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ULTRAWEAKLY CLOSED OPERATOR ALGEBRAS

Constant in  APosto l

The ,,Invariant Subspace Problem" stays unsc' ' I ' red since

more than 30 years.  The quest ion to  be answereo is  the fo l lowing:

Does any bounded. I inear operator T acting in a separable comprex

Hi tber t  space have a proper  invar iant  subspace? Scot t  Erown 3 l

answered "yes ' '  th is  guest ion in  case T is  subnormal  ( i 'e '  the

rest r ic t ion to  an invar j -ant  subspace cf  a  normal  operator) '  T l re

way he so lved the problem j -s  beaut i fu l ,  but  the most  remarkable

fact  is  that  h is  techniques Fre s t rong enough for  s ign i f icant

generalizations as wed-l as for the stucly of the ultraweakly closed

algebra generated by some operators.  I^ -e a l ready know three genera-

l izat ions belonging to  J 'egfer  f  f  ]  '  to  S-Brown'  u ' t l . : tss3u and

C"Pearcy [  ]  and '  to  J 's tanpf  I i  [ f  g ] '  Gj -ven T '  assume t 'hat  we have

11  f  ( r ) l l  4a  = "p  t  l f  (L )  I

where aZI is fixed and f is anY ratj.or't

o u t s i d e  d ( T ) '  T h e n  " y e s "  h o l d s  a g a i n  a s

and  b$  J . s tampf l i  f o r  a7 I '  The ' theo rem

i f  ,  f  o r  i ns tance ,  i l t l l = t  and  6 (T )  i s  1 :he

Brown-Chevreau-Psarcyr  s  resuLt  inc luc ies

6 ( r ) = t A  t  r  4 l r l  s r l  ( 0 < r < 1 )  o  b u t  i t s

girren later" I  ment ion (see the R'emark

:  Xed( r )  )

. .  funct ion wi th  Pr : Ies

shor^rn bY J.AgIer  for  a=I

of  Agler  v" l l l  aPPIY to T

I
ctos ic l  un i t  d isk '  The

t h e  c a s e  l !  T { = 1 n

exac t  s ta temen t  w i l l  be

a r t e r  T h e o r e m  2 . 3 )  t h a t



D.voicurescu d iscoverd by i r imsel r  a  proof  o f  Brorvn-chevreau-

I e r '  H i s  P r o o f
Pearcy 's  resr : l t  a f ter  he know the anouncement  of  J 'Ag

was presented in  May 1978,  at  a  co l l -oquium of '  Funct ional  Analys is

in  T imiPoara,  Romania '

I n t h e S e q u e l w e s h a l l u s e t h e f o l i o w i n g n o t a t j - o n :

; { : an in f in i te-d imensional  complex Hi lber t  spacer

the oPen unj-t bal-I of Hr

#t r f  l  :  the a lgebra of  a l l  bounded l inear  operators act ing

i . n  H l

g - ( H ) : t h e q e t o f a l l t r a c e - c l a s s o p e r a t o r s a c t i n g i n H n

S:  
'  t he  ad . j o in t  o f  a  un i l a te ra l  sh i f t  ac t i ng  i n  H '

-4(y)  r  the u l t raweakly  c losed a lgebra generated by a l l

po lynomia ls  in  T,  where T bel -ongs tooE(H) '

D:  I  the in ter ior  o f  the uni t  d isk '

EE6:  the c losure of  the absolute ly  conVex hul l '

C o n s i d e r t h e b i l i n e a r f u n c t i o n a l o n # ( r r ) x . T ( t l }

Ar  K t r  (AK) ' a E q f ( H ) , K€ f lH)  .

This funct ional  a l lo l " rs  an ident i f icat ion of  *C(g)  wi th

the conjugate space ot {(H) and the corresponding w*-topology of

Jf,(H) coincides with the ult-raweak topology c'f  '€(n) '  Recall  Lhat

the ultraweak topology in ff(H) is the weakest topologv which makes

the maP

A -*-* I < Axrr, yr,) ,  AF$(H) '
n= l

. i '

conrinuous f or any { **}rr=r € H, i o"} r,=f H ' stlch' '.that

,  where ( . ,  -  )  denotes the scalar  prod 'uct

l ,
of  tne twc topolcg ies can be founo in  L 5

Z
n = ' l

i I ,

8 . , :
H

li xrrllllynll < @

The equi-,ralence
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Le t  TedS(H)  be  g iven"  The se t

i s a

i s a

wi th

by

be pointwlse def ined '

