
INSTITUTUL INSTITUTUL NATIONAL

ror=o^for,.n 
PE^'rBu 'REAT'E

sTnNTrFrcA St rfnrulcn

, FACTORICAT{dIN fHHORdi\4S FON
opennTbn valUro r{."trucfldzuS onl
MtJ LtTPLY CON N HdTE N SOMAI ru$

hy
lon $u0iU

PREPRINf SEhIHS IN h*ATHEMATICS
nro. &2r46:s

tsUEURESII





FA(ToH !dAT r$r{ TF{EryT q Hfrq$ FO$l
$PERAToR \rALuilD runicrr&iv$ oru
Mr,, r?! $!r"v cshift ECTn n fi dnnA$ Fds

hv
fon $UCBU+l

Noabmber l?VB

'  '., ' ;.,.,i ..,,; rr;: '\ ' it:ibematics, Natianal insti:;;:;r ft:o Scientific and 7''rr:hreicaf Creariott,

' it;t,,t i:t;,:l ): ' lt.. )'1 ::":'5 fl;;r:harest, Ronmnia'

tLeJ- 4St0z





FACTORIZATION THEOREMS FOR OPERATOR VALTIEI)-

FI.]NCTIONS ON MULTIPLY (:ONNECTED DOMAINS

by

Ion  Suc iu

In t roduct ion

The c l -ass ica l  problem of  factor izat ion by means of

analy t ic  funct ionswas ins is tent ly  s tud iec l  in  the operator  va lued

case due to i ts  re levance in  many aspects of  operator  theory as

wel l  as j -n  the appl icat ions of  operator ia l  methods in  scat ter ing

theory,  predic t i -on and f i l ter ing theory,  e tc .  I f  we refer  to  the

uni t .  d isk,  wherer  in  the scalar  va lued case"  the famous theorems

of  Szego and Kolmogorov-Kre in g ive a complete descr i -p t ion of  th is

problem, j -n  the operator  va lued caser  Es Kolomogorov and i t iener

remarked at  the btg in ing '  the pr inc ipa l  too l  in  ahord ing th is

problen is  the Wold decomposi t ion of  an isometry .  Wolo obta ined

i ts  deconrposi t ion in  the context  o f  the predic t ion theory for  
E

stat ionary s tochast ic  process [ : f ]  but ,  in  operator  terms.  the

resul t  is  essent ia l ly  the same as von Neurnann character izat ion of

an isometry  by a d i rect  sum of  a  uni , tary  operator  wi th  a uni la tera l

sh i f  t  o f  an appropr ia te mul t i -p l ic i ty  Vgl  .  U$dng th is  resul t

var ious.  types of  factor izat ion theorems for  operat .g t 'va lued

funct ions on the unit  circle were obrained UJ , l8l  ,  Gt] ,  EAI ,
t - ^o-7  f ^p1
LIAJ, Dfl l  .  rn Q&\ ,  QAI quite senera. l  factorj .zat ion theorems

ef  Szeg i i ,  Ko lmogororz*Kre in  type  fo r  sen t ispec t ra l  measures



supported on the unit cj-rcle vlere pror/ed

There  a re  no t  bu t  t echn ica l  d i f f i cu l t i es  to  ex tend  such

resul ts  f rom the,uni t  d isk to  a s i :np ly  connected Jordan dornain"

or  to  a semi-p lane.  When the domain has Lro les the problsm lssames

l s e  f : } .  T h e  c i f f  i c u l t i e s

are ampl i f ied in  the operator  vafued case by the absence of  an

adeqr- rate wold decomposi t ion associated wi th  such domains '

i  ' r ' n r lw  M 'B '  Ab  'G 'Doug las  f zJ  p rouved  aj  Recent lY M.B" Abrahamse and R
\ J

wold decomposi t ion for  the subnormal  operator  whose spectrum is

conta ined in  the c losure of  a  boundedr  Open,  and co l lnected subset

- / \
{2  of  the complex p lane such that  aJL consis ts  of  f j -n i te  number

of  nonintersect ing analy t ic  Jord"an curves,  anC the norma]  Spec-

trum is contained in )fL - They proved that any such operator is

a d.ireit  sum of a ncrmal operator having spectrum in )-Q- with

an a.ppropiate br- lndre sh i f t .  S ince they g ive a lso a funct ional

model  for  the bundle sh i f t  as the mul t ip l icat ion bv coord inate

funct ion on a spa.ce of  analy t ic  cross sect ions of  a  f ibre bundle

or" r . .1 f )  ,  the i r  ! , to1d decomposi t ion furn ishes a qui te  sat is factcry

r  r -  . t r - ^

quan t i t y  o f  ana ly t i c i t y  wh ich  can  be  exp lo i t ed  i n  f ac to r i za t i on

theorems. .

In  th is  paper ,  us ing Wold.  decomposi t ion of  Abrahamse

and Doug}as,  we shal l  prove a Szegt i ,  Kolmogorov-Kre in type facto-

r  r - -  . O
r izat ion thsel 'sm for  semi-spectra l  measures Suppor ted by dJ L

Fo l l ow ing  2  i n  sec t i on  I  we  sho r t l y  desc r ibe  the  bas ig  fac ts

about  bund. le  sh i f ts .  In  Sect ion 2 we d iscuss the operator  va lued

)

autonorphic  analv t ic  funct ion.  we in t ro ' fuce the not j -on of  L- -

boundedness for  such funct ions and g ive a l l  in t r insec sharacter i  za-

t ions of the operators (bo.undecl or not) vrhich appear as pointwi-se

mu' I t ip l . icat icn cn H2-spaces by an L2-boun' led operatcr - ' 'za lued



I

ana ly t r c  f unc t i on  (Theorem 1 ) .  The  i n te r tw in ing  p roFer t y  wh ich

appear  in  th is  character izat ion extends to  the non-bounded case

the usual  in ter twin ing proper ty  of  a  bounded operators re la t ive

to  bundle sh i f  ts  (c f  "  l rJ ,  Uo\ ,  8 t ]  l .  rn  sect ion 3 we prove our

factor izat ion theorems.  we fo l low a way s imi lar  to  that  adopted

by B, ,Sz , -Nasy  -  C .Fo iag .  b rJ  ,  P | \  in  p rov ins  Lowdens laser  fac to -

r izat ion theorem LtU]  for  operator-va l -ued bounde<l  funct ion on

t l re  un i t  d i sk  o r  c i r c le rwork ing , i ns tead  o f  usua l  Wo ld  decompos i t i - o9

wi th the Wold decomposi t ion of  Abrahamse and Douglas "  The main

resu l t  i s  Theorem 3  wh ich  a t taches  to  any ' semi -spec t ra l -  measure

F on ) -eL i ts  maxin ia l  outer  funct ion.  fnner-outer  factor izat j -on

(Theorem.4)  comes out  f rom th is  resul t  in  a s tanCard way.  Theorem

5 which re la tes the maximal  outer  funct ion wi th  the S zego operator

of  Ft  confa ins some e lements f rom Szegcj - fo lmogorov-Kre in factor i . -

zat ion theoiem.

The scal -ar  va lued case,  in  a l i t l -e  more genera l -  and

abs t rac t  se t t i ng  o f  hypo -D i r i ch le t  a lgeb ras ,  was  success fu l l y

s tud ied  by  Ahern  . r , d  s . ru "on  i n  [a ]  
( see  a l so  [ I $ ] ) .  we  hope

that  o ther  aspects  of  the last  quot ted paper ,  especia l ly  the '

connect ion between the dual  ext remal  problem. and factor izat ion

(see aI$o [ r9J)  can be extended to the operator-va lued case.  Soryre.

e lemen ts  o f  . such  s tudy  were  a l ready  g i ven  by  J .A "  Ba I I  i n  LA I  .

F ina l l y r  w€  wan t  t o  reca l l  t he  ma jo r  reason  fo r

in terest  j -n  these resul ts  in  prepar j -ng a vza"y to  s tudy. the cor l -

press ion to  a semi* j -nvar iant  subspace of  a  normal  operator  wi th

spectrum in  the boundary of  JZ .  The factor iz ,a t ion theorem for

semi-spectra l  measure may hre a s tep in  the natura l  a t tempt  to

generaJ . l ze  the  Sz .Nagy  *  CnFo iag  modeL  theo rv  fo r  con t rac t i ons

to  th i s  se t t i ng .



