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Singular sets of a module and local cohomology

DYy

Constantin B&nici and Manuela Stoisa

When X is an analytic complex space and'ﬁf an analytic coherent
sheaf, one can define singular.sets Sk(f¥ﬁ ([8],[12}). These ones
have an impprtant,plaoe in tne study of local cohomology. In part-
feular, théy provide enunciations to vanishing and coherence
theorems for sheaves %%g: eif lbca] cohomology with supporte of
dimension4d ([13] §3; see 2lso {1} ch.Ir, $5).

. In the case of algebraic geometry the singular sets Sf(ﬂr)
“are introduced in (ﬁﬂcﬁnl‘)§lo}. In accordance with the analytic
case, the sheaves of‘local cohomology with supports of dimensiongd
can be considered and vanishing and coherence theorems can be also
proved. The proofs, which would been obtained by thié way, were

of gecmetric natﬁra making systematically use of sheaves and for
the finitude theorem one need. too the difficult theorem of finitude
of the cohomology with supports in a closed subset ( {3}Exposé VIIT:

[L1] ). However, as is pointed out in [6] and[lod, it is interesting

to detine local cohomological invariants in algebraic language and
to have to~ them enunciations and proofs envolving ohly comnutative
algebré.

The aim of this paper is to introduce the modules of cohomology
with suprorts of dimension#£d and to prove pure algebreically
vanishing and finitude thcorems {or thdse modules.

g As one knows the depth of 2 module bshaves badly to localiza-
tion; the vanishing and finitude theorems we will give, show that

this beheoviour (under resorable assumptions) is not so bad.



=
. (I) Let A be a commutative noetherian ring (with unit ele-

memt s Ly an A-module of finite type.For any integer k,put:
% > L
Sk(M)={‘p‘eupec A \depth M-P' + dim A/Q £a k S .

These are called the singular setzof M and are introduced in EK3“
It is true the following:

"If A is quotient of a regular riné biequidimensional and
M is an A-module of finite type, then the singular sets are
closéd in Zariski topology of Spsc A and moreover, dim Sgﬂﬂ)é!<j
.The first assertion is proved in ([Z}Ch.IV,é ). Let us sketch
another argument (cf.ﬂZ}). We can suppose A regular, biequi=

dimensional and denote n= dim A. Then
sh(M)=_J supp (Extg-k+l(M,A) Y
i20

Indéed, for any p, n= din A/D wodim A, depith M= bdia -dh M
. ? P i p
and one can apply to Ap the following well-known characterization
o o
of the homological dimension:
"IT A is a loecal regular ring. M an A-module of finite type

ant s an integer, then dh M L s iff Ex;:(M,A)sC‘for all i = sy

"he evaluation of the dimension is done in [Ugand is inspired
by the analytic case. It is obtained by localizatioﬁ from the
following result C4]:

"If A is a regular local ring and M is an A-module of finite

type, themn dim (EXti(M,A))é&dim A-s,."

(IL) Let A bz a commutative "ing, M an A-module and d an
integer 22 C. Ve will write
Lyt = {meM |din 7an) & d } >

d
'tvidently, LdM= {mQEM ia.i Jdim Asa Lod, an =0 }.

LY —KiﬁN iz an A-~liniarc map, there is an induced map

Ld(f : LdM —~—§'LdN. One gets a left-exact funecton, canonically
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isomorpic to the functor lim Hem(A/a, %), where lim is
3; Sy P st

Lo

dim A/géd

taken over ideals aeA such that dim Ala & d.

@

We denote (Hg I the right-derived functor associated
1>0

i
A ‘ 2
to L. (Hdh)izi)are called the modules of cohomology with
supports of dimension&d , associated to M.
HSM equals LdM. There are isomorphisms;
HiM =2 lin Exti(A/g, M) .