.  Le t  HFdeno te

functions defined. in D

ll f  t l  =
R)

{ x eT(n) : {t(ax) =0, ,,I{f)A6"4 (r) }

subspace in | f (H) and the corrArponaing quot ient  spacefT(g)

predua l  o f  A- (T)  ,  i .e .  ,A$)  can 'be  canon l ,ea l l y  ldenL ' f  
'ed

the d.ual  space of  f  $t  ,  The norm in:rT (g) wi l t  be denoted

i l . i lo .  .For 
any x 'yeH d'ef ine x @ ye TGJ by the equat ion

( x  6  y )h=<n .Y)x  I heH

T ' n
and denote by x  @y the jmage of  x '@y in  fT(H)  ' r " r f  6  * ld  {

, v T ' - T i

are subsets in H then the sets 6 @ {efT) and 5 &d-ct' { 'H) wi}t

The w*-topology in HF vi i l l  be determined b1'

as  de f i ned  i n  [g ] ,  ch '9 .  I f  T  i s  a  comp le te l v

t ion ( i .e .  .no subspace reduces T to  a uni tary

Lg| ,  ch. r l l ,  Theorem 2- l  we may col ' ls ider  the

any feHF" More Prec ise lY,  we have

vrhere f r (^)

tion we may

the disk algebra of al l- bounded' holomorphic

and. endorved wi.th the norm

o

s u p { l f ( t u )  1  : } . e D f  c  f e H s

the predual of Htoo

nonuni tarv  contrac-

operator) then bY

operator  f  (T)  for

f  ( T )  =  s - I i m  f - ( T )
r+l-0

=f( r fu) ,  Now i f  T is  a  complete ly  non-uni tary  contrac-

consj-der the maPs
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A tq,t 6Y, (v*. ,o\- r L l - t l  r  - J + . 4 . .  2  t Y  I (4(r) , **)

def ined bY the equat ions

gr  G)=r ( r ) ,  d f i t r )= r ( r ) , E - r t @
r -11

The  p rope r t l es  o f  +T  and  gT  a re  l i s ted  i n  g  r  ch . r l l ,  Theorem
#

2.1 and 4 |  Theorem 3.2.  We rnent ion Only  the fo l lowing consequence

o f  t he  p roo f  og " [a ] ,  Theorem 3 .2 ,  (g ) :  I l f t  i s , .Fgunded  - !5 ,om Qe low

Ibgg ef :;,,,1r-=-Ig*;i:qing:glric (H: w"te) S"tl-o Q4(r)' v'*) ' Ir tu=* '* [

is a homeonorphisnt we shal- l  denote by t l ,  the w#-continuous mult i-

p l icat ive iunct ional  in ,4. (T)  d .etermined by the equat ion

r n r l t
-s,, 

" 
eli= 4^, where a' e D and 4, Ls the evaluation at N in

seen in the proof of LAI , Leruna 4'2, to a'ny '* ' t-gtt; inuous

func t j -ona l  i nL (T )  v re  can  assoc ia te  an  e lemen t  i ng -T (u )  '

r n t h e p r e s e n t p a p e r w e u s e t h e t e c l r n i q u e s o f S c o t t

Brown to put  in  ev j -dence some prcper t ies of  the 'predual  o f  A(^9)

( f  1)  ,  whence vre shal l  der j -ve a genera l izat ion of  the resul t  o f .

s .B rownr  B .Chev reau  and  c ,Pearcy  ( see  Theorem 2 .3 ) '  Moreove r  we

reduce the invar iant  subspace problem for  a  contract ion T wi th

5(T)  )AD,  to  the case wLren Q|  is  a  homeomorphism (see Theorem

2 . 2 )  ,

q

I . rygp-..!iSe-:f r" (H ) -

H""" As

li-near

B e c a u s e  b y  L 2 ) ,

F
wi-th H-, we may consider

eJLe ker  (s-&)  1 l l  ea l t  =1,

Theorem 7 ,  ,+ (S)  i s

the r-unctiona'] 2i t

we have

i somet r i c

A E  D .  - I f

t>
&(*r. . e " )  f  ( s  ) = ( f  ( S  ) e o ,  % >  

= f  ( A )  ' f e . H  ,

i somorph ic
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consequently

L e t X b e a n j - n v a r i a n t s u b s p a c e o f s a n d l e t P q P ' ' , d e n c t e

the or. thogonal  project ions of  H ontoX '  resp' ,ker (S- ' r r '1 '  I f  Ae4?(H

is glven we denote by i  t t r .  image of  A in the,calk in algebra.

