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TNTRODUCTICN

We shal1 present in th is paper some remarks about the

proper  norph isns  o f  noether ian  schemes and about  the  noether ian

s c h e m e s w h l c h  a r e  d o n i n a t e d  b y  a l g e b r a i c  v a r i e t i e s .

In  chapter  I rwe prove a  converse  o f  the  grq thend ieck-

SeF-e  Theoren about  the  coherence o f  the  d i rec t  in ,age o f  a  cohe-

ren t ,  sheaf  v ia  a  p roper  norph isn  (Theorem 1) .  An ana logous r "esu l t

h o l d s  a l s o  i n  t h e  c a s e  o f  c o r n p l e x - a n a l y t i c  s p a c e s  ( s e e  [ l ]  ) ,  n a -

n e l y :  a  m o r p h i s n  f  : x  * Y  o f  c o m p l e x - a n a l y t i c  s p a c e s  i s  p r o p e r  i f

f*(F) is coherent for  e.very coherent Ax -  module F whose support

i s  z e r o - d i n e n s i o n a l .  f n  t h e  c a s e  w h e r e  f  : X  * Y  i s  a

norph isn  o f ,  f in i te  type  o f  noether ian  schemesr . l

s e o a r a t e d

,  3 . : -' t  I  i _ D

proper i f  and .on1y i f  f*(F) is eoherent for  every (gx"cohecar. t

r.oJ,.Le -F. ' - , . . - -  -  '  ' .  The case where  X is  an  a lgebra ic  schene

o v e r  a  f i e l d  a n d  Y  i s  a  n o e t h e r i a n  s c h e m e  i s  a l s o  c o n s i d e r e d  ( s e e

c o r l o l l a r y  4 ) .  T h u s ,  o n e  g e t s  a  g e n e r a l i z a t i o n  o f  a  r e s u l t  o f

J . E . G o o d m a n  . a n d  A . L a n d n a n  f  [ 9 1  ) .  A n o t h e r  c r i t e r i o n  o f  p r o o e r

ness  nay  be  found in  Comolary  L .

Ihe  ne thod o f .  p roo f  o f  the  above resu l ts  cons is ts  in
app ly ing  e i ther  compact i f i ca t ion  theorem o f  Nagat_q ,or .  Chow,s  lem-
n a  t o  r e d u c e  o n e s e L f  t o  t h e  s i t u a t i o n  w h e n  f  i s  q u a s i - o r o j e e t i v e "

T h e  c o n d i t i o n s  i m p o s e d  t o  t h e  n o r p h i s m  f : X - y  l e a d  t o  a  c o m p a e t i _
f iea t ion  F :T  - ' y  w i th  the  proper ty  tha t  z  =  X-x  i . s  a  se t  o f  c losec
p o i n t s  o f  c o d i n e n s i o n  o n e  i n  X .  N o t e  t h a t  t h e  c l a s s i c a l  v a l - u a t i v e

cr i te r ion  o f  p roperness  ( in  the  fo rn  o f  EGA I I )  may be  a lso  pro-

ved in ti ie sqme way.

of

\

f n  the  second  chaDte r  some p r .o r ;e r t i es noe the r i  an



(w i th  k  a  f i led)  r  th is  i s  a lways  t rue

2

schemes'*,Arich are dominated b:r algebraic variet ies (vhictr cone from

the  ana lys is  o f  a  spec ia l  case o f  noether ian  scheme X w i ih  e losed

po in ts  o f  cod imens ion  one)  a re  g iven.  l l l e  n rove  tha t  suchr -  X  is  a

Jacobsor " r  scheme (Coro l la ry  r )  and "  connected  by  eurves  "  i f  the

b a s e  f i e l d  i s  a l g e b r a i c a l l y  c l o s e d  ( o r o p o s i t i o n  1 ) .  O n e  a l s o  p r o -

v e s  t h a t  X  i s  e a t e n a r i a n  a n d  e q u i c o d i m e n s i o n a l  ( C o r o l l a r y  7 ) ,

In  chapter  I f I  one  in t roduces  a  spec ia l  c iass  o f  schemee

the so-ca l led  un iversa l  l -equ icod inens iona ' l  schemes (Def in i t ion  1)

Such a  scheme Z iS  de f ined in  a lgebra ic  te rms and carac ter ized  by

the  fo l low ing  prooer ty :  every  separa ted  rnorph isn  f  :X-+Y o f  sche-

nes  o f  f in i te  type  over  T  ts  Droper  i f  every  c losed subscheme Cc-

c l X  o f  i i i m e n s i o n  1 i s  p r o p e r  o v e r Y . I n  t h e  c a s e  w h e r e  Z = s o e c  k

(see lgl ) .B,tt in genetal

th j . s .  fa j l -s ,  (see  Exanp le  5 ) .  One g ives  ver ious  charac ter iza t ions

of these sihernes and oneshows that they have some "good, '  general_

p r o p e r t i e s ' -  A . p u * i l r  p r o p e r t y  o f  t h e s e  s c h e m e s  s a y s  t h a t  i n  a n

un iversa l  1 -equ icod i rner rs iona l -  schene the  ea t ,enar ian  t  equ ieod imen-

s i o n a l  p r o p e r t y  " p r o p a g a r , e s ' r  l u e 1 1  ( B r o p o s i t i o n  5 ) .  A s  a n  a p n l i c a =

t ion  o f  the  theory  o f  un i ' re rsa l l y  l -equ icod imens icna l  schemes,  one

proves  tha t  every  noe. t ,her ian  scheme do in ina ted  by  an  a lgebra ic  va-

r ie ty  has  the  sd ,ne  DroDer t ies  o f  d imens ion  as  fo r  an  a lgebra ie

var ie ty  (Coro l la ry  15)  "

N o t  e :  Throuehout  th is r  we .shal l  fo l lovr the terminoLo

anr l  notal i -qns_pf EGA r-rY except the term of ' ,Drescheme" whi .ch

i - s '  reU. la  &qO-hpr -p  h , r  thp  i  e rm 'oSgherne 'o  .
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I

Th is  sec t i on  i s  devo ted  to

the Serre-Grothendieck Jheorem on the

coherent module by a proDer morphism

new cr i te r ia  fo r  Droper  morph isms are

fhe L in  o f  th is  sect ion is

Proo f  .  ( i i i  )  : ;  1 i ;  .

lTe may assume that X,Y

the proof of  a

coherence o f

o f  noether ian

a l s o  d e r i v e d

the fol lowing:

converse of

the image of  a

s c h e m e s . ' S o m e ,

f rom here .

f

c

l heorem L .  l ,g t  XrY be two noethen ian  schemes end

-+Y a  sepgra ted  moroh is@.Then the  fo l low ing

i t i o n s  a r e  e q u i v a l e n t :

j ( i )  f  i s  p r o o e r

( i i )  f r( tr ' )  is a eoherent () \-  module fgr-Svery-eoheJsgl@i-nodu.-

( i i i )  f r t@J l  i s  coheren t  fo r  eve ry  eoheren t  i dea l  f  de f i n inA

sn i l tsgra l  c losed subscheme of  X.

a r e  i n t e g r a l  s e h s m s s .  I n d e e d ,

le t

the

t 9 t( I i  )  1. .  i . .  n b" the i r reducible conponents of  Y and (Xi  j  )  1<j(n;
i r r e d u c i b l e  c o m p o n e n t s  o r  f - l ( y ) ;  t a k i n g  t h e  

" " d o " " d  " t " o " j
tunes o. t  Y.  and X1; ,$dt* {  is  proDer , }  f  is  proper  (nCA I f  ,5  .4 .5)

"nA  
f i  i ,X i  i  

. - '  Y ;  ve r i f i es  the  eond i t i on  ( i i i )  i f  f  does .r r J  r J  . J

.  r f  d i rn  x  =  o ,  x  conta ins  a  s i .ng le  c losed po in t  x  and

x  =  s p e c  k ( x )  ( k ( x )  b e i n g  t h e  r e s i d u a l  f i e l d  o f  t h e  p o i n t  x ) . L e t

V be  an  a f f ine  open se t  con ta in ing  f  (x )  and A =  [ - (V ,  b r ] .  By

h y p o t h e s i s ,  k ( x )  i s  a  f i n i t e  A - a 1 g e b r a ,  h e n c e  f  ( x )  i s  a  c l o s e d

p o i n t .  o f  y  a n d  k ( x )  i s  s  f i n i t e  e x t e n s i o n  o f  k ( f  ( x ) ) ;  h e n c e  f
-  r l  - r * :

f a c t o r s  :  x 5  s p e c  k ( y ) ' u ' y ,  w h e r e  f r i s  f i n i t i  a n o  i  i s  a  c i c s e d

i rnmsrg ien .  I t  resuL ts  the t  f  i s  p roper .

r f  d i m ' x >  o ,  1 e t  f : x + y  b e  a  s e p a r a t e d  m o r p h i s m  o f  f i n i .
t e  t ype  o f  noe the r ian  schemes ,vh ich  sa t i s f i es  t . he  cond i t i on  ( i i i  ) ,
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such that f  is  not  e proper norphisn.  r f le nay suppose t ,hat  every

in tegrar  c losed subseheure  x /g  x  i s  p roper  over  y .  rndeed,  o ther -

w l s e r l t h e r e  e x i s t s  a  n i n i n a l  c l o s e d  i n t e g r a l  s u b s c h e m e  i .  X  s u e h

t h a t  t l t t  i - * Y  i s  n o t  p r o p e r ;  b y  t h e  m i n i m a l i t y  h y p o t h e s i s ,  e v e -

ry  in tegra ] -  c losed subschen*  in  4L  is  p roper  over  y  an< l  r  \ ;l / r
s a t i s f i e s  t h e  e o n d i t i o n  ( i i i ) .

j

l r i

i  We may assume tha t  f  i s  a  quas ip ro jec t i ve  nornh ism.r v

rndeed,  by  9 ! row 's  lemna (EGA 110,5 .6 .1 )  we f ind  a  p ro jee t ive  b i ra -
t i o n a l  n o r p h i s m  p : i  * x ,  s u c h  t h a t  f o F  i s  q u a s i p r o j e c t i v e l t h e n

i  I  a - - - - t s -

f  i s  p roper  i f f  f ' p  i s  p roper .  Every  in tegra l  e losed subschene
P .  

I

x ' F  x  i s  p r o p e r  o v e r  y ; s i n c e  i n  t h e  e x a c t  s e q u e n c e  o f  c o h e r e n t
gl_-modules:

ZL

o  -9^ -?&0N- r ; oolal o

the  las t  nodu le  has

f ron  the  coherence

exac t .  sequenee:

i t  f o l - l ows  tha t  ( f  on l  ( r ) - , ;  .at  1r 'p)*  CI i t -
Thus,  we. .may take

a  compac t i f i ca t i on  o f  f

D r o p e r  o v e r  Y ) ,

and fron the

0 --+ r+((t/ * f,* po @X- r* to*@X/@^\

t he  suppor t f  X  (hence  i t  i s

or r*((gx) and cr r,. trpf,/<O)

i -
c-*---+ X

\ . /
t\ _., /T-

I

x

morphism and

c l o s e d  s e t  Z

O1-.oherent .

f  a  quas ip ro jec t i ve  no rph isn .  Le t  f  Ue

w]-t , r r  f  a project ive

f  i s  no t  p rop ic r ,  the

oDen dense imsrers ioR.  Because

X  i s  n o t  e n p t y .

1 A n
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For  any  po in t  xeZ ,  Le t  T . *  U"  a  c losed  in teg ra l  subsche-
. - , '

me of X-,  passing through x,  such that T *  ?-  r r  T 
I

.*  7 x.  r f  ^* f l  X *P, then
-
Xx n  X is  p roper  over  y  by  hypothes is l  then T"  A 'X  be ing  Dropen. ,

o v e r  Y  ,  i t  i s  c l o s e d  i n  T * ,  w h i c h  c o n t r a d i c t s  t h e

c o n n e c t e d n e s s  o f T - .  H e n e e r  f o r  e v e r y  p o i n t  x e z  a n d  e v e r y  i n t e -

gra l  c losed subscheme F*7 x  eonta in ing xr  ! r€  see that  [c  z , r fx
zyt . .  rzn are the i r reduc ib le  components  of  z  and x  e z ,  i t  fo l -

lows that  every non-zero Fr ime ideal  +_< @X,*  conta ins any
pr ine  ideat  

t ,  
t  O*3r  eor respond ing  to  any  i r reduc ib le  component

Z3 bassing through x.  Thus dim @1r*= 1 and so Z is a f in i te set

of  c losed pointS of  eodimension 1 in  T,

- r i le canFrove that the oDen inmersion i  :  x<+T is an
af f ine morphism.  For  th is ,  1et  u  -T*n af f ine open set  o f  x ,
u = t r f i x ,  F  a  c o h e r e n t  C C w -  m o d u l e  o n u  a n d F a  c o h e r e n t ( 2 g - m o d u -
- -re  on  U ,  ex tend ing  I ,  (EGA f ,  9 .4 .8 ) ;  i n  the  exac t  sequence :

we have HL nv (il, F) = 
*p.nu 

Ht( sg.. ov * ,

ffT,$: il": ,lll.,;H:;;;;i;", r) = o Fr.rnserre,s
cr i ter ion,  i t  resu l ts  that  \J  is  an af f ine scheme.

Fron the exact seouence ,.

o -+ Ox

h'e obtcrin the exact sequence

ts- ) =Q

r*ox - T,- (ioOx/r*') ----, df. C7
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Because  r *OX  i s  cohe ren t , by  c ' n< i i r i on ( i i i ) , and  C { *  b^  i s

,  coherent  because F  is  p roper r  wo have tha t  f *  f  L* (2X 
/ .O* ,

(wh ich  Jp r io r i  i s  quas ieoheren t )  i s  a  cohereo t  modu le .  Because
t *@* /9Fh"s  the  sunnor t  i n  '  

z , vh i ch  i s  a  d i sc re te  c losed
subse t  o r  f ,  and  F*  ( ' r *@xf  @*  i s  a  eoheren t  @y -  nnodu le ,  i t
i s  easy  to  see  tha t  , *b * f67 r ,  a  coheren t  (O i_  nodu le .

an af f ine norphisn,  then X

ie  a  f in i te  schene oyer  ? - .

p h i s n ,  i t  i s  s u r j e c t i v e .  f t

eont ra t j i c ts  the  fac t  tha t  f

Hence i *  (9* is  a  coherent  @x -  nodure.  Because i  is
, ( a= Spec ro \ -z^  and sor i t  fo l lows tha t  X

Thus,  i  be ing  a  c losed dominant  mor_

f o 1 1 0 w s  t h a t  z  = l r _  x  =  
/  , w h i c h

i  s not a .  DroDer ro"pfr i  
"* .

of  Theorem 1, lve have used

,  {wh ich  w i l l  be  used in  o ther

an oprn_dense_i-mmersion of  inte_

Remark  t_  fn  the  nroo f

and Froved the foi&ovr ing property

p r o o f s ) :
I

L e $ n a  , A .  L q t  i : X  .  > T  b e

gg] tqetherian schenes and Z =

vale j l t :

a) .  every  g l_osed in tegra l  subschemg buch tb{L x '  r l  Z+ l
i , s  c i rn la ined in  Z"

b )  * ' F f  s u c h  t h a t  X , n  X  +  /
i s  con ta i l red  in  X .

' l  i -  v
4  l l l  l l t

From lemma A i t  resul ts the for lowin€: property:

.  Xeinma B"

gr:p. l  noet l ter ian scheines. Suppbse that for  every c lo 'sed point  xe ){ ,

i ( x )  i s  a  c losed po jn t  o . f  T .  Thery  d . im l  =  1  i f f  d im X =  1 .

fnd .eed. r i f  d . in :  X  =  L  and Z  c f  i s  an  rn tegra l  cLosed
. f

eubschene conta in j -ng a po in i  o f  X -  X,  then 7 nY = F (o thcrwise,

Z f lX is  a  c loeet l  po ln t  x  e  X;  x  be ing a c l -osed poi .n t  o f  F,  then

v

x ,  q  x
r

c )  Z  n t s  o f  c o d i n e n s i o n
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{x l i s  a  i so la ted  cor , rponent  o f  Z ,  wh ich  cont rad ic ts  ihe  fac t  tha i
- t '

Z  i s  i r r e d . u c i b l e ) ,  F l e n c e r b . y  l e n m a  A r f o : :  e v e v v  p o i n t  x  e l ( - X ,  d i n

@ ; - - l a n d s o d i r n T = 1 .
A r ^

V{e }emark that in lemrna B, the cond, i t ion that  i (x) . is  a

c l o e e d  p o i n t  o f  T  i f  x  i s  a  c l o s e d  p o i n t  o f  X , i s  s a t i s f i e d  i n  t h e

fol lowing two caaes:

f )  T  i s  a  Jacobson (o r  H i lber t )  scheme

2) i  is  an innersion of  schemes of  f in i te type over a echerne

S an{ , i f  f ;  X+S is  the  ca : rnn j "ca l  norph isnr  fo r  every  c losed
| . *(t) ,,s dos"l a.*J.

poinf x. e X\4he resid.ual f ield k(x) is algebraic over k(f(x)),

For analyt ic s,paees an analog of  Theorem l-  is  a lso t rue

(see [ : ]  ) .  rn  [ : ]  i t  is  shown fhat  for  analy t ic  spaces on ly  the

coherence of  f  n  t@^l l  ) , for  every coherent  ideal  I  o f  (o^def i r r ing

an snaly t ic  subspace of  d inens i .on O, is  encugh to  ensure the proper t

ness  o f  f .

fn  the  fo l low ing ,  we want  to  ob ta in  weaker  eond i t io rs fo r

proper  morph isms,  us ing  the  same nethod o f  eompact i f i ca t ion  o f  mor -

p h i s n s  b y  a  f i n i t e  s e t ,  o f  c l o s e d  p o i n t s  o f  c o d i r o e n s i o n  1 "  B $  t h e  m e .

lhod used in the proof of  Theorem 1.