]- Bund.Ie Shift  and vJold decomposi i ion

f ,e t - f l  be a bounded,  open,  and connected subset  o f  the

Let

known 'L'.hat fi o

9 . r t i s

9[enerators '

q |  , t / ,
t lre g roup l/L\6 )

complex p lane whose boundary DJL consis ts  of  n*1 nonj -ntersect ing

analy t ic  Jordan curves. .  fn  a l l  what  fo l lows zo wLl I  be a f ixed

point inJL and m Lhe harmonic measure supported by )!L ot the

point  zo. .  Denote by A the a lgebra of  a l l  complex va lued funct ions

f \  - ,  : r  f )  ^ - . -

which are analy t ic  inJL.  and cont ' inuous on ?X-.  Any e lement  of

A can be unif ormly approxima-ted on ?-f l  by rational f  unctions with

poles of f  j l  (Mergelvan th .eorern)  . .  I f  we consider  A as funct i  on

algebra on aJL then it  - is an hypo-Di-r iclr let algebra (cf " f :Jl ""a

m i s t h e u n i q u e l o g m o d u l a r , . r e p r e s e n t . j , n g m e a s u r e f o r t h e c o m p l e x

homomorphism of  a  g iven by the evaluat ions on the point 'zo"  l {e

( o  ' l

s h a l l  d e n o t e  A ^ = l i e A  :  f ( z ^ ) = 0  { -O L  \ J  )

d ffL I be the fundamental grouP f or
J ' O

(JL )  is  a  f ree abel ian group whi th  n

For :  a  separab le  H i lber t  space F  t .a  
"o*  

f f io& l  , ' l l fT l l  be  th 'e

group of al.I  group homomorphisms of Siof[D into

of uniturY oPerators c'rt  I

L e t  c l r . . . , C n  b e  n . c u t s  i n l l  s u c h  t h a t  i f  C  i s  t h e

un ion  o f  c . ,J ) *  C is  s imp ly  connected '  For  a  func t iJn  h  wh j -ch

is hqlomorphic inJL-C, having analyt ic cont inuat ions along any

c u r v e s  i n l l  ,  a n d  a e f , o $ L )  w e  s l r a l I  d e n o t e  b y  ( h o A )  ( z )  t h e

values ip f  ( r )  of  the anal-yt ic cont j .nuat:-1 of  h al-ong th 'e c iosed

eurve f ,  tn A. vrhich begins ; rncl  ends in ,u- lL-C. Let tu er iom(frodD

?1 tS) ) . We say rhar an $ -va,lued function h whlch t: 
_l,glomorphic

i '  C- C and admits analyt ic cont inuat i -on alcng ur,y*bl t t r"  in lL

proCuces an CL-automorphic multifcrrn function ot't-rl- if for any

xe fi o$. ) and z, € JL- C *" have



I
/ ( 1 . 1 ) ( h o a )  ( z )  =  o L  ( e ) f i ( z )

Fr .om (1 . I )  i t  resu l ts  tha t  l l l n (zJ l l  i s  a 'we l l_  de f ined

subharmonic funct ion orr j f_ .  we shal1 de 
)

Inote by u$- (c0 the space

of ar l  S 
-valued funct ions h on-fL*C which produces an 64--auto-

morphic mult i form funct ion onJL such that there exists a pozi t ive

harmon ic  func t ion  u  in* ( - l -  ver i f y ing  l \h . (z ) l f  
2  

-  u (z ) ,  z  € fL .  r f

I
l w e

4

w e p u t f o r a n y  h e  
* r n ,

(L  .2)  fpr t1z=inr  I  
u  (ao)  , u harmonic i"O , u ( z)z l l r-(zJl l2 1 z.Qf,

*)

t ' )

I t lno-c z)l[2 an(z) , h e H3(o,
Jasr- 't

i s  necessar r  w€ sha l l  cons ider  n?Wl  as  a
+

above descr ibed imbedding.  I f  cX-  is  the

obtaj-n a norm 
"" "fcoc) 

with respect to vrhich t{W becomes.i- +
Hi lbert  space. I t  can be showed tha.t  any etement i - t  

" {C< 
has

wel l -def  ined non- tangent ia l  boundary l imi ts  at  ) lL .  ,  a lmost

evervwhere wi th  respect to  the measure m.  These l rmi , ts  def ine a

and h -_-) q( is an isometric imbe-dding.  funct ior hor in 
f ,*,

ot" H?@) into r,2 (d*) ,
$

( r .3)  l ln i lz=

.  t ihenever i t

s u b s p a c e  o f  
$ W ,  

v i a

ident i ty  4  o f  Hom (4( l ' l -1 , i l t f l l  we shat l  wr i re  npQLl  ins tead of
2 )

H; (1 ) .  The  q lemen ts  i r t  r L l lQJ  o f  t he  fo rm h (z )= f  ( z )  a ,  when  f  runs
a 3 / ^

over A and. a runs over F , span a dense subspace n ufir{b

i  
I n  t l  M " B "  A b r a h a m s e  a n d  R . G . D o u g l a s  i : e a l i  r e a  $ O - )

as  a  space o f  ana ly t i c  c ross  sec t ions  o f  a  f la t  un i ta ry  vec tor

bundle, with f iber I , overJl r ca.rrf ionicaly attached to oC . They

introduced the bprl-4-Lg--gfrjlt-9€efelgr to( "" $W.) 
as the operaror

given by mult ip l i -cat ion wi th the ident ical  f  unct ion z on UICAI .
.f

The operator  T*  is  un isuely  determi .ned (up to  a uni tary



equiva lence)  by the uni tary  equiva lence cLass of  o4 -  Moreover ,

us ing the Grauer t -Bungar t  theorem on the Lr iv ia l i ty  o f  analy t ic

a^rggn4les overJL ,  they proved t i :at  for  any oL € Horr  (%(9J ,  %tFlyr4
^

i s s i m i l a r w i t h T n = T . , . E a c h T o 4 i s t h e r e s t r i - c t i o n t o H : ( o d o f*J L I

the normal  operator  
\  

def ined as the mul t ip l icat ion by z  on

)
{c*t ,  E& is pure subnormal operator having \1g. as minimal

v

extension.  L f  T is  pure sub-normal  operator  on a separable Hi lber t

space  H ,  such  tha t  6 (T )c - f l a rd  the  spec t r ' umFtN)  o f  1 t s  m in ima l

normal  extension N is  conta ined in  EIL ,  then there ex is t  a  Hi lber t

r  -  an e lement  c( .6  Trnm ( f i ' (q \ .  2L (n )  such that  T isspace y and an el-ement oG. € Hom U/oh7g,

unitari ly equivalent to k '  As a conseguence they obtained the
t -

WoId decomposi t ion we state here in  a form which wi l l  be convenient

fu r the r .

F"bg9r,9T*,9 . lF|t N be a- norlnar . oPsrrStor - op 'a-, seParSbl"e

Hirber_!_spgge ? sucb- the! 6 (N) c A{L. Lgt 5(+- J4 be a} in-v,alians
: , - . - - - - ,  -  - -

EgLipggelgl N, !.gppgse,tha} N !s F.he T,ini.ga! n95m31 e{tengion

of  N,=Nlv . .  Then there  gxaqts !_e  -un i taqy  @ d-  o f
- : - - - - g , - ; - - f

5f"("L) on-a .s-ep1r3ble Eilbgr.t .sp?ce $- (possible 0) sugh .t lra! J{

can be isomerr icaly-rQentr f  ied wi th *-airec r ,2(*)  OT(,  l l

such that  5  fgcames a d i rect  sum oi
;----.i-.*

Nr 91 9r- , bayins--,spe-cllg0 in a-fl, X,. beSgpS $t"l 
@Vr ttd N+ 

.-

besesgq ra Ct N r.
IN VJ

functions on the

struct ion of  the

I .  A group G of  l inear  feact ional  t ransformat ions that

mep the unit Cisk D onto D.

