t i t  ' B

contract ion to  be of  the form

Vf  I  .  3 ,  t he  f  ac t .o r i za t i on  13 '  "B  i s

( 3 . 3 )  i s

? B n  i s  a n

obtai .ned

f ac to *

in to

t h i s



b y  ( 3 . 3 )

( 3 " 4 )

{ 3 . 4 ) '

( 3 . 4 ) , '

which means

( 3 . 4 1 . ' t '

vrirh ̂ --n'Jo*lro,

- 45 *

.  Exp l i c i t e l y

- n  r t n"B "B

h ,

Z  ( B '  . B  ) = l = ; :  s

\
r l
I
I

{"

\ o
or

{ -

Iz

that

Z ( B ' . 8 )  
n = Z ( B * ' . 8 ' * 1  

.

L e m m a

* *
g s g  R ( B  ' B '  ) .

3.1. lbe_unitelrL*g_ore_gl Z a_c_ts betv.reen R(E,.It)

'  p  r  o  o  f .  L e t  b < 0 "  a n d  b ,  € D R ,  i  t h e n

I  f  z ( b @ b ' )  |  |  2 = l  
l B ' b '  I  l 2 + l  r B b - D B * D s , b '  l  r 2 = l  l B , b ,  I  r 2 + r  l B b  I  t 2 +

+ l  I  D B * D u r b '  i  l 2 - ? . n e ( B b ,  D B * D B , b , ) = l , l B , b ,  I  l } t - l  l b l  |  2 - l  
I n " n  I  1 2 +

+ l  f  D B n l : ' l  t ' - l  l u * D n , b ,  I  l 2 - ? n e ( D " * . g 1 r ,  D B r b , ) =

= l i u o n ' l  1 2 - i l  l i : " r  I  l 2 + l  I n * u " , b ,  I  l z + z n e c o " h ,  q * D e , b n ) ) -

{z 
(R' .B) =Z , Dg @ 0u, ts*-*> Dr, n 6) AB* ,

I
1
t r t t ,  @ ' h '  ) = B ' b ' @  ( B b - D B * I ) " , 1 : ' ) ,  T ) e | * ,  b , e D B r

F r n m  ( 3 . 4 )  i t  i s easy to  j " r r fer  that

( B ' . 8 )

*
( b ;  @

n
" R '  t

b * € 0 " t  r l- t 6'f')
! r 4 - y h ,

?= l  l b @ b '  I  l z - l  I  o * u + n * D " r b  ,  I  1 2  ,



. : ,

' . . ' :

Th is  imp l ies  tha t

_4q -

*
l l D - ( b  o  b ' )  l l = l l n ^ l  +  D * n  - h ' l l. . _ 2 , _  -  . ' .  ' , " 8 "  r . ' R r N  | | t

' , . .  . ' i

v ;h j - ch . r r l eans  tha t  b  e  b '€ke r  Du  i f  and  on . l y  i f  DRb+B*Dnrb ,=O,

t h e r e f o r e  i f  a n d  o n r y  i f  b  @  b '  i s  o r t h o g o n a l  o n  F ( B r " B ) .  T h i s

impl ies that

k e r  D , '  =  R ( B , . B )  i
lt

ana logous ly  (see ( ,3 " .4 )  ' , , ,  )
: . r 1 1 t  

*  *
I < . e r  D o *  =  R ( B  . B '  )

. ' 4 .

and  lemma i s  now comp l_e te l y  p roved  ( see  (3 . f ) ) .

c  o  r  o  I  I  a  r  y  3 . r "  ( s e e  p * ] ,  c h , v r r ,  p r o p o s i t i o '  3 " 2

I"l I . rhe fac.!o{L?a*ti.oj B'.8 *s qggqraLllSlffi-
* *

r i z a t i o n  B  . 8 ,  i s  r e q u l - a r .

C o r  o  1  I  a  r  y  3 .2 .  (a )  T i re  fac to r iza t icn  B ' .8  l s , . ,LW_B}SI

-
i {  aryl_gLlv:L[ z (B'.D) j-s,.

( b )  7 " ( B ' . 8 ) * 0  i f  a n d  o n ' l y  i f  B  a n , j  B ,

are-ieg!+qt isqm9lrig.s- s uqh f4 g{;- tlre *ffie?_*.j*
.  orth.ogonlr] of glre in, iJial _€l 'raqe of B' .

P  r  o  o  f .  { a )  - i s  an  easy  consequence  o f  Lemma 3 " r .  sup i :ose

n o w  . t h a t  Z ( B ' . 8 ) = 0 i  u s i n g  ( ? . 4 ) r . i t  f o l - l - g w s  t h a t  B , l ? * n = 0  w h i c h
b

m e a n s  t h a t  B '  i s  a .  p a r t i a r  i s o m e t r y .  T a h i n g  l : r = 0  i n  ( 3 . 4 ) '  ,  o n e

obta ins  tha t  810, . ,=0 ,  so  B is  a lso  a  par t ia l  i sorne t ry .  The.tit

a f f i r rna t j -on  (h )  resu l t s  now f rom (3 .4 ) ' ,  f ak ing  the re  b=0 .
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s e c t i o n ,

have tl:at

i {e return to the s i tuat i -on considerecl  in the f i rst

n a m e l y  T e r , ( l / ) ,  T ' € L ,  ( f l ' )  ,  A € 1  ( ' T '  , T )  a r e  c o n t r a c t i o n s .  i f e
* * * '

A € 1 ( T  , T ' , ) .

Def ine the uni tary  operator

f o o ( T ) = c n :  
0 ,  @  0 L  r * ' 3 n  *  L

( 3 " s )  I
I  r , , = ( r  +  q ) o J ,

. L  
. f r

where q: t .T 1--+ L is the unitary operator def ineci bv

q ( D r l ' r ) = ( u * T ) h ,  h e H  ( s e e  L [ + 1  ,  c h . r r ) .

ConsiCer  a lso the uni tary  ope: :a tor

o (t ' ) =olt, o rr. @ or, h---+ oo 0 L,

@  q '  ,

q .

t :he uni tary  operaLors * A n = o A * ( T ' ' l )  a n d

I o, l
1
L

g '  i s  a n a l

I{e vri l l  ne

( 3 . s )

Ag = I

ogous to

ed a lso

t - *  6 )  l .
. f \

Def ine the contract i -ons:

z v . ( \ : ' r T J = Z ^ i 0 o *  -
I t  l {  l -

n *  *
T t ^ x i 1 " / . ( A . ? ) a -

f i t \ )

\
t .

(

I
t
I

t

( z A

t,^

where

* *
A  A , - *

o  = 0  t t

( 3 . 6  )

and

( 3 . e  1 '

(T' ,T ) =zA: ?o @ l' *-----+ pA.n + l"-

=oA*  z  (T '  .  r i )  (oo)  
i

B y  v j - r t u e  o f  ( 3 . 0 1 ,  ( 3 . 5 ) ,  ( 3 . ' 5 ) '  a n d  ( 3 , 4 ) ' r  t - h e  u c p l i c i t e

formulas fo: :  ZO ancl  (ZA) are

a 6 0 ^ ,  h € f l ,
.{-i

zo (a+  (u - r1h )=Aa  @ (u*  . -  T * )  ( rh -noa)  ,( 3 . 7 )
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( 3 . 7 )  '  { r o }  
* ( a *  

@  ( u * * r * ) h ) = { A n a * - D n o i . n ) + ( u * r ) r o h ,  a * e b n * , i r *  i t ,

The  fo rmu las  fo r  zA  a .nd  ( to )  
n .a re  

s im i l a r ,  because  (3 .4 )  u '  i r np l j . es

that

( 3 . 8 )
l *

Z"= (Za *  )

N o t e  a l s o  t h a t  F n = c , ,  ( n ( a . T ) ) ,  R , , = o . ^  ( n ( r , . T )  ) ,  F A = c A ( f  ( T ' . A )  ) ,l { I { 1 \ A

* - R A = o A ( R ( T ' . A ) ) , : s o  w e  i - n f e r  f r o m  L e m m a  3 . 1 .

C  o  r  o  t r  I  a  r  y  3 . 3 .
*

belwqe-g Ro and RA

A
b e t w e e n  R ^ '  a n d  R . *

1-\

(a) Ihg i t r r r la.ry core of  Z^ acts
. . + - <  

A _ < . l {

(b) &s-:gtlery--qor.9-*9g zA *.!g

L e m m a 3.2. Ihe pure ,cgnLractiv._e.._g*o{eF of ' ZO ar,rd Z"

y*.LIy !he. {o119\:g}s Lelati

( 3 . 9 ) Z O I F n = o O "  I Z A l P A )  o a ,

P r  o  o f  .  The lemma fo l lovrs  f rom.t l :e  equal i t ies

A ^
o n * Z " o O ( n O f h +  ( U - r 1 h ) = s ^ * r ^ ( D A h  @ )  ( U '  - T '  ) A h )  =

=oAo (AD-Oh-DO*Ofr , an+ iui-r '  
* 
) T'Ah 1 =

= o A *  ( n n n r ' o  ( T ' A h ;  +  ( u i - T ' * )  T ' A h 1 =

=DAo ( r 'a t r )  @ (u*- rn)a" t 'Ah)=ADATI1 g l  (u ; - r . l  t t r , -o f ;Th i=

=z I r (DATh+  (U- r )h ) .
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'  . , r

,  Let  now t f  r .3  i=1 be a choice sequence for  A ancl  c le f  j .ne the

@

s e g t l e n c e  I l * . ^ ] * _ ,  b y
i r l '  r i -  r

f  . . r , zA l? r *  . = ta t i'  n - l

(  3 ; 1 0  )  r ,

.  P r  o p o s i  t  i  o n 3.r .  &S_lgrufgi .  (3,r0)r ,  ,  n) t__{r .Jg

an Sxp+icit oqe-to--oLe gorresnond.encs*bglvlggl qlq__chgcs tglge_ncgg
it

qf A a*d tbg -c[oig> seggenqgs l>€ A

P  r  o  o  f .  w e  h a v e  t o  v e r i f y  t h a t  { r * r r } i = 1  c l e f i n e c i  b y  ( 3 . 1 0 ) r ,

J.

n) r  i s  a  cho ice  sequence  fo r  A^ .  Fo r  t h i s ,  no te  tha t  f * r  i s  a
. * * r

con t rac t i on  f rom R ; *  i n to  RA (because  z  (R  )=FA \  T \4
/ t  

.  lDec< iuse  zA  ( l rA ,  =K  )  .  I . l o reove r

0r . .  = rADr !  anc l  0 , .  *  =ZoD,  .  The,  opera tor  r ,  i s .  a  cont rac t j "on  f ro rn' * 1  
. t I  

t n l  n  t l  L

lflo i,*e frno , 4o G.. it * ce'^<'t-o-tl'tb'a f^t"^

0, . :Lnto C"* . The lemma fol lows now e asr,fq l :y induction.' * r  ' n l

4 .  P ropos i - t i on  3 .1  and  Le rnma 2 .1  r i se  the  p ro l : l em o f  f i nd ing

the  exp l i c i { :  b i j ec t i on  be tween  I -PCID 's  o f  A  and  l -pc rD ts  o f  A*

g iven by thern.  To th is  a im,  def ine

( 4 . 1 )
*   *  d - , a  *

( A  )  t = U  A . i U '  ( i f ' + l '  )  ,

. t
f o r  A . '  a n  I - P C I D  o f  A  w i t h  f  { A r A r ) = 1 " r .  C o n s j - c l e r  a l s o  l _ ,  d , e f i n e d

i  r  I  * I  -

l . r r  l ' ,  1 n \, r J  \ r .  r v /  l .
I

* *p E  o q o s i t i o n  4 . 1 "  ( a )  ( n l r i s a n t - p C r D , o f  A ' ;

*  n t  
\ - F( b )  i ( A  ,  ( A  ) l ) = r n l  .  ,

/'l,t ril 4 f Uf 6
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P r  o  o  f .  f , e t  f r  t f r e  L *pCfD  o f  A*c le f i nec i  t r y  ( l . I )  w i th

f  ( a  , B ) = l * , .  W e  h a v e  t o  p r o V e  " b h c i t  B * ( A  ) , ,  o r ,  i f  w e  t a k ea r  -  ' I '

r a  A  *

B = U B U '  1 H .  ,
l.

( 4 . 2 )  n = A l
I

F o r  p r o v i n g  
l n , r )  t  \ i l e  u s e  t h a t  I { r = [ * { - U ( l { ) , w h e r e  l * = i l [ * = ( I * L 1 T * ]  ( f i ) - .

T l re re fo re  (4 .2 )  i s  ec lu iva len t  to

rJ

(4.3) Pl l ln ' .r ,-- lnl' u l l "  -  
U i l " l

I'  
and

f l 1  I l '  *( 4  "  
q )  P ,  * n = P ,  * A . ,

- * '  - : t

F r o m  ( 2 . 1 )  w e  h a v e  t h a t

( 4 . 5 )  i l ( t r ' ' r 1 ' o ) = A o h ' * . J A * ( o -  p . * + r ^ ' .  ( 1 - F , * ) )  ( n - n 5 ,  
*

( o A * P A * * , ' i +  ( 1 - p A  )  )  ( D o n 1 1 " " 1 . '  ) '

f o r  e v e : : y  h ' e l { ' ,  l ' * €  L , o

RecaI I  that  T,  is  a  par t j -a l  isometry  f rom f {  onto tJ t l  ,  so

- - - *  - -  - *  -# r  .  *  
-  

- *  I t ' ,
Ur l=r r r i=nu, ' i  ;  analoEously  U ' r i *=r i r io=nu*, , ,  .  Now

u  t . t ,t ' 1  
a  " lruialr,., l  H,=rrrinlr1ri "=r, oiri -r '1rg *=

*  - *  *  *  I { ' ,  *
* r n  R  t n t  * f r r  t T r  7  - T 1  r n- ' J . " l '  

I  
- *  

l ' 1 " 1 - ' u l { t ' I

t l s in .g  th is ,  and the  fac t  t l i a t 'a i l f i=n* ,  h re  in fe r  tha t

(4. 6 ) -11,1^; (ii+u,n,, =*1f,1^;"ll i,,, rr*+u'n, I =nljir,iu,n,=

*urialr ih'=uairi .r ih' =unl'rr '  
luAutr ' ,



-'- :_: rcu9:Qqe

- tg _

f o r  e v e r y  h ' € l t '  ,  l l e  l . i

On the other  han<1. ,  by (4"5)  \^ re c i :educe

U t tr r t  l t l  
n *    *( 4 . 7 )  P , , , ' ; B  ( 1 l + U ' h ' )  = p . - , 1 i r t i  t i r '  " t  , + h  '  \  -

U l l  - ' l l  
- ' " ' t "  f , * r l l  l -

K -  A  *  *= U n , , : : ( h ' + i l ' 1 1 ) = U A h '  ,  h r € ! 1 , , I , . € L , . .