First  we may point  out :

'  Corol lary 1.  Let  X,Y !e_tw_g gostbeJisn s lhernes. -  = f  :X-*y

a  separa ted  morph isn  o f  f in i te_ tyog and n>O en in teggr  nunbec.  Suo-

pose that for  every c losed, subscheng X'c X of  d i rne.nsi . .on > n ald_fqq

everv closgd-poiq'L y€ y, the- c1q!e-Q--pg!sg.! x.n f-l(y) is git-her*e-Ee-

ty or of  d imet,gign > 0.  Theq thg tol lgwine.assert ions are e,quivaleui

.  ( i )  f  i s  p r o p e r

(iiir ).r,k ( b/r) is---s Oy -

f , n h i e h  C e f i n e s  a n  i n t e g r a l

c oher^ent rnnri,qle fc,r evgt.y' iqhelgnt i{ iea1

e losed subscheme o f  X  o f  d imens ion  {  11 .

(v ' r levery integral-  cfosed suhscheme X'c X vr i t ,h dim X!{  n Lg_AIgpS:

o v e r  Y .
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Proof  .  obr r ious ly ,  ( i ) : )  ( i i i '  )+  (v " ) rby  Theorem r .  we sheD.
(v ' ' )  :> ( i  )  .

/  As in the proof of  Tireorem 1, we ma.y suppose that X and
i

Y  8 F € : i n t e g r a l  s c h e r o e s .  S u p p o s e  X  i s  n o t  p r o D e r  o v e r  y .  l b t  X r €  X
be a  min ina l -  in tegra l  c losed subsehenoe sueh tha t  i t  i s  no t  p roper

over  ,Y ;  then d im xr  >  n  and every  in tegra l  c l -osed suhseheme z1-x ,
. l  T
I s  p r o p e r  o v e r  I .  f f  w e  e h o o s e  a  d e n s e  e o m p e c t i f i c a t i o n  A  o f  { [  . ,i  ,  r - - - - -  v . .  o  v 4  l l (

I

X'e-- l - r  l '
\ /

{ l  \  / 1. t ( -  
Y

with T. '  an integral schemei by L"**"

1s  a  noner rp ty  f i n i t e  se t  o f  c losed

In  the  S te in  fac to r i sa t i on  o f  s

L
x r  

- - >  
Y

N / v- Y

P is  f in i te  ana ? is  an in tegre l  scheme.

r f  d i n  T  =  0 , ' t h e n  g ( f ' )  i s  a  c l o s e d  p o i n t  y e  y  a n d  T n
w i l l  be  a  eomp le te  a lgebra i c  scheme over  the  res idua l  f i e rd  k (y ) .
B e c a u s e  Z ' * F ,  i t  f o l l o w s  t h a t  d i m  T r  =  d i m  X ,  =  1 .  B u t r b e c a u s e  o f
cond i t i on  ( vn )  

rwe  have  tha t  X '  i s  p roDer  ove r  y ,  so  tha t  Z t  =  / ,
wh ich  i s  a  eon t rad ic t i on  ,

r f  d inn  Y>  o ,  h  i s  su r jec t i ve  w i th  connee ted  f i b res ;be=
c e u s e  c o d i n  

X r { * \  
=  l -  f o r  e v e r j i  x € 2 . ,  i t  f o l l - o w s  t h a t

tn- t  n {x !  =  { " i  .  Le t  us  cons ide r  the  se t  zn  =  { * .T ,  \  , . ' r "
la ted in  h- {  h(x) i  ;  by  zer isk ios l la i -n  Theorem fnca r r r  l
c l o s e d  a n d  h ( 2 " 7  f  y o  b e c a u s e  h ( , 2 " )  n  h  n r t = d "  T h e n  t h e  s

u= Y i r (z ' r )zu)  is  nonempty and open i . . ,Y. ,  ' t rd  h lor , ,o ,

I

I
i

prove

A) i t  fo l lows tha t  Z t  = f ' , -1 t

p o i n t s  o f  c o d i m e n s i o n  1  i n  X s .

n o

7lh

e t

r h-l

t  i s o -

i .s

(o) -'D



9

i s  a  f in i+ -e  moroh ism. ,  because i t  i s  a . Droper rnorphi srn

rwi th  f in i te  f ibres;  moreover ,  ^ -^  (>)  t  X"  The set  L)  =Y-  p( f - l )

i s  nonemcty  and  oDen  in  Y  q \  ' , - ^  t  1 - ^  
( t  )  o  \ J  i s  a,  ,  a l X - , ( y )  d  '

f i n i t e  n o r p h i s m  a n c  
? ' t ( u ) .  

X  i  h e n c e  { \  X  i s  g e n e r i c a l l y  s  f i n i -

,  t s  m o r p h i s m .  T h e n , f o r  e v e r y  c l o s e d  p o i n t  y e  f  ( X t )  n  U r  t h e  s e t

X ' f \  f  
- [  (y )  i s  a  nonempty  f in i te  se t  o f  c losed po in ts  o f  X , t {h ich ,

t o g e t h e r  w i t h  d i r  X ' >  n ,  c o n t r a d i c t s  t h e  c o n d i t i o n  o f  t h e  a b o v e

coro l - la ry .  -  ;  Coro l la ry  1  i s  p roved.

fn the fo l lo lv ing,  we shalL reuark soae casesv;hen the

c o n d i t i o n  ( i )  o f  T , i : e o r e m  1  i s  e q u i v a l e n t  t o :

RV

the cond. i t ion  I

' (v) every- X tcX  o f  {LgLeqs ion ( }  i s

D r o D e r  o v e r  t Y ,  r ,  \  . -
- -  - t \ a ' s - '

. --\z;-
fn  the  case when fo r  everv  c losed po in t  x  e  L , the

e id .ua l  f j .e ld  k (x )  ie  a lgebra ic  over  k ( f (x ) ) r (  i t  par t i cu la r  i f  T

is  a  Jacobson ( t t i tber t )  scheme) , thu  proper t ieo  ( i v )  anq (v )  a re

equiva lent  to  ( iv t )  and (v t )wlut " [ .  $" t tow 
'

( i . r r )  fx  (br l1)  is ,  an (0y- c oh e r e n t m o d,u.]- e,-f c' Lgvq {y--g.ohg-r c.AI

i d e a l  I  o e f i n i . n o f  X  o f  d i m e n s i o n  1 ,
@

(vt) e.verv intFsral clqsed f-dirnepsioqRl sgb-qph CcX Ag

!-49,P93*9J€ Y.
' \

@[ 3 ,  the  equ iva lence ( i v )  $a(v )  fo l lows f rom

Theorem l , for the case when d. im X * J,  lYe maY prove this case in

other rnanner" \XJe Yna-'1 s\tpi'ose thot f '' X _-Y i's o' Jot"tn"'nt r"orl[lsrn

o[ Lv.teqro-t  scher^es. 
'  r \-J  -  -6  

I f  f  is  not  cor is tanto then f  is  quas i f i r r i te i  hence br /

I fO l : . t  i s  quas i f i n i i ; e ;  so  i n  thc  S ie in?s  d ,ecc ;npcs i t r cn  o f  f  :

(iv) t,*(Qr/i re-'-og (?r- c.oherpni; nodule, {,o:l*-eger:lv g.p39,[ent",;Siq]

r_n1 an i n t e 1  c l o chene  o f X pE_lrrqelsjs! <1,

( i v )  i s  equ iva len t  to

"to:.l*J.
I€-

'fhe 
orenr I , the  cond i t ion

X L:-+ T = Spec f*@^
t / -

NY/r

d sr-rbsc



I

i  
_ 1 0 _

q.
i  i s  an open inraers ion,  f  is  f in i te  (because f  *  @^ i .%cherent
f ta  -  .  ' .  (n  . rnL ,y -  a lgeb ra ) ,  l xux  =  ux  (hence  i  i s  dominan t )  and ,by  l enma B ,
d in  l l  =  1 .  Then [ . .  ( * ,OJ:  H: (xr (o^)=oas the kerner  ang cokernel
o{ the norphi sn OX --o L*in bO. f  t  f  ol lows that depth J 

bn) >- :-
/ F

\ c r .  [ sJ  ) ,  where  z  =  T -x . r t  resu r t s  z  =  F  and  so  f  i s  p roper .

r  
r f  f  is  constant ,  beeause f *b^ is  ( , ;uoherent  and f

i s  don inan t ,  i t  f o l l ows  tha t  f (X )=y=Spee  k rwhere  k  i s  a  f i e ld ,and
- . .x : .s  an a lgebra ic  curve over  k  sueh that  d inU H"(X ,e)  

(  ao .
I t  must , ,prove that X is proper over k.

r i
I  . .  l t fe  may assume tha t  k  i s  a lgebra ica l l y  c losedr  rndeed- r g=-\- )

Ie t  k  on  a lgebra ic  c losure  o f  k  and f ;  =  X  X.  Spec  E.  We have
H"r R (c-\ = Ho (*,b^) *nE , J"*4 fl"(x, dlTl ., i ,^&"H"(^,6*)._\  ,  X J  ^ J /  , t (  ,  . R  ,  ^ t
and X is proper over k i f f  f  is  proper over E.  But  i -  is  nroDer
over T i r r  every i *edueibr-e component T.  of  x,wi th+; t ructure

v )

of  rec lu ied  subschemer is  p roper  over  T .  f t  remains  to  p rove  tha t. r t o / ' -  , 4  \  *  b e -dimT H (  xt  ,  ( ] * ) .6r  . r ,ndeed ,  let  1 i  c  Oxtrr"  ideal  def in ingL )
iz, n ' i  )  r " n  t h e  e x a c t  s e q u e n c e  o f  E  _ s p a c e s :

Ox) H" (  Yr,  arx;)  H^

we have d inn o. (byLLchtenbaun's Tireorem) and

' r \
r L /

Ji^LFl"(xrbx)(ae ihence cimq H" (f i . ,  6X) < De

here fore)we assune tha t  X  is  an  in tegra l

s e h s n s  o v e r  a n  a l g e b r a i c a l l y  c l o s e d  f l i e 1 d .  k .  L e t  p
norna l i sa t ion  morph ism o f  x .  rn  the  e*ac t  sequenee

we have

( x ,s " ( F ,

Ht ( X,nt) .

d i n O  H , ( X , ' p * O n  l O * " \

1-dimensi-  ona 1

:X - - rX  be  the

o f  k - s p a c e s :

f r@xf  6= o l  and d im 

"  

H '  (  x ,  o* )  <  oo
( b e c a u s e  d i m  s u D n
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gebra ic  var ie t ies  over  an  a lgebra ica l l y  c losed

isy  to  p rove  (see [9 ]  )  t t ra t  f  i s  p roDer  i f f  f

va len t  cond i t ions  ( i v t )  o r  (d ) .  Th is  fac t  i s  no

the  rnorph ism o f  schemes l  in  fac t r  we have the

l l o , y  / ^  \  N

Then d i rn  t r  
H (Xr tx) t -und X is  proDer  i f f  X is  DroDer .

i s  e i t h e r

' 4,.

therefore) 'r ,rre aay assune that X isYi.orna] scheme. Then

af f ine or  proper  soheme over  k .  Because.  d inOH"(xrO^)

,  i t  resu l ta  that  X is  proper  over  k .

fn  the  c lass i ca l  ease ,  when  f :X - - -+ I i s  a  morph isn  o f  a1 -

f i e l r l  i + .  i s  e a -t  * v

sat is f ies  t rhe  equ i -

longer t rue for

r  or l .owlng

tr lxanplg 1.  Let  A be an integral  noether i .an local  n ing

of  d imens ion  l  and a [ f l tne  a lgebra  o f  po lynomia ] -s  in  one indeter -

n i n a t e  o v e r  A .  L e t  g c A  b e  t h e  m a x i m a l  i d e a l  o f  A  a n d  t  a  n o n - z e r c't
e lement  o f  n ;  the  pr inc ipa l  idea l  ( tT -1)  has  he igh t  1  and- is  max i -

ma l  because ALq /  f t t_U 
i "  i son io rph ic  to  the  f ie ld  o f  quot ien ts  o f

the ' r ing A. .Let us denote x = ( tr- l )  e spec nfr l  ,  x = spee AtrJ-{4

Y = Spec A[I ]  and i :X c-*Y the open imnnersion of  X into Y. l l te

renark  tha t  x  i s  s  c los td  po in t  o f  eod imens ion  1  in  y  and fo r

e v e r y  i n t e g r a l  e l o s e d  s u b s c h e m e  C  c X ,  d i m  C  =  1 , t h e  s e t  i ( C )  i s

c l o s e d  i n  Y  a n d .  h e n c e  C  i s  a  p r o p e r  s c h e m e  o v e r  Y l i n d e e d ,  i {  i ( C )

i s  n o t  c l o s e d  i n  Y ,  t h e n  * .  f f i 1  h e n c e  e i t h e r  f T i l = { x \  o r

i  ( c )  -  Y ;  in  the  f i rs t  case c  =  F ,wh ieh  is  i rnposs lb le , ,

and in  the  second case

rtre have C = Xovzhich contradicts dim X =

fo l lows tha t  the  sepa; 'a ted  norph isn  o f

t h e  c o n d i t i o n  ( v ) ,  b u t  i t  i s  n o t  p r o p e r .

6 f  t h e  c l a s s i c a l  c a s €The fo l low ing  case is  an  ex tens ion

Colg l tg ry  2 .  Le t  f  :X+Y be a  ser ra ra ted  a  mgrph l : rn_ l f

schemes over the f ie- l "d k.  Supr lose thai

d in  Y  =  d im a [ r l  -  2 .  r i ,

f in i te  type  i  sa t , i s f ies

o v e r  k ,  a n d  Y

X  i s  a n  a l g e b r a i c  s c h e n e
. ' - , - - s

i s  a  n o e t h e r i a n  s c h e m e .
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' ..a
" l  , , .

i f f  t h e  e q u i v a l e n t  c o n C i t i o n s  ( i v )  o r  ( v )  a r e , s a t i s f i e d , .

I rsef , .  As in  the proof  o f
I

tha t  X  and y  a re  in tegra l  sehemes.

f f  d im X = O,  then X has gJ

f  (x)  =  v  is  c losed in  y .  r i re i t

T h e o r e m  1 , w e  m a y  s u p p o s e

1y one point  x and the

s  easJ /  to  see tha t  f  i s

I

point

prpper a

i

I
i  I f  dirn X = 1, the assert ion is c.teo,r, ty Theolem l.

I f  d i n  X > 1  a n d  f  i s  n o t  p r o p e r ,  b y  n o e t h e r i a n  i n d u e -

t ionr  w€ nay assume that  every in tegra l  c l -osed subscheme Xr+X
i

' l - s lp roper  over  Y .  I f  X  were  no t  p roDer  over  y  le t  i :T  - - - ryFa dense

c o m p a c t i f i c a t i o n  o f  f  ;  t h e n r b . y  L e m m a  A ,  i t  r e s u l t s  t h a t  t h e  s e . r ,

=  [  -  X  i s  a  f i n i t , e  s e t  o f  c ] - o s e d  p o i n t s  i n  X  o f  c o d i m e n s i o n  t ,

5 thcq)  .  as  in  the  proo f  o f  theorer '  1 ,  o r  o f  coro l la ry  L ,
. ls r€ rv  e losed  in teg ra r  subschen :e  X '  1y  rn tevsec t ing  x  i s  con ia ined .

in  X.  Then ihe Coro l lary  A is  nro, r ld  i f  we prove lemma 2,  which
foJ- lows;  bv th is ' ler :n :ar  we.  have that  d in i  Lr ,  which cont rad ic ts  the
-assufipt ion i ;h"a'b dim X > 1,

lYe shal l  ant ic ipate a *on6"qu€nce of  Lenrna 2 (see Coro l layy

; r ,  which fo l lows) l  in  t l ie  e i tuat ion g i . ren in  CordtarV Z,  we have that

f  ( x )  c  Y  i s  a  Jacobson  schemen"Thus  fo r  f  t he  cond i t i ons  (  r v )  o r

[V)  are equiva]ent  to  ( : iVt )  or  (v t ) .  Therefore vve have the fo l ]owing:

CgfoJlaf,v, 3" !9.I f r X ---+ y

*H#ggJ_ 2,_ Th?! f ls prqp r

lYfI  afe sq!, ief ied.

f t remains io prove }emrna 2, lYe shall use in the proof of

r€rlrff3 2 the fol lorving resur-t of &sp!$l[trtrL*nn..",- a.i) t  r. - \ !

eggggJ * IreL I( hg_e- func-LiogJU,eAd ovgf ,t4S {i.qtd_ kr*Eveg

' i e l c i  
i  s  K . .  ' i  c  o s ' ! s : A v l i : i  n l  l  i r  n f  f  i  n i  * ^ .  r - - r v-j;}l;l.::"#L*'*i; -';-?, s:f:rS4--rg.!'Lv .ur =.hlLP9.'

k and wirose u o t i e n iiigpgsiqJalgalJgq *qt&tr!e (9 . K" containin
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Lemma 2 .  te t  T  be  a  noether ian  in tegra l  scheme over
, ;*
'r'

i  
'a )  X is  a lgebra ica l ly  over  k

b)  
's  

o !  eodimen-

s i o n  1  i n  X .

fhen T i "  an algebraie scheme over k  o f  d i m e n s i o n  1 .