dimA/asd

In (0], one defines for an ideal a the functor L ( %)
-and its derived functors RlLa(-ﬁ)« the modules of cohomology
with supports in V(a). One gets ‘easily:
HM = Lim o RYL M;

dim Afg.6d = :

these isomorphisms, as well as those written above, are functor-

ial and agree with short exact sequences,

Lemwa Let A be a commutative ring and M an A-module. Then

a) dif A ds Ehe quetient of a noztherian ring B, under the
morphicn Cf , then
i i
Hp Ry :
(H )[_tf] d Ll 3
By dfiAids the quotient of a noetherian,catenary, biequi-
dimensional ring,then for any Pe&Spe« A,
i i '
(HdM)E‘&: L h e A ”4,9°
Proof a) If I is an injective A-module, then RlLbI L =0

for an\) tdeal - beBiangl 420 (Lta},(ﬁorollary 4.2).Consequantly,

e ; 4 . : Bl

Hd 1§ﬂ=3 for 4 >0, theretfore Ii%] is acyelic relatively 4o Lg-
\Ov‘. o~ o o She < o Q T

As (kkf”ﬁﬁ“'HdIC%i for any A-rodule I, the conclusion follcws.

b) Using &, one may suppose A itself noetherian, catenary arnc
biequidimensional. Let consid=ar an injective resolution of M;

-since the injectivity is preser/ad by localization, it suffices
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to prove b) when i=0, that is (L,M) . Both modules

P Ld oLm\[p

are sub-modules of M_ and for any mﬁaM the traze of Supp(Am) on

Spec A equals the support of the A_-module A m. Accordingly,
‘-'

the inclusion (L M) easily follows. Let m/s be

p dlmA/p
a: cliase «of M. (i.es,melM, s ) such thet dim(A_.m/s) & d- dlmA/
? 4 o s

Let g bs a prime minimal in Supp(Am). 17 g e p. then

dimA/g;dimA[P+ dim(A/g{)_rQ é:dimA[g - dimA[g =d. Suppose now,
%‘#@ and choose 1 & g~p- The A%mmodule of finite type (Am)%
A . : : n,
is concentrated in %A%j hence killed by a suitable power % %.
In particular, 1"m is equal to zero in MQ. Supp(Al”m) < Supp(Am)

but %(%Supp(ﬁ-\lnm). Going on we can build an element t%lg such

that dim(Atm) & d and the proof is over.

[FTTY AIn ([3])Exposé I1I) one considers ths depth of a module
relative to an ideal. It is convenient to consider for an integer
dy 0 and a mpdule M of finite type over a noetnarian ring A :

/

depthdM = A depth M
dimA/agd &

which will be called d-depth of M.
By ([3]Expoge IIT Props2,.9) one gets doothdM~ infidepth M
dimA[Pgd £

Vanishing Theorem Let A be 2 noetherian ring and M =zn

A-module of finite type, dzC and n= 0 two integers.Then the
following are eqguivalent:
iy ;
a) H =0 flom 1.& .
bj depthd43r1
¢) (If A is the quotient c¢f a regular biequidimensional ring)

din S Mk for all i Zd.

-+
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Proof a)d&=prb) is nothing but é straightforward consequence
of ( [3] Exposé 111,2):

a) ;;;b) For any a such that dim A/a & d , we need
Ext/j;\(A/g. M)=0 fon. all _i 4n. Since depthéﬁ‘fs;depthdM 2 n, this
follows by ([3) Expos€ III, Prop.2.4). '

b)i=p a) For, let proceed inductively by n. The case n=0 is
obvious. Let suppose the implication already proved for n-1 and
let show it for n. One has depthdM;anml or equivalently
depth‘Mgan—l for all ideals a such that dim A/a &d. Consequantly,
bv the same proposition of LB;, ExtA(N M)=0 for ig&n-2 and each
A—modu]e N of finite type annihilated by an ideal a such that
dim A/a& d, or equivalently for which dim N€ de lLet aeb, a.,b
ideals éuch that dim A/a gd and dinm A/b& d. From the exactness of

Ex (b/a M) ——p ExtA \A/b M) gy Ext (A/a. M)
A

the mapning Extz l(/\,g,M) I ExtA" (A/a,m) arises injective.