s e t l - c o i s c a l l e d . d ' o m t r n a ' n t i n t h e s e n s e o f L ' A '

Rubel  and A'Shields LlOl ,  i f  j
I

s u p t l f  ( t ) l  :  ) , e f l =  l l f  f i o . r
gb

f  e H

q v
= e  x e

For any 0aa(1 we Put

f ; ( x ) =  l r e D :  t t P g v l l

lr" e o: IlF4" I

rr. is prain that we have f-aff)t'f,.K) '

4o,=

I  a  - 2 r L / 2 1

, 1  _ 2 r L / 2 1
7  \ L ' c l  l  J .

be such that
+ - ! - _I  .  l .  .  Proposiot ion '

4q*.tliqJ't!*set " .,Tbgq*w= J'+y,e

Let  O{ac l qx) i s a

{rrrTs 
(nl : l{Yi|f<r-'} c ff i("x@ Bx) '

such that 
#J-ki 

s ilf ii-,e

i l eu i l  =1 ,  l I  een{  >( t -^2) l /2 r  wQ have '

iw .( 

lnL

n..r - 
f,"rtq 

6 PXtt* --tf * 
fr,+

-  i lq_.  Hqolu*"  t re l t  
t i

proof , Let 14gs (u) be given. For anytn t i l=, 
c' TuW) '

% [ *  €

"#*r r*.:

ot$

4s_
"^t
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A
r u  . r 5

= [ ce - I-t E^ ll*
t t - = l  

-  
t

?vL c

s ince  by  l a l ,  P ropos i t i on  2 '8 ,  i i  {  -  
F .+ in *  

can  be  made
-  - r  

i _ = l  . .  r

I
)

arb i t rar i lY smal l  we der j -ve

&,-c t  ( f  ,  #  (BXSBXD 4  4_ l 'Pux

We shal l  prove by induct ion the re la t ion

I

@ ,b-{ tr { - tr\r*l 
tre *-r a (r*o-rrp3 = c''* n€ t; -

. l

Because we a l ready proved (*s) l for  n=1,  assun€ ( { i )  ho lds t rue for

,g
c? fe  cLL '1a (ax6z*s  '  r ek+m,  L70 -  Bu t  we

l

have
: i ' *

.  - 9 -  . - - o  F r p t r

'cot1s€quentlY we can f ind

that

rur {r..

R . f  _  t e , .  1 1 , _ - c d . + € ) i l \ e - 5 t " t t .f r  L  
71 ,  F  

- )h  
?= t  F  r { '

Since Ei>0^ is  arb j - t rar i  Iy  smaI l  and the induct ion hypothesis  ( "* )

f ol lows f or n=m*,I. Now we observe that we have

t- r. r .* '{

f  t r ' € '  [  € 1 \ { [  f  a ! - n  s ' l l ' e l l ' e ( { - a - )
L - " ' L - ' * . " ' i - . ' (
L = {  

l c  f ,  l r = f

* i l.(Ll tl(I-P)e1ll e
E = l
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a/L s

whence f <,. e(t.-o)- 'nghaa tux6 B*) and this
L = t {  

4

,liet (Y, g - il' |.'P t;ry ( Bx^ *.' ) : o'

f r v t l * z  4 - a -  w e h a v e

/1

.? e e- a-fi n e( //*. e ( *XE s*l C

L,2, L*S*. I,9I-31y. heH the tulgtio4,
.

' x  - - - +  A g r e  ,  f  € H ,

le;sec.hlY '

.  EIq,o{ .  S ince l {=5pan {  fer  (S-n)  }^  *  p  i t  suf  f ices to

a S S u I n e . h 6 k e r ( S - ^ ' ) f o r s o m e ^ . € D . B u t i n t h i s c a s e w e h a v e
' l l  
4d* i l n  =  , ,n f {  l <  f cs )  A '  x>1 t  fe  'B '1 * ' }  =

= l< 9,': >\ o'+f itfc^'1 : $ e Bo{* ! =

=o l (  { - , -  > [

continuj-tY becomes abvious '