Proof .  rys  may suDpose tha t  T  iu  a  normal  scheme.  fndeed,

the norrnal isat ion morphism p :  }n--ol n"u f ini te f ibres (because T

is  noether ian) ;  p t (x)  is  an e lgebra ic  scheme over .  k  
" r rd  

I^ -  
ln  

( * )

is  a  f in i te  set  o f  c losed points  o f  codimension l  i t r  T ,  whose Lo-

'  ca l  r ings  are  noether ian  (because they  are  loca t r i sa t ions  o f  the

- - . r . , * - . - . - - *  - - i n t e g r a l  c l o s u r e s  o f  t h e  r i n g s  . 9 n , n ; . € X - X , i n  t h e  f i e l d ,  o f  r e t i o -  i

n a 1  f u n c t i o n s ;  t h e s e  a r e  n o e t h e r i a n  r i n g s  U . " " o " "  U i r  @ f  , * :  t  i " 1 '

i t  r e s u l t s  t h a t T t  i "  a  n o e t h e r i a n  s c h g n s "  f f  w e  p r o v e  t n a t  ? n

is  an  a lgebra , ic  shheroe over  k ,  i t  resu l ts  tha t  F  i s  a lgebra ica l l y

over  k r  because p  is  an  in tegra l  morph ism.  .  \0e  may suDpose

t h a t  T - X  f t " "  o n i y  o n e  p o i n t  x  a n d  t h e  l o e a I  r i n g  @ O , * ,  i "  a  d i s -

c r e t e  v a l u a t i o n  r i n g .

B y  a  N a g a t a ' s  T h e o r e n  [ t l ]  ,  t h e r e  i s  a n  c o n p i e t e  i r ' -

ma1 a lgebra ic  scheme y  over  k ,  hav ing  the  sdme f ie ld  o f  ra t iona l

func l i6ns  as  T ,  q* ,ch  t lg t  gL"  JLscre te  varua t ion  r ing  O,  -  has . .
A r {

a center y,€ y-P#r, i t iT" tn" natural  birat ional map; i t  re-
s u l t s  t h a t  f  i s  d e f i n e d  i n  a  n e i g h b o u r h o o d  o f  x .  L e t  z c y  b e

t h e  t o p o l o g i c a l  e l o s u r e  o f  y  i n  y ;  b y  r e s t r i c t i n g  l -  t o  a n  o p e n .

ne ighbourhood o f  x r  w€ may suppose tha t  f  . i s  a  morph ism,  f  (x )nz=fd

whi le  \1  :  X  - -> { (^ )  i "  an  isombroh ism o f  a rgebr ra ic  schemes over  k ", l x

L e t  u s  s u p p o s e ,  t h a t  d i r n  y  > 1 ;  t h e n  t h e  p o i n t  y  i s  n o t
c l o s e d  i n  Y  

" n d r  
b y  r e s t r i c t i n g  x  t . o  a n  o p e n  n e i g h b o u r h c o d  o f  x ,

. . . ^
I  

we nay suppose that  f  is  in jecL ive.  Then f  is  a  homeomorohisnn of

,  
x  onto f  (X) ;  indeed,  1et  u  be an open set  in  T whicr r  cont ,a ins the ,
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po in t  x ;  i t  su f f i ees  topove  tha t  the re  i s  an  open  se t  v  i n  y ,

1  such that  f  (U)=Yf \ f  (T) ;  f  (U{x l )  be ing an open set  in  y ,  and Z
being a c l0sed set  o f  y  o f  codimension l  such that  f6 f i { )  az= / ,
i ' t  results that Y-f  (u+i l  =zuzru. . -vzn with{zrJrt i re i rredueible
components  of  Y-{ (u- i . i )a i f ferent  o f  z ;  then,  the oet  V = y-  lh l  a1
sa t i s f i es  the  equa l i t y  f (V )  =V  n5 (R) .  r t  f o t tows  tha t  we  J :

isomorphism of  r inged spaces 5,  X - -> 
f  (R)  ,  i f  we take for

f (N)  the s t ructure of  topolog ica l  subspace of  y  and the foeal
. ( nr ings ' t fo1, tO\ l  ,  for  every 1e f  

(X)

Let  U be an af f ine gpen subset  o f  i  conta in ing the F,o in .
x . Then the re stri ct i on homomorphi sm f : t I-( u, 

Q) 
--* b*,,{= kru

i s  su r jec t i ve ,  because  \ x l i s  a  c losed  subse t  i n  u .  pass in *  r i i ouu

the isomorphisrn f  o f  r inged spaces r  wo see that  the hononorphism
q f  (u) .  f  (  t (u)  ,9  t ( r ) )  

- ,  Or l  / * *  =  r * . (1)  is  sur j ,ec t ive"  

-
' s  

, r , ' t ' r . ' ' , r t o i '  
' ' x / ' j t l = * t t /  i s  s L

g"1. r , " "  r ( { (u) ,  bStJ  is  ,n"  
" r r .u to f  " "g , r rar  funct ions on the

open subset  f  
( t )  -  \1 \  rY,wh.h are def ined on z  ( i .e .  z  is  not

p resen t  i n  the  po la r  d i v i so rs  o f  t hese  func t ions )  ?nd  k (y )=k (Z ) *
= the funct ion f ie ld  o f  the var ie  Ly Zr  w€ have that  every ra t io_
nal  funct ion 

?n z  is  the rest r ic t ion to  z  o f  a  regular  funqt ion
on r (u)- ; { t r ! . r r  Y-  ( f  Cu1 - \ t1)  = zUZnU _._Uz"^ Jz i l ,ue ing tne
i r reduc ibr -e components  of  \ -  ( f  t " t - {$ i r r " rent  o f  z ,  i t  resur ts .  .
that  for  everv 

?: l ( i l  i l r "  po lar  d iv isor  o f  s  in  z  has the sup_
por t  i nc luded  in  Q^  

(Z i  f i  7 \  .  Th is  fac t  con t rad ic t s  the  sunBos i -
t i on  tha t  d im  Z  =  d im y_ l  >  0 "

There fo re  d im y=1  and  d im, * t . f ( y )=d im. " t . * ( f )=  d in " *1 .k
k(x)=din x=1;hence a in  T=r .  Then the b i ra t io4al  map f  : r  - - .>y,  oo l
rest r ie t ing T to  an open neighbourr rood of  xr  f rax be reducedr  8s
above, '  tc  an isonorphism of  r inged spaces of  I  on r (x) ,  but  in
th i s  case  f ( r )  w i l l  be  an  open  subse t  o f  y ,  because  d im y= r .  Then
T iu  an a lgef rg is  scherne over  k  and :  Lemma 2 is  proved.  

*  a  4- .
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Coro l la ry  4  apn l ied  to  the  canon ica l  mor -

o i l i sn  n  l  x -+spec  F  tx )  g ives  the  fo l l . ,ow ing  resu l t ,  due to  cT .E.

Go"I n.an aed

If we

prove

L.Landnan,  ob ta ined ' . r . s ing  the  a lgebra ie  convex i ty  [6 ]  :

Let  X besgn algg.braic var: , iety sver an algebraical ly e1o;

sed f ie ld  sqch tha t  t - (x l  i s  noether ian  .  Then, , the  fo@

t i o n s  a r e  e c u i v a l e n ! :

.  
( i )  X  i s  a  s e r n i a f f i . n e  v q r i e t t r  ( i . g .  T T  i s  p r o p e r )

( i i )  f o r  eve ry  c losed  _ in leg ra l  eu rve  ccx  ! ! q  res t r i e t i on homo

mgl r rh isn  9 f . ,  r (x )  *  f (c )  i s  f in i fe .U

. i

we nay .emark the f .o l lowing consequence of  Lernma 2,,  i

r r s l d c h  s e e m s  t o  b e  a n  e x t e n s i o n  o f  a  f o r m  o f  t h e  c l a s s i c a l  H i l b e r t , s
n ' N u 1 1 s t e 1 l e n s a t z  

" :

Coro11ar l4, . f  :X ----+ Y be g dqmlngnt_seoarated mor-
hi  sm cf  schernes  over "  4  f ie l {  k .  Sqppose

tha t  X ig  an  -a . lgebrg ie  scheme and 'Y  is  noether ian .  @
.  c l o s e d noi-nt Y€ Yr the residual f ietcj  k(y) i .s cr I inr le extqtsl"f- .

PI"oq{* We rray suppose that

c h o o s e  a  d e n s e  c o m D a c t i f i c a t i o n

the  fo l low ing :

in tegra l  seherues .

then i t  su f f i ces  to

X and Y are

f  : X  - > Y ,

(*) fgr e:rery al,gebraic sc-llete X oge! a.

k, t ILe., .re.sr-d-uatr f ieio k(x) o{ gvgrI._glgsed point x
rxtGlil:;FE-

k  and every  oDen imners ion  o f  X  in to  a  noether ian  scherae X

e X-X is  q-

r  1e  t c l

t f  airn T=0, then T=X.



-  l T  - :

I f  d in  T=1,  then T-X ls  a  f in i te  set  o f  c losed points

o f  cod imens ion  I  and  ,  by  Lenrna  2 ,  T  i s  an  a lgebra i c  scheme lhenee
.fi"ita r.xtansion o!

\--
k (x)  Ls-k  for  every x  €  X-X"

f f  A i rn  T > : .  o . r 'd  xeT-X is  a  c losed noint  o f  T,  by noet-

her j .an induct ion,  we may assume that  every in tegra l  c losed subsche

r"  Y*T pass ing through x ,  such that  Y=TnX f  f  nas the proper ty
T' 

-L$4'tt; r;Letrslon' "! |-

( x )  ( i , e .  k ( y )  i s T 6 "  e v e r y  c l o s e d  p o i n t  y € T -  Y ) . ' .  ,  . :

T r  . .
- l l t h e r e  i s  s u c h . a  s u b s g h e n e  Y ,  t h e n ,  b e c a u s e  x  e Y ,  i t  f o l l o q r s

e, tinltt 'r'x'tsnsrorL '\ h.
t h a t  k ( x )  L : F

every  in tegra l  e losed subschem.  T+f  pass ing  th rough x  i s  inc lu -

d e d  i n  T - X .  T h e n ,  b y  L e m m a  A ,  i t  r e s u l t s  t h a t  o i m  6 O , *  =  {

a n d  x  w i l l  b e  a  c l o s e d  p o i n t  o f  d i m e n s i o n  l  i n  X .  I t  f o l l o w s  t h a t
: a

I  x t  i s  a  eonnected  component  o f  the  e losed subset  X-X o f  X  and

then X U {r( \  is  an open subschene of  T.  By Lemrna 2,  appl ied to the

s c h e m e  X U { x \  c o n t a i n i n g  t h e  o o e n  a l g e b r a i c  s c h e n n e  X ,  i t  r e s u l t s

that r XU{rl is ,+,. 3l1e,br.luc sc-h-errue ov€,r 4a..ilherefore., a.(*)is-";-tlnlte'

sxtt'ruslon'"f l*' 
------i

C o r g l l h r y  5 .  L e t
l

f  :X ->Y be a .sepalated dominsnt mo.rphi ,s,?
o f  schemes over  a : -  f ie ld  k .  I f  X is  a+"-at rge_
braic scherne sver k q4g y is noqtherian theg y r5_g_gg._obson (or
Hi lber t  )  sch_eme.

F o r  t h e  n o t i o n . o f  a  J a c o b s o n  ( o r  H i l b e r t )  s e h e m e r s e e  t h e
paragraph a f te r  the  enouneement  o f  .  p r .opos i t ion  4 ,

Frqo f  . -  11  su f f i ces  to  p rove  Coro l la ry  F  in  the  case
when f  i s  an  o 'en  immers ion  because,  i f  F : [ - - - *y  i s  a  ddnse compac-
t i f i c a t i o n  o f  f ,  a r d  i ; :  f ,  i u  a  J a c o b s o n  s c h e n e ,  i t  r e s u ' t s  t h a t  y
i s  J a c o b s o n  s c h e m e  ( i n r e e d ,  r e t  v c y  b e  & n  o p e n  a f f i n e  s u b s e t  a n d
g c  t - ( V , b J "  p r i m e  i a o u l . ;  b e c s u s e  F  i s  s u r i e e , + . i v e  r , h e r e  i s  a n- 1 "  '  I tF t !

open af f ine subset  u  c  X ano a or ime ideal  
+  

.  r (u ,Ox)  such that

J^^d" 4(Y0{



f (u, Ox) - I-(v,6r)ana
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L = F n  r ( v , C " )  ;  r o r
ideat  hn-  c t - (Ur(01) , tnu ideal  rn  A f (Vrb")  i -s  rnax imal

b e c a u s e  f  i s  p r o p e r l  b e c a u s e  f ( U , 6 o )  i "  a  J a c o b s o n

an  in te rsec t ion  o f  max ina l  i dea ls  o f  I - (U rOr ) t  t hen

that .  
+  iu  an in tersect ion of  nax imal  ideals  o f  f  (V,  b t )  .

'  
There fore)we may suppose tha t  f  i s  an  open immers ion .

We sha1 l  p rove  tha t  Y  is  a  
-Jaeohson 

scheme by  noether ian  indue-

t i o n  o n  Y .

l l f  d im Y$ 1 ,  by  Lernna 2 ,  i t  resu l ts  tha t  Y  is  an  a lge-
I

b r a i c  s c h e i n e  o v e r  k ;  h e n c e  i t  i s  a  J a c o b s o n  s c h s n s .
I
I

lSuppose  tha t  d in  Y )1  and  tha t  eve ry  i n teg ra l  c losed

s u b s c h e m e ' Y ' + Y , s u c h  t h a t  X l = Y * n X  * / , r "  a  J a c o b s o n  s c h e m e ,  f f

Y is  not  a  Jaeobsop.  scheme,  then there is  an af f ine open subscherne

ucY such  tha t 'A  =  f  (g (o r ) i s  no t  a  Jacobson  r i ng ;  obv ious ly  un

n (V-x)  f  +  "  l ive nay suppose that  Y = u iuQrr rn"  scheme.  As in
whish $o\toqrs.' t he  ,p roo f  o f  .  P ropos i t i on  4 ,  a )  +UfTner :e  i s  a  p r ime  idea l

+.  A,  such that  V+ is  a  semi l -oeal  r ing of  d i rnens ion 1.  There-

fo re  there  is  a  sern i loca l  c losed subschene z  =  spee Ol+  c  y  o f

d imens ion  1 ;  1e t  x  be  the  gener ic  po in t  o f  Z  and *1 ,  .  "  . x .  th€

c l o s e d  p o i n t s  o f  Z . B e c a u s e  X  i s  a  J a e o b s o n  s c h e m e ,  t h e ' v r  
"  4  X

and. fo r  every  i ,  * i4  X .  thus  ZcY-X.  l i l e  have cod im-Z >  1 ;  o ther -

v r ise ,  cod in  . ,  Z  =  1  and Z  wou ld  be  an  i reeduc ib le  component  o f

Y * X ; ,  t h e n  X  U  { . \  w o u l d  b e  a n  o D e n  s u b s e t  o f  Y  a n d  x  a  c l o s e d

po in t  o f  the  schene X U {x l  n r  nn ' r ino ls ion  1  in  X  U \ * \  t  by- 
by-Ll ;" ;* ;"" ' " ' * '

Lemna 2 ,  d im X U { * \= { ; \ l i i  fo1 lovrs  d i rn  Y  ;  l yh ich  cont rad ic ts  the

f a c t  t h a t  d i m  Y  >  1 .  T h e r e f o r e  r  . b e c a u s e  c o d i n  
{  

Z  )  1 ,  i t  r e s u l t s

d i m  @ " r * ,  1 .  T h e n  t h e r e  i s  a n  i n t e g r a l  c l o s e d  s u b s c h e m e  Y ' + Y

pass ing  th rough x  and such tha t  X /=  Y/n  X+ #  I  o therw ise ' , 'euury

p r i m e  i d e a l  
4 . O , r r *  { * o  c o n t a i n s  o n e  o f  t h e  p r i r n e  i d e a l s

$ ,  
- - -  . ,  

1*  ,  cor " respond ing  to  the  i r red t ic j .b le  cornponents  o f  Y-Xt

pass ing  th rough x ;  i t  resu l ts  c i im @* *=  i rWhich  cont rad ic ts  the
t ) '

o \ r o T r \ /  m n : r i  m e l
v  '  v -  

1 7

in f (v, (or)

r ine.  t r  i  s

i t  r e s u l t s
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, ^  -  t  A  \

fact  that  d i rn (21r*>'1. .  (see L* '" . ' **  A)

t h e r e f o r e ,  b y  t h e  i n d u c t i v e  h y p o t h e s i s ,  t h e  s u b s c h e m e

Yr  
?  

Y  pass ing  th rough x  i s  a  Jacobson s ihehe, . f f  g ls  the  idea l  o f

A c o r r e s p o n d i n g  t o  t h e  i n t e g r a l  c L o s e d  s u b s c h e m e  Y ' c Y  t h e n
,  t  A l

F/ "  <  ^ /g -  i "  an  in te rsec t ion  o f  max ima ' l  i r {en ' l . s :  hence in  A /n/ +  t f i '  '  
l +

the

the

for

c e d

Coro l l a ry  6 .  Le t X be- a .seoaraled alge-braic schemg ,over

ch  !ha !  t r  (X )  i s  noe the r ian .Then

the fo l lowing_-q-ondi t , ions are equivalent :

( i7 the canonicql nqrohisn T :  X-tso,gg f  (X), is surject ive

( i i )  t be  canon ica l  mep .T r , * " *  r "%; ; (Spec  f  CXI ) * * *  be tweeq  tqg

se ts  o f  c losed_oo in ts  g f  x  anc l  o f  spec  t -  ( x i  i g -su r iec t i ve .