The hypothesis HgflM=wlim : Extgnl(A/g,M)=O impglies that
cimA/eed

i N

o ol o :
txtz (~/a,M)=0 , hence deptth;;n for a such: that dim A/a < d

and therefors dépth&%;; N

b) =c) Let_g e_S:;n(M) (ko2 d), f.e. depth Mn + dim A/p:§k+n;

: i
In accordance with the hypothesis deptin M = inf dbptn RO
: dlﬁA/Pd. K

Let suppose dim A[p & d.Since depth P? 2 depthdM; Ryl in + aim A@gfé

£depth ﬁp+ dim A/p & k+n, hence dim A/P 4 ke It remaims only %o

show that the case dim A/; = d+ir, r>0 does not occur,

" Let Q‘:;o siieibathat  dim A/P‘: d. As St

*J(M) tsisa closed: seit
3’ must belong too te °k+n(M)' hence by the same argument we get
di = dinm A/;f <ol contradiction!
c) =2 b} vesults fneonsdafinitiens.,
)

This thecrem provides characterizations for torsion-free and

reflexive @modules.
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Corollary Let A be an integral domain, quotient of.a regular
bieq&idimensional ring and M an A<module of finite type. Then
i) M is torsion-free iff dim Sﬁ(wﬂ £ k-1 for any k < dimA.

id). M ds reflexdve iff dim Sﬁ(M)g&k«Z for any k <&dim A.

The proof can be done exacFly as in analytie ease i Eg%]’ él).
We will give only the proof of a). If M is torsion-free, then
there is a ﬁonomorphism 0~ M—»A" fur a suitable r and let
denote K = coker( M wevAr). So we get the short exact sequence
0 e M -—9,Ar-—"~; K =z 0,
We claim Sﬁ(M)c; S:il(K) for k&t = dimA and the conclusion

follows using the estimation of the dimension of singular sets,

Letugé:gz(M). Since k £ t it results that M_ is not free. As a

B

consequence, K_caanet be. free,hence depth sz depth M -1 and
_ " s :
henceforth pe Sk~1(K)'

For the converse, let consider the canonical morphism

*
£ v

M Vg (here, +# means the dual). It suffices to show that
=

Wi asd P T = ’ o 3 L4 v s
K = ker(M —» M*™) is null. For any @s% Si. i O ﬁg‘Wlll be a
free module and therefore K =0. Accerdingiv. Supp ¢ & S?;I(M),

}..sl

o)
t=-1

we will prove that Hi_lm =0, we get K = O. But this fpllows by

o c

henge dim K & t=1. Therefore K = HD K. As HY ;K g HP M, if

]

means of the vanishing theorem for M, n = 1 and d = ¢-1.

(Iv) we will meke use of the following peculiar case of the
finitude theorem of Grothendieck for local cohomology shewes:

“Let A be a.regulatr local ring, m the maximal ideal, M an
A-module of finite type and n_>= O an integer. Then HéM ape
A-modules of finite type ( thot is of finite length, because

their supports are g;{gi Y. for any f£na 1ff depth ¥ =n-dim A/Q

whenevear p# .
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This assertion can be proved pure algebraically ( {3}, Coro-
llaire 3.6, pedl) : difwiptue of the theorem of local duality

31, Th.2.1 p.64, or [ €] vortrag 5, Satz 5.2 and Satz 5.9),
) g

t-i

HI(M) is of finite type LE 6 Ext T HE,A) (t sdin f) e of finite

an

L b g :
lengith, thus: iff(Ext 1(M,A)) = Ext’ I(M o ) gl 7 e o

£ Ag
provided that P # m, and one applies the characterigation of

the depth in regular rings reminded in (I).

" Theorem of finiteness Let A be a ring, quotient ot =a

regular biequidimensional ring, 1 an A-module of finite type

and d 20, nz 0 two integers. Then the following are equivalent
a) HBM is of finite type for any i&n.

b) dim S\ 4(M)4d.

. Proof By the previous lemma, one may suppose A itself
regular and biequidimensional and denote t= dim A.

. - 2 . : ;
3) ?%?b) Let p e_8n+d(M) gnd suppose contrary to b) that

dim A/py d. Choose a prime ideal 9o p such that dim A/g = .

-t
4

5
oo el i

=

i

G a GA
br

s : | ) ; : ¥
By the lemma, CHEM) w2k i i ol H M . Therefore
e d-dimA/g o

H M is of finite type over A_for ig£n. Consequently ,

WA

4 % 5

depxh'mg;,n - dim( AéﬁgA%) = n - dim A/p + dim A/q = n- dimA/p+d,
contradiction!

b) ==>a) Let study first the case n z>» t-d. In this case

O

M = M and
d

the hypothesis implies dim M&d, but therefore H

M = O for all i =0 ( one uses lemma a) Far A =/ A000 L)

M is proved.