T h e  r e l a t i - o n  ( 4 . 6 )  a n c t  t 4 . 7 t  p r o v e  ( 4 . 3 I .

In  o rc le r  to  oJ : ta " in  (4 .a1 ,  v /e  v r iL . l  p rove

t4.4) ' tf 1*n'=P'Jlalr. ', h ' a  l l '  ,

anC

l l ,  l l .
( 4  . 4  j  "  p ;  t u  ( u ' - r '  )  n * n ; l r r i  t i r ,  - r ,  )  h ,  h , e  t !  , .

F o r  ( 4 " 4 ) '  ,  v ; e  h a v e :

l J -  l l -  *
p,  rn l : '=p ,  l f i f r f  , * i1 '= f fq4 f i ( t ,  *h , *  (u i - r ,  * ) ] . , ,1=

L *  L * .

a  [  - *  -  x=Uq"  (on*pn  *+ ' r  * t  (  1 -pA* )  (nn*1 '  -h '+  
(u i - r '  ' )  

h ' )  - -

*
a A=6q^  oA*  (DA*T '  *h '+  

(u i -T ,  *1  
h  ,  )  =e  (u * - t  * )  

^ *h ,  =

* *= ( I * U T  ) a  t r ,  h e { ,

ancl

ff . ,  *
<i r r ln i r , . ,  ( r -u r * ;  h>=<h, ,Ar  (o , i , .n -  (u - . r )  T*h>r

* (h ' ,  oo i * | r }  = ( ( r - u t *1A*L r ,  i r - u r * ) l l . t ,
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fo r  every  h€ f l ,  h te l l '  .  The las t  two re la t ions  prove (4 .A , ) ,  "
' T h e  p r o o f  o f  ( 4 . 4 ) * ' w i - 1 - l  i n v o l v e  t h e  w h o l e  c o n s t r u c t i o n

preced. tng  Propos i t ion  3 .1 .  F i r :s t ,  we no t ice  tha t

=(0  @ (u ' - t ' )h ' ,  oapatoonf r *h- (u -T) r1n)>+

+<o @ (u.  _r ,  )  h ,  ,  r . t  (  1_vo)  o / rh , h € t { ,  h ,  €  f l ,  ,

and

H .
( P ,  t B  ( u ' - r  '  ) h o  ,  ( r - t I T  

* )  
h r =

L * .

=<f i f i  ( r -u i? ' )h '  ,  ( r -u r *1h>=< i l  (o ; , -  ( t l i -T ,  * ' )T ,h ,  
)  ,  {un . - r *1 i ,

=<  (oa*Pa** f  *J .  ( r -pA l )  (oo*h ' * (nn* r ' *T 'h '+  (u i -T ' * )T 'h  t ) , .0o(ao-To) / ,> -
. ( v4* p4* (Don Xl,f l '  -  (uo-r '97'4, ')r. o @ (u+-T") t,>+
* 4 f  * I ( t - n o * ) D o * h , n  0  o  ( u * - r " ) h > ,  h € , - / ,  h , e H ,  .

T h e s e  i m p l y  t h a t  ( 4 . 4 1 , r  i s  e q u i v a l e n t  t o

(4 .  e1  <0  @ (u1- r ' ) r r ' ,  oApa{ooo i * t r * (u -T) r . r } )=

= ( o A * p A o ( o o . o i , h , -  ( u i - r ,  * ) T  , h , )  ,  0  @  ( u o * r * ) h r ,

-  and

( 4 .  B ) '  < 0  @  ( u ' , - T ' ) h "  r 1  ( 1 - n n l o o t r > - 4 t + . 1  ( l - p n n ) D n * h , ,  0  @  { u * - t o 1 i r >

f o r  e v e r y  h 6 t {  t  h , e H ! .
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F o r  ( 4 ; B ) o  t h e  p o i . n t  i s  t h a t  f r o m  ( 3 . 7 ) '  v i e  h a v e ,  t h a t

(4 '9 )  ooo i *h - (u - r ) r *n=-z i (0  s  (u * * t " )h ) ,  t r€ t { .

Analogously

( 4 . g t  '  o r r " o i  , h ' , * ( u i - T ' * ) T ' h ' = - z A ( 0  @  ( L t ' - r ' ) h ' )  n  h ' € i l :  -

T i rese  means  tha t  (4 .8 )  i s  equ i - va len t  t o

< 0  @  ( u ' * r ' ) h ' ,  o l p a z ; i , ( 0  @  ( u * * r n ) h ) r =

/ \ _ *= ( o . a d ' p R * z " ( 0  @  ( i i ' - t ' ) h ' ) ,  0  @  ( t l * - - T  ) h ) o  h € i { , . ,  h , e l ! , .

But  U : i s  f o l l . ov rs  f rom (3 .9 ) ,  because

< 0  @  ( u o * T ' ) h ' ,  o a p o z i ( 0  @  ( g o - r * ) 1 . ) t *

= < p A { 0  @  ( u ' - r ' ) h ' ,  o . p n z i ( 0  @  { u * - r * ) h ) r =

t*

= < z o o i i : ^ ( 0  @  ( t l ' - r n ) h ' 1 ,  0  @  ( u o . - : t ' * ) l r t =

a  7 \ .  *= ( o o * z ' ^ p '  ( 0  @  ( u ' * r ' ) h ' ,  0  @  ( u * - r . ) n > r  h € f { ,  h r e H '  ,A

so (4 .8 )  j -s  p ro* rer i ,

x " o r  ( 4 . 8 ) ' ,  r v e  h a v e  { r r s i n g  ( 4 . e 1  a n d  ( 4 , . 6 } r ) ,

( t  * l  ( t -p .  o )  DA*h ' ,  0  @ (u* *T*1h>=<z-  r i  l zA l  
n  ( t -pA* )DA* -h ,  ,
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! ^ i e  h a v e  n o w  ( 4 . 8 )  a n d  ( 4 . 8 ) ' ,  . q o  ( 4 . 4 ; " '

o f  t he  p ropos i t i on .

=(  (1 . -pA)  (n *on*^ '  *  ( r i , - r ,  )n ; ,oh , )  n  r r  (1 -pa )Doh) *

= ( 0 @  ( u ' - r ' ) n ' ,  r r ( L - p o ) n o h > r  h € l { ,  i r , € i l l .

, whicl:r completes the proc,f

t l o te  t l r a t ,  i n  pa r t i c r - r l a r ,

(A*)  ?=6.  (a?)  .  ( f '  t  t t  '+ t " ' *  )  .
4 f

I ,r le wi-1i define now the uniLary operator betlveen RA ar,cL

0 ro ,  announcec l  a t  Lhe  end  o f  sec t j -o r r  z , .F i r s t ,  no te  g ra t .  f r on r

f  a .  r l  i t  f o l l c l y s :

( 4 . r 0 ) u ' ( R r o * r  ) = R ^ *  ..  \ . .  , l  * 1

I nde  ec l ,  by  tZ .7 ) ,  f o r  ( t , "  )  i  
j . r r s tea .C  o f  A . ,  ,

R f o * t  = ? / ^ u \  O  ( D r ^ * , ,  u l ( l i ) ) -
\ r -  t !  \ . r \  / I  ( . 4 r  J 1

ar :d f rorn the def in i t_ ion of  Rn *  ,t t r

.  R n * . = ( 0 ' , , , * + L ' * )  @  { D " * T i  5 l + ( t i ,  - T . t '
.  ^ l  ^ r  ' , ,  ' r  

^ "1 *  tL ' ; r - . ' t  ) h l  :  h i€ i f  i i  
*=



-et*

which completes the proof

Consiclcr nor^r +-he operator

o f  ( 4 " 1 0 ) .

0 r n n t  i  e x p l i c i t e l y
r - . '  /  I

( 4 " r 1 )

( 4 . r 3 )

[ t ' ,*

1.,^
\  3  R r r , * ' ,  D n
, i "  [ r 1  t J .  , * i

* '  
, "  " -P  

(an

t te  f j -na l ly  Cef ine the operator

( 4  " 1 2 )

71 n
| r  t  l 1 ,

f  t ^ t  r  I- ( T i ; T r ) = o  r  :  R

)  _  
( l t '  + ) . . '  

r )  
= D r l  ( f - p n * )  ( n O * i i ' + L '  

o )
' r  ' i

- * *
l r o ( H ' ,  I ' € L '  a

{ t r
{'J - 

by

/'\.,
* |--}

),) ' '  {n.

I
[ .

J
I
I
I
L-

D r o- I

A l A r i , .
*= (  Z") ( : l  ,  , ,  * . .  U.,( r r  J  I

*rur 
l  ont "

t .  o

]\
t t ' l

f rom R *

m m

ontb

A "
a 4.r. gbejpere-Loj * '_qel:nq*-*by, i4"l-2) rp-.jn.LlgJy-

Q  ̂ *  a n d' r -

A 1 A , L

0 ) ' ( t - p  t )  ( O  @  u ' I ' ) = D r * ( I - p ^ )  ( 0  @  1 ' ) ,. I
,  t e t  i

P r  o  o  f .  I r rom (4 . I2 . )  anc l  Co ro l - l a ry  3 "3  i t  f o l l ows  t i r a t
A r  A 1

u r ' i s  a  u n i t a r y  o p e r a t o r  f r o m  R  r  o n t o  i l r o .  I n , o r c l e i :  t o  v e r i f y' L

( 4 .  f 3 )  ,  w e  h a v e :



A -  A l
( 4 , r 4 )  u  1 { t ^ p  t }  ( o  O

=zAo*  
{a * )  , 6 'o

-  2 1 -

h *

U ' i ' ) = ( Z ^ - )  o J r r , , * l
( , . I  I  

I

. \  * A, A.,
u '  z  ' ( r * p  ' )  ( 0  G )  u , 1 ' ) =

, n' ft ' t

(  t * n o ; 1  ,  t  ( 0  @  ( L r ' * r |  )  : .  ' 1  =

i

=zA*"  (a" )  r  
(  r -p  to . l  Ju ' *  

( *oo*r ,3 i t  +  (u* r - * i  " ) r i t ,  )  =

=zA**  (no )  r  
(  1- I ,  (a" ,  

, ,6 '  

*  
( -Do-o- t '  ;  =

= Z r ,  * 0 , , , ,  * , ,  ( l - p  r ,  * ,  )  D r ;  * ,  ( - L t ,  
' i t  

)f I  ( f \  r I  - ( l \  r r  ( l {  l 1
1 t € l r
J \ L I

v rhe re  r , ve  used  (4 " I2 ) ,  Co r :o l l a ry  3 .3  ( f o r

( f o . r  A r )  r  i 3 " 7 ) '  ( f o r  n ; )  ,  t i r e  f a c t s  t h a t

n
' * f

.L

i ns tead

2 - .Hi

^ C  r  \  I  a  o l ,
\ r I  t - \ l  t  l J . ( ) J

{ - i r  : ' t -'  9 r t s  g, . = P  L l  I

T { l l - ' = 0  a n d  ( 4 . r )  .  s u p p o s e  n o v /  t h a t  1 ' = ( u o * T ' ) ! ' r ' ,  v , r h e r e  h o € f / t .l-

F r o m  ( 4 . 1 4 )  i t  f o ] l o w s  t h a t

4 l

( 4 ' r 5 )  t o  r  ( t - p A r )  ( 0  @  t r ' ( u ' - T ' ) r r ' ) - z o * r  
{ o * ) ,  

( t - p ( a * , r . , o i a o )  
r

.  ( - o ; r h ' *  ( u ' n - T ' * ) T  ' h ' 1 = z o n D r n  
j .

* u r i  ( r - p A )  ( o  @  ( u ' - r ' ) h ' )  ,

- T ' * ) T ' h ' )  = D * * z -  n  (  1 * p A n )  ( Z a * 1  *  
1 O  @  ( U ,  - T , )  h , 1  =

w h e : r e  w e  u s e < 1  ( 4 . 1 1 ) ,  { 3 " I 0 ) 1 ,  ( 3 . 7 ) ,  { f o r  A  )

( f o r :  A n )  .  T h e  r e ] . a t i o n  ( 4 .  i 5 )  i s  e x a c t i y  ( 4 . 1 3 )

l low completel-12 provecl.

( r-Pan ) r-nn.nfr,h' t  {Li '* ' -

h ' € l l  n )

a n d  C o r o l l a r y  3 . 3

and the lemma is



+rT qon'r.1qt-ative;

( 4 . 1 6 )

P r o

t h a t  ( 4 .  r 6 )

( 4  " r 6 J  
'  t r r o ,  (  t * p A l

fo r  everV hr€ f l r .