_  d r o o f  .  B y  O h i ' s  r e s u t t  ( s e e  [ t l ]  ] . ( i ) ( : )  ( i i )  i f f  f  ( X )

i s  a  J a c o b s o n  r i n g .

in te rsec t i .  on  o f

fac t  tha t  A /a
r t -

t h e  m a x i m a l  i d e a l s  i s  z e t c , ;  t h i s  c o n t r a d i c t s

i s  a  s e m i l o c a l  r i n g  b f  a i m e n s i o n  >  0 .

The prob lem o f  the  equ iva lence o f  ( i )  and ( i i )

o v e r  a l g e b r a i c a l l y  c l o s e d  f i e L d s  k  w a s  e n o u n -

a n d  A . l a q d m a n  [ 0 1  .

the

by

Regark 4.

v a r i e t i e s  X

J .  E .  Goodrnan

Coro l la ry  7 .  LeL i ;X  <_-+X

of  schemes over  a :

be an_ooeg dominant im{ersiojr

f i e l d  k  e u c h  t h a t  X  i s  a n

intJegral  a lgebraic scheme over k and v i s  noether ian .  Then fo r  eve-

r y  c - l osed  po in t  o  6  F ,  d im  OX. *
A r ^

c a t e n a r i a n  s c h e m e .

= d i rn  X = d im T.  Morqr ;  X, is  S.

'  P roo f  .  ' 1 r  .
bc

d i u r  X .  I n d e e d ,  l e t Y l e

a  c l o s e d  p o i n t  9 f  X ,
/^

I f '  d im \? ; '  *=  1  ,  t  hen ,
^ r *

(n
Inen olm (J: '-  x . r x

by  Lemma 2 ,  d im

x i s

x-x.

,

T
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r/s - - fa\
=  d i m  X = 1 "  J f  d i m  \ U 1 . , } 1 ,  t h e n  t h e r e  i s  a  D r i m e  i d e a l  F  

t  U X r *

of  coheight  1  and such that  the corresponding in tegra l  subseheme

frc- 'F  pass ing through x  has the Droper ty  Yf  =Tf  nX *  / ;  by Lern-
r l

r a  Z ,  d i n  T r - = t - ,  b e c a u s e  x  i s  a  c l o s e r l  p o t n t  o f  c o d i m e n s i o n  1  i n

i l .  I f  Y ^ + Y " F  .  
{ , Y * = X  

i s  a  s a t u r a t e d . h a i "  o f  i n t e g r a l

c losed subschemes'o f  X,  then we have, {*1  +Y, t  ?Y.  +  - - -  t?^=X,

whereY j , i "  t he  c losu re  i n  T  o f  Y i .  I {ence  d im @7r r> .n -  d im X .
l l

,  I  l r r le  shal1 prove that  for  every c losed point  xeT-X,

J . i *O"  )d im X,  by noether ian induct ion on X.  f f  d in  X=1 then J i *
X r t

T T 1 ,  b n d  d i m  ( ? g , * =  1 .  I f  d i m  X  ) L ,  w e  m a y  s u p p o s e ,  b y .  t h e  i n d u c -

t i - v e  h y p o t h e s i s ,  t h a t  f o r  e v e r y  c l o s e d  s u b s c h e n "  T . f ,  s u c h  t h a t

Y aY n K*+, we have din y = dim T. tre have dim CIq * )  1;

o t h e r w i s e n  x  i s  a  c l o s e d  r : o i n t  o f  c o d i m e n s i o n  1  i n  1 -  a n d i b h e n
, a -

X U \ x l i s  a n  o p e n  s u b s c h e m e  o f  X ;  b y  L e m m a  2 ) i t  f o l l o w s  d i n  X = 1 =

d i rn  1 - ,wh i cn  i s  no t  poss ib l e ,  because  d im  x  ) 1 .  Le t  m  =P"  
+F ,  F  "  .

- -  
+  F^- ,  ?  F \  

=o  be  a  sa tura ted  cha in  o f  p r ime idea ls  o f

l e n g h t  n  =  d i r n  b U ,  a n d  l e t  Y =  { " }  + \  +  +  Y * = X
^ ) 4

the  comespond ing  cha in .  o f  in tg rgra l  c losed subschemes o f  T .  f f

v --  Y nX +{ ulut Y^-^ + K and so rr  (  dirn X, r f'^tr- 
{  

'  rv\-, l

Y" , " -n  =  Yo- l  l ' \X={ , tnun, fo r  every  i (  n , !cx -X"  Because n2z ,
/ ( 1 -Y n _ l  t ' l x \  a n d  i t  i s  a n i r r e d u c i b l e  e o m p o n e n t  o f  X - X "  f f  f r = Z ,  t h e n

/n

o im @4rc=2 )  d in  X>1.  Henee d in  OTr r=  d im X.  r f  n  22 ' r  le t  ) .  a ._ .
be the  gener ic  po in t l  then  6 i ,n  C,  

* r r2  and there  is  o  p r ime idea l
t ' )

.P-  f  g* -4  such tha t  $n- .?  F  +Fo=c.  Then the  cor respond ing  in tegra l

c losed subscheme 7 . f ,  pass ing  th rough x ,  has  the  proner ty  tha t

Y =  Ynx  +  6 .  Hence  a im \ - r<d im  y (d im  x ,  u . r dPd i *  Av "=  r - . <d i r nxt  /  
-n_Z - '  - - ,  

Xr t

W e  s h a l l  p r o v e  t h a t  T  i s  a  c a t e n a r i e n  s c h e p e .  f t  s u f f i c e s

to  see tha t r i f  x  i s  a  c losed po in t  o f  T -X and O =  
F^  +  - -  

?1"= . ! !
i s  a  sa tura te  cha in  o f  p r i rne  idea ls  o f  l )=  Shen n=d im T.W"  sha l l

A:* '

Jimf. let }=y'? Yn_, *
prove it by -,"t J,*iti"rL orL



- 2 t
be

Y* 
7  

Yo = lx \Y1ne cor resnond ing  cha in  o f  in tegra l  c losed subschemeg.

I f  d i r n  T  <  2 , i t  i s  c l e a r  t h a t  n : d i m  f , .  I f  d i m  T > 2 ,  s u p p o s e , b y '

t h e  i n d u c t i v e  h y o o t h e s i s , t h a t  e v e r y  i n t e g r a l  c l o s e d  s u b s c h e m e

T c -  i r s u c h  t h a t  Y  =  T n x  {  / r : s  a  c a t e n q r i q n s c h e m e "  T h e r e  a r e  t w o

n o s s i b i l i t i e s :
I

a)  Yrr - r  is  inc luded in  f -x .  r f  y  is  the gener ic  po in t  o f

Y," - .  ,  then in  the 1ocal  r ing Oa- . . there is  a  saturated chain
, (n (n 

^'l

o 
F **PX,1Ff"-zo*,)t 

by a result of McAdam [.rl,tnere are inf i-

n i te ly  nany  pr ine  idea ls  1 r<Co.u ,  such tha t  I tp  =  
" \ r . t j :  

=  {T- ^,) '  T 
-I-

We nay choo:e such a prime ideal with the property 
f  + +*_ob"r)

Then the corresponding c losed subscheme T,  has the prooer ty  T 7

"  
Y :  Y and Y *  Y^-^  .  gecau""  Y, r -^  is  an i r redueib le  con-+  +  ' v \ - z

ponen t  o f  T r  w€  have  Y  =  Tnx  t '  / .  By  the  i nduc t i ve  hypo thes is ,
/ \ /

Y , ? \ .  - - - + \ . 9 Y  b e i n g  a  s a t u r a t e d , c h a i n  i n  Y r  w €  h a v e  d i m  Y  =

-  r . - l  and rbecause  T  i s  o f  eod i rnens ion  1  i n  T r  we  have  61*  [=p .
v - +b)  \ " - r  = f , . - r  f lX +t '  .  Then we may apn1.y  the induct ive hyp.o-

thesi-s to Yrr- t ibecsuse .  +Y, + --  qY^.S1-* i "  a saturated ehain,
then n-1 = d im \_ ,  

=  d im T-1.  Thus n=di .m T.

Coro l lary  7  is  proved .

lrVe shal1 sive arrother consenquence of  Lemma 2.
.L.-

Froposi t ion ] ,  Let-  f  :X ----+ f

over an alSetrcr i .cr l t)  c[os94_r:Lgra t .  Qu'poose_that x is a cgnne:tec

separa ted  a lgebra ie  scheme over  k  
"q9  

Y is  loe ther ian  o f  d imens isn

e l o s e d  : ' e d u e e d  s u b s c t r e m e  C c Y  o f  d i r n e n s i c n  i  e u c h  t h a t  Y r y t  €  C "

lvtq:: rC can be taken

E5oof ._ 1ile may suppose that X and Y are

y >  0 .  C h c o s i n g  
' a  

d e n s e  c o n p a c t l f i c a t i o n

to  p rove the  fo l low ing :

i n teg ra l  schenes

F . ? - + v  n f  f  : +and d iu

suff i  c is
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I
( xx i  f o r  eve ry  op€D immers ibn  i :Xc -+X  o f  a  separa ted  a lgebra i c

seheme- X over an alqebr"r icalty 
" losed 

f ield k into I  noetherian
J J

s c h e m e  o v e r  k  a n d  f o r  e v e r y  c l o s e d  o o i n t  * e T - X r t h e r e  i s  a n  i n t e -

gra l  a lgebra i -c  c losed subschene Zc f  ,such tha t  x<2,  Z=Z nx+ f  an t

o l m  z = r .

I n d e e d r  i f  ( * x  )  i s  t r u e ,  t h e n  f o r  e v e r y  c l o s e d  p o i n t s

Y r Y ' e  Y  t h e r e  a r e  t w o  e l o s e d  l r o i n t s  x r x ' e  T  s u c h  t h a t  f  ( x ) = y  a n d

f  ( x ' ) = y ' ,  a n d  a  c o n n e e t e d  c l o s e d  a l g e b r a i . c  s u b s c h e n e  T c F  o f  d i -

m e n s i  o n  1 i  s u c h  t h a t  x ,  x  t  e  Z .  T h e n  C = f  ( Z l c  Y  rw i th  the  reduced
- i

,  b e c a u s e  r  l Z  2  2 - + C

scheme o f  d i rnens ion  1 .

inc luc t io r r  on  T .

seheme over k,  by Lem-

I

s t ruc ture  io f  subscheme, , i s  a lgeb: 'a ic  over  k
5o

i s  a  f in i te  morph ism andrC ' is  a  connected

m a  2 .

f f  d im T  >  f  ;  we nay  assume by  the  induc t ion  hypot ,hes is

t h a t  e v e r y  i n t e g r a l  e l o s e d  s u b s c h e m e  T ' g T  s u c h  t h a t  x e T '  a n d
, I

X0=X*n  X  *  P  nuu  the  p roper t y  ( * , r )  ( i . e .  t he re  i s  an  in teg ra l

a lgebra i c  c losed  subscheme V  c f ' ,  such  tha t  xeV ,  Z  =  Z rW# ana
)

d i rn  Z  =  1) .  I f  there  is  an  in te6 ; ra1  c losed subscheme T ' *1 -  such
T"

t h a t  x  € T n  a n d  X r  =  T ' f , t  X  +  d ,  w e  f i n d  a  c l o s e d  i n t e g r a l  s u b s c h e -

m e  Z  o f  T . ' ,  h e n c e  o f  f ,  w i t h  t h e  r e q u i r e d  p r o o e r t i e s .  I f  t h e r e  i s

no t  such a  subscheme,  then, .  by  Lemma A,  i t  resu l ts  tha t  d i rn  @n*=
4r{

.  B e c a u s e  x  w i l l  b e  a  c l o s e d  o o i n t  o f  c o d i m e n s i o n  1 ,
(  ? .
{ x ! i s  a  connec ted  componen t  o f  X -X  and  so  XU{xJ i s  an  open  sub-

scheme of  1-"  By Lenma 2 ,  anpl ied to  the noether ian scheme XU{xJ,

eonte i  n ing the a lgebra ic  subschgps X and the c l -osed oo;nt  x  o f  cc-
Jby Lemr',.o-B)

d inens ion  I  in  XU{" } , r t  resu l ts  d im X= l  and so  a im I= fY-qn- is  con-
r : o. ': ,:

:- -:t-

t r a d i c t s  t h e  f a c t  t h a t  d i m  X  > 1 .

i
Le t  us  p rove ( *  x  )  by  noether ian

I f  d im f=1 ,  i ,hen  X '  i s  a lgebra ic

P'roposi t ion l -  is  proved.



i  Coro' l  lary.  8 "  a)  Everv intestal  noether i  an subaigetra Qj

-C:gengi-q$ 1 of  an algebr,c{ .  of  f " in i te - tvne over -an. algebraieal l - r f

c&Se_L_fi_e_!d k is of f inite tyne over k.

b) Le.! X be a  separa ted  a lgebra ic  scheme over  an  a lgebra i -ca l l y

e lgggs -{,1-elg k -utlllr I- fX) noetheriqlr. Jf aim I-(x) = r, tn-en :Ll-iS

an a lgebra  o f  f in i te  tyce  over  k .

F i rs t  o f  a l l ,  we sha l ]  d iscuss  the  fo l low ing  prob len l

i f .  Z  i s  a  noether ian  scheme,  what  cond i t ions  rnus t  car ry  o .u t  Z ,

such tha t  ,every  separa ted  norph i -sm f  :X- -+Y o f  schemes o f  f in i te

type over  Z ,  ver i f y ing  the  equ iva len t  cond i t ions  ( i v )  o r  (v ) , ,

i s  p r o p e r .

l ie  sha l l  in t roduce the  fo l low ing :

Definit lon_ 1. A-fing A is caf]ed r:niversa:l ]y l-eqtd--

cod imens io4a l  i f  i t  i s  a  noe lher ian  r ing  and_ i f  everL- i l r tgs fa l

A  -  a lggbra  o f  f in i te  typg .vh icb  hgs  a  roax ima l  idea l  o f ,Fe igh t

1 ,  h g e  d i m e n s i o q  1 .

A  s c h e m e  X  i s  c a f l e d ug i  versa l l y  1 -equ i  e  od img4s ig r la l

i f  t h e r e  i s  a  f i n i t e  c o t e r i n s

l l  r

s e t s  o f  X ,

s a 1 ] y  1

E x a m o l e  2 :  I t  i s

s u c h  t h a t ,  f g r _ e v e r y

equi c gdiqgnelqqql_,

(U.  ) . ,  -  -  w i th .  a f f ine  oDen sub-
I  } E I

i € I, Lbu-Iige I- {u, , (9.i i s univp}

obv ious  the t  every  k  -  a lgebra  c f  f i -

u n i v e r s a l l y  I  e q u i c o d i m e n s i o n a l .n i t e  t y p e  o v e r  a  f i e l d  R  i s
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Then every  a lgebra ic  scheme over  a  f ie ld  k  i s  un iversa l ] : /  1 -e93 i -

c o d i m e n s i o n a l .  L a t e r r  w o  s h a l l  g i v e  o t h e r  ( s o m e  o f  t h e s e  n o r e

g e n e r a l )  e x a r n p l e s  o f  s u c h  o b j e c t s .

E x a m p l e  t .  A  n o e t h e r i a n  s e m i l o c a l  r i n g  A ,  o f  d i n a e n s i o n

t h e r e  i s  f €  A ,  f  *  0 ,  s u c h  t h a t  t h e  r i n g  o f  q u o t i e n t s  A f  i s  1 o -

ca l ,  l ve  may suppose A loca l  r ing .  Then in  the  po lynomia l  a lgebra
'  r  ' r  -  r , +  . \  - 1

I  [ t J  ,  t h e  p r i n c i n a l  i d e a l  l t r =  \ t \  - A )  i s  m a x i m a l  f o r  e v e r y  n o n -
t  ' r +

zero  e lement*o f  the  rnax ima l  idea l  o f  A ;  then t r -L  rn1={ ,  bu t  d in

A[r l  = 2

Fi rs t  o f  a l l ,  we sha11 g i .ve  some e lmentary  p roper t ies

o f  t h e  u n i v e r s a l l y  ]  -  e q u i c o d i m e n s i o n a l  s c h e r n e s :

' Plsposit-ion 2. a) Jf X l-t*qnry91-qgLlX
I

S]-gl ver,L gpen affing- subset

f  ( U ,  ( C . . . )  i s  u n i v e r s a l l y  1  e q u i c o d i m e n s i o n a l .
x '

b)  Every schene of  f iq j . te type oveJ an uniY lltl- lgqgrs-s.d-i=

nens iona l  scheme is  un iversa l l y  I  -  ,equL icod iqens iona] * - (more  oqr :

J - i cu l -e r .  eve ry  l oca l - l y  c losed  subscheme o f  such  a  scheme o r  eve ry

f i hno r i  n ' r "nd r ro t  o f  two -  schemes  o f  f i i t e  t ype  ove r  sgeh  a  schene  i s

1  e e u i c o d i m e n s i o n a l ) .

c )  X : s  u n i v e r s a * l l v  l .  -  e < l u i e o d i m e n s i o n a l  i f  p n d  o n l y ' i f  e v e , : 5 r

i r reduc i -b le  cornoonent  o f  X .  v r i th  the  redueed s t ruc tu re  o f  subsche-

f f i € r  i s  u n i v e r s a l l y  1 -  e o u i c o d i m e n s i o n a l .