Q_L.J-

d the finiteness of the modules H

Now, take n = t-d-1. In this e, the hypothesis means that

ca
cim S# (etid. ylice. the set {m 1 M is not. free E is of
i T P

(e

dimersion smaller than d.
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We must actually prove that HéM sareof finite wype ii

i & t-d-1. We will proceed by inducticn on i, O i t-d=-1 , (O

i

prove that the hypothesis done on S:ilM implies the finiteness

of i If 4 =i0, HOM is always of finite type. Let i&t-d-1

and prove the induction step ﬁ»ﬁyi+1. We use an idea of
Trautmann [15] to consider a resolution of the dual and dualizing
it. Let O =% N —> L~;—~@i4&~“a() be an exact sequence with
L g free modulé of finite rank. By duslizing we get an injective
map M*%-muny and let P = coker( M** 5 1™ ). Theretore we
get the exact sequence:

0 —> M#*;u¢lf-—-9 P o0,

We claim dim St_lpfé d. For, we need that if dim A/P > d then

; ; Lo e : y
P is free; but M_ is free, hence M_ is also free and the

£

sequence 0 > NP-—»—9 LD S M: w2 O splits; therefore

-+ -f- .

N£ will be free too and 2 equals the very dual of N:, so it will
4

be free. Consequently, HEP arises of finite type dm -virtue o7

the induction hypothesis.

Now, consider the exact seguence

il L Hé*lfvi*“;__,;.:ag“‘lx_“’f
By the vanishing theorem Hé+lL# = 0 (i+l AL t-d). Therefore Hé+1Mﬁa‘

: s o x o# ’
is of finite type. The natural morphism M -—»M is an 1is0w-
Y

morphism whenever we will localize at prime ideal of damerision>d,

hence i.s kernel and cokernel are of dimension & d. As for such

2 1 - . ; o OB . e :
modules Hd vanish for 1i>0 (and hg is obviously of finite type)

1+1M

hénce easily follows that H

is of finite type and the step
of induction is .proved.
The implication b) =Yya) being proved when n > t-d-l it

reminds only to consider the cass n & t-d-1i. We will proceed by
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decreasing induction on n , 0 & n&t-d-2. Let consider an exact

sequence of the type U =z N > L » M 3O wiith B
free module of finite rank. We claim that N fulfils b) for n+l,

1 : 3 ’* s . 1 : = - ¢
i el dim Sn+l+dN < d; from the exact sequence
i ; 1o glzd

we deduce that the inductuon works and the proof of the theorem

will be over.

Yess # : _ _ £y :
Choose ?‘E'Sn+l+dN' &Q is not free, otherwise NP will be

free, hence depth N _+ dim A/g =t > n+lzd -comtradietiont - By

means of the exact sequence 0 «— N » L 3 M ey ()
2 P 2
Y = - =i} S co 3 S e
we get depth M& depth NP 1 and therefore p & °n+dM° Consequent

5% X 3 P
ly e e and the claim is proved.

Remark If the ring A is Jacobson, then one can avoid in

the proof of the theorem the use of finiteness theorza concerning

1 3 . 1 j— y - 0 .
tne invariants H (Mj. This remark is useful for the gecuetric

case of schemes {in accordance with the next section).
Let retake the proof of a)z==>b). First note thet if HdM

is an A-module of finite type then dim(HéM) & d., Indeed, if

[t

i

M, then Supp HdM Vo

ok

S.4e0¢,8, is a system of generators for H
il ! 2

. (Supp Asl)LJ e 6 }(Supg Asp) and moreover dim(Asj) Z.d

X

for alkl g.ilet éE%HdM; we will show that dim A/P;»d cainot

D
-T-.
happen. On the contrary, assume Gim A[Q,> d. By the previous

S i - : : g
remarkgj§§ fﬁ:{ Supp HyM. Since A Ls Jacobson, we can find a

prime ideal g which does not lie in the closed set { n;Supc H M
+ , =0 d
i i 1
I mer 05 = im . =de T les (i = H™M
and mcreover 9eoPp and dim A/g‘ d he module (HdM) o“o

- P

are zeio tor all i & n. By the vanishing theorem dep?k;ﬁL)t;»ru

b
hence depth M%+ dim A/g > n+d. As g > p and SzldM is a closed

e
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set, that is a contradiction!