Nn with a normal oPerat-og
-JL

a funct ional  model  for  Totr  in

universal  cover ing spacer  $rEs

cover ing space forJ l  Proc iuces

terms of automorPhic

a l so  g i ven .  ' l ne  con -

the  fo l l ow ing :
. . . q

I , " : -

can be isometrica 1y-rQentf{igq-!/-ilh



measure .I
I
I

2r ,An .open  G- j -nva r ian t  subse t  f :  o f  a  D  o f  ze ro  Lebesg i

3.  A s imply  connected open G- invar iant  subset  D '  conta

n ing  D u , ' r .
t -

4. An open set,Jt containing-n-

5.  A holomorphic eover ing'map 7i-r f rom
.  a l

n'  onto 5L sucir
I

i

that  i f  $)=l l -  Tf  f f )=aIL,  and G is the group of  a l l  l inear
'

f ractj-onaL transformatifons A having the property TioA=tr.

I  we  can  suppose  a l so  lT (o )=2o . .

. In fact the group G iF isomorphic withffo$L) " rhj-s

isomorphism is  g iven by the so caLled l i f t ing to  the universal

cover proced,ure which we brief lv d'escrihre. For a€ D and' A efo6t

le t  f ,  be a representant  o f  A which,begins and ends in  z= I i ( t -J .

Def ine  AX ' to  be  ( i i - ro? ' t  (z )  where  t -LO {  i s  the  ana ly t i c
- ' l

continuation of i7 
-t 

along the curve f .

The normalizeC Lebesgue measure lL on
I

:
universal cover the measure m in the sense that

we have

Consider now the subspace HltO; oC) of  oL-automorphic
.f

r f  ,C  = r  we  sha l l  deno te  
$O,x l  

bv  1 ; (D :G)  
-  Le t  

" ; :

be the holomorphic  funct ion inJLJC obta ined by the analy t ic

bont inuat ion of  ? f  
- f  

a long the curves in- fL-C which begin in  'o

)  - - 1
For any hef#(D,o( ) the function f ioif l l  prod,uces an CtL-automorph

t o o

ZD l i f  ts  to  the
'l

f o r  a n y  f  e L - ( m )

( 1 . 4 ) J ," Geti)

s 2 ( o ; * ) = { i ' n * } e o l
L I

I
( r ) a 1 ( f ) =  

J  
f  ( z ) d m ( z )  .

"AJI.

funct ions j -n  wLta) :
*

( ] . 5 ) :  h  (A1)  +( {A)h { }  )  ,  &eD,  AeG 3



. ) l

'  ,  
r i  

,  -  

'  ' "  

". r :  r  , ,  
. . , . . .  

-  8 ' - , .  
'  

, , , . t  ,  , , l

m u 1 t i f o r m h o 1 o m o r p h i c f u n c t i o n o n . C L . I ] s i n g ( r . a ) ' i t " r e s u 1 t s
- l  ? ,  - 1  - 1

that ttof l f--Le H:@) and l lhlJ=1t hoTf-, ' i l  .  rn fact the niap h--: hoi i  r- 
$

" o y ' z o o o

is  an izometr ic  isomorphism between H;(D;oC) and IE@) which
'l ',, f

, 'hake To uni tar i ly  equiva lent  to '  the mul t ip l icat ionrhy f ;  on

sz (o ;oL )  .g

funct j -onal  model  for  T*  in  a way which wi l l  be convenient  in  the

c 1  r

context ,  hav ing in  mind. the ident i f icat ions br ie f ly  descr lbed in

th i s  sec t i onq



l
I

9 *

a

2. Ogeralor lrglg€ (q.,p) automorp,hic analyt ic

f uncti-ong

( 2 . 1 )

?* "'o 
(D; G) =uft n rctt

f f  , f , ,y"ct l ]  comes from rlr :e Grauert-Bungarr theorem on the

t r iv ia l i ty  o f  analy t ic  vector  bundles on. t  $*  r  and - i - t  seems Lo

be very d i f f icu l t  to  prec ise more about  t i , . .em. the ope:ar ,or t  iO

a (:!/

Let  now E.  . f  be two separabi -e Hi lber t  spaces.  Fol l -owing

@ cet l=c(A)@(l)P(A)r(

We shal l .  wr i teoL-automorphic instead of  (a 'p)  -automor-

d{
ph ic  i n  case  P  

= I .  and  
P  

" -au tomorph ic  i n  case  C( -=1 .

he resul t  about  s imi lar i ty  in  Lzt  can be form.r - r la ted

in terms of  autonnorphic  f  unct j -ons as fo l iows:  There ex is ts  a

bounded.  analy t iq  funct ion I f  t  t6<rr r? which is  o(urv !sr tve!v '  
Ly,  ; f  ,  9- (J)J  which is  o(  -automorphic ,

hav ing as j -nverse a bounded analy t ic  f  unct  rcn 
{F,  

f  , {  AJ whic ! :

is  91*-automorphic ,  such that :

( 2 . 2 )

yn
" !  

io ' * l  =*D;G)

where F unu 
Y4"r" 

the operators of pointwise rnultipli.cations

uv ft4) and Y*,el on nf o).

rhe existence of the funct ions 
[ f ,  n ( f t^)3 and

B-sz"-Nagy c .Foias A61 *u shal l  denote by the t r ip le t  L6 'V,6t?t
(? ,o e,and(br t )  -va lued ana ly t i c  func t ion  on  D.  Le t  oCbe a  repregenta t ion

of G on F and p a representat ion of  e on f ,  .  The anal-yt ic func-

t ion  { t  ,Y ,@ C ) l  on  D w i l l  be  ca} Ied  (o r ,S) -au tomorph ic  i f  f  o r
L J

any A€ D and A in G vre have



1 n
I U

and  Vn  rea i i se  a  s im i l a r i t y  beLween  bund le  sh i f t s  k  
an i  r3 -

We/sha l t  ca l l  t hem an  oC-pa ! r  o f  , s im i l a5 i t v

i  BemprF.  l .  For-any a e,  F there ex is ts  n t$tD;  oL)  such

. -d-

t ha t  h (0 )=a .  I ndeed  ,  \ * t 0 )a ,  
cons ide red  as  cons tan t  f unc t i on

,-2 , - E ' Then n= +*l|*( o) & betongs to
i

on D,  be lonss  t "  E( : . t  
-  ,  

_
,  4  , , , *

n l t o ; x l  a n d  h ( o ) =  f  1 o ) Y  ( o ) t - =  P -
' t  ( r  I  f a r + t Z  , ^  t , . t  r 2 \ - a r r # n m o r n h i e  i n  D  t h e n  i t
i  f i  {A  ,V  ,  (9  ( }  )  ?  i s  @ 'p )  -auEor t tQ l r ' I r ru  r r r
: J '

l i f ts  to  the cover ing space the brrP)-automorphic  mul t i form

funct ion def ined bY

I
( ' )  ? \ Q eSl) .

converselyr  any @,p)-automorph. ic  mul t i form holomorphic

func t i on  onS) - -  w i th  va lues  i n  L t t 'Y )  g i ves  r i se  by  t i f t i ng

p r o c e d u r - e r t o a n O L , P - a u t o n r o r p h i c f u n c t i o n a n a l y t i c o n D

W e s h a l l w o r k o n l y w i t h | o u . , P ) - a u t o m o r p h i c f u n c t i o n o n

D b u t u s i n g a b o , , r e c o l l s i d e r a t i o n s r w e o b t a i n i n t e r p r e t a t i o n s f o r

some results in terms of mult i form functions onll  '  OI in terms

of bundle maPS

T h e r e a r e n o d i f f i c u l t i e s t o d , e f i n e t h e b o u n d e d n e s s

fo r  t he  (%p) -au tomorph ic  func t i ons .  Bu t ,  when  we  l van t  t o  de f  i ne

t2_boundedness  ( i n  t he  s t rong  sense )  some d , i f f i cu l t i es  a r i se i

rn  the  case  I  t  , g  ,  @ 0 l \  i s  oC-au tomorph ic  the
1 J

c o r r e s p o n d i n E  o C - a u t o m o r p h i c  m u l t i f  o r m  f  u n c t i o n  .  0 ' ( ^ ) " c ' n

produces a subharmonic (unif  orro) f  unct ion z -) I l@'tz\ I l  ot JL '

we say rhar[t  ,  F, 0 t ,U] is lz-bounded i f  for any A€ E there

exists an har.moni c function ,{'to on -fl- such that f or any z *-Sl-

II@t id a Il: t't;e) l[aiiL

I 'b we put

@' tz )  = (0o  v -L1  1z )  ,



$re obtain a bounded operat< F 1^' 
into ff,t4l ._s__ _- : r  V,  f rom f  in to 

E(g()  
.  rndeed

Standard argumenLs inpty that V6 is bounded.