1  e o u i c o d i m e n -

U c X, the_ r.Lng

d )  I f  f : X - > Y  i s a  s u r . j e c t i v e  p r o n e r  m o r o h i  s m  ( r e s o .  s u r  j e c t i v e

f in i te  mornh i  sm.  sur . iec t i  ve  in teger  noroh i  sn i )  o f schemes w i th  Y

n o e t h e r i a n  ( r e s p .  Y  a n y  s c h e m e ,  Y  n o e t h e r i a n ) and X an  un iversa l l y

l;gsg$ jg:g-999lory1..-:::9n?"rjh93 Y i :*?n yni versalH

s i o n a l  s  c h e m e .

l -eou ic  od imen*
t -
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f r o o ! .  a )  B e c a u s e  e v e r y  r i n g  o f  q u o t i e n t s  o f  t h e  t y p e

} * e q u i c o d i n e n s i o n a l  s c h s m s ,  i t  r e s u l t s  d i n  A = 1 . H e n e e

an un iversa l l y  l -equ icod inens iona! -  r ing  and,by  Def i_

fo l lows tha t  X  is  an  un iversa l l y  1 -equ icod i rnens iona l

universa l ly

r  @ , ( D )  i s
x

n i t i o n  1 ;  i t

scherne

d )  S u p p o s e  t h a t  f  i s  a  s u r j e c t i v e  p r o p e r  m o r p h i s n  w i t h  y  n o e t -

A f  i s  u n i v e r s a l l y  l - e q u i c o d i r n e n s i o n a l  i f  A  i s  s u c h  a  r i n g , b y  D " -

f i n i t i on  1  i t  resu l t s  tha t  x  has  a  tooo log ica l  bas i s  (u i ) i .  
rw i . t h

aff ine open subsets of x, such that for everl /  i  e r,  I-(u1 ,  (gn)

is  an un iversa l ly  I -equicodi rnens ional  r ing.  For  every open af f ine

set  ucx and every in tegra l  I -  fu ,  O1 a lgebra of  f in i te  type A

lwhic f r  conta ins a nax ina l  ideal  m of  he ight  1 ,  f ron- the eanonica i

morohism of  a f f ine sehemes 3^p,  soec A - - -+u,  there is  i  e  r  such

,that 
f^, .r(m) € u1 ;  then n € fol(u,. .)  and 1i^" (ui  is an aff ine

scheme un ive rsa l l y  l -equ icod imens ionq l ,  because  i t  i s  o f  f i n i t e

type over  UL (see b)  ) .  Then d im f ; : "  qar i . )  =  L .  Hence d im spec A1
= din A - 1(by Le*r.-o-B) rte..o.,.se Xis o. Ja-<ebsort sclrueto" (s""Trogoslti"n4)

b )  r e s u l t s  f r o m Def in i t ion  1  and f rom the  fac t  tha t  everv

a lgebra  o f  f in i te  type  over  an  un iversa l l y  1 -equ icod inens iona l

r i n g  i s  u n i v e r s a l l y  1  e q u i c o d i m e n s i o n a l .

c )  F r o n  b )  i t  r e s u l t s  t h a t  e v e r y  i r r e d u c i b l e  e o m p o n e n t  o f  X ,

w i th  the  reduced s t ruc tu re  r i s  un iversa l l y  1  -  gqu icod i rnens iona l -

i f  x  i s  so .  -Cowvcr leLy ,  o  1e t  u  be  an  a f f ine  open subset  o f  x

and A an  in tegra l  a lgebra  o f  f in i te  type  over  f  tu ,  (g r ) ,  con ta in ing

a nax i rna l  idee l  .g  o f  he igh t  l ;  then  A is  an  a lgebra  o f  f ia i t ,e  tyoe

over  I -  ru ,  OJ*ud= [ -  {u ,  C*  . )  .  Le t  the  canon ica l  norph i  sm o f  a f -' x

f ine  schemes ; ; ;  ?o , .  ,  # : - i  *  u red  and- - re t  x1r . . . ,X .  be  the
in tegra l  eonponents  o f  Xg because A is  in tegra l  and \J=  O(x . .nU1-- 

E1 r' L /)

there is  an i ,  f ( i (n ,  suchr  that ,  9o, . ,  fac tors  through x in  u .  Then
A i 'sa [ -  (x i 'nu '  O*r ]  a lgebra of  f in i te  type and rbecause x i  is
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. ,
her ian and X universa l ly  l -equicodinensional .  V{e nay suppose that

Y  i s  an  a f f i ne  seherne .  Because  fo r  eve ry  n )0 ,  f - :  X  o i ^ r ,  Spec
-  

I I  J U S V  A

Z[ t r r . . .  r r *1*spec  
"  

*Sr " .  z r f t ^ , . . . I J t *  "  
sur iec t , i ve  p roper  morph ism

and X X.  - ,  5?* .ZtT,  
{ is  

un iversa l ly  l -equicoc imensional ,  i t  suf -
-F..-  I  -  : i

f i c e s  t o  p r o v e  t h a t  \ i f  Z c Y  i s  a n  i n t e g r a l  c l o s e d  s c h e m e  a n d

z  €  z  i s  a  g l q s e d  p o i n t  s u c h  t , h a t  d i r a  O a r L =  1 r  t h e n {  d i m  Z = 1 "

Let  z  be  such a  po in t ;  f  be ing  a  sur jec t i ve  p roper  morph ismr there

is  an  i r reduc ibLe component  [ r  o f  t - f  (Z ) ,  such tha t  f \ * ,  
W - - rL

i s  s u r j e c i i v e .  ( W e  c o n s i d e r  W  w i t h  t h e  r e d u c e d  s t r u c t u r e  a s  a
I

s u b s c h e r n e ) i .  L e t  w  b e  a  c f o s e d  p o i n t  o f  t r T , s u c h  t h a t  f ( w ) = 2  a n d
I co-tr.onkcr-L Lvnicrli,v{,
I

+. c (/ .- ,  ta pr ine icleal ef coheigt 1, such that by thevfr-ono*o"1 . '

phism ?i t l t . '  0,  ,+Ovt,w we have (5\*)  ( l l * )  ++. rr  c is the. , l w ,  L , L  \ , /

c losed subscheme o f  X  pass ing  th rough w,vh ich  cor responds to  the

p r i r n e  i d e a l  
S ' ,  

b y  b )  i t  r e s u l t s  t h a t  d i m  C  =  1 .  T h e n  f  ( C )  i s

c l o s e d ,  c o n t a i n e d  t n  Z  a n d  e o n t a i n s  s t r i c t l y  t h e  s e t  { z \  .  H e n c e

f  (C)  =  Ze because z  i s  c l -osed o f  cod imens ion  l -  tn  Z .The rnorph isn

{ t  :  C  + 7  i s  f i n i t e  a n d  s u r j e c t i v e .  I t  f o l l o w s :  d i m  Z = d i r n  C = l ,-  l c
f f  f  i s  a  s u r j e c t i v e  f i n i t e  m o r o h i s m ,  i t  r e s u l t s  Y  n o e t -

heri an ,, by Uggglg-EaEi_+ Jhs eren . fn this case 
""rJ, 

j.tt the

ca.se  when f  i "s  a  sur jec t i ve  in teger  n rorph ism,  the  proo fs -anes imi la r

w i t h  t h e  a b o v e  o n e . S n r o u o t h e r  d i r e e t  p r o o f s  r b a s e d  o n  d e f i n i t i o n s ,

c a n  b e  g i v e n .

fn  the  fo i low ing ,  we sha l_ l  charac ter ize  in  more  "geome-

t r i ca l " '  te rms the  un iversa l -Ly  l -equ icod inens ione l  schemes,  a lge- '

b ra ica l l y  de f ined above,  and we sha l l  p rove  tha t  theg 'e  s re  t ,he

so lu t ion  o f  the  prob le . r r r  in  c l i scuss ion  (see c )  o f  the  fo l low ing  Dro .

p o s i t i o n ) .

elg!.gg.ll_lj!*L Let Z be p,_ncetherian schgg,g' The fol-lo-

g ing c  ondj . t ions are _eqgiva lent  :



a" l
e i

a)  Z  i s  un ive rsa l l y  f -@

b) for every inted{ral ,sglreine x of f ini te t ine over Z of dimtn-

s ion  >  0  and fo r  evq , ry -c1_osed po in t  xe  X,  the  s l t_g l_g l -osed og in ts

1 ,  pass ing  th rough x

a n d  x ' ,  i J _ q e n E e _ _ 1 n  X ,

c )  @X,Y o f  f in l te_ t : fne  oLLr ,Z  and every  qenara-

tgg-Egrpl iEn f :x+Y avdr Z,  f  is  Droper i f f  the equivalent con------'l#

I
I

dit idns (iv'1 o. (/) are lALisfie_t
I
I

d)l for anv schenne-s-x,r€-@ z g$--glg5{--ggplt?:

-tSq ..1gor$ism f :X+y qier Z, f is qrojer iff i s  s a t i s f i e d  t h e

fo l - low ing  cgpd i t ion :

( v i )  f  i s  a  c l o s e d  m o r p h i s 6 wi th  Droper  f ib res  and fo r  everv

intggr-q]  c losed subscheme C c- X o f d imens- io : r  I ,  nonconta ined in

some f ib lg  q f_ f ,  the .  norph ism q ---.{(c) i"  f ini te.

s e d  s u b s c h e n e  C c X  o f

{ l  :
. r C

E)  fo r .  any_qchernes  X, I  o l f in l te_ typ_e over  Z  @

!l}d morrrhism f :X -+ Y ove? z r  f

d i m e n s i o n  l -  i s  f i n i t e  o v e r  y "

hoethcrlon
P r o o L  a ) : ) b )  t r { e  s h a 1 l  p r o c e e d  b y E n d u c t i o n  o n  .  X .

f f  d i . m  X = l r  b )  i s  s a t i s f i e d .  S u p p o s e  t h a t  d i n  X  > l  a n d  t h a t  e v e r y

i n t e g r a l  c l - o s e d  s u b s c h e n e  X , $  x  h a s  t h e  o r o p e r t y  b ) .  r f  t h e r e  i s  &'T-

c l o s e d  p o i n t  x €  x r  s r c h  t h a t  t h e  s e t  y  o f  c l _ o s e d  p o i n t s  x r e  x , w t u e h
\ t l

may be jo ined '  to  x  by  an  in tegra l  c losed subscheme o f  d innens ion  ] ,

i s  n o t  d e n s e  i n  x ,  t h e n  t h e r e  i s  a n  o p e n  n o n e m p t y .  s u b s e t  u c x ,  s u c h

t h a t  U  n Y  =  
F i  h e n c e  

" +  
U  a n d  e v e r y  i n t e g r a l  c l o s e d  s u b s c h e m e  X ' t X

pass ing through x  has the proper ty  x ,n IT = 
f .  r t  regt i -1 ts ,

l ll ' . .J Lemmor A , that ci* C*,*--L ; by afrorrows that
d i m  x  = , l , w h i c n  c o n t r a c l i c t s  t h e  s u p p o s i t i o n  d i m  x  ) r .

_ . 1

x '€  x  g t leh  tha t  there  is  an  iq lg&rq l_c losed subscheme ccx  ( reso .

a  c o n n e c t e d  c l o s e d  s u b s c h e m e )  o f  d i m e n s i o n
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int"qto.L

af f ine oDen subset  o f  z  and A 
"K(ur@.)

a lgebra  o f  f in i te  type ,vh ich  has  a  rnax ima i  idea l  q  c  A  o f  he igh t

1 .  Then X=Spec A is  a  scheme o f  f in i te  type  aver  Z  and.x=rn  is  a

e l o s e d  p o i n t  o f  c o d i n e n s i o n  1  i n  X .  f f  Y  = { x ' e  X \  x '  c l o s e d
l l

po in t  such tha t  there  is  a  connected  c losed subscheme o f  d i roens io r
al l, ''l -

l " 5 o i r r g " *  t , o  
" ' 1 ,  

w e  h a v e  x  e  Y .  T h e  e q u a l i t y :  Y  =  { * 1  i s  n o t  p o s -

s i b l e i  ( b e c a u s e ,  b y  U )  r { x l w o u l d  b e  d e n s e  i n  X  a n d  t h e n  L t  r e s u l t s
a

t h a t  A  i s \ Z f i e ] d ) ;  s o  Y " { x } a n d  r h e n  d i m X  =  1  ( b e c a u s e  i f  C  i s
F ,  )

an  in tegra l  c losed subscheme o f  c i imens ion  1  pass ing  th rough x ,
l

t h e n  C  =  X  f r o m  t h e  f a c t  t h a t  c o d i m  t ,  \ * \  =  I ) .
A I

b)  = )c ' )  We  may  $uppose  tha t  X  and  f  n ro  i n ioc r r .q l  sehemes .
,  

t '

I  f f  d i m  X  =  O ,  t h e n  X  =  S n e c  K w i t h  K  a  f i e l d  a n d  w e

may suppose tha t  Y  and Z  are  a f f ine  schemes l  hence Y =  Soec A and

Z  =  S p e c  B ;  A  i s  a  B - a l g e b r a  o f  f i n i t e  t y o e  u n i v e r s a l l y  l - e q u i c o -

d imens iona l - .  By l ropos i t i on  + (wh ' i c i r  f o l l ows) r i t  resu l t s  tha t  A

i s  a  J a c o b s o n  ( o r  H i l b e r t )  r i n g l  t h e n ,  b e c a u s e  t h e r e  i s  a  p r i m e

i d e a l  
+ .  A ,  s u c h  t h a t  K  t  A / o  a n d  K  i s  a  A / ,  a l g e b r a  o f  f i n i t e

type,  i t  resut - ts  that  o / r '13 , r * tu  and *  i " *  
"  

r in i tu  exrens ion
t

of  A /5  I  hence f  i s  p roper .
t "
I

I f  d im X)  O,  suppose tha t  f  i s  n ,o t  'Droper .  Le f  F  :  T - "Y

b e  a  d e n s e  c o m p a c t , i f i c a t i o n  o f  f  a n d  o e T - x  a  c l o s e d  p o i n t ;  b y

b l ' L t  r e s u l t s  t h a t  t h e r e  i s  a  c o n n e c t e d  c l o s e d  s u b s c h e n e  d . . ?  o f

d i u T e n s i o n  1 ,  s u c ' h  t h a t  x  €  F  a n d  C  =  d n X  f  / .  B e c a u s e  C  i s  p r o -

p e r  o v e r  Y ,  i t  r e s u l t s  c  *  E i , w h i c n  c o n t r a o i c t s  t h e  f a c t  * +  x .

e )  s * a )  f f  Z ' i s  r r o t  a n  u n i v e r s a ' l  1 y  l - e q u i c o d i n e n s i o n a l  s c h e r n e ,

thent9g%xis ts  an  a f f ine  oDen subset  UcZ and an  in tegra l  a lgebra

o f  f i n i t e  t y p e  o v e r  I - { U ,  @ ^ )  s u c h  t h a t  d i m  A  > 1  a n d t  A  h a s  a  m a x i -

rna l  idea l  gcA o f  he ig i r t  l - .  Le t  Y  =  Spec A,  X  =  Y -  
{g i  and f :X . -y

the canonical"  opel t  in inersion "  Then X eind Y are schemes of  f in l te

type over  Z  and fo r  every  in tegra l  c losed subsehene c  cx  o f  d imen.

l

h )  - + n )  T , p t  I I  b e  a n
" t  

- - - / v t  ! v v  v



2g

s j . o n  1 ,  f  ( C )  i s  c l o s e d  i n  Y .  O o n d i t i o n  ( v , )  i s  s a t i s f i e d .  b u t  t  i s

n o t  p r o p e r .

c ) € + d ) .  r t  r e s u l t s  e a s i l y ,  b e c a u s e  ( v i )  = + ( v r  a n d  e v e r y  p r o p e r

n o r p h i s n  i s  c l o s e d

c )  = ? e )  f n d e e d ,  i f  e v e r y  c l o s e d  i n t e g r a l  s u b s c h e m e  C c X  o f  d i -

n e n s i o n . l  i s  f i n i t e  o v e r  y ,  b y  e ) , i t  r e s u l - t s  t h a t  f  i s  p r o p e r

a n d  i t  i s  e a s y  t o  s e e  t h a t  t h e  d i n e n s i o n  o f  a l l  f i b r e s  o f  f  i s

z e r o  I  h e n c e  f  i s  f i n i t e .

- e )  * a ) , .  T n  t h e  s a m e  m a n n e r  a s  c )  = 7 a ) .

P r o p o s i t i o n  . J  i s  n r o v e d .

_ P r o p o s i t i  o n  4 .  L e t  Z b e  a  n o e t h e r i a n  s c h e m e .  T h e  f o l l o -- : -

w i n g  a s s e r t i o n s  a r e  e q u i v a f e n ! :

. a )  Z  i s  u + i v e r s a l l y  1 - e q u i c o c i i m e n s i o n a ! .

b )  Z  i s  a - , - tacobson (o r  I { i$s r ! )  scherne and every  - in tegra l  sche-

4 e  X  f i n i t e  o v e r  Z , *  o f  e o d i m e n s i o g  l r . . i s

o f  d i n e n s i o n  1 .

c )  Z  i s  a  Jacobsqn (o r  H i r ! -q r ! )  scheme and fo r  ever

s c h e m e  x  f i n i t e - o v e r  z  a n d  f o . r  e v e r y  c r o s e d  p o i n t  x  €  X r

o f  - c l o F e d  p o i n t s  x ' € x  s u c h  t h a t  t h e r e  e x i s t s  a n  i n t e g r a l -

the se L

c l o s e d
s u b s c h e m e  c c x  ( r e s p . c o n n e c t e d _ c l o s e d  s u b s c h e m e  c c x )  o f dir :nensi  on
l - ,  p a s s i n g  t h r o u g h  x  q 4 d  x ' ,  - i s _  

d e n s e  i n  X .