(V) Remarks a) Just as in the analytic case ¢ [1g]end C44]
Chs LT §2) the connection between HEM and the primary decomposition
is stated as follow:

"Let A be a noetherian ring, M an A-module of finite type.
If 0= f\Mi .s a primary decomposition of O & ™ and gl_are
the corresponding prime ideals, then

Hg!ﬂ =Qir\1i | dim(A/@i) > d } o
The proof can be easily derived from definitions. Let note the
following consequence of this :

“Let A be a noetherian local ring, quotient bf a Cohen=
Macaulay ring, M an A-module of finite type‘and d >0 an integer.
Then HS(M)“::HZCH) (here ~ means the completion in the radical
topblogy).‘

Proof Due to the invariance with fespect to suyrjections

she Gan. assune A ko be Cohen-Macauldy ring. Let O &%,  be.a

primary decomposition ov 0O <M, By the corresponding prime
ideals. For each i, let consider the primary decomposiizon

e A ‘
M, = f\Pj of ﬁi i 15 R If_P_j & Spec A are the corresponding
= 2 1

o~

prime ideals , then dim A/ P 7 dim A/E. for all 4. ¢ [9] ChIV
: Jis 1 1

Corollary of th. 7) and the conclusion follows.

Without the additional hypecchesis done with respect to A,
the starement need not be crizz, in accordance with the fact that
in ths primary decgmpositon of a completion of a prime ideal
can ariec embedded components.

S - oo dh ; P A S ”ir. W

The compariscn of the€ invariants ﬁdm and nd4 seems to be

Casdifficulte question . A partial re-ult is the following:

“iat A be a noetherian local ring, quotient of a regular

ring, M an A-module of finite type agnd - d-20, =0 two integers,
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Assume HEM of finite type for all ign. Then Hd' are of finite
i : ERs “
type for i & n and morgover \H (DREES -~ HdM if i &£ ne.

Proof We may suppose A regular. The condition that HZM

are of finite type is equivélent with dim Sf+dM & d. Take again

the argument (as well as the notations) used in the proof of the
implication b) =>»a) of the finitude theorem. Fi"st, remark

that theré sre natural morphisms. Bi(M) H MQ@& s hdb :

which ére functorial with respecy to M and which agree with
short exact sequences, because we have natural morphisms
LM @R — Ly(M @A) ond R is A-flat.
Let t = dim A. it n> t-d then dim M £ d,therefore dim ﬁg_&__d,
and anyway e}(M) are evidently isomorphisms.
Actually, let n = t-d-1. Ve proceed by inductiori on i N
0 do  mad=l e provethat %i is an isomorphism. I7 i =0 the

statement was already proved sbove. Let i« t=-d=1 and show the

SR el : ; i 1+1,.# Joos R LR 2
induction siep 1 —~3i+l., One has HP. == H M ¥, Ho P o, lM i
' d d d d
In virtus of the commutative diagram:
i+l

il ™~ 'ﬁ* S
Geverf L (T ) @ A

L

e O
HL(P) > HE A

LA

we get Gi+l(M**) is isomorphism. The kernel and the coksrnel
of the natural morphism M.—¢M*¢*ar: both of dimension £ ¢;
che same is still true for ﬁ‘u«a(ﬁh*é(M*”*)” . Now one derives
easily that 6Sifl(M) is isomorpnisme.
It remains only the case n&t-d=1. We will do induction
(decreasing) on n, 0Ogn £ t-d-i. If 1 t-d-1 therg are isomorphism
i+1N

mo~phisms HiM =, Hd i Hiﬁ' o~ H2+lﬂ” and N fulfils the

hypothresis for the integer n+l. So one sees how the inductidn

works., ' 4
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b) Again let A be a commutative ring and M an A-module.