In case 
F *, such arguments are not more applica-ble.

Eut they sugesl the fol lonlng deff init ions

( 2 . 4 )

L s !

such

( 2 . 5 )

a-
I

( ten, r-c.f,]'

tv A-t!Z.> = f ![@ otdfay(x)= ( l lT't*ra[(a^tzt *t t 6 , - ' u%(oO 
I  y /  l  J ,5 ), JAJLJD

(  q 2  )

J"',- 
'- g d :' E

-bounoed. if there

that the formula

We say that an (d, p )-autornorphic function 
fg,q 

@qJ

ex is t s  a  6  -pa i r  o f  s i n i l a r i t y  €F .  \ pF
r ) l

(  b" '  $)=/,dtt 'c*t^
4

defines a bounded. operator v" from E, into 
#,*.

Tt fS - t  c lear ly th is def in i t ion is the, 'precedi-rrg orr€r
)'  Let  D(@*) be the sub.space ot  u i (n;p) consist ing f rom

al l  funct ions rrel l (Drp) for  whj-ch Z - iO(f  )h( f )  belonss ro
) b

H;(D/qJ . Deri,ne @ * on n(0*) by
J

( 2 . 6 )
LA .I, ' l  @rnhLt) ( lcD, he-D @*) )

We shal l  see that  @* is  a  dense domain c losed operator

. ? )
from nifitB) into nf CO;ct) . our aim is to characterLzg the operators
.... (, ' .t

) '  )  
: a - - j ' : '

f rom n t@;?)  in to  u i (o ;c t - )  wh j -ch  are  representab ld 'bs  0+ fo r  an
b

r ,z-UouJo*a ({,P) automorphic analyt ic funct j-on {A,4 
O*)I .

Let  Q be an operator  def ined on a subspace D(O) of



uTtarg) wi th values
Y2 l

t -

point-evjr luaticns on

i

L 2

in to 
"$ iool  

-

nzrtv;Pl and

saY that Q

D;cd.) i f  the

intertw'i ,nes _!I9

fo l low: -ng  cond i -

t i ons  a re  sa t i s f i ed "

a)  g?ec  D (Q)  and ' t |u  6 i s  bounded.

l \ t +  t  I
I

i l
I

rIff,1
.+

rv  hcH'2(o;P)  f 'or  which the funct ion
b )  F o r  a n y  n c n g \ u i F t  #

7->Sn*if%U^1^f"ronss 
to 

$ap() 
we have heD(Q) '

c)  For  anY heD(Q) and ^€ l )  we ha 've

Lonl (L)= Lo f* Yartt,,u\U^)'

Esgegj.iligl*r. 
14. Q inlertyineg 'the pgitt -eygru-?!-Iolgg

- l o e c r l  o P e r a t o r  f r o m
dense doryqln-J

H .  l l J ;
YtI t r ,pt  N4 "2tOt*) then Q is-.d-epse ogtt to '-ut t

r r -"f,
z;to,pt i*e

.)
into E),@iaJ -  I t  A iq.bo,undgd. lLen Q'7) is ' 'equivSlenl  

to

t

( 2 . 8  ) ere = La-Y

Proof-  S ince the set  o f  a l ' I  funct ions h of  the form

ho) =f( \ r@; when f  runs cver ar l  complex valued. rr l rct ions whic l r  
;

are analytic in a neigborhcod of -F- and a runs over g ' spans a

)

dense subspace in  u ] (o ;G)  ,  in  o rder  to  p rove  51Ol=u i (n ;p )  i t  i s

t" rb

su f f i c ien t  to  show tha t r ,  fo r  such h ,  f 'hen(a) '  
Bu t

(n +PVec^t(fPoetce)=f f  uYuu,f?ntut\cDt =
L t x :

and c) of  Ql .  s ince f  o i i

a  berongs  to  , ( to ;oO -  Hence '
*

hf, h -in uzrt',Pl and Qh,t-) e

= LQ tu rroTc*) = f urr^nlu f 
pcp+(x) =ft,t a|boles

We used Lhe ProPertj-es a)

is Sounded on D then clearfyt f  o i i l
r *

f ro rn  b )  i€  res ' ; l t s  tha t  l r  
neo$) '

! - \
2  u l

, {p

Suppose now that  hr ' ,€D(Q) '



I  -  1 3
I

i ' )

in 
S(o;oU 

. rhen

tc f ' Yurori.c^{ c r) = [a f 
rYur^, Ln l*;^rl c^: -

= 2;o- [e f 
u 

YPc^, L^c^fl cal = L^[ A l,^\cz1 = ,7 tt) .

we used d),  b) ,  c)  and the cont inui ty of  the point-evaruat ions
' )

opera tors  on  H-  spaces ,  From b)  i t  resu l ts  tha t  heD(e)  and f rom

c)  Qh=g
')

Suppose now tlrat e is bounded operator from Ui$;g) into
) 6

H- (Dr<,( ) . We havev
IeTt"]c^) - t  &rAJu)= [cl- fuVbrDnc*)l^wJ(t):

= Tt ct) [a f 
9 

Vrr^) I.,,c*tJcx) = iT&) | & t*3 CtS= F;Ah] C))

We used. oCOl=*j $;p) and c) " Hence eTU=Tne"
6

conversely  i f  (z"B)  hordse then for  ahy h of  the form
-B

h ( e ) = 9  Q ) t ( v  ( r ) ) a ,  w i t h  f  c o m p t e x  v a t u e d  a n d  a n a l y r i c  i n  a

neigborhood 
"f-[ r w€ have:

L,e. t l cr) = [ a 9u c (o iDaJ (r> =La(crp qP{ cz) =
- A

= Lf cAl d. p?p-Jcr1 = Aor,X,x)[q €'oJ rl) =

=[a 9? tfoii)c^> *J tz) = f o |PqPrl) Lc )l ca).

I r Ie  usecl  usual  proper t ies of  funct ional  ca lcu lus v l i th  funct ions

which are anaryt ic  in  a.neigborhood of  the^spectrum,of  ,F and 
f r  "

C l e a r ] y  n o v r  t h a t  1 2 .  S )  r e s u l t s  f  o r  a n y  b  H ! { n ; p i
6 t

The proof  o f  the proposi t ion is  complete"



I
I
I

IntertwininE

appears as an e.xtension

inter twin ing of  bundle

L 4

point-evaLua.tions on H2- 6;fZ)
6 r -

to the non-bouncred operators

shi f ts property

)
and Hi(D;d)

(r
o f  usua l

^ 
@- glr.e-gper3iol Q frgm rt(ilclzr1niil in-gg

)w-*$to{) i-s rgpresgntable as 
0 * _f or an ta-bogng*l @, ?)_qqlglo5glg

**g]ylig,:f q.ns.t]-oj 
{ t ,8, @ tzl \ r:_*$ :N:1.ir1 e in.rertwirleq .the- - - L -  

^  J
psle5srglseri_ons. on 

";rDlF) elO nlf D;a() . I1S__FHS_!*g3 {t,8, Ortsl

iS_ hpSpapa_il_e*g*"I'_1y-j! o rs sgg$g{

ph ic

and D

we have

analy

@*)

Let l€ ,7,'A
c t ion .  From

lts Lhat @ *

ve r i f i es  c )

Let now Q
' 
on H3 (o;&l

E r^
oertne ly€,

T  t t h

esur

r

i

t

3
t

i

(})3 be 
"r,  "2-bounded 

(a,p) automor-

the def in i t ions of  1 ,2-boundedness

ve r j - f  i es  a )  and  b ) .  Fo r  any  heD(O+)

tO. QP V\cts L,(^tJ cxt = Oo;L+ 
u YB'^E c*) :

= @ b yuc^> Yuq J*c,n) -- @ rnl lncl) = L Or l^J co>

t o o ,

be an operator  which in ter twiness point -eva-
)

and H](o;* )  .
I

- a

, j , @ Q ) t  b y
)

@rD,a = [ce Puyqrn,{r;> o* €)Q"'
For a f ixed Ae D,  @Q) is  a  bounded operator  f rom €

c
i-nto {-" .  This comes from the boundedeness of p and of -tt-r,enoint

evaluat ion operators 
" "  

qhF-  and H2(n)  respect ive ly .  The
) \ e a

analy t ic i ty  comes f rom the anal i t ic i tv  o f  f  
P 

and the boundedness

, / \
L . e .  I f l )

l./ f

luat ions

( 2 . 9 )
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. A
of  QE'  on the constant  funct ions.  For  any AeG we have

@Co))a= [e guVPcx,;,^Jcn= d,LD Le g'y,rpprn"{a1

= or. CA) @ Cz) P Cfi*A

Hence 
f8,7, @ tol\  is (a-;  p)-automorphic. since
( -  )  t

rF) 6) e Pr,o,& = fd E FoJ .^>
.