Reca l l  tha t  a  Jacobson r ing  is  a  r ing  w i th  the  proper ty
t h a t  e v e r y  p r i n e  i d e a l  i s  a n  i n t e r s e c t i o n  o f  m a x i r n a l -  i d e a l s  ( s e e

[ + ]  o "  [ r r l  ) ;  i t  s e e m s  t h a t  i n  o t h e r  t e r m i n o l o g y  t h e s e  a r e  c a ] - -
led  H i lber t  r ings .  rn  an  obv ious  mar rner ,  i t  r le f ines  the  , ,Jaeobson

( o r  H i l b e r t )  s c h e m e s ;  a  s c h e n n e  x  i s  c a ] l e d  J a c o b s o n  ( o r  I I i l b e r t )
s c h e m e  i f  t h e r e  i s  a  c o v e r

such that f- ( ui,b* )is " ;::"Jl: l t : :" ' ; , lr:f  : ; : :" '  
subsets

' ,  
l X  

I  L v  q  L ,  d u u u $ o r l  ( . O f  . r r i u s i . r , , /  r . r r l g  f O f  g V e f y  i e  I .

Then,  fo r  every  open a f f ine  subset  u ,  the  r ing  t - ( r : r (o r . )  iu  a  Jacob.
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(see  ECA IV) .

P r o o f  .  a )  + b )  f t  s u f f i c e s  t o  p r o v e  t h a t  Z  i s  a  J a c o b -

s o n  s c h e m e  ;  t h e n  t h e r e  e x i s t s  a n  o o e n  a f f i n e  s u b s e t  U c Z ,  s u c h

t h a t  L h e  r i n g  A  = f ( t J ,  b r )  i s  n o t  a  J a e o b s o n  r i n g i  t h e r e  i s  a

pr ime idea l  _Pr  c  A  such tha t  $ , r  i s  no t  the  in te rsec t ion  o f  max i -ma l- T l * ,  

I
i dea ls  wh i .h  con ta in  i t ;  t he re  a re  t 'wo  poss ib i l i t i es :  e i t he r  ^ /+^

i s  o f  d inens ion  1 ,  o r  t he re  ex i s t s  a  p r ime  idea l  S .  ?  Sn
'  I  a  I  n-  / .

such t,hat f . / f ,  has the height I  in the r ing ^/g,,  
" t tu 

#t/$r

i s  no t  the  i n te rsec t ion  o f  t he  max ima l  i dea ls  o t  A /p^wh ien  con ta in

i t ,  f n  t h e  f j . r s t  c a s e  a / S .  ' ' .  L s ;  a  s e m i l o c a l  r i n g  ( o t h e r -
L l

w i s e ,  " i n  t h e  l - d i n e n s i o n a ]  r i n g  7 + ^ ,  t h e r e  e x i s t s  a n  i n f i n i t e  f a -

n i l y  o f  m a x i m a l  i d e a l s  a n d  t h e  i n t e r s e c t i o n  o f  t h e  n a x i m a l  i d e a l s

i . s  n o n - z e r o ;  t h i s  i s  n o t  p o s s i b l e ) ;  t h e n  d  / a ,  i s  n o t  u n i v e r s a l l y
/ t '

l -equ icod. imens iona l  (see  Example  3 ' l  and  th is  cont rad ic ts  the  fac t

t h a t  A  i s  s u c h  a  r e i n g  ( b y  a )  a n d  P r o p . 1  a )  ) .  i i e o e a t i n g  t h i s  , p r b c v
t -

c i . r * re r  w€ f ind  an  in f in i te  sequence o f  p r i rne  idea ls  + .  ?  p . t  -  - ' -

I  b :  g  - : '  s u c h  t h a t  A / - p .  i "  n o t  o f  d i n e n s i o n  1 ,  f o r  e v e r y
l F  t '  t  /  + "
i  >  l , W l d c h  c o n t r a C i c t s  t h e  f a c t  t h a t  A  i s  a  n o e t h e r i . a n  r i n g . .

b )  = > a )  W e  m a y  s u p p o s e  t h a t  Z  i s  B t l  a f f i n e  s c h e n e ;  s u D D o s e  Z =
bc.

=Spec A,  w i th  A  a  noether ian  r ing .  Le t  BY6t r  in tegra l  A-a lgebra  o f

f in i te  type ,  such tha t  i t  has  a  rnax ima l  idea l  g  o f  he igh t  1 .  t | Je

h a v e  t o  p r o v e  t h a t  d i n r  B = 1 .  I f  F .  A  i s  t h e  k e r n e L  o f  t h e  c a n o n i c a l

rnorphisrn of  A-algebras:  A-)8,  because Sycc 
S 

has Lhe pronerty b )  ,we

m a y  s u p p o s e  A c B .  L e t  f : X = S p e c  B - * Z  =  S p e c  A  b e  t h e  e o r e s p o n d i n g

p s p p h i s m  o f  a f f i n e  s c h e n e s  a n d  U c X  t h e  s e t  o f  p o i n t  x  € X  i s o l a t e d

i n . : f - ' f  ( x ) ; . b e c a u s e  E  € S p e c  B  j - s  c l o s e d  o f  e o d i n e n s i o n  1 ) i t  r € : r  '

su l ts  tha t  m €  U and the  open se t (J  i s  nonempty .  By  Za: : i s } : j .ns I \ ,a in

- - r 1
iheorem I  nCn I I I  I  ,  there is  an f in i te  schsng Y ev€r  Z and Bn open

. L

, inmers ion Uq+Y over  Z.  Because t rc-*Y is  a  mornhism of  f in i te  type

o f  J a c o b s o n  s c h e n e s , m  i s  c l - o s e d  i n  Y  a n d  i t  i s  c f  c o d i r n e n s i o n  1 i n
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Y .  By  b ) ,  i t  r esu l t s  d im Y= l  and  then  d im u=1 .  Hence ,d im spec  g*
I

d i rn  B= i .  .
'  a )  = ? c )  z  i s  J a c o b s o n  b e c a u s e  a } : ; 6 ; .  B e c a u s e  e v e r y  e l o s e d

, Jroether'.arlsubscheme o f  X . . i s  f i n i t e  ove r  Y .  We p roceeJuv l i ncuc t ion  on  . - ' . ,  X ,

a s  i n  t h e  p r o . o f  o f  , P " o p o s i t i o n  3 ,  a )  = + b ) .

c )  ? b )  a s  i n  t h e  p r o o f  o f  p r o o o s i t i o n  3 ,  b )  = 7 a ) ,  t a k i n g
'x  f in i te  6Yer  Z.

Exano le  l [ .  Le t  A  be  a  r ing .Then:

,  o ' )  i f  d i rn  A  =  Q,  A  is  un iversa l l y  l -equ icod inens iona]  i f f  A  i s

an  ar t in ian  r ing .  

- - - -d

'  1 )  i f  d im A=1,  A  is  un iversa l l y  l -equ icod inens ionat  i f f  A  i s

a  n o e t h e r i a n  J a c o b s o n  r i n e .

2 )  i f  d i n  A = Z a n d  i f  A  i s  a  n o r m a l  r i n g ,  t h e n  A  i s  u n i v e r s a l l y

l -equ icod imens iona l  i f f  l t  i s  a  noether ian  Jscobson r ing  w i th  a lL

m a x i n a l  i d e a l s  o f  h e i t g t  2 .

7 )  a  noether ian  k -aLgebra  A cver  a  f ie ld  k ,w.h ich  is  in tegra l

over  a  l c -a lgebra  o f  f in i te  type  is  un iversa l l y  1 -equ icod imens iona l ,

:
p r o o f .  0 )  a n d  l )  r e s u l t  f r o m  p r o p . J r b ) .  i

2 )  I f  B  i s  an  in tegra l  f in i te  A-a lgebra  w i th  t ,he  max ina l

i d e a l  n c B  o f  h e i g h t  1 ,  a n d  ' i f  p  i "  t h e  k e r n e l  o f  t h e  c a n o n i c a l

rnor .oh ism o f  A-a lgebras  ? :  A  *B, ,  then g  can no t  be  zero  because-r
rr -{

o t h e r w i s e , &  =  Y  ( g )  w o u l d  b e  o f  h e i g h t  I  ( A  i s  n o r r n a l _ ! ) ;  b u t  p  i s

a  m a x i m a l  i d e a l ,  b e c a u s e  B  i s  f i n i t e  o v e r  A , v , h i e h  c o n t r a d i c t s , t h e

h y p o t h e s i s  o f  2 ) .  H e n c e + * O  "  T h e n  h t g =  l  a n d  d i m A / g  =  t .

B e e a u s e  B  i s  f i n i t e  o v e r  O / +  a n d  c o n t a i n s  i t ,  i t  r e s u l t s  < i i m  B = 1 .

T h e  e o n d i t i o n s  o f  p r o p . T  r b )  a r e  s a t i s f i e d .

5) We may supp.ose that g isq.ntegral  r ingi

A  i s  e  J a c o b s o n  r i n g  (  s e e  [ + ]  ] .  L e t  B c A  b e  a  k - s u b -

a l g e b r a  o f  f i n i t e  t y p e , s u c h  t h a t  A  i s  i n t e g r a l  o v e r  B ,  a n d  C  a n
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i n tegra l  f in i te  A-a lgebr ,a  r f i i ch  conta ins  a  max imai  i c lea l  n  such
.3'ir thc, inteirla( closrlkc"5S.,

t ,ha t  h l  n= l - .  g le  nay  supDose tha t  C conta ins  A.  I fVg ,=C o ]g) ,  ,n " "
B

C r  i S  i n t e g r < r l  o v e r .  B '  a n d  C .  f f  q , c c ,  i s  a  m a x i r n a ] -  i d e a l  w h i c h  l i e s
r i

over '  q  and  '  p .  c '  i s  a  m in ima l  p r i rne  i dea r -  such  tha t  
F .g ' ,  t hen

h t  m ' /  =  1  i n  Q ' / E  a n d  p  l i e s  o v e r  t , h e  z e r o  i d e a r  i n  B ,  a n d  c , . r t- /P  -  ' i  - - - -  
f

f o l l - ows ,  tha t  ^ ' /w  l i es  ove r  a  max ima l  i dea l  o f  he igh t  1  o f  8 , .'  - / r  -  -  )
b b c a u s e  B '  i s  n o r m a l .  f t  r e s u l t s  t h a t  d i m  B n = ,  t ( B ' i s  a n  a l g e b r a

,  

'  -  \ U  *  
-

: e  A  i s  u n i v e r -
sa l -1y  l -equ i  c  od imens iona l .

For the universal ly jap(nese schemgs we have the fol lo_
'  p r o p e r t i e s :

cqro l larJ  9 '  r )  Let  z  be an un iversa l ly  japqngse sche .
Theq tbe - fo l lowing conr j i t igr"_ a.r .e eouivalent:

a)  Z is  un iveryS] ly  1*@

b l  h e m e  Z ,  < 2 ,  j _ f  t h e normal i  sa-
t ron  sc f f )Ee Z t  o f  Z ,  has  q_c lgge!  po in t  o f  cod imens ion

---.---_% ! - ,  _then
r l r m  - 7 1  ' l
v - r r  4  I .

'#

2)  J ,e I  f  :X  +  y  an  in teger  mor h i s n  o f  s c h e m e ssuch t h a t  Y  i s

univelsgl ly , japone_se scleme agl X i s  n o e t h e r i a n " I f Y i s  u n i v e r s a l -

lX t -equi-qoqime4slgnaL. then X is

P r o € .  t )  a )

o v e r  { / ,  F o r  b )  = + a )  W c

cod i ru .e i *s ion  1 ,  then X xOZt

e l o s e C  r o i n t  o f  c o d i m e n s i o n

a l s o  E r  s u c h  p o i n t ;  b y  b )  i t

2)  ' Ihe seme proof as i .or

= t  b )  i s  c l e a r  b e c a u s e  7 , n f  f i n i t r :  f r r
"..r 'Pe

f  X  i s  a n  i n t e -

:
Z t  a n d  e o n t a i n s  a

s c h e n q ,  i t  c o n t a i n s

and so  d in  Z l l=d inn  X

1 S

. ' l

"tos*d 
iin'te1ra( s*bscheme {cL,gral rl.c""r1*o,.1 r i n i t e sch e6q o o 

" r +vd'tr"i.i fi 
' 
; 3;?" i il" 

*T " t'r J, - a* i o i n t c r

ttL: ?.opositly.u4'b ) .=+ u )

i s  i n t e g r a l  o v e r
-4.

1;  l t  be ingynor r ra l -

f o l l c w s  d i n  Z '  -  1

E x a n p i e  4 ,  7 ) .

Co- ro l la ry  1 ! *  Le t  Z  be  an  un iversa l l y  ca tenar ian  scherne.
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Then the  fo l low ing  are  eou iva len t :

a )  Z  i s  un ive . rsa ] l -g  t -qau igod imege iong l

b )  Z  i s  a  J a c o b s o n  s c h e m e .

Proof .  Let Z be a  noether ian  un iversa l l y  ca tenar ian

Jacobson soheme and x an integral  f in i te scheme over z whicn con-

t a i n s  a  c l o s e d  p o i n t  x  o f  c o d i r n e n s i o n : l .  f f  f  : X  - + Z  i s  t h e  c a n o n i -
l

e a l  m o r n h i s m  o f  z - s e h e m e s ,  b y  E G A  I V ,  p r o p . 5 . 6 . 1 o ,  w e  h a v e  d i n
f ^

f  ( X )  =  d i m 9 , , . = I ;  f  b e i n g  a  f i n i t e  n o r p h i s m , i t  f o l l o w $  d i m  X = 1 .-4 r *  -  t

B y  p r r o p . 4  ( b )  : ) a )  ) ,  i t  r e s u l t s  L h a t  z  i s  u n i v e r s a l l y  l - e q u i e o d i -

m e n s i o n a l .  .

C o r o l l a r y  1 1 .  L e t  f : X ----+ Y be a separated norphi sm of

f in i te  type .  Suppose tha t  X  iS a- lTacobson scheme and y  i s  a  noet -

her lgn  un iversa f ly_catenar ian  schsas .  Then f ig propgr iff r _lg!_q
f i e s .  t h e  g q u i v q l e n t  c o n d i t , i g l e  ( i v )  o r  ( v ) .

o*o {  o [

l roo f  . .  As  in  q ,heveo*o i ru"y t  o r  coro l l -a r ;y  z ,  i t  su f f i ces

t o  p r o v e  t h a t  i f  f : X  - - - - + y  i s  a  d e n s e  c o m p a c t i f i c a t i o n  o f  f ,  s u c h

t h a t .  T - x  i s  a  f i n i t e  s e t ' o f  c l o s e d  p o i n t s  o f  c o d i n e n s i o n  1 . t h e n

d i n  f = l .  I n d e e d ,  b e c a u s e  x  i s  a  J a c o b s o n  s c h e m e ,  t r . " r * s  e a s y  t o

ver i fy  tha t  T  i s  a  Jacobson scheme.  By  hypothes is ry  i s  un iversa l . l y

c a t e n a r i a n l  h e n c e  F  i u  u n i v e r s a l l y  c a t e n a r j . a n .  B y  C o r o l l a r . y  1 1 r i t

r e s u l t s  t h a t  T  i "  u n i v e r s a l l y  l - e q u i e o d i m e n s i o n a l .  T h u s ,  i t  f o 1 -

lows tha t  d im ,T=1o

lg lgl lar,y_l?. Let A be a universal l f  l -equicodimensional

t"- t*"*f f ir i n g  a n a  S c A  a  m u l t i p l i c a t i v e  s y s t e m

i l g l -4cAs,  IS f lA  j " " . lo+-J .c l r ine . *nd t j i -

o r t s @ :



a )

b )

t'
"s

i' " s

! g  u n i v e r s a l l y  1 - e a u i e o d i n e n s i o n a l _ .

i s ' a  J a c o b s o n  r i n E .
%

P r o o f . a )  9 b )  b y  ? r o n o s i i . i o n  4 .  W e  s h e l l  p r l o v e  b )  = ) a ) .

i n t e g r a l .  L € t  B  b e  a  f i n i t e  i n t e g r a l  A - a l g e b r a ,

e x i s t s  a  m a x i n a l  i d e a l  q  c  B  o f  h e i g h t  1 .  f t  i s

We nay suppose A

such tha t  there

eesy  to  see tha t  there  is  a  non-ze : ,o  f  €A,  and a  f in i te  A"_sub_

a l g e b r a  B s c  B  s u c h  t h a t  B  =  B '  o O . A ,  .  T h e n  g  =  B .  f l m  i s  a  p r i m e ,
, - {

i dea l  o f  pe igh t  r  and  i t  i s  o rax ima l  beeause . , i f  y :  a r  -8 ,  i sr  ) - -  - J
the canonf lea] -  rnorphism of  r ings,  . f - ig)  is  maximal .  Hence d im
t ,  1  l ,
tng / .he . {  l )  

'=  l " r  because A g  is  un iversa l  1 . -equ icod imens iona l .Then

nir '  fa s /L..v- ) = 1. rr,*"Jro". A i" , j rr iu*""u.r" ;-"r; ;""; ; ; :r ' l t { g r  t 5

n a 1 .

Ix3ge]g_l* Ever.y Jacobson k_atgebra essential ly of f i_
n l - te  type over  a  f ie ld  k  is  un iversa l . ly  l -equicodimensional .

rndeedra  such  k -a rgebra  i s  un ive rsa l r y  ca tenar ian f then
the assert ion fcl l . lows from Corol lar. .rr  IO.

qroposit ion 5. Lgt X be_arlnlug.gJ_gglversgl lg l_equi_

sgch that U is a catenar ia l_€_c!9rne_and for-every c lose-d p.gint

d im (?r . l , r  =  d im Uo tben X is -a  ca tener ian  scheme and fo r  eve

-5gd-pg:g! x€ x dim b^,*= dim x = dim u.