L 3. Lg$sa. !g.g 0 za<L' Y €

j -s a d.ominant set and Put

di-st- ( ?, { x+ * u*r8 rr, + rTBy)) 4 e 6 ('y 
"n 

ti'|

funct icn

S - . J ^

*  z 9 l l -  )  x & " / \

+F-.gg3}lr, F.pguelgiglu -qqn-tuug-up f 9: gnv' h e x

imp l ies
l
I
l
l

I
l

I
Thus if

and the

firx)
BK

-t
>

ffi FX@/tx) '

I
I

rs(u) , t,Je H

ll c? - *8+ll* =- t

Ue-:-qeb-Jb!
. Ibett--vrg



Proo f "  Le t
e7#F

we have nFF^rrr > ({

such thrat  (see LnJ

' , . : t

"  " '
N tYl

-  f 1  / s , z  \  r  - ,  ?C ro-( A/ , Lof |fr.=,

we can f ind -q€
IL

'  
be given. Because

Ln- (S- -An )  ,  t i f r { * l

R

. 
" 

Ytt-

1 \ bp=,
* *Jtr'

t .

_ J

s
t L 8 L /  = o '

q

l

we derive
. 4

5'

,y' - Cz +-t') @<Jt*J')

.  2 7 +  U  ( J * " r ' t  3 ' t "  + J ) t l x  >

7  l \ r + s r r , e L . l l s , r u ,

\ l ( I -P ) ;on 'e  dU

-c
x&J"

we may det'ermj-nb Xt , Y' a X such that
ConsequentlY

s.
I t  Y -  C*+ '= ' te_<3*Y' l  f ro

r! 'x ' !r s{t 
" 

l l j : i l  4{E-

aq

l l t i  -  ?). .r  f iL - I  r"q I
Lrt t' '

t / ^  n - p ) 4 J - ( t - P ) g , , L i j '
I P a N > ( 4 * 6 1 2 ) ' "  a t I : L J

If we Put ?'r :

c L  :  z  q q . '  t =  * t r * '  
x ' =  P r t ' 8 ' :

x . @  . / t  :  x ' @ t ) "  =  a
' -  - d  

d  ' ?
D I  t -p)uL eZ ,

X / @ y :  t E @ V  -  I ,
d d
.A f r ,  ^g

u 6 o :  E , a e U

Hence

Let 2 > o be f ixed' Appt,jt 'n ti" 
l:"nt" 

' Lon'2''8 we mav suppose

f , * ,  I  z  L  and i l<  -  *E l -E*Uiq* 'Z '  But  i t  is  easv to

b= l  
k

see that '  we i lray choose ytorttrogonal to any given f inite-dimensional

subspace,  thus by Len 'una I .2 ,  we may a lso suppose l t "6J ' l ln t  Y
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I

g  -  ' r  .  ' 1  i' J
-  

r l

: '.,, :. l

and th is  imPl ies  
i l

s ' r ,
r '  ' r  (V- ca, 1- 6.Bn,l 3 g+ 6&')) = o'6(tytzz+Js{e '

d L S L  .  )  .  

I

I f  the  func t ion

. g n  _ \ ,
-x  ->  t  oK ,  t€^ .

Q 7 l

is weakly sequentially continuous for any heX' then as biefore we

t/

may suppose tlPw @g [n t? ' thus

g  f  € . ^ ,

i l  Y -  (  z+ t ' )@ ry*Jj t*  
t  SZ :  

r ( I -7)Utb'r  l ln3 s2*a/

and the Proof is concluded'

hJ

L.4. TlgSfegi. If ry-tX S i-s-domi*a*-t f-o'{-a+)r" 0za<I

th.en*.Y"e..hgvs

w. Ler p€ ystt+) be given. Applying Lemma r"'3 we

can f ind by induction $wo sequences {a }07, , IJn'rl, t *

such that

'*4)t' 
, //E; YLI/-4I| ' //Jt*-.*te Q '

, 4 = - / . : o t  " l

g  + c  ( n  
D o

where Ar=.//V- E6.yo4, az. a < ! . .rf toO \ L :, 
converge" 

^:;","tn
f ast to ze=o then n 

3- *, JLLJ , ?: "6& 
and ltf xil * rrYtt*] I :

,a  can be mad.e arb i t rar i lv  smal l .  Th is  impl ies thq

il l  l tr_ 
t l  K l f  |  

:-. '  
"* -- '---- 

-,  ^ ^**Ad { ra :r i-viar, the
inJlusion 

,r€,, aqd because the opposite inclusj-on is t

p roo f  i s  conc luded '  i

=f

tv .  Ysci l :  t l  Y t ix < L \  =Bxa Bx '
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1 . 5 ,  T h e o r e m ,
]..t@

set .  I f  the funct i -on

uq,.g.ug?e* Iicx) is a domi.nant

1.0

Le t  0<a<1

C

x b L

E

s u p p o s e  * k * r - n . L  l + r - !  -

S
x 6 $  :

.Oo

Z n v ,  - x \ r ' =
L *  f - + t  E

@

rrgn' = 
A$ *u,, -guu' .