, t h u * L 2 - b o u n d e -  -  f  r:d€r l€sS or  
l -6 ,F,  

@*$ resul ts  f rom the proper ty

a)  of  Q.  Now, c lear lya f rom b)  and.  c)  which hold for  both @*

and e ir resurrs rhar e=0*. ,t 
{t ,F , O o,lJ is bounded. rhen

Q=0*  is  bounded"  Suppose now tha t  e  i s  bounded.

For any a ef  le t  h .  be the funct ion in
-rB ^

conies f rom the funcrion z -+ l& *- 'y'ttS4 6) Ln

app.ryins Lf& a

and the descr ibed j -somorphism between r t i (n ;C)  and
cJ-

" jCSl 
.  For any complex valued funct ion f  which is analyt ic in a

neighborhood of -6- we have \

(  ' )  . .  . i  I

\ . _l p c"> ( ,l 0.J D tl: oL o, c?) = J tt {-c z> L;', ,t oM ce) -:
))su d 'atL

rfm which,

*!cn,u) by

= {- _,, ( on) ot f&r, La 9P Yuos 4,o tl} ay u> 1
J ) D

t n *"*rrtjar" lW 9?y,ct)4r^>'L n* u) 4

YoCI. ltz \.^t (f otr)tD* af a) Itn'tt= lt Y*a trL!t{w
. $ D o d x

l ts that for any f on JSL ivhich is unj-form l imit on

onai  funct ions 
.wi th  

poles of f . j f  we have

, ? . ,  n  IcDl-llLor:>)l(d. rnt(il a yt 
\^r,!,rtTLrn(D ita{tz, (r.)an

I t  r esu

of. rat i

I

I  l f-/afL

t\*rsualr.

ajl-

o L )
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Since.any pcsitive continuous function y on J_gt- is

'uni form l imi t  of  mod.ulus of  such funct ions f  i  .ppio* imat ing in

modulus property of  Rd) (ef  -  Lni l l  we have

I t  resul ts  that

J^J &) {t LnlrsllLa * cL) 4 , { yw dn c+) raul
)st- art ) t"Ptlrv') .

i . e "

l [ h o ( " 1 I a M t l a ' ( l

il n,tr)tf < m lt,a-t( )

m-aae,  on : ) lL ,

Ue6f, zcll) ,

Hence. for any !e n and ac t *" have

' rr' @c*> ail . tt f c. + u 
Y Pcxl*J c^t li

*tt Qac*Jll ll yrf,^.r Io g PV?r 
4 @ll e llfqtl /l[^fr atllt t7, t/a11,

The proof of the theorem i.s complete

. The correspondence between the non bounded operator

0 *  and the  func t ion{ t  f  , fOOl \  depends,  in  senera to  by  rhe

P 
pa i re  o f  s im i ra r i t y  

9 ' ,  PP.  
rn  rhe  bounced case,  however ,

th is correspondence does not depend of  9P. Moreovero in th is

case there exist  boundary strong l imi ts,  in the Fatou sense,

tor @ ())  and 0 *  can be rea. l ized as porntwise mult ipr icat ion

on uf ,Ql  considered as the space of  f  unct ions on e n or eeqb  I  : - - '
In  the non bounded case,  in  genera l ,  we have.not  such a boundary

l i rn i t  tor  @ ( , f  l .

i " e . 
fA 

,n @ u,J is bounded.

we say that the (a-, p)-automorphic funcrion 
[e, 5 @qJ

L.
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is inner if i t rs boundeC and the corresponding A- .* i, an isometry
) ' )

f rom H:W)  in to  H:q) ,  C lear ly  then the  boundary  t im i ts  o t  @ t * )
& I  1

" j - s  l , \  
- a .e "  l somet r i c  on lO  (o r  m-a .e -  on  ) . l L ) "

Ii  
The L2-bound.ed. (a, f i  ) -automorphic funct ion { t ,F,  O t l } ,

,, Lv/ " 
-n 'J

,  
t= cal led 9gpgf i t  the correspondi-ns @ n has cense range i"  

{At l  
.

_f 
\,

Si.nce for any f€a and aef,,  9'  t toT )ere(A+; and
- B  : :

@ -q '  6 to [ )  a=rvna i r  resurrs  rhar  [€ ,8 ,  @ t* l  i  t "  ourer  i f  andv t z  a  ( "  
' )

v

r onlf if

a

sg|iLr&_". rf l€t-
fr*nction then for any >e

beg such r tha t  (6 rc1  e  ,

and f€A we have:

is an 'rR-', 
ts) -automorphic outer
I

, { , < ' \i s  dense  i r ]  .  . f ndeed  le t -

any aef . T'hen for any ,a e f

( 2 " 1 0 )

F r o m  ( 2 " I 0 )

(see Remark

X rurE -6,".,

,9, @ *lJ
D ,  @  ( ^ r t

t J )  - v  ! \ J !

J-

i t

1 \

i f  f reg2
T

( "C )  such  tha t  h (0 )=b

= ( h ( 0 ) , . b )  = i l A i l Z
.t

i . e .  b = 0  "

Since f  or  any )€D there ex is ts  A <-G such that  eO= 1

ana @ ( l )  =d(A)  @ to lgOf l  . i r  resur ts  0  $ rZ  is  dense in  S

f o r a n y  ) €  D ,

q.Igppsr*t*g 3. +q'r,2-bgUgqe-q @.;pl-eggg3gfphic {q4str-on
f ^

l f , 9, @ cr l 1 ]-q-s-a-ag1-L{e orisJ-v*l!.q-er *g:}-q-_egler-.rg -*ld--ps-ly-=il
L  - )

r r t l t ' a - / \ - /

JA/P,i" +5 toU

$u@a'o' 
"|r*, 

=r (to) t0 col VF t0 ) a" o.h=o

.>

resul ts nrr i ' (oO ." , 7
then

0 = ( h , b ) , Z  r .- * rpD )



/
I
I
l

i 1 8
l
i

iL  is  a  uni tary  constant  funct ion.  I ts  constant  va lue U real izes
f f i r @ r r #

L\lnilgrylqurvalence between A and c1ffi---.*--:-_:----= ra

I

prqbf . In both gases 6 ,_ is a unitary operator from
.rlflr'T?-'- . v +

) )
H'^( i l  onto l l ' (o0 '  such tha i- - 9 ' l '  g

c v

*'p = '4@ *
,  n ^ >

As j-n the proof of Theorem 6 Ln QJ vte can show that (td , is the

mult ip l icat ion .wi th  a uni tayy constant  funct ion.

t
$'

n
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3, F.aclo=L gelign llle_greIg

We shal l  recal l  f i rs t ly  some basic  iacts  about  semi-

spectral measures (cf . [nJ , LriJ ) ,

Let  X be a compact  Hansdor f f  space and H be a separable

Hilbert space" An ICnl-y.e1ue*-:g3.r=*ggc!:slg=gg59*ge x is a map i

0-  - )  F(d ' )  o f  the fami ly  B(X)  of  Bore1 subset .s  of  X such that  for

any h€H the map 6-  - )  ( l |hhrh)  is  a  (pos i t . ive)  Radon measure on

X"  The  semi -spec t ra l  .measure  F  i s  ca l l ed  spec t ra l  i f  I ,  (X )= IH ,

and  p (F rh$ . , , J  = r (6 f )F (%)  fo r  any  0* r  r  6 reB(y ) .