Because ,  t -pAL,  n^ rn ,

where irt l is in l{r for

, n
l)^ h''' -**>

t t l  r

-ft.$-

As an appl icat ion of  the

tvro sections we wj-t l  gi,re the

esen t ia l l y  used  i n  Sec t i ons  7

'  A s  n e  k n o w  ( s e e  ( 2 . 7 ) )  ,

i t  is  poss ib ie  to  consj_der  the

P r o p

o'l n^L

construct ion involvec l  i_n i l re  last

fo l i ow ing  resu l t ,  v ;h i ch  w i l l  be

a n d  8 .

the  space  Ro-  i s  i nc l -uc led  i n  0n  ,  so
I  , \ L '

A ,  A ,
o p e r a t o r  ( t - p  t ) | R ^  

,  R .  r * >  R - - 1 .'  ,t l  ,.t l

A ,  A -
f r 6 ,  = - o r ' ( t - p  t ) l R n  

.J .  l \ l  ' t  
A t

o  f  ,  ! - rom Lemmd l . L  (b )  ( f o r  a ,  i ns teac l  o f  A ) ,  v /e  have

is  equiva lent  to

oornr=- 'Al  { : . - rAl '  )  (  r*nor,oorn,  '

I

is in 0n, , there ex.i"sts a seguence {Dn ,.1} I=,I Ar-

every  0>1 ,  such  tha t

(4  ,  17 ] ' ( r '-PAr, oo*n, .
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From (4. t1)  we have that

- 
'Aroornl t  * t ' :Al (  r-Phl )  oortt ,  '

wh ich  l rnp l i es  by  (2 .8 i  t ha t

(4  "  rB)  (1-" tA)  (oopo+rr  ( r -pn)  )  (non+r-p)h l  - * -> 0

N o w ,  f r o m  ( 2 . I I )  i t  f c l l o v r s

(4 .  19)  t r ro ,  ( r - f rAr )  ooru?- t ro r ,  ( r -po)  {nor r+r - r r1 t r f  ,  fo r  €very  n ) r  "

On the other

A 1

F I = tDrrrfrr @ u'qAArfi, , ir€itr] " 
n

s o

'  ( r-not ) nn, rr!=* ( r-oAt ) u, qAarn! , nlr ,
, t l  r  r "  I

T h i s  i m p i i e s  b y  ( 4 . 1 3 )  t h a t

A 1  A . , ? r A r A r a n
( 4 " 2 a )  r , r  t ( 1 - p  t ) n a r i r f = - r  t ( r - p ' ) u ' q " n r h f =

=*Dr l  (1 -pA)eotoopr r * r I  ( r -pA)  )  (u^ r+r -e )n f  ,  n*1 .
r ^ '

Ar  Ar .  n  / r . ,  A ,
Because o  ' ( t -p  

" ' ) r ,o r r r 'g  - ; . *  o r  t ( : . -p  ' ' )  
{ r -nur )oor t . ,  ,  f ronr

t 4  " 2 0 ' t  ,  ( 4 , 1 S )  a n d  ( 4 . L 9 )  i t  f o l i o w s  t f r * t
' t

,o' , r-nn') ( r-rrAr , ooin r=]i1 ro, , r .-oor ) oorn,i=

h a n d r  t i r e  r e l a t i o n  ( i . f ) "  f o r  A ,  g - t v e s  t l : a t
,L

( r*pA) {n{oopo*r, ( r-no) ) {DAP*r*p1 tr!=

( r-pA) (oopo+f 
, { 1-no) ) (noe+r-p1 h!=

=- l i in  0"  *
n+cr, " I

=_lj"rn D, *
n + 6  - l

=-l im Dr l I , ,  (  r*pa) (DAp.t-I-p ) h?=
n+co 

^  
L  . *

= - l i n t  l r o , u  { I - p ^  ) D r .  h ? = - f " r "  ( l * p "  } U .  h ,
I l+oo "I " l  

*I  r '  i  t* i  -  tr i l '  
" l  

i
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As h. ,  was ar l : i t rary in , - f  r  the proposi t , ion is conrpletelv provecl .
I '

5.  In  th is  sect ion 'uve shal l  prove Theorenr  1.  L  .  anc l  the ger le*

'  
: :a l .  form of  Proposi t ion 4.  I  .

I ' i e  w i l L  f i x  / r€1  (1 '11 )  a  con t rac t i on  anc i  f i  a  C ID  o f  A ;  < i . eno te  by

f  a  t  
*  

. ;

r tnJ n=0 cne c l :d in , . ,o f  PCID assocrated to  f i "  The bas j .c  way to '  n$e

sect ions 3 ani ,  4  in  th is  s t tuat ion is  that  for  every n) ln  Ar"  J-s

a n  r - P c r D  o f  A .  r .  T h e r e f c r e  i t  i s  P o s s i b . t e  t o  a p p l y  L e m m a  z . ! .i i- r

.  to t i re pai-r  (Ar,_t ,  An) ,  fu>I) ,  in order to o] : ta in ^ A.,_. , -choice

seqr-ience of lenglrt orr€1 namely a contra

r  (o"_, ,  rAr.,)  :  Rn
J i - r  J l  t  

r r _ . ,

( 5 . : . i , ,

t  ioir

f i -1

n-t 
Fn

, a*dA. f/r*.t

, r - r ' t t t ( A n - - t  
' A r )  o

.  ( t - p A
,t-1t

(  oo ,  h^*t+1.,- : .  )  '
n ' - l .

obta in the uni taryIn

an<l

( 5 . 2 ) r ,

tire same v/ay rde

} \ :  A
t , l  t= ,  t t ( t ;  

,T r )  such tha t :

n - ' l
1  . 6 u " ' " L

n- J.

o

A

hrr'.- ,( llrr- 1 , Ln -r€.Un* 
I 

| .

operator l  rA =*A (r ;  ,  T, . , )
n n

Ar, (l'r.- l+1rr- l. ) 
*Arr- 

thn- r+Q
n - l  ' "
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wil l  c lef ine by induct ion a sequence of

sequerrces of  uni tary operator:r  {sa }  i=r
n

f  
t = f  ,  

( A r A 1 )  r

=0 
r', t
" * I

. I
=(r)

lfe

and two

{ 5 . 3 )  i

ancl f-,tr tr) I ,

( 5 . 3 )

coi i t ract ions

A .
ancl fa D] *

-  ' n = I

{rr,}  i=1

as  fo l l ows

0 ^
^ 1

. - , |
o

I
t

I
I
t
I
I

I
t ) i

[ ' "

l ,^
I
t .
I
l a
Ls

n  n - r

J i

n ^ n * r

'  L  e  r i r  m  a  5 . 1 .  T h e  s e q u e n c e  i f * ] : * 'r t ' \ r r - r

for eveqy n)l tlr-g ollerator 0O (lSgp.{",.'n)

A
( r e s p .  K  - ^ )  

o n t o
\

P r  o  o  f  .  l r o r  n=1 ,

d e f i r r i t i o n s  ( s e e  ( 5  " 3 )  f  )  "

A-choice s t r ing of  lenght

A.
( l<k*n-1" )  f rom R-  ( resp .  R K)  on to  D, -  ( resp .

' k  ' k

i -s  a  contract ion

A.
1 -  = o  * - ' t -  ( A  a  \ n *-  k  I  . " Jc - l  ,  oU ,  no , ._ ,  ,  f o r  eve r l '  25kSn-1 . .

*
A* )n "  i  i t  f o l l ov rs  tha t  f

nL L  ^ n -  
I

whi.c i t  means tha.t  { r , . }  l * . ,  is  an A-choice str ing
K -  K = I

o0 r,- n t

n
f I

n
0 [ d  

- - o

i,s**n n- gi:gle_ Eggg-re;

M R o ^
. l l

0 ,  ( r e s p .  ? , * 1

n

the asser: t ions of the lenma fol low from

S u p p o s e  n o w  t h a t  n ) l  a n c l  t h a + -  f r  t t - l  i qr q  L  i '  
k J  k - I  

' r ; :

A1,

h-1,  f , l ^  (and f t  o)  are unj . tary  operators
f  r l -

the

an

0  nn )  such
l .

J\

Def ine  f
n

f r om ? ,' t n - I

af  lenght

that
: ,

i\
{ a

h - l
- r )  t L  - n  l ^- r a  r  r  \ J I

r  n - I

in{:o 0 *
I

n .  Take

*
n- l -

now



' - 4 q -
'  . F J

. ' .
O = O t. . a  " . n  J '  t ] o  a n d

^n ^n-1 ttr,

A A
f l  f l= f?*  

o ' * -h
'ln-l

T h e  p r e v i o u s  c e f i n i t i o n s  m a ] i e  s e n s e  b e c a u s e  u r ^  ( R ^  ) = D n  t ^  n  ,  c
/.I fIn  n  l ' 1 t r \ n_1  r  o r r )

A * A _ l ^ "
C R ^  a n d  o r  t ( R  t ) = 0 " * r , .  

^  r c R  
" t - t ,  

m o r e o v e r  0 ^  ( R -  ) =r t  l ' '  { A  r  '  r t  tn L I  -  
1 " ' " n - 1  '  " n '  ^ n  A n '

A A A
a n d a  t ( R  n 1 * g 1 - - n ' - 1  ( D r - r r o  n  l = O n *  ,  j i r s t

n  l t ' o n - l  ,  / \ n )  ' r ,

A
r  / 6 " ' t ' t - I r _ *

- .  n  { , ,  t -  .  The lemma is  now conlp lete ly
n -1

( 5 . a ) , ,
fno"'oo'
l -  N
Lnon= {nn,.,

=Qo (0 , '  )=0 , ,' - n - r  ' r ( A n _ r  
,  A r r )  r

because  f t (A r r_ i  ,  An )=oA

proved by induct ion.

Note  tha t  the  A-cho ice  s t r inq  t r .1 f=1  and the  s t r ings  {sa  } l=K- J i=. I .  "  . " "A,  ,  k=l  t
a '
l*-

.^"k, rI
t $  

- . J t= f  
depend  on l y  on  the  ope ra to r  A . -  r  ( r r ) I ) .

D e f i n i t i o n 5 . 1 .  T h e  A - c h o i - c e s e c t u e n c e  f r  
' @

nJ n=r  and the

the A-choice_ s-eguenses; .  o I_
/a

A.  Fo r  n21 ,  t he  A*cho ice
Ao :.1

[ g  " . ] f = r  v r i L l  be  ca l l ec l

Lhe A:cllo-igQ.,E-!Ling-of Arr, resp. the srli&g-Sf jrderyg:L{,1.c-5rrors of A_. -:,::- -*,- -, . ' ;- --n.

The unitary operator

A
s i e c l u e n c e s  { 5 ? ,  J -  -  f o - - D l --  A-J  n= l  ,  t l l  Jn=J .  v i i l l  be  ca l Iec l
+  . l r

f , resp. thg jssquences o{_ggp€+rl...g5 ot

str inE trgl [=1 and t]re sequences {0a*} i l=i  ,

a larEer one, narnelY to, ,

is  c lear that  i f  vre def inel

t r t"  ,  def ined-r

which nraps 0_- ,t I

reccurent ly

ry 
oo* ot ,

b y  ( 2 . r r ; ,  v i a s

t
on to  0 ,  @ p-

A  I l
I

obtained rrol

( s e e  2 , 8 )  .  I t

-  0  no  )  o  6o
-1 *n-1. 

n

, . .  @  ? r
n

n22 ,



viirere i'^
'tt 

l

h a v e ,  f o r

( s . s )
l-I

-jo -

=fro, ,  an*n the operato::s , fo,ori=, are unitary; moreover

e v e r y  n 2 1 ,

. ' )  o n@ o' ' ,* " "* 'n -
o n  ( R n  ) = 0 ,  '  P f 0 ] @ t 0 i 6 ) . . . & n . " n o  l R a  = n a  ,t t n  t t n  t  

n  \ v , \ v L u t r v . .  " * . f  
, ,  

. . 1 1 .  - n  . - n

( 5 . 6 ) n

InIe are rrow able to crive

P r o o f o f T h e o r e rn l . l" Taki.ng into account l ,eff ir f ld

5 .1 ,  we  have  to  p rove  onJ .y  tha t  j - f  t f _ ] l * . ,  i s  an  A -cho ice  sec lue r l ce ,  t J :en-  n - n = I  -

there ex is ts  a.CID of  A,  6 . ,  such t l ' ra t  t "he A*choice sequence or  f ,  (see

D e f i n i t i o n  5 . 1 , )  i s  c x a c t l y  t r  J -  T r n r  t h 1 s ,  w c  c o n s t r u c t  b y  i n d u c t i o n"  n '  n .= l  '

a  c i ra in  iA  1 - * .1  o f  PCID  o f  A ,  such  tha t  t he  A -cho ice  s t r i ng  o f  A , . ,  i s-  n - n :

1 6  r  n
i r g l g = 1  .  f f  n = 1 ,  s t a r t i n g  v . z i t h  i ' l  w e  d e f i n e  ( b y  ( 2 . 1 ) )  a n  I * P C I D ,  . \ t r  ,

o f  A r ' such  t -ha t  f I ( . . \ rA r )= f r .  Suppose  now tha t  f o r  n> l  r , re  have  A r . , ,  an

n -PCTD o f  A ,  such  th ; r t  t hc  A -cho ice  sL r ing .o f  An  i s  [ f t ] i l = i ;  cons j -Cer : '

a lso the s t r ings of  ic lent i f icators of  A '  r  r r?mc11z t f |a .  ) f ,=1 anr l
.. ta1. K

{ a  ' ! } : r  l - r e f i n er r "  ,  k = L

A
T  = ( f t  t )  * "  

n- n  \ t r  ,  . n * r " " n r . ,

N j

that  { fn}  is  an Arr*choise s t r inE of  lenght  one ancl  so i t

t 2 . L ) )  a n  I - P C I D  o f  A r ,  ,  A n . t - l  ,  s u c h  t i r a b .  i r , - t f  ( A r r , A * + l ) .

a c c o u n t  ( 5 . 7 ) - - ' a n d  ( 5 . 3 ) . ^  ,  i t  f o L l o v r s  t h a t  t j r e  A - c h o i c e' n  ' n  "

is  f  rk l i : : i  S ince rnoreov 'er  i t  is  norv-  p) -a in  t i rar  r t r is  An+l

dete.rtt t ineC, the thr.:orera is completely 1>rcvcd.

n ;  ( 0 , @ 0 ,  @ . . . @ D .  @ { o }  ) + u t t L = F .
" n  ' 1  t  

l  ' n - r  
" n

( 5  . 7 )  n

I t  i s  c l e a r

def  ines ( l :1 '

Talcing j-nto

st r ing An+l

is  un iquely



R e m a

correspondence

v V l i l T n
v . 3 a

descr ibed.  in

i t  is  proved that

1.  I  is '  exact, l -y the

I

the one- to-one

same whicl:

4 . 1 .
*

the  / t  -cho ice

/\
o f  A ,  A ,

I

I i  ,Cef iued b1'

t, (Arr,.r '  Arr) 'A

- 31..=

f i l
Lo 'J

Theorein

t \ , \
1 1  t 1

=-o)  t ( r -1 ,  
" ) ln .^' l  

/ \
t l  t t

i
,  t r t le rui l l  prove ncw the general
\

a F  t  
@

Le t  t f .  ] " - - - ,  be  an  A -cho ice  sequence-  n -  n= r

s e g u e n c e  d e f i n e d  b y  ( 3 " 1 0 ) .  ,  ( n > 1 )
t l

d e f i n e < l  b y  t r  ] :  ,  ( s e t l  T h e o r e m  1 . I )
n -  n= r

t h e  c h a i n  o f  P C r D  o f  A * ,  { ( A " } * } : * . ,
I l  l l -  r

form of  Froposi t ion

1 @and le t  [ l  * r " , ]  n=1 be

.  Consider  the CID
/1

and A the CID of

, where

( 5 . 9 ) n  ( e " ) n = 6 " t A ; 6 ' t l  ( f { ' + L n o + , . . { - u ' n - 1 t r '

(*f ) .  I{hat vre }rave

, @

I t  * r i  n=1 .  Fo r  t h i . s ,

L e m m a 5 .2.  The ._diaggam

*
prove is that. the A -choice

give f i rs t ly  the fo l lovr ing

, ) ,

f.
o f A l - s 'to

vte

segrlence

resu l t

z -
A

is comniutati-rre i a t  i s

n- f -
- r r
I
'
I
! / .