For an integer d 2 0, denote Ld/dmlm = LdM/LdulM' The right -
derived functors of the functor Ld/d—l will be denoted by

Hé/dml' Then one gets the long sequence of cohomology
i i, i i+l -
,,___,Hd-lM _—9 i"dM e TE Hd/d-ﬂlM -—.—-—————9 Hd'ﬂ'lM i) © ¢ @ '

Moreover, there are natural isomorphisms

Gl :
+ p'_P_ £ %

Fo} this see ( [5] .p.225, Motif F),but a direct algebraic
argument is not hard to be done. As a consequence one-can
prove that if A is Cohen-Macaulay (i.e. all localizations are
Cohen-Macaulay) biequidimensional; n-dimensional ring, then

it

Hgh = 0 whenever i # n~d. Consequently, when L. is a free

resolution of an A-module M, one can compute the invariants

; y s
HEM taking the homology of the complex Hg L e Usi e Al

invarianﬁs Hé/d—l one derives-easiiy,by the characverization
of the dimension for modules of finite type over local rings
(T4 » p.88,Prop.G.4 or'LQJ,Satz 4.12)’the followiag

: "Let A be a noetherian ring and M an A-module of Sinite

type, d 20 and nz 0 two integers. Then HéM = 0 for i > n

iff dim M > n (where dim M =: sup dim M. Y
@i d A0
; 01m,f~\/$_._{._d
For “if" implication one procced by increasing induction

on d ond for the converse, one localizes at prime idesls o of

.dimension = ¢ and uses the equallity dim M = sup dim M .
AdimA[P=d P

c) One can consider invariants which are more gencral as

L

0 Let M and N be modules over & commutative noetherian ring

i

Denvte Hom (N,M) the submodule nf Hom&(N,M) given v the

r/\,d

morph: <ms wiph supports of dimensiongd; that is HomA’d(N,M)=
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=l (HomA(N,M)). when N is fixed one gets @& functor and we will

d

denote its rigﬁt—derived functofs by,Ext;'d and called them
nexts" with suppocrts &d.
Eor N = A one falls under Hé . Remark the following:
“suppose N of finite Type. Then there is a spectral sequence

a ) : +( “
of “ term gg" = Hg(EXtZ(N,M)) which converges to Exti'é(N,M).

To prove that we need only to notice that if I is an injective
module, then for any module N, HomA(N,I) is Ldnacyclic; For the
reader of [8], the sheaf rheoretically argument is the following :

: 2 50
thie shicet T on Spec Alls A-injective (L£s}ch.I1, Corollary 7.14)
D

gganzx Nﬁ T') follows flaby, further the flaby sheaves are
acyclic to the local cohomology...-

As we pointed out in the introduction, we want. to remain
with the arguments in the frame of commutative algebra, henca
we wirite an algebraic argument as 5 straightforward consequence
of recults due to Matlis £#1.

E et L do st follewing: ranask o it iy L Py 5
is..an exact éequenne of A-modules of finte type, then thei seglence

M 5‘—) a i e C’ 1 P AT }“ ! 2 4 ¢ =
0 ——p HOW | d(‘ Jll ) ey b “w\'dg ey -5 5omﬁ\'d({ L TR SR

- A §
is still exact. For, let prove that any morphism g'ip/ —s1I

; :
extends to a morphiem @: P——>I such that Supp £ = supp e .
We may assume T to be a non-zero indecomposable injective, that

is the injective envelope I(g) of A@/QA@, where peSnec A

V(p) =and moreover all fibers on V(g) equal I(p)-

=V{(p
_t.
i ¢ ] 2
sesuence =0 or g@c,uppg and then Supp 8 = V{(p)-
¢ 1 ;
1f 8= 0 we put =i, 1f @# 0, every extension &:P —=» I

1
is good. Let show that HaHnmA(N,I) = 0 for i1, Let

0 wp P—3L —pN——>0 be ot 2xact sequence with L free of
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finite rank. We get the exact seqguence

0 -.....3|~-IomA'd(N,I)Tj._..._;)Z-iom/X"d(L.,I) 3 }-!omA'd( B o0
; :
Since HomA(L,I) is a¢ injective module, hence HéHomA(L,I) = 0

for all i>»0, and the conclusion follows standardly.

d) As it is pOi%ted out in the introduction, the aim of
this paper. is to giv% in the frame of commutative algebra some
results in analogy té those of Thimm, Scheja, Siu and Trautmann

in analytic geometry and to obtzin on this way informaticns

~concerning the behaviour of the depth relative to localizations.