(  t -  a -y - {uv t l *  ,

( i  -of t  
f l '€ 1l* -

We already ment. ioned. that in

becomes a homeomorphism.

I . 6 .  T h e o r e m . .  ( 1 )

then we have

J5 E'XI

x --:-9 ,  x €  x

*L;. gepl!*X segrl5:j*i3.11-y colrtinugus,f.oF, an)l h'eX,i then we have

\
I

l
I

can f

I t  is  easy to  see that  we

)r*-Jr 
t 

&* 
- 3r' k+J'thus

I

. A
)C' -'

Y

l lx  r t2*-

Now the inc lus ion in  our  Theorem becomes obvious.

rn the remainder  of  th is  ect ion d lsnaf f  denote by A

the rest r ic t ion of  S to  X.  S lnce A is  a  complete ly  nonuni tary

operator we may conslder the maps

i .s  dominanL for  some 0, :a<l

{ .g ,e  Ts(uS:  n . .e  l (o  < ,  -o  }  .  t ( ,& 5( .

H.gg€, Let €e 5t(H) be given. Applying Lemma 1.3 we
_  D o  r .  . &

ind two sequence" { n- }u=o , {}U}O:n c X such that

S t. rtA :d,+-
o = 

J- 
--o , l l  Y* *e@J1 tl*< aLtiYrl* , u1;-4-f --1r-lvrr.l '3 l!t;B/trz.len*)' i

may a lso

we deduce
i
I

x  ,  Xu3*5  ' i  . f  =

#^.'ft?*-ufufi) , *: : (r/\ 'P,) a (4/A)- *o)'

t  - A
case  6n  i s  bounded  f rom be low ,  ? *

l l  #A(f) t l  z u-a) I l f t t " .  -  Je H"' .



1 l  -  . , ' , , '  ' r , r  :- - '
:  :  . :

A

f: is a homeomorphism

) r!  fr tX) is domingnt for agv 0<a<1 then for.enL

AeD l f"e*g5fg.lg \€ X , tr4./t-! such that
.*

^ A  4
* ' . ' =  ) q @ & '

\21, 4/ \

r y

(iii) .$ fl (X ) ig-app$un! .&l Fo.tq 0aaal *l€,Jl'e fg"+S,

t ion

x

1g*g*Ii3gqus. ro5-ppv. heX; lblt.J.9l--?i.1y 'teD lir-eS.e:SIisgg. xoe'K '
, . :

lr \il =l .=,*ggj*!

. A  A
+J\ = {^ 6 {^-

Proof,. (i) r,ee feH* be given and LeLLeeTs(Hh 92 o b€

such that l t 'Pt l*=I  ,  tVCfcstSl+2 > f t f  l t *  '  Now using Proposi t ion

1 .1  we can f ind '  K  e  9 - (X) ,  l lK l t r -<  ( t -o f t  such tha t  l t t ( f< 'S ;KP) lo2  >
" t r

t, { fc st KP) - tr t flasxS

w g  d e r i v e  

-  D , t . , / a r  !  i )

I t f c r J t l  >  ( t  * ^ )  l 6 , -C  { cas rc ) l  >  ( t - a ) ( t t f  t t ' - - :

whence i t  fo l lows

$ lA( f i$  >  (q -a)  i l l i  i l " '

. ^ s , E
( i i )  By Theorem 1.4 we know thai  we havd ' t ; ' -  *e& for

- :o j

some x,  'y  €x-.  Let  B denote the restr ict ion of  A $O'" ' the invar iant
'  

" . b  ' r  c  :  L

subspace spur,{Aor. } l=".  since * i t<s- 'o)=o = (tB*i l ! 'J /  '  k 
"!

and  <x ry2=L  i t  f o l l ows  tha t  t he  range  o f  g - i l  i s  no t  c lense '  I f  we

a k e 1 4 € * . e ' - 1 r * : - f r i l 5 u 0 = l t h e n f o r a n y p o l y n o m i a l p w e h a v e
ii1



t

(xa@x-^) Q(il-) < f ( A ) 8 . ' € . > * 1 t,.B) 4^' *^> -= 1t1-) 
'

co inc ides  w i th

4 = *^6t

L 2

since by ( i )  4-

on the set  o f  a I1

A
4. @ ,tLi s  we I I  de f i ned  and

polynomia ls  we in fer

p roceed  as  i n  . ( i i )  .