0 r *
l *

tit

R r  f ,
ft

T
I
0
R r ' * 2

s

( d -
A a

R A
"t"--_____ 

Z ̂

z^ * * 
'-----l-

" A  
r ( o o ) ,  .  o { a o ) ,  6 ,  * c } ^ ;

d ---#'l K *-*--+ K

U )

' ' 1

1,1 ' '  - " ; t ' , , r . ] [1. ,

v.
f \ -

t

r e s n l t s  b y  P r o p o s i t i o n  2 . L ,  2 " 2  a n d  3 . I  f r o n i f 3 J .

C o r o l l a r y 5 . 1 "  F o r  e v e r y ,  n > 1 ,

( 5 .  B ) n

r  o  o f  .  The coro l lary  fo l lovrs  f rorn Proposi t ion 4.20,  where

Ar ,  (as  an  I -PCID  o f  A r . r_ I )  i s  used  i n  p lace  o f  A r . .

( 5 . 1 0 ) Z- t r t  -A ^ r
r:li
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R ^  C P "  I  t h e
, ' r 1  , t l

P r o o f . B e c a u s e

if we shor,,r Lhat

( 5 . 1 0 ) '  2 , , 0 ^  ( I - p ^  ) D *
A l l r ^ l ^ r

. N ,

tor  every h,  h  j .n  l l  .

F i r s t ,  we  have

whel:e q, 'e Ltse, in .order,
i * .

the  s t ruc tu re  o f  FA (see

. *

re la t i on  (5  .  iO  )  v l i l l  be  p roved

'^ to, ,  t-nAt, orr,  (h+ 1p-1)i)  =zon., (  t- to) (noh+ (u-t )  f i ' )  =

*
=DrlrzA(1-pA) (DAh+ tr t - r i f i )  =Dr 

l ,  
t t - ro I  z t  (DAh{-  (u-T 1f i "1 =

= D r . o  ( I _ p . .
' * l

*

N  A -  s( t r +  1 g - . ' T ' ) h 1 = ? n * ' r  ( u ' @ u ; z o  ( I - p , ,  )  o n  ( h +  q U - t ) ' L )  ,l r i '  J  1  
^ l  ' A l '  A I  

'

) (DA*rui @ (u*-t.) (rir-nf;rt1=

(h ,  f rer / ; ,

( 2 . 1 1 ) ,  ( 3 " 1 0 ) r  ,  c o r o l . l a r y  3 . 3 . ,  ( 3 . 7 )  a n c l

( f  . r . 1 '  j  .  O n  t h e  o t h e r  h a n d ,  v / e  h a v e

( a  ) r . ^ .  ^  *  Na  *  ( u ' e u ;  z n  ( 1 - p ^  )  D .  ( h +  { t t - r ) h ) -' ' r  ^1  "1

r a * . |  *
r - .  , 1 . n -  t  n  A ,  

t s= t . r  ^ ( u ' @ u ;  ( 1 - p  " ) z n  t ) ,  ( r r + 1 u - * ) h ) =
*1  t " I

* *
( a  ) r . n , n  *  A . ,  

'  
n  *  n=oi  t  i666 l  

*  ( t -p  t )  {no"a,  (h+ 1u- l l i io tu* . r * r i l  t -o f  (h+ 1s- r i t )  } ,, . l . t ' . r ' ^ l

* *'  
= - , , 1o  

" , r *n ' o  

) t t t 6 ,od ) * ( cs  
(L r * . , * r l l  0 . * (u * r . ) i r ) y=

I I

( A * ) ,  ( a " ) .  I
- -& r  * ( r *p  t )  (o  @ u* ( r r * r - r i )  ( i r+ (u - ry f r yy=

.  f r *  *  u
=-Dr l ,  ( t - p - '  ( 0  @ (u * r - r j )  ( r r +  ( u - r )T r11=

A * -  
. ^  -  *  d= D r *  ( I - p  )  ( 0  @  ( U n - r  )  ( T h - i r )  )  ( h , [ e t / 1  ,' * 1  

*
w h e r e  w e  u s e d  c o r o r i a r y  3 . 3 ,  ( 3 . 7 ) ,  t h e  s t r u c t u r e  o f  F A r  { t - r 0 , iI  r  [ J . r u J l  ,
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(4 .13)  and the proper t ies of  j -soniet r ic  d i la t ion.  The l -er r rma.  is  now

complete ly  proved.

and

P  r  o  p  o  s  i  t  i  o  n  5 , ] .  T h e  c h o i c . e  s e q l r e n c e  o f  i *  i s  f r  ] *

( A  ) -  *. . )  z IoA  ,

A .  A  *  A- 1 " 5 . 1 r ) ;  ,  t t I u  t = f i , t ( n ( o * ) , ,  z A s t  n

^ -  , .  
x t

foJ evelY '.Ttrt glgg {n (o )rr}l=i in{ {o t'{ 'ttl=, qre urp.--gsslu3u,s-E--gr

i c l en t i f i ca to rs  o f  A*

. P r o o f ,  ' ,ale proceecl b1r induction for r:rovj-ng that the choice
*

s t r i n g  o f  ( A - ) r ,  i *  { f * p } f , = 1  a n d  t l i a t  t } r e  f o r m u l a s  ( 5 . I f ) n  a n c . t  ( S . t t } '

a re  t rue ,  f o r  eve ry  n ) l .  Fo r  n= l r  t he  resu l t s  f o l l ov r  f ron  p ro l : os i t i on

4 . 1 ,  L e m : n a  5 " 2  a n d  ( 4 . 1 2 ) .  S u p p o s e  n o w  t h a t  n ) l  a n d  i l r a t  t h e  A * * c h o i c e

str i-ng of (a*) 
n is {r  * j}  f l=1 ,  Lire forrnulas (3. s) r ,  ancl (  3. a} f i  ) :eing

t r u e  w i t h  f f l , -  * .  ] l  -  a n r i  f n  
( A * ) k t t

-  ( A * ) O J k = f  a n d  i f l ' - -  ' * ] k = '  
,  t h e  s t r i n g s  o f  i c i e n t i f i c a t o r s

n

o f  ( a n ) n .  c o n s i d * "  o n * r  a s  a  t - p c r D  o f  A
, ,  

wj-t ir  t ire Ar,*choice str ing
A

F  / r  ^  \ - t   D * * -  ) ^  r  hr ' I ( A n  '  o r r n t ) = ( o  ' ^ )  f n + t ( o a  )  "  F r o l n  P r o p o s i t i o n  4 . I  i t  f o l l o i v s  t i r a t
n

*  \ . -  *  ' 1 *  *
t h e  A . - - c h o i c e  s t r i n c l  o f  ( R " r  - r i " n  f r r r t l l t + l t * )  i c- - 1 1  

n ' l * t '  
^ n + I t '  I  t r r l l T  L  /  J t i

-  , - *  .  * .  *  A *  *f t ( A r ,  ,  ( A r r ) r ) * Z ^  r i ( A n , A n r l ( 2  " ) " .
"n

F r o m  ( 5 . r 1 ) n ,  ( 5 , r 1 ) i  a n d  $ r e  d e f i n i t i o n . o f  r t ( A n , i r n + r )  . i t  f o ] - l o r , v s



. 4
I

n

.  (o  n )  n  
(z / { )  

*n  
r " ,  *
\ f r

_ *
= ( f i ,e6)  n ,n  ( i t  )  * )

(a*  )-  
I I t  * -  

n
J  4 r n  J a -

. * * A n
1 1 - 1  \ ' T '  o  1 1

n  
t " t t a r '  ' n + I ' o

I, n
t J t  " l R - *  =

l-}.
l l

r  *  rn* ts  ( .no
. \  

* h .

\  u r  
" r r l  

R r ,  "u  n  
* t n

i
Br . l t  f r om (5 .9 )n+ I  ,  i t  f o i l ov i s  t ha t

( 5 . 1 3 )  ( n * ) n + l = e * n + t n i * r 0 ' * * t l  ( l t , + L , * - r . .  . + u , t L y , + 7 =

(no )n+ t  i s  { t . , 0 } i l l l  ;  us ing  Le rn rna  5 .2  fo r  rhe  pa i r  (An  ,  An . l_1 ) ,  wc

have

A    ( a l ) . ,  +
z , ^  =  ( t I ' @ t . I )  ( t , l  r r  ' )  " 2 ,  

, _
iin+ 

I l\n /t

a n d  t h e n  ( 5 . f f l n + t  f o L l o v i s  f r o n r  ( 5 . 1 f ) r ,  ,  ( 5 . 1 3 )  a n d .  L e m m a  5 . 1 .

F r o m  ( 4 . 1 2 ) '  ( f o r  t h g  p a i r  ( A n  , A n _ t - 1 )  ) ,  l v e  h a v e

A
t )

w h j - c h  e a s i l y  i m p l i e s  ( 5 . f l ) r l o f

compJ.e le ly  proved"

, ' " n * I =  ( Z
* r  ( A * ) l

* f i n * r a j t , 6 , n 1  ( t / , +  ,  * + . . . + u l n l o  * )  
,

' v , r ic i " r  impl ies ( r 'y  (5 .  i .2  )
f n  \
\ 4  l ^  *

l ' o  " \  P  o  *
\  re  t  t  

,<  -  
r  r  oc  /  r  \  '' 1 r r - r I  t f i ,  1 : ,

*
)  that  t l :e  (4 .  \, Y T

l 'nLs rneans that

.  f i ,  
n o A n + 1

-cho ice  s  t r in { ,

' *
the  A -cho ice

,

the  prbpos j " t i r :n  i s

*
L , !  \ r i  / n * J .  { b

c  * v ' i  - .  . c  a F
u  u ! * r l Y  v !

and therefore



-  3 s *

6 .  De f in i t i on  1 .1 .  shov i s  tha t -  t he  no t i on  o f  cho i ce  sequenee

invoi rzes operators def ined on d i f fe : :ent  spaces,  constr t ic ted j .n  an

i te ra t i r re  way .  Th - i s  i s  no t  t he  case  i n  the  c lass i ca l  ex t rapo laL ion
f  , t 1  f t . - l  r - " 1

theorems i 'ol  ,  A, ,  f i l  "  rn order.to obfe. in in our sir*aLion 
1n 

ana-
ioguc of  Schur  i i :<1exing,  as wel l  as for  the sake of  ar :p l i .cat ions

in the theory of tuave nronagati.on in layered raeri ia, v/e give nol^/

a " more co,nnu.table " d.escript ion of Theorem -' l- ,1. To thj.s ain vie

f i rs t  c le f ine thq "  observ.eble sequence "  o f  a  CrD of  A;  then we

giv? iterat ' ive formulas in order tt :  connect ohser"u,ai:1e sequence

and choice sequence of  a  CfD of  A.

Consic ler  again the typ ica l  s i tuat ic ;n  of  thrs  paDer

( j - " e .  T  e L ( l / ) ,  T ' € L  ( ! t l )  r  A € ' l  ( T , r T )  a r e  f i x e d  c o r r t r a c t i o n ) .  L e t

f i  t r "  a  CTl t  cr f  A and l -e t  rn  1*  r  -:  {A, . , } l=1 l :e  the chain of  pCrD of  i "  Fcr

every n)10 we have

( 6 .  t ) n  l l r , =  L * + t l l * + .  . . + u n - l L o + t J * l { ,

and

l )  e  f  1  n  i  t  i -  o  $  6 "1 "  Fo r  n>L  and  r<k4a ,  t he  ope ra to r

sk(An)  = 1; r  
*k- ' l tng- : r | -1)Anl  

[ *  r to . r - *  L ,

wi l l  be ca lLed the k- th  observahle opera. tor  o f  A_ "n -

The s t r ing  {sk (An) } i l= ] .  w111 he  ca l led  the  observabre  sLr ins  o f  Ao.
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r t  is  obvj-ously that .  ts. , - (A. ]  l - . ,  is  *niguely determined-  
K '  f ^  r L * r

by An.