Le t  X  be  a  H i l be r t  space ,  V  a  bounded  ope ra to r  f rom

'  H  ln to  f t  and n  an  X(x ) -va lued spec t ra l  measure .  on  y .  Set t i r rE  fo r

any  F  €B(x)

( 3 ,  r ) F (cr) =v*s (6) v

we obta in un X (H)-va lued semj :spectra l  measure c jn  X.  Conversely .

the ce lebrated \ laymark d i la t ion theorem asser ts  that  for  any
(J

A(H) -va lued  seml - - spec t ra l  n reasuss  on  X  thc re  ex i s t  a  H i l be r t

w-
.  space] ,  a t :ounded l inear operat ,or  VrH-+ft  

"  
and an XCVi-

vaJueo spec t ra l  measure  on  X such i :ha t  fo r  any  f  6  B(X)

( 3 . 2 1 F (Cil =V*E (O)\,,

rhe t : : ipletfu, v, ol  j .s cal led. a spsc. l5a] diJp,-bion of'  ' - ' ' -  )
f .  Under  so i 'ae natura l -  condi t ion of  min imal i ty  th is  t r ip le t  is  wel l .

d,efinecl by F up tc a unifarity lvhich preserves the operators V,

From Nai lnark theorem i t  resul ts  that  any-sem- i -speci ra l

measure F gives rise to a Sgsplsgefy__pg.g_r:llyg map from C(X) lnto

\ D  t - -  '

. y ( I l )  i . e .  f o r  a n y .  f  , . . . f  e C ( X )  a n d  h , . . . h €  H  w e  h a v e
O \ I N I N



( 3 . 3 ) n I &"'f/' c (t's Lx,L") > o

r f  F and F '  are two |  (g) -va1ued semi-spectra l  measure

on X then we shai l  wr j - te  f<f  i f  F ' -F is  a  semi-spectra l  measure

o n  x .  F r o m  ( 3 . 3 )  i t  r e s u l t s  t h a t  t h e  r n e q u a l - i t y  F < F ' i n p l i e s  t h e

inequal i ty  i -n  complete ly  pos i t iv i ty  sense:

( 3 . 4 )

nt\r", d(rc*;1,1,.) e n\t'r4,, d(|,tr,t")

f  r r . r l= 
\  

t  t* ldE (x) ,

2 0

i r .

In  case X is  u .  .o*p" . t  set  l -n  complex p lane then.  the

spectra l "  theory for  normal  operators establ ishes a correspon,Cence
( -

between the X_ ( ! ) -va lueO spectra l  measures E on X and the normal

operators N on R having spectrum in X via the formul-a

( 3 , 5 )

. Let nowSl

a  H i lber t  space $

and n'. be as in

we shal l  denote

f  € e ( Y )  ,

t he  p reced ing  sec t i ons .  Fo r

, _ xhy %: the spectral  measure
.t

( 3 . 6 )

; ta* l  de f ined by
lf

"#,t 
= 4oh, lredr*l , yae()$)

where XA- denotes the character is t ic  funct ion of  6-

For an

. _ 2
i s  L- -bounded the

can be consi -dered

clef  ine ut r  X ( f )  -v

nx (tr) 1t.., I(v B

W ,i l-auromorphic f uncrion 
tt ,F, @ tl l j  which

corresponding operator u@ from t  in. to t { to l
f,

as operator from E lnto 
"f ta*l  

.  v{e qhal l

al-ued semi-spectrar *"r"ur" i  ."  j ;  by
L0)

,l'
6

t r ( i l=( 3 . 7 ) (tre (ao) )



2 !

The semi-spectra l  measure F^ admi ts  the t r i  nr  e t
r t t  ?  0

i { " f  t * l  .  u@, t ;  
3  

as spect ra l  a i ra t lon.  converse ly ,  i f  F  is  an

f Xtgl-valued semi-sprectral measure on2fL which admits as spectral
'  

d i l a t i o n  t h e  t r i p l e t  { t 2 , - '  . . x  t-  , f (nr )  ,  v ,  
" ;3  

such rhat  v t  c ; fe f  then
'  for any Be Hom(trCOj , i l  t t l )  there exists an (xt p-autor*orphic

r  -  u  -  
r  

-  ! - - - - -

fu4crion { t  ,7, A *17 v,rhich is L2-bounded such rhar v=v^( "  ' )  ' @  
. 1' \  

F=Tr- irt" have onry to choose an 
F 

-pair of similarity, Qu ,V 

1'

ai:d def ine

i

Q,o.o €, l*lS )lPcD "J a) ,( 3 . 8 )
I

d e f i n e d  a s  i n  ( 3 . 8 )  \ , . i e

the semi-spectraJ-  measu: :e at lachedW e  s h a l l  c a l l  F
r r @

@ )  ( x ) 1 .

I f F  _ F  ,
@r @.

Theorem 2. Ler ft , F t,(g tUJ he Wt,F)-egtgo-Iehls
urd 

{ t 
, T, On L* 

['rnr,pr-autemqr:p-h.ic-and 
o-ure{. - strppsse

that S,,..,{ 9 q  @  l * l -  { ! ' u ' ^ ' j .
w h j - c h  i s  ' r q . ,  

4 . " ) - a n t o m o r p h i c r  s u c h  t h a tt z '

ro 
[t ,u,

(  ! + D ) .

@rx lk=  [ v

rndeed, with 
{€ 

F, O eJ
have

@mD=k f 
pc^r7 ol tntl =d.rn)Yuroyut4,o, = &c^) Orr>7rnf ,o',

and

LVe-30) =. @6) fttD ": 
lrz,-lc>>

@  , ( 2 ) =  @ * t 0  r l t ,

t 5  J l l t l E ! .  a !  r l l u ! = u i , e Lshee{Q q ,o o\

( 3 . e )



,  0r<* l \  is  outer  i t  r :es

o r'.*-{J4t) into ni,,,nr,

f,f-%**= f,/,.

I
I

I
(e (\ ^n lt

i U , y { ,  w L $ ) J
constant  vaLue U

2 2

is.  outef l i ren 0 t l )  is-unitary constgnt.

ver i f  ies o( , (A)g=rc{ . (A)  for  any AeG.

L e t  f  
r t . . . n f n e - A  

a n d  d r r .  - .  r " n €  f  .  I r ' I e  h a v e

nottL,, ,6 n \LrcrtF d(rc,r)a,,tu )a
-E 

r- 
'd ?s'-

i ' '  r

' -  |
I

( 3 . 1 0 )

P r o o f .

Hence

Ol

l {
l = l

tr 2,1.Y@,

l r -  -s i n c e  I  e ,  t ,
L

a contract ion

( 
I,t,"F,4(b;r"t,^)e=

al ,,L
ll Z,{;"*tt '7.,,,

o

U t l l  Zf.Ur'"|!
t ; t  

F  g ) Lf*Vo,n'"

( 3 .  r r 1

Sj-nce for any

ig

and

no(02+) vre c lear lY have

Lhat  we can def ineu l t s

by

Vn A'y
tJf

a9rrn=@r*h and

|a.Tuf\"'n (^)j

( ) )  = @ r 1 h ( t )  =

l l J =

. . . 4

,.--t'

)
' r a  / h  ,  \

f i  \ D t  d  n )q
.J4

L

n a n  f  r : n { - i  r z av v a r  v !

I

)  
( \ ) )

}

i - h a  n n i n t  o r z a l U a t i O n S  o nv r l v  y v : r

( n  -  A  I' .  
1 Y  z , ' J  t , V  ( * 1 3  i s  a

Lo Or-'] (^) 
{@,.nJ

=V'*fuY?r"n''f

=bg"'ol*'^'@ ,*
resul ts  that  Q in ter twi - r res

$o,&r l  
'  i {ence Q=.@* whe
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Qrrdr ) -au€o inorph ic  func t ion  on  D.  We have

l @Jt) * = [@, .9u y8,^) 4r^> = &r %frflrdc^> =

: @ct)L@rfo yurr4h) = Ort @,rn)R
I

,  

t t  
b, 

='r ,  crea'r ly in (9. ro) we have egua.l i ty.

r t  resul t 's  that  Q is  an isometry  and consesuent ty :  6g- ,  ls  isometry .

,  Hence 
f  f r  ,  T , ,  0 o lJ  is  inner.  r r  moreover 

{ t  ,g ,  j  @ r t t lJ  j .s

, ,outer then clearty e=0+ has clense range and consequently

{Sr, 9r ,  @ t l l \  is ourer. From proposir ion 2 we conclude rhar
 
6) t t  )  is  uni tary constant and. i ts constant varue u ver i f ies

&,(n)u=uq,^,  , f  or  any A eG.