r.7, c959.1]3,f.v: -IL -e.l:her 'the*So4gigig (ii) or-'!be

gop.{:.tron (iii) e5*s9l$ i'6 is-{ul5i}Jed-}hefi a has:?-J'f9P*

i.nvqFial t- gubsPac-e

3{99i .  Let  AeD be g iven '  By Theorem I '6  we can f ind

{^€ X,  (  { . r r t  =  I  such that  + : :  r^dX^ '  r f  we put  Xn :

- s1anlA-ol.^li, then Xt t *- ' thus Xn is an lpvsriant

subspace and X^ + X '  rn case Xo * {o } the proper invariant

subspace of A.looked f or is X-1 t i f  Xr. = to-l  t  X;s is an

eigenvector  and A has a one-d imensj -onaI  j -nvar iant  subspace'

T h r o u g h o u t t h i s s e c t i o n . w e s h a l l d e n o t e b y t a f i x e d

contract ion act ing in  H.  For  any 0<ae1 put

3 : 9 : D 6 ( e - l ' r ' ) u { } e q ( r - ) ; a \ t q r - r - ) - a l l > ( 4 - t - t t f l } ) '

'  ) r : c r - l \ ( l - 4 ' l - t n > ( t : - t - l j t ! ) '

5* t f i l  =D f l r  1ac#lu t . re  fcr r )  :  
c r - l t ( - \ -  r . , '  , - \

T  i s  by  de f i n i t l on  a  con t rac t j -on  o f  c las "  Co"  i f

( s e e  f g l o  c h . r r ,  5  4 )  .

2 , ! . k s g e . $ s ( r ) > E o g n 4 J o - ( r ) r p l ? ! . ' F p t n l n ? n t f o j

some oaa.i lhg r bgs j_-e,lgpgg- -l-ryp-eri-nvgiant tr-ub"sPgS"eJ:eJh959

e4+s.ts. +, prop.er-,-:i:hFp.qgg. ,14. F l.nvg j'ant'., lof ai1, qpg33o{* ybig'4

( i i i  )  w e

Recal l  t l t ; r ;

f l '^-:-- 6

commute wl ! !  T) ,



- r r l
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:' , ' t ' '

Fg! .  r t  is  easy to  see that  the set

3)frS : D n (6(7)u {te f 
(7): a//Ga-t7;r'>. (r- t;ti!} )

is  not  dominant.  Arguing as in f  3Jo Lemrna 3' l  we can f ind a -measu-

rable set  6 c )D of  posi t ive Lebesgue measure such that for  any

/ . e o  w e  n a v e

l
i
I
I
J
!

T'=  { t f  ,  € / *< t  a t  J  -Dr  S ie r )

f or some O 1 2,.< L. Further we observe that because s is not coun-- r

table and -D', SjCrS being open has at mdst counta'b1e many connected'

components,  there ex is ts  a connected component  G of  D \  5 : ( '7)  such

that

E i e G , . r s A 4 4 '  / U n G  '  l t - + / !  ' 2  L + J ' '

fi

' i e  I

r f  f 7 - : e t o l ,  o < A t < O e . q < D 4 z 2 v  a n d i f  w e p u t

T7! ,  =  {e4. 'er .  a .d . }  ' ,  ry , ;  =  {e ' " "  4  <oeda}  '
' ' ' Z  |  

-  -  - 7

qo :  { t ,1 ' th ' t z / * fun }

then we can f ind two sinple rect i f iable c losed curves C, '  U'r

en joying the ProPert j -es:

Crn:)r: {/r., !u{P'} , $,rnaz= {Aslv{A/} , C' n Qn: f '

I 1 . .nD c -  & ,  G , rnDc  G,  4 , r=  foc t f r  '  1 . ' -% '6n '

\i it surround ed, by 7i,t , Ci L* surrounded by 4r'

S i n c e  G c p ( T )  a n d  a  t C a - ? ' J t / t  z  ( t  - t a t f  t ,  \ e  G  t h e
)

= *.,o fa^-p )(r-FJra-'rl-tJ:'. ,. 8r,,,=r#Jd.-r-,ttlcl -wa-rib'