Therefore we will do only some remarks about the geometrical
case of schemes (on the other hand, one can give proofs closely
following the analytic case).

lLet X be a locally noetherian scheme,E;xan algebraic coherent
sheaf on X.For a point x&X define the "rectified depth" ({2} Gh.1N¥)

* g : S s ST
depth & = depth (Dx ‘;E( dim {x} ;

This notion is interesting in the geometric case if it has local

character. For, X must. fulfil in addition topolegical: conditions,

which =re satisfied when X is Jacobson ( for example,of finte

[N

).
One writes Si’f(g) = { X & X X depthfgfé k}. These sets are

type ovei Gpec k (k field) or Spec

closed in X [Z}, of dimension £ k {JZEO For an integer d 2.0

and an =2lgebrzic sheaf & (not necessarily coherent) ont denotes
: e ; q; ; ; o s : i

by ;& the subsheaf of 3 given by the sections with

$

supports of dimension £ d. Onc gevz a functor and its righkt-
derived funciors will be dencted 3%8 and will be called the

sheaves of local cohomology with supports of dimension £ d.
o 1
. f rr o | ot
47 X = Spec A and 97= Fo e thend canpnically é%;dj%:(HdF) s

D

e &
This comes out because I is an A-injective sheaf when I is



S
an injective module over A [5] or using results from ([3] Expose .

Actually one can state:

Vanishing Theorem Let X be a locally noetherian scheme,
QLQECoh X, n and d two fixed integers. Then the following are equi-
valent:

1) afg)éf-}—"~ Db e

2) depthdglarw ( depthdgr~ inf depfh gf)

: dimAgd
AQ}(&!@(&‘.’G{

3) ( If X is locally of finite type over an Jacobson regular

bieguidimensional scheme dim s* FLk whenever k < d.
] k+n

Finitude Theorem Let X be locally of finite type over an

Jacobson, regular, biequidimensional scheme, gggiCoh Koo o niand d
two fixed integers. Then,there are the equivalent statements
~upd 5
1) Jf%g’emh X if ig n.

2) iy s & 24,

beometric proofs following the snalytic cnes Efﬂ and making
use of tha vanishing and finitude theorems for the cohomology with
suppo ‘ts in a closed set due to Grotaendiec~i ([%] =xpose III,Prop.

Bedeand Eh.a2. ) lof Expose VILL) cem be: find din ﬁi}

The eneaf ﬁ%f}$l is also denotad by g%ﬁ] ; it is a coberment
subsheéfzof Eﬁ and it was introduced by Thimm in the analytic case,
A detailed ‘study can be found irlb@éﬂﬂi N %2). Another important
sheaf is the so called d-gap-sheaf, denoted by ‘Sﬁtﬁ} “and givzan
by the presheaf :
U ~ -~ lim iﬁ(L}\ﬁJ‘
dimA & d

o
Thereis a natural morphism i; ‘mﬁ d] for which the kernel is

P %O G {] and the cokernel Q%dﬂf « In.virtue of the

theoremsone gets: €¥ d] Coh s R R L) Sfalgr Z. d; the canonical

Pty

\

morphism qruﬂagﬁz' ig dnjective (resp. bijectives) dff



=6k

: ‘x G roao - 4 (‘% C—re” ! 0 al 1 i
dim §k+1f‘5§ k (resp. dim 8- q:ﬁ) for ail loovet el

When gfc:f? are algebraic ccherent sheaves, exactly as in the
“analytic case (E{fj,[{@}) cne can introduce and study the gap-

=7
R

In the analytic case the lopcal cohomology is very useful to

sheaves of :p'relative to

obtain theorems of extension of coherent sheaves. In the algebraic
case, the coherent sheaves defined on un open set extend automat-
ically to whole space ( Ez] Ch.I, ©.4). However, also in the

algebraic case the invariants , may be of some use if we have

: : S L .
to extend under special conditions, for example: if the given

‘sheaf has no secticns of dimension &

£d,(or has no sections and

l-dimensional cohomology classes of dimension 5;d), then one

requires an extension preserving the property.”
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