Proq l . .  The oroo f  i s l i ke  tha t  o f  Coro l la ry  7 .

F a r n l n l a  E
/ a

%

s iona l  i f  fo r  every

every  c losed  po in t  y  e  Y ,  d im

godine4siq4al sc .  r f  t lgf. ,  iB e nonsmply_qnen, subset Ucx

xeU r

c  1 o -

L e t  u s  c a l l  s  , s c h e m e

in tegra l  scheme Y o f

..a

X universal l i -  
'e 'o,gir :od 

i .men

f j -n i te  type  over  X  and

Y .  I n  ? r o p o s i  t j - o n  5 ,@rt dim



i
i f  U is  catenar ianand universa l l -y  equicodi inens ional

c a t e n a r t n n a n d  u n i v e r s a l l y  e o u i c o d i m e n s i . o n a l .

T h e  p r o o f  i s  l e f t  t o  t h e  r e a d e r .

l
!

Coro l la ry  13 .  Le t  f  :X->Y be a  senara te l ]  gor th isn  o f

f ini te tvoe. suppgsg t-bal Y is an uniy_eJ'sjr l ly r-eqqrcoai*g+sional

scherne anl l  X i_s an_integ4ql catenarian scheme gl$ t4e p:bpqrt l

tha t  {g r  evegv  c losed po in t  xeX,  d im(?*  r .=d in  X .  Then,  fo r  evg .
A t A

,fgly

dense  comnac t i f i ca t i on  F : f  - " y  gJ '  f  ,  T  hqs  the  above  p rooer t i es

-€ x.

Elopg"pi!"i.94 F". a) I{' f : X_:=_L is a faj.rhfr.r} flat
m n z . n h i  c m  n f  o n h ^ m ^ ^  r . r  o n d Y  ] " c . k t n
F . v +  r / r r +  u r / i  v ;  . L ! ! l g L l | - - p  \  . !  - -  _ -  _ . ^ -  *  . .  .  .  j : l-  - -  j cnemqs \  X  i  s r  r ;n - i r rpvcc l  rJ__ i : .g - , j_U= icod jncr rs ion : l lF t t :e r i

Y is  un iyers  ,f f i . . . r . - 5

,Lchenl-eE-g.YsJ ?n uniJsgsq.llr{ l-e"ggi.qQdifiensi.ona+" r{sT..}rl- ggcF tl3j,

t

X  i s

:

i

i

X €  Y ' r  s u c h  t h a t  d i m  O V , *  =  1 ;  y r  b e i n g  a  c l o s e d  s u b s c h e n e  o f  
.

] : 
tt..-, Sp". z LT^,---,io^1 ,o" crny n) 0 and rrr:X *r*o ut".

z [ r '  r . ]  -oY^r* . rFF'zr . ,J ibeing fa i thfu l  f la t ,  w€ may.suppose thar
Y'  i s  an  in tegra l  c losed subscheme o f  y "  ro f le  must  Drove tha t  d im

Y " = 1  .

qqdirye,nsional- ,

Proo{ .  a )  lVe  may s i tppose t i ra t  y  i s  an  a f f ine  scheme. .
I

Let  Y 'be  an  in tegra l  f in i te  scheme over  y rvh ich  has  a  c losed oo in t ,

B e c a u s e  f  i s  a  f l a t  s u r j e c t i v e  m o r f , h i . L , t h u " "

duc ib le  c  omponent ,  Xr  o f  f - t  (y ,  )  such tha t  the  morp t r i sn

i s  d o r n i n a n t  a n d  y  e  l *  ( * [ * ) .  ( v l e  c o n s i d e r  x , w i , t h  t h e  s

o f ' r e d u c e d  s u b s c h e m e ) . \ r y e  m a y  c h o o s e  a  c l o s e d  p o i n t  x  €  X r
( t l * r ) ( * )  =y  and  

F .O* , , *  
a  p r i ne  i dea t  o f  cohe i sh t  1 ,

i s  a n i r r e -
- l r .

+l  . ' .K  ->Y '
"  l K '

t ruc tu re

,  such ths t

sueh tha t

b)  f f i -be a.  sur" ; iecr ive se ted  rno- rnh isn  o f

srrppp eq t-h.ai -f-oq ;gf{ggJ--c l- qsgjl,$ubqs,licne -ri r c. x cif d i.nens:-on

9-9o $ l iLrs t - ' 'L  Xt  O f - l

e i t he r  e .n ip t . y  o r  i r f  C : -nens j "on univers i l " l -1
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t - t  

i ' *  
'  

, , ,

( { l * , ) 'C**)  *  F 
(here ,  ( t l^ l f  is  the eanonicar in ject ive hcmomor -

phir roCr j r*O^1,"nnu **  is  the maxinar iceal  of  O*, ,*  ;  rhen the

i n tegra ld  c losed subscheme e : -  x t  pass ing  th rough x  and cor respon l

d ing  to  f . . .4^ , , * ,  i s  o f  d i rnens ion  1  and f  (c )p  1v l  .  Because y
l e  a  c l osed  po in t  o f  cod imens ion  1 i n  y . r  w€  have  re=y r .Then
d in  Y t1 l ,b . : *wse; i . f  X ,a , - - - 'Y / i s  

o .  Ie^s .  coru t "a .c t l [Lca t io , , "  " !  5 \ . ,b )
Lc.vrn"vno- Br'y.h*ve Jin. t -- d;*..2 =,t o*A X Ls "^. $n" ni-rlhisv*.
I  b ) l  A s  i n  a ) , w e  m u s t  p r o v e  t h a t  i f  Y r c  y  i s  a n  i n t e g r a l  c l o s e dt i

l r i

s u b s c h e m e , w h i c h  h a s  a  c l o s e d  p o i n t .  y  € y r  o f  c o d i n e n s i o n  1 ,  t , h e n '
d in  Y t  =  1 .  We sha l l  -cor t iuder  two cases :

1)  There  is  an  i r reduc ib le  component  X ,  o f  f - t ( " r )  o f  d i rnen_I  
v  - q ' r / v r . v '

s i o n  )  0 ,  s u c h  t h a t  y €  f  ( X ' )  a n d  X n  i s  n o t  c o n t r a c t e d  b y  f  t o  y .

T h e n  t h e  p r o o f  i s  s i n i l a r  t o  t h a t  o f  a ) .  j

2 )  r r  e v e r y  i r r e c l u c i b l e  c o m p o n e n t  x f  o f  f - l ( y , ) ,  s u c h  t h a t
y €  f  ( x ' ) ,  i s  c o n t r a c t e d  b y  f  t o  y r  w €  s h a f l  p r o \ r e  t h a t  d i n  y ' s l

i n  t h e  f o l l o w i n g  n a n n e r :  l - e t  ? : F * f  b e  a  d e n s e  c o m p a c t i f i c a t i o n

of  f  w i t ,h  T  an  in tegrar  scheme;  there  is  an  in tegra l  c losed sub-
s c h e m e ,  T ' . f  s u c h  t h a t  f  ( f . )  *  T . 1  o b v i o u s l y r  i f  x e  F ,  i s  a  c l o _
sed.  po in t  such tha t  F(x )=y ,  the4 xe  F , -X ,  (hcre  Xr= I - r  nX.  f  / ) .
Suppose tha t  T '  i s  a  min in i .s ]  in tegra l  c losed subscheme such tha t
x '  = ? - ' n x  f  f  , " a  f  ( f . )  =  y . "

r f  d i n  T '  -  I ,  t h e n  T '  i s  f i n i t e  6 v e r  y r  i  h e n c e  d i n
v a  * ' t

J - o

r f  d im f '  >  1 ,  te t  z  = ( { ) ] t f " )  c } ' , -x , * ' l  uv  the  min i -'  lxl
mal i ty  o f  x r ,  e \ re ry  in tegra l  c rosed subscheme ? 'q  X j  such tha t
v  r r  a  y  ?  i s  c o n t a i n e d  i n  Z .  r f  x f , z  i s  a  c l o s e d  p o i n t  a n d

f t ' - - ' ,  f *  
t @ X ' , (  a r e  t h e  o r i m e  i d e a l s  c o r r e s o o n r 3 i n g  t o  t h e  i r r e d u -

c i b i e  c o m p o n e n t s  o f  y ,  w h b h  c o n t a i n  t h e  o o i n t ,  x r .  i t , r e s u l t s  t h a t
every  p r iu re  idea l  

t - t0x , * ' ' f fo '  con te ins  dn  ic iea l  $ r "  .  Then d in
=  1  a n d  Z  i s  e  f i n i t e  s e t  o f  c l o s e d  p o i n t s  o f  c o d i m e n s i o nf , d



- 1 1 -  3 8  = .
I

i l
-t = | ::/ - \r, '

L  in  X ,  l c t  f  l ; ,  :  X '  - - -+  -1  
be  the  res t : : i c t ron  no rph j . sn  and

(  = ,  l l  r - l r  z  r  ?  1  - r  1
U  a  \  : ( €  X  \ r i s  i s o } a t e , i  - i n  +  

' . l -  ( * )  \  T h e n  A  C \ J  i ; . i i j  , r - , 1 , '- :  I  - -  r  J  J r , r . g t - *+ .U ;  
, : .  1 " " : ; " i \ - l r i . l i l ,

Z,a1i5h! l i iain Titeorem, U is an open subsei l  T?rus,-, there;, ' ts * closeu
' - !  .cL thot  x 'n f . t ( ) )  ls  a  O-d. imensional  scheme.  By the con-bo in t  ,Ye r  su

t -

d i t i on 'g i ven  in  Coro l l a rv ,  i t  f o l l ows  tha t  d im  X ' - (  1 r  r vh i ch  con t ra -

d ic ts  the,  assumpt ion that  d im Xt> I  (  br  Lernna B ,  s ince Y is  cL
t '

Jacobson sciireme),

i f,qsoLson i

, co:rollary l-il, a) If 4 iq aK*p.elry?gian:b:sUFgr.&?grp pf i

an alJqebra of- i i .nr , tc t l 'ue ovey, an. r - in jversal l+* l -*equico, :  j - rne.nsional

ring lL. t4cn A j.s. gene.vj;S.ql.Lv. j-rnive.rsal-lv l.-ggrlir:oi j i i":nqi9-n41.'

h \  I f  X  i s  a  scher ; re  o f  f tn i i ;e  i ync  over  e ,n  un : - - re rga1 l - ,ywl :ir-l!-:L9-!Lj*::_=.--'------ ----.------
Ja.<,oLsotr

l -ecuicodiqqnsi onal r ins k. such that [-LX) is\ f i -oethgri lan t  then .[-( I)

is a rue ne r r cal 1:r un ive r sa"l-l]r l-e ott,i. cocl.i tne nsi orra.l ri-qg.

3lgg3" These are part icular cases of  the fo l lowing:

(xxx) If f r X ---+ Y is a. dor.nrng.,p.L.rn?JPhig|,!-of fini$.e,

of gchernes. such that X is universally-]"::Ai-qigime3s.ig! n d Y

i"#StJ"firerian. theru- Y is senericallv-unt-y,ql-ga-Llll-l-eLqrcnc j-.mensiqnal'

(  '  cal1y fa i thful  f lat  norPhisrn 'J -ndeed,  J r " l  }s  a  gensr rca l . ry  ra l " r r l ru

.  Propos i t ion  7 .  Le t  f  :X  - -+  y  be  a  sepa. ra tgd  dominantJor -

phism of_schemes over  -a,  i  _ f i  e icl k. rf x ie_*ag
a l g e b r a i c  s c h e m e  e y s p  k  a n i  Y  i q  n o e t h e r i a n .  t h e n  y  i s  u n i v e r s a l -B - '  ! '  

- -

! g  I - e q u i c o d i m e n s i o n a l .  
t

!"oo, l .  lYe may suppose that X and Y are i-nfegral sehenes.

r f  F : F +  Y  i s  a  d e n s e  c o m p a c t i f i c a t i o n  o f  f  ,  t h e n  b y  p r o p . 2 , d ) , i t

suf f ices t {pnove that  T : . "  un iversa l ly  1- -equicodimensional .  wet l  "

have io  p rove  the t  fo r  n  )  0 ,  every  c losed in tegra l  subschene
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- h  

:  ^X50" " t r \Uwhtch  con ta ins  a  c losed  no in t  Lo f  coo imens ion  1
I

Z ,  i s  o f  d i m e n s i o n  l .  f n d e e d ,  o t h e r w i s e o  w e  h a v e  d i r n  Z  > 1 ;
.be

,  n ' <  Z V a  c l - o s e d  p o i n t  s u c h  t h a t  e o d i m  , \ ! t  t  l  a n d  l e t

{ "1  
-  z i?L ' ^+  ? / r=Z  be  a  sa tu ra ted  eha in  o f  i n teg ra l  c ro -

sed bubschernes j-we- hote. I  > 1. I f  Z ?r ' rr ,  + 
---  

? 
r '^ =X * ASh

i s  a  sa tura ted  cha in  o f  in tegra l  c losed subscher r€S rwe have two

j  nax ina l  sa tura ted  cha in  o f  d i f fe ren t  lens ths !

{ r \  = / " ? z '  ^ +  .  -  + z l : ; ; / ; ' : ^ ;  - +  / ^ = X . ^ 1 "
.  Then Corol-

/  lary 8 ,applied to the open imnersion X - A\!qX* Af, imoli e s that
' , "he  lengths  o f  these te ro  cha ins  are  equa l ,wh ich  is  a  cont rad ic_

t i o n . H e n c e d i u r Z = f .

R e r n a r k  6 .  p r o D o s i t i o n  7 i s  a  s t r o n g  g e n e r a l i s a t i o n  o f

f ,orol lary 3 and thus

R e n a r k  ] ) ,  b e c a u s e ,

o f  schemes o f  f in i te

per i f f  every c l .osed

proper  over  W,

genera l i zes  Go_od4ran-Landmaq resu l t  (see

by  Fropos i t ion  5 ,  fo r  every  nnorph ism f  , .2  *vN

type over  Y  (Y  as  in

As &n app l iea t ion  o f  the  theory  o f  un iversa l l y  l -equ ico-

d i m e n s i o n a l  s c h e m e s ,  w e  s h a l 1  p r o v e  t h e  f o l l o w i n g :

9oro,Ilaly 15. Let f :X ->Y !.e a_gg-pgrglgd doninant

norphi_sm gf schsmes over_.a. f i e l d  k .  S u o p o s e
&

lhel x ig pn ilrlggral p-1ge!reic*!glgg9*9ysq .t 
'*g y i5**gg!!Sg_igg.

gg3 Y is  catenarx and for  qJery__c lgsei  lo in t  y€ y ,  d i rn  O- ,  - -
t r l

= dim Y = dim.a1.6t<(V).  More, every - in legrafJschemg Z of  ! i " ,ggle.

t#fre - .nvet Y has these prolert ies .

* " *  
Le t  Uc .X be  the  open subset  o f  regu la r  po in ts

e r .

?LZ C

i n

/  1et

T h e o r e m  B )  f  i s  D r o -

i n " t e g r a l  s u b s c h e m e  C c Z  o f  d i n e n s i o n  1  i s
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I

o [  U .  B e c a u s e  U  i . s  d e n s e  i n  X ,  f  ( U ]  i s  a
I

se t  o f  Y ;  hence  the re  i s  a  ncnempty  open

fo r  every  c losed po in t  yav  { - ' f ) )  nu f  lp
V is a regular  scheme, ! f  we choose Vc f
r - l r  \  -

t - ' ( u )  - - - - t  V  i s  f l a t l  t hen ,  fo r  eve ry

eons t ruc t i b le  dense  sub-

s u b s e t  V c f  ( U ) .  B e e a u s e ,

y  EGA fV,  we have that

( U )  s u c h t h a t  { l  . :I  I  { - t ( . , ) '
x  €Xr  w€  ha r re  d in  (?1 , *

o
j

)

m '

r(v(

d i :

l
r - {i

,
I

f tr l
I

) (n 
* er^, &.' , l  o o1m 

-y.,)
i s  a n  e q u i c o d r m e n e r o

\ ) )  w i t h  y = f  ( x ) .  B y  E G A  f V ,  p r o p  . I j . 2 . 3

, r " t  ro rph isml  then fo r  every  xe  X

d 6i,**"*,{(l) = lL^"J-l(*) = Ji.r^nJ"Tc'i=J"*f qf with ,f the sene_
r i c ,  po in t  o f  Y .  r t  fo l ]ows tha t  fo r  every  c losec  po in t  Y  €  v r

' . .  ( n  l .  \ /  l .  r - 1 ,  \dim @t, \  = d l r^  X -  J i* f  (1)  ;  hence for  every crosed point  y€ v
d im Ot , i  =  i i *V  .  By  pr rop .T  and Prcp .5 ,  i t  fo l ]ov , ,s  tha t  y  i s

oatenar ian ancl  for  every c losed point  .yc y,  d im ar, r= d im y.

Then d im r  =  d in  x  -  d im r -n  ( t t )  =  d im.u t .+ .  I ( (x )
r id i n . e 1 . x ( y ) K ( K )  =  d i n  a l . & . K ( x ) .