The proof at the Theorem 2 is complete

Let  now '  be 3"J-  (€ , ) -varued,  semi-spectrar  measure on) .g,

we ar :e j -n terested in  the fo l lowing probiem. Does t -here ex is t  an

6 ,p )  au romorph i c  f unc r i on  
[ t , y , 0  t * l J  such  rha r  

ba "  3
Let  us remark that  we can suDDosG r t  =rsuppose 

i3 
=,. rndeed , i f  

{€ , ?, O tr lJ

i s ,  ano ( -au tomorph ic  func t i on  such  tha t  F@LE t l r en  the  @,F) -au t . -

morphic rurrcrion 
{9,f, 

dC^! aerinea b-y @,ti l=/tr) yPr^, ,urir les
u(g'=uo ' '(&,=b '

r ,et iX,  ur tS be the minimar specrrar di lat . ion of  F and

N be the normal aperator corresponcr" ing to E. Depote bv k *  the

subspace 
"f 

}( d.efined by

)1 .  = 
Yot(*1r7 t( 3 . 1 2 )
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Thenfr *. is an invariant suhspace for N. Th.e operatorv \  + .

tl*=Iif?+ is a subi'rormal operator v,ri th spectrum in -Cl- and normal

spectrum in)1t . We call N* the s,ubnornal operator to F.

We pr:ove now the rnain theorem of the paper:

r i " -

Ths:o,rgnj 3. l,.e! F b.e_-an X_(}-.yglyed s9Ti.:=pgc.!r.g1_mgasure_ ,i
)

. gSa1]L . T!,9.S p1iFls_gn L--bol.rndec*o(-p,g,te{!9{pb}c*?Pa,lytic functiog

Ig ,E ,0  t * l \  ub iqh rs  outer  such that
L -  ,  J

( i )  F ^ 4  F .
g)

( ii ) fer--any-9*95 1,2-b,ol+qSleC F 
-",+!pggqebi g lunS,c*S"q

. f r-
T l re .  og te f .  f unc t i on  1 t ,Y ,@Ol \  i s  u l i gue l l de te rm ined( -  J

. by (i) gld..(ii) up-!g*a ,u.nitarr' -qgpslang {a.gtqt, fJ_o.n'L*!b-e_f9j.!. lt
I

orde r  t ha t  t he  cqua l i t y  ho lds  i n  ( i )  i t  j . s  nece r i sa rv  and  su r f f i c i en t
## t##

that  the subnornra l  operator  a i tached to F is  pure.  '
% l|!.#

l lSS-  
r . t  

{X ,u , "  J  
he  the  rn in  j .ma l  spec t ra l  d i l a t i on  i

o f  F ,  N  t h e  a s s o c i a t e d  n o r m a l  o p e : : a t o r  a n d  f  *  c l e f  i n e d  b y  ( 3 . 1 2 ) .

A p p 1 y i n g T h e o r e m 0 t o N a n d [ + w e o b t a i n a r e p r e S e n t a t i o n <

c  on  a  separab le  H i l be rL  space .  F  such  tha t

T( =rlr*r @kr ,
\t

X. * =ni*, +Yt 
;

)
I, j"C*l reduces N to the multiplication by z and. 

"i,"a, 
reduces N*\'. r d

'  t o  t he  bund le  sh i f t  r .  .  Le t  F ,  be  the  o r thogona l  p ro jec t i on  o f" q .  o r
)

onto H- (a0 . Denote
, . f+\,,

, g, , @, OIJ lvhich ve:if j-es ,@. aF ug*-h-eye %/ 1iate

( 3 . 1 3  u @  =  
k v .
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, Hence there exists an {-automorphic

such that

rhen ,a t cnzot<l

{a , t ,  o  6J

[ t , t  
,  @* t )  i s  ou ter .

For any funct ion fe  A,

I
I
I
I

( t e D ) .

f unct,ion

( 3 . 1 4 )

Hence

haveWe

k 'Y^IotW= ,)'otn<u6 
=

=iln-r (N)r,a ll ' .e L  y -

{ Y r , r u , %  
( z ) a , a )  t  \ Y r  

d ( F  ( z ) a , a )

")sL )an

l a €

t, now 
{9, 

q

D ve r i f y i ng

let  us put

@ (^) a = 
f,ur"Jtat .

\  l r l t u ( b . , " , =  l _  l t r = r t 2 t l  r ! a )  t z ) l l 2 d * =
Ja* v Ja*

= llr fN)vo "ll ?1,* = ll r tN)%. u" It;

€ ff  t  cu ,r^lk 
f ;-t  

(") l  2a $(z) a, a) .

Using the approxi ination modultrs property of A on )-fL

Btl ) ,  for any posit ive funct ion ye d$s71 , we obtain

i . e ,  u rp€Y,

Le

function on

a t . .  " ^ n e  t

n
' L

- €  + . t

X.Z-  fL  (N )Vok= ,Z . t kVo '  ak '' - k = l  r v  ^  
k = l  -  

l

f (N)vE =t? **lt<t .

and ,e.e t r w€ have

,  @ t l l \  be an L2-bo,ndud p -automorphic
, J

o E  I  F .  F o . r :  a n y  f  r . . , f #  c (  t J L )  a n d
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We

we have

e HI  (b)
ir, '

*x{ ={o}

have

n>f .{r,
L t  ( p- ' T S  ) t a

aollL- > | +'T'er( , ' .  -  

f l  
,  " * , j

t d (FAa., ^l)

aFo ,* ' ,o{)  
t

cn 
;)-xt+llL:  t l  V,{"

'  cg : rs l

Hence X is  a contract j .on f rom J(  in to 
"? ' . -  

(m) .  c lear ly
+1

) O {  = } J  X
E

a

s ince rXr . t  
F  

(P)  a : :c" l

*kr=* 
{aek;r 

(N ) z , \  ,
a,

(Y)  rectA$J =toJ,  because rU
I

w h i c h  i m p l i e s  x u - K = X r c  f o r  a n y  k e Y *o(.

Then for airy f6A we have

=ll*n< r (u ) vall2< llrnt (r'i ) va ll 
2 =

/ f  rv*a y '= 
J1t t2arr ,  " , . )
ejl-

Using  aga in  the  approx imat ion  modu lus  proper ty  o f  A  we conc lude

F ^  1 F  .
@ ( -  @  )  ( t , -  - l  - t  , l

Now, for  any L2-boundecl  outer  runct icn{ f , ,  3 ' ,  tg 'e lJ

wh ich  i s  o4 l  -au tomorph ic  and  ve r i f  i es  
, ( i )  

and  ( i f  )  we  i rave

n l
,@ = 

fu l  
.  IJs ing Theorqm 2 we obta in  '@'  ( l j=z@ t* l  where ? '  Ls a

unitary operator f :rcrn F onto pl ur.1" Lhat -< ial  z=74(?") f  o.r any

A€,G,  The proof  o f  the theore in is  corn l>Iete.

Jt - t  
2qeo. tdra)= l l tv ,  . l l '= ; [x tn ' r )v . f12 =

. a
: l f + t r ' , r t p  v a l l  z -
- 

lt+ \tr / 
-at

{,= ln
( v )  f e c (

eK.+., f  (N)/4

n l
aI) ( C lr'e

) L

is  pure

e K ,
f

)
n- - 7

" 4
suhn

(Y) f€c (a$J

(  p\  zt  (Nr,  )h e

orma l .  Hence
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As the corol lary vn/s obtain the fo l lowing inner-outer factor izat ion

for 6{ -automorphic funct ions.

r ,hsorem 4.  Let  {8 ,7 ,F -  J e
' ) L

L- -bounded  ana1 r ,+ - i  r - -  f  l r nc f  i - h  , 1h
_  

^ - )  v 4 v  < g t r v L r v r l  v l t

t rr ,V, @, 0)3

( ^ ) \
J

' lner

@

D .