L  e  m  m  a  6 " 1 "  F o r  M  n Z I ,  t h e  o b s e r v a b l e  s t r i n q  o f  A'-.-r-'-*' n

g1r'qggfY._{93e qrlgge nn "

P r  o  o  f  .  The  ope ra to : :  An6 l , ( f l n r l { ' )  i s  un ique ly  de te rm ined

by  i t s  ma t r i x  v r i t h  respec t  t o  t he  decomnos i t i ons  (6 . r )n  ancL

(6" I ) ; .  From the def in i t ion of  an n-pCfD of  ;q , ,  \ \ , re  have that

p f A
n  

=  A P l l / n ,

v.rhich means that A' is uniquely determined by the operator

(  l -P ' )An"  on  the  o the r  ] rand

Arru" I It=A,.rTn I l l=rinAnl l l=i ' ;u'nA" I H=

=  u t t o ' o r r l f f =  T t n A n

so A* is  un iquel l r  Cete: :mined hy the operator

.  
( r - ? ' )  A . ,  |  ( L * +  u L *  + . . .  + r J n - t t * . ) .

Bu t r .  fn r  Cck-<n- l -

( r - p ' ) A n u  t  |  * ( t - p ' ) A , " , ' r I l ! * =  ( T J D t  ) r i k A r , f  [ * =
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ancl therefore .A* is un-i-r1ue1y clete::minecl by i ts ol:servahrle str ing.n

R e  m a  r  k  6 .1 " .  Le t  n ,  r ' l ) l  an t l  l - 3k {n . j - n {n rm} ;  t hen

Sk  (An )  =  Sk  (A* )  ,

\ @just  because [nrr ] f==t is a gb"gtg of  PCTD of A.

Th- is remark just i f ies t - -he notat i -ons

( 6 . 2 ) n sn  (A )  =  S r ,  (A - )  ,  n2J - ,

vlhere mZn is a: :b i t rary.

D e  f -  i n  j -  t i  o n  6 " 2 .  T l " r e  s e q u e n c e  { s n ( f i ) i l = r r ^ r i l l b e

calied the r:bser:va'ble se{Tuenee of i..

c o r o 1 I a r y 6"1. I[g-q,hq?fgel]l3_gejgegqe_*gg A ggi-
,1,

gggfX 9e tgtglgg,.p. A.

'R  e  m a  r  k  6 "2 "  We c lo  no t  know y l t -  t -& tz ' : - " , -  con ,C i t i ons

Gt*3W ^
.  f c r r  a  sequence  S r r :L  *eL !  ,  n l l ,  such  tha t  t he rE l6 I l s t s  A ra  C ID

of  A,  suc l t  that  sr r=Sr,  ( i )  for  every n) l  :

i , r le  vr i l l  t ry  now to.unc lers tanc l  a  l i t t , le  more the observable

sequence  o f  i . .  Fo r  t h i s ,  no te  tha t  f ro r r  (2 .1 )  i t  f o l l ows

(6 .  31 s1 { i }  =qAoApA(nor+r* r )  I  l *+qArr  ( l -pa)  (DAr+T-P)  |  L* .



' 3 8  -

Def ine the c lnerators

( 6 . 4 )

( 6 " 5 )

( 6 . 5 )

In" tal : | 5+ 1'

I n " ta t  =  qAoApA(Dn i ,  +  T - -P ) l l *  
)

i n ( a l  ; R , r - + ; .
J r \ *
I t r

l R ( A )  = ( r ' X ) ( n o r  +  I * P ) l l *  
)

[* '  
(o) :  RA r--2 1 I

1 t n

[ a ' (n )  =  q t ' ' l  R^

These  de f i n i t i ons  make  s rense  fo r  eve ry  An  i ns tead  o f  A ,  n l J_ ,

therefore we can c le f  ine the operators:

( 6 . 7 ) o  n ! t i l - R o ( A ) ,

( 6 . 8 ) . ,  R o t f i t = R ( A )  r

( 6 . 9 ) . ,  R ; ( A ) = R ' ( A )

and for any n2l ,

nfi tAf = u' *tRo (A") : L i-u L '

Rn ( A) =R ( 4n) o;., or.,;->* t n

n;  ( f , )  =u n * i lR(A;)  
(nAni "

Fhnn  (6 .3 )  i t  f o l l . ows ,  t ha t  f o r  n ) I  we  have
t

( 6 . 7 )  
n

( 6 , 8 ) n .

( 6 . 9 ) *

( 6 . 1 0 ) n sn (fi) -R;-, ( ilt .+n;-, tit r^nj- ,. tit .



_39 _

L e m :"n a 6"2" Iir-g.-qpefslefe n,r{i) agg nd(i) gre

Iru"e cqtyg"_lqf -S-ye5y n> 0

P  r  o  o  f .  F r o m  ( 6 . s ) n  a n d  ( g " 9 ) , " r ,  n ) 0 ,  i t  1 s  c l e a r  t h a t

the lemma wi l l  he r : rovecl  j . f  lve show that  R(A)  and Rr{A)  are

in jec t i ve .  Bu t  f o r  l *=  ( r -u t * )h€ l -o r  where  h6 f i o  r ve  have  tha t

' * * *
i r ( A )  I o = (  l - p o )  ( D ^ p + r - p )  ( h _ T -  T h _  ( u _ r 1 T " h )  s

" f1 l-t

+ ( t * p n )  ( D ^ t r - ( D ^ T T * i r + ( u * r . ) r o h )  )  *  ( r - p -  ) D - h ." A  l {  A  - l \ .  l \

+

There fo re ,  f r cm Lenma 1 .1 .  (b )  and  ( c )  i t .  f o l l ov rs  tha t ,
- * *

R(A)  and  R ' (a )  
"  

have  dense  ranqer ,wh ich  neans  tha t  R (A)  anc l

R ' ( A )  a r e  i n j e c t i v e .

c  o  r  o  1 1 a  r :  y  G . 2 .  l - e 4  n > 0 . a )  T h e  f a c i o r i . z a t i . , n

r; A' rs r.ggglet-rl gnq..9gly--i! R; (^) - 0.

b)  The  fac to r i za t i on

,,'rn rg*Iggglg[*rr -q+{-enlg-fl R* (fi):0,

7. rn the next sect ions f  wi.rr  ne9ri-xed' r  :  :  i , .  crr)

of A; we wil-I  clenote

nfi=nflrir,
Rrr=Rr, (i) , ,

Ri=n;f  f i l  for  i l>0,

' !

I
1
i

I

i

and



_rto _

s - = s *  ( A )  ,  f o r  n > t ,n  n '

We u' i l l  g ive now i te:r 'at ive fcrmulas for  t l re sequcnceu tni ]  I= '  ,

f n  1 *  -  . a  r n t l o  T a &[Rrr ]  r r_6 and [Ri ]  , , r=g .  Let  s tar t  v . ' i i :h  the seql lence [Rr . ]  l=6 .  For  (6  .  8)  f  ,

\^ie infer that

R . ,  = R  ( A ,  ) 0 n  ,r *r l"

. t^lhich means

* i = n ^  R ( A ' ) * = r o  ( r - p . , ) D "  l L * =
r  / . r l  r  A l  " l _  * t I  t

=Dr 
- 

(  1-p^) (noi ' r- l -P) |  t  *=Dr - I iJ" 1  ' t

l iherefore

( 7 . f ) .  F  = I l - D -\ , . * / 1  ^ t l  . . o " ' f l

:  Suppose norv that  n) l  is  g iven and that

( 7 . f 1 *  . ,  R . ^  , = R ^ D .  . . " D f-  ' n - J .  n - - L  o  1 1  , n _ 1

T l : e n ,  f r o n i  ( 6 . 8 ) n  a n C  ( 5 , 3 ) n  ,  i t  f o l l o v r s

*;=nnX (An ) 
n=fl 

orr- l'rr,.,R 
(An ) 

*=

=norr-r'or, { t-tarrr) oorrt t *=

=norr-rort  (Arr-1 rAn) *t-nor.r-r '  oorr-r |  |  *=

* *=' orrrnon-ro (nr-t  )  =DrrrRn-l  '  I

so that

(?.  1)  n Rrr=R r-rDrrr=RoDf ,  
orr .

- ,  I
I
I

There fo re  we  p roved  (7 .1 )n  ,  nZ l ,  by  i nduc t i on .



* 1 -

A  s i r r i r a r  f o rnu la  i s  r , ' a l i d  f o r  iR j ]  : * ^  .  r nc ree  r l  n  f o r  (6  .9  )  ,  ,  { 6  . 6  }n  l l = L r  I .

and  (4  "  13 )  i t  f o l l ov . i s  t ha t ;

a

*  A ' ,  * -  - r  A r  n l
* i " = n  r p '  ( A l )  

^ u '  
i  L ' = Q ' ( t - 1 . ' ,  t ) u '  

I  L ' =

= D " * ( r - p A )  |  L r = D n * R :  ,' l  ' r  v

so vIe have

( 7 . 2 ) .  R j = R ' D - *' L  
I  

- ' o - - f  
,  

.

A s imi lar  inc luct ive argument .  (as f  or  (  7 .  : .  ) , r1  i rnp l iea Lhat

(  7  .2  )  n  n [=n i - ]Dn *=f r :Dr  *

,  
, r  J r - r  . n  u  , l

We proved thus

n t r
I

I L

wirere

ang

l ) = R n n
n  

- ' o " i " " "  
" f

r n

R j = R I o , " o " . .  D . u
' r l  v  t  

l  
t n

The case of  tn i t i -o is a l j - t t le more cornpr icated. rn fact ,  the

tteratir, 'e formulas of tnSt lrurcr . i )  \Jr  t^n j  n=0 
gLve

t ype  fo r  {s r . } l=1  .  F rom (G.?)n  and

nf,-tAonno(noe+r-P) I I. *

n > l .

P r  o  p o s  i  t .  i  o  11 7.L,  Fqf  gJ lqgz n>0

sn+ r=Ri+R,lrr,* rRr, I

Ro= ( I -g)(DoP+I-e ) l L o  ,

n;=tJAln^

Rf, deperlcs - only. gn

rifst"!sTficA
/ ! ltl {lt

also i terat , ive

( 6 . 4 )  w e  h a v e

and

formulas of the same

tnac

* i=u ' * tqotoo Pa Da lLn



*1 t-

Def ine the

( 7 . 3 ) n

and

( 7  . 4 )  n

opera tors :

( > : n r t *  H  0 ^  +  T t r  +  +  D ,

1  
r ' r  ' t  

n

l "  = t -  o*  t -
L n /\n /\n

@ ,., F*----> L'
I
n

,  l - ' l  ra
F , ,  + l ; ( A _ .  r  A  _ )' A n  I ' r ]  n * 1 '

I Y
I,
I
I

[v

z D -  @  0 - .  @n  / \  1 "
t

. t a
x n

- r r f  l I  l -

] l - t '  Y  t ' A

r.t

.  p ' i

( 1 - p A  ) ) s ? a  ,
l t  I l

@ 0,  which appears
n

4.* *r2 'n>4.

Taking in to account  the d j - rect  sum ?ra @ pf  
-O

|  
' L

i n  ( ? " 3 ) n  a n d  ( 7 . 4 ) n r  w e  h a v e

n

I I

I

X *n

I

and

o  l < j < n

and

( 7 . 5 )  
n

( 7 . 6 ) n

\
\
\ ,

l
I
I

I

n
Y

n

where

where

l S j < n  I

;  i  L *  0 o

i  :  L *  , r ,

def, in l t ions and the propert ies of  bhe seguence t6-f l "r - - t t '  n= ]

( 5 . 5 ) n  ,  ( 5 . 6 ) n  ,  r l ) l )  ,  w e  i . n f e l -  t h a t :

t '  - " ' . '

I
I

I

I
\

fo r  every  n>I .

From the

( s e e  ( 5 . 4 ) n  ,



( 7  . 7 |  n

( 7 . 8 ) :

(7. 8) _
( 7 .  B ) ;

S  . - = Y  X
I1+I  n n

- / t3-

th is  sect ion is

r n . l  f v  
' i  -  

T  ^ { -s l r v  ( { * J  - _ . 1  .  ! u L
l I  t t - +

f o r  eve ry  n> l .

The a im of  the rest  o f

the sequences {Xrr }  i=1
...{a;

sesuence  fY  ] '" - n ' n = 1 "

L e m m a 7. I .  t r i t i t h  t he  no ta i : i ons  o f

a) ut=^?

h) "i="1

P r o

v! toorrl =u' *g-," 
I

f  .  a )  L e t  D O h € D -  ,  ( h -  € H J  i  u s i n g  ( 2 . 9 ) ,  t / e  h a v e

, oo r t o ,  +  t r ( o r  o  Az ) ( r - pA r , , f r o , ( noh1=

=g'  nnAl  
,oonno, r  r  (Ar ,Az) ( t -pAl , loonun=

=g'  noAlonr.  (%rrrh+ (u-Tr)h)  =u'  *no 
1oor,-  (u ' - ' l i )  arrr )  =

= U '  
* U '  

( t - p ' ) A r h = ( l - p r ) A , h ,

and

v! tnorrt =ui * 'no' 
,oornor*lr, ta, ,A3) (r-pA2) )6A 6;1,(Doh) =

a 1  A ^

=U"'q ' roornor+rt  (A2 ,  A3) ( t -pAz))onruzi .=

=Yoxo+Ylu l *  -  -  .+ynx t*n"n  
n  n

nfi=vfxfi+vlxj* ., ;*Yn*t*il*t
R.L= 4
R ' f  . . = Y Dn  n + I  n

to girzs l teratlve fcrmul-as for

start. wit ir  the study of the

=s' *ZnA2oo, 
[oorn, 

(un) + (u-rz ) un] =



= l J ' * 2 ( u ' - r l  ) r l n  ] -  " *  
.

\ u  " ' r ' Z t ' t '  
2 r \ Z n = U '  (  t - t ' 1  ) f  ) A / n = ( t - p ,  ) A f h

t l :erefore

v o : v o' 2  ' r

b)  Let  t r=or . ,  (  1-pn)  (nor+r- r )  ] i r€  Dr  
r  

( l i r .e  f { ,  )  .

T h e n ,  u s i n g  ( 2 " 1 I ) ,  w e  h a v e  i l r a t

t r=ro,  ( r*pAr,  oor, , r .  .