F '3.y
t  I t a

operators

Bn,"
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are well defined and the j-nclusion AD - q,i  u C',

Ge l fand  Represen ta t i on  Theorem)  t r r r f } ,  82 ,  3 *0  -

Let fL d.enote the unbounded domain whose. '

i , ,  and let H/ denote the l inear manifold -of

such that the function

A, ------, (^ -"r-K a lal >1

has an analy t ic  extension in  tZ ,  I t  is  p la in  that  Hr  le ts  in ' ra-

r iant any operator which comrnutes with T and the norrt-closure H'

en joys  the  same p rope r t y .  Le t  xe  H t  be 'g i ven rg*  be  the  ana ly t i c

extension in fZ of the function

impl- ies (v ia

boundary is

a l l  vec tors  h

Because 1j,,, c f)

r

%,q*

i  - * C a - " r i t x  '  t & t > l '

we have

t f
= -{- | c^ - ptlQ -fv) 

Axc^)J^ 
- o

27 i i  h,jr4

thus

put

L s

is a proper subspac-e and the

' 
t'-t t-"if

H ' -  L e r . B ^ . + H .  O n  t h e  o t h e r  h a n d  i f  y f  k e r  B r  ,  a n d  w e' ' - ' - 3 , t 1  "  t t 4

'=Br.2Y then the funct ion

&t^: =* 
k P )(f - fD(r-^)-'f 

-nJ Jr
t , t ,Z

analytic Ln tZ and

This shows that  g"  is  an analy t ic  extent ion in  JL of  the funct ion

.1 -+ c'l '*'v')-ae t nal >!

and zeut *10I .  I t  fo l lows that H'

proof is concluded. '
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" Semark. The idea of proof used in the above Lemma j-nvol-ves

a funct ional  ca lcu lus s imi lar  wi th  the technioues of  I  f2J.

2.2. tbeg.Ten]. I !6(r)=O o glg r has n,o-prsger-,hvpe-rrrrJ-9-

riant-s-gb-g-pgsg-Jgl P'i' i-q -wglJ. de-f -ined 3td u&n ( =- nJ rt ' $ e H*'
.','..'''-+ 

ta

gqnpgqrsp.tly_ Q* Si-ho$qgTgtPhrsI

P r o o f .  U s i n g  f g J ,  C h . I I r  T h e o r e m  5 . 4  w e  m a y  s u p p o s e
. -  

r '  h ^ h - r l h i . - : r r z

e i ther  TeC^ or  T l+  Co. ,  thus  anywal r  T  i s  a  comple te lv  non-Lr I l rL<ary
rfrlt

O , . n

contract ion and $ '  wi l l  be wel l  def ined.  Because € '  and &T* could

be  i somet r i es  on l y  s imu l taneous ly  we  may  suppose  TeCo .  and  by  C9 l

C h . I I ,  T h r e o r e m  2 " L ,  T  w i t l  b e  u n i l a r i l y  e q u i v a l e n t  w i t h  e =  S l X ,

as def ined at  the ena t t  5  f .  To avoid the ex is tence of  proper

hyper invar iant  subspaces f  or  T we have to  assunre 6 i  c 'T ' ) :  6L l 'T '  )  =

x .
=6J.f') =e"CfifeJfi1Now we have to prove that O^ is an isometry. To

th is  a im Put

S t - l >  -  ( - l - 9 J " f c * . - s ) C r - g J " J - r  ,  r . e - D

and observe that  s(4)  is  a  r ight  inverse of  t r  -srs(1 )H is  or t t r .ogonal -

to  '  
t <ev (S-h )  and  S ( \ )  ( ^ -S )= I -P l r '  Th i s  imp l i es

r r$ i r  =  t l ( J . -g )  S ( - ^ - )A l l  > /  l tSuEU; . ^ f {  11 .4 *S :L i l :A t  Le r tS ' - r J ,11 (11= f  } :

-  i l 9 c - r > g i t  i n j , { i r C - a - s J r L } l :  r r { t r  : | }  =

= 11 .Scrl1 ti ( 4 * r-^r) , LY)J* H '

thus n Sc-ui l  = {-t . , \ t  .  Since for any le $(e) we obvj-ousj-y have

. - t
.  