1 C :

be_gn o( -autotgrp-hi 
_c_

e  e X i  S t  a n  f Z  - ^ r . r + ^ m . \ ? - n h . i  n

fure$io.n IA 
,q , @n t*tJ yrr,r-g4 and an A,  R)  -automorpnic

t-
outer

which is  inner such thatf urrct ion

I  ( 3 .  1 6 ) (h)= @;di@,czt

Th is  fac to r i za . t i on i.s _u n i g-ge _ itt*jl..e,I _cJ t o_w i.+.9" -Se n s q, :

" E { € , 9 , "
@!, rnJ i€. ss p,

O (l) = @jot @o'ot , ( l r  D)

onto?.' 4 E/ such that
\ , , t  - # + =

pLA) = pt ci l  t-t 
) " ( A  e  G )

U @,Ct) = @ltt|, A4t)= @f,cDu , ttep).

Pf.q,og. {p-glf.jrg--lheorem 3 tg F^ v/e obtain an R *aut.on.sr'-
(r,

5:rs-t,.oq tg 
'g , On (*)3 sr-ich rhat F*, = 

6 " usins
we obtain an inner (d., p)-automorphic f unctio"fqg, 4r&

U

( 3 .  r 8 )

*rg*sriler
Theorem 2 ,

such that

tq,T, @lofi is-ee @.,

tlgn,".tbqrs gxis!9. * g?i*qry- ggeI.*g u from

( 3 . 1 7 )

( 1 e n )

) -automorphic  inner  funct ion such that

( 3 , 1 9 ) O r;;: @"cu @'rft) t Q *D)
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Suppose now that

( 3 . 2 0 )

( 3 . 2 1 )

F r o m  ( 3 . 1 9 ) ,  ( 3 . 2 0 )  a n d  ( 3 . 2 r )  i t  r e s u l t s

@e) : Okt; 5{,rt) , (x*D )

where {A , 
yl ,  d,otJ

{u:,T, @L otJ ,.s an
i t  i s  easy  to  see  tha t

unitary operator LT fronr

and

,i s  t nP ' -au tomorph ic  ou te r  f unc t i , on  and

A,  
P 

) -automorph:-c  inner  f  unct ion,  Then
' t -

I -O,o =fCL- using Theorem 2 we obtain a

T^  on io  g i  such tha t  (3 .  t l  )  i s  sa t is f  ied

fr-D )(dr>)= u  @rC*)

@u,D @,0) -, @| tr; ct 6, b.) ,
and using Remark 2 we obtain

@{r) = @'"u Ll .

The p: :oof  o f  the Theorem 4 is  ccmplete.

-  L . t  , ,or f9  ,  T  ,  @ 0)J be an &,p)-automorphic  funct ion

on n *nd let E o" 
t?" 

,i"a uni-tar1, hund.ie olrer -Cl- corresponding

to  t  and F the f la t  un i tary  bundle correspond. ing Lo f3  .  Then

{ € , } , @  
f > l ]  g i v e s  r i s e  L o  a  h o i o m o r p h j - c  b u n d r "  o , . u } % r o m  E  t o  F .

Suppoqe that ,  @ 
"  nas nontangent ia l  L i rn i ts  m-a.e.  on aSL .  T i re  l imi t

aL a poin"L, a e ) lL can be regarded as an operator f rom the f iber

L  o f  E  a t  z  t o  the  f i be rp  o f  F  a t  z .  Suppose  tha t  f o r  any

^ *6) ,e il@ tz)a!! belongs to.r,2 (*) ,  Then the f  unett i"  I  
g, T, @ 0:

l s ,L l -bounded  and  we  have
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( 3  . 2 2 )

I f  the

/p rope r t i es ,  and ,

i
I

( 3 . 2 3 )

this

a ) t z )  = 0 (  = ) . u

f unction 
{. t , g, O

moreover in ( i  ) we

f

(m-a.e on J_fL )./

in  Theorern 3 has these

equal i ty  t i ren we obta in

,u0

( i l3
have

wtt l lh  corresponds to  the usual  meaning of  factorabi l i ty  o f  measures
iby  means  o f  ana l l r t i c  f unc t i ons .

Genera l lyr  i t  is  d i f f icu l t  to  g j -ve s i : r ip le  character lza*
t ions of  the fact  that  we have equal i ty  in  ( i ) ,  or  a t  

. least  
that

@ t \ l  i=  not  a  nuLl  fu : rc t ion,  Even i_n the scalar  va lued case the
szeg6-ro lmogorov-Kre j -n problems of  factorabi l i ty  on mul t ip ly  connec-
ted '  domains -becorne more compl j_cate (c f  .  t : ]  )  .

t
rn  the remainder  we shar- r  make some consi .crerat ions on

, p r o b l e m .

v
,  u 'o f  an A( f , ) rva lued semi-spectrar  measure F on ElLr_et  us

def ine

( 3 . 2 4 )

taken over  a i l  f - i -n i te  systems f

a n C  d . , p . . n r d  € t .
I  h - [ t '

dF  (  z )  : 0  (= )o  @ ( . zJ ,1n (z )  ,

j -s  the min imal  spectra l  d i la t ion of  F and
l l t

on Jt correspond,irrg i :o E leL Q]? =V f (r is c o  , . - ^  ' - l ) - i t
,'ts46

o = 1  
a n d

i r  [x  ,u,u J
N 1-he normal oper.ator

We have

facrldra) a ,n{ f l^!{,,*r@ d@c*s&/,v^) =

='r^{,,?,' l ;usu{,,;" = 
;y,o,i l 

va- ktf =- tt tt-E)xtatt?;

(a r 13 ,a, o) = ,n( t"3 {,rc> tr,o dFr*> o1,u)r,

where the in f imum is

f I r  . . ,  r f r 6  A , : ,  u - , r = o ,



P

3 0

where

Hence

( 3 . 2 5 )

on

is orthogonal projeet ion of T{ onto To.

0 tr, e,a)e= (v 
o(, Q,.*v,., n'),

( ^

A [rJ =- inr ,  I  l r - t [  
'ar

, do )u'

T-e-eseni-l . lel r h,p-St X.r al -yglugd,Fgr--pegleal-Se3?yre

' l ' r

I t  resu l ts  tha t  (3 .24)  de f ines  a  pos i t i ve  opera tor l !61

ott g we call /tr l the sjigg.-o-oper*gr of F. The name is' jus-

t i f ied  because in  case F  is  sca la r  va lued we have

2st-etld A trt bs. - l ri ts  Szegb opel 'a tor .  Then we ha-r re:

(i) A Lr'I=o tE 9n{.grty:5ji.g5.e__tg*I9 L2-boundeC

oc*-gl erpl)-ig r"lpjig{'{s,*,@t*lJ , .s.}19h.!h* @ t}i# y19 ErLF.
( ii ) I5 Arnl1o !!c!_jlrq.-e. . erxiF !q*3*gilgge*rg:r!g3J--Jir-.Le.

g.9;1.?-9.*el-Fheorem J) i,2-begtq.eg oL -csrcS.9leliS_g*er-ltltg3.iel

{ 8,V, 0i}; i q-u-c-h*tl}s! T^sF, dim$ =d,im 6LFJ; _SqL- t  ' - --*  
o- v

( 3 . i 6 ) A IFJ =[[rnJ;

' gg9911.  
suppose thar  th .e re  ex is . -  

[ t  
,Y  ,  @ t * lJ  such

tha t  @ (X)+0 an ,C F@!F.  Then accor :C ing  to  Theorem 4  we can

suppose thai t  
I , t ,F,  @ tSlJ is  ourer.  rhen

t
(A f rln ,u) ,, C A[%l o,, d) = i,^{, It 4 o - flu" 

oltlz,
'  

{ ' ' - : h € A o  J ' o ^ ' - - = ' - '

. i t !  n  -  o  . o>/ f2T*rn,lt t1^a--t^ll "= il oloeft.
A,5 ='5"" w

which impl ies A CrJfO.
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'rcT
' '  

i ' l  '

outer

1s.  the

AG'tto and rnrft, F, @ tl.l3 be rhe
orenr 3" Recal1 that V"=%CV where p*

ot \*on 
"| 

f"<f in wora decomposition

= 4r*rakt,  k* =Gc*.>@'I(t
/

. J t

FIence

/ 
Suppose nov/

l
/  

funct ion g iven b1a The

I  or thogona. l  pro ject icn

&

r f  K  ' 7 .+ j .s crt irogonal to 
tXo 

then it  _. i_s orthogonal
I

on ( l l - zo) \  =  Yo .

?n3 -?o)V* (r_ P")?{/ = G+;lY

and  acco rd ing  to  (3 ,25 )  we  have

A t%I =6 [rJ.

t .
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