B e c a u s e  ( 1 - r r -  ) D ,  h ,  i s  . i - n  0 A ,  t h e r e  e x i s t s  a  s e g u e n r . n  r n  h ' r -- / \
,  L  

' u l  r  l ) ' l '  r s Y u E r r \ ' s  t " O ,  
l J  n = l

suc i r  tha t  Do.  n l  *  ( ' -p /^  )Dn l r ,  ,  where  t r fe r / ,  fo r  svery  n>t .  Then,. . I  *  , t l  , t l  r  I  I

Iu s i n g  ( 2 . 9 )  r  w e  h a v e

v lv r . -u  '  * 'no '  
,o  ̂r ru ,

1,-r iL{ "

h

^- .  * r2 .  ' * )  F  - r
=u '  -q  -  

lD^  Uh  C I  (u ,  - t l  )A^u6  |  =
L A 2  z ,  t  J

+rr  (A2 ,  o3 ' )  (  1-pA2l f inr*oo (  t*p l ,  oornr=

n

* t  l \ r
= l im  u '  ' q  ' ( on  p^  + r . ,  (A , ,  ,A3 )  ( I *pA^ l f rn_no  i r f=

rl*e tt2 n2 L z J ' ,rZ' A2 --j_

=*:: u' t2sA26o 
zDAzuhl=*:l 

n'*2 $r' :r;)A2hl=

=i :3 u ' " (1-Pi)o2h?=l :m u 'n( t -p i )  { "arnor+rr  (A 'nr)  ( . ' -pAr )  )oorr f

*  A '  ' .  
, i  . *  

A t  A . ,  r i=u ,  ( r - p i )  ( , 0  . )  - r z *a  
(  r _p . ,  )Dn  h ,  =u ,  *q  t  ( . ,  r )  " a r r r=

"  
. ^ l  , t i

I

=f t f l  v- ' I " ' 2 f  
l  '

'  
Taking into account (7.8) i  ,  the remma i ,s ccmpJ-etery proved..

L e rn m a '1  
.2 .  Fo{  everg nrm} l  aqd O<j{min {nrrn}  we have



-4 r -

P r  o  o f .  t :  t :  suf f ic_ ient  to  prove i l ra t  i f  n)10 then

" i=" in,  
,  for  every 0<jSn"

To apply  Lenuna 7. I  for  (^ . r_ ,  ,  An ,  / r r r .1 .1)  ,  instead of  ( l \ ,  At  o  A2) ,
-n -i

denote by Yi  t i re  operat .or  "s i r : j . lar "  to  Yi  ,  vrh ich appears in  th is

s i t u a t i o n  ( i = L n 2 i  0 S j S j . ) ,  T h e n o  b y  ( 5 . 4 ) n ,  ( 5 . 5 ) n  a n d  ( 5 . 6 ) n  r  w €  h . a v e

' , rJ-tJ
r  - 4  a

J  I  t l r

i

r n r {

?l=t l '  
, , * r lorr (A, ,*1 ,  Ar , ) ,

T l - "1*r 'or ,* r lor ,  (o*- ,  ,  Arr)  ,

?o# -  t . ro  v l  . r t r - I tr l l ' 1  - ( r ^  ,  r -  , " ' t  I ^  ) ), t n _  
I  

L r  r l  r t

irod - (,rQ vn-J. ',
r . r ! a  - \ t * _ t _ . |  

f  o . . ,  . - r i  /  .
a  t L  r  j r  I  r  l l  I  I

n - I

The lemma foIlor., 's novr j-rruuediately from Lemma 7.!.

r \  \
, \

Th is  lemma enab les  us  to  de f ine ,  fo r  every  n>Or

( ? . 9 0  Y D = Y D-  ' n  t  - * L 1  
'

l l  t t r

where m)n is arbi t rary.

P r o p o s i . t i o n  7 " 2 .  F o r a ]  1 m > n ) l r

(7 .10)n Yn=vf t=n ior ,  . . .  Dr l rn+r

P r o o f .  From Lernma 7.2, we, have for rr)t ,

Yn=Ytr



s o
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t ha t  t i : e  p ropos i - t i on  fo l l ows  f ro rn  (7 .S ) . r -  and  (7  "Z \-  ' I t  ' - - - ' n

We f j .x  now our  at tent ior :  to  the sequence {* . } ,1=. ,
1 r  l l -  r

L e t  n > l  a n d  h . ^ _ . ,  €  I / .  1  .  ' I h e n ,  f r n m  ( ?  1 )  ( f o r  An - l  
-  

n - 1 .  \ 4 ' r

fc., l lovrs that
n  

i ns tea .d  o f A 1 )  '  i t

, r - r  i  |  
2 = l  

l h r r - t  I  t 2 - l  l R r r h r r _ ,  i  I  
2 s l  

I  h n * t  |  |  2 * l  
I  A , . , _ ' h n _ ,  I  |  

2 =

= l l n o  
. h r , -  l 1 2 .n - l

that  there ex is ts  a contract ion

l l D A  h

Tiris ineans

( ? " 1 1 )' n

U . s i n g  ( 7 . 3 ) n

( 7  . t z ) n + r

vihere

( 7 . r 1 ) r r * ,

We wi l l  need

( ? . I 3 ) r

oorr-r.=oorrl ff ' '-1

, D A  €
n - t

a n d  ( 7 , 3 )  r  ,' 1 1 - r

a

vre in fer  that

a

l "
I
I
l n
L n

,  ( 7 . t 1 ) n

1)
rl.

j

by
@ &P" O "'-CD

^o 
--\

Q'  tne "pro3ect ion"  f roru OX-,  D,  onto Do and b i  0 :  the pro ject ion
- n  r r

Xn*1=tsn41xp t

( " ' * r t oa@?r r@ " '@ o r r ,  on  @ r r r t  .  - .  @ ? r , r+ r ,

l , - P *
L 

Bn+t=sArr* t" r r . rnorr '

also the operator

D  r - - - - +  D ^ @ 0 ^
A  { r  t l

The formulas 17 " L2) n | , 
,(nZ2) .shovr,: .thati f,or'.r understanding the structure

of the sequence t :<ni i=1rwe must focus our at tent ion on tarr i i=2. .  Denote



:

f z \
- t l f -

f rom the same .space onto t r .  ,  ( IS jSn)  r  n>.1.  The key s tep is  the-  i j

f o l l ov r i ng .

L €  l i t  $  d .  ? ,3 .  For  every  n .>1

{\7 .14) n+.r tn+t=[0" ,r*of l l+i ln,,  (r-nA") (nAt) * rr,*rul]  *nr,. ,*rrr l

P r o o f . l l ,s in the proof of Lerruua 7 ̂ 2, one can recluce the

p r o o f  o f  ( 7 . t r t ) r ,  ( f o r  n > 3 )  t o  t h a t  o f  ( 5 " r a 1 U .  l ; o ,  v r e  m u s t  p r o o f  o n J - y

( 7 . 1 4 )  
3  

a n d  ( i . I 4 j  
2 "  r t  i s  e a s y  t o  s e e  t h a t  t , r e  p r : o o f  o f  ( 7 . 1 . + ) ,  i s

a  s in rp l i f ied  vers ion  o f  t i re  p roo f  o f  (5 "1+) ,  ,  wh ich  w i l l  l :e  ver i f ie< i

in t i :e sequenc.e.
h r r : t

Let  x€Oa @ 0,  anc l  {no  f , f } i= . ,  a  sequence such tha t  oo  hT- tn ;  x  t
: t  r l  ^ l  

. *  
t j , - t  t t l ,  -  ^ 1

where fr fef f  ,  for  evcry n) l .  Then

brrx f i j  0)=6ororfi ir(x e 0i=l:: ofioi;r(oor',1 @ o1=

=liin fr. nrn, uhf=1i* fin D^ uhf*1ior tfi'^ rrn ntl) o o =
!1*o 

^f ' j lZ t 
n** 

tt3 ^3 ' 
n** 

n2 :'-?.

=l in i  ( t ^  8 "D, ,  t  ? l  @ o=(d^  B. r f  i  x )@ 0=f r "x  @ 0 ,
n+@ 

u2 4 t \ I  r  h2 
"  

'17.  z

where  we  usec l  tw i ce  (2 .g ) .  Th i s  re la t i on  l t eans  tha t

?  * d  2  
|

( ? . r s l  6 a t p A  @  , r r g i 0 ] = ( i - a ; ) " i l 2  0 - o ,  I t A @ p r r @  { 0 J ,

which aLso impl ies that

17. 16) ol; ir=olero!

Take now an .elenrent I Z€0 r Z 
such that



tr{e have

We proved that

( ? . 1 7 )

I t  renains to  s tudy

n :  y " = ( r - p , .  ) D o  h r  ,
n 2 "  n 2  , r 2  r

*-+

( 7 . 1 8 )

-4e"
*

4 , .  ( C  @  0 O T . , ) = { 1 - p ^  ) D ^  } r . ,
nZ o t ' r2- , rZ r

c  ( D ^  u , f r )  
-

n 2 a
J

o]fr=n,,ol .

( r-o3r ilrci "
(h1€ f { r )  anc '1 .

Fo r  t h i s ,  t ake  aga in  \ )C ,Dr  s t t ch  tha t
a  t ^

i 4

{ h r  .  H r )  .

cldrt0 Q) 0 @ \zl=oisi 'orf i i r ,o @ 0 e, t |-*af, i t  or"r. ' t*pA2)oornr=

=no,  ( r -n^r )83 (1-pA2t  onr  r=nn,  (  I  *pA3)  t '3DLrht=

=no ,  ( r -P : '  oo ,  t=nArD i r  (ne ,n r )  ( t -pA2)  Dr '  h r=

=orannr  t t - rA2 'oo ,  t=Dr rY2  t

where rue used t i ra 'b  83(DA.L l f l I )

a .secJr.rence tDA2h;] i=r, witir oornl

( l - r r - J n  h  ( w h e r e  f , l  e  g .  f o r  e v e r y  n > l  ) .  T h e n\ r  L J l t v n ^ r L 1  r  *  - - 2  - . 2

z

( r-03) irYz= ( t-43, froro $irt, =

t s n ; v=*:: fiornor* 3Derhf= 1:: fiordnrP,.ror'rr'l=

'oP brn (A-,Ao) _ . ir.=1T  ao rno  
n ' ' ' ,  .  . , . . . , ,  

6a rDa rh t J=
n r { o " ^ 2 4 i

.! A.

*:: 
f io, , t-q- 2, ,oornor+r, (A, 'r\1) ( t-pA2 ) ) oarhl=

r A "=hor ( r -g  ' )  r ,  {a ,  ,  A3)  ( t -paz)oornr=

=6 0rr(, -q+2 ) (nA2 ) 1r.v,



4 s -
r v h e r e  r ^ r e  u s e d  ( 5 . 4 ) 3  ,  ( 5 " 6 ) 3  r  L e r l l n a  2 " 2 ,  ( 2 . 8 )  a n d  ( 5 " 3 ) ^  .  T i r e' J

r e l - a t i o n s  ( 7 . r 5 ) ,  ( ' l  . t l )  a n d  ( 7 " 1 . 8 )  i m p l y  ( 5 . 1 4 ) "  a n d  t h e  l e m r n a  i s. J

cornplete ly  provecl .

( 7 . 1 9 ) . -

( s e e  (  7 .  r + ;  r r 1  ,  n Z 2 .

L  e  m m a  V .4 .  I ro r  eve ry  n7 -2 ,

( 7  . 2 0 )  C . -  ='  ' n  n

s l . , ^ !
L I I C I  L

D ,  @' . 1

n
l*^

r - p  t )  ( n

Fron (S,e)r ,  ,  i t  fo l lorvs i ronedi -at ly  that

(7 .z: j  n c i  r  o,  =-$At (  r -pAt )  n i  =rr ,
. r I " n r :

on t l re  o ther  hand,  take  x  60 ,  @ t , .  @ . . .  @ 0n ,  such tha t' 1  ^ n - l

- D e  . h n - t  ,  ( h r r - r € H n - t ) .  T h e n :
n - I  n - I

The f ina l  s tep is  to  s tuc ly  the operators:

[ c , " t i l r *  F - . - - +  0 n  @  ? r .  O  . " "  @  C ,

\  "  - n  ' 1  - n

1
I  *  A , . , , . - A r . , . n
I c r . , = - a a  ( l - q  " )  ( o  " )  '
\ r r n

P r o o f . tr'ie have

[ ' ; :  Do @

I
I

l"*=-not '

/'"-'",i J
\ r i  /

O P- r---+ CI *- f  - r
n n

*

x=o-



@

-  {o-

A J \
e *  P

n  I  ^  i L t  r  i r \ ' O  l Ou I  =-- r r  (  l - -p j  i lA t , r r \
l'\

i. I

A A

n  h  ! ! 0 ) =- ' n  " ^ - I  \
r r -1  ' - t ' r - I  "

n

*
C ( x

n

A
=*f)

\,Jhere v/e useci

proved that

( 7  ) ) \  .
\  .  .  u a  t r y 1

The re la l : ions

( 5 " 4 ) r .  ,  ( 2 . 9 ) ,  ( 1 " i ) ,

L e t  t : G

Def ine

t 7  . 2 3 )

r  ( r )  =  ( - t
I
\o ,

A natrix computation shov;s that J ( f  )
:

Return ing to  our  s i tuat ion,  rde

operator

* '
h _ .  , = D , * ' C _  r x  ,n - J -  l  n - ]n

I t :  t \  r  t t r\ 5 . t ) ;  '  ( s . 3 )  a n d  ( 1 . 1 ) .  i { e

I

is  un i tary

def ine for  n)2 anC 2Sk<n,  the

f l / ' t - r .  1 1  \ r ' l  ' f l r .  - - o  D r r - ^  f l rr r - i r  J  r rA_ -un r r_  r -=0  
"  (1 -p ' " )  (U ' *? ; )A r - rT r_ rh r ] * I=

n

l\ /j

= D r n 0  t - ' ( t * p  t - t )

n

A A

= - D _  * 0  r r * r  , 1 - ?  t - ' )  
D ,- f  \ *  L

n ^n- I

( u ' * T ' _ t ) A r , _ r h n _ 1 =

i r  ooo nr 
r*.  