{ - n  {  1 n A - A ) x f "  x e X " *  r  = t  J  :  l l ( J - A t ' [ '

we infer. that f or any ^ 6 J*-(fJ the inequalit l_..,.-, '

s X '  i l x l = t ]  "i n f  { t t t ' t - A ) r  [ :  x e X  '  ' * ' t = t  I  a  a ( t * / ' r / )

h o 1 d s .  I + -  f  o l l o w s
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I IPP* l io :  l lPrp lz-  o* f  f  lB.x  l i " : , .6X,  uxu-- t  j  =

=  4  -  . ^$ t t l ( I -p *>x t {a . .  xe  X ,  ux  r  * - t J=

= 4 -  a^{  l i l , ta)cr -# l r [ '  t  xEX,  r rx l : , t  ]  2

7/  t  -  r  Sc-u u ' tn{11{ t -A- lxpa:  x€ X,  r r ru  ={}  >

> a-aa

which means

dominant for

and. Jo_(r2

b y  L e m m a  2 , I l

> f€ -a ) t t f  U r "

C Q(X) ,

thus by

'  $ t  H * . ,

BuL Sncr'I is

T h e o r e m  1 . 6  ( i )

a - a - z . L

A g

any

ry(x)
0 < a c l  t

nO{fltr
i i "

is d.ominant for anY 0za<1, then-
1 , . , ' - . . . . . - - - : . .

Pioof. Making the same reductions as in the proof of

Theorem 2.2 *e know in  par t icuLar  that  r  is  un i tar i ly  equiva l -ent

t -

wi th  e=s lX ,  Le t  1e  IJ#)  be  g iven.  Then i t  i s  easy  to  see
o|Dr - b

that there exists an orthonormal sequence {tC^ }*=r c J( sucn

that

.Ltn tt(.a- A) xn ll 1 dr-Ct - lrl J
fr -> €l.t

and hence

nF{ l ' '=  (F* f rn 'z  &z t rg*^ [ '=

: o - Fl 
sr'rrc'a-arx^il2

>  l - a t .

,l - Pir,', lf (J-61l',li*=
.  n-->@ l

. 2

>- t' trgr'nr2{io' l.(it.-A)*l/ 2
' '  '  ' a - > 6 o

I . ; i - -

t  subspace -
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I
I

Thls shows that we have L\FS t f ifX; . --i.ot=tquently
. ft*t

f* in is dominant for  any 0eaa1. To conclude the) we apply

C o r o I I a r Y  L ,  I  "

ReE*Il<. If l) n e('f) is dominant then T has a proper

invar iant  subspace by the Theorem of Brown-Chevreau-Pearcv t4f '

2 . 4 . 9 9 3 I 1 S I : - S 6 ( r ) 3 ) D g g g l t r a - ' r ' f l l : { l ( ^ - T ' - ' t t . , A a g ( r )
i

9L9g t has aif.qpef., inyetiPl!.,,q.gbs-Psgg'

PSoo I ' 'Because  we  may  suppose  6 (T )  =s " (7 )=o ' ( f f )  we  de r i ve

3ocd1, 0<a<r.  r f  S,-U" 'S is not dominant. f  or  some 0<a4r

L e m m a 2 . I a n d i n t h e c o n t r a r v c a s e w e a p p l y T h e o r e m 2 . 3 .
, . P*

z.s.  The.ofem r i  Teco. ,  T*€co. 3Ig SorCS !s 9ominant

0<a<1 ll.Sp r h.ag jr.-PSoper il-vP,rian!*s9pg-P-ggg

P r o o f . A s S e e n j . n t h e p r o o f o f T h e o r e m 2 . 3 w e m a y s u p p o s e

that T is [n i tar i ly  eguivalent wi th e=SiX and ryD is a dominant

s e t . .  B e c a u s e  b y  c g l ,  c h , I I n  T h e o r e m  2 . I ,  t h e  i s o m e t r i c  d i l a t i o n

W of  d  i s  a  un i ia te ra l  sh i f t ,  j - f  we pu t

ir^: = E"u* 
;f /u H* '

3ocrS -

we apPIY

for  some

we

lr.) = E 4'\^

we have for any X6 h

A
(  <-*  {sf ta; l < fca l  * ,L ) l  =  l (  x  '  f cu f>A  >  l=

= \ (x ,  i tw* ;R-7  1 :  l c *K l ' ) f (w \ \

€ r ' \

I
I

Apply lng Lemma 1.2 we infer that, 1i16 function

x - 2 . * s f  )  x e  X

weakly  sequent ia l ly  cont inuous and

u s e  C o r r o l a r Y  L . 7 .

1 q
the proof is  concluded i f
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