T f  z  i s  an  in tegra l  scheme o f  f in i te  type  over  y ,  then

1 o c a 1 l y ' i t  i s  a  c l o s e d  s u b s c h e m e  o f  U  ^  O \ L ,  w i t h  U c y  a n  o D e n

af f in 'e  subset .  We may supDose Y and Z  a f f ine  schernes  and Zcy*N\

an integrar c losed subschem!.  Because f" .  r  X, .  AL y *  N6 

t '4. .

i s  a  dominant  rnorph ism and X x  A* f , i s  a lgebra ie  over  k ,  i t  su f f i -

c e s  t o  p r o v e  t h a t  e v e r y  c l o s e d  i n t e g r a l  s u b s c h e m e  Z  c  y  h a s  t h e

p r o p e r t i e s  g i v e n  i n  t h e  c o r o l l a r y .  f n d e e d r b e c a u s e  y  i s  a  c a t e n a -

r ian  scheme and every  max imal  sa tura ted  cha in  o f  e losed in tegra l

.  subscheme has  the  same lengtho  i t  fo l ]ows tha t  Z  j . s  ca tenar ian

a n d  f o r  e v e r y  c l o s e d  p o i n t  z e Z ,  d i n  b  = , r =  J L , *  Z

We must  p r ,ove  tha t  d im Z  =  d im u1.&.  K(z )  ,  f f  we

choose a  max i rna l  sa tura ted  cha in  o f  c loseo in tegra l  subschemes

{ t \  =  L o  *  Z ,  *  ? 7 r  = /  
? t r " ,  +  " - -  + t L v \  =  Y

becuuse  d i ru  r  =  d im 
" l . . , L  

v<  (x )  
,  i t  su f f i ces  to i rove  tha t

A*" . .  o1.&_ K(zL)

rndeed, i r  Z t*^ :  51. .  A ,  th" , "  L ' ,  =  Sf*  
% ,  -F be ing a non-



1

4 1  -

z e r o  p r i r e  i d e a l  o f  A ;  i f  f  e b  i s  I
I( r  .  , { A

l t t r - - - , t ^ t ' a  s u b s e t  o f  e l e m e n t s  o f  A
J

i s  a  t r a n s i e n d e n t a l  b a s i s  o f  K  ( z J ,

c a l l y  f r e e  o v e r  k ,

and

t s

k -suba l "geb ra  o f  ah  a1 -

, {* l=,i
a lgebr i  -

non-zero  e lement

sueh tha t  { . { , ,  1 . . ,
then l5 , f^ , - - - , t^1

C o r o l l a r y  1 5  i s  p r o v e d .

W e  c a n  w r i t e  C o r o l l - a r i e s  4 , 5  a n d  I j  i n - t h e  f o 1 1 o u , i r

equ ivaren t  p4Ye a lgebra ie  fo rm,wh ich  seems to  be  an  ex tens ion  o j
t h e  c l a s s i c a l  d i m e n s i o n  t h e o r y  o f  k - a l g e b r a s  o f  f i n i + - e  t y n e :

T h e o r e m  2 .  L e t  A b e  a  n o e t h e r i a n

f i e l d  k . T h e n
every integrar A-€ls-blra tr' of fiFite-JypsjgF th" f"r1-q*uig 

""":pe r t i  e  s  :

b) for evel.y rnaximal idea! g c B, UL Ls cr J.^.t"_""t*.i"q,"j .L.

c)  d im B < b.and fgL ever l r  maxina l  ideal_ B c  Br  d im B*=di rn  B.
d )  i f  K ( B )  B ,  t h e n  a i m  a r " k K ( B )  <

( o o a n d  d i n " a 1 . p K ( B )  = d i m  B "

f n d e e d ,  y u  h a v e

t } p e  f  : X - > S p e c  A ,  w h e r e  X

a ) , c )  a n d  d )  f o ] l o w  f r o m

from Corol lary {  ano from

m e .

Remark  7 .  a )  For  every  a lgebra ic  scheme x  over  an  a l -
g e b r a i c a l l y  c l o s e d  f i e l d  k  s r i c h  t h a t  f  ( X )  i e  n o e t h e r i a n ,  f  ( X )  h a s

the proper t ies of  A f rOm Theorem 2.

b ) From a (more general ) theo r"r.,.[*bl{gggrg

(see  [ t+ ]  ,Theorem i ) ,  i t  f o t l ows  the  fo l_ low ing :

a separa ted  dominant  morph isn  o f  f in i te

is  
'an  

a lgebra ic  scheme over  k .  Then

Coro l la ry  5  and Coro l la ry  L5  and b)

t h e  f a c t  t h a t  S p e c  A  i s  a  J a c o b s o n  s c h e

and KrOtsul<g

i f k i s a f i e l " d ,

ebra  o f  f in i tg  t ,Fpe over

a)  B  is  an  un iversg l l . y  ca lenar ia l  Jac-Er lson  r ing .
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A  i s  a  k - s u b a l g e b r a  o f  a  k - a l g e b r a  B  o f  f i n i t e  t y n e a n d  o c . A  i s

a  n r ime  idea l  sugh  tha t  tEe re  i s  a  n r ine  i r l ea l  $c  B  l y ing  ove r  p  _ ,

then ht  P + d im.  u t  { .  
K (  

%) 
= d i rn  a l .d  K (A)  .

i---i- f
l

,  ,  c )  -  - .  Theorem 2  can be  genera l i zed  in  the  fo l low ing  fo rm:

let  k be g noelher ian r ing sucl t  that_every integral  k-glgglra

o f  f i n i t e  t y p e  i s  g e n e r i c a l l {  r e g u } a r  e i n d  e q u i c o d i m € n s i o n a l . T h e n ,

^ ifo5 every goetheriag k-subqlge-b-tg A of a k-algebra of flgite
:

tljce, the- f ollowing_-ar-e egu-i va legl :

(i ) A !g uni.ver'.s,,al"}Jl 1-gqgieociiqqns.ignq!:
4

( i i  )  A igYJacobson universal ly__catengl 'Lo* vinl

fn  these eondi t ions v /e  harre that  A is  un i rversa l l -y  equ. i :

cql ige:rdqla1. and for every prime ideal F.A we have the relat ion:

h t g + I l n ' . . o r  K ( A / p \ =  k t ( . t - n . F ) t' - -  
t .  

- '  * \ '  
r (L /h r t  p)  /  L !  \  

'1L "  t  , t

t  J" i ' r " '  o l .xcr)  K (A) ' (  
i t  h anci  A o-re integral  r ings) (see also

NaAata- -  Ot,euk;a Theorem),

The r r roo f  i s  l i ke  tha t  o f  Goro l la ry  15  and Theorem 2 . .

The The orea  2  ,  '  ,  Propos i t ion  1 ,  .Coro l la ry  B  ,

Lenma 2  and o ther  asser t igns  o f  th is  pop" " .  lead  to  the  f .o l lo -

wing

q&aBmll{ _L A nolthgrian intesrql k-su.Qalgebrg:of .a

elggbra of f ini te t-ype over j l  . .  _ _ _ _{ielq

i s ,g . f  f i n i t g  t ypq  sve l  \ ?

f n  g e o n e t , r i c a ]  l a n g u a g e :  T f  f  : X - > V  @

l!xe-s{ sgl.e$e $ *eyqr q. [e!il-*b-*Y-*--glg:.*L*u*k:l*ru eld. x

k-

t s  a . senar j l ted algqlraic sc.he$e ovet k,  f  s Y An dlge-

bra ic  scheme over  k?

rFho
4  r r v

whieh anounts

author was askecl  by

t o  a  p a r t i c u l . a r  c a s e

pro fessor  A"Landman a que st  i  on

an al-o f  P rob r lem 1 :  i f  X  i s

gg prgic varj,ety _wi i,h ]" (X) noetggJ,i.jrrl

k _: algsbrq?

i s  I * t X )  a  f j . n i t e  g e n e r a t e d



J ne orem

A Z-  
\ i

resu l t  is  the fo l lowing Ooodman-tandman

Let  X  be  g_n !n" [egra ]  a fgebra ic  var ie ty  over  an  a lge ;

b r a i g a l F  e l o s e d  f i g l d  k  q n d  f : X - + Y  a _ d g q i n a n t  g o r p h i s n  o f - s e h e -

m e s  o v e r  k  ( Y  i s  n o t  n e c g s s a r y  n o e t h e r i a n !  ) .  f f  f  i s  p r o p e r .  t \ e n

k .

fn  connect ion  w i th  ? rob lem 1 ,  one may fu r ther  ask  a lso

the  fo l l "owing '  ques t ion :

IBALITEU_?. Let f :X--+Y be a psonel sur,ieclive mornhisn

of l  in tegra l  schemgs.  I f  X  ig  no j - ther ian i s  Y $oethgr iag?t l in
l -

so ine  "  reasonab l -e  "  cond. i t ions  )

A  par t i cu la r  case o f  th is  p : , :ob lem is  the  NagLta :Eakr r ]

Theorem (the case when the morphism f  , in Problen 2 , i  s  af f i "ne )

V ia  ' .  -  Prob l -em 1 ,  the  above Theorem o f  J .E .Goodman and A.Landmar

migh t  tu rnou t  to  be  a  pa r t i cu la r  case  o f  'P , rob lem 2"

The Problen 2 seems to  be <rr  impor : tant  s tep for  gene-

ra l i sa t i ons  o f  . .  Theore r  1 ,  when  y  i s  no t  a  noe the r ian  sche i0e .

Pvopos i t ion  9"  le t  % be a  ca teqoyy  o f  in teera l  schenres
@

g{-{i4ile @qtge r; gg } I,y }:e clgr-c, o dij,$s n s*1 %g}.,r tqs 3,

su"eh-lla! 3
t / l

. \ , a - . - Y r - l - - \
;i) if X € b_,_!hgn I _({f,_f,S a_ltgeltieriA.li _Jaq_Lbeory::i119

An imnortant

( s e e t 6 J ) :

€ €

+ c. r(x)
ancl. i ij i. st l te re  ex is t r  Y  e  €  such ' i ;ha t  t - (y )  ccn 'uz : ins

in tesra l  over  I  (X) , /n  .- J -

Then fo : :  evcry  ) ie€ .  t i :e  r rn , {  t - t x l

t  \ r ' l /_p.
/ l

a:- -j-

f s i :ni ve r:sa]1--/

l - *e  r tu i  c  od i -n ien e i . i  onel .
I

1 l -

an in tegra l  I  (X)  a lgebra  o fP r o o f  .  L e t  X € €  a n d  A
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f i n i t e  t y o e w h i c h  c o n t a i n s  a  n a x i m a l  i r l e a l  m  o f  h e i g h t  1 .  B e c a u s e

S p e c  A  i s  a n  i n t e g r a l  c l o s e d  s u b s c h e m e  o f  S p e c  [ - f x l  F , . ,  - - - r T - l  ,
^  q n d f ( x ) f T ^ ,  I " l = f ( x , . n r \ ) , i t r e s u r t s , b y i )f o l r  s o m e  n ) 7 0

a n d , i i )  t h a t  i t  i s  s u f f i c i e n t  f o r  u s  t o  p r o v e  t h e  f o l l o w i n g :  i f

x  € €  a n d  i f  Y c s n e c  f  ( x )  i s  a n  i n t e g r a l  c l o s e d  s u b s c h e m e  * h t . , h

c o n t a i n s  a  c l - o s e d  p o i n t  o f  c o d i m e n s i o n  I ,  t h e n  d i m  y = 1 .  B y  i i i )
I

t he re  i s  a  scheme Z  eY  r  such  tha t  the re  ex i s t s  an

in teger  su r jec t i ve  morph ism Spec  f  f t )  - - ->  y ;  t hen  f  fZ l  has  a  max i -

ma ] ,  i dea l  o f  he igh t .  I  and , i f  we  p rove  tha t  d in l  f ( z )  =  1 ) i t  f o l -

lovrs that  d i rn Y = 1.

I- (xl

hen  I  i s

^ :  1 ^ +
s u  ,  _ L v  r J

f f i n

h o n  h o -

very

Q n o n

We sha l l -  p rove  tha t  U=Spec [ - (X) - f  i s  an  a f f ine  scherne,

i f  I  i - s  f i n i t e ;  i n d e e d ,  f o r  a n y  c o h e r e n t  b u -  r n o c i u l e  g a n d  e v e r y

ex tens io .  F  o f  T  to  Spec f  {x )  , i1  the  exac t  sequence:  Ht (S f . .  f ( - lF )

: Hl(u,T ) ; H? (Sf".r(^),1)y" have H? (soec ["rx I ,T ) = 9*.
, ' z  ( c  ( n  e r \  

' . -  \  r  x ' G I

! \ i - l  tSF.  C* rL)  ;  because d im 6*=  1 ,  i t  resu l - ts  tha t ,  fo r  every

x€  r ,  H i . l ( spec  @. ,S* l  =  o  and  t hen  n l  ( spec  f  ( x ) ,F )  =  O ; t hu -s

H4 (u ,5  )  =  o ,  because H4 (spu"  I  f x l  ,E  I  =  0 ;  by  
+11ros  

Cr i te r i ,on ,

i t  f o l - l o w s  t h a t  U  i s  a n  a f f i n e  o D e n  s u b s e t .
I

Let  T t l  X- -e  Snec I tx l f r ,ne  canon ica l  mornh ism.  T f

f i n i t e  s p f . -  t h e n  I  n T f  f f )  *  d ;  o t h e r w i - s e ,  b e c a u s e  U = - q o e c  i -v - . v r r  r  I  I  . .  \ l i l  t  I  .

i s  a n  a f f i n e  s e t ,  i f  A =  I - ( U ,  C r o o o  f  ( X ) ) ,  i t  f o l l o w s  t h a t

I

,  I 'heref  ore , i t  zuf f iees to prove that,  i f  X e€ anO

h a s  a  m a x i m a l  i d e a l  g  h e i g h t  I ,  t h e n  d i m  f  ( X )  =  1 .
')

L e t  f  = i l  [ l  c  f  ( X ) ,  n  m a x i m a ]  i d e e l ,  h t  q = ] (  .  T
r -  t

e i t h e r  a  f i n i t e  s e t  o r  a  d e n s e  s u b s e t  o f  S p e e  I - t X l  ;  i n d e

T r , . . , T 4  b e  t h e  i r r e d u c i b l e  c o m p o n e n t s  o f  t h e  c l o s u r e  T  o

S p e c  f  ( X )  I  f o r  e v e r y  j ,  T i  e o n t a i n s  a n  i d e a l  n i  €  f  a n d  t
u 

- .J

c a u s e  h t  n i = f  ,  e i t h e r  T o =  i g ; 1  o .  f . , = S p e c  i -  f X l ;  i f  1  f o r  e- d  
J  l - ' J r  J

a ^

i ,  I ; = ] n t t  , t h e n  I  i s  f i n i t e  s e t ,  I  o t h e r w i s e ,  I  i s  d e n s e  i n
d  , - , J l  /

i -  ( x ) .

T  i s  r
a  4 v

/'\,2 \ T

t t
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f ac to rs  th rough  u :  x  5  spec  A  +  spec  \ - ( x )  and  hence  the  hono-
rrrorphi sm tl'/f Lx : r ( 4 -{' A, .I3 F(-\ , - ^K/  r s  ' l  

f ( d  ;  i t  r esu l t s  f rom
.  he re  tha t  L  r r sq . i somornh i . sm,v rh i .h  

con t rad ie ts  the  fae t  , lA - r+  ., n i l r e r r  w v r r u r d L l I U L I ,  r , I l g  . L d u r J  L f f ) o I T  I
. t li s  a  dense subset  then I  n fT(X)+ / ,  because T(X)  conta ins  a  non_

enpty  ppen subset .  o f  Soec  [ (X) .

There fore ,  there  is  a  u lax i rna l  idea l  n  € -T I  (X)  such tha t

j n f  e = f  -  L e t  x  e  X  b e  a  c l o s e d  p o i n t  s u c h  t h a t  T t - ( x ) = n  a n d , C  c X  a
- * ^ _ r  ^ - - L  -  

-

c_losed in tegra l  subschene of  d imension 1 pass ing through x  and
whi .ch is  not  cont racted to  n  by iF .  Then the c losure Frc l  e  g  ;
i  hence Tt  (c)  =  Spec l - fx l  ,  because ht  g  = t - .  I f i : t  *Spe.  f ix )  is
a dense compact j . f icat ion of  T i - \  :  C - - *Snpe I -  rvr. 4 v q v  v J ^ i  - L \ - c r  u a u  l c -  _  _  r r r r c \ .  i  \ i /  ,  i t  f o l l o w s  

_  t h a t

r  T [  i s  e  f in i te  morph isml  then d im t -  (x l  =  d im Spe.L  F(x )  =  d im
C=} (see l-ernnna B) "

p r o p o s i t i o n  g  i s  p r o y e d "

fn the Broof of  proposi t ion g we have used and ' ,ve have
. proved the fol lowing:

F-gt"tlgg :' Jst 4ie,f,r,---L-4.:b.q,e{,a]- qcrrq$e gi' snite t},-lre over:

_ci i nr l- (x 4. ,  l i :e .n,Jor  evey.y  i_ i r :c jRal .
l dea t  g  c  f  ( x ) ,  h r  ! !  ) z  Z .

We f in ish.  th is  Sect i .on wi th
which gene rnal lzes SxampJ"e 4rA,

the follorving exa.raple,

Exapp_l,e 6, Every Jacobson noetirerian 2
r ing is  un iversa l ly  I  r  €qpicodimensionaL,

I

. rn factr 1118 rnay suppose that the ring 1s integral,
T'en Lts integral crosure is noetherian cohen * Macaurayg hence
it  is utt iversal ly catenarian and, soo universalry 1 - equicocinerr*
eional, by coroltory ,1e. Ther" the assersion {o(ows frorn ?op. z , d) .

I

-  dimenslonal
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