.  "@rrr,_r@{o} =Dr*c*-r ( r-01 I lonoor rs" 
.  .*or,r"_r@{0}

(7 .2  f  ) , . ,  and  (7  .22 )  n  i r np l . y  t he  l en rma .

Lemma 7.3 and Lemma 7 "4 suggest  t i re  fo l lor^r ing c l iscuss ion.

t4  G'  be a contract ion betr . ;een the l l i lber t  spaces G and Gr.

J ( r )  : G  @  D r *  6 '  @  D r

:

i
i,:

l

o t .  
)

r *  /  ;

' t
1

. l



0 . 2 4 ) :

r i t i ich a,cts as

on whicir acts

1
( 7  . 2 4 1 ;

arrC, for n22 ,

( 7  . 2 5 )  n

which acts  as

on i lhich acts

*  5 '1*

J  ( r ,  )  ; F - @ R - @ t *  @ "
1 1  K  / ' \  l \  l .

l.

F--) F',OR ̂@D', @"
r r  l {  ,  

I

p.  "  .@tr

. .  " @ D , "- n  '

P4+

. *  @ 0 -' k - r  I

the id ,ent i ty  on eaci r  co inponeut ,  except ing those f ra tned,
?

as J( rh) , (  )  ,  i , le  r , , r i l l  need a l -so the operators

J- (r, l,r^@q.onftCI, @. " .610" r--?
n  r  A f  = : , j l  ' 2  ' n

de f inec l  as  above ,  ( f o r  n>1 )  .

Cons ide r  t he  ope ra to rs

(7  .25 )  . ,  o  }= i l '@ c . , : on@?"x- l -  
I  l "  I  t \  ' 1

the identity on each component, excepting the f irst tvro

I
a s  A : .

L

T r e m m a

( 7  , 2 6 )-  - n

tihur.

i 1 r  D ^ @ D r  @ . .

l s  t he  canon ica l  i nc lus ion ,

7 ;s. fg:_Srzsgy, n>2

n = o l J . , ( 1 2 )  . . . J n ( r n ) c n ,

I
. @ D r  +  0 ^ @ 0 f - @ .  . . @ D r  @ r *

,  
t n - l  t t  ' l  " . n - l  n

b

:

{
'
I
.
1



' 5 2 -

P  r  o  o  f  ,  T h e  l e m m a  f o l l o v r s  f r o m  ( 7 ' 1 4 ) *  a n d  ( 7  ' z o j *  '  n > - 2 1' n  - n

no te  tha t  t he  r i gh t  s i c l e  o f  (7 .26 ) r ,  t na l<es  sense  because  J r , ( t k )  i s '  t he

iCer r t i t y  on  FngRn  , r , rh i ch  w i l l  be  i c l en t i f i ec l  r ^ r i t h  D f  L ,  ( f o r  k>2 )  "
f I  r \ /

\
\
\
I
I

I
I
t
I
i

I
I
I

C o

( 7  : 2 7  \-  ' ' n

( 7 . 2 8 )  
n

r o I 1 a r y 7 " 1. IlgL eYgJX n>2

r to
l't

=  o t t r , ( r e ) . . . J n ( r n )
. , I

'v ' le conclude this section in

P r o p b s i t i o n 7 "3.  IgLSirgIX n>2

"n-  I

1

n  - ' l

n " r

o ' ' *
.  " f

- 1 1

I

ylheq_q Yr is givel bY , (0< jsn) , glfl txfl) j=o {e qLtqi.ned

Ig.Su{e !1y-Jry (7 .27J n .

g.  The recurent  formulas obta ined in  Sect ion 7 requi res the

fur ther  s tudy of  the f i rs t  ob jects  involved in  t 'he construct ion '  This

wi l l  be done in  th is  sect ion.  ! . Ie  s tar t  by analys ing the connect ions

betvreen s,  an<1 S. , ;  these turn out  to  imply  a s l ight ly  d i f ferent
I

fo rmulas  fo r  (7  .27)  ,  n>2.  
'

lhe whole iclea is to use the fact that

: OO*L=FO @Ro

sn*r=Yoxf,+vrxro' ' '+vnxfi '

( 7 .  1 0 )  j



, u-sJ l

F r o r n  ( 6 . 1 0 ) , ,  i t  f o l l - o w s  t h a t' I

s ,=nf,+n;r ,nj=.IAoai)r,'(DAP+r 
*P ) i L * +

Def ine

( 8 . 1 ) '

and

( 8 . 1 )

wl- t,ll

( 8 . 2 1

( 8 . 3 )  
o

| ' , , '* t

lu'=n

.o
:  " I ee

t s 2

n2.2 i

the

fno
l o
{
I
L S r

er to connec

s  ( 7 " 2 7 ) n  ,

Let  consider

In "ord

prov in

these def in i t ions we have

= Y t X '

= Y t X t + Y ' ' X r r

w i t h  S ,  i t  i s  p o s s i b l e

the f ina l  resul t  can be

operators

t , "

i

i

:

and for any n23.,

( 8 .3 )  n  a f  ,  r oeB ioDr  -@. . .@0nr \  I l  I n  l r  f |  t l  l n

where Al acts as the identity on a1l- the components, excepting t l ieo

f i rs t  two on.r ,uh ich acts  as Ao.  
' ,

: i
Put  a l so  !

nqAr ,  ( t -n^ )  (non+ : - r )  I  Ln

- ( n - P + r - P i l l *
/ \  t t

r

A -  _ x' . o ^ : r -  " - - - - 7  L
l { A

x ' o = ( 1 * p a )  ( n o r + t - P )  l l  n i  L o  *  R o

Y"=gAf l=R; f r :Rr ,  r - - - *  L '

WLLI

to use the *.GG in

s ta ted  as  fo l lows l

F -
t\

t 9 ,  €
K .ra

n

!

o o = / r o ( r - o A ) o o  
- p a ( r - t J A )  

\

ft r.r,ol ("r 'q4) oA - ( r-po) ( r-nol

r -
A

o
Rr'.

n



'5"+*

fx;=noxfi
I

I

L";= (r-no) xl ,

and

for  every n > l  .

Tiien rve ] iave :

L e m m a 8.  1 .  I ' I i t h  t he n rev ious  no ta t i ons

( 8 . 4 )  r
r l r ,  t r r l

/-i \
/  * l  I  =
t i t
\ * i /

(x '  \
l x "  I

\",,;l
P r o o f "

T ^.r- 1
l s L  - *

' l =
* l r

F  |  .  4 - ? r a n
v  t *  ,  L : r v i l

p" ( r*q'i) fi '^ D^ l-*
1 1  ^ L " 1  .

A . r J

t -nr,)  (  1-q" ) bnroorl  *

t iA6Ar.D/rrln

a(r -qn)  
(ooPo+I ' ,  (  I -no)  )  (onr l - r -P)  1*

t-no) ( 1-. I^) (oJrpA+r, (1-Pn) ) (nnr+r-n1 t

D .  ( 1 - P n )  ( D n P + r * P )  l *
' r  n  r r

I
I t
I
\

\

/,

[ ,

\
\

/"i \

t;i I

\
l
I
Io l

/

On the other hand



*{s- -

aj- r ,  t rn l
/x' \/ \

,  \ -

I  x"  f .
\ o o - .  I
U t /

=aj

Pn ( 1-q

( 1-po)

A t ^

(  1 * q " " ) o o
\

)

o  
\  / rn rD-P+r -P)1n
l /

.  j  
{  
- r ,  ( r *pa)  (nor+r-p)  1*

t  I  \  o r .  (1 -pn )  (DAP+I -P )  1 *
t  ' f .

no { r-,141 (o^po+ r r (1 *no ) )

( oop^+ r t ( 1 -no ) )

which provei ,

,  In order

L e m m a

/  t . r  
- l  

a  \
/ ( r-q-) 

loorn+r r 
( 1-pnU ( 1-q'") or 

i \o i " ,  ( r l )  l tn  @ r r l  =  
{  l-  
\  o r r , r -pa)  r i  I

I
l 0
{
I

\ o

l o^ IDAP+r*P)  t -  
\j  , t  r^ , (onr+r -* , r .  
' )  

=

\ n /

-Pa ( 1-.JA)

- ( r -no )  ( r -q^ )

0

0 0

F n $- l  
,  u i . ^
t  ' 1

rt
n tt, 

l" 
. 

t" l

D .  ( 1 * p a ) '  ( o o r + r - P )  l - *
" L

Lhe pr :oposi t ion

t o  c o n n e c t  ( 8 . 4 ) ,  w i t h  ( 7  " 2 7  j  \  r  w €  n o t e  t h a t

8 . 2 .

r i
^  ! -  r r  t r ,  )  l 0 -  6 )  D - *^ l -  

O " . 1 . , ^ l t ' u A  
* . t l

(o^r+r-P) t .  
)

(nonr - t -p )  r *  I
I
t

I,
/

/

P r o o f . .  A matr ix compu.tat ion shows that

therefore we have to prove that



- t e *

(rr-rn, pnnn*r, rt-pnr] \. / l l
B I =  |  |-  

\  oq,  i  r -n^)  /

\ -1-

1 l- ( I - c i " ) P ' - r '
' 1

t
rr.

The f i rs t  equal i ty  is  a  c l i rect  consequence of  Q.8I  the seconcl  fo lLovrs

f r o m  ( 4 . 1 6 )  a t r C  f r o r n

*  ^  
/ t . ,  'A ' ,  - . L1  .  *

( c i l  ( tA@to ]  )  )  (Dn i r , ) = -u r  ' ( r - i  ' )  ( [  ' ) . ' (Dn i r )= ,

A., A, A.,  A.,
'  = - 6 ' ( r - p ' ) D o r u l - t = r ' ( r - p ' ) ( u ' - t i ) A r T r h =

A 1  A r  *  A . ; - - ,  ' - ' \ i '= u ,  r  q 1 - / - l ' ) u '  ( t ; p '  ) T i A r h = D r r " , t - n n ,  ( u '  - T '  ) A l , =

. n- -D r_  ( r -p " ' )D r rh r
' 1

( w l r e r e  w e  u s e d  ( 2 . g )  
i  

( 1 . 1 ) ' ,  ( 4 . 1 3 )  a n d  ( 1 . 1 ) , ' )  '

and t i :a t

T h e o

( B . s ) n

w h e r e  Y ' ,  Y " ,

atg

( 8 . 4 ) n

)

r e n 8.1.. Xgl*gyqry, n>r

sr ,=y 'x l - r+vf ' " r , - ! - t " t * i - rn .  .  .oYt - l>c i :1 ,

* i ,=* ' ,  X l=X'  are_ j ivery- ly  (8 .1) '  ggg (€.1)

y t = q A D t _  . .  . D r  f  
n . r l  

f o r  n 2 1 ,' r  ' n  - -  
r

\ : f

"n - I
u l l^n- I

I
^n- I

:
;tr-r
"n- I
o p " *

' n

\ :

\

I  
= o l

I
I
I

x 'n
Y l l- n

Y l
"n

. :

Yl



--<].-

a =nlJ.- tr ,  )  " .  " ,r .^ ( r . .  )
n  o  n '  I '  t i  I I

I

R  e  m  a  r  k  8 . 1 "  ! ' r o t n  ( S . f  ) '  a n d  ( 8 . 1 ) ' 0 ,  w e  h a v e  t h a t

t ,

witir

( 8 " 6 ) n

wlrere

( B " B )

t l
l L *

l l
t - *

( 8 " 7 )

I  ? , + 1 .
t'r.

:  0 *  + [
J \

F r o m  t h i s  a n d  f r o m  ( 8 . 4 ) n  r  ( n 2 1 ) ,  i t

the operators

z 0^ + Y r--+ F.  - A  A

z  D ^  +  L r - - - +  R ^
.{\ A

and for  n21

,.-.+ Fo

'--i> Ro

is  easy

n20

IckSn

(D j iP+ r -P )  I  l * (n>0)

to obtai-n t ire exi.stence

f X, =r.nlt ( n- n-r:-.i: i
l l \
{,
(- x "=!il" ( ua il+r -n I

flr, 
=wo=pn

I

f ! , i "=Wu= 
( 1-pa)

rJ ,
I'Yn

r.T ll
Y Y

n

v
w :  2  0 n  +  L  +  0 ,

n  A  , k

such that

( 8 . 9 ) n

- ; \

tJ=
orl

4:\
[ [ /

and



\

l
/

I
I
\

\

\

-5p *

A n\

I L

1.7 ?t

?1

I

tf

l'1
Tr? ' -

n

( 8 " 1 . 0 ) 1 1

fr'I '

l . l - 1

IiJ lt" n * 1 .

, _ 1
l . /" n * , 1

:

l 1  - l

tv ; - i

" n *" r
n

( n > 1 )



" 5 q *

q.  l -n  th j -g  s r :c t j -on  ' ' ' l e  sha l l t '  : ra l i c  e> ' " ' r ; l - rc i te  t i re  one* to -one

: :esponc le r r . ro  n* i : l l ;ecn  the  c l l l  o f  A  anc  the  ennt : :a -c t j ve  n1a l ' y t - i -c

r1  I  r ro r l  1 : r rnc t1ono ( , ' r , r ^  f91  pr^ .po$ i t j -on  4  "  i . )  .
L ( R ' n r i ? t t )  ' 7 ; 1 ]  u e c 1  f r - r n c t i r ' r n s  ( i i r : l r  l f  ,  " r ' r

To this eti.ft, 1et rrs -l:ecalJ- t1-i".-, ccns;tI-.1.1f].'i:j-on lra.dc t."re::e " llr:t

a. f i : ;cc1 Cl-D of A ",. / i t l" t  t-he A*circi-ce secll l{rr ic/r. {f lni i=f ;  i- t  is easY t

see t1-raL' f  : :omIlr:]  i=, 
j- t '  is pnssi j-1:1e t 'r  cor: 'strr-rct ; . i '  f  '  c]tcice

seqr ience ( , , lher :e  f  
I  

C  T , (R^ ,  l ' l i t )  - i - s  cons iCer :ec i  t ' o  1 : ' ' e  j -n  i  (0Rn '  OfA)  i
I \ N

( s " a ) i I . , s e e ] : e 1 o r . ' ) . T ] r i s f . t * c h o r c e . s e q l i € j r l c e q . . L V e s a C I D , I ' ' ' " " r i ' ] . ' '

r ,vh ich,  l lecause in terLr , : r ines che uni la tera- l  sh i f  ts  o f  ' "nu l t ' i i : l ic i ' ty  Rn

anc l  RA,  i s  t he  g ru l t i p1 i c6 t i , r n  5y  a  con l t : ac t j . ve  ana ly t i c  r - ' (Rn  ,  I iA ) *

v i r l i ed  func t i cn  s (z )  . , " i j - t h  s (0 )= l " r l  * t " , *  f u *c f - i cn  s (z )  i ' ; i l I  be  ca " l i ec l '

g_le -*?*L;,esiiys . aLqitis*r, !R n 4):*V-3@S::ssie!sg-!s-A "
f,hr

T1: is  cor : responCence . tJ=. rno descr i 'ne i i .  i "  [91]  ,  Pronosj - t1on 4,1.  r ' f i t l r

o l :v ious i r j .ent , i f  icat ions ,  the Tal r lpr  coef  f  ic rents  of  s  (z)  are n,  
- rn i i r /

the terms of ol:serr. 'al: le sequenc{i clf  i ' '  T6j-s nealls t}rat r^'e Inust r irake

expl ic j - te  t i re  connect ions bet ' . reen the obse: :vable sequence o i  i  anr t  f1"

I{e start that by cLescri ir inq t.he objeci:s ' '^thj"clr appee'r in the

s tud -y  o f  c ID ' s  o f  f  1€1 (oR- . ,  
Op . \ ) .  Fo r  t he  con t r ; r c t i on  ooo  t *  r ' v i i " l -  f i x

.  A  
'  / \

the:n in ina l -  isonei r ic  c l i l -a t i -on r /o  being the unj " lar ' tera l  sh i f t  o f  rnu l -

t ip l i .cat ion Rn,  that  is  the onerator

col : -

( e " r )
f  vn :R i  -+  Ro
l , l . r n

1 u ^ t  r n @ r r € i r 3 @ . .  - ) = { 0 @ r : 1 6 r r @ '  '  " )  '
( " t h

r r ,  6Ro (n>I)  ,  rvhere

R[=Rnonn@noo

' Ihe space Rn rvi l- l  be idenli f  ied' vri '

rc ; le  r : f  the sneces L*  and L '  vr i l l

7 \  l . a

l ? A C I { O i @ i o } $  " . . ;  r n  t h i . s  c a s e  t h t :

p la ,7ec1 ba Rn ando : :esPect ' ive l iz ,

th

l-ro



VARA= i$l @11A. The saine

* 5 e  -

col" ls J_cerac:.()ns
I

can be made vl i th ' i :he minimal

where

( 9 " 4 ) n

o r  ( v n r ) = D "  r  @  v A r r : :
, 1  , .  r 1

(r: 6 Rl+) .

Y r ,  =  j ( f r )  f n + 1  '

7 \ 7 \

i sone t r i c  d i l a t i . on  o f  O" . ,A ,  na le l y  r / "€  t (  (R ' " ) * ' ) .  I t  i s  easy  to  c l : reck
K

that

f o  q t
lJ.r '-r

E *rr 1)
l l .  - V l r \ l

,  
I  

l1  r ' \

a  - f )'' n " r.' l  ' 1

r i A

F ^  1  = l 0 f - r @ ' I " f  
, r : r : € R n i' 1

R r r  =  j ( r r ) t r i  l

j  ( f  
r ) r n = ( r  @  . , r A ) , 1 ( r ; )  (  r '  @  0 ) - ( - r * r ' ) @ ( v A u r o r ' 1  ( r ' e  R A )

( s e e  ( 1 , 2 1 1 1  ,  a n d

1 0 , 3 )

Consic ler  the sequence t r r r )  i=1,  vrhere

for  every n) I

Frorn the fact  that { f , . r } i=1 is  an A-choice sequence and f ro :n (9"2)  i t .

fo l lovrs  that  tV^ i i=1 is  a  f l  -  c i ro ice seqr :ence. l lenote by i ,  t f r *  CfO

r: f  r l  corresrronding to  {vr r } l=1 by Theore l r  1 .1.  i t t re  ident i fy  novr  the

' t \ A

.ob jects  of  l ' r ,  a .na logr :us to  those .o l  4  descr i? :ed j -n  Sect ions 6 '7

an*d S. , ; te  denote by tsr r ) l=1 the observai r le  sequence of  f I  anc i  l ry

t r  n  ,  d  (  ' ,  n  J -

ty',  y , tv*] i=r] , t*;] i=o , i*;] i=o {r"1r j=rl,r=1{6r}l=r '  t 'he



-  6 4 -

operators anal"ogously  def ined fe i i :

.  6  ( .  i - 1 ' 1  l -  1 6tx l t ;_0 ,  l tx i ]  ;=rJ .  , ,  [a, , i " '=1 in
' '  n= l

8.  I  ,  (  and - rnore prec:se ly  (  B.  1)  '  ,

one can easi ly  in fer

L  e  n  m  a  9 . 1 . h a r l e :

f "6 = o
( 9 " 5 ) ' t r ,  =  v A r r ( v A )  .

, " t l  -  n

( 9 . ; 5 ) "  f  
^C I  -  ' ' t ,

, ,l ' lt"i#,d,.: ' '. ,  
t i t " e " q f r v r

( ' 9 .6 )  
r ,  Y r ,=

( 9  . 7 ' , )  0  6 o =

( 9 . 7 )  6-  ' n  n

rthere I

!v.Ps-e€

r I  e s  [ Y ' ,  Y " , { } : n } i = f } ,  { x ; } ; = 0 ,

?heoi:er.r  B. l  for i"  Irrnn Theoren

( 8 . 1 )  " ,  ( 7 . 1 0 ) , r ( n > I ) ,  ( 8 . 3 ) r r ( n ; O ;  ;

A *
Rd (v  ' )  yn_ 1

/ o o
I
{ r r  , r * l '  r t .  - f t J g 4 )
\ " r . r ' A l  " A ' ' A

l o  o
- t

|  * ,  *

I 
ot 

rt 'of 
t/nRn r r 'ri

I  
- -

\ o

r-^ )

J n ( f  2 )  . . . J n ( r n )

Y',tu

:  .  r  r  , , - ! t  -  - a

- is the identitv or:er:ator on_ _n c_qnl?oiqqqqg p{gF_q5lbP-d }y-!fgn - f u

the nat : : ix

\
\
I
I, t
I

1
I

\
I
I
T

l t
/

t
t
\

n

fl'.\4.,,,.
\<t. 11".!,'

t he  ana l : i t i "  L ( f )A+L , l ' )  -  v i l ued  fune t i on  on

i

i

Consider  a lso

{z  ;  l z f  < r l

v ( 2 ) = Y r + z W , + z z u , +  . . . '

j  ( r r )
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where

Y -= Yt i " , I  ,+yt t i ,y r rU,U1, . , l  1*-  -  - -Fr , r i l , . t f l  ,  /n> l  \n  n  n  n1 - .  "  . - t - ) t  . / n ,  (n> I )  .

( s e e  ( 7 . f C ) _ . r n d  ( 8 . 9 )  ) .' n  ' - - - , n .

The key step in obtalning a f ichr.rr-type la.bell inq is the fol l-or,r inc

.  L  e n n e 9,1.  Fo: :  er re: :y  nzz

rvhere

,n .  11, . ,  v*= [ * r " l  (1* , rA)  s  (z)  ( r -pa) ] r , - t *vr r . - t (  t -q 'B) rapa +

+  q A s n - ,  ( l - p n ) ,

$ ( z ) = u ^ + = s , + z 2 s ^ + . . . . ,  s  = f'  o  I  - - ; a  - - - ,  v o ' I ,

egg-_gUg*gilgl-!e5Li-g.g1g*Ii-1b:_:i,ie_rsggs,ll,_e_ntlt_"qofficj.enr of
. , r k ' . . @

t he  ana ly t i c  f unc t i on  i n  t l Le  b raeke ts .--

The proof  c f  th is  Lemma inp l ies a descencl  induct ion us lng t i re

prev ious for r , ru las i  we rv i l l  onr i t  i t  he: :e  beeause of  i ts  lenght

( thougt-  is  ra ther  s t ra ight for , " rard)

,  
Dencte by s  (z)  t ,he analy t lc  L  ( r  * ,  L ' )  - ' ra lued iunct ion (on

{zz l z t { - r }  de f i ned  } : y  the  obse : : va l : l e  sesuence  o r t i  ( i . e  s (z )=
-  s  L+zsz,+zt 'or* . . .  ) .  The Ssbg{- rypg l "bgJ l ing for  crD,s  of  A is  g1-

.  ven in

? h e o r e r n g . l .  I ' t r e h a v e
--
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( 9 . 9 )  i i ( s ) =  q A ( o n F n * s ( z )  ( r . - p n ) )  ( r . - " ( t - q A )  ( o , p * + s ( z )  ( 1 . * r : -  )  ) f  
r .

l \ - , r \  ^ i \  
A " A  

- '  . A , , /

.  ( n - p  +  I  -  r , )  I
11.

1 . ,  r  o  o  f  .  U s i n g  ( 9 . 8 ) n  f o r  n 2 l  i n  t h e  c l e f : n i t i o n  o f  V ( z ) ,  r . / e

have

, v  ( z ) = y r * z ' v r + z t * r o . . . = { r n "  
I f * t " l  ( i - q A ) s ( z )  ( r * p a ) ]  

r  +

= v r . r z  (P t *  ( r - *qA l  s (z )  ( : - :po l ]  r * , f n : { * } l r -qA)s (z )+ r -p , - r ) J  z * " . . }

, -  y t ( l - q A ) f ^ n o ,  +  q A * t ( l * u n ) )  +  . . "  3

+  z  (u  
,+zY z .  .  .  )  (  r *qA)  6 'oRo)  +  {  zqAs,  (  t  *pa)  +z2qAs,  (  l -no  )  + .  "  "  }

=  v t *  z y ( z )  ( r - q A ) s ( z )  ( t - 5 r r r ) + z v ( z )  ( r * q A i 6 a p a  +

*  q A * ( z )  ( l - p a )  -  o n = o ( l - n n )  |

whence

l.
( 9 . 1 0  |  v ( z )  ( r - r ( r - q A ) G A p a + = ( z )  ( t - p a )  ) = g A " ( z )  ( r - p o )  + q A f a p a ,

-  n r  - 1
because '/t=q'o 

fvnnn*t r 
( r-pa)]

F r o n  ( 9 . f 0 )  i t  i s  c l e a r  t h a t

Y ( z ) = q A ( S r r i l o + s ( z )  ( I - p a )  )  ( r - z ( t - q A )  ( g o n r r + s ( z )  ( t - p a )  )  ) - I  ,

a n < l  ( 9 . 9 )  f o l l o w s  b y  S ( z ) = v ( z ) ( n O p + I - p ) L * .

The for ' ' rnu l .a  (9.9)  ea.n he seen a.s  a genera l izat ion of  the f ,o : : rnu*

la  o f  t he  cha rac l -e r i s t i c  f unc t . i on  ( see  V* )  ,  Ch ,V f  ,  ( 1 . " I )  )  .  I nc teed ,

ta l<e  l l ' = !1 ,  .T t=T=0 ;  i n  t h i s  case  RR=DA and  RA= j  ( . f ) pOo  .  
,
I

: r : ' " : r  j



Cons idc r  f  .  =^ - j- I

p) - ies  in  th is

fh is  means th ; i t

C o r o l l a r y

S ( z ) = a ( z ) + b ( z J s ( z l

/ / ,  _* v " t  ^

(A )P I  *  |  t "  anc  r t ^=o
u ^ *  t  A  n

t 1

case th;rt

f o r  e v e : : y  n ) 2 ;  t h e n  ( 9 " 9 )  i n *

( 9  "  r 1 )  j  ( n )  
n s  

( z ) = - D A n  ( r - z f  )  
- 1 D a ,

O o t r )  =  *  ( A  +  j  ( n )  * s  ( z t ) l o o  ,

vrhere Ootr )  is  the character is t ic  funct ion of  A"

o n  t h e  o t h e r  h a n d ,  ( 9 . 9 )  s u q g e s t s  a  c a s c a d e

I n d e e C ,  c o n s i < l e r  t h e  T , ( l * r L ' )  ( r e s p . L ( R A , L ' ) ,  r t

f unc t i on ,  ana l - y t i , c  f o r [ z  :  l z l 5 l ]  ' de f j - ned  by

a,n (z) =uk6ro tr-z(r*qA)o'ApA) 
-r 

{nor+l-p)J L * ,

(  resp

bo(z) =qAir*r '6 'r .p, t : ' -z{ l - ,h)Sapn) 
-1' ;  

,

"n  
(  z l= ( l -pn )  ( t : z ( r -qA igXpa)  

-11nor * r -p ) l  
l *  ,

do (z )= ( l -pa )  t r - z { r -qA)6^pn)  t ( t -nn ) l  n^ -

transfor:r  V4 .
a#p-

|  . f t  ) ) \ ' -  ' " r a l u e r f-  *  r , \ A /  r

9. I Wr__!b__!he fol.]qwing notat,iq-ns,

( I - z d ( z )  s  (  z ) ) *  1 c ( z )  
.

f
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{ t )  Fo r  G  a  subspace  ( I i nea r ,  c l ose , i )  o f  l { ,  t he  no ta t i c ,n

I Ip=P. ,  r leans the or thogonal  pr , r  ject ion of  H on G;  in  th is
\,

case l -P vr i l l  be the onthogonal  pro ject , ion of  l l  on t ' f  O G,

2-*..-'. * L
(  )  Fo r  a  con f rac t i on  A  i n  L ( ! l  , l l ' ) ,  \ , J€  P l t ' t  DA=( I -A  A ) '  end

0"= (D^  ( t i )  ) - ,  I  be ing  the  i c l en t i l y  o1 :e ra to r  (o r r  any  l l . i . l be r t
t \  1\

.  s p a c e ) .
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